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Abstract

Stress and strain are introduced as tensor properties. Several theoretical mod-
els of stress-strain behaviour are presented, of which the Ogden model is capa-
ble of fitting the observed behaviour in the entire range of measurement. Di-
electricity is defined, and Maxwell stress is derived. The theories of elasticity
and Maxwell stress are combined, in the special case of a dielectric elastomer
actuator (DEA) constrained in width. The resulting model has no adjustable
parameters.

Percolation properties are introduced, and an experiment is presented, in
which the fraction of conducting graphite in insulating silicone rubber is var-
ied. Mixtures of conducting carbon black in insulating polymer were develo-
ped and used as compliant electrodes. In order to produce stable electrodes,
a system of one-component silicone glue and Ketjenblack suspended in hep-
tane is developed. This mixture is sprayed on pre-strained silicone elastomer
films, providing stable compliant electrodes.

Procedures for manufacturing of DEA with two kinds of elastomer film
are presented. Silicone actuators are made from spun elastomer films. Han-
dling of thin silicone elastomer films is possible if temporary frames are used.
VHBTM4910 actuators are made from a commercial glue, which has a higher
dielectric constant and stretches farther than silicone. The manufacture and
handling of VHBTM4910 actuators is easier, since the film itself provides glu-
ing, such that frames and electrodes are very easy to apply. These DEA struc-
tures are simple, making it easier to describe them theoretically.

Force-strain measurements are obtained using an actuator test bench. For
a silicone actuator, the force-strain curve included artefacts of the additional
stress from the compliant electrodes. Introducing a cut-off function, similar to
the Fermi-Dirac distribution function, it is possible to fit the force-strain curve
in the whole range of strain.

The blocking force of a VHBTM4910 actuator is presented. The dependence
of the blocking force on applied voltage was parabolic, as expected from the
Maxwell stress equation. There are discrepancies, which are explained as a
channelling of the developed actuation stress in the transversal direction.

Measurements of electric breakdown strength of pre-strained VHBTM4910
are presented, for isotropic pre-strains. The electric breakdown strength is
shown to be near inversely proportional to the thickness of the stretched elas-
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tomer, increasing from 17 MV�m to 270 MV�m.
The actuator test bench is programmed to simulate a constant applied

weight through force feedback. An automated data collection program was
written, which varies the applied voltage and weight. The actuated lengths
are plotted in 3D-plots, which produces nicely interconnected plot surfaces, a
sign of how well the actuator test bench functions.

Measurements are performed on both silicone elastomer and VHBTM4910
actuators. A pronounced peak is observed in the ‘engineering’ strain, stating
the fact that there is an optimum applied weight at which the highest actuated
strain is obtained.

The parameters of the actuators are inserted in the derived model. Quan-
titative correspondence between experimental results and model prediction is
found for the silicone actuator. The predictions for the VHBTM4910 actuators
do not match well with results, though there is qualitative agreement.

Risø–R–1286(EN)
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1

Introduction

This thesis concerns the physical realisation and theoretical description of di-
electric elastomer actuators. These are insulating, rubber-like structures, ca-
pable of undergoing reversible length change and producing work. An often
used, popular description of a dielectric elastomer actuator (DEA) terms it an
‘artificial rubber muscle’. The terms ‘artificial’ and ‘rubber’ usually poses no
problem to the interested listener, though the term ‘muscle’ often gives rise to
misunderstandings. To avoid any misunderstanding, the best description of
a DEA is that it works just like an electrical motor, but instead of rotation, it
produces linear motion. The linear motion is the defining feature; the similar-
ity with a muscle is only brought to attention because the DEA outputs linear
motion, just like the muscle.

Why produce electric actuators, when electric motors are very efficient as
well as powerful actuators? The answer is simple: the electric engine out-
puts rotational motion, while the DEA outputs linear motion. Perfecting the
DEA opens up new possibilities for design of robots, orthopaedic assists, toys,
telepresence, etc.

A dielectric elastomer actuator is basically a compliant capacitor. The di-
electric medium consists of incompressible, yet highly deformable elastomeric
material. The electrodes are designed to be able to comply with the deforma-
tions of the elastomer. As for any capacitor, when an electric field is applied to
the electrodes, positive charges appear on one electrode, and negative charges
on the other. This gives rise to Coulomb forces between opposite charges, gen-
erating a pressure, known as the Maxwell stress. The Maxwell stress forces the
electrodes to move closer, thereby squeezing the elastomer. As the elastomer
is thinned, it elongates in the directions perpendicular to the applied force.
Exploiting this simple principle involves materials design and processing, as
well as design of actuator geometries.

The field has evolved over the last 15 years from a theoretical idea [1],
to the main concern of ten research groups or more. First it was recognised
that the polymer poly(vinylidene flouride) (PVDF) has potential as actuating
material [1]. PVDF is an electrostrictive material, in which the dielectric con-
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stant depends upon the strain of the material. In 1994, one of the first articles
on electrically induced strain in this material appeared [2], in which a strain
of 3% was reported. At the time this strain was an enormous improvement,
which is appreciated when knowing that the only other field-actuated ma-
terials, piezoelectrics, produced strains of less than 1 per thousand. Later,
it was realised that copolymerising PVDF with triflouroethylene, to produce
poly(vinylideneflouride-triflouroethylene) (P(VDF-TrFE)), would increase the
output strain [3], as would also breaking up the polarisation domains by the
use of high-energy electron radiation [4–7]. These measures have raised the
output strain to 4%. At the Smart Structures and Materials 2001: Electroactive
Polymers and Devices conference [8], arranged by SPIE in 2001, electrostrictive
actuators made from ter-polymers of P(VDF-TrFE) and hexaflouropropylene
(HFP) or chlorotriflouroethylene (CTFE) were introduced [9], giving rise to
strains of 5%. PVDF and its co/ter-polymers may have low strains compared
to DEA, but they output large actuation stress, on the order of 500 MPa at an
electric field of 250 MV�m [4–7,9], compared to the 7 MPa record of DEA [10].
The high stress may be transformed into longer stroke by the use of active
frames, such as cymbals [9]. Typically, such a scheme involves moving and
sliding parts, introducing undesirable mechanical wear.

Another electrostrictive polymer is polyurethane (PU), which is a physi-
cally cross-linked elastomer, in which the polymer chains comprise hard and
soft segments. Small crystallites act as cross-links, while the hard and soft
segments endow the elastomer with its mechanical and dielectric properties
[11–18]. Upon variation of the hard and soft segments, the dielectric constant
may reach values as high as 7, by which a strain of 1.34% at an electric field of
0.25 MV�m have been observed [11]. The electrostrictive and Maxwell parts
of the strain coefficient have been evaluated theoretically [16] and experimen-
tally [14, 16]. The Maxwell part can comprise from 10% to 60%, depending
upon temperature when close to the glass transition temperature. An actuator
made from only polymer constituents was demonstrated, with PU as the di-
electric medium and conducting polymer (polypyrrole) as the electrodes [17].
The highest applied electric field so far is 5 MV�m [18], which is quite small
compared to other field-actuated polymers. The electric field is limited to low
values because PU has a relatively high loss, originating from ionic conductiv-
ity. These free ions are probably residues from polymerisation reactions. If it
were possible to raise the applied electric field to the levels possible for other
polymers, a much higher strain response would result. The actuation stress
is high, but the polymer in its elastomer form is typically quite stiff, therefore

Risø–R–1286(EN)
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impeding high strain.
So far, actuators made from elastomer showing both an electrostrictive and

a Maxwell stress component have been discussed. The term dielectric elas-
tomer actuator (DEA) is reserved for the class of polymer actuators that show
a Maxwell stress component only. The elastomers used in this thesis, silicone
rubber and VHBTM4910 acrylic glue, both show no, or very little, electrostric-
tion. The number of groups committed to working with DEA is small. The
group at SRI International is very productive [10, 19–23]. Comprehensive ma-
terials comparison studies have been performed [21], and a large number of
actuator geometries have been devised and examined, including DEA loud
speakers [20, 24]. This group is by far the most successful when it comes to
applications, and it was within this group that the discovery of the very high
actuation strain polymer, 3MTMVHBTM4910 , was made [10]. Using this poly-
mer in an actuator with a special geometry, active area strains of 380% were
observed [25]. VHBTM4910 was used by a Korean university collaboration as
the active material, in a versatile spring-loaded actuator [26].

DEA and related polymer actuators, known collectively as field-actuated
electro-active polymer (EAP) actuators, all share one common drawback: the
driving voltage is high. Typical driving voltages lie in the range between 3 kV
and 10 kV, depending on the polymer breakdown field and thickness of the
polymer film. Recently, switch-mode amplifiers able of converting from 10 V
to 1000 V, have attained very small sizes, � 2.5 mm � 2.5 mm � 2.5 mm,
allowing the possibility of incorporating low to high voltage conversion in-
side the DEA. Also, transistors working at 1 kV have reached the market, and
therefore there are no constraints concerning electronics. Actually, working
with high voltages could in some applications prove advantageous, since then
only small currents are needed, which would lower the loss due to resistance
in wires and compliant electrodes. Applications that are not sensitive to high
voltages can easily be made with field-actuated EAP actuators. If the applica-
tion is sensitive to high voltages, like toys and orthopaedic assists, then these
actuators could still be put to use, since it is possible to seal the high voltages
within the actuator structure.

In the proceedings for the conference Smart Structures and Materials 2001:
Electroactive Polymer Actuators and Devices [8], other applications are outlined.
NASA has always had an interest in lightweight materials, and there is a spe-
cial interest towards EAP for mobile applications on other planets. Dr. Yoseph
Bar-Cohen, the NASA proponent of EAP, lists successful devices [27]: catheter
steering element, miniature manipulator and robotics, miniature robotic arms,

Risø–R–1286(EN)
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grippers, loudspeakers, active diapragms, and dust-wipers. A more novel ap-
plication is suggested in an article named “Biologically inspired robots” [28].
In this article the ‘soft’ material and dynamic properties of EAP is recog-
nised as opening new areas of application for robot engineering, especially
for biomimetic robots. Biomimetic robots that mimic biological structures in
design, inherently require muscle-like actuators for optimal functioning.

In this thesis, theories describing the deformation of elastomers will be
presented, in historical order. The predictions of the theoretical models are
tested against an experiment on a regular rubber string. Elasticity theory is
important for description of the elastic nature of the DEA.

A presentation of dielectricity follows, with a simple derivation of the
Maxwell stress, the driving force in the DEA. The theories of elasticity and
Maxwell stress are combined, to produce a theory for predicting the actua-
tion properties of the DEA. In the final expression there will be no adjustable
parameters, except for the elastic parameters obtained on the actuator before
measuring it.

The function of the compliant electrodes employed here, rely on percola-
tion of charge through a loosely connected network of graphite particles in
an insulating matrix. A simple percolation experiment on graphite in silicone
rubber is presented, together with basic percolation theory. The manufacture
of compliant electrodes is then presented, for the types of electrodes used here.

The experimental procedures used here for the manufacture of DEA’s are
out-lined. Only thin film DEA’s are presented. Here, they have been made
from two kinds of elastomer film, and with several types of compliant elec-
trode. The DEA test bench is presented, and the data collection programs are
described.

Finally, the experiments pertaining to DEA are detailed. Stress-strain cur-
ves and dielectric breakdown strength measurements are presented. Actua-
tion properties of the two types of actuator are presented in several kinds of
plots for better interpretation, and for all measured actuators, the theoretical
predictions are compared to the experimental data.

Risø–R–1286(EN)



2

Theory of elasticity

Materials with high elastic strains became available in 1839 by the method of
vulcanisation for cross-linking of rubber-tree sap, invented by Charles Good-
year. Although the materials became available, the theoretical methods for
treating high elastic strain were not available until much later, instigated by
the origin of synthetic rubbers invented during the Second World War by Ger-
man scientists. The initial theoretical work on finite deformations (as opposed
to infinitesimal deformations) was undertaken in the 1940’s.

In this chapter, the concept of elasticity is introduced by treating the case
of an ordinary rubber string. Various models are introduced and their ability
to describe the force behaviour of the rubber string is evaluated. The goal is
to reach a large strain elasticity model, which is essential for creating a good
model of the dielectric elastomer actuator.

2.1 Polymer materials

A polymer is a molecule, composed of a large number of identical units in
a long chain; the units are known as monomers. The polymer is created by
a chemical reaction between the monomers known as polymerisation, which
links the monomers together [29]. One such reaction is the addition polymeri-
sation of ethylene monomers,

�CH2 � � H2C�CH2 � �CH2�CH2�CH2�
Addition polymerisation is just one of many types of polymerisation techni-
ques, and the number of different monomers is theoretically infinite.

A given polymer may have a number of mechanical properties, originating
from its molecular constituents. Density, stiffness, hardness, and durability,
just to name a very few. Almost all properties depend upon the (average)
length of the polymer chains, and a wide range of properties may be realised
by varying the chain length, or by mixing different polymers.

Mixing of polymers is done in many ways. The crude way is to blend two
different polymers, which allows only a limited room for optimisation, mostly
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Figure 2.1: Measurement of the force-length relationship for a piece of regular, thin
rubber band. The original length of the rubber band was 15.7 mm. The experimental
procedure is presented in detail in chapter 5.

because polymers generally do not mix. Alternatively, the monomers can be
blended before polymerisation, resulting in two different types of copolymer:
random copolymers and block copolymers. Block copolymers give rise to very
interesting system properties; sometimes the blocks are not miscible, forcing
the system to phase-separate. Since the blocks are tied together in the poly-
mer chain, they can only separate in certain, often highly fascinating config-
urations. Finally, it is possible to chemically attach molecules to the polymer
chain, a process known as grafting. Grafted molecules may add completely
new properties to a polymer.

When polymers are subject to pressure, they often comply by flowing, just
like a liquid, but with much higher viscosity. When the polymer chains are
very long, they will tend to be entangled, thus giving rise to a mixture of
viscous and elastic behaviour, known as visco-elasticity [29, 30]. A description
of a mechanical experiment on a polymer therefore must include the ‘history’
of the sample, making most properties time-dependent. Mechanical energy
storage and loss signify visco-elastic behaviour.

Molecules capable of performing two grafting processes exist. Such mo-
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2.2 Hooke model 7

lecules are used to bind two different polymer chains together, in a process
known as cross-linking. When all polymer chains are linked together, they can
not flow past each other. Such a cross-linked polymer is known as an elastomer.
Elastomers have very little mechanical loss, and are capable of sustaining very
high stretches. Therefore it is possible to derive a time-independent model,
relating the stretching and the force of the elastomer.

The derivation is illustrated by referring to a simple experiment in which
a piece of rubber band was stretched, while the corresponding force was mea-
sured. The piece of rubber under investigation was x�2 � 1.22 mm and x�3 �
1.33 mm on the sides, and l0 � 15.7 mm (the notation is adapted from that
used in appendix A). It was mounted between a force transducer and a trans-
lation stage, such that both extension and force could be monitored. The data
are plotted in figure 2.1, only 1 in 50 points have been plotted for clarity. The
data show a small plateau in the beginning of the data curve, which is present
because the measurement was started with slack in the rubber band.

2.2 Hooke model

The Hooke model (also known as the spring model) is the simplest model for
describing the length change of a piece of rubber in response to an external
force. The model is linear, predicting that the force f on the ends of the sample
is proportional to the change in length, �l. This is sketched in figure 2.2(a).
The mathematical representation of this behaviour is

f � k�l� l0� � k�l l � l0 (2.1)

where k is the spring constant, which is specific for a given sample.
A model describing the relation between force and length is inconvenient,

as it depends on both sample material and geometry. In order to compare elas-
tic properties between two different materials, it is necessary to remove any
reference to the actual sample geometry on which the property was measured.
The necessity of this is illustrated in the following.

Stretching the rubber piece in figure 2.2(b) (bottom) demands a force f �
k1�l � l0�, which is the same throughout the rubber. The end of the rubber
piece has travelled from l0 to l. The point originally at l0�2 has travelled to
l�2, while delivering a force f � k2�l�2� l0�2�, which must be the same as
the previous. For the forces to be equal, k2 � 2 k1, that is, the force constant of
the shorter rubber band is twice that of the longer, even though they are made

Risø–R–1286(EN)



8 Theory of elasticity

Figure 2.2: Stretching of rubber. (a) When a force f is applied to a string of rubber, it
stretches from l0 to l. (b) When the original length of the rubber is halved, the force
constant is doubled.

from exactly the same material. A quantity, which describes the elastic pro-
perties of a material, yet is independent of sample geometry, is necessary for
comparison of properties between materials. The concept of force constant as
expressed in equation 2.1 is thus inappropriate, but introducing the concepts
of stress and strain refines the model.

Introducing the extension ratio α � l�l0 (in the following, both ‘extension
ratio’ and ‘stretch ratio’ refer to α), and the strain ε � α � 1, the Hooke force
is written as

f � kl0�α� 1� � kl0ε

The stress is defined as

σ � f
A

(2.2)

where A � x2x3 is the actual cross-sectional area of the rubber band during
deformation. In order to remedy the shortcomings of the force constant, a
specifically material dependent, geometry independent property, the tensile
modulus, E, is defined as the slope at the very beginning of the stress-strain
curve,

∂σ
∂ε
� E for ε � 0 (2.3)

The rubber deforms uni-axially (see figure 2.3), such that the only changes
in geometry are along the axes of the rubber slab, thus the slab stays non-
skewed. This is a circumstantial way of saying that the deformation must
be without shear. The volume of the rubber is constant during deformation,

Risø–R–1286(EN)



2.2 Hooke model 9

Figure 2.3: A sketch of the deformations that a piece of rubber undergo during uni-
axial extension. While the rubber expands along x̂1, it contracts equally along direc-
tions x̂2 and x̂3.

and the rubber deforms with rotational symmetry. This means that the strains
along the x̂2 and x̂3 directions are equal, see figure 2.3.

The initial volume of the rubber band is V � � l0x�2x�3, while the final vol-
ume is written as V � lx1x2, where x2 � α2x�2 and x3 � α3x�3. Since the
deformation is rotationally symmetric perpendicularly to the extensional di-
rection, α2 � α3. Using the incompressibility constraint,

V � V � � l0x�2x�3 � lx2x3 � 1 �
lx2x3

l0x�2x�3
� α2

2α 	 α2 �
1

α

The cross sectional area changes with the deformation as

A � x2x3 � x�2x�3α2
2 � x�2x�3�α � A0�α

Collecting the above for the Hooke model, an equation for the stress is
obtained

σ �
f
A

�
fα
A0

�
kl0εα

A0
�

kl0
A0

�ε2 �ε� �
kl0
A0

�α2 �α�

Using the definition of the tensile modulus, equation 2.3,

∂
∂ε

kl0
A0

�ε2 �ε� �
kl0
A0

�2ε � 1�� kl0
A0

for ε � 0 	 E �
kl0
A0
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10 Theory of elasticity

Figure 2.4: A fit of the Hooke model to the data of figure 2.1. The straight line repre-
sents the fit. A good fit is only possible for the first 1.5 mm, which is equal to a strain
of 10%.

The Hooke model returns an estimate of the tensile modulus of E � kl0�A0.
In practice this means that the tensile modulus can be retrieved from a force-
extension measurement, if the original length and the original cross-sectional
area are measured, and the force constant in limit of low strain is determined.

A fit was performed using the standard fitting routine ����data� in Mathe-
matica c� 3.0. The fit-expression was ��, ��, returning a two parameter lin-
ear fit, y � a � b �x, to the experimental data. The constant part of the fit
was minimised, while a maximum in the proportional part was sought. The
maximising of the proportional part of the fit is based on inspection of the
data compared to the model: the largest slope is obtained at the beginning
of the data curve, but there is a small region in which other factors, such as
slack, plays a role. The fit strategy aims at disregarding the initial region of
slack, and including only the linear region in the data. By inspection of the
fit curve, figure 2.4, it is seen that the data are fit properly only for the first
1.5 mm of the curve, up to about 10% strain. For the data and fit in fig-
ure 2.4 a value of k � 116 N�m is extracted, returning a tensile modulus
of E � kl0��x�2x�3� � 1.13 MPa.
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2.3 Neo-Hookean model 11

2.3 Neo-Hookean model

The simplest equation describing the relation between stress and strain for an
elastic body is the Neo-Hookean equation [31], which assumes that the stress
is proportional to the strain,

σij � GBij (2.4)

G is the elastic shear modulus, σij is the stress tensor, and Bij is the Finger
(strain) tensor1. The Neo-Hookean model is an extension from one dimen-
sion to three dimensions of the stress response of an elastic body. The Neo-
Hookean model is linear, but a linear relation between stress and strain is used
in replacement of the linear relation between force and extension of the Hooke
model.

The total stress corresponding to equation 2.4 is

Tij � �p δij � GBij (2.5)

where δij is the identity matrix, and the Finger tensor is (see appendix A),

Bij �

�
�α2

1 0 0
0 α�1

1 0
0 0 α�1

1

�
�

The boundary conditions determine p for any problem.
The stress-strain relation for the Neo-Hookean model is calculated for the

uni-axial strain situation. The total stress components on the elastomer are

T11 � �p � Gα2
1 T22 � T33 � �p �

G
α1

Since the sides of the elastomer string are free to find an equilibrium position,
the total stress in these directions must be zero. In direction of x̂2,

T22 � 0 � σ22 � p 	 p � σ22

When the value of p is known, the total stress in direction of x̂1 becomes

T11 � σ11 �σ22 � Gα2
1 � G

1
α1

� G
�

α2
1 �

1
α1

�
1For the basics on tensor notation in elasticity theory, see appendix A, which includes an ac-

count of the Finger tensor, section A.3.
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12 Theory of elasticity

Figure 2.5: A fit of the Neo-Hookean model to the data of figure 2.1. The curved full
line represents the Neo-Hookean fit, while the straight line is the Hooke model fit. A
good fit now extends for the first 5 mm, which is equal to a strain of 33%, a good
improvement over the Hooke model.

The force measured on the ends of the elastomer is found by multiplying the
total stress on the ends with the area

a1 � x2x3 � x�2x�3α
�1
1

f1 � T11a1 � x�2x�3G

�
α1 � 1

α2
1

�
(2.6)

where the original dimensions of the elastomer are x�2 and x�3.
The tensile modulus is calculated from the definition, equation 2.3,

∂
∂ε

	
G

�
α1 � 1

α2
1

�

� 3G for ε � 0 	 E � 3G

where ε � α1 � 1 was used.
With this model, a better fit of the data in figure 2.1 is obtained. Again the

fitting routine ����data� is employed, but now the fit-expression is ��� ��
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2.4 Mooney-Rivlin model 13

��� �����, which returns the pre-factor of equation 2.6, x�2x�3G. Note that this
is a one-parameter fit, only the value of G is fitted. The resulting fit is shown
in figure 2.5, together with the previous Hooke model fit. Here a good fit
continues up to around 5 mm, corresponding to about 33% strain. The tensile
modulus obtained from this fit is E � 3G � 1.22 MPa. This value is 10 %
higher than the value obtained from the Hooke model.

2.4 Mooney-Rivlin model

An even better description of the stress-strain properties of an elastomer de-
rives from a strain energy minimisation analysis. The strain energy, φ, is con-
structed as a suitable function of the invariants of the strain tensor [32] (for
invariants, see section A)

IB
1 � α2

1 �α2
2 �α2

3 IB
2 �

1
α2

1
�

1
α2

2
�

1
α2

3

φ � C1�IB
1 � 3� � C2�IB

2 � 3�

The stress is then obtained as the derivative of the energy function with re-
spect to the extension ratio,

Tii � αi
∂φ
∂αi

� p (2.7)

� αi

�
C12αi � C2 � ��2�

1
α3

i

�
� p

� 2C1α
2
i � 2C2

1
α2

i
� p

for the Mooney-Rivlin strain energy function. This result can be written in
tensor notation using

T � �p I � 2C1B � 2C2B�1

Tij � �p δij � 2C1Bij � 2C2B�1
ij (2.8)

for the incompressible case. The Neo-Hookean model is obtained when C2 �
0 and 2C1 � G. The Neo-Hookean model is obviously a one-parameter model,
while the Mooney-Rivlin model contains two parameters.

Risø–R–1286(EN)



14 Theory of elasticity

Now uni-axial extension is evaluated for the Mooney-Rivlin model. The
Finger tensor for uni-axial extension was written above, and the inverse of the
Finger tensor is

�Bij�
�1 �

�
�α�2

1 0 0
0 α1 0
0 0 α1

�
�

Inserting the tensors in equation 2.8, the elements of the stress tensor become

T11 � �p � 2C1α
2
1 � 2C2α

�2
1 T22 � T33 � �p � 2C1α

�1
1 � 2C2α1

With boundary conditions like in the previous section, the result for the
total stress on the ends of the rubber string is

T11 � σ11 �σ22

� 2C1α
2
1 � 2C2α

�2
1 � �2C1α

�1
1 � 2C2α1�

� 2C1

�
α2

1 �
1

α1

�
� 2C2

α1

�
α2

1 �
1

α1

�

�

�
2C1 � 2C2

α1

��
α2

1 �
1

α1

�
(2.9)

and the force on the ends of the sample is

f1 � x�2x�3
�

2C1 � 2C2

α1

��
α1 � 1

α2
1

�
(2.10)

The tensile modulus, E, is evaluated using the definition, equation 2.3, on
equation 2.9,

∂
∂ε

��
2C1 � 2C2

α1

��
α2

1 �
1

α1

��
� 3�2C1 � 2C2� for ε � 0

The model was fitted to the data of figure 2.1. Equation 2.9 was expanded,
such that each fitting term �C1, C2� was fitted separately. This was mediated
by running ����data� with the fit-expression ��������������, ������������.
The fit then returns �C1, C2� as the coefficients for the best fit. With this expres-
sion it was possible to fit the data for the first 150 % of the stress-strain curve,
as shown in figure 2.6. The result of the fit was C1 � 133 kPa, C2 � �87.3 kPa,
and E � 3�2C1 � 2C2� � 1.32 MPa.
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2.5 Ogden model 15

Figure 2.6: Fit of the Mooney-Rivlin equation (equation 2.10) to the data of figure 2.1.
Now the strain is used as the independent variable, instead of the length. The previ-
ously presented fits are included for comparison. With the Mooney-Rivlin equation, a
good fit is obtained up to 150% strain.

2.5 Ogden model

Inspection of figure 2.6 reveals that the Mooney-Rivlin fit does not describe
the whole region. This is because it does not follow the up-turn in the data
from 150% strain and upwards. The up-turn behaviour is sometimes referred
to as strain-hardening. The fitting regime is extended through a theory intro-
duced by Ogden [32]. Similarly to Mooney and Rivlin, a stress-strain relation
is obtained through evaluation of the strain-energy function.

The strain is redefined to

εi �
αk

i � 1
k

k � 0

where k can be any real number, different from zero. Notice how the strain
does not depend linearly upon the extension ratio, α. The invariant of the
new strain tensor can be written as

φ�k� �
αk

1 �αk
2 �αk

3 � 3
k
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16 Theory of elasticity

The former invariants IB
1 and IB

2 are linked to the new invariant through

φ�2� �
1
2
�IB

1 � 3� φ��2� � � 1
2
�IB

2 � 3�

Ogden proposed a strain energy function, which is a linear combination of the
invariants φ�k�,

φ � µlφ�kl�

The index l runs over the number of terms. Since it is only possible to find
three linearly independent invariants, no more than three terms should be
used. The stress is derived by evaluating equation 2.7 for the above definition
of the strain energy,

Tij � µlα
kl
i � p

with an implicit sum over the number of included terms.
Again, the uni-axial extension experiment is considered. It is recalled that

due to the incomressibility constraint, the values of the extension ratios are
α2 � α3 � 1�



α1. Using the boundary condition for uni-axial extension, the

formulas for the strain and force are

T11 � µl

�
α

kl
1 �α

� 1
2 kl

1

�

f1 � x�2x�3µl

�
α

kl�1
1 �α

�1� 1
2 kl

1

�
(2.11)

Again, summation over the necessary number of terms l is implicit.
The force-extension data of the rubber string are treated once more. A two-

term expression is used (l � �1, 2�), explicitly

f1 � x�2x�3
�
µ1

�
α

k1�1
1 �α

�1� 1
2 k1

1

�
�µ2

�
α

k2�1
1 �α

�1� 1
2 k2

1

��

As the value of exponents kl can be any real number, the routine ����data�
can no longer be used. Still, Mathematica�r 3.0 is up to the job. A non-
linear fit is performed using the routine ���	���
�����data�, or its equiva-
lent ���	���
��������data�, which outputs a regression analysis when the
fit procedure is completed. All four variables �µ1, µ2, k1, k2� can be fitted si-
multaneously with this routine.
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2.5 Ogden model 17

Figure 2.7: Fit of a two-term Ogden model to the rubber string force-extension data.
The fit now extends throughout the whole range of the strain. Ogden used a three-term
model to fit an experiment with a maximum strain of 750% [32].

A set of seed data �µ1, µ2, k1, k2� for the fit is defined. Then the routine is
run, while k1 is kept constant. In the second step, k1 is free and µ1 is fixed.
Bouncing back and forth between having k1 or µ1 fixed, lets the set of param-
eters converge quickly towards a good fit. The result of this fitting procedure
is plotted in figure 2.7, where also the previous fit curves are included. The
resulting fit parameters are

µ1 � 745 kPa k1 � 1.101
µ2 � 6.90 kPa k2 � 4.42 E � 1.70 MPa

The fit values of the tensile modulus presented in table 2.1 are not equal.
There are two reasons for this, and they work in opposite directions. The mod-
els are fitted to different parts of the experimental data. The fit of the Hooke
model only uses the first 13% of the strain region, where the sample seems
stiffer, because the force grows more rapidly. This should yield a higher value
of the tensile modulus than for the more advanced models. The second rea-
son is that the mathematical structure of the more advanced models includes
negative components. Therefore a higher value of the tensile modulus results.
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18 Theory of elasticity

Model Stress Tensile modulus Fit value

Hooke kl0
A0

�ε2 �ε� kl0
A0

1.13 MPa

Neo-Hookean G

α2 � 1

α

�
3G 1.22 MPa

Mooney-Rivlin


2C1 � 2C2
α

�
α2 � 1

α

�
3�2C1 � 2C2� 1.32 MPa

Ogden µl


αkl �α�kl

�
µl kl 1.70 MPa

Table 2.1: Fit results for the four presented models of stress-strain behaviour.

When reporting a value of the tensile modulus, it is therefore important to
include its definition. And this is also what is done for all rheological values
obtained and presented in articles, where explicit emphasis is put on the ex-
perimental procedure by which the value was obtained. Usually, the value
of the tensile modulus is obtained from the Hooke model which itself is de-
fined as the limiting slope of the stress-strain curve for small strains, as in the
definition of the tensile modulus.

2.5.1 Constrained movement

Up to now, only the case with no constraints on the directions perpendicular to
the pulling direction was considered. A different situation is outlined in figure
2.8, applying to an elastomer film. In the direction perpendicular to the film
plane the dimension is much thinner than the length of the sample. The width
of the sample on the other hand is larger than both the length and the thickness
of the film. Therefore the strain response is different in the two directions
perpendicular to the pulling direction. This is illustrated left in figure 2.8, with
an extension ratio of α1 � 5

3 . The sample contracts in thickness, α3 � 1�α1,
while the width of the sample remains constant, α2 � 1. The deformation
tensors describing this deformation are

wij �

�
�α1 0 0

0 1 0
0 0 1

α1

�
� Bij �

�
��
α2

1 0 0
0 1 0
0 0 1

α2
1

�
�� (2.12)
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2.5 Ogden model 19

Figure 2.8: Justification of assumptions regarding constrained movement. A piece of
elastic film is stretched with an extension ratio of 5�3. The thin dimension is much lower
than the length; therefore it is allowed to shrink. The wide dimension is constrained
from shrinking; therefore the strain in this direction is zero.

The boundary conditions are altered, now the film is free only in the direction
of x̂3. Still, it is possible to obtain a value for p, since

T33 � σ33 � p � 0 � p � σ33

	 T11 � σ11 �σ33

The stress and force are calculated for the Neo-Hookean model, equation
2.5,

T11 � G�B11 � B33� � G�α2
1 �α�2

1 �

f1 � x�2x�3G�α1 �α�3
1 � (2.13)

E � 4G

The tensile modulus increases by one third compared to the non-constrained
experiment (for which the tensile modulus was E � 3G). Simply put, a con-
strained film is stiffer than the corresponding film free of constraints, even
though they are made from the same material.

For the Mooney-Rivlin model, equation 2.8, the results are

T11 � σ11 �σ33 � �2C1 � 2C2��α
2
1 �α�2

1 �

f1 � x�2x�3�2C1 � 2C2��α1 �α�3
1 � (2.14)

E � 4�2C1 � 2C2�
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20 Theory of elasticity

The Neo-Hookean and the Mooney-Rivlin models return the same prediction
for the stress-strain behaviour of a constrained elastomer film, when G �
3�2C1 � 2C2�. Again the tensile modulus grows by one third.

Finally, for the Ogden model, the results are

T11 � σ11 �σ33 � µl


α

kl
1 �α

�kl
1

�
f1 � x�2x�3µl


α

kl�1
1 �α

��1�kl�
1

�
(2.15)

E � 2µlkl �sum over l�

For the Ogden model, the tensile modulus is doubled by the introduction of
the width constraint.
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3

Dielectricity and electrostriction

The polarisation of molecular dipoles stores energy in the dielectric medium.
This electrostatic energy can be converted to mechanical energy (strain, stress)
through a number of mechanisms, the simplest being through the Maxwell
stress, which all materials exhibit. Further mechanisms include electrostric-
tion and piezoelectricity, but only certain classes of dielectric material have
these properties. In the following these phenomena are presented.

3.1 Dielectricity

All materials become polarised when exposed to an electric field. However,
the exact response of a certain material to an applied electric field is quite
hard to predict. If the material is conducting, the electric field will give rise
to charge transport, due to which the effects of polarisation will be obscured.
The remainder of this chapter considers insulating, non-conductive materials.

3.1.1 The dielectric constant

A typical model of an insulating material regards the material as composed of
small dipoles, which are electrically neutral, but possess internal charge sep-
aration. When exposed to an external electric field, the tendency of a single
dipole is to align itself with the electric field, such that the positive end points
toward lower potential, and the negative end points toward the higher poten-
tial [33]. When all the dipoles in a material align in this way to an applied
electric field, the material is known as a dielectric.

Figure 3.1(a) depicts the situation when a constant voltage is applied to a
set of juxtaposing capacitor plates. Electric field lines may only begin on free
positive charges, and end on free negative charges. Thus, surface charge con-
centration builds up on the capacitor plates. The charge build up continues,
until the voltage drop over the capacitor plates matches that of the voltage
source. The relation between the amount of free charge, Q, and the voltage
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drop, V, is Q � CV, where C is the capacitance of the capacitor,

C �
ε0A

d

A is the area of the plates, and d is the distance between them. ε0 is the vacuum
permittivity, ε0 � 8.854�10�12 F�m. The density of the field lines is known as
the electric flux density, or just flux density, and is given by

Di � ε0Ei

where Ei are the components of the electric field between the capacitor plates.
If a piece of dielectric material is inserted between the plates, figure 3.1(b),

the dipoles in the material will reorient such that the positive end of the dipole
points toward the negative potential. Even though no free charges have been
created in the material, the reorientation of the dipoles exposes a net ’bound’
charge on the surface of the dielectric, and in fact a current will flow from the
battery to keep the voltage over the plates constant.

The flux density in the material has increased, and is now

Di � εEi

whereε is the dielectric constant of the material. This equation implies that the
actual electric field in the material is the same as when no material is placed

Figure 3.1: Dielectric susceptibility. (a) vacuum capacitor, (b) polarised dipoles in the
dielectric inserted between the capacitor plates, (c) random dipoles when no electric
field is applied.
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3.1 Dielectricity 23

between the capacitor plates, only the flux density Di has changed. The flux
density is also known as the electric displacement, because it is a measure of
the displacement of the dipoles in the material. The relative dielectric constant
is then defined as the ratio between the flux density in vacuum and in the
dielectric,

εr �
ε

ε0

Part of the electric displacement originates from the vacuum displacement,
the other part from actual polarisation of the dielectric. The electric polarisa-
tion is the flux density originating solely from the polarised material

Pi � Di �ε0Ei

and the electric susceptibility is the part of the relative dielectric constant
caused by the material,

η � εr � 1 	 Pi � ε0ηEi

In this thesis, εr is referred to as just the dielectric constant, because reference
is never made to the actual dielectric constant ε. In general, the dielectric con-
stant is a complex parameter, so by definition the complex dielectric constant
is

ε � ε� � iε��

where i �

�1.

3.1.2 Time-dependent fields

The complex frequency response of the lumped-circuit components (resistors,
R, capacitors, C, and inductors, L) is derived from basic principles. The rela-
tion between the charge on a capacitor and the voltage drop over it is

Q � CV (3.1)

The current is considered positive if it flows from the positively charged plate,

I � �dQ
dt
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24 Dielectricity and electrostriction

If equation 3.1 is differentiated with respect to time, the following relation
between the voltage and the current is obtained,

dQ
dt

�
d�CV�

dt
� C

dV
dt

� I � �C
dV
dt

if the capacitance is constant. When an alternating voltage is applied, V�t� �
V0 exp��iωt�, the resulting alternating current is

I � �C
d�V0 exp��iωt��

dt
� iωCV0 exp��iωt� � iωCV

from which the impedance is extracted as

Z �
V
I
�

1
iωC

where Z � V�I is the complex version of Ohm’s Law.
The impedance of an inductor is calculated using Lenz’ Law, stating that

when the flux through a coil changes, a voltage arises in order to keep the flux
constant,

V � �d�
dt

� �d�LI�
dt

� �L
dI
dt

where the relation � � LI is inserted, L being the inductance of the inductor.
Inserting the oscillating voltage from before, the equation can be solved by
separation of variables,�

V0 exp��iωt� dt � �L
�

dI

� V
1
�iω

� �LI 	 ZL � iωL

Component Frequency response (impedance, Z)
Real Imaginary

Resistor R
Capacitor 1�iCω

Inductor iLω

The frequency response of these components can be plotted in an impedance
spectrum, in which both axes are logarithmic. The technique by which these
spectra are obtained, is known as dielectric spectroscopy.
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3.1.3 Dielectric spectroscopy

The features of a dielectric spectrum reveal basic physical properties of a mate-
rial. Whether the material behaves as a simple resistor or capacitor, or specific
molecular relaxations or ionic conductivity takes place, can be determined
from the dielectric spectrum. If also the temperature is varied, knowledge
on the interaction between molecular dipoles can be extracted. It is therefore
important to determine whether features in the dielectric spectrum originate
from lumped-circuit behaviour, or if an explanation of the spectrum must in-
clude molecular relaxations and conduction in the material.

The real part of the impedance spectrum of an ideal resistor is constant,
R, and the spectrum has a zero imaginary part. The response of the capacitor
has no real part. The imaginary part is Z��

C � 1�Cω, which in a log-log plot
becomes a straight line with slope �1,

log Z��
C � log

1
Cω

� � log C� log ω

which intercepts � log C for ω � 1. For the inductor, the slope is 1, since

log Z��
L � �log Lω� � log L � logω

The inductor component is only useful for description of samples with magne-
tic properties, and therefore demands no further consideration in this thesis.

With these components as building blocks, it is possible to construct more
complex dielectric spectra, as for instance a circuit consisting of a resistor and

Figure 3.2: Impedance spectra of serial (left) and parallel circuits of a resistor and a
capacitor. The resistance is R � 1 k�, and the capacitance is C � 1 mF. The real part
is plotted as the full curve, the imaginary part as the dashed.
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a capacitor in series. The frequency dependent impedance of this circuit is

Z � ZR � ZC � R �
1

iCω

as impedances are added when in series. With this impedance, a more realistic
dielectric spectrum with both a real and an imaginary part, is obtained. The
left part of figure 3.2 is a plot of the impedance of a parallel circuit, with a
capacitance of C � 1 mF, and a resistance of R � 1 k�. The real part of the
spectrum has a constant value, while the imaginary part is a straight line with
slope �1, as predicted above.

An impedance spectrum with more features is obtained when the two
components are added in parallel, rightmost in figure 3.2. The impedances
in parallel are added reciprocally,

1
Z

�
1

ZR
�

1
ZC

� Z �
R

1 � R2C2ω2 � i
R2Cω

1 � R2C2ω2

The real part is constant until a certain frequency ω � 1�τ , after which it
drops off with slope �1. The imaginary part goes through a maximum for
ω � 1�τ . With τ � RC, the above equation for the impedance is re-cast,

Z � R
�

1
1 � �ωτ�2 � i

ωτ

1 � �ωτ�2

�
�

R
1 � iωτ

by which it can be seen that a characteristic frequency must lie at 1�τ .
The relation between the properties of a macroscopic capacitor and the

properties of the dielectric between the capacitor plates is

C �
εrε0A

d

where A is the surface area of the capacitor, and d is the distance between
the plates. This simple equation is used for the computation of the dielectric
spectrum.

The dielectric in the capacitor affects the applied ac voltage, such that both
the amplitude and the phase are changed. The dielectric analyser extracts
the frequency dependent impedance from a comparison between the applied
and the resultant voltage, see section 5.1. For the purpose of dielectric spec-
troscopy, the impedance is then converted to capacitance through the equa-
tions stated above, and finally divided by the vacuum capacitance of the cell,
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Cvac � ε0A�d, to return the dielectric spectrum, formally written as

εr�ω� �
C

Cvac
� ε��ω�� iε���ω�

The corresponding conductivity spectrum is calculated directly from the die-
lectric spectrum using the relation

σ�ω� � σ ��ω�� iσ ���ω� � iωε0�εr�ω�� 1�

3.1.4 Dielectric relaxation

The dipoles in the dielectric need a certain time for aligning with the applied
field. This time is known as the relaxation time, and it affects the dynamic
response of the dielectric. One method for obtaining information about the
relaxation is to monitor the response by the use of the dielectric analyser.

The simplest physical model of a dielectric material was introduced by
Debye [33], for description of the dielectric relaxation properties of a gas. The
presence of the gas changes the dielectric constant from that of the vacuum
capacitor. In addition, the dipoles are able to respond to an alternating field
by oscillating in phase with the field, but only if the field does not oscillate
too rapidly. At low frequencies the real part of the dielectricity is high. At a
frequency corresponding to the relaxation time, τ , it drops off to a lower level,
because the dipoles are not able to follow the alternating field. The imaginary
part is low in the whole frequency range, except in the region close to 1�τ
where the oscillations of the dipoles are imperfect with respect to alternating
field, therefore they dissipate the energy stored in the electric field into heat.

These features are contained in the lumped-circuit model depicted in fig-
ure 3.3. The frequency dependent capacitance of this network is

C � C� � �iωR �
1

C0 � C�
��1

which is rewritten to

C� C�
C0 � C�

�
1

1 � iωR�C0 � C��
(3.2)

Defining the molecular relaxation time as τ � R�C0 � C�� and multiplying
nominator and denominator with d�ε0A, the Debye model becomes

ε�ε���

ε�0��ε���
�

1
1 � iωτ
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28 Dielectricity and electrostriction

Figure 3.3: The dielectric spectrum of the Debye model in a log-linear plot. The corre-
sponding electric circuit is sketched as well.

where ε�0� and ε��� are the real parts of the dielectric constant at zero and
infinite frequency, respectively (the imaginary part is zero at both zero and
infinite frequencies). The relaxation time is strongly dependent upon tempe-
rature for almost any system.

The Debye model is basic to most of the attempts at modelling the more
complex dielectric spectra, including those of polymers. One of the more gen-
eral models is the Havriliak-Negami (H-N) function [34],

ε�ε�0�
ε����ε�0�

�
1

�1 � �iωτ�α�
β

where in general α, β, τ , ε�0�, and ε��� are fitting parameters. τ , α, and β are
temperature dependent. For α � β � 1 the Debye model is recovered. If seve-
ral relaxations occur in the dielectric, the whole spectrum is fitted by adding
further H-N elements. Most work in the field of dielectric spectroscopy deals
with measuring the temperature dependence of the H-N parameters [34, 35].

3.1.5 Maxwell stress

The mechanical driving force of the dielectric elastomer actuator derives from
Coulomb charge attraction. When a capacitor is charged by application of an
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electric field, positive charges reside on one electrode, balanced by negative
charges on the other electrode. The compliance of the elastomer allows the
charges to move closer by squeezing the capacitor together. Volume conserva-
tion forces the elastomer to expand transversely to the electric field, increasing
the area of the electrodes. This increase lets like charges on one electrode move
further apart, lowering the internal energy of the charges. This is, in words,
the principle behind the dielectric elastomer actuator. A more mathematical
derivation follows, kept as simple as possible.

The capacitance of a capacitor, C � εε0A�z, dropping the subscript r on
εr, and using z for the thickness of the capacitor. The energy density of the
electric field is

u �
1
2

D � E �
1
2

εε0E2

where the last equality holds because D and E are in the same direction, as
is the case in isotropic dielectrics. This expression is transformed by using
E � V�z, yielding

U � u Az �
1
2

C V2

the familiar expression for the energy stored in a capacitor.
The force between the electrodes is found from

f � �dU
dz

The differential of the energy is

dU �
εε0V2

2
d
�

A
z

�
�

εε0V2

2

�
1
z

dA� A
z2 dz

�
when the voltage is constant. The differential of A�z is found by noting that
the volume is constant during deformations,

d�Az� � z dA � A dz � 0

� dA
A

� �dz
z

which is inserted in the above to yield

dU � �εε0V2

2
2

A
z2 dz � εε0AE2 dz

� f � �dU
dz

� εε0AE2
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30 Dielectricity and electrostriction

for the force between the electrodes. It is more useful to calculate the stress,
by using the definition stated in equation 2.2,

σ �
f
A

� εε0E2 (3.3)

This equation was derived a century ago for the stress on the surface of a
dielectric in an electric field [36], but with a prefactor of 1

2 . The doubling of
the stress derived here, stems from the compliant electrodes.

The stress does not depend directly upon any geometrical factors. Because
of this, a DEA can have any desired size, limited only by manufacturing and
application constraints. The stress is proportional to the dielectric constant.
The dielectric constant of dielectric elastomers is typically in the range of 2–
8 ε0. Materials with dielectric constants of � 10, 000 ε0 exist, these are typi-
cally crystalline and not applicable to DEA, except as filler material. To this
author’s knowledge, no accounts exist of a dielectric elastomer with filler used
for DEA.

The stress depends upon the applied electric field to second order. Writing
the electric field as E � V�z, it is seen that the thickness of the insulating
elastic film does enter, and in fact the stress is inversely proportional to the
square of the thickness. This opens two ways of increasing the stress: either by
thinning the elastomer, or by increasing the voltage. The elastomer thickness
in this thesis was limited downwards to about 25 µm; the thickness could
probably be lowered, but that is not necessary for a proof of principle, since
the voltage amplifier provides up to 10 kV. The voltage is limited upwards by
the dielectric breakdown strength, a material specific constant. The dielectric
breakdown strength depends upon material structure, the temperature, and
on the presence of impurities.

3.2 Electrostriction

The original paper by Anderson [1], calculates the volume force density aris-
ing from an applied, uniform electric field. The starting point of the derivation
is a thermodynamically derived, basic textbook expression [36], here given in
the form used by Anderson,

F � ρ f E� 1
2
ε0E2

�ε �
1
2
ε0�

�
E2ρ

∂ε
∂ρ

�
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3.2 Electrostriction 31

where ρ f is the density of free charges in the dielectric, and ρ is the mass
density of the dielectric. The second term is the Maxwell stress term, derived
in the previous section, and the third term is the electrostrictive term. It is
seen that electrostriction explicitly arises from changes in the mass density of
the material. In the derivation of the Maxwell stress presented above, it was
assumed that the dielectric was incompressible. This assumption holds for
liquids, and for the soft elastomers that are the subject of this thesis.

The strain arising from polarisation of the dielectric is more generally writ-
ten as [37–39]

εij � dijkEk �γijklEkEl � . . .

where the coefficients explicitly depend upon strain through

dijk �
∂εij

∂Ek
γijkl �

∂2εij

∂Ek∂El

The dijk are better known as the piezo-electric coefficients, and γijkl are the
electrostrictive coefficients. For isotropic dielectrics symmetry considerations
show, [39], that the electrostrictive coefficient tensor reduces to just two inde-
pendent components, γ1111 and γ1122. Redefining these two components of
the electrostrictive tensor, an expression for the dielectric tensors dependence
upon strain is written as [16] (for small strains),

ε j � ε0δij � a1εij � a2εkkδij

where εkk is the trace of the strain tensor, and ε0 is the dielectric constant of
the unstrained material. It has been pointed out that this expression is flawed,
since when the incompressibility constraint is relieved, the stress components
are multiplied by the Poisson ratio of the material [40]. In all circumstances,
this error is minor.

When the dielectric tensor depends upon the strain, the stress calculated
by equation 3.3 retains strain-dependent components,

σelectric
ij � ε0

2ε0 � a1

2
EiE j �ε0

ε0 � a2

2
E2δij

which are all of second order in the dielectric field, just like the Maxwell stress.
Explicitly, electrostriction arises from the strain-dependence �a1, a2� of the di-
electric tensor, while the Maxwell stress arises from normal polarisation of the
dielectric medium.
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32 Dielectricity and electrostriction

Figure 3.4: Dimensions of the actuator. The width of the actuator x�

2 is constrained,
while the length x1 and the thickness x3 are free to change. Finally, a weight is hanging
from the actuator to apply a constant force.

For the elastomers deployed in this work, the electrostrictive constants are
negligible, hence the term dielectric elastomer actuators, with no reference to
electrostriction. For some workers, electrostriction is explicitly sought for, a
typical elastomer to this end is poly(vinylidene-flouride), and also its copoly-
mer with triflouroethylene [3, 5, 6]. When the films are irradiated with elec-
trons with energies of 3 MeV, the large polarisation domains of the elastomer
are broken up into many smaller domains, enhancing the electrostrictive pro-
perties. With such materials, electrostrictive strains of 5% have been observed,
for an applied electric field of 200 MV�m. Though the strain is not that large,
with an actuation energy density (see section 6.2) close to 200 MPa, the elec-
trostrictive actuators are still important. Actuators made from polyurethane
are also electrostrictive [2, 12, 13], here strains of 4% have been observed.

3.3 Elasticity and Maxwell stress combined

The theories of elasticity and Maxwell stress are now combined, under the
assumption that the actuator (figure 3.4) is constrained in the width direction,
such that

x1 � αx�1 x2 � x�2 x3 � α�1x�3
A weight is attached from the bottom of the actuator, and the electric field is
applied along x̂3. All forces have to balance,

fg � fMaxwell � felastic (3.4)
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3.3 Elasticity and Maxwell stress combined 33

This formula is evaluated for all three models of elastic behaviour under width
constraint.

Before continuing, a new definition of the strain must be introduced, the
actuator ‘engineering’ strain. This strain measure is more useful for describing
actuation, when both a weight is suspended from, and a voltage is applied to
the actuator.

The actuated length and strain are written as explicit functions of the ap-
plied mass and voltage, l�V, m� and ε�V, m�. With these functions, the normal
strain is written as

ε�V, m� �
l�V, m�� l�0, 0�

l�0, 0�

while the new, engineering strain is defined as

ε��V, m� �
l�V, m�� l�0, m�

l�0, m�

where the reference position is different for each weight. The engineering
strain is calculated from the normal strain by noting that

l�0, m� � l�0, 0� �ε�0, m� � 1�
l�V, m� � l�0, 0� �ε�V, m� � 1�

Collecting the above, the engineering strain in terms of the normal strain be-
comes

ε��V, m� �
ε�V, m��ε�0, m�

ε�0, m� � 1
(3.5)

an equation which is used for evaluating the engineering strain from the strain
delivered by the models.

3.3.1 Hooke model

For the Hooke model, the result is easily derived,

m g �
x�2
x�3

εε0V2α � Gx�2x�3�α�1�

� α �
Gx�2x�3 � fg

Gx�2x�3 �
x�

2
x�

3
εε0V2

(3.6)
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34 Dielectricity and electrostriction

The expression has a singularity, which for silicone rubber occurs at an electric
field of roughly 600 MV�m, far above the dielectric breakdown strength of
silicone rubber.

The engineering strain is calculated by combining equations 3.5 and 3.6.
Abbreviations are used, k � x�2x�3G, f � mg, and e � x�2εε0V2�x�3, by which
the (real) strain is written as

ε �
k � f
k� e

� 1

and the engineering strain becomes

ε� �


k� f
k�e � 1

�
�


k� f
k � 1

�


k� f
k � 1

�
� 1

�
k

k� e
� 1

which is independent of the weight applied to the actuator.

3.3.2 Neo-Hookean and Mooney-Rivlin models

The Neo-Hookean and the Mooney-Rivlin models returned the same beha-
viour for an elastomer film obeying a constrained width (section 2.5.1). For
simplicity only the Neo-Hookean model is evaluated. The calculation of the
strain response using the Neo-Hookean begins by writing the force-response
of the constrained elastomer film. The result was derived in chapter 2, equa-
tion 2.13, which when inserted in the force balance equation becomes

m g �
x�2
x�3

εε0V2α � x�2x�3G
�

α � 1
α3

�
(3.7)

In order for Mathematica c� to solve this equation using a smaller amount of
computing time, some parameters are redefined. This also helps in under-
standing the structure of the equation. Replacing α � ε � 1, and defining

f � mg, g � x�2x�3G, and e �
x�

2
x�

3
εε0, the above equation is written in the more

readable form,

g

�1 �ε�4 � 1

�
� f �1 �ε�3 � eV2�1 �ε�4 (3.8)

which is a fourth degree polynomial in the strain.
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The equation is solved by Mathematica c� using the input sequence
���������� ��ˆ�� �� �� ���� �ˆ�� � ��ˆ���� ��ˆ�, ��, which returns 4
roots, of which the first two are complex, the third is strictly negative, and the
fourth makes sense. Unfortunately, this root is much too space consuming to
be written here. In Mathematica c� the root is used as an analytic function,
in which all the physical parameters introduced above may be inserted. For
a given actuator, all these parameters are known, such that the function has
two free variables, the mass of the weight attached from the actuator and the
voltage applied to it. The output of the function is the equilibrium strain,
obtained when the actuator is at rest. This derivation returns the static strain;
an analysis of the dynamic strain must include kinematic terms in the force
balance equation, equation 3.4. Such an analysis on DEA was performed by P.
Sommer-Larsen et al. , in reference [41].

3.3.3 Ogden model

The relationship between force and strain is no longer analytic, since the ex-
ponents of α may attain any real number. The approach adopted is to measure
the force-strain curve of a given actuator, fit the obtained curve to the Ogden
model for constrained width, equation 2.15, and plug the fit into the generic
force balance, equation 3.4. The expressions for the forces from the applied
weight and voltage are the same, and an equation is obtained, which is writ-
ten as

∑ f � mg �
x�2
x�3

εε0V2 �α � fOgden�α� � 0

The (physical) root of this equation is the stretch ratio, α, which balances the
forces. The root is found with Mathematica c� by numerical evaluation, using
the routine ���������expression, parameter�, refer to appendix C.

The above models can be evaluated for experimental actuators. For a sili-
cone actuator, the properties of which are listed in section 6.4, the theoretical
curves are plotted in figure 3.5 for an applied weight of 50 g. The curve of the
Hookean actuator model lies lowest, because the elastic force from the Hooke
model is highest. For the same reason, the Neo-Hookean model predicts the
highest strain, simply because the predicted elastic force is the lowest. Finally,
the Ogden model gives a prediction that lies between the prediction of the
Hooke and Neo-Hooke actuator models.
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36 Dielectricity and electrostriction

Figure 3.5: The voltage-strain curves, as predicted by the presented models. The ap-
plied weight was 50 g. The values entering the model are listed in section 6.4. The
fitting programs are listed in appendix C.

3.3.4 Strategies for model improvement

The strain state in the centre of the elastomer film is different from the strain
state on the edge of the film; this variation is not included in the model. Since
the stress depends on the strain, also the stress state varies over the elastomer
film. To include this variation, the stress and strain tensors should be writ-
ten as functions of position, and the Maxwell stress should be included in the
stress tensor. The given state should then be obtained using a variational cal-
culation, or through finite element modelling. This is a complicated approach,
and was considered to be too elaborate for this experimentally oriented thesis.
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Applied percolation

The concept of percolation is explained using the following supposition. A
box is filled with two types of spherical balls: insulating and conducting. The
purpose of this experiment is to measure the conductance from one side of the
box to the other. For measurement purposes, two juxtaposing sides of the box
are electrodes.

The experiment begins with insulating balls only. It is found that practi-
cally no current can be drawn from one electrode to the other. Conducting
balls are then added in random positions one by one, while removing insulat-
ing balls to keep the number of balls constant. During this, the development of
the conductance is measured. The number of conducting balls divided by the
total number of balls is the fraction, p, of conducting balls, and the properties
of the system are measured with respect to this quantity.

The addition of one conducting ball does not change the conductance mar-
kedly. As conducting balls are added, two or more might accidentally end up
next to each other, forming a cluster. As the number of conducting balls grows,
the structure of the system becomes complex. At some point it is more reason-
able to describe the system using distributions of e.g. cluster sizes. Individual
clusters grow larger, and they begin to coalesce. In this process one single

Figure 4.1: Black balls are placed at random in a two-dimensional space, with increas-
ing probability upon going from left to right. The cluster sizes become larger when
going from left to right, until finally one cluster connects the top and bottom of the
picture. This picture does not resemble an actual physical experiment, because balls
are allowed to overlap.
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cluster (the incipient cluster) becomes very much larger than the rest [42], and
in the end the incipient cluster of conducting balls is as large as the whole box.
A connecting path is established between the electrodes, and a huge jump in
the conductance of the system is observed. Addition of more conducting balls
only increases the conductance slowly, therefore a threshold in the conductance
becomes distinct. This threshold is known as the percolation threshold [42],
and the volume percent at which it occurs is pc.

Another percolation experiment is sketched in figure 4.1. Black balls are
placed at random, with increasing probability from left to right. At the far
left, one ball lies isolated. Going right, two balls lying close are encountered;
they constitute a cluster of two. Further right, clusters grow larger and larger,
while the number of clusters changes little. Further right still, adjacent clus-
ters begin to coalesce, the number of clusters drops to just a few, until they
finally coalesce completely, to form a path from the lower picture frame to the
upper. The fraction at which a conducting path is established is defined as the
percolation threshold.

Of course, this illustration is flawed in several ways: balls are allowed
to overlap, and a range of experiments cannot be condensed this way into
one picture. Pictures of random mixtures at single volume fractions p should
be presented. Nevertheless, this simple figure illustrates some aspects of the
nature of percolation.

The transition from a non-conducting to a conducting mixture is a critical
transition. Because of this, when the experiment is repeated, the same pc is
not necessarily obtained. This is due to the finite size of the experimental
system. If the experiment were performed many times, large fluctuations in
the conductivity close to pc would be observed, as for the magnetisation in
a magnet close to the Curie temperature. A better estimate of pc is obtained
when the size of the system is increased, until the change in pc is low.

Most percolation studies deal with obtaining the value of pc. This can be
obtained in many ways, both analytically and through simulation. The perco-
lation threshold of just a few systems can be derived analytically, one limita-
tion being that only systems of dimensionality lower than 3 are solvable [42].
Further, only percolation thresholds on certain types of lattice can be derived
analytically. Therefore, it is necessary to rely on approximations, simulations
or experiments to obtain a value for pc. It is well established that for an experi-
ment with insulating and conducting balls, as described above, the percolation
threshold has a value of pc � 16% [43].
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4.1 Rubber and graphite mixtures

The artificial muscles under study in this thesis all have compliant electrodes
made from binary mixtures of an insulating substance and graphite. Percola-
tion influences the dielectric properties of the mixture. The mixture of poly-
mer and graphite is the system of choice for many experimentalists [44–46].

Consider a mixture of a polymer and graphite. The polymer is regarded
as insulating, while the graphite is conducting. Consider the polymer as an
insulating background, while the dispersed graphite powder can be consid-
ered as conducting flakes. It is important to use laboratory measures that mix
these substances very thoroughly. A properly mixed sample has a random
distribution of graphite in the polymer background.

The dielectric spectrum of a given mixture is a good way to inspect the
state of percolation. For volume fractions above and below pc, the mixture
will be either insulating or conducting. The development of the conductive
and dielectric properties of the system as more graphite is added is discussed
in the following.

4.1.1 Experimental

The experiment presented in figure 4.2 was also presented in an unpublished
report [47]. A short description of sample preparation follows.

The samples were prepared as a mixture between graphite powder (4206,
Merck, Germany) and Dow Cornings Sylgard 184, which is a two-component
silicone1 rubber kit. The rubber cross-links by addition of a carbon double
bond to an Si–H bond, on the backbone of a silicone polymer. The addition
process is catalysed by a platinum complex. The graphite consists of flakes of
hydrolysed coal, with flakes in sizes around 10 µm in length.

It is important to obtain a random distribution of flakes in the rubber, in
order to achieve percolation. The graphite was pre-wetted in excess heptane,
and then subjected to several hours of ultra-sound for complete wetting. The
graphite-heptane slurry was used as one component in the mixing of a whole
range of samples with varying volume percentage of graphite.

The Dow Corning kit was also pre-mixed with heptane. Because the gra-
phite flakes are hydrolysed, some of the catalyst is consumed in side reactions;
therefore the amount of cross-linker was increased when the graphite content

1Silicone, also known as poly-demethylsiloxane, oil has the following structure: –O–Si(CH3)2–
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Figure 4.2: A percolation experiment. Samples of Merck’s graphite and Dow Corning
Sylgard 184 were made with the volume percentages, p, indicated on the graph. The
conductivity is plotted vs. the frequency in a log-log diagram.

became large. This has no effect upon the dielectric spectrum, since the cata-
lyst is only present in trace amounts, and the weight distribution of the base
component and the cross-linking components are the same.2

The amount of heptane added to the pre-mixes is important for calcula-
tion of the volume percentage of graphite in the silicone rubber. The density
is 0.68 g�mL of heptane, and is 1.1 g�mL of silicone rubber, while that of
graphite is 2.23 g�mL. Using the definition of the volume percentage,

pgraphite �
Vgraphite

Vrubber � Vgraphite

it is possible to keep track of the graphite content in the final samples, even
though heptane is present in the mixtures during sample preparation.

2As measured with HPLC by Walther Batsberg, The Danish Polymer Centre, Risø
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Samples were cast from a heptane solution directly on to glass plates. The
silicone rubber does not adhere strongly to the glass plates, making it easier
for the samples to peel off. The heptane content when casting must be low,
otherwise the graphite will sink to the bottom of the slurry, and then the sam-
ples will no longer be random mixtures, that possess percolation qualities.

The final thickness of the samples was from 500 µm to 1000 µm, which is
easy to handle. Samples were prepared with graphite content in percentages
from zero to 30%, in steps of 1%. The conductivity jumps very much between
the samples with p � 23% and p � 24%, the jump is about 4 decades in
conductivity at 10 mHz, the hallmark of percolation.

For low p, the graphs have a constant slope of � 1. For p � pc � 23%, the
graphs have a constant plateau at low frequencies, while at higher frequencies
they return to a slope of � 1. The conductivity graphs are always shifted
upwards for higher p. It seems that the very low p curves have a constant
plateau as well, but this is an artefact caused by the limitations of the dielectric
analyser.

4.1.2 Analysis of conductivity spectrum

The development of the conductivity at zero frequency, the dc conductivity
σ0, is found for all conductor-insulator systems to be

σ0 � �p� pc�t (4.1)

Therefore it is expected that σ0 will diverge close to the percolation threshold,
which will then serve as a clear indication of the value of pc.

A mathematical fitting function is introduced, which fits the conductivity
curves in figure 4.2 fairly well [44],

σ � � σ0 �βωγ (4.2)

The full curves in figure 4.2 are fits of this function to each experimental curve.
The results are presented in figure 4.3.

The dc conductivity jumps by five orders of magnitude close to p � 23%.
These data are not very good, therefore it is futile to attempt to fit them to
equation 4.1. The pre-factor, β, designates the cross-over frequency from the
frequency-independent to the frequency-dependent part of the experimental
curves [44]. It is seen to be increasing with increasing volume percentage,
though there is a plateau in the centre region, 10–17 p%. Finally, the exponent,
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Figure 4.3: Plots of the parameters in equation 4.2, fitted to the data in figure 4.2.

γ, is decreasing with volume percentage, and again a plateau is present, here
from p � 3� 20%. In [44], the exponent γ is the same for all volume fractions
above the critical. It must be concluded that data quality is inferior, and one
should therefore refrain from comparing them to the model presented in [44].
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Figure 4.4: Plots of the real part of the conductivity, as predicted by the effective
medium approximation. For all curves, the same values of ε and σ were used, ε � 3ε0
and σ � 0.0001.

4.2 Effective medium approximation

One approach to obtain approximate percolation behaviour in a model of bi-
nary mixtures is the effective medium approximation (EMA) [43]. The ef-
fective medium approximation is a semi-analytical model for describing the
qualitative nature of the conductivity spectra. The conductivity is evaluated
for a network known as the hypercubic network, which consists of links be-
tween lattice points. The links may be either conducting or insulating, as de-
termined by a distribution function ρ�σ�, where σ denotes the conductivity of
a single link.

In two dimensions the hypercubic network is the links between the lattice
points on the square lattice, in three dimensions the hypercubic network cor-
responds to the simple cubic lattice. A single link between two adjacent points
A and B has been replaced with a link of conductivity σAB. An electric field
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V0 is applied on the links parallel to AB. The voltage on AB, VAB, is generally
different from V0, since generally σAB � �. The voltage fluctuation, defined
as VAB � V0, is required in the EMA to vanish, when it is averaged over all
distributions ρ�σ� of link conductivities.

The link conductivities may resemble those of an insulator (σ � 0), a di-
electric (σ � iεω), a conductor (σ � σ0), or a superconductor (σ � �). For a
binary mixture of two types of links (σ1 and σ2), averaging over all configura-
tions with a probability p for a link with σ1, and probability q � 1� p for σ2,
the result is

p
��σ1

σ1 � �d� 1��
� q

��σ2

σ2 � �d� 1��
� 0

which is a second-order polynomial in �. When d � 3, σ1 � σ , and σ2 � iεω

is inserted, the root with a positive real part is

� �
1
4


�3p� 1�σ � �2� 3p�iεω�



�

�
(4.3)

with a discriminant

� � �3p� 1�2σ2 � �2� 3p�2ε2ω2 � 4�1 � p�1� p��iεσω

In this three dimensional model, the percolation threshold is pc �
1
d � 0.33.

A graph containing curves, plotted for several volume percentages p in
equation 4.3, is shown in figure 4.4. The volume percentages are indicated on
each curve. For the lowest percentages, the low frequency part has a slope of
2 in the log-log plot, which flattens out to a slope of 1 at higher frequencies.
For higher p, the low frequency part is shifted upwards. When p � 1

3 , the
curve has a slope of exactly 1. Curves for higher p have a flat region at low
frequencies, and a region with slope 1 for higher frequencies.

The low frequency features for the curves with p � 1
3 are not found in

the data of figure 4.2. All the other features of the data have been reproduced
by the EMA, apart from the percolation threshold of � 23%. It is therefore
inferred that the data indeed do correspond to a percolating system, yet they
are inferior with respect to predicting any critical values, as was possible for
Adriaanse et al. [44].
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4.3 Compliant electrodes

The concepts and knowledge gained form the percolation experiment pre-
sented in this chapter was put to use in the design of compliant electrodes.
The term ‘compliant’ designates the ability of a thin, conducting electrode to
follow the strain of the artificial muscle, without generating opposing stress
or losing any conductivity. In this thesis, only electrodes made from the gen-
eral system ‘polymer-graphite’ were put to use. Measurements on the value
of the conductivity of the electrodes have not been made. The resistance of
the electrodes or the electrode material was only tested with a multi-meter, to
establish if there was percolation.

4.3.1 Carbon black

The previous experiments dealt with a mixture of a cross-linking rubber ma-
trix, Dow Corning Sylgard 184, and graphite with a high percolation thresh-
old, Merck’s. The percolation threshold of the mixture is lowered dramatically
if more structured graphite is used. This kind of graphite is usually called car-
bon black, because it is deep black compared to the graphite, which consists
of flakes that have metal lustre.

Burning oil incompletely in a special furnace, under controlled conditions
results in highly structured carbon black.3 Percolation thresholds as low as
0.03% have been reported [44], though this is rare. Carbon blacks with perco-
lation thresholds of 5% to 50% are available commercially [48].

The reason for the lowering of the percolation threshold is elucidated by
the following thought experiment: consider a carbon black shaped as a long
string (e.g. carbon nanotubes), which is as long as the distance from one elec-
trode to the other. If this one carbon nanotube reaches from one electrode to
the other, in principle the condition for percolation is met, as the ‘mixture’ is
electrically conducting. The percolation threshold in this experiment would
be vanishing.

Akzo Nobel supplies a carbon black under the name Ketjenblack EC-300J
[49]. The appearance is powder-like and black, the material is supplied as
little nodules of 2 mm in diameter, with much dust in between. The material
is very fluffy, therefore the density of the powder before use is extremely low,
� 100 g�L. According to the technical papers [49], the percolation threshold

3Carbon blacks are soots, and are also known as furnace blacks.
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of Ketjenblack EC-300J is about 5%. The structure of single particles is that
of shells linked to shells, with consequent deep pores and a high degree of
internal structure.

When 10 mL heptane is added to 200 mg of Ketjenblack in a small ves-
sel, the mixture hisses, therefore the suspension reaction is exothermic. If the
mixture is left to itself, the Ketjenblack sinks to the bottom, taking up only
the lower 5% of the vessel. Then the mixture is subjected to about 1 hour of
ultra-sound, which breaks the nodules apart and forces the Ketjenblack into
suspension, resulting in the Ketjenblack distributed in the whole vessel. Left
to itself, the Ketjenblack suspension now collapses very little.

The density of Ketjenblack, or of any furnace black, has to be defined from
the nature of its surroundings. The density of graphite in most solvents is
2.2 g�mL, as it is very easy for solvents to wet all surfaces on the graphite.
The volume of the graphite is minimal, and therefore the apparent density is
maximised. Ketjenblack on the other hand has high internal structure, there-
fore the density suggested by the technical papers was 1.75 g�mL [49]. These
issues have to be taken into account, when binary mixtures of polymer and
carbon black are used for conducting electrodes.

4.3.2 Grease electrodes

Ketjenblack suspended in heptane is easy to work with. Heptane also dis-
solves PDMS oil, including the elastomer-forming Sylgard 184 kit. For grease
electrodes, PDMS oil with a viscosity of 500 cst was chosen. Suspensions were
prepared with volume percentages of 3%, 5%, 10%, and 20%, by first suspend-
ing the Ketjenblack in heptane using ultra-sound, and then adding the PDMS,
which was dissolved in heptane as well. Knowing the weight of the PDMS oil,
the weight of Ketjenblack to be added is calculated from the density formula,
m � ρV, where p is the desired volume fraction,

pKB �
VKB

VKB � VPDMS
� mKB �

ρKB

ρPDMS

pKB

1� pKB
mPDMS

The density of silicone oil is ρPDMS � 1.0 g�mL, and the density of Ketjenblack
is taken to be ρKB � 1.75 g�mL in PDMS.

The mixtures were capped, and placed in ultra-sonic bath over night. The
caps were removed and the vessels placed in the fume hood, to allow the
heptane to evaporate. It takes at least two days for the heptane to evaporate if
the grease is left in the vessel.
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The conductivity of the four mixtures was measured with a multi-meter,
and they were all conducting, though the 3% mixture had a high resistance,
and was discarded because of this. The smearing properties of the three other
mixtures varied. The mixture with p � 20% of Ketjenblack was impossible
to smear out as a nice thin layer, with the 10% fraction it was possible, but
best results were obtained with the p � 5% mixture. The resistance when
two electrodes were jammed into the mixture at random was on the order of
few Ohm. This mixture was used as grease electrodes, and for establishing
electrical connection.

As a grease electrode, the conducting grease is very good. With actuator
strains below 50%, there was no significant migration of the electrode mate-
rial. Visible migration was only detected in actuators with strains above 100%,
here the grease tended to roll up as small cylinders, perpendicular to the di-
rection of strain. The whole electrode area as such was still conducting, as the
actuator was able to perform at more than 100% of strain. The drawback of a
grease electrode is that it is messy to handle.

4.3.3 Rubber electrodes

In order to make electrodes more stable, the PDMS oil is cross-linked. A dif-
ferent silicone rubber kit is used, RTV-1. This is a one-component silicone
glue, which cross-links at room temperature when it is exposed to moisture
in the air, releasing acetic acid as condensation bi-product. Several glues of
this type was used, of which Wacker c� E43�r RTV-1 Silicone Glue was best.
The volume percentage was 20% Ketjenblack in glue. Ketjenblack and glue
was mixed with heptane in separate vessels. The evaporating heptane keeps
moisture away from the glue, preventing unwanted cross-linking. Following
ultra-sound treatment, the smaller vessels are poured into a bigger ‘reactor
vessel’, which is then filled with heptane and shaken vigorously. The mixture
in the reactor vessel can be stored for at least a month without degradation or
loss of glue power.

The mixture is sprayed onto a silicone film with an airbrush. The solution
has to be thin otherwise it is not possible to control the amount of electrode
material. It is very important that the surface does not wet completely during
spraying. If there are large amounts of liquid solution on the electrode surface,
the components will separate, such that the over-all structure is not percola-
ting, resulting in non-conducting areas (see figure 5.6). This is mediated by
applying very little material at a time, and by using wide strokes. When the
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Figure 4.5: Microscope images of PDMS/Ketjenblack electrodes, at 20� and 50�mag-
nification. The ridges form when the ‘substrate’ silicone elastomer film is relaxed, by
which the electrodes that are sprayed on top will suffer compressive strain, which is
relieved by the ridges mentioned.

solution hits the surface, most of the heptane has evaporated. The solution is
now subject to moisture in the air, therefore the glue cross-links, and a stable,
conducting rubber is formed. These electrodes can only be used for silicone
rubber actuators, since it is well known that silicone will only stick to silicone.

The silicone actuators presented in this thesis were all made by stretching
the silicone film 100% on a frame before spraying. This was to make sure
that the electrode film was able to stretch at least 100% before breakdown
processes would occur. To test the order of magnitude of the resistance of
the rubber electrodes, solution was sprayed on a large piece of silicone film.
Small dots of conducting grease (section 4.3.2), were placed at random over
the sprayed area, for better electrical connection with the film. The typical
distance between dots was a few cm. A multi-meter was used for resistance
measurements, and the measured resistance was in the range of 10–50 k�.
For the high voltages used for actuation this is quite a low resistance.

Images of the sprayed rubber electrodes were made with an optical micro-
scope at 20� and 50� magnification, see figure 4.5. The films were mounted
at 0% strain. Ridges are visible on top of the films perpendicular to the stretch
direction of the films when they were sprayed.

The buckling of the electrodes influences the force-strain curve of the actu-
ator, but the effect only sets in from 50% strain. The Mooney-Rivlin fit deviates
from the data, much earlier than for the measurement presented in chapter 2.
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Figure 4.6: Force-strain curve for an Elastosil 625 silicone actuator with sprayed elec-
trodes. The full curves are fits of the Neo-Hookean and Ogden models to the data, and
also the ‘cut-off’ function is plotted. The tensile modulus was 990 kPa, from the Hooke
model. The details of the fitting of the Ogden model are described in the text.

This deviation is attributed to the electrodes, which do not affect the stiff-
ness of the actuator while they are buckling. At higher strains the ripples
are stretched out, by which the electrodes behave like a regular elastic band.
Therefore they do not contribute to the over-all force-strain behaviour at low
strain, while at higher strain their influence slowly sets in.

The force-strain behaviour was also fitted with the Ogden model, which
was adapted specifically for the purpose. A two-term model was used, one to
fit the part of the force originating from the elastomer film, and one part for
the electrodes. In the electrode part the extension ratio, α, was multiplied by a
factor λ in order for this part to find its own ‘zero length’. A special function,
θ�ε�, was introduced by this author in order to ‘turn off’ the electrode fitting
term for low strains. This function resembles the Fermi-Dirac distribution,
known from quantum mechanics, though here it was adapted to become zero
for small strains, and one for larger strains. The final fitting function is of the
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form

f
x�2x�3

� µ1φ�k1,α� �θ�ε�µ1φ�k2, λα� (4.4)

θ�ε� �

�
1 � exp

�
ε0 �ε

�ε

���1

The fitting of this expression to the experimental data obtained on a silicone
actuator with rubber electrodes, is performed with a fitting program written
in Mathematica. A non-linear fit routine was employed, which was neces-
sary because the exponents kl are non-integer. The program used for fitting is
presented in appendix C.

The best fit was obtained for the following values,

µ1 � 388 kPa k1 � 1.300
µ2 � 16.7 Pa k2 � 6.03
λ � 2.984

ε0 � 0.67 �ε � 0.06

The fit is plotted with the values in figure 4.6, and indeed a pretty nice fit is
obtained. This fit is used as the basis for modelling silicone actuator response.

The rubber electrodes were also imaged with a confocal microscope (Zeiss
LSM 5 PASCAL), which images topography variations on surfaces. The pe-
riod of the ridges was ca. 20 µm, and the height was � 5 µm. From a rough
estimate the thickness of the electrodes is between 5 µm and 20 µm.

The required thickness of the film depends upon the percolation threshold,
as well as the amount of conducting material used in excess of the threshold.
The geometry of the electrode is that of a thin film. Thus, the size of the clus-
ters is limited in the thin dimension of the film, so it is possible that the volume
fraction is in a range where the film is conducting along the thin dimension,
while it is insulating across the film. The percolation threshold is therefore
effectively increased. There is an upper limit to the amount of carbon black
since there must be room for the glue that sticks the carbon black to the film,
and lends elastic stability to the whole electrode.

4.3.4 Dust electrodes

Many of the results presented in this thesis were obtained on actuators made
from 3M c� VHBTM4910 tape. This film is very compliant, it stretches at least
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Figure 4.7: Zeiss LSM 5 PASCAL confocal topography imaging of relaxed Ketjen-
black/DC732 30/70 sprayed electrode.

700% before snapping. It is of a class of tapes known to be pressure-sensitive,
in which the sticking force depends strongly upon the stress field. For this tape
the consequence is that it sticks very well, unless shear forces are applied, then
the tape is readily released. The tape is a 1.0 mm thick film.

The VHB film is easily stretched on a frame, up to 6 times in two directions
(corresponding to 500%� 500% strain). After this stretch the film is still sticky.
Everything sticks to the film (except silicone), including carbon black. A car-
bon black supplied by Cabot�r , Vulcan XC 72 R, is a powder when supplied.
This dust can be transferred to the VHB film using a small hairbrush. These
electrodes are as conducting as the electrodes presented earlier, and they are
stable. This kind of electrode is only possible to apply to films that are sticky.

4.3.5 Glue electrodes

An unsuccessful attempt at making sprayed electrodes for application to sili-
cone film used hydrin as the binding material. Hydrin is a hydrogenated acry-
lonitrile/butadiene polymer, typically used in mixtures with polyethyleneox-
ide as a cross-linked ion-conducting material for e.g. batteries. The supplied
material is a slightly yellowish, transparent and rubbery brick, with a density
of 1.0 g�mL. It dissolves slowly in THF, and the solution process is hardly
accelerated by applying ultra-sound. The spray solution was made with a
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volume percentage of 50% Ketjenblack, and a large quantity of THF as carrier
fluid. It is easy to spray, and sticks very firmly to most materials, except sili-
cone. Silicone film actuators made with hydrin/Ketjenblack electrodes would
work for a few cycles, then the electrode material begins to coalesce into small
lumps on the surface of the film, because the gluing power is larger for hy-
drin/hydrin, than for hydrin/silicone.

The hydrin/Ketjenblack solution was put to use for fabrication of stretch-
able leads. Rubber string with an over-layer of cloth is available in any sewing
store. This string is dipped into the solution several times, allowing it to dry
between successive dips. After some 20 dips, it becomes quite conducting,
R � 10 k�, and keeps the conductivity while and after being strained 100%.
These leads are better than using aluminium foil for some applications, as the
foil has sharp edges, which the conducting strings do not.
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Experimental

This chapter is devoted to descriptions of experimental procedures, including
measurement set-ups and manufacture of actuators. The principle behind the
dielectric analyser is outlined. Actuator manufacture is presented, for actua-
tors made from silicone elastomer and VHBTM4910 . The actuator test bench is
described, with some of the improvements caused by careful programming of
the data sampling software.

5.1 Dielectric spectroscopy

A sample capacitor is made from two capacitor plates, clamped on either side
of the sample, see figure 5.1. The capacitor plates are made from smooth brass
discs, covered with a thin evaporated gold layer. The thickness must be con-
stant over the entire sample, since an error in thickness results in a first order
error in the measured dielectricity. Depending upon the type of sample, there
are more sample preparation precautions to consider.

The principle of the measurement is to apply an AC voltage with a cer-
tain frequency to the sample, then measure the current through the sample.
The applied and the measured signals are compared, to obtain the complex
impedance of the sample [50]. From complex impedances at several frequen-
cies, the complex dielectricity and conductivity spectra are extracted. The di-
electric analyser has a sine wave generator and two analysis channels. It is
named Broadband Dielectric Spectrometer, and was manufactured by Novo-
control.

The sine wave generator supplies a voltage V�t� � V0 sin�ωt� to the sys-
tem under test (SUT), figure 5.2. With two probes, the signals U1�t� and U2�t�
are extracted,

U1�t� � A1 sin�ωt �φ1�

U2�t� � A2 sin�ωt �φ2�

These signals have certain amplitude and phase with respect to the incoming



Figure 5.1: The sample capacitor is a thin film disc placed between two capacitor plates.
It is placed in the sample holder, and clamped tightly in place, in order to ensure perfect
connection between plates and sample.

Figure 5.2: A sketch of the principle behind the measurement procedure of the dielec-
tric analyser. A generator supplies a sinusoidal reference voltage, which is applied to
the system under test (SUT). Two probes extract signals from the SUT, these are mul-
tiplied with the reference signal, and integrated over several periods of the applied
signal. This returns two constant signals for each probe, from which the amplitude
and phase is extracted. This procedure is repeated for a range of frequencies of the
reference signal in order to obtain a full spectrum.
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Figure 5.3: Measurement circuit for dielectric analyser. The generator supplies an os-
cillating voltage, which is applied to the sample in series with a protection resistor, R0.
The applied signal, U1, is measured with a vector voltage analyser. The oscillating cur-
rent from the sample is passed through an operational amplifier with an impedance
ZX in the negative feedback loop. Finally, U2 is measured with a second vector voltage
analyser.

generator signal. The analysis correlators transform the time-dependent sig-
nals into the frequency domain by multiplying the measured signal with the
reference signal, for U1

U �
1�ω� �

1
NT

� NT

0
U1�t� sin�ωt�dt

U ��
1 �ω� �

1
NT

� NT

0
U1�t� cos�ωt�dt

where N is the number of periods T � 2π�ω, over which the measurement
is performed. The amplitude and phase (with respect to the reference signal)
are calculated from

A1�ω� � 2
�

U �2
1 � U ��2

1

φ1�ω� � arctan
�

U ��
1

U �
1

�

The measurement circuit is sketched in figure 5.3. An alternating vol-
tage is generated and applied to the capacitor in series with a safety resistor
R0 � 50 �. The actual voltage signal applied to the capacitor, U1, is anal-
ysed with the correlator, as described above. After application to the sample
capacitor, the sample current IS is fed through the inverting entrance of an
operational amplifier with variable impedance in the feedback loop (circuit
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within perforated box in figure 5.3). The feedback stabilises the current, such
that the voltage analysed with the second correlator is

U2 � �IS ZX

where ZX is the impedance of the components in the feedback loop,

ZX �

�
1

RX
� i CXω

��1

The impedance of the sample under study is now extracted from U1 and U2
through

ZS �
U1

IS
� �U1

U2
ZX

After each measurement, a reference capacitor is switched into the mea-
surement circuit in place of the sample capacitor, and the measurement is re-
peated. The capacitance of the reference capacitor is chosen by the analyser to
be close to the capacitance of the sample. The current through the reference
capacitor is IR and the impedance is ZR � i�CRω. U1R and U2R are mea-
sured again (subscript R for ‘reference’), but they are now used to determine
the impedance of the components in the feedback loop,

ZX � �U1

U2
ZC

The advantage of this procedure is that the reference measurement includes
the impedance of all the wires and equipment, and this is not accounted for
when computing ZX from the values stated on the components. Also, as the
reference impedance is comprised of just a capacitor, the value of its impedan-
ce is better determined than the value of ZX .

5.1.1 Impedance spectroscopy

An experimental procedure complimentary to dielectric spectroscopy is that
of impedance spectroscopy. The primary difference is that the samples inve-
stigated using impedance spectroscopy are inherently conducting, therefore
the real part of the impedance often is large compared to the imaginary part.
A typical use for this method is the investigation of chemical reactions as
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they take place. As a chemical reaction progresses, chemical species are con-
sumed and others generated, imparting the sample with conductivity from
ionic transport mechanisms. A single parameter describing the difference be-
tween the situations of perfect dielectricity or perfect conductivity is the loss
angle, δ, defined as

tanδ �
C��

C� � � Z�

Z��

For a near perfect dielectric the loss angle is very close to zero, while for a near
perfect conductor, the loss angle is close to 90Æ. This has large implications
for the electronic design of the analyser equipment. The dielectric analyser
must be able to resolve a loss angle very close to zero, the Novocontrol re-
solves 0.00001Æ. This is possible because of the use of the reference capacitor.
The impedance analyser achieves a resolution of 0.001Æ, close to δ � 90Æ, by
switching a reference resistor in place of the sample. When performing expe-
riments on a sample to investigate for the frequency response, it is therefore
important to know whether the interesting properties of a sample are in the
conducting or insulating regime.

5.2 Actuator fabrication

The theoretical dielectric elastomer actuator consists of an insulating elas-
tomer film with compliant electrodes on both sides. As the elastomer film
has to be very thin for the dielectric field to be sufficiently high, the durability
and strength of the film is small. Handling of the film during manufacture,
and when put to service in the actuator, is facilitated by a suitable frame, to
which the film is glued, either by itself (for VHBTM4910 ) or with silicone glue
(silicone films). The following sections deal with the problems, and the so-
lutions arrived at. First, manufacture of actuators made from VHBTM4910 is
described.

5.2.1 VHB 4910 actuator manufacture

The manufacture of VHBTM4910 (material data sheet: [51]) actuators begins
with the stretching of the film on a frame. The stretching serves the purpose
of thinning the film: the film as supplied has a thickness of 1.0 mm, which is
far to thick for an actuator. By stretching the film 4 times in each direction,
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Figure 5.4: Sketch of VHBTM4910 film actuator. The VHBTM4910 film is pre-stretched
in the direction perpendicular to the direction of actuation, therefore a stiff frame is
needed to keep the pre-stretch. The electrode material should not be applied too close
to the edges otherwise edge arcing will ruin the performance of the actuator.

the thickness drops to 1.0 mm�42 � 63 µm, which is excellent for actuator
purposes. Stretching frames were made from polystyrene petri dishes, 14 cm
in diameter. A hole is cut in the centre of the dish, in a suitable shape. A
pattern of dots, 5 by 5 mm, is marked on the film, and the desired initial stretch
ratio is defined on the frame by a layout of alignment dots. If the VHBTM4910
film is not left too long on the frame it is possible to remove it, and slowly
build up the desired initial strain configuration.

Actuator frames are made from a stiff plastic, 250 µm thick Mylar by
DuPont, to which VHBTM4910 glues very tightly. The Mylar is cut with scis-
sors into frame pieces, of which four are needed for each actuator. The corners
of the frame pieces are sanded down with P2000 sandpaper, such that they do
not cut the film. They are placed directly on the film, which glues them firmly.
Thin strips of VHBTM4910 are glued to the sides of the film (see figure 5.4) for
reinforcement of the sides when the actuator is released from the frame.

The compliant electrodes are applied before the actuator is cut from the
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frame. It is necessary to use masking when applying electrodes. Both con-
ducting grease and dust electrodes will work, see section 4.3.2. Aluminium
foil strips are used for wire leads; they are taped to the frame using double-
sided tape. The electrical connection between the leads and the electrodes is
ensured with conducting grease.

5.2.2 Silicone film spinning

A typical elastomer kit consists of a base polymer, to which a small amount
of cross-linking agent is added. The viscosity of a silicone elastomer kit is
lowered with a solvent; heptane was the solvent of choice in this work. Poly-
styrene petri dishes serve as spinning substrates, because they are cheap and
nearly flat. The petri dishes are blown clean with compressed air before use.

The spinner has options for acceleration and deceleration rates, spinner
speed up 7000 rpm. and spinning time. Liquid elastomer kit was poured in
the centre of the spinning substrate. A small pump sucks the substrate to the
spinning clutch during spinning. Immediately after spinning, a lid is put over
the petri dish, in order to avoid dust landing in the film. Then the petri dish
is placed in an oven, at 60 ÆC. In the oven cross-linking is finished in � 20
minutes and the viscosity lowering heptane is evaporated.

Several elastomer kits were tried: Dow Corning Sylgard�r 184 and 186,
and Wacker Elastosil�r M4500, M4600, and RT 625. M4500 and M4600 were
discarded immediately, one because it contained a pigmentation additive, the
other because the base material contained lumps. Sylgard�r 184 and 186, and
Elastosil�r 625 produce nice, smooth films when spin-cast with heptane as
viscosity lowering solvent. Typical spinning time is 60 s, and a typical spin-
ning velocity is 700 rpm. The resulting films have a thickness of 20–30 µm.

The silicone films usually have radial variation in the thickness. Sylgard
186 especially produces films with a nip in the centre. About 20 mm from
the centre and out the films are quite uniform, so centre part of the film is not
used. For every batch of films the thickness and its variation was measured on
a Sloan Dektak 3030 profilometer. Each film was inspected visually for dust
specks and streaks.

5.2.3 Silicone actuator manufacture

The manufacture of silicone film actuators is more elaborate than the manu-
facturing of VHBTM4910 actuators, because of the difficulties in film handling.
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Figure 5.5: Sketch of silicone film manufacture. The steps are explained in the text.

Due to the low thickness of the films they are quite fragile. Temporary framing
is necessary, and facilitated by applying thin lines of one-component silicone
glue directly from the tube. The manufacture process of silicone actuators is
sketched in figure 5.5.

First, two pieces of Mylar are glued to the film, which is still in the petri
dish it was spun in. A handling frame of silicone is also marked up. With
a scalpel, a cut is made around the whole structure in the petri dish, after
which it is peeled off the substrate. Two such pieces are put together back to
back to form one film (the reason for this is discussed later), and glued at the
frame pieces. Then the two-layer film is stretched 100% on a spraying frame.
The stubs are taped down to the frame, for keeping 0% stretch in the width
direction, as sketched in figure 5.5.

Before spraying, everything but the film is masked by 3MTM Magic Tape,
which does not stick firmly to silicone. An airbrush is loaded with the Ket-
jenblack/glue mixture described in section 4.3.3. Compressed air blowing
through the airbrush sucks solution from a reservoir and blows it through
an atomising nozzle. A flow pressure of 2 atm is used. Using a small flow of
material ensures that the film surface never wets. Wetting would allow the
components in the mixture to separate, ruining the percolation properties of
the finished electrode. As soon as the material hits the surface, the glue com-
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Figure 5.6: Optical microscopy images of sprayed Ketjenblack/PDMS rubber elec-
trodes. The left image shows electrode material sprayed such that the adhering ma-
terial was not allowed to dry during application. In the right image, electrode material
was allowed to dry. The dry sprayed electrode is homogeneous in appearance, while
the wet sprayed electrode is not interconnected, and therefore not conducting.

ponent cross-links, and the rubber electrode forms.
After spraying, the two films are released from the frame. The framing

glue must be cut from the actuator in one, clean cut. Good quality of the cut
is mandatory, because there is nothing else to keep cracks from propagating
through the film. With a bad cut, small cracks are present on the edges, which
can act as nucleation points for cracks.

5.3 Actuator failure mechanisms

An actuator may fail in several ways; these failure mechanisms should be
countered. Some countermeasures unfortunately render the actuator useless,
others allow the actuator to output the force and strain sought for.

One failure mechanism is tearing of the elastomer film. A fracture may
appear on the edge of the film, which propagates through the whole film,
ripping the actuator in two. Due to the large strains, even tiny cracks quickly
grow until the actuator is destroyed. Further, a crack is not as insulating as the
elastomer film, therefore sparks between the two electrodes will occur through
the crack. When sparks occur, the build-up of charge is impossible, turning the
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actuator useless.
Cracks are countered in different ways for silicone and VHBTM4910 actu-

ators. For silicone actuators made from Elastosil�r 625, it is enough to cut
the edges of the film cleanly, with a scalpel. This impedes the creation of
cracks; only one actuator was ever seen to tear. The edges of silicone actua-
tors made from Sylgard�r 184 and 186 were reinforced by thin lines of one-
component silicone glue. A straight line between the end-pieces of the actua-
tor will add far too much stiffness to the actuator; therefore a zigzag line was
made. With small enough angles between the segments, the zigzag line added
no stiffness. The difference in tear strength between the Sylgard�r elastomers
and the ElastosilTM elastomer comes from an additive in the ElastosilTM. The
ElastosilTM contains micro-dispersed silica particles – well known to improve
tear strength. The silica particles also endow the ElastosilTM with a slightly
milky appearance, an appearance which the Sylgard�r elastomers do not pos-
sess, they are perfectly translucent.

VHBTM4910 actuators are reinforced by strips of the material itself, this en-
sures that actuator and reinforcements glue well. The reinforcing strips are
applied to the film in a different state of stress, therefore the stress state varies
rapidly in the region between them. This author believes that it is the stress
variation which helps stop propagating cracks on the rim of the actuator. The
reinforcing strips serve another important purpose, which is to stretch the ac-
tuating area in the width direction, maintaining a large actuation surface.

A final breakdown mechanism is that of dielectric breakdown: under ap-
plied voltage a defect region occurs, where sparks jump from one electrode to
the other. This means death to an actuator. Dielectric breakdown mechanisms
seem different for silicone and VHBTM4910 actuators. Dielectric breakdown in
silicone actuators seems confined to defects, while VHBTM4910 actuators break
down due to the applied electric field reaching a well-define maximum value,
see section 6.3.

The reason for using two layers of film in the silicone actuator is to reduce
the risk of burning the film. With a density of e.g. 1 defect pr. cm2, film areas
smaller than this area have to be chosen. With two films in series, the risk
of two defects placed on top of each other is small, eliminating the risk of
burning the actuator at defects. With these precautions, a typical breakdown
field for silicone actuators was 50 MV�m.

The dielectric breakdown for VHBTM4910 actuators is treated in detail in
section 6.3.
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Figure 5.7: Picture of the actuator test bench. An actuator is mounted to a table, which
again is mounted on the translation stage, seen leftmost in the picture. A shaft mounted
to the top of the actuator reaches out of the picture to the force transducer. The actuat-
ing part is the black rectangle between the frame pieces.

5.4 Actuator test bench

In the ARTMUS lab, a test bench for the simultaneous measurement of force
and extension was built. In addition, a high voltage amplifier is available.
The frame of the test bench consists of a very stiff cage on top of a damped
optical table (Thorlabs, Inc.). A translation stage manufactured by Physik In-
strumente, Germany, was mounted vertically inside the cage. A computer
interface card, manufactured also by Physik Instrumente, controls the trans-
lation stage. Under the ceiling of the cage a piezo-electric force transducer,
model number GSO-250 (Transducer Techniques), is mounted. The transducer
is powered and measured by an amplifier with analogue read-out (product

Risø–R–1286(EN)



64 Experimental

number TMO-2-240VI), which is fed to a National Instruments card (AT-MIO-
16E-10). The high voltage (up to 10 kV) is generated by a high voltage tube
amplifier, COR-A-TROL model 610D, manufactured by Trek�r . It further
has the possibility of reading out both the applied voltage and current. The
data collection is performed on a computer, using LabViewTM5.0 software, dis-
tributed by National InstrumentsTM.

5.4.1 Translation stage

The heart of the test bench is the translation stage. It has a range of 60 mm,
with a precision of few µm. An electric rotation motor turns a spinnel with
very fine turns, on which a sleigh slides. A table is mounted in this sleigh, to
which a sample is fixed. The position of the spinnel is encoded by an optical
sensor, situated behind a wheel with slits that are illuminated by a diode.

The position finding procedure is optimised for speed. The speed with
which the controls turn the screw is determined by a PID procedure.1 This al-
lows long distances to be traversed somewhat quickly, though the top-speed is
still only 2 mm�s. The translation stage is adequate for the static experiments
presented in this thesis, but for dynamic experiments faster and longer-stroke
equipment is needed; the loss of positioning accuracy for these experiments is
not important.

The translation stage is programmable, parameters such as position, speed,
and acceleration are set and read using drivers developed by Physik Instru-
mente. A complete set of drivers is available for use in LabViewTM5.0 pro-
grams.

5.4.2 Force transducer

The force on a sample is measured with a piezo-electric force transducer, man-
ufactured by Transducer Techniques. The transducer measures both compres-
sive and tensile (positive and negative) forces. With the 250 g transducer, mea-
surement of forces up to 300 g is reliable. A combined voltage source and ana-
log amplifier powers the transducer. The amplifier reads out a voltage signal

1A PID-optimised procedure is employed when it is important to find equilibrium quickly.
When the state of the system is not in equilibrium, the control system estimates the position of
the equilibrium. The distance from equilibrium is calculted to obtain the Proportional factor. The
system reponse is also Integrated and Differentiated. The three calculated figures are multiplied
by each their control factor, returning an estimate for the control parameter in question.
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between �10 and 10 V, which is collected by the computer via a voltage I/O
card. The I/O card offers just 12-bit resolution, much coarser than the ampli-
fier signal noise. However, the input channel range is re-configurable, such
that the 12 bits are used to resolve only the voltage range actually accessed
in a given experiment. Averaging over 50 force measurements for each data
point improves the resolution.

5.4.3 Force feed-back

The measurement of the actuation strain of an actuator with a weight hanging
from it is one of the basic experiments to perform on an actuator. A weight is
simulated with a force feedback loop involving the translation stage and the
force transducer. The feedback loop attempts to apply a constant force on the
ends of the actuator, without information about the applied voltage.

Using the current position and a force constant calculated from the imme-
diately preceding data points, an estimate of the distance to the equilibrium
position is made. The translation stage then moves to this position, with a
speed proportional to the distance from the current equilibrium position. Be-
low a certain distance from the estimated equilibrium position, the velocity is
set to a constant value. The constant force experiment is simulated with this
force feedback loop. For an actuator with no visco-elasticity, the feedback loop
typically finds equilibrium within 1 s.

5.4.4 Stress-strain curve

Formulas for the relation between stress and strain were developed in chap-
ter 2. Experimental data for elastomers are collected using the set-up descri-
bed above. The translation stage is set to move with constant velocity, while
the transducer reads the resulting force. Because the range of the translation
stage is only 60 mm, the sample should be shorter than 20 mm for measure-
ment of strains up to 300%.
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A description of large strain elasticity was presented in chapter 2. An expe-
riment on a piece of rubber string was used to illustrate the derivation, and
it was established that the Ogden model was able to describe the force-strain
behaviour for the entire range of strain. In chapter 3, the equation for the
Maxwell stress was derived from the energy stored in a capacitor. Also in
chapter 3, the two were combined for a DEA, yielding strain as a function of
the weight and voltage applied to the actuator, under the constraint that the
width of the actuator was fixed. In chapter 4, a experiment on the percolation
properties of a graphite/silicone rubber system was presented.

In the following, force-strain curves are measured for some of the objects
that are under study. The validity of the Maxwell stress equation will be
shown experimentally. Then follows measurements on the dielectric break-
down strength of VHBTM4910 . Finally, measurements of the voltage-strain
curves for varying applied weight of several actuators will be presented, along
with comparisons to the analytical model developed in section 3.3.

6.1 Force-strain measurements

In figure 6.1 the force-strain curve of a VHBTM4910 actuator, with a constant
width pre-strain of 500%, is shown. Again, the fits of the previously presented
models are included, and again the Ogden fit is superior. The success of the
Ogden fit derives from two properties of the model. First, the model has more
free parameters than the other models, second, the exponents are fitted as
well. The tensile modulus obtained from the Hooke model is 105 kPa, which
is just 10% of the tensile modulus of silicone.

The return curve is also shown. The return curve does not follow the initial
curve; it lies at lower forces. The lower force is caused by disentanglement of
the constituent polymer chains. This has grave consequences for an actuator
made from this material, since the elastic energy stored in the actuator mate-
rial is not recovered completely, an effect which directly affects the attainable
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Figure 6.1: Force-strain measurement of VHBTM4910 actuator, pre-strained 500% in the
width direction. Initial length was 5.0 mm, the width was 100 mm, and the thickness
0.167 mm. The measured tensile modulus, from the Hooke model, was 105 kPa. The
two-term Ogden fit yielded parameters µ1 � 68.5 kPa, k1 � 0.700, and µ2 � 767 Pa,
k2 � 3.441, providing an excellent fit in the whole range.

efficiency of an actuator in operation.

6.2 Constant strain actuation

A simple experimental test of the validity of equation 3.3 follows,

�3.3� σ � εε0E2

The actuator is pre-strained to a certain amount and then fixed in length. One
end of the actuator is fixed to a force transducer, such that the force applied
by the actuator on its surroundings is measured, see figure 6.2. The voltage is
then varied, while the corresponding force is monitored. The actuation force
measured in this type of experiment is known as the blocking force.

The co-ordinates of the system are as defined in figure 3.4: the length of
the actuator lies along x̂1, the width along x̂2, and the thickness along x̂3. All
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Figure 6.2: Experimental setup for the measurement of the blocking force from an actu-
ator. The length of the actuator is fixed. A transducer measures the force output from
the actuator.

dimensions are fixed during this experiment therefore the forces originating
from the stetched elastomer are disregarded. Then the stress tensor is

Tij � εε0E2
3 � p δij 	 T11 � �σ33 � εε0E2

3

The force originating from Maxwell stress, on the ends of the actuator, is then

f � x2x3 T11 �
x2εε0V2

x3
(6.1)

The total force is inversely proportional to the thickness of the sample, propor-
tional to the width, and to the square of the voltage. The length of the actuator
does not enter equation 6.1, therefore it is a free parameter when designing an
actuator.

The measurements presented were performed while visiting SRI Interna-
tional, and have been published in two articles [23, 52]. These articles are in-
cluded in appendix B. Actuators were made from VHBTM4910 , and carbon
grease manufactured by CircuitWorksTM was used for electrodes. The films
were pre-strained 500% in width, by which α2 � 6. The final width of the
actuator was x2 � 200 mm, and the zero strain length was x�1 � 5.0 mm
(α1 � 1).

The pre-strains enter equation 6.1 as

f �
x2

x�3
α1α2εε0V2 (6.2)

From this equation it is seen that increasing the pre-strain, in both the length
and width directions, enhances the generated force. The electric field applied
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Figure 6.3: Measurements obtained on a VHBTM4910 actuator with width pre-strains of
300%, 400% and 500%. The upper graph shows the measured force vs. the voltage.
The data points for each pre-strain fall on separate parabola. The second graph shows
the stress vs. the electric field as calculated from equations 6.3 and 6.4. Notice how the
data points now fall on nearly the same parabola, as expected from equation 3.3. The
dashed line is a plot of equation 3.3 for a dielectric constant of ε � 4.7.
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to the actuator is calculated from the voltage using

E3 �
α1α2V

x�3
(6.3)

and the generated stress is calculated from the measured force using

σ �
α1α2 f
x2x�3

(6.4)

The data is presented in figure 6.3. For each curve, the voltage was first in-
creased from 0 V to � 5000 V, then decreased. The uneven spacing between
data points originates from the experimental procedure: the voltage was ap-
plied using a manually operated voltage supply.

The upper graph shows voltage vs. force, measured in gram. Before each
measurement, a pre-strain in the length direction was applied, 300%, 400%,
and 500% were chosen, with a worst case error of � 10%. Voltages were var-
ied between 0 – 5 kV. Usually, there is a tendency on the experimentalist’s
side to push the voltage as high as possible, causing electrical breakdown of
the sample. Here, the sample was inspected visually during measurement.
Wrinkles would appear at about 5 kV, with oscillations in the width direction
of the sample. Experience showed that if the voltage were taken much higher
the samples would burn, so the ‘wrinkle limit’ was imposed during measure-
ments. When this limit was reached, the voltage was lowered, and a new set
of data points was obtained for decreasing voltages.

The curves plotted in figure 6.3 are obtained from the same sample. Mea-
surements performed on similar samples returned the same results. The re-
sulting curves are parabolic, as expected from equation 6.2. The correlation
between f and V2 was investigated for several curves, the values of the rela-
tive standard deviation ranged from 2.32 to 5.36 per thousand.

The generated force at a given voltage increases with pre-strain, higher
pre-strain gives higher force. The maximum generated force was 670 g. For
comparison, the actuator with frame weighs about 10 g, and the active mate-
rial, the dielectric film between the electrodes, weighs just 0.2 g, so this muscle
supplies a force approximately 3000 times its own weight.

The second graph shows the electric field vs. stress, as calculated from
the above equations. The three curves fall on nearly the same master curve,
the parabolic curve predicted by equation 3.3, though there is a tendency for
the higher pre-strain curve to lie a bit lower. The dashed curve is a plot of
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the Maxwell stress from equation 3.3. The value of the dielectric constant
of VHBTM4910 is ε � 4.7. The stress output was systematically lower than
expected, for the three pre-strains the performance was 87%, 81%, and 76% in
order of increasing pre-strain.

The shortfall of the generated stress is not explained by the presented the-
ory. One explanation for the shortfall is that the experimental actuator has
edges that curve inwards, a property, which lowers the active area, and adds
to the thickness of the film, locally. Also, it is suggested that the assumption
that all the stress generated by the electric field pushes in the length direc-
tion, is wrong. The assumption would hold if the sides of the actuator were
completely stiff in the width direction, but in the experiment the sides of the
actuator were seen to move a small distance. Indeed, for higher pre-strains the
sides moved farther than for lower pre-strain, which complies with the more
highly pre-strained actuator generating less stress.

The higher pre-strain curve reaches higher electric field, giving rise to
higher stress. The stress is equal to the energy density, which is seen from
a dimension analysis,

�stress� � Pa �
N

m2 �
kg

m
s2

m2 �
kg

m2

s2

m3 �
�energy�
�volume�

Therefore it is concluded that higher pre-strains yield higher energy density.

6.3 Breakdown voltage

In the previous section it was seen that the curve for higher pre-strain was
able to withstand a higher electric field. This interesting effect was investi-
gated, also while at SRI International. Films of VHBTM4910 were stretched
an equal amount in each direction, and glued to frames. A film with an ini-
tial thickness of 0.50 mm was used for these experiments, since the voltage
was limited to about 9 kV. The film was clamped between two planar metal
electrodes with a diameter of 5.0 mm. The electrodes were mounted on a
stand that allows measurement of the distance between the electrodes on a
MitotuyoTM thickness meter. The voltage was slowly driven to breakdown;
the highest registered voltage was taken as the breakdown voltage. The pre-
strains chosen were from 0%� 0% to 500%� 500%, in increments of 100%.
About 30 measurements were made for each pre-strain, the results are shown
in figure 6.4.
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Figure 6.4: Plots of the breakdown properties of VHBTM4910 , variables are indicated
on the axes. The length of the error bars is equal to the standard deviation. Not shown
is the calculated thickness vs. the measured thickness, which agree very well.

First, it is seen that thicker samples give higher breakdown voltages, from
which it is concluded that the data are valid, because the breakdown is not
caused by some glitch in the voltage source at a given voltage, or any other
fault in the experimental procedure. Disregarding the other plots, the inverse
thickness vs. breakdown field returns a near straight line, only the first and
last points drop below. It is concluded that there is an inverse proportionality
of the breakdown field on the inverse thickness. Note also, that the breakdown
field increases from 17 MV�m to 270 MV�m from no pre-strain to the highest.

An heuristic explanation of this effect is given, based upon the molecular
structure of the elastomer. The typical elastomer is composed of long chains
of monomer, cross-linked at points hundreds of monomers apart. When the
elastomer is stretched bi-axially, the chains are uncurled, forming a grid per-
pendicularly to the applied electric field. This grid has a higher cross-section
for collision with the charges that are accelerated by the electric field. A high
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Figure 6.5: Directly measured length of the silicone actuator, of which the force-strain
curve, and its fit, was presented in figure 4.6.

cross-section impedes the accelerating charges from gaining enough energy to
start an avalanche, which would otherwise result in electric breakdown.
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6.4 Silicone actuators

Silicone actuators were manufactured by the procedures described in chapter
5. The width of the elastomer film between the frame pieces was x�2 � 44 mm,
and the width of the sprayed electrode was only w2 � 40 mm, in order to
avoid edge arcing. The thickness of the Elastosil�r 625 elastomer film was
26 µm, by which the thickness of the two-layer actuating film became x�3 �
52 µm. The length of the unstrained actuator was x�1 � 15.0 mm. The volume
of the active material is then 30 mm3, and the mass is 33 mg.

The actuator was mounted in the actuator test bench described in chapter
5. The force feedback measurement procedure was used, the voltage was ap-
plied from 0 V to 2600 V in steps of 100 V, while the applied weight was varied
from 5 g to 130 g in steps of 5 g. The actuator would burn if the voltage was
increased, therefore a breakdown voltage of� 50 MV�m can be inferred. This
is half the nominal value, which fits well with expectation, since two layers of
elastomer were used. It is expected that both films have defects, but that they
do not lie atop each other.

The length as measured is plotted in figure 6.5, as a function of applied
weight and voltage. The data points are placed at the intersection of the lines
on the surface plot. Notice how smooth the surface is, a sign of how well the
actuator test bench performs these measurements

Not surprisingly, the length of the actuator increases for increasing vol-
tage and weight. The minimum length of the actuator is 15.7 mm, while the
maximum length is 33.0 mm. The overall maximum strain is therefore 110%.
Other than this not much information is obtained from this plot, as it is quite
featureless. The features hidden in this plot are, however, brought forward
by plotting the engineering strain, as defined in section 3.3. The engineering
strain for the silicone actuator is presented in figure 6.6.

A striking feature is a pronounced peak in the strain, which comes about
because the voltage is constrained to 2600 V. When travelling along the 2600 V
iso-line, the strain at 5 g is 6.16%, then it increases for higher applied weight.
This continues until a maximum strain of 12.68% is reached at an applied
weight of 55 g, after which the strain drops. For this particular actuator it can
be concluded that it has the longest stroke, when it works against a weight of
55 g. It is also seen that the slope of a strain curve at a given weight is always
increasing. This feature emphasises the importance of being able to increase
the breakdown voltage.

To complete the presentation of the data, a contour plot of the engineering
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Figure 6.6: The engineering strain, calculated from the data in figure 6.5.

strain is presented in figure 6.7. Again an optimum applied weight is visible,
contour lines surround the point (55 g, 2600 V) quite narrowly. When scrutin-
ising the contour plot, it can be seen that the optimum weight shifts, when the
voltage is increased. If it were only possible to apply a voltage of 1000 V, the
optimum weight would be 60 g.

It should be noted, that measurements of this quality for dielectric elas-
tomer actuators have never been presented before, and that the conclusion
that a DEA has an optimum in the strain for applied weight, is new. This also
underscores the usefulness of the concept of engineering strain.
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Figure 6.7: The engineering strain, calculated from the data in figure 6.5, plotted in a
contour-plot.

6.4.1 Model of the silicone actuator

The values stated above are used for modelling the silicone actuator, applying
the scheme outlined in section 3.3.3. The elastic width of the actuator is set
to 44 mm, while the width in the Maxwell stress part was set to just 40 mm,
since this was the width of the electrodes. The dielectric constant was ε � 2.3.
The engineering strain obtained from this model is plotted in figure 6.8.

The model is seen to capture the features of the experimental data over
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Figure 6.8: The engineering strain, calculated from the model. The dielectric constant
was set to ε � 2.3.

quite a large area. The optimum weight at 2600 V is still 55 g, though now
an extra, local maximum appears at 100 g. The ‘ridge’ around the 55 g strain
curve is narrower than for the measured data. The engineering strain of the
model peaks at 13.95%, only 10% off the measured value, which must be con-
sidered a huge success, since for this model only the stress-strain behaviour
is fitted, the remaining parameters are all real, physical parameters as mea-
sured on the actuator. It is concluded that the (Ogden) model of the dielectric
elastomer actuator captures the properties of this silicone actuator to a high
degree.
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6.5 VHBTM4910 actuators

A set of VHBTM4910 actuators was made, with grease electrodes. The initial
pre-strain in the width direction was varied between 300%, 400%, and 500%,
the total width was 100 mm, and the zero-strain length was 5.0 mm. The ac-
tuators were mounted in the actuator test bench described previously, section
5.4, and the applied weight and voltage were varied, such that a whole grid
of measurements was obtained.

As a safety precaution, invoked only to protect the actuators from burning
during test, the voltage was kept as low as 4 kV. VHBTM4910 actuators will
withstand voltages of 5 kV, but under testing they still had a tendency to
burn, probably caused by spikes in the applied voltage. A computer I/O card
of mediocre quality controlled the voltage supply, this card is likely to produce
spikes when the voltage is changed in steps. Because the voltage was limited
to 4 kV, the resulting strains presented here are not as high as they could be.

6.5.1 Width pre-strain 300%

Results obtained from the actuator manufactured with a pre-strain of 300%
are presented in figures 6.10, 6.9, and 6.11. The sequence of measurements of
individual points in the grid is the following. A weight was chosen, then a
series of voltages was applied in steps of 100 V, starting from 0 V and ending
at 4000 V. The applied weight was varied from 80 g to 270 g in increments of
10 g. The data as measured are plotted in figure 6.9, again the individual data
points lie at the intersections of the grid lines.

In figure 6.10 the engineering strain is plotted. At lower applied weight,
the max strain reaches a level of about 20%. As the applied weight is increased,
the attainable strain also increases, until it saturates at 55% at a weight of 140 g.
Adding more weight causes the max strain to drop, but at an applied weight
of 170 g a sudden increase is observed, when the strain jumps to 60%. The
jump occurs because the actuator begins to wrinkle, inducing waves along
the direction of the width of the actuator. Apparently these wrinkles further
the length increase, rather than impeding it. The wrinkles help to relieve the
constraint imposed on the width, allowing the actuator to expand more easily
in both directions.

Adding more weight reduces the strain, at a weight of 250 g the maximum
strain is lowered to 25%. As a result of this a clear maximum in the output
strain is observed, the maximum strain is above 50% for applied weights from
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Figure 6.9: Plot of the length during actuation of a VHBTM4910 actuator, for which
the pre-strain in the width direction was 300%. The measured data points lie at the
intersections of the grid-lines.

130 g to 180 g, peak strain lies at 140 g. The maximum strain is below 30% for
applied weights below 90 g and above 240 g.

A contour plot of the engineering strain is shown in figure 6.11. As an
overall feature, the contour lines lie closer and closer for higher voltage. This
is clear indication of the importance of being able to increase the dielectric
breakdown field. With a higher breakdown field, far higher actuation strains
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Figure 6.10: Plot of the engineering strain for a VHBTM4910 actuator, pre-strain in width
direction was 300%. The step in the strain surface at � 170 g derives from the actuator
entering a new actuation mode, in which wrinkles occur in the width direction of the
actuator.

would be achieved, since the strain is proportional to the voltage to a higher
order than 1.

The contour plot also reveals the onset of wrinkle mode actuation, here as
dense iso-strain curves. From this plot it is seen that the wrinkle mode begins
at lower applied voltage for higher applied weight. It is seen that if no wrinkle

Risø–R–1286(EN)



82 Experimental results

0 1000 2000 3000 4000

80

90

100

110

120

130

140

150

160

170

180

190

200

210

220

230

240

250

0 1000 2000 3000 4000

80

90

100

110

120

130

140

150

160

170

180

190

200

210

220

230

240

250

Figure 6.11: Contour surface of a VHBTM4910 actuator, for which the pre-strain in the
width direction was 300%. Now the ’wrinkle’ actuation mode appearing at high ap-
plied weight and voltage is very clearly seen.

mode appeared the global maximum would lie at ca. 145 g, but the appearance
of the wrinkle mode introduces a narrow peak at 170 g, exceeding the other.

An attempt was made at modelling the VHBTM4910 actuator, with the mo-
del applied to the silicone actuator, section 6.4.1. A value for the dielectric
constant of ε � 4.7 was used [51], and the same range of voltages and applied
weight. The force-strain curve of the actuator was measured in a separate ex-
periment, and used as input for the model calculation. The result is presented
in figure 6.12.

The model returns an estimate that is much higher than the measured val-
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Figure 6.12: Plot of the modelled engineering strain for a VHBTM4910 actuator, pre-
strain in width direction was 300%.

ues, for instance the maximum strain is 182%, more than three times higher
than measured. The strain at 400 V for the 80 g curve is twice the measured
value. Of course, it does not display the wrinkle actuation mode, since this
feature is not included in the model. The peak strain lies at a value of 130 g,
which is close to the measured value.

If the Maxwell stress component of the model was multiplied with 0.48
(figure 6.13), the model returns a nearly exact match with the experimental
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Figure 6.13: Modelled engineering strain of a VHBTM4910 actuator, pre-strain in width
direction was 300%. The Maxwell stress part of the model was multiplied with 0.5.

data. The factor can be justified by the same arguments as in section 6.2, in
which the efficiency of the actuators blocking was lowered, because some of
the actuation stress was channelled in the transversal direction. The efficiency
measured in section 6.2 was 87% for the actuator in the 300% length pre-strain
configuration, and 76% for 500% length pre-strain. Here the efficiency is down
to 48%, a lowering which is harder to explain.
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Figure 6.14: Actuated length of a VHBTM4910 actuator, for which the pre-strain in the
width direction was 400%.

6.5.2 Width pre-strain 400%

A VHBTM4910 actuator was built with a pre-strain in the width direction of
400%. The measured actuation lengths are plotted in figure 6.14. The applied
voltage was varied between 0–4400 V, and the applied weight was varied be-
tween 40–200 g. The maximum length is lower for the actuator with 400%
width pre-strain than for the 300% width pre-strain actuator, mainly because
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Figure 6.15: Engineering strain plotted for the VHBTM4910 actuator, which was pre-
strained 400% in width direction. The maximum strain was 76.1% at 4000 V, and 102%
at 4400 V.

the applied weights are lower.
The engineering strain, calculated from the actuated length, is plotted in

figure 6.15. The maximum strain at 4000 V is 76.1%, and lies at an applied
weight of 90 g. At 4400 V, the maximum strain is 102.2%, and now lies at an
applied weight of 80 g.

The maximum strain at a given voltage depends rather much on the ap-
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Figure 6.16: Contour surface of the VHBTM4910 actuator, for which the pre-strain in
width direction was 400%. Notice the shift in the position of maximum strain as the
voltage is increased.

plied weight. The shift is easily seen in the contour plot of the engineer-
ing strain, figure 6.16. At 2000 V, the maximum lies at an applied weight of
� 145 g, at 3000 V it lies at � 130 g, and at 3500 V it is down to � 115 g.

Again, it was attempted to model the actuator. When inserting the param-
eters for the actuator, the resulting maximum strain at 4400 V was 522%, and
was found for an applied weight of 50 g, which is far from the measured op-
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Figure 6.17: Actuated lengths of VHBTM4910 actuator, for which the pre-strain in width
direction was 500%.

timum value of 90 g. Introducing an efficiency parameter of 48% returned a
maximum strain of 102%, lying at an applied weight of 130 g. It seems that
the model does not apply well to this actuator.

Risø–R–1286(EN)



6.5 VHBTM4910 actuators 89

6.5.3 Width pre-strain 500%

The measured length under actuation, obtained on an actuator with a pre-
strain of 500% in width, is presented in figure 6.17. Voltages were varied be-
tween 0–4000 V, and applied weights were varied between 25–90 g, now in
steps of 5 g. The appearance of this actuated length ‘surface’ differs much
from those previously presented, since the length increases rapidly for volt-
ages between 3000 V and 4000 V.

The surface gradient becomes quite small in the area of high voltage and
applied weight. In this area, the strain is evidently hindered by the increase
in elastic stress for high strains, figure 6.1. The actuator is most ‘dynamic’ in
the high gradient region of the actuated length plot. In use, the actuator could
advantageously be biased with a voltage of 3000 V, by which the length would
vary rapidly in a small region of applied voltage.

The engineering strain, presented in figure 6.18, varies rapidly with both
the applied voltage and the applied weight. The maximum engineering strain
is 173%, obtained at a voltage of 4000 V, and an applied weight of 55 g. In
moving along the iso-voltage curve of 4000 V, the output engineering strain
varies from 35% to 173% for a 50% increase in applied weight. This signifies
the importance of locating the optimum applied weight for a given DEA.

The results of applying the parameters of this actuator to the model are
not presented, since the engineering strain in the model diverges for voltages
above 3000 V. The extreme performance of this actuator probably can’t be cap-
tured in this simple model.

Several reasons for the shortcoming of the model can be given. Since the
model fit so well with the output of the silicone actuator, the reasons for the
shortcoming of the model with respect to VHBTM4910 actuators must be found
in the properties that differ between the two. First, the VHBTM4910 material
displays a very large component of visco-elasticity loss. In principle, the time-
dependent strain should be measured, and the whole stress-strain history of
the actuator should taken into account. Second, the force from the reinforcing
strips on the sides of the actuator, used to keep the actuating area somewhat
rectangular, have not been included in the model. The effect of this is of course
minor, because the Ogden model is fitted to the measured force-strain curve of
the actuator. Third, the pre-strain enters the model only through the thickness
of the actuator – it is likely that first-order effects are introduced, which are not
included in the model either. The pre-strain is likely to mediate channelling of
the actuation force transversally to the output direction.
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Figure 6.18: Plot of the engineering strain of the VHBTM4910 actuator, for which the pre-
strain in width was 500%. The maximum engineering strain was 173%, at an applied
weight of 55 g.
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Conclusion

Stress and strain have been introduced as tensor properties. Several theo-
retical models of stress-strain behavior were presented, of which the Ogden
model was capable of fitting the observed behaviour in the entire range of
measurement. Dielectricity was defined, and Maxwell stress was derived.
The connection between Maxwell stress and electrostriction was described;
both depend on the electric field to the second order. The theories of elasticity
and Maxwell stress were combined, in the special case of a DEA constrained
in the width direction.

Percolation properties were introduced, and an experiment was presented,
in which the fraction of conducting graphite in insulating silicone rubber was
varied. The results were of poor quality, still a distinct sign of percolation was
observed: the conductivity at zero frequency exhibited a large jump at 23%
volume fraction.

Mixtures of conducting carbon black in insulating polymer were develo-
ped, for use as compliant electrodes. For producing stable electrodes, a sys-
tem of one-component silicone glue and Ketjenblack suspended in heptane
was developed. This mixture was sprayed on pre-strained silicone elastomer
films, providing stable compliant electrodes.

Procedures for manufacturing of DEA with two kinds of elastomer film
were developed. Handling of thin silicone elastomer films is possible if tem-
porary frames are used; these are cut away in the final manufacturing step.
The manufacture and handling of VHBTM4910 actuators is easier, since the
film itself provides gluing, such that frames and electrodes are very easy to
apply. These DEA structures are simple, making it easier to describe them
theoretically.

Force-strain measurements were obtained using the actuator test bench.
For a silicone actuator, the force-strain curve included artefacts of the addi-
tional stress from the compliant electrodes. Introducing a cut-off function,
similar to the Fermi-Dirac distribution function, it was possible to fit the force-
strain curve in the whole range of strain.

The blocking force of a VHBTM4910 actuator was presented. The depen-
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dence of the blocking force on applied voltage was parabolic, as expected from
the Maxwell stress equation. Discrepancies were observed, which could not
be explained through the model. In order of increasing length pre-strain, the
‘efficiency’ was 87%, 81%, and 76%. It was suggested that the efficiency factor
should be explained by a channelling of the developed actuation stress in the
transversal direction.

Measurements of electric breakdown strength of pre-strained VHBTM4910
were presented, for isotropic pre-strains. The electric breakdown strength was
shown to be near inversely proportional to the thickness of the stretched elas-
tomer, increasing from 17 MV�m to 270 MV�m. An explanation of the in-
crease involving a ‘grid effect’ was suggested: the polymer chains constituting
the elastomer film are stretched out to form a grid, which would have a high
cross-section for collision with ions accelerated by the applied electric field.
This effect would increase with strain.

The actuator test bench was programmed to simulate a constant applied
weight through force feedback. An automated data collection program was
written, in order to vary the applied voltage and weight in a pre-defined grid.
The resulting actuated lengths were obtained on a DEA. The actuated lengths
were plotted in 3D-plots, to produce nicely interconnected plot surfaces, an
indication of how well the actuator test bench functions. The ‘engineering
strain’ was defined, as the strain measured at a given mass, with the reference
length taken to be the length measured at zero applied voltage.

Measurements were performed on a silicone elastomer actuator. A pro-
nounced peak was observed in the engineering strain, stating the fact that
there is an optimum applied weight at which the highest actuated strain is
found. The parameters of the silicone actuator were inserted in the derived
model, and quantitative correspondence was found.

Measurements were also obtained on three VHBTM4910 actuators. The pre-
strain in width was 300%, 400%, and 500%. In order of increasing pre-strain,
the maximum engineering strains were 53%, 76%, and 173%, which is very
high, considering the voltage was limited to 4000 V. The applied weight corre-
sponding to the peak value was seen to change between actuators. Even for a
specific actuator, the optimum applied weight shifts with voltage. The derived
model did not work well for any of the VHBTM4910 actuators. It was possible
to fit the results from the 300% width pre-strain actuator, by introducing an
efficiency of 48% on the Maxwell stress. This strategy was not successful for
the higher pre-strain actuators. It is concluded that inclusion of the width pre-
strain in the model is necessary for predicting the response of the VHBTM4910
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actuators.
It has been shown in this thesis, that pre-strain influences the performance

of a DEA profoundly. The pre-strain can be applied in two directions: in the
width direction, and in the length. In the width direction, pre-strain is ob-
tained in the manufacturing process, while in the length direction, pre-strain
is obtained by loading the DEA with an applied weight. Pre-strain raises the
electric breakdown field. In addition, pre-strain thins the film, such that the
electric field is increased for the same applied voltage. Furthermore, pre-strain
increases the actuation pressure.

With proper choice of actuator dimensions, it is possible to match the ac-
tuator exactly to its working environment. For VHBTM4910 actuators, the opti-
mum pre-strain may be found through measurement techniques, which have
been presented in this thesis. For silicone actuators, the matching can be facil-
itated with the developed model.
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Appendix A

The stress tensor

Generally, stress is a tensor property. On every surface in a body the stress can
be split up in a component, which is normal to the plane, and two (perpen-
dicular) components in the plane. These components are known as the tensile
stress and the shear stress components, respectively. The stress configuration
in a body constitutes a field, such that the stress in one point is not necessar-
ily the same as in the adjacent point. In this thesis the elements of the stress
tensor are constants, but generally they are not independent of position.

The definitions and concepts in this appendix derive from three textbooks
concerning elasticity, by authors Macosko [31], Chou and Pagano [53], and
Varga [54].

A.1 The stress tensor

Stresses act on points in a body. To evaluate the stress, we cut the point P with
a plane, the normal of which is n̂. If forces act on the body, a force f n will
act on the plane, which is generally not in the same direction as n̂. This force
is divided by a small area da of the cut plane around P, resulting in a stress
vector per unit area,σ n. To recapitulate,σ n is the total stress on the plane with
normal vector n̂ in the point P. Thus, if we move in the n̂-plane a distance
from P, σn will generally be different.

The force on the n̂-plane is equal to the force on each of the planes x̂, ŷ, and
ẑ, because the force has to balance in equilibrium. This is written as

anσn � axσ x � ayσ y � azσ z

where an is a small area in the n̂-plane, and ax, ax, and ax are the projections of
this area on the x̂, ŷ, and ẑ-planes, i.e. ax � ann̂ � x̂. Written out this becomes

anσn � �ann̂ � x̂�σ x � �ann̂ � ŷ�σ y � �ann̂ � ẑ�σ z

Dividing by an

σn � n̂ � �x̂σ x � ŷσ y � ẑσ z�
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Figure A.1: Components of stress tensor.

x̂σ x, ŷσ y, and ẑσ z are known as vector dyads. A dyad carries two directions,
the first is normal to the plane that the stress vector works on, the second the
direction of the stress vector itself.

In figure A.1 the components of the stress in each plane are pictured, e.g. in
the x̂-plane the stress is σ x � x̂σxx � ŷσxy � ẑσxz in order to account for both
tensile and shear stresses. The stress vector σn in the n̂-plane can then be
written as

σn � n̂ � � x̂x̂σxx � x̂ŷσxy � x̂ẑσxz

�ŷx̂σyx � ŷŷσyy � ŷẑσyz

�ẑx̂σzx � ẑŷσzy � ẑẑσzz �

The parenthesis is known as a tensor, the stress tensor. It is written in the
following way, in which the unit dyads are understood

σ �

�
�σxx σxy σxz
σyx σyy σyz
σzx σzy σzz

�
�
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by which the stress vector is conveniently written as

σn � n̂ �σ
To improve on the notation, numbered coordinates are used to designate

the axes, i.e. x̂, ŷ, and ẑ, are replaced by x̂ 1, x̂2, and x̂3, as this will prove con-
venient. In the numbered coordinate representation, the whole stress tensor is
designated by σij instead of σ , thus

σij �

�
�σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33

�
�

and again the unit dyads x̂ix̂ j are understood.
The whole stress tensor is represented by σij, where both indices i and j

are summed from 1 to 3, returning all nine components, multiplied by their
respective dyad. This is written explicitly as

σ �
3

∑
i�1

3

∑
j�1

x̂i x̂ j σij

With this notation, many of the vector and tensor operations can be written
in a much simpler way. A further simplification of the written formulae is
achieved when use is made of Einstein’s implicit summation scheme. When
one index is repeated, a summation over the full range of the index is under-
stood (as in e.g. σii � σ11 �σ22 �σ33).

a �
3

∑
i�1

x̂iai � ai

σ �
3

∑
i�1

3

∑
j�1

x̂i x̂ j σij � σij

n̂ � a �
3

∑
i�1

n̂iai � n̂iai

n̂ �σ �
3

∑
i�1

x̂i

3

∑
j�1

n̂ jσ ji � n̂ jσ ji � n̂iσij
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Using these definitions, some of the above results are restated in the fol-
lowing. The stress (traction) vector σn on the n̂-plane is written as

σn � σn
j � n̂ �σ � n̂iσij

The component of the traction vector in the direction of the n̂-vector is

σnn � n̂ �σ � n̂ � n̂iσijn̂ j

The stress tensor is symmetric, thus it is equal to its transpose

σ � σT � σij � σ ji

The identity matrix, with elements 1 in the diagonal and 0 elsewhere is written
using the Kronecker delta

I � δij

This tensor is used to describe the situation when the stress is determined only
by the pressure p of the surroundings

T � �p I � Tij � �p δij

A.2 Principal stresses and invariants

It is always possible to construct a plane through a body under stress, such
that only a single normal stress acts on the plane. The plane is known as a prin-
cipal plane, and the normal stress on the plane is known as a principal stress.
In fact, there are three such planes through any point in the body, and three
corresponding stress vectors. In going from one point to the next, the princi-
pal planes and stress are not necessarily the same. The principal stresses are
mutually perpendicular. Therefore, if the coordinate system is lined up with
the principal stress vectors, the resulting principal stress tensor is diagonal

Tp
ij �

�
�σ1 0 0

0 σ2 0
0 0 σ3

�
�

The stress vector and the normal vector of a principal plane are in the same
direction,

σn
i � σ ni
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where σ is the magnitude of the stress vector σi. Since σn
i � niTij, the search

for the principle stresses and their magnitudes is fulfilled by solving the eigen-
value problem

σn
i � niTij � σ ni

� ni�Tij�σ δij� � 0

Since ni is not zero, �Tij�σ δij� has to be. The solution of this can be found by
setting up the characteristic equation,

det�Tij�σ δij� � 0

� σ3 � IT
1σ

2 � IT
2σ � IT

3 � 0

The roots σi of this equation fulfil the following equations, which are invari-
ants of the characteristic equation

IT
1 � Tii � σ1 �σ2 �σ3 IT

2 �
1
2

�
�Tii�

2 � �T2�ii

�
� σ1σ2 �σ1σ3 �σ2σ3

IT
3 � det Tij � σ1σ2σ3

The invariants of the characteristic equation are named so, because they retain
the same value in whichever coordinate system is used. Linear combinations
of these invariants are also invariant.

A.3 Finite deformation tensors

For finite deformations we define a tensor, wij, connecting a reference state
x�i with the current state xi. The tensor is known as the deformation gradient
tensor, the action of which is to ‘differentiate’ the current state with respect to
the reference state. It is thus assumed that the current state can be written as
a continuous function of the reference state, x � x�x�, t�

W � ��x �
∂x
∂x�

wij �
∂xi

∂x�j
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Figure A.2: Uniaxial deformation.

In figure A.2 the uniaxial deformation of a cube is illustrated. The displace-
ment functions are

x1 � α1x�1
x2 � α2x�2
x3 � α3x�3

describing the deformation of the cube from the reference (primed) state to the
present state. The deformation gradient tensor describing this deformation is
then

W � wij �
∂xi

∂x�j
�

�
�α1 0 0

0 α2 0
0 0 α3

�
�

This is a diagonal tensor.
There are various bounds on the expansion ratios, αi, which can be used

to simplify the deformation gradient tensor. The uni-axial deformation of fig-
ure A.2 takes place with rotational symmetry about the x̂1-axis, then α2 � α3.
Also, we assume that the cube is incompressible, which is a good approxima-
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Figure A.3: An illustration of the physical description underlying the Finger tensor.

tion for elastomers. Then

α1α2α3 � 1 � α1 �
1

α2α3
�

1
α2

2
� α2 �

1

α1

The deformation gradient may then be written as

wij �

�
��
α1 0 0
0 1�

α1
0

0 0 1�
α1

�
��

The finger tensor is defined from the deformation gradient tensor as

B � W �WT � Bij � wikwjk

The Finger tensor describes the local area change. This can be elucidated by
constructing a specific measure of the local area change, µ, of a small area
element da�. In figure A.3 a deformation has been illustrated. The deformation
gradient connects the present state with the past state through dx � W � dx�.
Since the material is incompressible, da� � dx� � da � dx, thus

da� � da � dx
dx�

� da �W

The relative local area change squared is then evaluated as

µ2 �
da� � da�

da � da
�

�da �W� � �da �W�

�da�2 �
da � �W�WT� � da

�da� � �da� �
da � B � da
�da� � �da�
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The unit normal of da is written as n̂ � da
�da� , by which the above reduces to

µ2 � n̂ � B � n̂
The deformation gradient for a uniaxial extension is diagonal, thus the

Finger tensor is

Bij �

�
��α2

1 0 0
0 1

α1
0

0 0 1
α1

�
��

�
��B2

ij �

�
��
α4

1 0 0
0 1

α2
1

0

0 0 1
α2

1

�
��
�
��

When there is no deformation, the Finger tensor is unity,

B � I � Bij � δij

The strain tensor can be derived from the Finger tensor as

ε � B� I � εij � Bij� δij

All elements of the strain tensor are zero when there is no deformation.
The invariants of the Finger tensor are calculated using the set of invariants

defined for the stress tensor above,

IB
1 � Bii � α2

1 �α2
2 �α2

3

IB
2 �

1
2

�
�Bii�

2 � �B2�ii

�
� α2

1α
2
2 �α2

2α
2
3 �α2

1α
2
3 �

1
α2

1
�

1
α2

2
�

1
α2

3

IB
3 � det Bij � α2

1α
2
2α

2
3

For uniaxial extension, the invariants of the Finger tensor evaluate to

IB
1 � α2

1 �
2

α1

IB
2 � 2α1 �

1
α2

1

IB
3 � α2

1α
�1
1 α�1

1 � 1
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Property Scalar Tensor

Stress p � f
A σ , σij

Total stress T, Tij

Expansion ratio α B, Bij

Strain ε εij

Dielectric constant ε εij

Deformation gradient W � ��x , wij �
∂xi
∂x�

j

Finger Bij � wikwkj
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Appendix B

Articles

Here follows reprints of the two articles published so far, to which this author
has made active contributions.





Appendix C

Fit and model programs

After data was collected, it was analysed using Mathematica�r 3.0 procedures.
First the analysis program for stress-strain measurements is presented. It
should be mentioned that the programs were included as is, by which in many
places Danish names for parameters are used. A short dictionary

Fejl: Error

Hele: All, entire

Kraft: Force

Laengde: Length

Nul: Zero

Nulpunkt: Zero point

C.1 Stress-strain measurements

The initial part of the program loads various packages.
�� ��
���������
�
���������;
�� ��
��������	���
�����������;
�� ��
������� ������	���!����;
�� ��
���������������
�����;
Then the data is loaded.
"����� � ”� : ��
�
�#�#$#%�&$�'� �����������.���”;
&� � ��
�	����"�����, �� �(��, � �(����;
)��*�����
�
!������ ++##; �����������&��
,� � #.####'�; ,�� #.#�'; �# � �#.+;  � +.%�; !��- � '#;
Here the data are sorted, for later ease of treatment and plotting.
	
���� � *
(���&����, ���, ��, )��*�����
�
!�������;
���
�� � *
(����	
�����������###� �#���#,

��, )��*�����
�
!�������;
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.�
�� � *
(����&����, ���� �#���###,
��, )��*�����
�
!�������;

���
��.�
��� *
(�������
�������, .�
��������,
��, )��*�����
�
!�������;

!��-���
��.�
��� *
(�������
����!��- ���, .�
����!��- ����,
��, 	��������
����!��-��; �#

	
����.�
��� *
(����	
���������� �# � �###, .�
��������,
��, 	�����	
�������;

!��-	
����.�
��� *
(���	
����.�
����!��- ���,
��, �, 	�����	
����.�
����!��-��;

/���	
����.�
��� *
(����	
���������, .�
��������,
��, 	�����	
�������;

!��-/���	
����.�
��� *
(���/���	
����.�
����!��- ���,
��, 	�����/���	
����.�
����!��-��;

	���!����!��-/���	
����.�
��, !���0��������
���,
!�����1�����!������2��.##'��,
!����
��������.', �'.%�, �#, .���, ��
����*� �,
*�����1����������
���1��”*����”, ������2���+�,
��
��	
(�����”*��
�������, ��”, ”������, �”�,
"�
���2�����##, �##��;

The above part returns the number of data points, the zero-strain length of
the sample, and the defined zero-strain-length of the sample. The latter two
generally differ, due to slack in the initial part of the measurement. The data
are sorted into different two-column tables, for ease of handling later in the
program. !��- is a number used to lower the number of data points when
plotting the data. Here one in fifty data points are chosen for plotting.

Now the Hooke model is fitted, that is, a straight line is fitted to the first,
linear part of the stress-strain curve.
���� � � �#; � �� �-�� �$�; �
��� �#;
����
�
 � *
(���*
(�������
�������, .�
��������,

��, � �� �-�,  � � �� �-�� ���� ���, � , �
����;
/��� � *
(�����������
�
�����, ��, ��, ��, ��, �
����;
.�
��� ���3�� *
(���/��������������###�, ��, �
����;
	
����� ���3�� *
(����/��������������/�����������, ���,

��, �
����;
.�
��.����
��.� *
(���/�����������, �����#, ��, �
����;
*��������� � �� *
(���/�����������, �����,�,��,

��, �
����;
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	���!����*��������� � ��;
�	 � ��
��	
����� ���3��� �# � �###, ! � ��
��.�
��� ���3��,

. � ��
��.�
��.����
��.�, �� ��
��*��������� � ����,
*������ � ���

The data is prepared for plotting, then plotted.
���/��-� � *
(����	
������������ �# � �###,

.��### � ��	
������������ �# � �###���,
��, 	�����	
�������;

!��-���/��-�� *
(������/��-����!��- ����,
��, 	��������/��-���!��-��;

� ������	���!����!��-	
����.�
��, !��-���/��-�,
!���0���������
���, *� ��, !����
������#, ��, �#, .���,
�1�(����
�����!����1�(���4��, .', ���������
����, �����,
!�����1�������, �*���-�����#.##����, ��
����*� �,
*�����1����������
���1��”*����”, ������2���+�,
��
��	
(�����”&��������������� ��#�, ��”,
”������, �”�, "�
���2�����##, ��#��;

For an actuator, which is constrained in width, the Mooney-Rivlin and the
Neo-Hookean models return the same force-strain behaviour. Therefore these
fits are considered simultaneously.
���� � � �###; � �� �-�� �'#; �
��� �;
����
�
 � *
(���*
(�������
�������, .�
���������,�� ,���,

��, � �� �-�,  � � �� �-�� ���� ���, � , �
����;
/��� � *
(�����������
�
�����, ���� ����� ��ˆ���, ��, ��, �
����;
� � ��
��*
(���/�����������, ���, ��, �
�������;
���
���� � *
(�������
�������, ,�� ,� � ���� ���
��������

����� ���
��������ˆ���, ��, 	��������
�����;
!��-���
����� *
(������
������!��- ���,

��, 	��������
������!��-��;
&���� � *
(����!��-���
��.�
�����, ���,

	��5(���!��-���
�������, ���� !��-���
��.�
�����, �����
!��-���
��.�
�����, ������,
��, 	�����!��-���
��.�
�����;

	���!����&�����;
The &���� table is a measure of the difference between the data and the fit.
The logarithm is taken, to facilitate easy plotting and visual inspection of the
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fit. The resulting fit is plotted with the data, using an expression similar to the
plot in the Hookean section.

The fitting of the Ogden expression can’t be performed with the ��� rou-
tine, since the exponents may be non-integer. The routine ���	���
�������

is therefore used. It performs a non-linear fit, using special fitting routines,
as described in the Help section of Mathematica. After fitting, it outputs the
results, and a report on the (statistical) properties of the fit, such as the bounds
on the obtained fit values. The presented routine is used for fitting of the sili-
cone actuator with rubber electrodes, therefore the ‘Fermi’-function is present
too. First the value of -� is kept constant.
����� � ����� &����#.$'� ���.#$��;
6��� � � ����� ��ˆ�-�� ��� ��� ��ˆ��-�� ����

����� � � ����
�(��� ���ˆ�-�� ��� ��
�(��� ���ˆ��-�� ���;
���� � � %%'#; � �� �-�� '##;
-��
�� � �.�;
����
�
 � *
(�������
����!��- ���, .�
����!��- �����,� � ,���,

��, � �� �-��!��-, �� �� �-�� ���� ���!��-��;
6������ � �������
������������
�
, 6����.-���-��
��, ���,

��� �, �%%###�, �� �, �#�++�, �-�, '.7%�, ��
�(, #.$%$��,
���,!��������*� �, �
�"���
��������##�

The fit continues by letting -� vary, and keeping � � constant. The output
values for the other parameters are used as seed parameters for the new run
of the fitting routine. After this run, the fitting routine is run with � � varying,
and -� constant.
6������� � �������
������������
�
,

6����.6���������, �, ���, ���,
��-�, -��
���, �� �, 6���������, �, �, ����,
�-�, 6���������, �, �, ����, ��
�(, 6���������, �, �, �����,
���,!��������*� �, �
�"���
��������##�

6������� � �������
������������
�
,
6����.6����������, �, ���, ���,
��� �, 6���������, �, �, ����, �� �, 6����������, �, �, ����,
�-�, 6����������, �, �, ����, ��
�(, 6����������, �, �, �����,
���,!��������*� �, �
�"���
��������##�

This section of the program uses the same principle as the above, having
either -� or � � varying, while the other is constant. At this point the fitting
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can be continued indefinitely, by running this part of the program again and
again.
6�������� �������
������������
�
,

6����.6����������, �, ���, ���,
��-�, 6����������, �, �, ����, �� �, 6����������, �, �, ����,
�-�, 6����������, �, �, ����, ��
�(, 6����������, �, �, �����,
���,!���������
���, �
�"���
��������##�

6�������� �������
������������
�
,
6����.6����������, �, ���, ���,
��� �, 6����������, �, �, ����, �� �, 6����������, �, �, ����,
�-�, 6����������, �, �, ����, ��
�(, 6����������, �, �, �����,
���,!���������
���, �
�"���
��������##�

In the final fitting sequence all parameters are allowed to vary, using the
seed parameters obtained from the previous fits. The output is plotted for vi-
sual inspection of the validity of the obtained fit.
6���������
�� �������
������������
�
, 6���, ���,

��� �, 6����������, �, �, ����, �-�, 6����������, �, �, ����,
�� �, 6����������, �, �, ����, �-�, 6����������, �, �, ����,
��
�(, 6����������, �, �, �����,
���,!��������*� �, �
�"���
��������##�;

���
��6���� *
(�������
�������,
,� � ,� � 6����.6���������
����, ����.������
��������,
��, 	��������
�����;

!��-���
��6���� *
(������
��6�����!��- ���,
��, 	��������
��6�����!��-��;

C.2 Actuator modelling

The actuator strain response for a given applied weight is modelled by in-
putting the force-strain behaviour, and using the theoretical Maxwell expres-
sion for evaluation of the actuation force. The resulting equilibrium strain is
obtained using a Mathematica routine called ��������. First all physical pa-
rameters of the actuator are defined. The silicone actuator is chosen for this
example.
�� ��
������� ������	���!����;

Risø–R–1286(EN)



122 Fit and model programs

�� � #.####'�; ��� #.#�'; ,� � #.#�#; # � +.%�; �# � ��.+���###;
�# � %.%' � �#ˆ���; � � �.�; ��� � ,� � � � �#���;
� � � �'%'�'; -� � �.�#7; � �� �����; -�� '.7�+; �
�(� #.$$�;
� � ��++��; -���� � � �� � ��;
�
�� � � � #��###;
5�� 
��� � ����ˆ� ��� ��;
/��-� � -��� � �;
/��-����
��� �-���� �
�����-���� ��� � �ˆ��� �;
/��-�&����
��� �## � ��� � �ˆ���-���� ��� � �ˆ��;
���/��-� � -��� � ��� �� ��� ��ˆ���;
���/��-�.�
��� �������1����/��-�� �
��� 5�� 
����;
����� � ����� &����#.$'� ���.#$��;
6��� � �� � �� � �� ����� ��ˆ�-�� ��� ��� ��ˆ��-�� ����

����� � � � � ���
�( � ��� ���ˆ�-�� ��� ��
�( � ��� ���ˆ��-�� ����;
6��� � �������1�6����;
� � '#;
���/��-�.�
��� �������1����/��-�� �
��� 5�� 
����;
6���.�
��� �������1�6���� �
��� 5�� 
����;
�. � ���/��-�.�
��;
6. � 6���.�
��;
!����������, 6���, ���/��-�, /��-��, ��, #, �.�'��;
The last plot returns the force-strain behaviour of the models under evalua-
tion.

The procedure �������� is employed for different values of applied vol-
tage, from 0–3000 V.
���� � �
���#, �###, �'�;
�� � *
(�������������.�.������������, ��, ������, ���, ��, 	������������;
6� � *
(������������6.�.������������, ��, ������, ���, ��, 	������������;
&/� � *
(�������������, /��-�&����
���.�������������,

��, 	������������;
&�� � *
(�������������, �##��������� ����������������� � ���,

��, 	������������;
&6� � *
(�������������, �##�6������� 6���������6������ � ���,

��, 	������������;
� ������	���!����&/�, &��, &6�, !�����1�����*���-�����.##���,

!���0�������*� �, �1�(����
��������, ��
����*� �,
!����
������#, �###�, �#, �#��,
*�����1����������
���1��”*����”, ������2���+�,
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��
��	
(�����”����
�, �”, ”���
���&�������”�;
The resulting graph is presented in figure 3.5. The procedure was repeated for
several applied masses, to produce figure 6.8.
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