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Abstract

The effect of sheared poloidal flow on the toroidal branch of the ion temperature gradient driven

mode of magnetized nonuniform plasma is studied. A novel ‘nonmodal’ calculation is used to

analyse the problem. It is shown that the transverse shear flow considerably reduced the growth of

the instability. A small but finite amount of viscosity and/or diffusion enhanced the stabilization

process.
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One of the major problems in magnetically confined plasmas is the anomaly of particle and

heat transport by plasma convection across the magnetic field1.This convection is generically

driven by the free energy release during the growth of small scale fluctuations. Magnetic

perturbation is one of the very dangerous perturbations which can cause complete disruption

of the plasma confinement. Therefore, the design philosophy of fusion devices is to try to

minimize such perturbations. There is experimental evidence2 that indeed, in the plasma

edge [SOL (scrape-off-layer)] such perturbations are normally absent and plasma convection

across a strong confining magnetic field is mainly controlled by electrostatic field and pressure

gradient forces. In such a case, the plasma dynamics is well described by various drift wave

models3,4.

Several experiments2,5,6 have revealed the existence of the sheared poloidal flows and

associated radial electric field in the edge region of tokamak plasmas. Such flows are of gen-

eral interest in connection with confinement and transport7. Analytical as well as numerical

investigations were performed to explain the shear flow dynamics. Linear and nonlinear

calculations8,9 predict that unstable modes in tokamaks may be stabilized by a critical shear

flow. Also, fully developed turbulence nonlinear analysis predicts that the turbulence level

can be suppressed in the tokamak edge by the shear flow. Therefore, an important issue that

must be addressed is whether this shear flow has significant effects on the linear Ion Tem-

perature Gradient (ITG) mode also. In this paper, we consider some of the issues regarding

the effect of such shear flows on the ITG mode.

Analytical studies of the ITG mode with shear-flow have been done by a standard ‘modal

approach’. In this traditional method perturbed quantities are expanded in Fourier integrals.

The modes are assumed to have an exponential time behavior and if the imaginary part of

the frequency is positive, the modes will grow in time, resulting in an instability. This

method is well known and effective to solve problems involving the Hermitian operator

which gives orthogonal eigenfunctions. But the operator with shear-flow is generally non

Hermitian and the eigenfunctions are not orthogonal to each other. Detailed discussion of

this was recently given by Tatsuno et al.10 Therefore, according to linear algebraic theory, a

linear system may be amplified by arbitrary large factors even if the imaginary parts of all

the eigenfrequencies are negative . It turns out that by using the common Fourier or Laplace

method in a system with shear-flow we may overlook the secular and transient behavior of

the mode, which can lead to an incorrect result even in the linear regime. In this paper,
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we use the ‘non-modal’ approach to solve for ion temperature gradient driven drift waves

in presence of transverse shear-flow. The method, originally proposed by Kelvin, became

popular recently and has been extensively used in a variety of problems. In this method, one

considers the temporal evolution of spatial Fourier harmonics of the perturbations without

any spectral expansion in time. The wave number of each spatial Fourier harmonic along

the shear flow direction varies in time. This method is useful to analyze various physical

phenomena involving shear-flow which describe the energy exchange between shear-flow and

the perturbations. The ion temperature gradient driven drift wave has been widely studied

in plasmas11. Numerical simulations and analytical work in this area suggest that a radial

electric field is generated due to turbulent fluctuations, which in turn generates poloidal flow

and consequently reduces the growth rate of fluctuations. In this Brief Communication we

have performed a model calculation to show the influence of equilibrium shear flow on the

ITG mode. Our calculation demonstrates that shear-flow has an importance influence on

the ITG mode when certain conditions are satisfied.

In the present work we have studied the effect of velocity shear on the toroidal branch of

ITG modes. There exist two different branches of ion temperature gradient driven modes.

One of them, in which the ITG mode is coupled with the ion acoustic waves, is destabilized

by the local temperature gradient, which is a “slab type”. The other is destabilized by the

bad curvature of the magnetic field lines in the presence of finite ion temperature gradient

and is called the interchange type. This is also referred to as the“toroidal branch” of the

ITG mode12. Here we are focussing our attention on the latter type. First, we specifically

examine the influence of sheared flows (perpendicular to the external magnetic field) on the

toroidal branch of the linear ITG instability by the non modal method. Results indicate

that velocity shear can reduce the growth of the fluctuations. We must emphasize that

velocity shear alone cannot completely saturate the linear ITG instability, but can reduce

the growth rate of the fluctuations. For complete stabilization of the linear ITG instability it

is necessary to incorporate terms representing viscosity and/or diffusion in the model. In the

present work, we include the contributions of both viscosity and diffusion and demonstrate

the need for these effects for the complete stabilization of the linear ITG mode.

The article is organized as follows: First, the general equations for the toroidal ITG mode

with the effect of velocity shear are formulated, then we analyze the stability of the linear

ITG mode in presence of velocity shear by the nonmodal method. Numerical studies for
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the evolution of the ITG mode with shear flow are discussed and numerical solutions are

displayed. Finally,we summarize the main results.

For the description of Ion Temperature Gradient (ITG) driven mode we consider a col-

lisionless plasma in a sheared external magnetic field. The motion of ions is governed by

the hydrodynamic equations in a magnetic field B = Bêz and the electrons are assumed to

satisfy the Boltzmann relation ne = n0(x) exp(eφ/Te). The dynamics is described in a two

dimensional slab geometry. For simplicity we introduce a local slab co ordinate system with

R̂ → x̂, Ẑ → ŷ and −ζ̂ → ẑ. This is a reasonable choice if the scalelengths of the instability

and vortex structures of interest are much smaller than R, the major radius of the torus (and

also a the minor radius). Here we also assume that the mean quantities are functions of x,

with the spatial length scale defined as |Ln|−1 = d ln Ti0(x)/dx. The equilibrium potential

profile generating the velocity shear may be written as:

φeq(x) = v⊥0(x− x⊥0) + v′⊥0

(x− x⊥0)
2

2!
+ v′′⊥0

(x− x⊥0)
3

3!
+ · · ·

It may be noted that typically the higher order derivatives in the Taylor expansion of

φeq(x) are significantly smaller than the first order derivative. Therefore, the equilibrium

potential profile may be approximated as φeq(x) ≈ v⊥0(x − x⊥0) + v′⊥0(x− x⊥0)
2/2. In the

right hand side (RHS) of the above equation the first term indicates rigid rotation and the

next term introduces inhomogeneity in the equilibrium flow, x⊥0 is the position where the

plasma rotates rigidly. Next we made a further important assumption that the mode width is

much smaller than the velocity profile scale length, so that the velocity is well represented by

the first two terms of its Taylor series. It is also important to note that we have considered

the potential profile such that it only describes linearly varying perpendicular flows, i.e.

v′⊥0 = 0. If v′′⊥0 6= 0 the possibility of the Kelvin-Helmholtz instability must be considered.

A closed system of three equations, describing the ITG mode vortex in terms of the

electrostatic potential φ and the ion pressure p can be obtained as follows: First we combine

the ion continuity equation with the quasi-neutrality condition (the perpendicular motion

of ions is described by E×B and the polarization drift velocities) to obtain an equation for

φ, and the system is then completed by writing the equation for pressure p.

The following set of nonlinear fluid equations are obtained that describe the mode

dynamics3.

d

dt

(
φ−∇2

⊥φ
)

= −(1− 2εn + K∇2
⊥)

∂φ

∂y
+ 2εn

∂p

∂y
+ D∇2

⊥φ− µ∇2
⊥∇2

⊥φ, (1)
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dp

dt
= −K

∂φ

∂y
+ D∇2

⊥p (2)

where d/dt ≡ (∂/∂t + V⊥ · ∇). The velocity components in the convective derivative are

given by V⊥ = êz×∇[φeq(x)+φ]. In the above equations φ and p represent the perturbation

amplitudes.

The normalization used in the equations above are as follows: the coordinate variables

perpendicular to the magnetic field Bêz, i.e., x and y, are normalized by ρs, the ion Larmor

radius at electron temperature (given by the ratio of sound speed to ion cyclotron frequency

- cs/ωci). The variable z is normalized by Ln and time variable is normalized by Ln/cs. All

velocity components are normalized by ρscs/Ln and their spatial derivatives are normalized

by cs/Ln. The total (equilibrium plus perturbed) potential is normalized by Teρs/eLn and

the pressure by p0ρs/Ln. The definitions of the parameters K and εn are K = (1+ηi)(Ti/Te)

where ηi = Ln/LT and εn = Ln/R, where R is the radius of curvature of the magnetic field.

For cold ions and no toroidicity effect, the above set of equations are reduced to the well

known Hasegawa-Mima equation. For Ti 6= 0, the coupled set of equations for φ and p

exhibits linear instability, which is often known as the ‘toroidal branch’ of the ITG mode’

and the dispersion relation is

ω2(1 + k2)− ωky(1− 2εn −Kk2) + 2k2
yKεn = 0. (3)

The condition for the instability is K > 0, as discussed by Nycander et al. In the following we

show that perpendicular velocity shear considerably reduces the growth of the fluctuations,

while a small but finite dissipation (viscosity and diffusion) completely stabilizes the mode.

Now we demonstrate by a simple calculation how the ITG instability is suppressed by ve-

locity shear. The basic nonlinear equations for this analysis with the inclusion of equilibrium

flow, as mentioned before, may be written as
[

∂

∂t
+ v′⊥0(x− x⊥)

∂

∂y
+ ẑ ×∇φ · ∇

]
(φ−∇2

⊥φ) + (1− 2εn + K∇2
⊥)

∂φ

∂y
− 2εn

∂p

∂y

= D∇2
⊥φ− µ∇2

⊥∇2
⊥φ, (4)

[
∂

∂t
+ v′⊥0(x− x⊥)

∂

∂y
+ ẑ ×∇φ · ∇

]
p + K

∂φ

∂y
= D∇2

⊥p, (5)

where x⊥ = x⊥0 − v⊥0/v
′
⊥0.

In order to study the set of equations (4) and (5) it is very convenient to employ the scheme

where a moving co-ordinate system is used and the temporal problem is examined directly.
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For this purpose we use a spatially-inhomogeneous Galilean transformation. Specifically we

introduce a spatio-temporal co-ordinate transformation to the fixed reference frame x − y

to get the local moving frame (Lagrangian) going with mean shear flow,

ξ = y − v′⊥0(x− x⊥0)t and τ = t. (6)

Equation (6) induces the following transformations of the partial derivatives:

∂x = −v′⊥0τ∂ξ, ∂y = ∂ξ, ∂t = ∂τ − v′⊥0(x− x⊥0)∂ξ,

which effectively takes us from the laboratory to the local rest frame of the mean flow. In

the new coordinate system, the initial inhomogeneity in space (x−x⊥0) has been exchanged

for a new inhomogeneity in time. With the help of these transformations and assuming

solutions of the form φ = φ(ξ, τ) p = p(ξ, τ), we obtain

∂

∂τ

[{
1− (1 + v′2⊥0τ

2)
∂2

∂ξ2

}
φ

]
+

[
1− 2εn + K(1 + v′2⊥0τ

2)
∂2

∂ξ2

]
∂φ

∂ξ
− 2εn

∂p

∂ξ

= D(1 + v′2⊥0τ
2)

∂2φ

∂ξ2 − µ(1 + v′2⊥0τ
2)

∂2

∂ξ2

[
(1 + v′2⊥0τ

2)
∂2φ

∂ξ2

]
, (7)

∂p

∂τ
+ K

∂φ

∂ξ
= D(1 + v′2⊥0τ

2)
∂2p

∂ξ2 . (8)

We note that with the transformation used above the explicit x dependence is eliminated

from the equations, resulting in the vanishing convective nonlinear terms. This is expected

since by this choice of co-ordinates we are reducing the dimensionality of the perturbations.

Transformation of the partial derivatives shows that the shear flow term together with ∂t

reduces to a simple ‘temporal’ derivative ∂τ . The set of equations (7) and (8) is homogeneous

with respect to ξ. Therefore, a Fourier transform of φ and p with respect to ξ yields a good

quantum number kξ and the equations may be solved by assuming the solution of the form

ψ(ξ, τ) =
∫

dkξψ(kξ, τ) exp(ikξτ), where ψ is either φ or p. With these solutions we find two

coupled first order ordinary differential equations for φ and p. Finally the coupled system

may be reduced to a second order differential equation in τ . A numerical solution of these

equations shows that|φ| , |p| are bounded for v′⊥0 →∞.

The equations can, however, be solved analytically in an approximate manner with a

further assumption, µ ≈ D. Without any assumptions, here the system of partial differen-

tial equations (PDE’s) (7) and (8) now become a system of ordinary differential equations
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(ODE’s):

d

dτ

[
(1 + k2

⊥)φ
]
+ (1− 2εn −Kk2

⊥)ikξφ− 2εnikξp = −Dk2
⊥φ− µk2

⊥k2
⊥φ (9)

dp

dτ
+ Kikξp = −Dk2

⊥p, (10)

where k2
⊥(τ) = k2

ξ (1+v′2⊥0τ
2). Here the notation k⊥ stands for the perpendicular wave vector

and it is time dependent. Note that this time dependence enters through finite velocity

shear. The dissipative terms (D ≈ µ) in the above equations can be eliminated through

further transformations p = P exp[−µ
∫

k2
⊥(τ)dτ ] and φ = (ψ/1+k2

⊥) exp[−µ
∫

k2
⊥(τ)dτ ].The

coupled differential equations for P and ψ may then be combined to a second order ODE in

τ as
d2ψ

dτ 2 + ikξ
d

dτ

(
1− 2εn −Kk2

⊥
1 + k2

⊥
ψ

)
− 2Kεnk2

ξ

1 + k2
⊥

= 0. (11)

For v′⊥0 = 0, if we assume the temporal mode behavior as ψ ∼ exp(−iωτ) then from Eq.

(11) we recover the local dispersion relation for the ITG instability. With finite v′⊥0 we find

that the equation is complicated and is solved numerically as an initial value problem using

Matlab. However we analyze the Eq. (11) with some simplifying assumptions. We assume

that the perpendicular wave vector kξ ¿ 1, i.e., we are looking for the stability of the long

perpendicular wavelength mode in the presence of transverse velocity shear. We use the

transformation

ψ = Ψ exp

(
−1

2

∫ ikξ(1− 2εn −Kk2
⊥)

1 + k2
⊥

dτ

)
, (12)

in Eq. (11), and retaining terms up to k2
ξ and neglecting higher powers of kξ, we have the

differential equation for Ψ as

d2Ψ

dτ 2 +

[
k2

ξ (1− 2εn)2

(1 + k2
⊥)2

− 2εnk2
ξK

1 + k2
⊥

]
Ψ = 0 (13)

Clearly the second term in the square bracket is the destabilizing term for the ITG mode.

To solve Eq. (13) analytically, we make an assumption of a long transverse ITG mode, i.e.,

kξ ¿ 1. We neglect the term proportional to k3
ξ and retain the term k2

ξ in the numerator of

the square bracketed second term. This assumption allows us to obtain the exact solution

of equation (13) without any loss of generality.

Defining a new variable τ̄ = ikξv
′
⊥0τ/

√
1 + k2

ξ , we may express the above differential

equation as
d2Ψ

dτ̄ 2 +

[
α

(1− τ̄ 2)
− β

(1− τ̄ 2)2

]
Ψ = 0 (14)
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where α = 2εnK/v′2⊥0 and β = (1− 2εn)2/v′2⊥0(1 + k2
ξ ). Equation (14) can be solved exactly

and the solution may be expressed in terms of the associated Legendre functions,

ψ(τ) =
√

τ̄ 2 − 1 [APm
ν (τ̄) + BQm

ν (τ̄)] , (15)

where ν = −1/2 +
√

1/4 + α, m =
√

1 + β, A and B are two arbitrary constants. We see

that our total solution Ψ(τ̄) consists of two linearly independent solutions, |Pm
µ (τ̄)| which is

unbounded, growing as τ ν (if ν is positive), while |Qm
ν (τ̄)| decays as τ−(ν+1). This implies

that φ ∼ τ (ν−1) exp[−µk2
ξτ(1 + v′2⊥0τ

2/3). Therefore it is clear that in absence of dissipation,

the solution still exhibits growth of the ITG mode if ν > 1. This explicitly means that

the condition for the onset of instability is v′⊥0 =
√

εnK. If the velocity shear parameter

v′⊥0 <
√

εnK, then the instability continues to grow algebraically; if v′⊥0 exceeds this critical

value, the ITG instability starts algebraically decaying. Since dissipation has little effect on

long wavelength modes, we can only say that a finite value of dissipation can enhance the

stabilization process.

In Eq. (15), the ratio B/A is decided by the initial conditions at τ = 0. One may consider

even [ψ̇(0) = 0, over-dot implies differentiation with respect to τ ] and odd [ψ(0) = 0]

solutions and determine B/A in each case. As an example, we consider the even solution

for which (B/A) = −(2/π) sin[π(ν +m)/2] exp[iπ(3m−ν)/2]. In deriving the expression for

B/A, only τ ≥ 0 is considered. We now proceed to calculate the amplification factor using

the asymptotic form of the solutions (15) to write.

φ(τ)

φ(0)
= F (µ,m)τ ν−1, (16)

where

F (ν, m) ∝
√

π

21+m

Γ(ν + 1
2
)Γ1 + ν−m

2

Γ1 + (ν −m)Γ1+η
2

[
cos

(
πη

2

)
+ i sin

(
πη

2

)
eiπ(3m− ν)

]−1

and η = ν + m. Note that even for |F (ν,m)| ∼ 1 for allowed values for ν, m we have a

significant amount of amplification for the ITG waves. Therefore, our analysis indicates that

for v′⊥0 6= 0, long wavelength ITG modes are still unstable unless the shear flow amplitude

reaches some critical value. Since τ is normalized to drift time scale (cs/Ln), we may regard

cs/Ln as the typical growth rate for the instability.

Therefore, our specific contribution in this analytical calculation is that we have proposed

a method which allows one to follow explicitly the interaction of shear flow with the linear
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ITG mode. The growth rate of the instability is calculated and the explicity solution for the

amplification of the instability is presented.

Now we solve equations (9) and (10) numerically without any approximations. It has

been assumed in the numerical solution of these equations that |p|, |φ| ¿ 1, although all

the nonlinear terms from convective nonlinearity vanish exactly. This assumption may be

justified, since we have shown that for finite velocity shear (v′⊥0 6= 0), |N | is bounded, unlike

the solutions in the absence of velocity shear. For the numerical solution the standard

ordinary differential equation solver from MATLAB is used. The results are presented for

typical values for the shear flow parameter. In Figs. 1, 2 it is shown that potential and

pressure fluctuations are growing without velocity shear and dissipative effects. A small

amount of shear-flow starts reducing this growth of the fluctuations and for v′⊥0 = 0.5 and

µ = 0.001 D = 0.003 fluctuations become stabilized. In both cases we have fixed the value

of εn, K as 0.33, 0.7 respectively. Therefore, we conclude that shear flow has a huge impact

on the reduction of the growth rate of the toroidal ITG instability.

In this work we have shown that the ion temperature gradient driven instability is con-

siderably suppressed by shear flow in equilibrium. A recent paper11 has studied the effect

of shear flow on the ITG instability with similar model equations without any dissipative

mechanism. But the present manuscript has gone a step beyond introducing viscosity and

diffusion in the basic equations and solved them analytically to demonstrate the importance

of dissipation in complete stabilization of the mode. Dissipation µ ∼ D has weak effect in

the stability criterion, but it is essential for the compete saturation of the mode. There is

a trivial difference between this paper and Ref.11. In the present manuscript the problem

is solved without explicit x dependence. Due to the reduction of the dimensionality of the

perturbations, the E×B nonlinear term vanishes and the problem becomes linear and two

dimensional. In Ref.11, the perturbations are linearized and include explicit x dependence.

It turns out that the problem studied in this manuscript consists essentially of two spatial

dimensions, whereas in the ref. 11 it is three dimensional. It is important to mention that

if one includes velocity curvature (v′′⊥0) in the equilibrium flow, then the Kelvin Helmhotz

mode is likely to be unstable. As far as tokamak application is concerned, however, the

influence of magnetic shear is considerably more significant than velocity curvature. Since

magnetic shear has a further stabilizing effect on drift waves one should include this for

direct tokamak application. However, this calculation shows that for the most unstable drift
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instability, velocity shear influences the growth rate of the mode.

It should be emphasized that the calculation presented in this paper does not consider

the flow-fluctuation theory, i.e., it is not demonstrated how the flow profile changes and

reacts back on the fluctuations self-consistently due to nonlinear effect.As mentioned in the

introduction, our main objective in this paper is to show how the toroidal ITG mode is

affected for a given equilibrium velocity shear. Deeper investigation is needed to examine

the self consistent shear flow effect on the ITG mode in presence of magnetic shear.
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FIG. 1: Numerical solution of the ITG mode potential fluctuations for kξ = 0.6, εn = 0.33,K = 0.7,

µ = 0.001, D = 0.003, and different values of velocity shear parameter
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FIG. 2: Numerical solution of the ITG mode pressure fluctuations for kξ = 0.6, εn = 0.33,K = 0.7,

µ = 0.001, D = 0.003, and different values of velocity shear parameter
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