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Abstract
Organic Rankine cycle power systems and heat pump systems are considered as attractive tech-
nologies for the exploitation of excess heat into electricity and useful heat. However, the major
barriers to the development of mass-produced low-temperature thermodynamic cycles are cost and
efficiency. Expanders and compressors for organic Rankine cycle power systems and heat pumps
are key components regarding cost and performance, and the use of reliable and accurate numerical
models for these machines is currently regarded as one of the major challenges in the field.
This Ph.D. thesis investigates three turbomachinery technologies: axial and radial turbines for
organic Rankine cycle power systems, and centrifugal compressors for heat pump systems. This
work has two main objectives. The first one is to develop suitable mean-line models for the
preliminary design and performance prediction of such machines. The second objective is to
develop and apply design optimization methodologies which allow combining the machine and the
cycle designs to identify suitable solutions from the performance and technical viewpoints.
First, a mean-line model for the preliminary design of axial-flow turbines is developed for single and
multistage configurations operating with organic fluids. The model is validated against single-stage
and multistage turbine test cases, two of which employ organic working fluids. A methodology
for the combined design optimization of both the turbine and the organic Rankine cycle system is
developed and applied to two case studies representative of key applications in the Danish sector.
The results suggest that the methodology allows considering the trade-offs regarding cycle and
turbine criteria, achieving more accurate results compared to the design of the system alone, and
avoiding infeasible solutions in the preliminary design step.
Second, a mean-line model for the preliminary design and performance of single-stage radial-inflow
turbines operating at high-pressure ratio conditions is developed. The model is calibrated with the
data of six turbines operating at high-pressure ratio conditions from the literature and is validated
with two additional turbines test cases, one of which employs an organic fluid. The calibration of
the turbine, performed with an optimization process, allows a significant reduction in the deviation
with the experimental data for both the isentropic efficiency and the mass flow rate.
Finally, a mean-line model for the preliminary design and performance estimation of centrifugal
compressors is developed. The model is validated with five test cases from the open literature
employing three different working fluids and is coupled to that of a heat pump system. The
combined model is then optimized to design of a high-temperature heat pump system. The combined
optimization methodology allows achieving more accurate results and identifying suitable solutions
regarding preliminary design and performance.
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Resumé
Organic Rankine cycle kraftprocesser og varmepumpesystemer betragtes som attraktive teknologier
i forbindelse med udnyttelse af overskudsvarme til produktion af elektricitet og nyttig varme. De
største barrierer for udvikling af masseproducerede lav-temperatur termodynamiske processer er
høje omkostninger og lav effektivitet. Ekspansionsmaskiner og kompressorer til hhv. organic Ranki-
ne cycle kraftprocesser og varmepumper har en væsentlig indflydelse på systemernes omkostninger
og ydeevne, og udviklingen af pålidelige og nøjagtige numeriske modeller for disse komponenter
betragtes som en af de største udfordringer indenfor dette forskningsområde.
Denne ph.d.-afhandling undersøger tre turbomaskine-teknologier: aksiale og radiale turbiner til
organic Rankine cycle krafprocesser, og centrifugalkompressorer til varmepumpesystemer. Dette
arbejde har to centrale målsætninger. Det første er, at udvikle en egnet én-dimensionel model til
indledende design og estimering af virkningsgrad for sådanne maskiner. Den anden målsætninger er,
at udvikle og anvende designoptimeringsmetoder som gør det muligt at kombinere designprocessen
for hhv. ekspansions- og kompressionsmaskiner med designprocessen for den termodynamiske
proces, og dermed identificere egnede tekniske løsninger, som gør det muligt at opnå høj ydeevne.
Som det første, er en én-dimensionel model til fastlægning af det indledende design af aksialtur-
biner i ét- eller flertrinskonfigurationer til ekspansion af organiske arbejdsmedier blevet udviklet.
Modellen er valideret mod eksperimentel testdata for ét- og flertrinsturbiner. To af testturbinerne var
designet til og testet med organiske arbejdsmedier. En metode til kombineret optimering af turbine-
og procesdesign for organic Rankine cycle kraftprocesser er udviklet og anvendt til applikationer
som er relevante for dansk industri. Resultaterne antyder at designmetoden muliggør afvejninger
vedrørende kraftproces- og turbinekriterier, hvorved der opnås mere præcise resultater i forhold til
hvis designprocesserne er separerede. Derudover sikres det, at kraftprocessens design resulterer i
randbetingelser som muliggør et fornuftigt turbinedesign.
Efter dette er en én-dimensionel model til fastlægning af indledende design og estimering af
ydeevne for en ét-trinsturbine med radial indstrømning til drift ved høje trykforhold blevet udviklet.
Modellen er kalibreret med data fra den videnskabelige litteratur fra seks turbiner som opererer ved
høje trykforhold, og er yderligere valideret med to testturbiner, hvoraf den ene benytter en organisk
væske. Ved at benytte en optimeringsalgoritme til at kalibrere inputparametrene til turbinemodellen,
lykkedes det at reducere afvigelserne mellem de eksperimentelle data og de estimerede værdier fra
modellen væsentligt.
Til slut er en én-dimensionel model til at fastlægge det indledende design og estimere ydeevnen for
en centrifugalkompressorer udviklet. Modellen er valideret med eksperimentel data fra den viden-
skabelige litteratur fra fem testopstillinger for kompressorer i varmepumpesystemer som inkluderer
brugen af tre forskellige arbejdsmedier. Kompressormodellen er efterfølgende sat sammen med en
procesmodel for en varmepumpe, og den kombinerede model er benyttet til at optimere designet af
en høj-temperatur varmepumpe. Den kombinerede optimeringsmetode gør det muligt at identificere
egnede designløsninger for kompressor og varmepumper og at estimere ydeevnen for systemet med
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høj præcision.
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1 Introduction

This chapter delineates the background and motivation of this Ph.D. thesis. It provides an outlook on
the significance of the topic and indicates possible ways for improving the design of turbomachinery
for thermodynamic cycles utilizing low-temperature heat sources. A literature review draws the
state of the art of expanders and compressors and indicates the main focus of this work. The end of
this chapter outlines the objectives and methods of this thesis.

1.1 Background and motivation

The International Energy Agency [1] indicates that 81.4 % of world total primary energy supply
depends on fossil fuels. The European Union redefined the roadmap for 2050 at the Paris climate
conference in 2015 [2], with the aim to develop more climate-friendly and less energy-consuming
economy. The new goals call for an 80 % reduction of greenhouse gas emissions by 2050 to below
1990 levels. Cost-efficient solutions need to be devised to make the low-carbon transition feasible
and affordable. The Energy roadmap [1] envisaged an increasing share of renewable energy and
more efficient use of energy.

Different measures can be adopted to increase the efficiency of current energy systems. The use
of excess heat from industrial applications was regarded as an important way to decrease the
energy demand, the CO2 emissions as well as to achieve economic gains and improved energy
efficiency [3]. Excess heat can be used for internal applications or can be recovered for power or
heat generation. In this context, the literature indicates that there is a large unexploited waste heat
potential. For example, in Denmark the total potential for heat recovery was estimated to be around
212 PJ per year, considering all end-users and utility companies [4]. This amount corresponds to
13 % of the net energy input for end users and producers. The two largest areas having the highest
waste heat potential were identified in the transport and utility sectors. Two major energy sources
that can be exploited were also identified. The first one is in the cooling/refrigeration, condensate
and various industrial processes with heat source temperature below 60 ◦C, and the second is in
the form of exhaust gas from various combustion and heating processes (with temperature in the
range 120 ◦C to 400 ◦C). Heat recovery opportunities were also identified in UK industry [5]. The
overall surplus heat was estimated as 52 PJ per year considering relevant UK industrial sites. The
two major sources for heat recovery were at a temperature level below 100 ◦C for reuse on-site, and
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Figure 1.1: Current working domain of ORC and HP systems: (a) ORC domain based on
system power capacity and heat source temperature (adapted from [6, 7]); (b) HP domain in
terms of source and supply temperatures (adapted from [8, 9]).

the conversion of heat at a higher temperature level (in the range 200 ◦C to 1200 ◦C) into electricity.

Among the possible heat recovery technologies, thermodynamic cycles for power and heat genera-
tion utilizing low-temperature heat sources are regarded as the most viable and attractive solutions.
Organic Rankine cycle (ORC) power systems are considered to be the "unrivalled technical solution
for generating electricity from low-medium temperature heat sources of limited capacity" [10]. By
applying the ORC technology to energy-intensive industrial processes in 27 EU countries, it was
estimated to recover up to 72000 PJ of waste heat and to save 7.6 M ton of CO2 [11]. Although
the ORC power system has been a well-known technology for decades, the ORC market has
experienced a rapid growth only since the early 2000s [12]. The success of ORC power systems
is attributed to their inherent flexibility and their relatively high conversion efficiency for low
temperatures and power outputs. The boundaries for the application of ORCs are changing over
the years, and are expanding towards pioneering temperatures and power capacities [6, 10]. Figure
1.1(a) shows the current outlook for ORC applications. At high heat source temperatures and power
capacities, ORCs are limited by the working fluid thermal stability limit and the competitiveness
of steam Rankine cycles. On the other hand, at low temperatures and power capacities the ORC
technology is limited by the inherently low values of efficiency and the high cost of the system and
its components, hence resulting in an economically unattractive solution. The ORC field is still
considered a niche market [13], and current research efforts are devoted to extending its application
by developing ORC units suitable for high-volume production [6]. The expander is arguably the
key component in an ORC, having unique features which require a dedicated design approach. In
this respect, it is widely acknowledged that the design of a cost-competitive, technically sound
and efficient expander plays a crucial role in the successful design of the system [14]. As a matter
of facts, the expander cost usually represents between approximately 15 % and 70 % [12, 15–18]
of the total cost of an ORC unit depending on the application, heat source temperature level, and
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Figure 1.2: Heat demand by industrial sector in 33 European countries. Adapted from Ref.
[21].

power capacity. Concurrently, it is important that the expander is efficient to increase the ORC net
power output, reduce the payback time of the investment, and reduce the emissions of pollutants in
systems running on fossil fuels. From a practical point of view, it is also important that the expander
is technically simple, reliable and easily manufacturable.

At the same time, heat pump (HP) systems are now an established solution for the heat generation
utilizing low-temperature heat sources. Heat pumps are used to upgrade waste heat at low tempera-
ture to high-temperature heat, which is more usable for domestic and industrial applications. A
final energy conservation potential of 1717 PJ has been estimated for the application of the HP
technology to the EU-28 industrial sector [19]. Numerous research efforts have been devoted to the
development of HP units operating below 80 ◦C, and market solutions have been developed over
the years [20]. However, there is an increasing demand for heat supplied at a higher temperature,
depending on the specific industrial application. Figure 1.2 shows the heat demand in 33 European
countries. Many industrial sectors require a large amount of heat supplied at values of temperature in
the range 80 ◦C to 150 ◦C, which calls for the development of high-temperature heat pump (HTHP)
systems or even very high-temperature heat pump (VHTHP) systems. Figure 1.1(b) shows the
working domain of the current and future generation of heat pumps. High-temperature heat pumps
are in the precommercial or market introduction phase while VHTHPs and ultra-high-temperature
heat pump (UHTHP) systems are still in the research stage [9]. The lack of installed HP units
delivering more than 90 ◦C is associated with a lack of cost-efficient solutions [22] and to technical
challenges mainly related to the compressor technology [23]. From the thermodynamic viewpoint,
the compressor is regarded as the component with the highest irreversible losses in the cycle [24].
From the technical perspective, the use of conventional compressor technologies for HTHPs is
constrained by high discharge temperature and pressure, and cooling, lubrication and material
compatibility issues [24–27] . For these reasons, the research is now focusing on the development
of cost-competitive compressor solutions which can deliver high-temperature heat.
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In light of the previous considerations, this Ph.D. thesis aims at investigating the possibilities for
developing methodologies to improve the design of expanders and compressors for ORCs and HPs.
The ultimate goal of the investigation is to promote the development of the next generation of ORCs
and HPs in future energy systems.

1.2 Literature review

This section reviews state of the art for expanders and compressors in ORC and HP systems,
respectively. The literature review serves to select some relevant technologies, which will be the
main focus of the investigations in this thesis, and to indicate the major challenges and research
directions concerning the selected technologies.

1.2.1 Expanders for ORC systems

Organic Rankine cycle power systems are used in a wide range of applications such as the exploita-
tion of geothermal heat, solar energy, biomass, and heat recovery. Due to the wide operational
range in which these systems need to operate, many different cycle configurations are adopted and,
historically, many different expander types have been developed. Expanders can be divided into
two categories: turboexpanders (also called turbines) and volumetric expanders (also called positive
displacement devices). The reader is referred to Ref. [10] for a comprehensive overview of the
different technologies.

A turbine stage usually consists of a static row of blades, namely the nozzle or stator, and of a
rotating blade row, namely the rotor, see Figure 1.3. The scope of the nozzle vanes is to convert the
fluid’s enthalpy available at the turbine inlet into kinetic energy and to guide the flow to achieve
optimal flow conditions for maximum work extraction in the rotor. Inside the rotor, the fluid
expands and exchanges momentum with the blades. The rotor disks are connected to the turbine
shaft which produces useful mechanical work. There are three main turbine configurations used
in ORC units, and they are classified based on the relative motion of the fluid with respect to the
axis of rotation of the shaft: a) axial-flow, b) radial-inflow (or centripetal), c) radial-outflow (or
centrifugal) turbines.

Axial-flow turbines are usually employed for large mass flow rates and low pressure ratios. They
are used in the single or multistage configuration for medium-to-large power capacities, typically in
the range 100 kW to 15 MW [10]. The radial-inflow turbine (RIT) technology is applied to smaller
mass flow rates and higher pressure ratios. Radial-inflow turbines are used in smaller-capacity
systems, where the efficiency of axial turbines is penalized by the small blade heights and the
use of partial admission. In this case, RITs allow achieving a higher efficiency than the axial
counterpart with a single stage, even for large expansion ratios [6]. The power capacity of RITs
ranges from tens of kW to a few MW. The radial-outflow turbine (ROT) technology has been
successfully introduced in the market only recently. Radial-outflow turbines are usually employed
in multistage arrangement and are particularly suited for high volumetric expansion ratios since
their inherent increase of passage area during the expansion promotes the reduction of the stage exit
flow velocity and the associated losses. Moreover, this turbine configuration is favored by the use
of prismatic blades and multiple stages on the same rotor disk. The industrial commercialization
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Figure 1.3: Exemplary turbine stage with nozzle, rotor and velocity triangles. See the
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and the research on ROTs are currently ongoing.

Volumetric expanders are employed for low-power outputs, usually below 150 kW [28]. In this
range of power capacity, the turbine design is more challenging, and volumetric expanders may be
a more cost-competitive solution than turbines. In a volumetric expander, the fluid is trapped in
some chambers and is discharged after one working cycle. During the expansion, the pressure of
the working fluid decreases due to an increase of the chamber’s volume. These machines feature a
stator and many rotors connected to the main shaft. Examples of positive displacement machines
for ORC applications are scroll, screw, piston and rotary vane expanders. These solutions can
be advantageous compared to turbines since they operate with a low rotational speed and can
tolerate two-phase flows during the expansion, which would otherwise result in blade erosion
issues in turbines. Compared to turbines, they can potentially be more cost-effective as they are
retrofitted or derived from the refrigeration market, thus benefiting from scale economies. However,
compared to turbines, the use of volumetric expanders is limited by technical challenges related to
the maximum volumetric expansion ratio, the implementation of multistage configurations and the
lower efficiency[6, 29].

Figure 1.4(a) provides a non-exhaustive list of the range of turbine power capacity for different
ORC manufacturers and classified by expander type. ORMAT [44] is the world’s leader ORC
manufacturer with 62.9 % of the total installed power capacity, followed by Turboden [47] and
Exergy [38], which hold around 13.4 % and 11.1 % of the total installed power capacity, respectively
[12]. Figure 1.4 shows that the first three market leaders employ turbomachines: ORMAT and
Turboden employ axial turbines while Exergy uses radial-outflow turbines. All three companies
operate in the medium-large power output range between approximately 200-500 kW and 10-20
MW. Figure 1.5 highlights that, in the last two decades, axial turbines have dominated in the
medium-large scale based on the number of installed units. All radial-outflow turbines units fall
inside the medium-large scale; however, the number of installed units is much lower compared to
the axial configuration. Some RIT units similar to that of ROT units have also been installed. In
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Figure 1.4: Installed ORC units by manufacturer, power output, and expander type. Data
collected from the literature, see Refs. [6, 12, 13, 18] and from the company websites, see
Refs. [30–49]. Companies which abandoned the development of their product line are not
included. The term unknown indicates that the information on the expander type is not
available. The term combination indicates that the manufacturer employs a combination of
different expander technologies.

the small-power capacity, between 50 kW and 500 kW, there is an overlap of different expander
technologies. Several axial turbines by Turboden have been installed in the range 100-500 kW.
However, the majority of installed units are radial-inflow turbines. In this range, the companies GE
Power [43], Calnetix [42], and Triogen [41] are the first three market players. Screw expanders are
a competitive technology in the small-scale range of power capacity, although it was not possible to
retrieve specific details on the number of installed units from the available sources in the literature.
Figure 1.4(a) shows that many companies also cover applications in the mini- (50-10 kW) and
micro-scale (< 10 kW). The latter is the typical power capacity range of volumetric machines such
as scroll and screw expanders. It is worth noticing that a large number of installed units using
turbomachines have also been installed in this range. Particularly relevant is the case of about 950
RITs manufactured by ORMAT since the early 1970s, many of which are still in operation [13, 50].
These units were powered by fossil fuels and were used for remote applications, where they
delivered a power output in the range 0.2 kW to 4 kW. Presently, these numbers and considerations
are only indicative since many companies did not share their specifications in the literature [12] and
the information on their expander technology is unknown. There are also companies, such as GMK
[49], which employ different expander types according to the application and the range of power
capacity. Nevertheless, the literature highlights that the majority of commissioned expander units
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are turboexpanders whereas volumetric machines are arguably in the precommercial or market
introduction stage [6]. The axial and radial-inflow turbines were the two selected technologies
for this work. The former is a well-established and mature technology for medium-large scale
applications whereas the latter has been developed and applied with success in a large number of
small-to-mini scale units. Hereafter, the dissertation will only refer to these two turbines.

The design and optimization of ORC systems are very challenging tasks as they require accurate
and reliable models of the fluid thermodynamic properties, the cycle components and of their
cost. They are regarded as the major barrier to achieving reliable results [51]. Regarding the
components, the turbine design is especially challenging. The working fluid is an organic compound
whose properties are very different from the steam or gases used in conventional power plants or
turbochargers. The high molar mass of organic fluids makes it possible to design a turbine with
a reduced number of stages compared to conventional gas and steam turbines, resulting in more
compact and cost-effective solutions. On the other hand, the sound speed is reached at low values of
expansion ratio, and the turbine often results in high-expansion ratios and supersonic flows which
require the adoption of non-conventional design approaches [52]. The design challenge is further
complicated by the non-ideal behavior of the working fluid, which demands the use of accurate
real-gas equations of state.

The preliminary design is arguably the most crucial step in the whole design process of an ORC
turbine [53]. Preliminary design models (also called 1D or mean-line models) are employed in
the first step of the design routine of an ORC turbine, before the use of more advanced techniques
such as through-flow or aerodynamic analyses. The mean-line model formulation envisages the
solution of balance equations of mass, energy, and momentum as well as the expressions for loss
models to account for the entropy generation in the main stations of the stationary and rotating
passages of the turbine. These models allow screening different turbine architectures and solutions
in a relatively short time, saving computational efforts and costs in the subsequent detailed design
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steps. A high-efficiency ORC turbine can be designed only if the mean-line design and analysis
provide a realistic and highly-efficient solution [53]. Due to the inherent design challenges of ORC
turbines, the development of a preliminary design model requires a dedicated approach which
includes different aspects, see also Ref. [53]. First, a preliminary design tool for ORC turbines
needs to be versatile: it should include the possibility to model any possible working fluid and
to adopt a general formulation for the governing equations. Second, it needs to include proper
modeling of choking and supersonic conditions in the blade rows as well as of the associated loss
phenomena. Moreover, it should take into account the design of non-conventional geometries such
as high-Mach number blade profiles and converging-diverging nozzles. Finally, due to the presence
of real-gas phenomena, the thermo-physical properties of the working fluid are to be computed
using accurate, real-gas equations of state. In order for these models to be reliable, they also need to
be carefully validated and calibrated with detailed experimental data. At present, there are several
aspects which hamper the development of accurate and reliable tools for the preliminary design,
analysis, and optimization of ORC turbines. The most critical factor is probably the strong lack of
detailed experimental and geometrical data for the validation of the numerical models. These data
are not available in the open literature or are typically a confidential property of companies. The
lack of data may result in unreliable numerical tools which, in turn, affect the correct evaluation of
the ORC system design.

Once validated and reliable turbine models are available, the development of cost-competitive
solutions can be performed by including accurate considerations on the expander design together
with the ORC design process. In this way, it would be possible to 1) improve the accuracy of the
cycle design, 2) avoid technically infeasible or challenging solutions, and 3) select more accurately
a suitable working fluid. Compared to conventional steam or gas turbines, the possible use of
different working fluids introduces an additional degree of freedom in the ORC system design. In
principle, the most suitable working fluid should be selected to provide the best possible trade-off
between the cycle and the components performance and technical feasibility. Many authors [54–57]
highlighted that linking the thermodynamic cycle design, the expander design, and the working
fluid selection is key for a successful ORC system design. At the same time, there are limited
strategies in the literature to perform the ORC design accounting also for the expander design. This
aspect has gained more attention only recently and is presented in more detail in the next sections.

1.2.2 ORC axial-flow turbine modeling

In the context of ORC axial-flow turbines, few mean-line models for single- and multistage turbines
have been used by companies and research institutes. Some examples are AXTUR [58, 59] and
zTurbo [60, 61]. These codes have been the object of intense development over the years, and their
reliability has been successfully assessed by different companies [53]. However, comprehensive
validation of such models has yet to be published in the literature (a partial validation of zTurbo
was presented in Ref. [62]), especially including the data of an ORC turbine. As regards multistage
ORC axial turbines, these are employed by different ORC companies [6]; however, the design
and optimization methods for such turbines are still limited in the literature. Table 1.1 shows a
collection of some ORC multistage turbines documented in the literature. In some experimental
studies [63–67] the authors explained the design criteria for the ORC turbines of Table 1.1, but
without presenting the details of their design and optimization methods. In other numerical studies
[68–70] the authors employed Computational Fluid Dynamics (CFD) tools to analyze the flow and
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Table 1.1: Documented multistage ORC axial turbines. From [72].

Author Manufacturer year field Power
[kW]

Nst Pressure
ratio

N [rpm] rm
[mm]

fluid Ref.

Verneau Bertin & Cie 1977 solar 54 2 142 7700 145 FC-75 [66]
Osnaghi et al. Gemmindustria 1979 solar 8 2 120 24000 90 C6H5Cl [64]
Bado et al.,
Angelino et
al., Barutti et
al.

Gemmindustria 1979-
1983

solar 35 4 116 6700 120 C8F16 [63,
73,
74]

Verneau Bertin & Cie 1980 WHR 1350 2 100 14000 176 Fluorinol 85 [66]
Angelino et al. Turboden 1984 WHR 100 2 24.9 3030 430 C6H4Cl2 [65,

71]
Angelino et al. Turboden 1984 WHR 100 2 13.64 3030 430 C8H10 [71]
Jokinen et al. n/a 1998 WHR 25 2 >100 40000 -

48000
n/a toluene [67]

Obernberger
and Hammer-
schmid

Turboden 2001 Biomass 400 2 n/a n/a n/a silicon oil [75]

Nasir et al. Ormat Inc. 2003 WHR 4500 2 ∼ 30 3600 n.a. n-pentane [76]

performance of multistage ORC turbines. All the authors above [63, 64, 66–71], optimized the
ORC turbine separately from the ORC system. In this respect, there is a need to publish detailed
validation data and validated models for both single- and multistage ORC axial turbines in the
open literature. The thorough development and validation of such models represents one of the
objectives of this thesis, see Sec. 1.3.

Another key aspect of the preliminary design modeling of ORC axial turbines is the importance
to account for accurate turbine design criteria in the system design process. The relation between
the working fluid, the turbine, and the cycle designs was first shown in an international journal
in the 1960s [54]. Nevertheless, the literature on ORC power systems is full of studies [77–83]
where the details of the expander are neglected, and its performance is assumed by assigning
a value in the expander isentropic efficiency. There are only limited studies, such as those by
Astolfi et al. [15] and Martelli et al. [84], where the turbine performance was estimated more
accurately by interpolation of a statistical correlation (developed for single-stage machines). Other
studies by Da Lio et al. [85] and White and Sayma [86] performed the optimization of the cycle
using performance maps previously generated with a mean-line model for single-stage axial and
radial turbines, respectively. The coupling of turbine and cycle models was also proposed for
single-stage radial turbines by Ventura and Rowlands [87], although using a database for the turbine
performance data, and Uusitalo et al. [88], using a fixed value of turbine isentropic efficiency of
80 %. However, both works did not optimize the turbine design. Most recently, La Seta et al.
[89] showed that a simple guess of turbine efficiency might provide a deviation up to 8 % in the
ORC net power output if the turbine design is not properly considered. The results suggested the
importance of simultaneously accounting for working fluid selection, ORC system design, and
turbine design. To include all aspects, different methods have been developed in the literature,
including the use of turbine efficiency correlations [90, 91] and non-dimensional design maps
[58, 85, 92, 93]. Macchi and Astolfi [90] proposed recently a more advanced approach, which
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includes the multistage turbine performance in the ORC system design and optimization. Using
a mean-line model [94], they developed a correlation for the estimation of the isentropic turbine
efficiency as a function of the size parameter and volume flow rate ratio for a different number of
stages (up to three). The correlation can be used to optimize the thermodynamic cycle and evaluate
the impact of the different number of stages. The approach proposed by Macchi and Astolfi [90] can
be employed for ORC system optimization. At the same time, it does not yield a specific optimal
solution for the selected application since the efficiency correlation assumes that the rotational
speed is always optimized, the maximum number of stages is three, and the fluid is considered
as an ideal gas. In addition to that, the approach above adopts the same design criteria for single
and multistage turbines while other aspects such as the performance, cost, and technical criteria
may introduce additional constraints in the design of the turbine, and different solutions might be
preferred.

Based on the previous considerations, the second aspect of the novel contribution that is considered
in this work is to design the ORC power system using a combined optimization of cycle and turbine
designs. Such a methodology is applied to single- and multistage turbine layouts as well as to
different case studies, and represents one of the objectives of this thesis, see Sec. 1.3.

1.2.3 ORC radial-inflow turbine modeling

Compared to axial turbines, RITs are used in applications demanding smaller mass flow rates and
higher pressure ratios. Where cost and size are of primary concern, as in small-scale ORC power
systems (< 500 kW), and depending on the specific application, the turbine may be designed at
high-pressure ratio (HPR) conditions, usually above 3. The literature reports pressure ratios up to
100-150 [53, 66] for ORC systems exploiting moderate to high heat source temperatures. Under
HPR conditions, the turbine features a high fluid-dynamic loading and the nozzle and the rotor may
be close to choking or may even present supersonic flow conditions. When these phenomena occur
inside the turbine, shock patterns and unsteady nozzle-rotor interaction effects may jeopardize
the mechanical resistance of the blades as well as the turbine performance. The fluid operating
under these conditions may not behave as a perfect gas. This situation holds especially true for
organic fluids, whose expansion starts close to the saturated vapor line and often ends far from
saturated conditions at the stage exit. This expansion involves a large change of the thermodynamic
properties between the inlet and the outlet of the turbine, and the fluid exhibits real-gas effects. To
cope with the aforementioned aspects, suitable tools need to be used already in the preliminary
design and analysis of HPR radial-inflow turbines.

Choking conditions and real-gas effects were not considered in detail in the first mean line models
presented in the literature since these tools were developed and calibrated based on the data of
turbines operating at low-pressure ratios [129–132]. It was only in the last decade where the
modeling of choking conditions and of real-gas equations [133–135] became relevant. However,
only few publications included a detailed treatment and analysis of the phenomena occurring at
HPR conditions, and these mostly relate to ORC applications. Some mean-line models have been
developed to estimate the design efficiency of RITs for ORC applications such as those by Rahbar
et al. [91], Da Lio et al. [136], and Mounier et al. [93]. These authors included the evaluation
of the turbine design and efficiency at the design point only. Although choking conditions were
included recently by Demierre et al. [126], the authors did not present the details of the modeling
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Table 1.2: RITs designed and tested at pressure ratios above 3 from the open literature.
From Ref. [95].

Author Year Application Tested pres-
sure ratio
[-]

Fluid

Hiett and Johnston [96, 97] 1963 GT 1.3-5.0 Air
McLallin and Haas [98] 1980 GT 1.2-4.7 Air
Kidwell and Large [99] 1980 GT 2.0-5.0 Air
Rogo et al. [100] 1984 GT 2.0-7.0 Air
Ribaud and Mischel [101] 1986 GT 2.97-3.8 Air
Rogo [102] 1986 GT 2.0-7.0 Air
Rodgers [103] 1990 TC/GT 3.6,3.9,4.3 Air
Simonyi et al. [104] 1991 GT 3.0-5.8 Air
Pullen et al. [105] 1993 GT 1.1-4.7 Air
Huntsman et al. [106, 107] 1992,

1994
GT 4.7(∗) Air

Jones [108] 1994 GT 1.0-9.0 Air
Spence and Artt [109] 1997 RES 1.3-4.0 Air
Atkinson [110] 1998 RES 1.3-3.7 Air
Doran et al. [111] 2001 TC 1.3-3.5 Air
Feng et al. [112] 2005 GT 1.1-3.1 Air
Spence et al. [113] 2007 TC 1.2-3.6 Air
Deng [114] 2007 RES 1.3-4.0 Air
Fu et al. [115, 116] 2012,

2015
GT 1.1-3.1 Air

Ino et al. [117] 1991 CR 7.0-12.0 Helium
Ghosh [118] 2008 CR 1.8-5.9 Air/Nitrogen
Larjola [119] 1988 ORC 10.0(∗) R114
Van Buijtenen et al. [120] 2003 ORC 120.5(∗) Toluene
Pei et al. [121] 2011 ORC 7.1(∗) R123
Kang and Chung [122, 123] 2011,

2012
ORC 4.1(∗) R245fa

Han et al. [124] 2014 ORC 3.2(∗) R245fa
Demierre et al. [125, 126] 2014-

2015
ORC 3.1-4.4 R134a

Kang [127] 2016 ORC 4.1(∗) R245fa
Turunen-Saaresti et al. [128] 2017 ORC 112.8(∗) MDM

GT = Gas Turbines. RES = Research. TC = Turbochargers. CR = Cryogenic systems. ORC = Organic
Rankine cycles. (∗) = documented design point only.

considering the different possible patterns which occur in the nozzle and the rotor when the turbine
chokes. The most updated work in this respect is that by Baines and co-authors [97, 137–139]. Qiu
and Baines [97] proposed a mean-line method to predict the performance at off-design conditions
for choked and unchoked blade rows and validated the method with three test cases of HPR turbines.
However, the details of the numerical strategy employed by the authors were not provided in their
work as well as the detailed geometric data of the turbine test cases, which are not publicly available
in the literature or are kept as confidential. To develop a reliable and accurate mean-line model,
the development of a mean-line model requires validation and calibration using the experimental
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data of different turbine test cases. In this respect, the literature shows a lack of comprehensive
validation and calibration studies for HPR radial-inflow turbines. Glassman [140] calibrated its
model using only the design point data of HPR turbines whereas Qiu and Baines used a set of loss
coefficients calibrated with the data of some turbines operated at low-pressure ratio conditions
[137–139], casting doubt on the actual reliability when using HPR turbines, especially under
off-design conditions.

The literature review highlights the lack of suitable modeling tools for RITs in HPR applications
as well as their validation. The development and validation of a RIT model for HPR conditions
represent other objectives of this thesis, see Sec. 1.3.

1.2.4 Other aspects in ORC turbine modeling

There are also other important aspects regarding the improvement of the accuracy of the modeling
tools for ORC turbines, and these are currently being investigated experimentally by different
research institutes, in particular, Refs. [141–149]. First of all, the literature lacks empirical
correlations developed for ORC turbines, casting doubt on the accuracy and suitability of mean-line
numerical methods. In this respect, experimental studies need to be performed to validate the
suitability of such numerical models. The second aspect that requires experimental activities is the
validation of the available equations of state for the estimation of the thermo-physical properties
of the working fluid. Both these aspects require dedicated experimental studies and, therefore,
are outside the scope of this thesis. The parallel development of the aforementioned experimental
studies and bespoke turbine design tools is key to the analysis and optimization of future ORC
power systems.

1.2.5 Compressors for HP systems

As in ORC systems, the compressor technology of HPs can be categorized in turbomachines
and volumetric machines. Historically, volumetric machines have been applied more extensively
than turbomachines, and the preliminary selection of the most suitable compressor technology is
based on two parameters: the required volume flow rate and the pressure ratio. Figure 1.6 shows
the regions where each compressor technology exhibits better performance and has usually been
applied. At volume flow rates lower than 200 m3/s, positive displacement machines appear to be
the preferred option. Reciprocating piston compressors in single or multistage arrangements are
suited for the smallest volume flow rates and highest pressure ratios. Rotary compressors such
as sliding vane, lobe and screw machines are employed for intermediate volume flow rates. At
higher values, single and multistage centrifugal compressors can be used. For very high volume
flow rates, multistage axial solutions can be considered. This chart provides only very approximate
values, which should be used only for a rough preliminary selection. Once the technology has been
selected, optimal values of rotational speed and size of the machine can be estimated with design
charts such as that by Balje [151]. It is worth mentioning that both Figure 1.6 and the Balje chart
[151] are based on statistical data of some compressors for conventional applications and may not
be representative of the state-of-the-art technology. In this respect, a review of commercial units
for HTHPs, displayed in Figure 1.7, shows that many technologies overlap in the same range of
temperature and power capacities.
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Figure 1.6: Charts for preliminary selection of compressor technology. Adapted from [150].

Among the possible compressor technologies, centrifugal compressor (CC) devices are receiving
particular attention for the development of HTHPs. Compared to conventional volumetric machines,
centrifugal compressors bear key advantages such as the potential to achieve higher efficiencies at
high pressure ratios, a more compact design, and especially the possibility to use oil-free solutions,
which avoids possible issues in the heat exchangers [162, 163]. The experimental activities on
centrifugal compressors are numerous in the literature, and a non-exhaustive list of some well-
documented cases is shown in Table 1.3. Some of the references in Table 1.3 are particularly
relevant as they have been employed in the development and validation of numerical tools for
CC design and analysis. Air compressors have been investigated since the early 1960s-1970s.
Exemplary is the case of the Eckardt compressor [164–168], which was arguably the first CC
prototype object of extensive research investigations, both experimentally and numerically. From
the 1970s to the 2000s, fundamental research on CC for gas turbine applications was carried out
by different research institutes [169–177], including NASA [178–180], to improve the design and
performance of the machines and the prediction capability of the existing numerical tools. In the
last decade, experimental investigations on CC were performed in new fields of application, using
different working fluids and high values of rotational speed. Schiffmann and Favrat [126, 181, 182]
published experimental and numerical results of a compressor consuming electric power of 1.8
kW at nominal conditions and with an outer diameter of 20 mm, which was designed for domestic
HTHPs. The compressor featured a high rotational speed, in the range 150 krpm to 210 krpm,
and was oil-free as the working fluid was employed to lubricate the gas foil bearings. The authors
successfully tested the compressor which reached pressure ratios more than 3.3 and efficiencies
above 78 %. Wright et al. [183] constructed a small-scale Brayton cycle loop (50 kW) to investigate
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the technical feasibility of CC operation close to the critical point of CO2. The generated results
could be used for the development of future Brayton cycles using supercritical fluids with solar,
nuclear or fossil fuels heat sources. Casey et al. [184, 185] presented a study on the validation of a
CC model for a vacuum blower and HPs with test cases using air as the working fluid. Madsbøll et
al. [186] reported the design and testing of a CC unit using water vapor which could be used for
HTHPs. Finally, Brasz [187] analyzed the use of new HFOs as the replacement for the existing
HFCs in CC for the refrigeration industry. The studies above proved the technical feasibility
of using CC for different applications and different working fluids in a wide operational range.
Recently, new commercial units using HFOs have been developed [188, 189].

To design centrifugal compressors for the next generation of HPs, simple yet accurate numerical
modeling tools need to be available. Most of the considerations made in Sec. 1.2.1 are also
valid in this context. In particular, the implementation of cost-effective centrifugal compressor
solutions requires reliable and accurate preliminary design models. These tools need to include the
possibility to model any refrigerant in sufficient detail and need to be properly validated. Similarly
to ORC turbines, there is a lack of data for validation of centrifugal compressors with different
refrigerants, and this aspect can hamper the development of optimal and cost-competitive solutions.
It is also arguable whether the empirical loss and deviation correlations employed in 1D models of
centrifugal compressors can be directly applied to any compressor size, geometry and working fluid.
For these reasons, more research is needed to investigate the suitability of the existing empirical
models.
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Table 1.3: Well-documented experimental activities on centrifugal compressors from the
open literature.

Author Year Fluid Application Pel [kW]
(at BEP)

N [krpm] Max.
PR [-]

Eckardt et al. [164–168] 1975 Air Research n.a. 10-16 3
Jones [190] 1977 Air Gas Turbines n.a. 25-40 7
Came [169] 1978 Air Research 750 30-40 8.5
Dolan and Runstadler [170] 1979 Air Research 750 37-75 4.3
Krain and Hah [171, 172] 1990 Air Research n.a. n.a. 4.6
Hathaway et al. [178] 1992 Air Gas Turbines 1115 1920 1.17
Colantuoni and Colella [173] 1993 Air Gas Turbines 2000 30-43 10.5
Skoch et al. [179, 180] 1997 Air Research n.a. 13-22 4.5
Ziegler et al. [174–177] 2003 Air Research n.a. 21-35 3.7
Schiffman and Favrat [126, 181, 182] 2009-2010 R134a HTHPs 1.8 150-210 3.3
Wright et al. [183] 2010 CO2 S-CO2 cycles 50 45-64 1.8
Casey et al. [184, 185] 2012-2013 Air Blowers and HPs n.a. 50-300 1.8
Madsbøll et al. [186] 2015 water HTHPs 50 69-101 3.1
Brasz [187] 2013 R134a,

R1234ze(E)
Refrigeration 33 n.a. 2.6

Table 1.4: Mean-line models developed for centrifugal compressors in the open literature.

Author Ref. Year Model validation

Li et al. [191] 2015 Off-Design, air compressor with vaneless and vaned dif-
fusers

Kus and Nekså [192] 2013 Design point, CO2 compressor
Casey [193] 2012 0-D, Off-Design, tubocharger compressor
Vilim [194] 2010 Design point, CO2 compressor
Schiffmann and Favrat [182] 2009 Off-design maps, R134a compressor
Veres [195] 2009 Off-design maps, three axial single and multi-stage compres-

sors
Oh et al. [196] 1997 Off-design maps, four air compressors
Aungier [197] 1995 Off-design map, five air compressors with vaned and vane-

less diffusers
Perdichizzi and Savini [198] 1985 Off-design map, air compressor with vaned diffuser, off-

design
Galvas [199] 1973 Off-design map, air compressor with vaned diffuser, off-

design
Rodgers [200–203] 1964-1984 Off-design map, thirteen backswept air impellers with vaned

diffuser
Coppage [204] 1956 Aeroderivative air compressor, subsonic and supersonic con-

ditions, off-design maps

1.2.6 Centrifugal compressors modeling for HP applications

Table 1.4 provides a non-exhaustive list of the mean-line models that were developed for CCs and
their validation methods. The validation of the models described in Table 1.4 was performed using
the experimental data for a single working fluid. The models which employed a working fluid that
can be used in HP applications are those by Schiffmann and Favrat [182], Vilim [194] and Kus and
Nekså [192]. In the design of heat pump systems, it is relevant to know whether a mean-line model
validated with the data of a specific test case is suitable also for other geometries and working
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fluids. This information serves to assess the accuracy and robustness of a mean-line model when
used outside its validation boundaries.

Similarly to ORC turbines, the compressor mean-line model could be coupled to the system level
modeling, thereby providing a combined design with the system. A common approach in the
field, adopted by previous studies [205–210] is to neglect the details of the compressor design and
performance in the preliminary design of the heat pump by setting a fixed value of compressor
isentropic efficiency and volume flow rate. On the other hand, accounting for the compressor design
and performance criteria in the preliminary design stage of the heat pump might be key to identify
most suitable solutions from the technical viewpoint, avoiding the risk to design heat pump systems
and compressors that are infeasible or too complex to be realized. In this context, the working
fluid represents an additional degree of freedom in the design process, and can greatly affect both
the system and the compressor designs. In this respect, a combined design of the energy system
and the compressor is particularly important to ensure that the working fluid selection includes
considerations on the performance and technical aspects of both the machine and the cycle. This
approach, where the machine and the cycle designs are linked and optimized in the preliminary
design step, was recently used in the context of ORC power systems, see Refs. [72, 89, 211] and
Sec. 1.2.2. In the heat pump field, some authors linked the cycle design to that of the centrifugal
compressor. Schiffmann and Favrat [182] optimized the design of a CC for different HP operating
points to achieve the best seasonal performance of the compressor and the HP. They used a validated
mean-line model of a CC. In a subsequent work, Schiffmann [212] proposed a method to design
the centrifugal compressor by integrating the model of its mechanical subcomponents. Javed et
al. [213] proposed a comprehensive method to perform the design of the compressor and the heat
pump using different steps in the design process from preliminary design to 3D-CFD simulations
of the impeller aerodynamics. The work of Javed et al. [213] is very detailed, and it was applied
to a single working fluid. However, the computational efforts and the time required to run all
simulations may not be suitable for a preliminary design process, which instead requires the use of
a relatively short amount of time, especially if many different working fluids are investigated.

None of the authors mentioned above performed a cycle design where the most suitable working
fluid is selected based on both cycle and compressor design criteria, and in all cases the fluid
was selected a priori. Moreover, only Ref. [213] proposed to interface the cycle model to that
of the compressor, ensuring the attainment of more accurate results. However, the use of 1D
tools combined with CFD arguably requires considerable efforts regarding time and computational
resources, and might not be compatible with the time and costs required in the very early step of the
design process. According to the aspects above, the development and validation of a compressor
mean-line tool for design and analysis, and the use of a methodology for the optimization with the
HP system and the working fluid selection are additional objectives of this thesis.

1.3 Objectives and methods

This Ph.D. thesis has two main objectives. The first one is to develop suitable mean-line models
for the preliminary design and performance prediction of ORC axial and radial-inflow turbines,
and centrifugal compressors for HP systems. The second objective is to develop and apply design
optimization methodologies which allow combining the machine and the cycle designs to identify
suitable solutions from the performance and technical viewpoints. The main objectives are divided
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into the following tasks, according to the turbomachinery technology:

Axial-flow turbines

i) To develop and validate mean-line modeling tools for single-stage and multistage axial-flow
turbines operating with organic fluids.

ii) To develop a methodology that accounts for the turbine design criteria in the design of the
ORC power system.

iii) To demonstrate the use of such a methodology in a case study relevant to ORC systems.

Radial-inflow turbines

iv) To develop and validate mean-line modeling tools for high-pressure ratio radial-inflow
turbines operating with organic fluids.

Centrifugal compressors

v) To develop and validate mean-line modeling tools for centrifugal compressors operating with
different working fluids.

vi) To develop a methodology for the combined optimization of a heat pump equipped with a
centrifugal compressor.

vii) To apply the methodology to a case study relevant for HP systems.

The development of the modeling tools and methodologies above represents the first step towards
the optimization of the next generation ORC power systems and HP systems.

The objectives (i)-(vii) are achieved for each particular technology using different methods, which
are described in more detail in the next chapters. The mean-line models are based on the relevant
modeling approaches from the literature and are written in the MATLAB [214] language. The
numerical tools are developed in a way that results to be physically consistent, numerically stable,
and has a general formulation which makes it adaptable to different applications. The developed
models are formulated for a combined optimization with the energy system and are interfaced with
state-of-art equations of state, hence accounting for the behavior of any working fluid of interest
with suitable accuracy. In the case of axial turbines and centrifugal compressors, methodologies for
the combined optimization of the machine and the cycle are developed for one or more case studies.
In the case of radial-inflow turbines, a specific optimization methodology is used to calibrate the
loss models to the considered experimental data of high-pressure ratio turbines from the literature.
In all cases, the optimization is performed using evolutionary algorithms, which seek to optimize
the system efficiency or power.
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1.4 Thesis structure

This thesis is structured as follows:

Chapter 2 presents the development of numerical methods for the preliminary design, validation,
and optimization of ORC axial-flow turbines. Moreover, this chapter presents the methodologies
developed to include the turbine design criteria in the design and optimization of the ORC power
system. Finally, it shows the application of the developed methods to the design of some reference
case studies representative of low-temperature heat source applications used for power generation.

Chapter 3 presents the development of the numerical methods for the preliminary design, off-design
and optimization of ORC radial-inflow turbines. Moreover, this chapter presents the methodology
used to calibrate the model with the data of six well-documented HPR turbines from the open
literature.

Chapter 4 presents the development of the numerical methods for the preliminary design, of-design
and optimization of centrifugal compressors for HP systems. Also, the centrifugal compressor
model is optimized for a case study of a HTHP to show the relevance of the application of the
developed model.

Chapter 5 highlights the main outcomes of this work and draws the conclusions.

Appendix A describes the empirical correlations used in the axial turbine model and the data used
for the validation.

Appendix B describes the empirical correlations used in the radial-inflow turbine model and the
data used for the validation.

Appendix C describes the empirical correlations used in the centrifugal compressor model and the
data used for the validation.

Appendix D includes a collection of the main published and unpublished papers related to this
Ph.D. work.
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2 Axial-flow turbines for ORC power
systems

The work presented in this chapter is based on the results published in Refs. [72, 89, 211, 215] In
particular, Refs. [89, 211, 215] refer to the development, the design and optimization of single-stage
ORC axial turbines while Ref. [72] focuses on multistage ORC axial turbines.

2.1 Introduction

Axial-flow turbines were a selected technology in this work since they feature technological
maturity, high performance, wide range of applicability, and the large availability of data in the
literature. This chapter aims to fulfill the objectives defined in Sec. 1.3 for ORC axial-flow turbines.

The mean-line axial turbine model is developed to: (i) simulate axial-flow turbines operating with
organic fluids and to (ii) perform a combined optimization with the ORC system design. The work
is limited to consider steady-state analyses at design conditions and includes both single-stage
and multistage turbine configurations. The development of the design models is based on the
approaches presented in the literature; however, it is suitably modified to account for the use of
organic working fluids. The mean-line models are validated using axial turbine test cases from
the open literature, two of which are ORC turbines, and are selected based on the availability of
sufficient and reliable data. Depending on the specific test case, the results of CFD simulations
are also used as complementary tools to investigate the results of the mean-line models. A global
sensitivity analysis is applied to the single-stage turbine model to reduce the number of decision
variables and, consequently, the computational efforts required by the model optimization. A novel
methodology for the combined optimization of the turbine and the cycle in both the single and
multistage layout is developed. For the multistage turbine arrangement, two different turbine design
approaches are proposed, and which designers can adopt according to their key decision criteria.
The optimization methodology is then applied to two relevant case studies of waste heat recovery,
in order to assess its suitability and to show how it can be used in a real application. Compared to
the previous literature, see Section 1.2, the work proposed in this chapter introduces the following
novel contributions: (i) it presents the detailed validation of a mean-line model of ORC axial
turbines in the single- and multistage configurations, including the data of ORC turbines from the
literature; (ii) it proposes a methodology for combined optimization of an ORC system and an ORC
turbine, in which the turbine layout and performance become additional criteria for the working
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fluid selection in a specific application; (iii) in the case of multistage turbines, it considers two
alternative turbine design approaches, which designers may adopt according to their key decision
criteria; (iv) it presents the combined optimal design of the ORC system and the turbine for two
case studies, one of which includes the use of multi-component working fluids.

This chapter is structured as follows: Section 2.2.8 describes the mean-line modeling tool (named
TURAX) for single- and multistage turbines, the model validation, the methodology for combined
turbine and cycle optimization, and the selected case studies where the methodology was applied.
Section 2.3 presents the results of the validation and the application of the methodology to the case
studies. Section 2.4 discussed the results, and Section 2.5 draws the conclusions.

2.2 Methods

When axial turbines are considered, in their single or in the more general multistage layout, a
specific methodology is developed to account for the design aspects of such machines into the
preliminary design of the ORC power system [72].

The schematic workflow of the methodology adopted in this work is illustrated in Figure 2.1. The
methodology considers two different approaches for turbine design: a conservative design and an
advanced design approach. Section 2.2.4 explains the two approaches in more detail. The first step
of the workflow is a working fluid preliminary selection (Sec. 2.2.3) based on the inputs from the
selected case study (see Sec. 2.2.8). Then an assumed value of the isentropic turbine efficiency
of 0.8 and a single stage are used to initiate the combined turbine and cycle optimization process.
For each working fluid the turbine and the cycle are optimized with an iterative scheme (see Sec.
2.2.7). If the conservative approach is followed, a conservative turbine design is adopted, and the
Mach number is constrained to a predefined value (see Sec. 2.2.4). The number of turbine stages is
increased until the Mach number constraint is respected. Afterwards, the methodology computes a
performance index (Sec. 2.3.5), which is used as an indicator of the combined effects of cycle and
turbine designs. Eventually, the minimum number of stages in the advanced design approach and
the suitability of the use of a gearbox are evaluated based on this parameter. Finally, the working
fluids having the highest values of the performance index are selected, and the design solutions
are compared based on technical and environmental criteria, and also on the specifications of the
selected application.

The axial-flow turbine model presented in this work, named TURAX, originated from a MSc thesis
work [216] and had been used in subsequent studies [72, 89, 211, 215]. The model is written in
Matlab language [214] and provides the mean-line preliminary design and the efficiency prediction
for an axial-flow turbine with one or more stages. In the present form, the model employs a
steady-state analysis at design conditions.

The mean-line model formulation envisages the solution of balance equations of mass, energy, and
momentum as well as the expressions for loss models to account for the entropy generation in the
stationary and rotating passages of the turbine. A schematic of the axial turbine in the meridional
plane and of the notation used in this chapter is shown in Figure 2.2.
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Figure 2.1: Methodology for combined optimization of the cycle and multistage turbine for
(a) the conservative design approach and (b) the advanced design approach. From Ref. [72].

2.2.1 Design model for single-stage turbines

Figure 2.3 illustrates the workflow used to perform the design of a single-stage turbine. The
parameters and inputs required by the model are the following:

a) Inlet total pressure p01, inlet total temperature T01, mass flow rate ṁ, outlet total pressure p03.
These parameters usually come from the ORC system model.

b) A set X of 12 turbine decision variables listed in the table of Figure 2.4. Note that this set is
reduced to 10 variables after a sensitivity analysis study described in Sec. 2.2.6.

c) Additional geometrical specifications and constraints for the blade shape geometry, the
nozzle-rotor clearance gap ss, the rotor tip clearance tcl , the blade surface roughness ks, the
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Figure 2.2: Schematic of the axial-flow turbine geometry and meridional cut layout.

nozzle to rotor mean radius ratio R∗.

d) A library for the computation of the thermo-physical properties of the working fluid. In
the case of mixtures, the molar composition must also be specified. Two libraries available
in TURAX for the estimation of the fluid’s thermodynamic and transport properties are
REFPROP [217] and CoolProp [218].

The turbine design model can be expressed in the general form

[ηtt ,ηts,geometry, f low] = f (T01, p01, p03, ṁ, f luid,X), (2.1)

The outputs of the model are the turbine isentropic efficiency (expressed in terms of total-to-
total and/or the total-to-static efficiencies, ηtt and ηts), the turbine main geometrical parameters
(here synthetically indicated with the term geometry), and the thermodynamic and fluid dynamic
conditions ( f low) at the nozzle and at the rotor inlet and outlet. Figure 2.3 illustrates that the design
process is iterative and proceeds as follows:

(1) Guessed values of turbine stage and nozzle efficiencies are initially assumed.

(2) The outlet flow angles are estimated and, subsequently, the velocity triangles are computed.
In order to compute the exit flow angles, the empirical correlation by Ainley and Mathieson
[219] is used in case of subsonic flow conditions, and the empirical correlation by Vavra
[220] is used for supersonic flow regimes.

(3) At each inlet and outlet station of a blade row, the thermodynamic and transport properties
are calculated.
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Figure 2.3: Flowchart of the single-stage axial turbine model. From Ref. [211].

(4) Nozzle and rotor blade profile geometry is computed. In case of a converging-diverging
nozzle, the Deich’s formula [221] is employed to calculate the blade opening. The profile loss
correlations of Craig and Cox [222] are used for both converging and converging-diverging
nozzle profiles. This approach was also adopted by Macchi [52].

(5) The meridional geometry of the turbine stage is computed.

(6) The velocity triangles at the hub and at the tip, required in the loss correlations, are computed
using the free vortex assumption [223].

(7) Losses and efficiency are predicted. The method by Craig and Cox [222] is used to estimate
the losses occurring in the turbine stage as it was considered as one of the most complete and
reliable by some studies for ORC turbines [58, 65, 94, 224]. The correlation by Kacker and
Ockapuu [225] is used to compute the shock losses in a blade row. The formula by Balje and
Binsley [226] is employed for disk windage losses. The method by Suter and Traupel [227]
is considered as one of the best available and comprehensive models [133, 228] and is used
for the estimation of partial admission losses.

(8) If the nozzle exit Mach number is in the range 1.0 to 1.4, supersonic converging nozzle
blades are used, allowing for a post-expansion downstream of the throat. For values of Mach
number higher than 1.4, a supersonic adapted converging-diverging nozzle is used instead
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Decision variable Unit Symbol

1) Stage inlet flow angle ° α1
2) Stage loading coefficient - ψ = 2∆his/U2

3m
3) Nozzle minimum opening m omin
4) Rotor opening m or
5) Nozzle axial chord m cn
6) Rotor axial chord m cr
7) Nozzle opening-to-pitch ra-
tio

- (o/s)n

8) Rotor opening-to-pitch ratio - (o/s)r
9) Rotational speed rpm N
10) Stage inlet axial velocity m/s Ca1
11) Rotor flow coefficient - φr =Ca3/U3m
12) Rotor inlet to nozzle outlet
blade height

- h∗ = h2/h21

Figure 2.4: Decision variables and nomenclature in the blade-to-blade plane for the single-
stage axial turbine model. From Ref. [211].

(see Sec. 2.2.4 for details). The rotor blades are converging with maximum Mach numbers at
the rotor inlet and outlet of 0.8 and 1.4. This assumption serves to preserve the validity of the
employed loss correlations and avoid excessive supersonic expansion losses [52]. For nozzle
exit Mach numbers below 1.4, the throat is assigned the value of the minimum opening given
as an input. Alternatively, the throat size is found by a mass balance between the throat and
the nozzle exit sections assuming a constant blade height. In case of a supersonic adapted
converging-diverging nozzle, the blade profile geometry is assumed to be optimized for
supersonic flow conditions and, therefore, the profile loss increment due to Mach number
effects is neglected as recommended by Dunham and Came [229].

(9) Blockage factors are applied to the mass balance equations to account for the effective
passage area reduction due to boundary layer effects and the blade metal blockage. In this
case, the method by Vavra [220] is used with an energy form factor of 0.9 [52].

(10) The residual error in efficiency and blade work between two consecutive iterations is calcu-
lated and the process iterates until it falls below a predefined threshold value (i.e. 10−6).

(11) The final design is checked for being within a set of constraints related to manufacturability
and technical feasibility. Table 2.2 shows the constraints used in this work.

The empirical correlations used in TURAX are reported in detail in Appendix A. The equations used
to compute the thermodynamic and flow conditions in the different turbine sections are provided in
standard turbomachinery textbooks and papers [52, 133, 220, 223, 230, 231], and are thereby not
reported here.

If the objective of the design process is to generate an optimal turbine design, the set of decision
variables X can be optimized using a dedicated optimization algorithm to yield the best value
of a specified objective function (usually the turbine isentropic efficiency). The details of the
optimization method are described in Sec. 2.2.7.
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Figure 2.5: Schematic of the multistage axial-flow turbine geometry and meridional cut lay-
out.

2.2.2 Design model for multistage turbines

The multistage turbine model is implemented by performing the design of many stages in series, as
illustrated in Figure 2.5. Additional features are introduced to extend the single-stage model to the
multistage layout:

(11) The set of decision variables for the multistage model is listed in Table 2.1. The design of
the multistage machine is carried out by optimizing all the decision variables simultaneously
according to the indications by Persico and Pini [90] for ORC turbines. Some variables
need to be specified only once for the whole turbine stage, and these are the stage inlet axial
velocity and the rotational speed by assuming that the stages share a common shaft.

(12) The distribution of the overall pressure ratio across the stages is optimized using the isentropic
stage loading coefficient ψn. In the design of the turbine considering a constant mean radius,
the mean peripheral speed Um and the overall isentropic enthalpy drop ∆h0s,tot are linked
using ψn as follows:

∆h0s,tot =
U2

m

2
·

Nst

∑
n=1

ψn (2.2)

Using Eq. 2.2 it is possible to compute the mean peripheral speed Um and the isentropic
enthalpy drop for each stage, and hence also the stage pressure ratio.
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(13) It is assumed that the absolute flow angle and velocity at the exit of one stage is the same as
that at the inlet of the next stage.

Table 2.1: Decision variables of the multistage turbine model. From Ref. [72].

Decision variable Unit Symbol Stage

1) Isentropic stage loading coefficient - ψ =
2∆his

U2
3m

all

2) Nozzle minimum opening m omin all
3) Rotor opening m or all
4) Nozzle axial chord m cn all
5) Rotor axial chord m cr all
6) Nozzle opening-to-pitch ratio - (o/s)n all
7) Rotor opening-to-pitch ratio - (o/s)r all
8) Rotational speed rpm N first
9) Stage inlet axial velocity m/s Ca1 first

10) Rotor flow coefficient - φr =
Ca3

U3m
all

2.2.3 Preliminary working fluid selection

When the design of the turbine and the ORC unit is performed, the most suitable working fluid
needs to be selected. The selection process may be driven by the requirements of the specific
application or can be part of the design process. In the latter case, it is convenient to perform a
preliminary screening of some working fluids according to the indications found in the literature.
This operation can save time and computational efforts in the subsequent steps when the turbine
and the cycle are optimized following the methodologies of single- or multistage turbines illustrated
in Figures 2.1 and 2.3.

The preliminary selection of the working fluids is based on indications from the literature [77,
232–235], and on the actual availability of the working fluids in commercial units [6, 233, 236].
Moreover, thermodynamic criteria require that the working fluid has a thermal stability limit higher
than the hot fluid inlet temperature (boiler side) and a critical temperature higher than the minimum
admissible temperature at the boiler inlet. Environmental criteria include a zero ozone depleting
potential (ODP) [237] or a global warming potential (GWP) <150 [238]. In case of GWP >150, the
fluids currently in use by manufacturers can be considered in the selection. In addition, technical
aspects impose practical limitations on the maximum and minimum pressures in the ORC unit.
Such constraints are provided by the recommendations from the literature, in particular by Rayegan
et al. [239], Drescher and Brüggeman [240], and MAN Diesel & Turbo [241] for the case studies
considered in this work. Excessive values of pressure inside the boiler and unstable operation are
avoided by setting the maximum pressure limit to 0.8 times the reduced pressure. Finally, in case of
multi-component working fluids, those mixtures whose equations of state do not contain accurately
validated interaction parameters are discarded.
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Figure 2.6: Exemplary blade profiles and representation of the conservative (left) and ad-
vanced (right) design approaches.

2.2.4 Selection of the number of stages

The optimal number of stages can be selected according to technical and economic criteria or
aerodynamics and performance criteria. Some authors included the selection of the optimal number
of stages in their work [15, 53, 84, 242]; however, a common method has not been established.
This work proposes and analyses two different design approaches for the selection of the optimal
number of stages: a conservative design approach and an advanced design approach.

Figure 2.6 depicts a representation of exemplary blade profiles and flow conditions for the conser-
vative and advanced design approaches.

In the conservative design approach, the maximum Mach number at the nozzle outlet is set to
the value 1.4. This method was adopted by different authors in the literature [60, 243, 244] and
promotes a conservative ORC turbine design since the high losses related to supersonic flows are
avoided, and a simple turbine geometry with converging nozzle blades is adopted. Moreover, this
approach ensures the turbine reliability and good performance even at off-design conditions [63],
and employs reliable loss estimation procedures from the literature [245].

On the other hand, the advanced design approach considers a more compact and loaded turbine
stage featuring Mach numbers higher than 1.4 at the nozzle exit and converging-diverging nozzle
blades. This approach was also adopted in the literature in the design of ORC turbines [66, 67].
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2.2.5 Validation method

Single-stage turbine model

Two test cases were used for the validation of the single stage axial turbine model. The first one is
the fourth stage of a multistage turbine which was in investigated at the University of Hannover
in 1977 [246]. The experimental results of this test case were also used in subsequent studies
[247, 248]. The experimental facility consisted in an open loop using air with turbine exhaust to
the atmosphere. The stage was designed with free vortex design of the blades and a degree of
reaction of 50 %. The experimental values of static pressure, total pressure, exit flow angles, and
total temperature were measured in ten traverse points with a probe. The experimental error in the
total pressure was 0.25 %. The geometry and operating conditions at the design point are reported
in Table A.2. Together with the original experimental data, CFD results were also employed in
this work to further assess the results of the turbine model. The CFD simulations were performed
with ANSYS CFXr and using a 3D, unsteady model with the RANS k−ω SST model by Menter
[249]. The study employed the standard CFD model for turbomachinery flow simulations in use
at Politecnico di Milano [250]. The full 3D blade geometry was generated using the data by
Kotzing and Evers [248], and the computational domain was discretized by means of a structured,
flow-oriented, orthogonal mesh. A grid-sensitivity analysis was carried out using the polytropic
efficiency as the indicator. The mesh was refined by a step of 400000 cells each time and, finally, a
change in polytropic efficiency below 0.1 % was found for 3200000 cells. The final rotor grid is
visualized in Figure 2.10(a). The stage inlet boundary conditions for the model simulations were
imposed by using profiles of total pressure and temperature, a constant value of 10° in the flow
angle and a turbulence intensity of 1 %. At the stage outlet, a mass flow rate of 6.786 kg/s was
given as an additional boundary condition. On the lateral surfaces of the domain, periodic boundary
conditions were imposed. The solver achieved the convergence of the momentum equations in the
integral value of blade work for an accumulated time step of 100. The other parameters of the CFD
simulations were set to the default values provided by ANSYS CFXr. The CFD tool predicted
the flow physics and the stage efficiency within 1 % of the experimental data. In TURAX, the
validation was performed by using a 50 % degree of reaction and imposing the actual blade height.

In the second test case, the single-stage turbine model was validated against the experimental data
of a 3 kW ORC turbine [66] with impulse blading, using the fluid R113 and partial admission. The
stage featured a converging-diverging nozzle with highly supersonic exit conditions (Mach number
∼ 1.78), a transonic rotor and untwisted blades. A CFD analysis similar to that performed for the
first test case was not possible since the original document did not provide the 3D geometry of the
blades. At the same time, the validation of the mean-line model with this test case is still relevant
considering the strong lack of reliable data on ORC turbines in the literature and the complex flow
phenomena inside this turbine such as supersonic flows, partial admission, real gas effects and
low Reynolds numbers. The effects of supersonic operating conditions in the nozzle and transonic
conditions in the rotor were modeled as follows:

1. Profile losses for the converging-diverging shape of the nozzle were corrected using the
suggestion by Craig and Cox [222].

2. Supersonic expansion losses at nozzle outlet were computed using the formula by Aungier
[133].
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In this specific case of validation, the introduction of the two correlations above had only a limited
impact on the overall stage performance; however, it allowed achieving a more suitable distribution
of losses and velocities in the nozzle and rotor. The original document of this test case did not
provide the full details on the required data for the mean-line model and, consequently, some of
the required parameters were estimated based on the available data. In particular, stage loading,
opening-to-pitch ratios, flow coefficient, inlet axial velocity were obtained by the best match with
nozzle inlet and rotor outlet blade heights, and with the number of nozzle and rotor blades. The
main data for the geometry and operating conditions of the turbine are listed in Table A.1 in
Appendix A.

Multistage turbine model

The validation of the multistage axial turbine model was performed using the experimental data
of two turbines whose data are documented in the literature and contain sufficient information on
the geometry, flow and performance conditions for the validation process. The two test cases are
representative of the conservative and advanced design approaches, respectively. In the second test
case some parameters related to the geometry were assumed and, therefore, a sensitivity analysis
was carried out to evaluate the uncertainty of this assumption on the validation results.

The first test case used for validation is the Hannover turbine; however, in this case, the data of all the
four stages are used. The turbine was operated at subsonic conditions using air and the experimental
results were documented by Kötzing and Evers [248] and Hirsch and Denton [247]. At nominal
conditions, the turbine generated 703 kW running at 7500 rpm with a total-to-static pressure ratio
of approximately 2.6. The total-to-total efficiency was calculated from the experimental data as
91.3 % with an accuracy of 0.8 % [248, 251]. The blades were designed with the same criteria
described in the validation of the single-stage turbine model. Kötzing and Evers [248] mentioned
that the experimental results of the Hannover turbine could be affected by uncertainty. Therefore,
to further assess the reliability of the validation, the results of the mean-line model were also
compared to CFD simulations carried out by Gerolymos and Hanisch [252] and Croce et al. [253].
These simulation tools represent the state of the art of the modeling for the Hannover turbine test
case [252–254] and were validated using the experimental data of other turbomachinery test cases
[255, 256]. The data provided as inputs for the validation of the mean-line model are listed in
Table A.2.

The geometric data of the turbine were directly provided in the original references or were extracted
by interpolation. The absolute axial flow velocity at the inlet of the first stage was calculated by
applying mass and energy balances. The turbine flow coefficients were computed by obtaining
the match with the turbine geometry regarding mean radius and stage exit blade height. The blade
profile after the opening in the rear suction side was considered to be straight, and the blade surface
roughness was set to 2 ·10−3 mm. Mass-weighted average flow and thermodynamic conditions at
different turbine stations were calculated from the experimental and CFD data in order to allow for
a direct comparison with the mean-line model. The pressure was computed as an area-weighted
average. All the thermodynamic properties of air were estimated using the thermodynamic library
REFPROP [217].

The second test case used for validation is a two-stage supersonic ORC turbine. The geometry and
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experimental data for this turbine were reported by Verneau [66, 257] and Boy-Marcotte [258].
The turbine was originally employed for a small demonstration solar power plant. The overall
design pressure ratio of the turbine is approximately 142; the first stage is of the impulse type with
a converging-diverging nozzle and a transonic rotor while the second stage was designed for a 50 %
reaction. The turbine operated with the working fluid FC-75, and generated 54 kW running at
7700 rpm with a total-to-static efficiency of 78 %. The data provided as inputs for the validation of
the mean-line model with this test case are listed in Table A.2 in Appendix A. The blade angle at
the outlet of the first rotor was not provided in the original references, and therefore the reported
value of the exit flow angle 56.7° was imposed in the mean-line model to limit the uncertainty of
the preliminary design validation. The stage loading coefficients for the two stages were found
by obtaining the best match with the mean-line radius and the turbine peripheral speed. Some
geometric parameters were not given in the original references and therefore were assumed as listed
in Table A.2. In particular, nozzle and rotor throats were estimated using the cosine rule from the
exit flow angle provided at the mean-line in Ref. [66], and the values of the trailing edge thickness
and rotor tip clearance were estimated as in Macchi [52]. The blade profile after the opening in the
rear suction side was consider to be straight and the blade surface roughness was set to 2 ·10−3 mm.
The absolute axial flow velocity at the inlet of the first stage was calculated by applying mass and
energy balances. The working fluid FC-75 was not included in REFPROP, and consequently, its
thermodynamic properties were estimated using the Peng-Robinson equation of state. The critical
properties required by the equation of state were provided in Kluwick [259], and the method by
Joback and Reid [260] was employed for the estimation of the ideal molar heat capacity coefficients,
which could be estimated by the following expression:

cp = A ·T +B ·T 2 +C ·T 3 +D ·T 4 [J/(mol ·K)] (2.3)

where cp is expressed in J ·mol−1 ·K−1 and the polynomial coefficients are A = -230.11, B =
2.6724, C = -0.0034, and D = 2.00 ·10−6.

2.2.6 Sensitivity analysis

The mean-line axial turbine model developed in this work was conceived for a coupled optimization
together with the ORC system model. In this respect, it is important to ensure that the computational
time and efforts in the turbine design are minimized. For this reason, a sensitivity analysis was first
performed on the single-stage model to identify and, if possible, remove those parameters which
have limited or negligible impact on the outputs, thereby reducing the number of required design
variables for the optimization. To this end, the Morris screening method [261] was employed. The
method allows combining the information obtained from a local sensitivity analysis to provide a
global screening on the significance of the different design variables with limited computational
resources. Moreover, Morris screening method is based on a statistical approach and accounts for
the mutual interactions and the interdependence among the variables. The reader is referred to Ref.
[261] for more details. In this work, all the twelve decision variables of the single-stage turbine
model listed in Figure 2.4 were considered for the analysis. A sampling size of 50 and 6 screening
levels were employed in Morris screening method, as they provided a reasonable compromise
between the computational time and the achieved accuracy. The sensitivity analysis was applied
to the single-stage test case of the Hannover turbine using the Matlab model originally developed
by Sin et al. [262]. The decision variables were varied in the range ±25% of their nominal values
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Figure 2.7: Methodology for combined optimization of the cycle and single-stage axial tur-
bine using mixtures.

listed in Table A.1.

A sensitivity analysis was also applied in the validation process of the multistage turbine model.
In this case, the objective was to assess the impact of the assumed geometric parameters on the
validation results. To this end, a global sensitivity analysis based on the Monte Carlo method [263]
was performed. Table A.2 shows the selected uncertain parameters and their assumed value, which
was varied in the sensitivity analysis in the range ± 10 %. This range was selected to provide
an expected flow deviation below 5° at the nozzle and rotor exit of the first and second stages, in
agreement with the considered type of blading [264]. The Monte Carlo method was applied using
a numerical model written in the Matlab environment and originally provided by Sin et al. [262].
The method used 500 samples for each parameter and a uniform distribution without correlation
control.

2.2.7 Optimization method

In this work, turbine and cycle models were combined and optimized following the iterative
procedure illustrated in Figure 2.1. Figure 2.7 illustrates the details of the cycle-turbine optimization
methodology, including the specific case of multi-component working fluids.

The optimization process includes the following steps:

1. Given the specifications of the considered application, the cycle boundary conditions were
provided (i.e. heat source temperature, condensation temperature, etc.)

2. The turbine isentropic efficiency was initially set to the constant value 0.8 (internal loop of
Figure 2.7).

3. An optimization process based on evolutionary algorithms was applied to the cycle model
and the boundaries for the turbine model in terms of inlet total temperature and pressure,
mass flow rate and outlet total pressure were determined (internal loop of Figure 2.7).

4. The turbine model was optimized using an evolutionary algorithm and the new value of
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turbine isentropic efficiency was used as an input to the following cycle model optimization
(internal loop of Figure 2.7).

5. The combined turbine and cycle iteration process stopped when the difference in turbine
isentropic efficiency between two consecutive iterations fell below a predefined threshold, i.e.
10−4 (internal loop of Figure 2.7).

6. When multi-component working fluids were considered, the iterative process was also
performed for each value of molar composition with a composition step of 0.1 (external loop
of Figure 2.7).

The optimization constraints used in the optimization of the turbine model are listed in Table 2.2.
The optimization approach adopted in this work does not consider the use of a surrogate model, as it
was done in Ref. [89], since that would require large computational efforts in generating numerous
design points for each fluid and each stage. The combined turbine and cycle optimization was
performed using the cycle net power output and the turbine efficiency as the objective functions,
defined as follows [72]:

Pnet = ṁw f (∆h0,t −∆h0,p) (2.4)

η =
∆h0,t

∆hts−φKE ·
Ca3

2

2

(2.5)

where the parameter ṁw f is the working fluid mass flow rate, and ∆h0,t and ∆h0,p are the total-to-
total enthalpy drops across the turbine and the pump, respectively. The term ∆hts indicates the
total-to-static isentropic enthalpy difference across the turbine. The parameter φKE is the fraction
of the kinetic energy recovered by a diffuser downstream the last stage and was set to 0.5.

The selected algorithm for cycle and turbine optimizations was a Particle Swarm algorithm [265]
combined with a direct search method [266]. A population size of 2000 was chosen for the cycle
and of 500 for the turbine optimization using Particle Swarm. These numbers ensured a good
compromise between accuracy and time required for the simulations. In case of multi-component
working fluids, a population size of 1000 and 20 iterations were used for the turbine model whereas
a population size of 50 and 20 iterations were used in the cycle model. A smaller population size
was selected for the cycle optimization as the use of thermodynamic libraries for mixtures heavily
increased the computational time. The outcome of the Particle Swarm optimization was used as
an input to the direct search method, which then rapidly converges to the local minimum of the
problem. The use of a hybrid optimization method allowed a reduction in the computation time
compared to the use of an evolutionary algorithm alone. For multistage turbines, two cases were
considered during the optimization for fixed and optimized rotational speed. When the optimal
value of rotational speed from the simulations was below that of the generator, i.e. 3600 rpm, the
use of a gearbox was avoided. In this case, the rotational speed was instead set to 3600 rpm, 1800
rpm or 1200 rpm corresponding to the use of generators with 2, 4, or 6 poles. Moreover, to avoid
possible stress issues on the blades, the rotor tip speed was constrained to the maximum value 500
m/s.
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Table 2.2: Optimizing parameters and constraints of TURAX. Adapted from Ref. [215].

Decision variable Symbol Unit Lower
boundary

Upper
boundary

Isentropic stage loading coefficient ψis [-] 2 6
Nozzle minum opening on,min [mm] 1 100
Rotor opening or [mm] 1 100
Nozzle axial chord cn [m] 10 100
Rotor axial chord cr [m] 10 100
Nozzle opening to pitch ratio (o/s)n [-] sin(13°) sin(60°)
Rotor opening to pitch ratio (o/s)r [-] sin(13°) sin(60°)
Stage inlet axial velocity Ca1 [m/s] 0 100
Rotor flow coefficient φr [-] 0 1
Rotor inlet relative Mach number Mw2 [-] 0 0.8
Rotor outlet relative Mach number Mw3 [-] 0 1.4
Flaring angle αFL [° ] -25 25
Nozzle height to mean diameter ratio (h/Dm)n [-] 0.001 0.25
Rotor height to mean diameter ratio (h/Dm)r [-] 0.001 0.25
Nozzle chord to mean diameter ratio (c/Dm)n [-] 0 0.25
Rotor chord to mean diameter ratio (c/Dm)r [-] 0 0.25
Stage degree of reaction χ [-] -0.1 0.9
Number of nozzle blades zn [-] 10 130
Number of rotor blades zr [-] 10 130
Rotor tip speed Utip [m/s] 0 500
Nozzle and rotor Reynolds numbers Ren,Rer [-] 104 -
Nozzle and rotor trailing edge thickness to open-
ing ratio

(t/o)n,(t/o)r [-] 0.05

Blade rear suction surface curvature en,er [m] 105

Blade surface roughness ks [m] 2 ·10−6

Annulus blade height ratio h∗ [-] 1.1
Degree of admission ε [-] 1
Minimum tip clearance min(tcl) [mm] 2 ·10−4

Minimum trailing edge thickness min(t) [mm] 2 ·10−4

Annulus to axial chord spacing ss/cn [-] 0.5
Rotational speed N [rpm] 3600

2.2.8 Case studies

The case studies analyzed in this paper are all related to waste heat recovery from low-temperature
heat, and are also representative of potentially relevant applications in Denmark. In the first case
study, the combined turbine and cycle methodology was used to investigate the optimal designs
using multi-component working fluids for single-stage turbines. In the second test case, pure fluids
were considered, and the methodology was fully extended to multistage turbines following Figure
2.1.

Single-stage turbine model

Two case studies are considered in the application of the model to single-stage turbines. The first
case study investigates the waste heat recovery from the jacket water from a marine diesel engine
with a power output of approximately 60 MW. The jacket water is employed as a cooling agent
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for the cylinder liners of the engine and is usually wasted into the fresh water cooling circuit. In
this case, an ORC unit could harvest the available heat from the jacket water cooling system and
produce electricity which may be used for on-board purposes. After cooling the cylinder liner,
the jacket water has a temperature of 85 ◦C. The water is constrained to return to the engine at a
temperature of 80 ◦C to provide the required cooling capacity. The second case study employs the
same modeling conditions as the first case; however, no constraint on the hot fluid outlet temperature
is imposed. This case can be representative for low-temperature heat recovery such as geothermal
[267], solar [268] or waste heat recovery applications.
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inlet

Hot water
inlet
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Parameter Value Unit
Hot water
Inlet temperature 85 ◦C
Mass flow 120 kg/s
Pressure 1.5 bar
Condenser
Coolant inlet temperature 27 ◦C
Coolant mass flow 100 kg/s
Outlet vapour quality 0 -
Cooling water pressure 1.5 bar
Pump
Isentropic efficiency 0.8 -
Turbine
Isentropic efficiency (first iteration) 0.85 -
Minimum outlet vapour quality 1 -

Figure 2.8: ORC unit and modeling conditions for the case of waste heat recovery from the
jacket water of a 60 MW marine diesel engine. From Ref. [215].

A schematic of the investigated ORC unit is shown in Figure 2.8. The ORC system comprises a
boiler, a single-stage turbine, a condenser and a pump. The jacket water coming from the engine
provides the heat input to the ORC unit whereas the engine coolant is the heat sink at the condenser.
The modeling of the heat exchangers followed an approach based on the UA values with the
aim to better control the mean temperature difference in the heat transfer process. McLinden
and Radermacher [269] and Högberg et al. [270] demonstrated that this modeling approach is
especially valuable when the thermodynamic cycle performance is compared for different pure and
multi-component working fluids. According to the UA-value approach, a total value of UA was set
for the cycle and, during the cycle optimization, the UA-value distribution in the heat exchangers is
optimized [271, 272].

In the first case study, the hot fluid outlet temperature was constrained to 80 ◦C and the cycle
optimization variables were the boiler pressure and the fraction of the total UA value assigned to the
boiler. To ensure a reasonable value of the pinch point in the range 3 K to 10 K, the total UA value
was set to 500 kW/K. The second case study, without having a limitation on the outlet temperature
of the hot fluid, employed the same optimization variables and, also, the superheating degree. In
this case it would be possible to transfer more heat both in the boiler and in the condenser. Hence,
the total UA value was set to 1500 kW/K, which ensured a pinch point in the range 3 K to 8 K. The
heat exchangers were discretized and the UA values were calculated as follows:

UA =
n

∑
j=1

(UA) j =
n

∑
j=1

Q̇ j

(∆Tlm) j
=

n

∑
j=1

[
ṁc(hc,o−hc,i)

(Th,o−Tc,i)− (Th,i−Tc,o)
· ln
(

Th,o−Tc,i

Th,i−Tc,o

)]

j
(2.6)
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In Eq. 2.6, Q̇ is heat transfer rate, ∆Tlm is the logarithmic mean temperature difference, T is the
temperature. The subscript j refers to the cell j in the heat exchanger discretization, subscripts c
and h refer to the cold and hot side of the heat exchanger and subscripts i and o refer to inlet and
outlet [215]. The boiler was discretized in 30 cells and the condenser in 10 cells to provide a good
trade-off regarding accuracy and computational time.

Multistage turbine model

The optimization methodology considering multistage turbines was applied to the waste heat
recovery from a 37 MW diesel engine located on a container ship [241]. The possible waste heat
sources include the exhaust gases, the jacket cooling water, and the scavenge air of the engine. The
exhaust gases have a sulfur content of approximately 3 %. It was decided to design the ORC unit
for 75 % engine load. Although the engine works at low load conditions for most of its time, this
condition allowed the exploitation of the engine’s waste energy without excessively oversizing the
unit. The ORC unit and the corresponding modeling conditions are shown in Figure 2.9.
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Condenser

Pump

Sea water

Exhaust 
gases

Superheater

Evaporator

Preheater

Jacket
water

Scavenge 
air

Generator

Gearbox

Parameter Value Unit
Exhaust gases
Inlet temperature 235.85 ◦C
Mass flow 62.6 kg/s
Heat capacity 1.1 kJ/(kg · K)
Boiler
Pinch point 20 ◦C
Minimum inlet temperature 135 ◦C
Condenser
Fluid condensation temperature 30 ◦C
Pump
Isentropic efficiency 0.7 -
Turbine
Isentropic efficiency (initial iter-
ation)

0.8 -

Minimum outlet vapour quality 1 -
Gearbox efficiency 0.97 -
Generator efficiency 0.95 -
Jacket water
Available heat flow rate 9230 kW
Fluid outlet temperature 80 ◦C
Scavenge air
Inlet temperature 166.3 ◦C
Available heat flow rate 9230 kW

Figure 2.9: ORC unit and modeling conditions for the case of waste heat recovery from from
the exhaust gases, the scavenge air and the jacket water cooling system of a 37 MW marine
diesel engine. From Ref. [215].

The working fluid requires a sufficient level of preheating at the pump outlet to avoid sulphuric
acid condensation in the boiler [273]. This preheating is ensured by exploiting the waste heat from
the exhaust gases but also from the jacket cooling water and the scavenge air. Moreover, sulphuric
acid condensation was avoided by setting an additional constraint on the working fluid temperature
at the boiler inlet of 135 ◦C. This number was selected according to the indications of Ref. [241].
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(a) (b)

(c) (d)

Figure 2.10: Computational results for the Hannover turbine test cases using the CFD tool
ANSYS CFXr: (a) rotor mesh discretisation at the midspan; (b) contours of the specific
entropy at i) the rotor inlet, ii) the rotor outlet, and iii) the measurement station; (c) static
pressure field in the meridional plane; (d) contours of tangential velocity in the meridional
plane. From [211].

The exhaust gases coming from the engine are used for the generation of 2 t/h service steam and,
afterwards, enter the ORC boiler at 235.85 ◦C. In a preliminary analysis of the system, it was found
that the recuperator is not necessary. The system design and performance are influenced by the
insertion of a gearbox in the turbine unit, and this is discussed in Sec. 2.3. Finally, the modeling of
the heat exchangers followed a pinch point approach.

2.3 Results

2.3.1 Validation of single-stage turbine model

The comparison of the results obtained with TURAX and CFD against the experimental data of the
Hannover turbine is provided in Table 2.5. The values for CFD and for the experimental data are
given as a mass-weighted average for the different quantities except for the pressure, calculated
as an area-weighted average instead. The mass weighted average and the relative deviation with
respect to the experimental data for the generic quantity (here indicated with ϕ) were calculated as
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follows:

ϕ =

∫
A ρCaϕ dA
∫

A ρCa dA
Devϕ =

|ϕ−ϕexp|
ϕexp

(2.7)

The parameters ρ , Ca and A denote the density, the axial velocity and the cross-sectional area,
respectively, while the subscript exp denotes the experimental datum. The deviation in the flow
angles was calculated as the absolute difference between the predicted and the measured values.

The details of the CFD simulations are given in Figure 2.10 whereas the comparison with the
experimental data for the static temperature and pressure profiles in spanwise direction at different
turbine sections is shown in Figure 2.11. The experimental data are in good agreement with the
average thermodynamic conditions and flow angles at nozzle outlet for both CFD and TURAX (see
also Figures 2.11(a-b)). Along the blade span, CFD results and measured values have a good match,
and the results of TURAX are close to those by CFD at the midspan. Both CFD and TURAX
underpredict the uniform axial velocity profiles at the nozzle outlet. As a consequence, this results
in a larger deviation for the absolute velocity at the nozzle outlet.

The comparison of the results indicates that the predicted deviation increases from the nozzle to the
rotor outlet and suggests that the higher velocity in the experimental data at the nozzle outlet is also
affected by the fluid-dynamic characteristics in the rotor. In particular, the deviation also increases
from the midspan to the endwall regions for the axial and tangential velocities.

The complex fluid dynamics and loss mechanisms in the rotor blades are shows by the entropy field
in Figure 2.10(b). Hirsch and Denton [247] highlighted that flow turning and secondary flow effects
which are particularly strong at the root, and have an influence on the flow field along the blade
span, are likely to stem from the low flow coefficient and aspect ratio (chord over blade span) of the
turbine. These three-dimensional effects propagate towards the mid-line, affecting the overall flow
field and are likely to generate the deviation between the experimental and the numerical values.
As a result, values of deviation up to 10 % and 11.8 % are found at the nozzle exit for the flow
angles and velocities.

Regarding the design geometry, TURAX predicted the stage mean radius within 1 %, the blade
heights within 5 %, the flare angles within 8°, and underpredicted the number of nozzle blades by 1
unit. The performance of the turbine was compared in terms of total-to-total efficiency ηtt , and the
nozzle and rotor kinetic energy loss coefficients, ζn and ζr, defined as:

ηtt =
h01−h03

h01−h03s
ζn =

h2−h2s

C2
2/2

ζr =
h3−h3s

W 2
3 /2

(2.8)

The subscripts 1,2,3 denote the nozzle inlet, nozzle outlet, rotor outlet, respectively. The term
h is the specific enthalpy, the subscript 0 denotes the total conditions, s indicates the isentropic
conditions, and C and W denotes the absolute and relative velocities, respectively. The experimental
total-to-total efficiency calculated as a mass-weighted average was approximately 91.6% The
results indicate that CFD and TURAX overpredicted the measured value of isentropic efficiency by
1.7 %-points and 1.2 %-points, respectively. The lower values of experimental efficiency may be
explained in light of the presence of fluid dynamic effects difficult to be captured by the numerical
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Figure 2.11: Experimental and numerical results for the fourth stage of the Hannover tur-
bine in terms of (a) static temperature, (b) static pressure, (c) axial velocity, (d) absolute and
relative velocity and (e) flow angles at the nozzle inlet, the nozzle outlet and the rotor outlet .
From Ref. [211].

models such as flow turning, secondary flow effects and the presence of an unsteady stator-rotor
interaction. The obtained value of stage efficiency can be related to the blade row parameters using
approximate relations such as those proposed by Dixon and Hall [230]. In particular, at the nozzle
outlet the higher value of absolute velocity in the experimental data for similar thermodynamic
conditions suggests that the nozzle has a lower loss coefficient compared to the predicted results.
At the same time, the higher value of the rotor loss coefficient computed from the measurements is
responsible for the lower stage efficiency of the turbine.

The results of the validation of the single-stage axial turbine model with the fourth stage of the
Hannover turbine suggest that TURAX is a reliable tool for performance prediction and preliminary
design estimation since the maximum deviation obtained with the experimental data was ±1.25%.
This conclusion is further substantiated by the good agreement obtained in comparison with the
average CFD data and the measurements.

Verneau turbine

The validation results for the ORC turbine investigated by Verneau [66] are shown in Figure
2.12. The nozzle and rotor outlet flow angles are predicted with excellent agreement while a
good agreement is also achieved for the outlet velocities. The deviation in the predicted velocities
influences the estimated value of the exit blade height, which, however, resulted only in a deviation
of 0.3 mm. In this case of validation, the efficiency was compared in terms of total-to-static values

38



2.3. Results

Table 2.3: Comparison between the predicted and measured quantities for the fourth stage
of the Hannover turbine. From [211]. pp = percentage-points.

Parameter Symbol Units Exp. data
[246–248]

TURAX CFD
[274]

Error TU-
RAX

Error CFD

Nozzle outlet absolute flow angle α2 ° 69.84 68.55 68.45 1.29 ° 1.39 °
Nozzle outlet relative flow angle β2 ° 7.13 4.60 4.82 2.53 ° 2.31 °
Nozzle outlet absolute velocity C2 - 170.8 150.8 153.84 11.8 % 9.95 %
Absolute Mach at nozzle outlet M2 - 0.457 0.406 0.412 11.2 % 9.9 %
Static pressure at nozzle outlet p2 bar 1.111 1.105 1.108 0.31 % 0.28 %
Static temperature at nozzle inlet T1 K 357.4 357.4 357.4 0.0 % 0.0 %
Static temperature at nozzle outlet T2 K 347.17 347.75 347.06 0.17 % 0.03 %

Rotor outlet relative flow angle β3 ° 68.75 69.31 67.07 0.56 ° 1.68 °
Rotor outlet absolute flow angle α3 ° 2.45 5.91 7.58 3.46 ° 5.13 °
Rotor outlet relative velocity W3 m/s 166.3 153.9 157.51 7.43 % 5.30 %
Static pressure at rotor outlet p3 bar 0.994 0.998 0.983 0.33 % 1.15 %
Static temperature at rotor outlet T3 K 337.86 337.96 336.60 0.03 % 0.37 %

Nozzle mean radius r2m mm 181.5 180.1 181.5 0.77 % 0 %
Rotor mean radius r3m mm 185 183.5 185 0.81 % 0 %
Nozzle inlet blade height h1 mm 89.2 89.2 89.2 0 % 0 %
Nozzle outlet (rotor inlet) blade height h2 mm 97 100.2 97 3.3 % 0 %
Rotor outlet blade height h3 mm 103 108.1 103 4.95 % 0 %
Nozzle flare angle αFL,n ° 5.62 12.83 5.62 7.21 ° 0 °
Rotor flare angle αFL,r ° 7.89 12.04 7.89 4.15 ° 0 °
Number of nozzle blades zn - 29 28 29 1 0
Number of rotor blades zr - 30 30 30 0 0

Nozzle kinetic energy loss coefficient ζn - 3.79 % 6.48 % 5.82 % 2.69 pp 2.03 pp
Rotor kinetic energy loss coefficient ζr - 9.08 % 6.76 % 6.66 % 2.32 pp 2.42 pp
Total-to-total stage efficiency ηtt - 91.62 % 92.84 % 93.32 % 1.22 pp 1.70 pp

defined as follows:

ηts =
h01−h03

h01−h3s
(2.9)

where h01 and h03 is the turbine inlet and outlet total enthalpies, and h3s the turbine outlet static
enthalpy following an isentropic expansion process. The value of ηts predicted by TURAX was
64.3%, which deviates 1.3 %-points from the measured value. The rotor velocity coefficient is lower
than the experimental one and indicates a higher relative contribution of the rotor losses. However,
in absolute terms, the higher efficiency debit is calculated in the nozzle and is due to the higher value
of kinetic energy at the outlet. The breakdown of the losses in the turbine is depicted in Figure 2.12.
The nozzle blades feature a converging-diverging shape, and the profile losses are comparatively
small. The first source of performance degradation in the stage are the nozzle secondary losses,
which amount to 7.7 %-points of efficiency debit. These losses increase with the inlet to outlet
velocity ratio and with the inverse of the aspect ratio (blade height over backbone length). In this
case, the nozzle has a very small value of velocity ratio, approximately 0.04, and therefore the
large secondary losses originate from the small nozzle aspect ratio, approximately 0.27, which
produces strong secondary flows in the blade row. The highly supersonic flow conditions at the
nozzle exit, characterized by an outlet Mach number of 1.76, suggest the presence of shock waves
in the nozzle-rotor interspace which should involve additional losses, referred here as supersonic
expansion losses. On the other hand, the rotor inlet features transonic flow conditions with a relative
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Table 2.4: Comparison of results between TURAX and
Verneau data [66]. pp = percentage-points. From Ref.
[211].

Parameter Symbol Units Verneau TURAX Err. (%)

Nozzle outlet flow angle α2 ° 74.00 74.00 0 °
Absolute Mach at nozzle inlet M1 - - 0.08 -
Axial Mach at nozzle outlet Ma2 - 0.47 0.49 4.41 %
Absolute Mach at nozzle outlet M2 - 1.76 1.78 1.14 %
Nozzle velocity coefficient C2/C2s - - 0.94 -
Rotor outlet relative flow angle β3 ° 65.40 65.47 0.07 °
Relative Mach at rotor inlet MW2 - 1.13 1.12 0.76 %
Axial Mach at rotor outlet Ma3 - 0.360 0.366 1.77 %
Relative Mach at rotor outlet MW3 - 0.880 0.883 0.34 %
Axial Mach numbers ratio - - 0.77 0.75 2.76 %
Rotor velocity coefficient W3/W3s - - 0.73 -
Degree of reaction χ - < 0 -0.3 -
Nozzle mean radius r2m mm 48.0 47.6 1.01 %
Rotor mean radius r3m mm 47.2 47.1 0.13 %
Nozzle inlet blade height h1 mm 3.37 3.37 0 %
Nozzle outlet blade height h21 mm 3.37 3.6 5.56 %
Rotor inlet blade height h2 mm 3.5 3.8 7.89 %
Rotor outlet blade height h3 mm 5.2 5.2 0 %
Nozzle flare angle αFL,n ° 0 0.48 0.48 °
Upper rotor flare angle αFL,ru ° -0.18 1.17 1.35 °
Lower rotor flare angle αFL,rl ° 8.06 5.33 2.73 °
Number of nozzle blades zn - 22 23 1
Number of rotor blades zr - 72 72 0
Total-to-static stage efficiency ηts % 63 64.3 1.29 pp
Power output Ẇ kW 3 3.22 7.1 %
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Figure 2.12: Comparison of results between TURAX and Verneau data [66]. pp =
percentage-points. The breakdown of losses is shown in the chart.

Mach number of approximately 1.13. The profile losses in the rotor increase as the high value of
the Mach number produces other shock waves in correspondence of the blades leading edge. The
very high velocity ratio (above 1) and the very low aspect ratio in the rotor significantly affect the
rotor secondary losses. Additional losses are also produced by the high value of rotor exit kinetic
energy, which amounts to approximately 4.3 %-points of efficiency debit. The tip leakage losses
in the rotor represent a small contribution in this case since the pressure drop across the rotor is
small due to the low stage degree of reaction. The partial admission losses represent a significant
contribution to the overall losses, and they have a similar magnitude as the kinetic energy losses.
These losses are mainly due to the waste of energy due to the filling of inactive passages in the
blade rows, denoted with the term scavenging losses. Finally, the deviation in terms of turbine
power output between TURAX and the experimental results is 7.1 %, which corresponds to 0.22
kW.

2.3.2 Sensitivity analysis

The results of the application of the sensitivity analysis using Morris screening method are presented
in Figure 2.13. The two black lines are drawn in the chart and connect standard error and deviation
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Figure 2.13: Sensitivity analysis and significance of decision variables of the axial turbine
model. Morris screening method [261] applied to the Hannover turbine test case. From Ref.
[211].

for each decision variable. The chart is to be interpreted in the following way [261]: 1) a significant
contribution to the change of turbine efficiency for a decision variable is represented by a large
deviation in the mean value; 2) non-linear effects and/or interactions among different variables are
indicated by a high value of standard deviation; 3) a variable whose contribution to the efficiency is
less significant compared the other variables appears inside the wedge formed by the two black
lines. In this case, the variable can be removed from the list of model input parameters. The results
of the sensitivity analysis are also indicated in the table of Figure 2.13. The Morris plot suggests
that all the parameters are interdependent as they show non-zero values of standard deviation. To
make a definitive conclusion on the significance of a single decision variable and decide whether to
keep it or discard it, the relevance from both the results of the Morris plot and the design viewpoint
is considered. The following list summarizes the findings of the sensitivity analysis considering the
aspects above:

• ψ , omin, or, (o/s)r, N, φr are outside the wedge in the Morris plot, and they are strictly con-
nected to the turbine design characteristics. Consequently, they are considered as important
parameters in the study.

• The nozzle opening-to-pitch (o/s)n is a less significant decision variable according to the
Morris chart. At the same time, it shows a strong interdependency with the other decision
variables due to the high value of standard deviation. From the design viewpoint, this variable
is paramount to compute the exit flow angle in the nozzle blade row and allows estimating
the pitch and number of blades. For these reasons, this parameter is not discarded.

• The stage inlet axial velocity Ca1 is within the wedge of the Morris plot and, therefore,
provides a less significant contribution ion the turbine efficiency compared to the other
variables. However, the value of Ca1 is important from the design point of view as it
determines the actual nozzle blade height at the inlet. This aspect is especially relevant
from the technical viewpoint and becomes a key factor in the design and manufacturing
of small-scale turbines [224]. Therefore, this parameter was not excluded from the list of
necessary design input parameters.

• The decision variable cn and cr represent the nozzle and rotor axial chord and are considered
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as less significant parameters from the Morris screening method. However, they are related
to the values of the flaring angles in the stage, which represent an important constraint during
the optimization of the design of the stage and allow enlarging the space for the possible
design solutions. Moreover, they can be relevant in application where the turbine size is an
important criterion as they directly relate to the turbine length in the axial direction. For these
reasons, these two parameters are not discarded.

• The stage inlet flow angle α1 is a less significant parameter in the Morris plot. This decision
variable can also be fixed from the design viewpoint by assuming that the flow at the design
point enters completely in the axial direction.

• Finally, the decision variable h∗, which represents the ratio between rotor inlet and nozzle
outlet blade heights, is also a less significant variable according to the Morris chart. The
parameter h∗ is associated with the tip clearance and annulus losses in the performance
prediction method by Craig and Cox [222] and used in TURAX. However, this decision
variable shows a limited impact on the turbine design and the efficiency since it is bound to
the small range 1.0 to 1.1 by typical design constraints [222]. Consequently, it was removed
from the initial list of input parameters.

2.3.3 Validation of multistage turbine model

Four-stage subsonic turbine

The validation results of the multistage turbine model with the four-stage Hannover turbine are
shown in Table 2.5. The deviation between the numerical and experimental values is expressed
by Eq. 2.7. The CFD data by Gerolymos et al. [252] and Croce et al. [253] are used in Eq. 2.7 in
place of the experimental data in case the latter are unavailable or uncertain. The comparison in
terms of angle is expressed as the absolute difference between two values.

Good agreement is found in terms of total temperature and pressure at the outlet of the stages and
with both experimental and CFD data, with a deviation up to 0.5 %. The static pressure at the
outlet of the stages has a deviation up to 1.7 %. The comparison of the velocities is performed with
respect to CFD results, given the lack of similar reliable data in the measurements. A maximum
deviation of 3.5 % in the absolute velocity C3 with the CFD data [253] is probably related to the
discrepancy in the static pressure. The measured data for the rotor outlet relative flow angle β3 were
not available in the original references; however, a deviation within 3° is suggested by comparison
with the available CFD data by Gerolymos et al. [252]. A higher deviation with the measured
data, up to 8°, is found for the absolute flow angle at the nozzle outlet α3, and it is associated
with the discrepancy in the values of C3. A comparison of the profiles of total temperature, total
pressure, absolute flow angle and velocity at the exit of each stage is shown in Figure 2.14. The
experimental results show a higher discrepancy with the numerical profiles; however, TURAX and
CFD achieve a reasonable match in most cases. The design geometry predicted by TURAX in
the meridional plane is represented in Figure 2.15. The small deviation for the velocities and the
thermodynamic quantities results in a close match for the blade heights, with a deviation within
3 %. The total-to-total efficiency was predicted to be within 0.2 %-points with respect to CFD data
and within 1.72 %-points with respect to the experimental values. Finally, the validation results are
satisfactory and suggest that TURAX is suitable for the preliminary estimation of the performance
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Table 2.5: Comparison between numerical and experimental results [247,
248] for the four-stage Hannover turbine. From Ref. [72].

Symbol Units Exp. data TURAX CFD Dev. Exp. data TURAX CFD Dev.

Stage 1 Stage 2

T03 K 384.81 384.60 382.72(∗) 0.05% 363.12 363.43 362.13(∗) -0.09%
p03 Pa 2.12·105 2.11·105 2.09·105 (∗) 0.32% 1.70·105 1.70·105 1.69·105 (∗) -0.02%
p3 Pa 2.07·105 2.08·105 -0.62% 1.66·105 1.67·105 -0.91%
C3 m/s 73.33 57.96 59.78(∗∗) 3.05% 73.0 60.02 60.19(∗∗) 0.28%
β3 65.93 65.85(∗∗) 0.08 66.62 66.97(∗∗) -0.35
α3 0.62 -3.47 4.65(∗) 4.10 -4.76 2.30 6.67(∗) -7.06
h1 m 0.0595 0.0594 0.17% 0.0675 0.0682 -1.04%
h21 m 0.0635 0.0635 0.00% 0.0725 0.0736 -1.52%
h3 m 0.0675 0.0682 -1.04% 0.0775 0.0766 1.16%
DR - 0.347 n.a. 0.4269
ηst - 89.91% 91.49% 91.45%(∗) 0.0% 92.52% 92.22% 92.10%(∗) 0.1%

Stage 3 Stage 4

T03 K 340.377 341.95 341.40(∗) -0.46% 321.034 320.23 319.57(∗) 0.25%
p03 Pa 1.35·105 1.35·105 1.36·105 (∗∗) -0.18% 1.05·105 1.05·105 1.05·105 (∗) -0.17%
p3 Pa 1.31·105 1.32·105 -1.06% 1.01·105 1.03·105 -1.70%
C3 m/s 73.193 60.79 60.33(∗∗) -0.77% 81.401 62.04 64.30(∗∗) 3.52%
β3 67.40 67.04(∗∗) 0.36 68.28 65.22(∗∗) 3.06
α3 -2.159 4.39 4.70(∗) 6.55 -0.608 7.35 -0.57 (∗) -7.96
h1 m 0.0775 0.0767 1.03% 0.0892 0.0885 0.78%
h21 m 0.0833 0.0846 -1.50% 0.0961 0.0988 -2.81%
h3 m 0.0892 0.0885 0.78% 0.1030 0.1026 0.39%
DR - 0.47 0.54
ηst - n/a 92.55% 92.80%(∗) 0.2% n/a 92.94% 92.73%(∗∗) 0.2%

ηtt - 91.3 % 93.02 % 92.96 % 1.72 pp

(*) = Gerolymos et al. [252]. (∗∗) = Croce et al. [253]. pp = percentage-points. n/a = not available.

and geometry at the design point considering multistage turbines with subsonic conditions and
blades with a high aspect ratio.

Two-stage supersonic ORC turbine

The validation results for the two-stage supersonic ORC turbine described by Verneau [66, 257] are
provided in Table 2.6.

A good agreement is found by comparing the thermodynamic quantities in both stages. A maximum
deviation of 3 % is computed for the first stage whereas a maximum deviation of 8.5 % for the
second stage. A deviation up to 6.3 % is found in terms of static pressure and absolute Mach
number for the exit of the first and the second stage. This number is likely to be associated with
the deviation in the values of velocity. The turbine meridional geometry predicted by TURAX is
shown in Figure 2.15 in red whereas the original geometry [66] is depicted in black. The values of
blade height at inlet and outlet of each stage and the number of blades are within 3 % deviation;
however, the discrepancy increases at the outlet of the second stage where the deviation is up to
5.6 %. The overall turbine total-total-efficiency was overpredicted by 1.76 %-points with TURAX
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Figure 2.14: Profiles of total temperature, total pressure, absolute flow angle, absolute veloc-
ity at the stage outlet. Data from experimental results [248], Gerolymos et al. [252], Croce at
al. [253] and TURAX for the Hannover turbine test case [72].

compared to the measured values of Verneau.

The results of the uncertainty analysis using the Monte Carlo method are shown in Figure 2.16. The
most influential parameters in terms of the output turbine efficiency are the opening-to-pitch ratios
in the second stage and that in the nozzle of the first stage. These parameters are responsible for the
estimation of the exit flow angle in the blade rows. The other parameters such as the tip clearance,
trailing edge thickness-to-opening ratios are less significant to the output efficiency and provided
only a marginal change in efficiency. Considering the complexity of modeling the two-stage
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Figure 2.15: (a) Four-stage subsonic Hannover turbine test case (adapted from [248]); (b)
meridional cut layout of the four-stage Hannover turbine; (c) two-stage supersonic ORC
turbine test case [258]; (d) meridional cut layout of the two-stage supersonic ORC turbine.
From Ref. [72].

supersonic turbine accurately with an organic fluid, the achieved deviation within 2 %-points is
considered as a satisfactory result and suggests that TURAX can also be considered validated in
the multistage layout.

2.3.4 Optimization of single-stage turbines

Thermodynamic Cycle Design

Figure 2.17 illustrates the change of the two-phase envelope in the entropy-temperature diagram
with the molar composition for the two considered mixtures.

Constrained Hot Fluid Outlet Temperature Figures 2.18(a) and 2.18(b) illustrate the results of
the optimization for the single-stage turbine considering a limit on the hot fluid outlet temperature.
The maximum net power output is achieved using pure fluids and is primarily governed by the
trend in the cycle rather than that of the turbine. The maximum turbine efficiency is obtained
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Table 2.6: Comparison of results between TURAX and Verneau [66, 257] data on a
two-stage ORC turbine. From Ref. [72].

Stage 1 Stage 2

Parameter Units Verneau TURAX St.dev. Dev. Verneau TURAX St.dev. Dev.

α2 ° 74 73.99 0.95 0.00 60 58.87 2.44 1.12
β2 ° 59.20 59.55 1.56 0.36 -33 -29.24 8.54 3.75
Ca2 m/s 65 65.46 4.11 0.7% 49 53.16 7.72 8.5%
C2 m/s 235 237.41 1.39 1.0% 98 102.56 9.42 4.7%
W2 m/s 126 129.15 2.2 2.5% 58.5 61.38 4.9 5.0%
M2 - 2.45 2.48 0.014 2.5% 1.02 1.06 0.1 4.9%
Mw2 - 1.32 1.35 0.02 2.4% 0.61 0.64 0.05 5.0%
p2 Pa 3.08·104 (∗) 3.00·104 996 -2.9% 15292 1.43·104 1650 -6.3%
T2 K 459.40 (∗) 458.79 0.25 -0.1% 457.15 457.14 0.74 -0.1%

W3 m/s 130 127.76 0 -1.7% 118 116.57 6.76 -1.2%
Ca3 m/s 71 70.14 0 -1.2% 49 49.1 0 0.2%
C3 m/s 72 70.87 0 -1.6% 49 50.89 1.64 3.9%
Mw3 - 1.35 1.33 0 -1.3% 1.24 1.22 0.07 -1.7%
M3 - 0.75 0.74 0 -1.5% 0.51 0.53 0.02 3.8%
β3 ° 56.7 56.7 0 0.00 65 65 1.55 -0.01
α3 ° -6.8 -8.21 0 -1.41 -10 -12.62 8.22 -2.62
T03 K 461.23 (∗) 460.78 0.06 -0.1% 454.11 454.38 0.1 0.1%
T3 K 459.77 (∗) 458.86 0.06 -0.2% 453.2 453.4 0.09 0.0%
p3 Pa 2.24 ·104 2.1 ·104 0.74 -6.3% 7900 7.78·103 72.1 -1.5%
p03 Pa 2.76·104 (∗) 2.77·104 0 0.1% 9021.9 8.98·104 0 -0.5%

h1 m 0.008 0.0079 0 1.3% 0.011 0.0109 0 1.2%
h2 m 0.008 0.0082 0 -2.1% 0.022 0.0214 0.001 2.8%
h3 m 0.011 0.0109 0 1.3% 0.043 0.0415 0 3.4%
zn - 25 27 1 2.00 30 30 2 0.46
zr - 121 122 0 1 19 20 1 1

DR (theor.) - 0.086 0.093 0.009 0.01 0.50 0.47 0.09 -0.03
Power kW 40 40.78 0.089 -2.0% 14 14.28 0.14 -2.0%
ηst - 75 % 73.21 % 0.29 pp 1.8 pp 82 % 80.96 % 1.25 pp 1 pp

ηt - 78 % 79.72 % 0.40 pp 1.76 pp

(*) = computed from the design point velocity triangles. St.dev. = standard deviation from the uncertainty
analysis. pp = percentage-points.

for pure R245fa and isobutane for the two mixtures R245fa/pentane and propane/isobutane. The
optimal turbine efficiency is aligned with the trend of the cycle except for the binary mixture
R245fa/pentane in the molar composition range (0/1) to (0.5/0.5). Although propane/isobutane has
a larger change in turbine efficiency across the entire molar composition range, the cycle net power
output remains approximately constant. The optimal results are given by pure R245fa and pentane
with similar values of net power output and turbine efficiency of approximately 200 kW and an
efficiency of 0.88. The optimal results also yield a ratio of total UA-value ratio between boiler and
condenser of about 0.5 for all cases.

Unconstrained Hot Fluid Outlet Temperature. Figures 2.18(c) and 2.18(d) show the results of
the optimization for the case where the hot fluid outlet temperature is not constrained. In this case the
mixture R245fa/pentane with molar composition (0.5/0.5) and the propane/isobutane mixture with
composition (0.2/0.8) yield the maximum net power output. Concurrently, the maximum turbine
efficiency for both binary mixtures is provided by the pure fluids. Figure 2.18(d) indicates that the
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Figure 2.16: Results of the uncertainty analysis on the assumed parameters of the two-stage
supersonic turbine: (a) scatterplot of uncertainty in turbine efficiency; (b) corresponding cu-
mulative distribution function; (c) ranking of the uncertain parameters based on significance
level. From Ref. [72].

use of a constant turbine efficiency not only changes the maximum net power output, but it also
shifts the location of the optimal mixture composition from about (0.2/0.8) to (0.4/0.6). Conversely,
in the case of the mixture R245fa/pentane the assumption of a constant turbine efficiency provides
different values of net power output but does not change the location of the optimal composition
since the optimal efficiency is nearly constant over the entire molar composition range. The optimal
UA-ratio resulted in being 0.5 when the output temperature of the hot fluid is not constrained.
The results for both cases suggest that the use of binary mixtures is more favorable when the
heat source temperature is not constrained by a lower limit, and the heat source realizes a larger
temperature difference. Figures 2.19(a) and 2.19(b) show the temperature-thermal power diagram
for the mixture R245fa/pentane. When the hot fluid temperature difference is small, from 85 ◦C
to 80 ◦C in Figure 2.19(a), pure fluids are the best solution as they can provide the best match
between the heat source profile (in red) and that of the working fluid (in black). On the other hand,
Figure 2.19(b) shows that when a lower limit does not constrain the outlet temperature of the hot
fluid, which varies in the range 85 ◦C to 72 ◦C, the profiles are better matched by exploiting the
temperature glide of a mixture of two fluids.

As a result, the optimal net power output profile is affected by that of the temperature glide. Figure
2.20 shows the optimal trends of the hot fluid temperature difference ∆Th f , the working fluid
temperature glide in the boiler, and the superheating degree. The maximum net power output
obtained in Figure 2.18(c) occurs when ∆Th f matches the temperature glide of the working fluid.
Consequently, peaks of net power output are observed at molar composition (0.1/0.9), (0.4/0.6)
and (0.5/0.5). When the hot fluid outlet temperature is constrained, and the ∆Th f is lower, the
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Figure 2.17: Specific entropy-temperature diagram for the following binary mixtures in the
molar composition range 0.0 to 1.0: (a) R45fa/pentane and (b) propane/isobutane.

temperature glide is better matched at high or low values of the molar composition, indicating
that it has a detrimental effect on the net power output and hence the pure fluids result to be the
preferred choice. The fluids R245fa and the binary mixture (0.5/0.5) R245fa/pentane yield the
maximum values of net power output. In a real application, also other factors need to be considered
when selecting the most suitable working fluids such as technical aspects, environmental and safety
issues, turbine design and manufacturability aspects, and economic criteria [54, 234]. The best
designs obtained from the combined optimization are detailed in Table 2.7. Regarding the heat
exchangers, pure isobutane shows a higher condensing pressure and a lower volume flow rate,
suggesting the use of a more compact condenser than pure R245fa. When the hot fluid outlet
temperature is unconstrained, the mixture propane/isobutane (0.2/0.8) shows higher condensing
and evaporating pressure and almost half of the volumetric flow rate of the mixture R245fa/pentane
(0.5/0.5), thereby suggesting the use of smaller condenser than R245fa/pentane (0.5/0.5).

Preliminary Turbine Design

In terms of turbine performance, pure fluids always resulted in the highest isentropic efficiency. In
particular, the fluid R245fa/pentane resulted in a nearly flat trend of the efficiency across the entire
composition range whereas the fluid propane/isobutane showed a variation of approximately 8
%-points in the molar composition range. The change can be explained in light of the breakdown of
losses in the turbine for each value of molar composition shown in Figure 2.21(a) for the case with
hot fluid outlet temperature limit. The mixture R45fa/pentane has lower losses than propane/isobu-
tane, and they do not exhibit a significant change in the molar composition range. Figure 2.21(a)
indicates that the loss contributions providing a change in the efficiency of propane/isobutane
are mostly due to secondary flows and tip leakage effects. These effects are governed by design
values of the nozzle and rotor blade heights. Figure 2.21(b) depicts the variation of the turbine
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Figure 2.18: Optimal power output for the optimal cycle and constant ηtt ( ), for the opti-
mal cycle and optimal ηtt ( ), and the optimal total-to-total turbine efficiency ( ) vs. molar
composition of the selected mixtures. Heat source with (a,b) and without (c,d) limitation on
the heat source outlet temperature. Adapted From Ref. [215].

blades aspect ratio (height over backbone length) and shows that much lower values are achieved
for propane/isobutane. Low values of aspect ratio increase the generation of secondary flows in
the blade channels, leading to high values of secondary losses. At the same time, a small blade
height results in a higher tip clearance to throat area ratio, which in turn yields high values of
tip clearance losses. Although the trend of the aspect ratio for R245fa/pentane of Figure 2.21(b)
is non-monotonic, its change across the entire molar composition range is only marginal to the
increase of secondary and tip clearance losses, hence showing an almost flat efficiency profile
for the mixture R245fa/pentane. Another way to explain the different values of efficiency for the
two mixtures is by resorting to the volume flow rate ratio (VFR) and size parameter (SP) which
were proposed by Macchi and Perdichizzi [58] as key parameters to describe the performance of
axial flow turbines. The VFR inherently expresses the compressibility effects of the working fluid
while SP is a measure of the turbine dimensions. If the turbine has a high VFR, low efficiency is
obtained due to the high flow deflection in blade passages and the high Mach numbers. On the other
hand, a small SP results in a low turbine performance since the small size increases tip clearance
losses and secondary flow effects. Similar values of VFR in the range 2 to 3 are observed for both
mixtures in Figure 2.21(c); however, significantly different values of SP are obtained (2-4 cm for
propane/isobutane vs. 7-10 cm for R245fa/pentane). This explains the lower values of efficiency
for the propane/isobutane mixture compared to R245fa/pentane, whose values of VFR and SP in
the molar composition range do not significantly affect the losses.

Regarding the technical feasibility of turbine preliminary design, the following aspects are consid-
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Figure 2.19: Temperature-thermal power diagram for the optimal R245fa/pentane mixture
with and without outlet temperature limit. From Ref. [215].
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Figure 2.20: Hot fluid, working fluid temperature glide and superheating in the evaporator.
No temperature constraint. From Ref. [215].

ered:

1) All fluid candidates feature a single-stage solution, whose technical feasibility is substantiated
by the values of VFR and SP which suggest high values of turbine efficiency [58].

2) It is possible to manufacture the blade heights of the nozzle and the rotor in all cases. The
shortest blade is found for pure propane in the case of constrained hot fluid outlet temperature
and is 5.6 mm. This value is well within the range of typical blade heights for small-scale
axial flow turbines (1.5 mm to 6.5 mm) documented in the literature [66, 242, 275].

3) Nozzle and rotor blades can be manufactured using untwisted profiles since the hub-to-tip
radius ratios are higher than 0.9, and radial effects will not have significant effects in the
turbine fluid dynamics [223].

4) The final turbine designs feature mean diameters in the range 479 mm to 657 mm and a
relatively short length in the axial direction, in the range 25 mm to 35 mm, due to the short
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Figure 2.21: Breakdown of losses in terms of (a) turbine efficiency debit; (b) aspect ratio;
(c) volume flow rate (VFR) and size parameter (SP). In the figure, the two mixtures are (a)
R245fa/pentane and (b) propane/isobutane at their optimal molar compositions and for the
cases with and without outlet temperature limit, respectively. Adapted from Ref. [215].

axial chords.

5) The optimal number of nozzle and rotor blades resulted in being in the range 120 to 130 and
is within the expected range of values found in the ORC turbine investigated in the literature
[66, 276].

6) Due to the low values of exit Mach number, nozzle and rotor blades feature converging blade
profiles. With this type of blades, a post-expansion downstream the throat until Mach number
of 1.4 can be used at off-design conditions to provide a further expansion.

7) The turbine design features a high degree of reaction, between 0.55 and 0.76. A low-reaction
design would provide high stage loading, rotor blades with good mechanical resistance, less
thrust on the rotor and lower tip leakage flow [277]. Low reaction designs would yield highly
cambered rotor blades, featuring a strong boundary layer separation and a corresponding
penalty in efficiency. High reaction designs would result in high tip leakage flows in the
rotor, produce a high axial thrust on the rotor, may increase the mechanical losses and require
special care in the design of bearings. As an advantage, the high reaction blade profiles
feature low Mach numbers, good performance at off-design conditions and avoid to employ
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an expensive diaphragm in the nozzle due to its low pressure drop [278]. Moreover, if 50
% reaction blades are adopted, cost reductions and ease of manufacturing are expected as
similar blade profiles can be used for both the nozzle and the rotor.

8) Table 2.7 shows that there is an appreciable difference between total-to-total and total-to-
static values of isentropic turbine efficiency, indicating that high kinetic energy losses are
present at the turbine discharge. For this reason, in this study, it is assumed that such kinetic
energy can be recovered using a diffuser downstream the turbine stage and before entering
the condenser.

9) The final designs feature high values of turbine efficiency, and therefore the insertion of
a gearbox can be conveniently avoided. However, it may be considered only if a further
reduction in turbine mean diameter and size are required.

Regarding the turbine design, pure R45fa resulted to be the best fluid for the case with constrained
hot fluid outlet temperature since it yields the smallest turbine size and volume, a lower number of
blades and higher blade heights compared pure pentane. In the case of unconstrained temperature
at the outlet of the hot fluid, the mixture R245fa/pentane (0.5/0.5) resulted in the best values of
turbine efficiency and the lowest values of pressure in the heat exchangers. In this respect, the
turbine size is 60 % bigger than the optimal propane/isobutane mixture; however, the larger net
power output of the cycle might justify the higher turbine cost.

2.3.5 Optimization of multistage turbines

The list of preselected working fluids for the test case of the waste heat recovery from a 37
MW marine diesel engine is shown in Table 2.8. This case study considers multistage turbine
configurations, has a heat source temperature of 235 ◦C and only pure working fluids are considered.

The optimum net power output for the different fluids is shown in Figures 2.22(c-d) while the
turbine efficiency and the number of stages are shown in Figures 2.24, respectively. Both the
conservative and the advanced design approaches are compared in the figures.

The application of the methodology presented in this chapter resulted in unfeasible single- and two-
stage turbine designs for the fluid MM. Three stages are required to achieve a feasible solution with
this fluid following the advanced design approach while five stages are required in the conservative
design approach. In terms of net power output, the working fluid n-butane has the highest ranking
and is followed by R245fa, isopentane, and n-pentane. When the rotational speed is not optimized
and is set to a fixed value, a reduction in the power output is observed since the rotational speed
is not at the optimal value to minimize the turbine losses. The fluid R245fa has a lower optimal
rotational speed than n-butane (approximately 7200 rpm), and consequently yield the highest
performance. Using a conservative design approach, all the solutions require two or three stages
and feature values of isentropic efficiency in the range 85 % to 93 %. In the case of the fluid MM, a
solution with two or three stages using the conservative design approach could not be found due to
the excessive values of the flaring angles and the Mach numbers found in the blade rows. There
is not a significant change in the required number of stages for optimized or constant rotational
speed, although a lower number of stages is required of n-pentane and n-butane as they are running
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Table 2.7: Optimal turbine and cycle design parameters. From Ref. [215].

R245fa/pentane propane/isobut.

Parameter Unit Temp. limit No limit Temp. limit No limit

Cycle
Optimal molar composition - (1/0) (0.5/0.5) (0/1) (0.2/0.8)
Mass flow rate, ṁ kg/s 11.98 24.75 6.92 16.99
Turbine outlet pressure, Pcond bar 2.40 2.80 5.13 6.73
Turbine inlet pressure, Pboil bar 6.74 6.41 11.83 13.40
Turbine inlet temperature, Tin K 350.46 351.13 350.80 353.79
Cycle net power output, Pnet kW 198.97 444.43 175.43 404.59
Boiler UA-value, (UA)boil W/K 250 750 250 750
Max. condenser volume flow m3/s 0.93 2.17 0.56 1.09
Max. boiler volume flow m3/s 0.009 0.027 0.013 0.032

Turbine
Isentropic efficiency (t-t), ηtt % 88.00 91.87 80.22 87.43
Isentropic efficiency (t-s), ηts % 73.56 82.98 60.52 67.87
Stage loading coefficient, ψ - 4.15 3.27 4.85 4.74
Rotor flow coefficient, φr - 0.50 0.44 0.54 0.49
Degree of reaction, χ - 0.66 0.57 0.76 0.72
Specific diameter, Dm/SP - 5.86 5.21 9.56 6.56
Specific speed, Dm∆h1/4

s /V̇ 1/2
out,s - 0.039 0.053 0.020 0.031

Nozzle outlet Mach number, M2 - 0.88 0.86 0.71 0.69
Rotor inlet Mach number, MW2 - 0.27 0.25 0.21 0.22
Rotor outlet Mach number, MW3 - 1.24 1.01 1.22 1.09
Mean diameter, Dm mm 479 600 560 554
Nozzle blade height, h2 mm 13.3 27.5 5.6 14.0
Rotor outlet blade height, h3 mm 16.6 28.5 7.3 14.9
Nozzle axial chord, cn mm 10.8 12 10.1 10.3
Rotor axial chord, cr mm 13.9 15.6 12.1 10.4
Nozzle opening, on mm 3.3 3.7 3.1 3.6
Rotor opening, or mm 3.8 4.5 3.1 3
Nozzle blade pitch, sr mm 14.8 16.1 13.8 16.0
Rotor blade pitch, sn mm 14.4 15.3 13.7 13.3
Number of nozzle blades, zn - 102 118 128 110
Number of rotor blades, zr - 106 124 130 130
Turbine volume dm3 5.77 10.40 6.87 6.56
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Table 2.8: Selected working fluid candidates for the case study of waste heat recovery
from a 37 MW marine diesel engine with heat source temperature of 235 ◦C. From Ref.
[72].

Tc GWP ODP tox./flamm.(∗) Thermal stabil-
ity limit

Condensation
pressure(∗∗)

Manufacturer Ref.

Fluid [K] [-] [-] [-] [K] [bar] [-] [-]

n-pentane 469.7 4 ± 2 0 4/1 573.15-588.15 0.82
Ormat
Atlas Copco [279–281]

isopentane 460.3 4 ± 3 0 4/1 500.15-588.15 1.09
Ormat
Atlas Copco [279–281]

MM 518.7 ∼0 0 3/0 573.15 0.07 Turboden [282–284]
n-hexane 507.8 4-6 0 3/1 n.a. 0.25 -

cyclopentane 511.7 <25 0 3/1 513.15-548.15 0.51

Ormat
Turboden
GE Oil& Gas
Atlas Copco
Aqylon

[280, 281,
284–289]

benzene 562.0 3.4 0 3/2 >723.15 0.16 - [279]
cyclohexane 553.6 4-6 0 3/1 n.a. 0.16 -

toluene 591.7 3.3 0 3/2 >588.15; 0.0489
Tri-o-gen
Aqylon [10, 41,

279, 289–
291]

n-butane 425.1 4 0 4/1 563.15-693.15 2.83 Atlas Copco
Ormat

[280, 281]

R245fa 427.2 1030 0 0/2 523.15-573.15 1.78

Turboden
GE-Energy
Calnetix
Cryostar
Atlas Copco
E-rational

[281, 284,
292–294]

ethanol 514.71 0 0 3/2 550 0.10 -

(*) = According to standard NPFA 704. (∗∗) at 30 ◦C. n.a. = datum not available.

on higher values of rotational speed, respectively 9000 rpm and 14000 rpm. At the same time, the
advantages given by the insertion of a gearbox might be compensated by the higher cost of the
investment and by its efficiency penalty. Since the results highlight that the use of different fluid
entails very different levels of cost and complexity, an additional analysis should be performed in
terms of technical and economic criteria to provide a suitable comparison among the working fluid
candidates.

2.3.6 Cycle-turbine performance index

The most suitable working fluids can be found by comparing the different solutions in Figure 2.22(a)
on the same basis for the considered application. A specific figure of merit was employed to
simultaneously account for (a) the different levels of system complexity given by the number of
turbine stages; (b) the cost of the turbine related to its dimensions; (c) the cost introduced by the
possible use of a gearbox. To this end, a performance index was expressed as the ratio of the
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electrical net power output and the cost of the turbogenerator as follows:

PI =
Pel

Cturb
[kWel/ket ] (2.10)

In Eq. 2.10, Pel = Pnet ·ηgear ·ηgen is the net electrical power output of the cycle including the
generator efficiency ηgen and, if present, the gearbox efficiency ηgear. The cost of turbogenerator
unit is Cturb and is expressed in ke. The turbine represents between 15 % and 70 % of the total
cost in the ORC system [12, 15, 16, 295–297] depending on power output, heat source temperature
and system architecture. For this reason, the cost of the turbogenerator unit is considered in the
denominator of Eq. 2.10. The correlation by Astolfi et al. [15] was employed in this study to
predict the cost of the turbogenerator since it was developed from the authors experience with ORC
companies. The correlation applies for power outputs above 1000 kW, and therefore it can be used
with confidence for the designs presented in this work. The turbogenerator cost is expressed by
Eq. 2.11, where Ct is the turbine cost, Cgen is the generator cost and Cgear is the cost of the gearbox.
The turbine cost, expressed in Eq. 2.12, also accounts for the number of stages n, the size parameter
of the last stage SP, a reference value for the size parameter SP0, the reference cost of the turbine
C0, and the reference value for the turbine electric power Pel,0.

Cturb =Ct +Cgen +Cgear (2.11)

Ct =C0

(
n
n0

)0.5( SP
SP0

)1.1

(2.12)

C0 = 1230 ke, n0 = 2, SP0 = 0.18 m (2.13)

Cgen =C0

(
Pel

Pel,0

)0.67

(2.14)

C0 = 200 ke, Pel,0 = 5000 kW (2.15)

Cgear = 0.4 ·Cgen (2.16)

For each fluid, the value of PI is illustrated in Figure 2.22, and Table 2.9 provides the details of the
optimal solutions.

The fluid n-butane ranks as the best working fluid candidate for both the conservative and the
advanced design approaches. In the former case, the turbine would employ a two-stage configuration
whereas, in the latter, it would use a single-stage design. In Both cases, the turbine employs a
gearbox.

Regarding size and cost, the fluid n-butane results in the smallest turbine diameter and the lowest
cost and R245fa ranks as the second option. Fluid such as MM, toluene, and ethanol present a
lower value of PI since they exhibit large turbine dimensions and a higher number of stages. The
resulting solutions in the meridional plane are depicted in Figure 2.23. Single-stage turbines have a
large blade deflection, and a smaller size in axial direction whereas the two-stage designs present a
lower value of rotational speed and, therefore, reduce the mechanical stress on sealing and bearings.

In the advanced design approach, the solutions with high values of PI feature a small number of
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Figure 2.22: Performance Index (PI) and optimal net power output of the working fluid
candidates according to (a,c) the conservative and (b,d) the advanced design approaches.
From Ref. [72].

stages as shown in Table 2.9. In the conservative design approach, the solutions with the highest
value of PI feature two or three stages. The fluid MM has a low value of PI as it requires five stages
to accommodate the large expansion ratio. According to [90], it is unusual to design axial turbines
having more than three stages.

For those fluids whose efficiency increment was lower than 4 %-points, such as R245fa, n-pentane,
and n-hexane, the use of the gearbox resulted in a higher cost which was not offset by the increase
in net electrical power output, obtaining a lower PI value. Beneficial effects by the insertion of a
gearbox were, instead, obtained by the fluid n-butane. In this case, the use of a gearbox increased
the turbine efficiency by 6-7 %-points and, at the same time, resulted in a lower number of stages.
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Table 2.9: Ranking of the optimal working fluid candidates. From Ref. [72].

Fluid PI Nst Gearbox N rm Utip Pel Cturb pmax pmin
Q̇sc

Q̇sc,max[
kW
ket

]
- - [rpm] [m]

[m
s

]
[kWel ] [ket ] [bar] [bar] [-]

Conservative Design

butane 1.95 2 yes 14371 0.16 281.4 2203 1128 30.37 2.83 0.54
R245fa 1.51 2 no 3600 0.37 229.8 2210 1462 29.21 1.78 0.51
Pentane 1.15 2 yes 9128 0.24 264.1 1909 1655 14.46 0.82 0.35
ipentane 1.04 3 yes 7673 0.23 214.9 1985 1903 22.11 1.09 0.35
cyclopentane 0.90 2 yes 7885 0.28 266.0 1706 1894 8.84 0.51 0.24
ethanol 0.41 3 yes 5939 0.43 307.4 1431 3499 6.60 0.10 0.13
Hexane 0.39 3 no 3600 0.51 193.7 1778 4530 5.59 0.25 0.32
Cyclohexane 0.38 2 no 3600 0.52 242.8 1656 4377 4.05 0.16 0.23
benzene 0.36 3 no 3600 0.46 204.4 1644 4511 4.24 0.16 0.19
toluene 0.21 3 no 1800 0.96 177.8 1563 7345 1.93 0.05 0.19
MM 0.18 5 yes 1200 1.09 194.5 1742 9454 2.53 0.07 0.41

Advanced Design

butane 3.01 1 yes 20647 0.16 312.62 2238 744 30.00 2.83 0.54
R245fa 2.43 1 no 3600 0.48 185.52 2191 903 29.21 1.78 0.51
ipentane 2.24 1 yes 14362 0.20 337.16 1986 886 22.11 1.09 0.35
Pentane 1.93 1 yes 11149 0.28 356.3 1890 980 14.63 0.82 0.35
cyclopentane 1.50 1 yes 11313 0.26 323.55 1705 1135 8.82 0.51 0.24
Hexane 1.10 1 no 3600 0.68 284.86 1769 1608 5.56 0.25 0.29
benzene 0.90 1 no 3600 0.77 307.11 1590 1766 4.24 0.16 0.19
Cyclohexane 0.90 1 no 3600 0.74 293.12 1669 1857 4.06 0.16 0.24
ethanol 0.80 1 no 3600 1.21 458.84 1240 1551 6.60 0.10 0.13
toluene 0.43 1 no 1800 1.92 325.16 1465 3368 1.93 0.05 0.19
MM 0.22 1 no 1200 1.23 323.55 1805 8242 2.54 0.07 0.41

2.4 Discussion

The highest PI values was achieved by the single-stage n-butane turbine using the advanced design
approach and was approximately 1.5 times higher than that using a two-stage configuration. Conse-
quently, such an advanced design approach would be the best solution as long as the challenging
aerodynamic design features are accepted.

The literature indicates that the selection of the most suitable number of stages relies on different
factors and is also specific to the considered application. A conservative ORC design approach
which gave priority to high values of turbine efficiency at part load and avoided the use of loss
models for supersonic flows, considered to be less reliable at that time, was employed 1970s
and 1980s in Italy [63, 65, 71], see Table 1.1. This approach was also employed since a higher
number of stages could reduce the rotational speed of the turbine unit, and possibly avoid the use
of a gearbox. Each stage featured a pressure ratio in the range 3.2 to 5.0 and employed reaction
blades. Angelino and Invernizzi [245] recommended the use of two-stage turbines rather than a
single-stage design to improve the turbine efficiency and also to reduce the loading imposed on the
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Stage Param n-but. R245fa n-pent. isop. cyclop. n-but. R245fa n-pent. isop. cyclop.

1 χ 0.45 0.27 0.45 0.44 0.44 0.20 0.22 0.21 0.26 0.23
M2 1.18 1.40 1.27 1.18 1.26 1.86 1.96 2.23 2.07 2.01
Mw3 1.05 1.00 1.15 1.00 1.15 1.18 1.30 1.40 1.40 1.34

2 χ 0.53 0.38 0.50 0.44 0.52 - - - - -
M2 1.03 1.20 1.16 1.08 1.10 - - - - -
Mw3 1.09 1.07 1.15 0.97 1.16 - - - - -

3 χ - - - 0.55 - - - - - -
M2 - - - 0.93 - - - - - -
Mw3 - - - 1.01 - - - - - -

Figure 2.23: Meridional profile geometry of the two best working fluid candidates, and Mach
numbers and stage reactions of the five best working fluid candidates: (a) conservative and
(b) advanced design approaches. From Ref. [72].

heat exchangers.

At the same time, the use of advanced design approaches was documented by other authors in the
open literature. Pressure ratios in the range 6 to 150 were employed in the design of single and
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Figure 2.24: Turbine design efficiency and minimum number of stages of the working fluid
candidates according to (a,c) the conservative and (b,d) the advanced design approaches.
From Ref. [72].

two-stage ORC turbines described and tested by Verneau [66]. The turbines featured converging-
diverging nozzles with exit Mach number up to 2.74 and a transonic rotor with inlet relative Mach
number of 1.1 or higher. The measured value of total-to-static turbine efficiency was about 0.78 at
the design point for the two-stage turbines, and a rapid degradation in the performance was observed
at off-design conditions. Another case where the advanced design approach was adopted is reported
by Bronicki [50], who described his experience in the design and testing of ORC turbines since
1960. The advanced design approach was used in single-stage turbines as the nozzle exit Mach
numbers were in the range 2.5 to 3.5.

In the late 1990s, a two-stage ORC axial turbine was designed and tested by Jokinen et al. [67]. The
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turbine operated with toluene and adopted a two-stage design following the indications by Verneau
[66]. The high value of overall pressure ratio, approximately 100, required the use of two stages
since the same authors considered that a highly-loaded single-stage design required high blade
deflections and provided very low values of turbine efficiency at part loads. The two-stage turbine
featured relative Mach numbers above 1 at the exit of the blade rows with subsonic inlet conditions.
A higher pressure ratio, approximately 120, was considered by Osnaghi et al. [64] in the design of
an ORC turbine for medium temperature solar power plant. In this case, a two-stage solution was
adopted. The advanced design approach was selected here to use a minimum number of stages, and
resulted in supersonic converging-diverging nozzles with exit Mach number of 1.9 and transonic
rotor profiles. The value of thermodynamic efficiency computed from the experimental measures
was 0.77, and rapid decay in the efficiency was observed at off-design operation by reducing the
rotational speed.

The aforementioned studies suggest that the optimal solution with n-butane found in this work,
featuring a pressure ratio of 10.3, would use a single-stage configuration for the advanced design
approach and would require a minimum number of two stages for a conservative design. These
considerations agree with the results found by the application of the optimization methodology
presented in this work, and further substantiate the validity of this approach. As a matter of facts,
the value of turbine efficiency found in this work adopting the advanced design approach are
higher than those in the literature (i.e. >90 %). This discrepancy may come from the lack of
completely reliable loss correlations for supersonic flow conditions. At the same time, the design
of supersonic turbines involves inherent challenges, as recently highlighted by Pini et al. [298]
and Rodriguez-Fernandez and Persico [299]. The authors showed that the use of novel CFD-based
shape-optimization techniques could improve the performance of the turbine compared to traditional
aerodynamic design techniques. Moreover, the turbine optimization using multi-point methods
allow achieving further improvement considering also off-design operation [90].

Other possible challenges of supersonic ORC turbines are mechanical issues related to the high
stresses on the blades and the bearings, and additional losses and stresses arising from the centrifugal
forces due to the large chords and flaring angles.

If mechanical and stress issues make the design of the n-butane turbine too complex or challenging,
the turbine employing R245fa can be the second best candidate since it features lower values of
Mach number in the blade rows and it operates at a lower speed. Such conditions facilitate the
design of sealing and of the bearing system.

Regarding environmental aspects, n-butane is highly flammable but has minor hazard issues. In this
regard, flammable working fluids have been used so far in the design and operation of ORC units
by many companies. Although the refrigerant R245fa is now employed by many ORC companies,
as highlighted in Table 2.8, a phase-out is expected in the mid-term due to its high value of GWP
[300]. New environmentally-friendly refrigerants, such as R1233ZE(Z) and R1233zd(E) would
represent an ideal solution; however, they were discarded in the preliminary design process due to
their comparatively low value of thermal stability.
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2.5 Conclusion

This chapter presented a methodology for the optimal design of ORC power systems based on
cycle and turbine design criteria. The methodology focused on the use of single- and multistage
axial turbine criteria for the design of the ORC system. To this end, a conservative and an advanced
turbine design approaches were introduced and represent key decision criteria in the methodology.

To perform the design of the axial turbine, a turbine model named TURAX was presented and
validated in its single and multistage formulation with the existing, well-documented data of
different turbines from the open literature. The validation of TURAX with two single-stage turbine
test cases, one of which is an ORC turbine, suggests a performance prediction within 1.3 %-points
at the design point. This value is consistent with the prediction range of ± 1.25 %-points declared
by the performance prediction method by Craig and Cox used in the mean-line model. Regarding
thermodynamic and flow conditions, the design model has a deviation up to 10 %, and similar
values are found in the estimation of the blade heights. The uncertainty in the estimation of the
exit flow angles, the losses and the experimental uncertainty greatly affect the values of deviation
obtained in the results. For example, Hirsch and Denton [247] showed that the use of different
correlations for the performance estimation using through-flow methods, the uncertainty is in the
range ±2% for the efficiency and ±20% for the losses. A sensitivity analysis using the Morris
screening method allowed identifying the most important decision variables in the model from the
performance and design viewpoint. Finally, 10 variables were selected as the most significant for the
design and optimization of the turbine. In its multistage version, TURAX was validated with two
test cases: a four-stage subsonic turbine using air and a two-stage supersonic ORC turbine. These
test cases were representative for the conservative and advanced design approaches, respectively.
The validation of the turbine model in its more general multistage layout substantiates the results
already found in the single-stage model since the deviation in efficiency is up to 2 %-points, and
the deviation for the flow conditions and the design geometry is up to 8.5 %.

The developed methodology and the models were then applied to two case studies. The first case
study focused on the design of a single-stage axial turbine using multi-component working fluids
for the WHR from the jacket water cooling system of a 60 MW marine diesel engine. The second
case study investigated the optimal ORC system and turbine designs for the WHR from the exhaust
gases, the scavenge air and the jacket water cooling system of a 37 MW marine diesel engine. In
this case, pure fluids and multistage turbine design criteria were considered. The application of
the combined turbine and cycle optimization methodology to the first case study resulted to be
advantageous especially in the presence of a heat source temperature variation higher than 5 ◦C and
for the mixture propane/isobutane. For a hot fluid temperature change up to 5 ◦C, resulting from a
constraint on the outlet temperature of the heat source, pure fluids performed better than mixtures
and a very small change in net power output was observed compared to the use of a constant
value of isentropic efficiency. However, for higher values of hot fluid temperature change, better
performance was found for mixtures and a change in net power output up to 8 % was observed
compared to a guessed value in turbine efficiency, which makes it relevant to consider the combined
optimization methodology. The fluid R245fa/pentane (0.5/0.5) provided the best cycle and turbine
performance and is the recommended option. Where environmental and technical aspects lead
to the use of another fluid, the fluid propane/isobutane (0.2/0.8) would be the second best choice.
The combined optimization methodology was then used to design an ORC system in the second
case study, which included considerations on multistage turbine criteria. In this case, cycle and
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turbine designs showed trade-off in terms of performance and led to the identification of the best
fluids featuring small size, reduced number of turbine stages, low cost and high turbine and cycle
performance. The fluid n-butane ranked as the first option, and featured a single-stage configuration
with highly supersonic flows in the advanced design approach, whereas it featured a two-stage
reaction turbine in the conservative design approach. A literature review on the experimental
studies conducted on ORC multistage turbines validated the suitability of the results obtained
by the methodology. If the design of the turbine with n-butane faces technical and aerodynamic
challenges, the fluid R245fa can be used as the second option due to its lower flammability and the
lower rotational speed, which would simplify the design of sealing and bearings. The adoption of a
gearbox solution was discussed. It was found that it was advantageous to use a gearbox when the
fluid investigated exhibits an increase in turbine efficiency up to 6-7 %-points.

The methodology presented in this chapter was limited to considerations on the cycle and the
expander. In this respect, it is relevant to expand the methodology by including additional aspects
such as off-design considerations and the performance of the other cycle components such as the
pump and the heat exchangers. Finally, the optimal designs were obtained using a preliminary
design method. The use of more advanced design techniques is recommended to study the resulting
designs regarding aerodynamics, structural analysis, and noise and off-design considerations.

62



3 Radial-inflow turbines for ORC power
systems

The work presented in this chapter was carried out during the external research stay at Imperial
College London and during the following months. The work is unpublished and has been recently
submitted for publication, see Ref. [95].

3.1 Introduction

The background and motivations for this work were presented in Chapter 1.4. This chapter presents
the development of steady-state, mean-line models for HPR radial-inflow turbines, in both the
design and the off-design modes. The models include different numerical modeling strategies to
treat unchoked and choked flow conditions, and the subsonic and supersonic flow regimes. The
models are developed using a generic formulation of the governing equations including real-gas
effects to investigate any fluid of interest. Given the lack of validated models for high-pressure ratio
turbines in the literature, the off-design model is calibrated with the data of some well-documented
experimental test cases from the open literature. A global sensitivity analysis using the Monte
Carlo method is employed to identify the importance of the calibration coefficients in regard to the
choking mass flow rate and the turbine isentropic efficiency. The calibration method uses a novel
approach, based on an optimization algorithm, which aims to minimize the predicted deviation
between the experimental and the numerical data considering all the measured operating points of
the turbines. Finally, the results of the calibration are assessed by validating the off-design model
with other two additional test cases, which present different features than the original test cases,
and one of which is an ORC turbine.

In this case, the off-design tool is developed to: (i) calibrate the model over a wide range of
operating conditions, (ii) comply with those ORC applications featuring important variations of the
system operating conditions.

The primary novel contributions of this work are the following: (1) a detailed mean-line modeling
strategy addressing choking conditions in the blade rows at design and off-design operation; (2) a
calibration method based on a multi-objective optimization algorithm, which aims to minimize the
predicted deviation between the measured operating point and the numerical model for each of the
test cases; (3) a set of loss models calibrated for HPR radial-inflow turbines.
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Figure 3.1: Representation of the geometry of the radial-inflow turbine. From Ref. [95].

This chapter has the following structure: Section 2 introduces the employed methodology and the
methods. Section 3 presents the calibration results. Section 4 discusses the results, and Section 5
draws the conclusion.

3.2 Methods

3.2.1 Performance prediction methodology

The MATLAB [214] language was employed to develop a steady-state, mean-line model with the
aim (i) to perform the design and performance prediction using a comprehensive numerical strategy
which includes the treatment of unchoked and choked flow conditions in the blade rows; (ii) to
apply it to HPR radial-inflow turbines operating with any working fluid and application; (iii) to be
robust, stable and with short simulation time.

In the mean-line approach of the model, the thermodynamic and flow conditions at every main
turbine station are representative of mass-weighted averaged conditions over the whole section. In
the turbine model, three subcomponents were modeled: the nozzle, the nozzle-rotor interspace,
and the rotor. A schematic of the turbine in the meridional plane is shown in Figure 3.1, which
highlights the main stations, the terminology and the symbols used in this paper. In each station and
between two stations, mass and energy balances, and loss equations are solved to determine all the
average thermodynamic and flow conditions. The thermodynamic library CoolProp [218], which
employs state-of-the-art equations of state, was used to compute the fluid properties. The core of
the methodology focuses on identifying the choking conditions in each blade row, independently of
the actual thermodynamic and flow conditions. Choking conditions in a blade row are defined as
the situation where the flow is at sonic conditions at the point of minimum flow area. If the process
is isentropic, it can be shown that this situation corresponds to the maximum possible mass flow
rate per unit area [301]. Four distinct choking flow patterns may occur in a nozzled turbine, and
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Figure 3.2: Illustration of the possible turbine flow patterns occurring at off-design condi-
tions: (a) Nozzle and rotor unchoked; (b) rotor choked and nozzle unchoked; (c) nozzle
choked and rotor unchoked; (d) nozzle and rotor choked. From Ref. [95].

these are shown in Figure 3.2: (a) both the nozzle and the rotor are unchoked, (b) the nozzle is
unchoked and the rotor is choked, (c) the nozzle is choked and the rotor is unchoked, and (d) both
the nozzle and the rotor are choked.

There are different approaches to the design and off-design mean-line modeling [302], and the
strategy adopted in this work is shown in Figure 3.3.

Design modeling strategy

The preliminary design modeling strategy is illustrated in Figure 3.3(a). The set of inputs to the
mean-line model are the inlet total temperature T01 and pressure p01, the rotational speed N, the
mass flow rate ṁ, and the stage total-to-static pressure ratio PRts. These values usually come from
the specifications of the thermodynamic cycle, except for N, which is often set by design constraints
or is optimized. In addition to the aforementioned inputs, a set of decision variables describing
the turbine geometry and loading conditions are provided as indicated in Table 3.1. The modeling
strategy illustrated in Figure 3.3(a) relates to a specified set of decision variables, and it can be
coupled to an optimization algorithm to determine the optimal combination of geometrical and
fluid dynamic variables. The first step in the modeling strategy (Step 0) is to identify which is the
first component to choke since the maximum mass flow rate that the turbine can accommodate
is limited by the choking. To this end, the nozzle choking conditions are first calculated using a
numerical method. The governing equations expressed as mass balance, energy balance, and loss
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Figure 3.3: modeling strategy for high-pressure ratio RITs: (a) preliminary design model;
(b) off-design model. From Ref. [95].

equations accounting for the entropy generation in the nozzle are, respectively:

C2 =
ṁ

ρ2 · cos(α2) ·A2(1−BF2)
(3.1)

h(ρ2,T2) = h01−
1
2

C2
2 (3.2)

nlosses

∑
n=1

∆hloss,n−h(ρ2,T2)+ h(p2,s01) = 0 (3.3)
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Table 3.1: Decision variables of the design model for RITs.

Decision variable Unit Symbol

1) Velocity ratio -
U4

C0
=

U4√
2∆h0,is

2) Nozzle inlet-outlet radius ratio - (r1/r3)
3) Nozzle opening-to-pitch ratio - (o/s)n

4) Interspace radius ratio - (r3/r4)
5) Rotor inlet width over exit blade height - (b4/b6)
6) Rotor outlet-inlet radius ratio - (r6s/r4)
7) Rotor exit hub-to-shroud radius ratio - ν = (r6h/r6s)
8) Rotor opening-to-pitch ratio - (o/s)r

9) Rotational speed rpm N

exit density 
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solutions subsonic 

solutions

Figure 3.4: Identification of the choking point for a blade row. From Ref. [95].

where ρ2 is the density, α2 the absolute flow angle, A2 the cross-sectional area, C2 the absolute
velocity, and p2 the static pressure at the nozzle outlet. The mass flow rate in Eq. 3.1 may be
reduced by a blockage factor BF2, which take into account the effects of the metal blockage and
boundary layer. The term h indicates the specific enthalpy, and h01 and s01 the total specific
enthalpy and entropy at the nozzle inlet, respectively. The term ∆hloss,n represents the specific loss
contribution in the blade row, calculated using an empirical model, see Sec. 3.2.2. The nozzle
exit flow angle under subsonic conditions was computed using an empirical correlation, see Sec.
3.2.2. Figure 3.4 illustrates the left-hand side of Eq. 3.3 expressed as a function of ρ2 and ṁ. This
representation serves to determine the choking point uniquely . For a specified value of the mass
flow rate, the function at the left hand side of Eq. 3.3 has a non-monotonic trend, a concave shape
and a single point of maximum. The value of mass flow rate corresponding to the situation where
the curve crosses the x-axis was identified as the choking mass flow rate, and the associated point
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of maximum as the choking point. For values of mass flow rate smaller than the choking mass
flow rate, the maximum of the curve lies above the x-axis, which is crossed in two points by the
function. These two points correspond to subsonic (higher density) and supersonic (lower density)
solutions. Therefore, the choking point is also identified as the situation where the subsonic and
supersonic numerical solutions coincide. On the other hand, for values of mass flow rate higher
than the choking value, the function does not cross the x-axis, being the point of maximum below
the x-axis, and there is no solution to the set of Eqs. 3.1-3.3 (Step 1). From the physical viewpoint,
this is consistent with the fluid dynamic situation occurring in the turbine: the machine cannot
physically accommodate a mass flow rate higher than the choking value, unless a different geometry
or inlet conditions are prescribed. In the design modeling strategy, the numerical routine stops and
warns the user to change the inlet conditions or the decision variables of the model. If choking
conditions are not reached, Eqs. 3.1-3.3 (Step 1) are solved together with the mass continuity, the
energy balance, the momentum balance and the loss equation in the nozzle-rotor interspace (Step
2), which are expressed as follows:

C4 =
ṁ

ρ4 · cos(α4) ·A4(1−BF4)
(3.4)

h(ρ4,T4) = h01−
1
2

C2
4 (3.5)

C3sinα3

C4sinα4
=

r4

r3
+

2πC f ρ4C4sinα4(r2
3− r3r4)

ṁ
(3.6)

∆hvs,loss−h(ρ4,T4)+ h(p4,s3) = 0 (3.7)

where the term ∆hvs,loss and C f denote the vaneless space loss and the friction factor, respectively.
The two terms are computed using empirical correlations. Equation 3.6 was based on the formulation
by Stanitz [303], according to Whitfield and Baines [304]. To solve Eqs. 3.4-3.7, a trust region
solver in MATLAB [214] was employed using initial guess values for α4 and ρ4. Once the nozzle
choking conditions are determined, the next step (Step 3) is to identify the rotor choking conditions.
The following set of equations for the rotor are solved:

W5 =
ṁ

ρ5 · cos(β5) ·A5(1−BF5)
(3.8)

h(ρ5,T5) = I4−
1
2

W 2
5 +

1
2

U2
5 (3.9)

nloss

∑
n=1

∆hloss,n−h(ρ5,T5)+ h(p5,s4) = 0 (3.10)

where I4 = h4 + 0.5W 2
4 −0.5U2

4 corresponds to the rothalpy term. In the design mode, the rotor
exit flow angle β5 was not provided by the empirical correlation and, instead, was computed by
assigning the exit static pressure p5 given the total-to-static pressure ratio specified as an input. In
the off-design mode, since the exit pressure is unknown, β5 is provided by an empirical correlation
(Sec. 3.2.2) to close the set of equations. Similarly to the analysis in the nozzle, the left-hand side
of Eq. 3.10 was expressed as a function of the rotor exit density ρ5, and the resulting trend is like
that of Figure 3.4. However, a major difference with the nozzle modeling is that the function also
depends on the rotational speed of the rotor. The design routine ended if the specified mass flow
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rate resulted in being higher than the choking value in the rotor. Otherwise, the governing equations
were solved, and the design routine proceeded to the post-processing operations.

Off-design modeling strategy

The off-design modeling strategy is illustrated in Figure 3.3(b). In the off-design mode, the full
turbine geometry and turbine inlet conditions are specified and performance maps are generated as
the output. The mass flow rate ṁ was given as an input and performance maps were generated until
choking conditions. When the turbine reached choking conditions, the solution strategy changed:
the mass flow rate was set to the choking value; however, the outlet pressure could assume an
infinitude of values. In this case, there is not a single solution to the numerical problem and, to cope
with this issue, the static pressure at the turbine outlet was also specified. The modeling strategy
could also employ the stage pressure ratio as an input from the beginning; however, it was found
that giving the mass flow rate as the input until choking resulted in faster computational time. Since
the workflow of Figure 3.3(b) refers to a specified rotational speed value, an iterative scheme was
applied to produce performance maps in a range of rotational speeds.

Identification of the choking point (Steps 0, 1a and 1b) The identification of the first blade
row to choke is the first step of the off-design modeling strategy (Step 0) as in the design mode.
The solution of the nozzle equations employed the set of Eqs. 3.1-3.3. The point at which the locus
of maxima of Eq. 3.3 is zero in the nozzle corresponds to the choking condition (see also Figure
3.4), and is determined using a numerical solver. Using the nozzle choking mass flow rate, it was
evaluated whether the rotor was already choked by solving Eqs. 3.4-3.10. Depending on the result,
different flow patterns were identified and the modeling strategy changed accordingly. If the rotor
choked first, the choking flow patterns a) and b) of Figure 3.2 were considered (Steps 1a-3a in
Figure 3.3(b)). The choking condition at which the peak of the function in Eq. 3.10 is zero was
computed using a numerical solver, enabling the identification of the values of choking density and
mass flow rate (Step 1a). If the nozzle choked first, the flow patterns a), c) and d) of Figure 3.2
were considered (Steps 1b-4b in Figure 3.3(b)). In this case, the solution strategy determined the
rotor choking condition found at higher expansion ratios (Step 1b). The rotor inlet static pressure
was changed until Eqs. 3.8-3.10 go to zero. The critical values of nozzle and stage pressure ratio
were determined and used in subsequent steps of the methodology.

Nozzle and rotor unchoked (Steps 2a and 2b) The mass flow rate was varied from a lower limit
up to the choking point and the turbine performance maps were computed. This operation was
repeated for each value of mass flow rate and Eqs. 3.1-3.10 were sequentially solved to calculate
the values of stage pressure ratio and the efficiency.

Nozzle unchoked and rotor choked (Step 3a) In this case, the mass flow rate was set to the
choking value, and the nozzle flow could not further expand since only the rotor exit pressure
could change, and this could not affect the flow upstream the throat [301]. Therefore, also the
total-to-static stage pressure ratio was provided as an input. The expansion downstream of the
rotor throat was allowed using a post-expansion. The thermodynamic and flow conditions at the
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throat were computed using mass energy balances, Eqs. 3.8 and 3.9. In this case, the choking
density determined in Step 1a was provided as input. For values of pressure ratio higher than the
rotor choking condition, the set of post-expansion equations in terms of mass and energy balances,
and losses was solved. The governing equations were applied between the throat end the exit to
determine the turbine exit density ρ6 as follows:

W6 =
√

2 · (I4−h(ρ6, p6))+U2
6 (3.11)

β6 = −cos−1 [ṁch,rot/(ρ6W6A5(1−BF5))] (3.12)

∆hpe,rot −h(ρ6, p6)+ h(p6,s5) = 0 (3.13)

where ∆hpe,rot is the post-expansion loss, s5 denotes the specific entropy at the throat, and ṁch,rot is
choking mass flow rate of the rotor.

Nozzle choked and rotor unchoked (Step 3b) Mass and energy balances between the nozzle
inlet and the throat were used to determine the thermodynamic and flow parameters at the choked
throat. For a value of pressure ratio higher than the choking value, a post-expansion process was
considered after the nozzle throat. In this case, the following set of equations was solved for the
nozzle exit density ρ3:

C3 =
√

2 · (h01−h(ρ3, p3)) (3.14)

α3 = cos−1 [ṁch,noz/(ρ3C3A2(1−BF2))] (3.15)

∆hpe,noz−h(ρ3, p3)+ h(p3,s2) = 0 (3.16)

where ∆hpe,noz is the post-expansion losses, s2 is the specific entropy at the throat, and ṁch,rot
denotes the rotor choking mass flow rate.

Both nozzle and rotor choked (Step 4b) In case both the nozzle and the rotor were choked,
further expansion was possible using a post-expansion after the rotor throat solving Eqs. 3.14-3.16.

3.2.2 Empirical models for losses and flow deviation

The equations employed to determine the thermodynamic and flow conditions in the different
turbine stations require the use of empirical correlations for the flow angle and the losses. These
are described in detail in Appendix B. The blockage factors used in the mass balance equations are
usually dependent on the specific test case that is considered. The best agreement with the data of
the six test cases employed in this work was found for BF = 0 and, therefore, possible blockage
effects were neglected. The numerical correlations of the losses occurring in the blade rows were
originally based on the models by Baines [137], although with some modifications. In the field
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of radial turbines, the literature [302] indicates that there is a strong lack of techniques used to
predict nozzle losses based on geometry and flow conditions. For this reason, nozzle losses have
often been neglected as they were considered of a much lower magnitude than those in the rotor
[137]. Although this may hold true for low-pressure ratio turbines, the experimental investigations
[98, 305] on high-pressure ratio turbines and numerical analyses [306, 307] on very high-pressure
ratio RITs (i.e. PR > 100) suggest that the nozzle losses should be included. At the same time, a
suitable nozzle model is required to obtain meaningful results regarding flow conditions at the rotor
inlet and the stage performance prediction.

The nozzle losses used in this work were the following three: the passage loss, the trailing edge
loss, and the post-expansion loss. The most reliable nozzle passage losses in the literature [308]
are arguably those by Rodgers [132] and Rohlik [309]. In this work, the loss model by Rodgers
[132] was adopted since it is directly computed based on the nozzle geometry and flow conditions
without using the boundary layer parameters, which are less straightforward to predict. The original
loss model by Rodgers [132] neglects the losses due to trailing edge and shock waves effects by
assuming that the trailing edge to chord ratio is less than 2 % and that Mach numbers are lower
than 1.2.

To fully extend the loss prediction to HPR conditions, the losses due to the trailing edge blockage
and to Mach numbers higher than 1.2 at the blade exit were also included in the mean-line model.
The loss correlation by Glassman [140] was employed to model the trailing edge loss. In this
respect, Refs. [134, 140, 310] argued that it could be a more meaningful formulation than that
used by Baines [137] since it considers the actual blade blockage. Aungier’s [133] correlation was
employed to estimate the post-expansion loss.

The loss model by Khastner and Bhinder [129], frequently employed in the literature [134, 302, 304],
was also used here to compute the losses in the nozzle-rotor interspace. The friction factor in the
interspace was computed using Japikse’s formulation [311]:

C f = k
(

1.8 ·105

Re4

)0.2

(3.17)

where Re4 is the Reynolds number at the rotor inlet and k is an empirical coefficient. Equation 3.17
was used to model the interspace loss in RITs following Whitfield and Baines [304]. The coefficient
k can vary in the range 0.005 to 0.02 in practical applications, and Japikse [311] recommended to
use the value 0.01.

The rotor passage, clearance, and incidence losses were modelled with the correlations by Baines
[137] and the trailing edge and post-expansion losses were modelled by the correlations by Glass-
man [140], consistently with the nozzle losses. Additional losses included the effects of friction by
the rotor disc, modelled as a sudden enthalpy rise at constant static pressure [304], and predicted
following Daily and Nece [312].

The final set of loss models is shown in Table 3.2 . Initially, all the coefficients Kp1, Kp2, Kp3, Kvs

and Kinc were considered for calibration in this work; however, the final set was selected after a
dedicated sensitivity analysis, described in Sec. 3.2.3.

As opposed to the axial turbine field, there is a strong lack of correlations for the flow deviation
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Table 3.2: Loss correlations.

Loss mechanism Loss model Reference

Nozzle passage ∆hpl,noz = Kp1
0.05
Re0.2

3

[
3tanα3

s3/cn
+

s3cosα3

b3

]
1
2

C2
3 Rodgers [132]

Nozzle trailing edge ∆ht,noz =

(
Znt3

2πr3cosα3

)2 1
2

C2
3 ·Y

(∗)
3 Glassman [140]

Nozzle post-expansion ∆hpe,noz =

(
M3−M2

M3

)2 1
2

C2
3 ·

1

Y (∗)
3

Aungier [133]

Interspace ∆hvs = KvsC f

(
L
D

)
1
2

(
C3 +C4

2

)2

Kastner and Bhinder
[129]

Rotor incidence ∆hinc,rot = Kinc(sin|β4−β4,opt |)2 1
2

W 2
4 Baines [137]

Rotor passage ∆hpl,rot = Kp{Kp2

(
LH

DH

)
+

0.68Kp3

[
1−
(

r6rms

r4

)2
](

cosβ6

b6/cr

)
} 1

2
(
W 2

4 +W 2
6
)

Baines [137]

Rotor clearance ∆hc =
U3

4 Zr

8π
(KaεaCa +KrεrCr +Kar

√
εaεrCaCr) Baines [137]

Rotor trailing edge ∆ht,rot =

(
Zrt6

π(r6s + r6h)cosβ6

)2 1
2

W 2
6 ·Y

(∗)
6 Glassman [140]

Rotor post-expansion ∆hpe,rot =

(
M6,rel −M5

M6,rel

)2 1
2

W 2
6 ·

1

Y (∗)
6

Aungier [133]

Rotor disc friction ∆hd f = 0.25K f
ρU3

4 r2
4

ṁ
where ρ =

ρ4 +ρ6

2
Re4 =

ρ4U4r4

µ4

Daily and Nece
[312]

if Re4 <3 ·105 K f = 3.7(εb/b4)0.1Re−0.5
4

if Re4 >3 ·105 K f = 0.102(εb/b4)0.1Re−0.2
4

(∗)
Y3 =

[
1+

k3−1
2

M2
3

] k3

1− k3 ; Y6 =

[
1+

k6−1
2

M2
6,rel

] k6

1− k6

angles in RITs. In this work, the exit flow angle at unchoked conditions for the nozzle and the rotor
was estimated with the cosine rule, as follows:

α2 = cos−1(o2/s2) β5 = cos−1(o5/s5) (3.18)

where o is the throat opening, and s is the vane spacing.

3.2.3 Sensitivity analysis

The objectives of the sensitivity analysis, which was applied to the off-design model, were the
following: i) identify the calibration coefficients which have a larger impact on the output mass
flow rate and isentropic efficiency; ii) remove the calibration coefficients having a small impact on
the changes in mass flow rate and efficiency, with the aim to minimize the computational efforts of
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the calibration process; iii) identify a range of values in which the calibration coefficients satisfy
the choking conditions required by the different test cases.

The global sensitivity analysis used the Monte Carlo method [263], which, in comparison to methods
based on a local sensitivity study, also considers the possible interactions between the different
variables. The model described in 2.2.6 was employed for the analysis. The input calibration
coefficients were assigned a uniform probability distribution without imposing a correlation matrix
on the input parameters, and for each coefficient 500 samples were generated. In the application of
the sensitivity analysis, all turbine test cases described in Sec. 3.2.4 were considered.

3.2.4 Calibration method

Six test cases were selected from the open literature for the application of the methodology presented
in Sec. 3.2.1. The following criteria were employed in the selection of the six test cases from
Table 1.2 : 1) the original references present reliable data and include sufficient details on geometry,
flow conditions, and performance maps at HPR conditions; 2) they all have the same geometric
configurations with a nozzle and without a volute or a diffuser. The geometry and input data
employed in the test cases are shown in Table B.1 in Appendix B.

The calibration methodology sought to identify the values of the calibration loss coefficients (and
hence the loss models) yielding the minimum deviation between the model and experimental data
in terms of the mass flow rate and efficiency maps. In mathematical terms, the set of calibration
coefficients can be expressed by the array

X = {Kp1,Kp2,Kp3,Kinc} (3.19)

where Kp1,Kp2,Kp3, and Kinc are the calibration coefficients in the loss models of Table 3.2. There-
fore, the calibration aimed to minimize the overall relative root mean square error (RRMSE) in
terms of mass flow rate and efficiency. The optimization function, f , was expressed as:

f = min{ 1
nt

nt

∑
i=1

RRMSE(ηis,i(X)),
1
nt

nt

∑
i=1

RRMSE(ṁi(X))} (3.20)

RRMSE(ηis) =

√√√√ 1
np

np

∑
j=1

(
ηis,exp, j−ηis,mod, j(X)

ηis,exp, j

)2

(3.21)

RRMSE(ṁ) =

√√√√ 1
np

np

∑
j=1

(
ṁexp, j− ṁmod, j(X)

ṁexp, j

)2

(3.22)

where ηis denotes isentropic efficiency, ṁ the mass flow rate, i = 1, ..,nt the test cases and j =
1, ...,np the points in the map. The subscript exp refers to the experimental data whereas mod refers
to the numerical data.

The multi-objective optimization, based on a genetic algorithm, was performed using 150 gen-
erations. During the optimization process, the set X of the calibration coefficients was changed
to find the combination yielding the minimum RRMSE values. This approach is mathematically
consistent; however, it does not ensure always that the solution is physically consistent. Therefore,
two different scenarios were considered and analyzed. In the first one, the optimization was per-
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Figure 3.5: Significance level of the calibration coefficients: (a) on the turbine total-to-static
isentropic efficiency; (b) on the mass flow rate. The bars indicate the standard deviation
from the mean value. The analysis employed the test cases listed in Table B.1. From Ref.
[95].

formed without any constraints in the possible values of the calibration coefficients. Therefore,
the optimizer was free to find the solution that minimized the RRMSE values from the purely
mathematical viewpoint. In a second case, the optimization was run using predefined constraints on
the calibration coefficients, which were found by the sensitivity analysis as those values ensuring
the correct prediction of the choking point in all the speed lines of the test case data.

3.2.5 Validation method

After the calibration process, the design and off-design models were validated with the objective
to further assess the suitability of the loss models in the prediction of turbine performance. The
validation of the design model was performed using the six test cases used for calibration of the
off-design model. The suitability of the off-design model was assessed by validating it with the data
of two additional test cases, with different geometric features than those used for calibration. The
first test case was documented by Demierre et al. [125, 126] and is a 2 kW ORC turbine. This test
case was chosen as it presents the full geometric details of the ORC turbine as well the operating
points at off-design conditions. The turbine was tested with the organic fluid R134a in the range
of pressure ratios 3.1 to 4.4 and rotational speeds 147 krpm to 206 krpm. The difference of this
test case with respect to those used for calibration is that it employs a diffuser. This component
was modelled using the approach described by Moustapha et al. [302] and using a total pressure
recovery coefficient of 0.55. The second test case is the Ricardo C80 turbine, which differed from
the test cases used for calibration for the presence of a volute. In this test case, described in Refs.
[96, 97], the turbine was tested up to a pressure ratio of 5.0. The validation with this test case
was performed by assuming that the losses in the volute were small and could be embedded in the
nozzle losses. The throat size, which was not included in the original data, was computed using the
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formulation by Li et al. [313]:

o2 = 2r3sin
(

θ
2

)
cos
(

θ
2
−α3b−

γ
2

)
(3.23)

In Eq. 3.23, the vane trailing edge is assumed to have a wedge shape with included angle γ = 11°
and with the center angle in the radial plane calculated as θ = 2π/Zs.

3.3 Results

3.3.1 Sensitivity analysis

The results of the global sensitivity analysis in terms of efficiency and the mass flow rate are shown
in Figure 3.5. The results of the sensitivity analysis for the isentropic efficiency suggest that the
calibration coefficient Kp2, related to the friction losses in the rotor passage, is the most significant
one since the values of standardized regression coefficients are in the range 0.76 to 0.98. After Kp2,
the coefficients Kp1 and Kinc, related to nozzle passage losses and rotor incidence loses, rank as the
second most important ones in some of the cases. The coefficient Kp3 results to provide the smallest
change in turbine efficiency, and therefore the analysis suggests that it is the least significant one. In
terms of mass flow rate, the results are similar to those presented for the efficiency and indicate that
Kp2 is the most significant parameter, although it has a lower mean value and a larger scatter. The
coefficient Kp1 appears to have a strong influence in the determination of the mass flow rate in the
last test case, and this suggests it has a stronger impact on the nozzle losses. The analysis suggests
that the significance level of the calibration coefficient varies and it depends on the specific test
case. At the same time, the coefficient Kvs shows the smallest values of mean and variance, and
for this reason, it was not included as a coefficient for calibration. This choice enabled a reduction
of the computational time of the calibration without an appreciable change in the accuracy of the
results. Finally, the sensitivity analysis was employed to identify the ranges of the calibration
coefficients fulfilling the identification of the choking point in the different cases. These ranges
were subsequently employed for the constrained optimization process in the calibration.

3.3.2 Calibration

The results of the multi-objective optimization are shown in Figure 3.6. They are expressed in
terms of the RRMSE in isentropic efficiency, RRMSEη and mass flow rate, RRMSEm, and for
the unconstrained and constrained optimization cases. After approximately 120 generations, the
optimal Pareto front in Figure 3.6 was found. The optimal RRMSEη and RRMSEm are in the range
2.05 % to 2.17 and 1.45 % to 1.56 %, respectively, for the unconstrained optimization. In the
constrained optimization, the identification of the choking point using constraints reduced the
solution space, and therefore the optimal solutions are in the range 2.13 % to 2.8 % for RRMSEη .
As for RRMSEm, values similar to those of the unconstrained optimization were found. The Pareto
front consists of multiple optimal points, each of them identified by a set of calibration coefficients.
The most suitable point in the front can be selected depending on key-decision criteria of the
designer. In this work, the optimal point in the front was selected by assigning an equal weight
to the two objective functions, resulting in the optimal calibration coefficients indicated in Table
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Table 3.3: Optimal set of calibration coefficients for an equal weight of RRMSEη and
RRMSEm in the pareto front. From Ref. [95].

unconstrained constrained
Kp1 1.3881 1.4152
Kp2 0.637 0.5903
Kp3 0.1042 0.4036
Kinc 0.8952 0.8754
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Figure 3.6: Optimal pareto fronts from the unconstrained and constrained multi-objective
optimizations. The colours indicate the evolution of the pareto front from the initial ( ) to
the final ( ) generations. From Ref. [95].

3.3. The results indicate that, compared to Baines’ [137] values, a higher nozzle loss coefficient is
required to obtain the best match with the test cases. Also, lower values of primary, secondary and
incidence losses are required in the rotor.

The comparison of the results regarding RRMSEη and RRMSEm is illustrated in Figure 3.7 for
the different cases. The calibration allowed reducing the overall RRMSEη from 5.88 % to 2.11 %
and 2.04 % for the cases of constrained and unconstrained optimization, respectively. The overall
deviation in mass flow rate reduced from 2.38 % to to 1.54 % and 1.33 %, respectively. A reduction
in the deviation for the single test cases is also observed. It was observed that the difference in the
optimal values between the constrained and unconstrained optimization cases was small, as also
indicated in Table 3.3. The Figures 3.8 and 3.9 compared the performance maps before and after
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Figure 3.7: Comparison of RRMSE values for the different test cases before and after the
optimization process: (a) RRMSE in isentropic efficiency; (b) RRMSE in mass flow rate.
From Ref. [95].

the calibration process for three exemplary test cases.
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Figure 3.8: Exemplary isentropic efficiency maps before (a,c,e) and after (b,d,f) the multi-
objective optimization: (a,b) Metiner and Glassmann [314] test case; (c,d) McLallin [98] test
case; (e,f) Rogo [102] test case. From Ref. [95].

78



3.3. Results

1 2 3 4

60

80

100

120

140

PRts [-]

ṁ
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tion: (a,b) Meitner and Glassmann [314] test case; (c,d) McLallin [98] test case; (e,f) Rogo
[102] test case. From Ref. [95].
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Figure 3.10: Validation of the turbine design model. From Ref. [95].

3.3.3 Validation

In the validation of the design models, Figure 3.10 shows that the efficiency deviated in the range
0.1 %-points to 2.83 %-points depending on the test case, with the highest deviation found in the
turbine investigated by Rogo [102]. Since the best fit is computed using all the measured operating
points, the optimizer found the best fit at the expense of a higher deviation for the 100 % speed line.

The validation results for the test case of the turbine investigated by Demierre et al. [125, 126] are
provided in Figures 3.11(a) and 3.11(b). The mean-line model shows a deviation within 1 % in the
mass flow rate for all operating conditions, and seems to overestimate the value of total-to-static
efficiency across all points. The values predicted with the numerical model have a deviation up to 5
% which is inside the range of uncertainty of the experimental data.

The validation results for the Ricardo turbine C80 are provided in 3.11(c) and 3.11(d). In the
Ricardo turbine C80, the nozzle chokes first. Using Eq. 3.23 to estimate the nozzle throat opening,
the RRMSEm is 1.75 %, as shown in Figure 3.11(d). It was noted that, in this specific case, the
cosine rule used to compute the nozzle opening underpredicted the mass flow rate by 20 %. This
result suggests that it essential to know the geometry accurately at the throat as this can have a large
impact on the mass flow rate and, consequently, on the efficiency.

As for the efficiency, the best match is obtained at lower values of rotational speed and velocity
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Figure 3.11: Validation of the off-design turbine model: (a,b) turbine by Demierre et al.
[125, 126]; Ricardo C80 turbine [96, 97]. The error bars represent the uncertainty in the
experimental measurements. From Ref. [95].

ratio U/C0 whereas the losses are higher at higher speeds and the peak of the efficiency curve is
located at lower values of U/C0, approximately 0.55.

3.4 Discussion

This work identified the optimal coefficients for the loss models by achieving the best possible
match with the experimental data regarding the flow rate and turbine efficiency. The resulting
model can be used to perform the preliminary design and to predict the turbine efficiency for HPR
turbines. At the same time, it was not assessed how suitable the the loss models could be to estimate
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the flow conditions inside and between the blade rows since this was outside the scope of this work.
For this reason, definitive conclusions are to be drawn only after careful evaluation with the internal
flow conditions from experimental data and the results of high-fidelity CFD simulations.

An important aspect that requires a proper discussion is the model accuracy obtained in the results.
After the calibration, it was possible to achieve values of accuracy in the range ± 2.1 %. In
order to evaluate whether this accuracy is acceptable, a comparison with the accuracy of other
performance prediction methods from the literature is performed here. A deviation within 1 %-point
in performance prediction was achieved by Glassman [140], who calibrated the loss models to the
data of three RITs operating at low-pressure ratio conditions. Values of ± 2 % in efficiency were
obtained by Rodgers [132] in the validation of a RIT model. The model by Baines [137, 139, 302]
showed an accuracy of 3.20 %-points in efficiency, corresponding to an RRMSE value of 5.80 % at
the best efficiency points, in the validation with the data of 30 turbines. The RRMSE value obtained
by Baines [137, 139, 302] is in the same order of magnitude of that obtained in this work before the
optimization, see Figure 3.7. The performance prediction models presented by the aforementioned
authors highlight values of accuracy in the range 1 %-point to 3.8 %-points. This suggests that the
accuracy of 2.1 %-points obtained with the present model is acceptable.

The test cases used to calibrate the model presented in this work all featured conventional design
characteristics such as rotor inlet radial blades, no volute and diffuser, air as the working fluid, and
rotor tip diameters in the range 116 to 370 mm. The same accuracy is not expected for turbines
having different characteristics. As a matter of facts, the validation of the same model with the test
case by Demierre et al. [125, 126], whose turbine tip diameter was 18 mm, the working fluid is
R134a, and features a diffuser, showed a deviation in the values of isentropic turbine efficiency
up to 5 %-points. The validation with another test case, the Ricardo C80 turbine, featuring an 80
degree nozzle and a volute, suggested that knowing the size of the throat accurately is paramount to
predict the mass flow rate accurately, and suggests the use of suitable correlations for the estimation
of the throat opening, such as Eq. 3.23.

Finally, it is remarked that the results and methodologies presented here are suitable to HPR turbines
operating with any working fluid and in the gas phase. The accuracy of the performance prediction
model is expected to be in the range of the calibrated model for turbines having geometric and
fluid-dynamic characteristics similar to those of the calibration test cases. In other situations, it
is suggested that the mass flow rate is computed in a reasonable range if the turbine geometry is
well-defined whereas a lower accuracy in efficiency must be expected when using turbines with
different geometric and fluid-dynamic features.

3.5 Conclusions

This chapter presented a methodology for the preliminary design and performance prediction of
high-pressure ratio turbines. This was the first time that a comprehensive methodology including
performance prediction models, calibration, validation and analysis of the results was presented
based on the experimental data of turbines operating at high pressure ratio. To this end, a single-
stage, mean-line model of a radial-inflow turbine was developed, including the details of the
employed numerical strategy for the treatment of the possible choking flow conditions. A global
sensitivity analysis allowed determining the most important calibration coefficients to be applied
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to the loss models. The loss coefficients were calibrated by minimizing the predicted deviation in
efficiency and mass flow rate across all the measured data at off-design conditions. The calibration
method used for the first time a multi-objective optimization based on a genetic algorithm, which
provided a significant reduction in the predicted deviation with the experimental data in comparison
to the baseline case (no optimization). In this respect, the deviation, expressed in relative RMSE
values, decreased from 5.9 % to 2.1 % in terms of efficiency and from 2.4 % to 1.5 % in terms of
mass flow rate.

The calibrated loss coefficients provided a deviation of 2.83 % for the design model efficiency.
Afterwards, the calibrated model was used in the validation with an ORC turbine and another air
turbine, whose design and fluid-dynamic features where different from those used in the calibration.
The validation with the ORC turbine yielded a deviation within 1 % in the mass flow rate and about
5 % in efficiency. The validation with the second test case of an air turbine provided acceptable
results in mass flow rate and efficiency, and highlighted that a correct estimation of the actual throat
size is paramount. Future work should be devoted to use the developed tool and methodologies for
the design, analysis and optimization of ORC power systems.
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4 Centrifugal compressors for heat
pump systems

The work presented in this chapter is unpublished work, see Ref. [315].

4.1 Introduction

The background and motivations for this work were presented in Chapter 1.4. This chapter presents
a methodology for the combined design of heat pumps and centrifugal compressors.

For centrifugal compressors, steady-state mean-line models for the design, and off-design are
developed following an approach similar to that of RITs. The models offer the possibility to
include different working fluids thanks to the general formulation of the governing equations and
the use of accurate equations of state for the estimation of the fluid’s thermodynamic and transport
properties. To account for the possibility of choking conditions in the blade rows, the onset of
choking is predicted using a specific numerical method. The compressor model is then validated
at the design and off-design conditions with the data of five test cases, including three different
working fluids: air, the refrigerant R134a, and CO2. Afterwards, it is combined with the model
of a high-temperature heat pump and the combined model is optimized for different working
fluids to determine the solution that optimizes the performance from both the heat pump and the
compressor viewpoints. The main novel contributions of this chapter, concerning the review of
the literature in Sec. 1.2.5, are the following: (1) a thorough CC model validation for different
test cases including three different working fluids (air, R134a and CO2); (2) a methodology for
the combined optimization of a heat pump equipped with CCs, enabling the selection of the most
suitable working fluid.

The structure of this chapter is the following: Section 2 presents the compressor models, the
validation and the optimization methods. Section 3 presents the results of the compressor model
validation and the optimization methodology. Section 4 discusses the results, and Section 5 draws
the conclusions.
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Figure 4.1: Schematic of the centrifugal compressor geometry. From Ref. [315].

4.2 Methods

This work employed a steady-state, mean-line model for the performance prediction of CCs at
design and off-design conditions. The model, implemented in the MATLAB language [214],
followed a mean-line approach in which the thermodynamic and flow conditions were computed at
the mean streamline in the compressor meridional plane, and were representative of mass-weighted
averaged conditions over the whole section. The subcomponents which were considered in the
compressor modeling were the impeller, the vaneless diffuser and the vaned diffuser. A schematic
of the compressor model is illustrated in Figure 4.1, where the main stations and the terminology
used in this chapter are also highlighted. Mass and energy balances and loss equations accounting
for the entropy generation were solved to determine the thermodynamic and flow conditions in
the main stations. Real-gas equations of state were used to compute the thermodynamic and fluid
transport properties of the fluids using the thermodynamic libraries CoolProp [218] and REFPROP
[217].

A paramount aspect of the development of the compressor model was to account for choking
conditions, which determine the maximum allowable mass flow rate through the compressor. When
the speed of sound is reached within the compressor passages, the flow is said to be choked
[301]. Usually, the choking point is experienced in the impeller blades or in the vaned diffuser, in
correspondence of the points of minimum flow area [316]. In the impeller, choking also depends
on the rotational speed as this will affect the values of local relative velocity inside the impeller
blades. It is important to detect choking in the machines since when this occurs the mass flow rate
cannot be increased, determining a constraint on the compressor operational range and a sudden
drop in the performance. The modeling strategy adopted in the compressor models identifies the
choking point by screening the possibility of choking conditions in the impeller inlet, the impeller
outlet, or in the vaned diffuser.
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Step 1b
Evaluate VD

choking

VD choked?
No

Step 3
Compute per-

formance
map until ṁch
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Figure 4.2: modeling strategy for centrifugal compressors: (a) preliminary design model; (b)
analysis model. From Ref. [315].

4.2.1 Design model

The workflow of the preliminary design model is shown in Figure 4.2(a). The model inputs are
the following: the inlet total temperature T01, the inlet total pressure p01, the rotational speed N,
the mass flow rate ṁ, and the stage total-to-static pressure ratio PRts. The inputs also include a set
of decision variables related to geometry and loading conditions which are to be provided. The
design variables and the optimization constraints used in this work are shown in Table 4.1. The
boundaries come from the literature [182, 198] and are expressed using upper and lower bounds in
order to ensure that the design solutions are manufacturable, physically meaningful and technically
feasible. Mechanical stress issues on the blades are avoided by setting an upper limit to the tip
speed based on recommendations from the literature. Since the modeling strategy described in
Figure 4.2(a) relates to a given set of decision variables, an optimization strategy was applied to
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Table 4.1: Design variables and optimization constraints of the compressor design model.
From Ref. [315].

Decision variable Description Units Lower
boundary

Upper
boundary

ψis = ∆h0,is/U2
2 Isentropic stage loading coefficient [-] 0.3 1.1

N Rotational speed [krpm] 1 210
r1s/r2 Inlet shroud to tip radius ratio [-] 0.4 0.7
r1h/r1s Inlet hub to shroud radius ratio [-] 0.25 0.7
b2/r2 Exit blade width over radius [-] 0.02 0.8
β2b Impeller exit blade angle [° ] -45 0
β1b Impeller inlet average blade angle [° ] -70 -20
Optional decision variable
Zr Number of total impeller blades [-] 6 60
Additional constraints
M1s,rel Relative Mach number at impeller inlet

shroud
[-] 0 1.4

M1,rel Relative Mach number at impeller inlet [-] 0 0.9
W2/W1s Ratio of exit to inlet shroud relative veloc-

ities
[-] 0.25 -

α2 Impeller exit absolute flow angle [° ] - 85
o1 Impeller inlet throat [mm] 1.49 50
χ Stage degree of reaction [-] -0.1 0.9
U2 Impeller exit peripheral speed [m/s] 0 400
r3/r2 Vaneless diffuser radius ratio [-] 1.05 2
Fixed values (if not specified)
tb Blade thickness [mm] 0.2
ε Impeller clearance [mm] 0.15
εb Impeller backface clearance [mm] 1
ks Impeller surface roughness [mm] 0.002
b3/b2 Diffuser width ratio [-] 1
CP Diffuser pressure coefficient [-] 0.44

determine the set of variables leading to the optimal compressor design, see Sec. 4.2.5. According
to the specifications of the selected application, some decision variables can also be fixed and not
optimized. For example, the number of impeller blades can be set as an input or can be optimized.
In case of the design model, they were computed from an empirical correlation, as follows [317]:

Zr = 12.03+ 2.544PRtt (without splitters) (4.1)

Zr = −4.527e1.865/PRtt + 32.22 (with splitters) (4.2)

Where Zr is the number of impeller blades and PRtt the stage total-to-total pressure ratio. The
design model was implemented following the guidelines by Japikse and Baines [168] and Whitfield
and Baines [304].

The modeling strategy illustrated in Figure 4.2(a) starts by evaluating if the compressor is choked
for the set of specified design and input variables (Step 0). If the stage results to be choked, the
compressor is not able to accommodate the mass flow rate specified as an input, and the decision
variables are to be changed. The choking condition is determined using a numerical method. The
equations in the inducer throat regarding mass continuity, energy balance, and the isentropic process
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Figure 4.3: Identification of the choking point for a blade row: (a) residual of the loss equa-
tion, and (b) Mach number. From Ref. [315].

equation equation are the following:

W1 = ṁ/(ρ1Ath,1) (4.3)

h1 = h01−
1
2

W 2
1 +

1
2

U2
1,rms (4.4)

s01− s1 = 0 (4.5)

In Eqs. 4.3 to 4.5 the parameters ρ1, Ath,1, W1, U1,rms, and h1 denote the density, flow area, relative
velocity, root-mean-square average peripheral speed, static specific enthalpy at the inducer throat
section, respectively. The term h01 is the total specific enthalpy, and s01 and s1 denote the total
and static specific entropies, respectively. It is assumed that the process from the inducer inlet to
the throat is isentropic in Eq. 4.5. Figure 4.3(a) shows that the left-hand side of Eq. 4.5 can be
expressed as a function of ρ1 and ṁ for the specified inlet and geometric conditions.

As explained in Chapter 3.5, the residual function in Figure 4.3(a) shows a non-monotonic behavior
with a maximum. The condition at which the peak of this function crosses the abscissa was
identified as the choking condition. Eqs. 4.5 has two solutions at small values of ṁ, one representing
the solution for subsonic conditions and the other for supersonic conditions. At higher values of
mass flow rate, the maximum of the function shifts downwards and eventually crosses the density
axis. This condition corresponds to choking, where numerically the subsonic and supersonic
solution coincide, and physically the sonic conditions are reached at the point of minimum relative
flow area in the blade passage. If a higher mass flow rate is employed, there is no solution to the
system of equations, as shown in Figure 4.3(a). To produce a compressor design which complies
with the specified mass flow rate, a different set of decision variables needs to be employed. If there
is no choking at the inducer section, the modeling strategy proceeds and it checks whether choking
conditions occur at the exducer section (step 1). The equations for mass and momentum balances
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and the losses at the exducer section 2 are expressed as follows:

C2m = ṁ/(ρ2A2) (4.6)

h02 = h01 +C2tU2−C1tU1,rms (4.7)
nloss

∑
n=1

∆hloss,imp−h02 + h(p02,s01) = 0 (4.8)

where ∆hloss,imp denotes the nth impeller loss, which is computed using the empirical correlations
described in Sec. 4.2.3. Equation 4.7 requires an expression for the tangential component of the
rotor exit absolute velocity, C2t . This is provided using the component in the meridional direction,
C2m, and the slip factor σ , which is an indication of the flow deviation at the impeller exit. Once
the slip factor is known from empirical correlations, a slip velocity can be computed and C2t and C2
are provided as follows:

C2t = σU2−C2m tan(|β2b|) (4.9)

C2 =
√

C2
2m +C2

2t (4.10)

h2 = h02−
1
2

C2
2 (4.11)

The evaluation of the possible choking at the exducer section is carried out in the same way as
the inducer. The left-hand side of Eq. 4.8 is a function of the mass flow rate and the impeller
exit density, and has a trend similar to that of Figure 4.3(a). If choking conditions occur, or if
the specified mass flow rate is higher than the choking value, the modeling strategy exits the
design routine. Alternatively, the set of Eqs. 4.6-4.8 are solved, and the thermodynamic and flow
conditions at the impeller exit section are found (Step 2). If there is not a diffuser, the design
routine terminates, and the model performs the post-processing operations necessary to compute
the performance and the final design of the machine.

In the presence of a vaneless diffuser, the total pressure loss coefficient K and the ideal pressure
coefficients were computed based on the specified stage exit total pressure p03 and pressure
coefficient CP as follows:

K =
p02− p06

p02− p2
(4.12)

p3 = p2 +CP(p02− p2) (4.13)

CPid =CP+K (4.14)

The vaneless diffuser exit state was then determined by solving the following set of equations for
the exit density ρ3 [168]:

h3 = h(ρ3, p3) (4.15)

C3 =
√

2(h02−h3) (4.16)

ṁ−C3ρ3A2cos(α2)(1−CPid)
−0.5 = 0 (4.17)
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According to Japikse [316], the vaneless diffuser cannot be choked since it has no throat section.
However, in the presence of a vaned diffuser (VD), which has a throat section at the inlet, the
modeling strategy requires further evaluation of the choking conditions occurring in this component
(Step 4). To this end, the equations in the vaned diffuser throat are formulated as:

C4 = ṁ/(ρ4Ath,4) (4.18)

h4 = h03−
1
2

C2
4 (4.19)

S03−S4 = 0 (4.20)

Using the numerical solution strategy employed for the impeller, it is checked that the vaned diffuser
is not choked at its throat section. If it is choked, the design routine ends. Otherwise, the equations
at the diffuser exit are solved as follows (Step 5):

C5 = ṁ/(ρ5 cosα5A5) (4.21)

h5 = h03−
1
2

C2
5 (4.22)

nloss

∑
n=1

∆hloss,vd−h03 + h(p5,S3) = 0 (4.23)

The design mode has the stage total-to-static pressure ratio specified, and therefore also the exit
static pressure p5. Accordingly, the exit flow angle α5 is computed from the solution of Eqs. 4.21 to
4.23 to match p5. However, in the off-design mode, p5 is not known beforehand. To close the set of
vaned diffuser equations, the exit flow angle was approximated with the vane exit angle assuming
that the exit flow deviation is negligible.

4.2.2 Off-design model

The off-design modeling strategy is shown in Figure 4.2(b). In the off-design strategy, the compres-
sor geometry is provided as an input, and the model generates compressor performance maps as the
output. To generate the maps, the mass flow rate ṁ is required as input whereas the stage pressure
ratio and efficiency are model outputs. The stage performance is computed for each value of mass
flow rate and a single speed line whereas full performance maps are generated using an iterative
scheme for the different values of rotational speed. The starting point of the off-design strategy is
to evaluate if the inducer or the exducer is choked first for the assigned inputs and conditions and
compressor geometry (Step 0). The inducer throat was modeled using Eqs. 4.3-4.5. The choking
mass flow rate at the inducer throat is determined by solving for the zero of the locus of maxima of
the left-hand side of Eq. 4.5. The resulting value of choking mass flow rate is then used to evaluate
whether the exducer is already choked by screening the location of the peak of the function at the
left-hand side of Eq. 4.8. Two different paths in the modeling strategy are followed accordingly.

In case the exducer choked, the value of choking mass flow rate was determined by solving for
the zero of the locus of maxima of Eq. 4.8. The performance maps for the unchoked flow regime
were computed by varying the mass flow rate until the choking value (step 3). The following set of
one-dimension equations [303] was solved in each point of the vaneless space after the impeller, to
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provide the thermodynamic and flow conditions:

Cm
dCm

dr
−C2

t

r
+C f

C2 cos(α)

b
+

1
ρ

d p
dr

= 0 (4.24)

Cm
dCt

dr
+

CmCt

r
+C f

C2 sin(α)

b
= 0 (4.25)

1
ρ

dρ
dr

+
1

Cm

dCm

dr
+

1
b

db
dr

+
1
r
= 0 (4.26)

h02−h− 1
2

C2 = 0 (4.27)

The vaneless space width b is provided at every point along the vaneless space by interpolation
between the inlet and outlet values. The term C f in Eqs. 4.24 and 4.25 denotes the vaneless space
friction factor, and was estimated using a correlation by Japikse [311] as C f = k(1.8 ·105/Re)0.2.
Japikse [311] recommended using values between 0.005 and 0.02 for k. In this work the best match
with the data used for validation was found for the value 0.005. To solve the system of equations
4.24-4.27, a MATLAB ODE15i solver [214] was employed using initial values of Cm, Ct , ρ and p
at the impeller outlet.

Steps 2a and 1b were added to the modeling strategy to evaluate whether the diffuser choked before
the impeller. The vaned diffuser choking mass flow rate was determined by solving for the zero fo
the locus of maxima in the set of Eqs. 4.21-4.23.

4.2.3 Empirical models for losses and flow deviation

The set of loss models used in this work, shown in Table 4.2, was selected as the different loss
models were employed by many authors, they are well-described in the original references, and
provided a good match with the experimental data of the validation.

The slip factor in Eqs. 4.6-4.8 was estimated according to the correlation by Wiesner [318], and
further improved by Aungier [197] to account for splitter blades a limiting value for high inlet-to-
outlet impeller radius ratios. Additional information on the employed correlations for losses and
flow deviation is included in Appendix C.

4.2.4 Validation

Five well-documented test cases from the open literature were used for the validation of the mean-
line model. The test cases featured three different working fluids: air, R134a, and CO2. The input
data used for validation are listed in Table C.1 in Appendix C. In the analysis mode, the actual
compressor geometry was fully assigned, and the performance of the model was compared to that
of the experimental test cases. In the design mode, the specifications of the design point were
assigned as well as the full geometry of the impeller. However, the diffuser ratio was an output and
it was computed to match the stage exit pressure prescribed by the input pressure ratio.

91



Chapter 4. Centrifugal compressors for heat pump systems

Table 4.2: Loss correlations. From Ref. [315].

Loss mechanism Loss model Reference

Impeller incidence ∆hinc =
1
2

W 2
1 sin2|β1,opt −β1 | Galvas [199]

β1,opt = tan−1 [(A1/Ath,1)tanβ1b ]

Impeller friction ∆hs f = 4C f i
Lb
dhb

W 2 Galvas [199]

W = max{
√
(W 2

1 +W 2
2 )/2),

√
(W 2

th,1 +W 2
2 )/2} Aungier [197]

Lb ≈
π
8
(2r2− (r1s + r1h)−b2 + 2Lz)

(
2

(cosβ1s + cosβ1h)/2+ cosβ2b

)
Jansen [319]

dhb =
2r2

Zr
πcosβ2b

+
2r2
b2

+
2r1s

2
1− r1h/r1s

+
2Zr

π(1+ r1h/r1s)

√
1+ tan2β1bs

(
1+

(r1h/r1s)
2

2

) Galvas [199]

Impeller blade loading ∆hbl = 0.05D2
f U2

2 Coppage [204]

D f = 1− W2
W1

+ cd f
∆h0
U2

2

W2
W1s

(
Zr
π

(
1− r1s

r2

)
+ 2

r1s
r2

)−1

Impeller clearance ∆hcl = 0.6
ε
b2
|C2t |

√
4π

b2Zr

r2
1s− r2

1h
(r2− r1s) (1+ρ2/ρ1)

|C2t |C1m Jansen [319]

ε = (εa + εr)/2

Impeller mixing ∆hmix =
1

1+ tan2(α2)

(
1− εw−b∗

1− εw

)2 1
2

C2
2 Johnston and Dean

[320]

χ = 0.93ε2
w + 0.07εw where b∗ = 1, χ = 0.15 Japikse [316]

Impeller disc friction ∆hd f = 0.25
ρiU3

2 r2
2K f

ṁ
where ρi = (ρ1 +ρ2)/2 Daily and Nece [312]

if Re2 =
ρ2U2r2

µ2
<3 ·105 K f = 3.7

(εb/b2)
0.1

Re0.5
2

if Re2 =
ρ2U2r2

µ2
>3 ·105 K f = 0.102

(εb/b2)
0.1

Re0.2
2

Impeller recirculation(∗) ∆hrc = 8 ·10−5sinh(3.5 ·α3
2 )D

2
f U2

2 Oh et al. [196]

Vaned diffuser incidence ∆hvd,inc = 0.6sin2 |α3−α3b |
1
2

C2
3 Conrad [321]

Vaned diffuser friction ∆hvd,s f = 2C f ,vdC2
m,vd

Lb,vd
dhb,vd

Conrad [321]

Lb,vd =
r5− r3

cos
( α3b +α5b

2

) dhb,vd =
o4b4

o4 + b4
+

o5b5
o5 + b5

(∗)
the flow angle is expressed in radians

Air compressors

Three experimental test cases employed air as the working fluid. These test cases are a family
of compressors which were extensively documented and investigated in the literature. Japikse
claimed that this set of compressors was the most comprehensive set of experimental data for CCs
in the literature [167]. The three compressors were named Eckardt compressors, in honor of Dr.
Dietrich Eckardt who tested them in the 1970s. The experimental results for the three test cases
were published in a number of scientific papers [164, 166, 322]. The tests were conducted using
laser two-focus velocimetries, high-frequency pressure transducers, and conventional pneumatic
probes. The experimental data have an accuracy of ± 1 % in terms of mass flow rate, ± 3 rpm in
the rotational speed, ± 0.07 ◦C in the temperature for the baseline or ± 0.2 ◦C with recovery factor
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Figure 4.4: Layout of the HP cycle for steam generation using: (a) an open-loop with steam
and (b) a closed-loop with other working fluids. From Ref. [315].

error, ± 2 % on impeller exit or diffuser inlet area, ± 0.25 % in nominal pressure pr ± 0.5 % for
r/r2 1.1 and angles to ± 0.25 ° nominal or ± 0.5 ° for r/r2 1.1. Japikse [167] considered these
values of accuracy to meet or exceed common research standards in the late 1980s.

R134a compressor

The test case employing R134a is a compressor with a vaneless diffuser which was designed and
tested for domestic heat pump applications by Schiffmann and Favrat [182]. This test case is
particularly significant to assess the suitability of the mean-line model to predict the performance
of a compressor using a refrigerant, as commonly used in heat pump applications. The geometric
and experimental details are reported in Refs. [126, 182, 323, 324]. The geometric and modeling
details of the compressor are listed in Table C.1. The compressor was tested at values of rotational
speed up to 210 krpm, and gas lubricated bearings were employed to allow for oil-free operation.
The accuracy of the measurement probes was ± 0.2 K in the temperature, ± 0.002 MPa in the
pressure, ± 0.5 % in the mass flow rate, and ± 0.1 % in the electric power [182]. The test results
demonstrated the technical feasibility of the compressor for small-scale heat pump applications.
The machine achieved values of pressure ratio up to 3.3, power up to 1.8 kW and internal isentropic
efficiency up to 79 %. The details of the internal flow measurements were not provided.

CO2 compressor

The last test case is a compressor using supercritical CO2 which was tested at Sandia National
Laboratories (SNL) [183]. The compressor was designed for the development of advanced Brayton
cycles using supercritical working fluids. Like the previous test case, the presence of experimental
data of a CC operating with a working fluid used in the refrigeration field makes this test case
particularly relevant to test the suitability of the developed mean-line model. At the same time,
the numerical model faces the challenges of computing the thermodynamic conditions close to
the critical point, where large deviations from the ideal gas laws and also large variations in the
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Figure 4.5: Entropy-temperature diagram for the test cases used for validation: (a) air com-
pressors; (b) R134a compressor; (c) CO2 compressor.

fluid properties are experienced. The compressor has an impeller and a vaned diffuser. The
impeller has 6 main blades and 6 six splitter blades, and the vaned diffuser has 17 wedge-shaped
vanes. The compressor geometry and the inputs to the mean-line model are provided in Table C.1.
The compressor was supported by gas bearings and employed a high-speed permanent magnet
motor/alternator and labyrinth gas seals to reduce the rotor cavity pressure. The machine was
tested up to 65 krpm, achieving a pressure ratio of 1.65 and a mass flow rate of 1.8 kg/s. The
experimental report indicated an accuracy in the measurement of the temperature of ∼0.2 K for
resistance thermometry devices, and ∼0.1 K for thermocouples. The obtained results demonstrated
that it was possible to operate the compressor in a stable and controlled way close to the critical
point.

For this test case, CFD results were also available in the literature. As an additional source of
validation, CFD results were compared to the mean-line model results. The CFD simulations were
performed by Pecnik et al. [325] for the impeller only configuration and by Rinaldi et al. [326]
including a vaned diffuser. The CFD simulation tool described in Refs. [325, 326] is representative
for the current state of the art in the numerical modeling of centrifugal compressors with CO2 .

Figure 4.5 shows the entropy-temperature diagram and the compressor operating points at design
conditions for the different test cases. Figure 4.5 further highlights the differences and challenges
in the thermodynamic and modeling conditions in each case.

4.2.5 Case study and cycle modeling

The combined compressor and cycle optimization was applied to design a HTHP system considering
different working fluids. The heat pump cycle was part of a cascade heat pump system used for
high-temperature steam generation. The steam is supplied at 150 ◦C using a heat source at 100 ◦C.
The heat source is provided by a bottom cycle, which is not included in the present analysis. The
bottom cycle, which is assumed to have constant operating conditions, exploits low-temperature
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Table 4.3: Modeling conditions of the heat pump cycle. From Ref. [315].

Parameter Value Unit
Evaporator
Teva 100 ◦C
peva psat(Teva) Pa
Condenser
Tsupply 150 ◦C
∆Tpp 3 ◦C
pcond psat(Tsupply +∆Tpp) Pa
Subcooling (closed-loop only)
∆Tsc 5 ◦C

heat as excess heat or that from district heating.

The heat pump system is illustrated in Figure 4.4. Two different layout were analyzed and compared,
as shown in Figure 4.4: an open-loop cycle using steam, and closed-loop cycle using other working
fluids. The open-loop cycle using steam is used as a reference since this is currently the benchmark
for HTHPs used for steam generation. The layout shown in Figure 4.4(a) was employed for
steam, which required a two-stage compressor. In fact, a preliminary screening suggested that the
compressor featured a high pressure ratio (above 5) and a high rotational speed. These two aspects
can make the design of a single-stage compressor challenging due to high Mach numbers in the
blade rows, and the associated loss phenomena, and the high tip speeds, which may compromise
the structural integrity of the impeller. Other authors [186, 327, 328] made similar considerations
on the design of steam compressors, and recommended to limit the maximum design pressure ratio
to 3.5 to achieve values of tip speed up to 550 m/s. The intercooler between the two stages was
introduced to improve the overall compression efficiency [328]. Moreover, an electric superheater
was conceived as a safety measure to avoid two-phase conditions at the compressor inlet and
outlet, which may result in droplet formation reducing the compressor’s reliability and lifetime.
The distribution of the pressure ratio across the two compressor stages was computed by the
geometric mean of the overall compression ratio. In the open-loop, direct contact heat exchangers
are employed since the working fluid is the same as the supplied steam.

The modeling conditions of the heat pump cycle are listed in Table 4.3. The HP cycle evaporates
at 100 ◦C and supplies heat at 150 ◦C. The working fluids investigated in the closed-loop cycle
were selected according to the following criteria: (i) operation below the critical point; (ii) zero
ozone depletion potential; (iii) global warming potential <150; (iv) possibility to compute the
fluid properties with CoolProp [218] and/or REFPROP [217]. The following fluids were selected:
pentane, isopentane, cyclopentane, R1233zd(E), and MM. To avoid two-phase conditions at the
compressor outlet, a minimum value of superheat was imposed.

4.2.6 Design optimization methodology

To perform a simultaneous optimization of both the centrifugal compressor and the heat pump
designs, the two numerical models were coupled and optimized. Figure 4.6 shows the adopted
optimization strategy.

95



Chapter 4. Centrifugal compressors for heat pump systems

C
om

bi
ne

d
H

P-
co

m
pr

es
so

rm
od

el

Multi-objective optimization

C
om

bi
ne

d
H

P-
co

m
pr

es
so

rm
od

el

Heat pump
cycle model

HP cycle boundary conditions:
- Teva, peva = psat(Teva)
- Tcond = Tsupply + ∆Tpp

-pcond = psat(Tcond)

compressor decision variables:

X =
[
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Figure 4.6: Methodology for the combined multi-objectived optimization of the heat pump
cycle and the centrifugal compressor.

The inputs of the combined model are the boundary conditions of the HP model and a set of
decision variables X for the compressor. In the combined model, the heat pump model provided the
inlet temperature and pressure, and the outlet pressure for the compressor model. Afterwards, the
resulting compressor design is checked for being within the optimization and technical constraints,
and for avoiding choking conditions in the blade rows. If the compressor design is feasible, the
corresponding values of compressor isentropic efficiency and volume flow rate are used by the
heat pump model to compute the values of COP and supply heat flow rate Q̇. The compressor was
optimized using the mass flow rate as an additional decision variable with the aim to maximize the
cycle COP and the supply heat flow rate. The objective functions were expressed as:

[max (COP) ,max (V̇comp,in)] = f (X) (4.28)

X =
[
ṁ,N,

r1s

r2
,
r1h

r1s
,
b2

r2
,β2b,β1b

]
(4.29)
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The cycle specifications set the thermodynamic state at the compressor inlet, and hence maximizing
the Q̇supply is equivalent to maximizing the compressor inlet volume flow rate V̇comp,in. The
optimization was performed using the list of constraints for the decision variables provided in
Table 4.1. The impeller outlet diameter was fixed, and the cycle requirements set the pressure ratio.
Therefore, also the compressor isentropic stage loading coefficient ψ = ∆h0,is/U2

2 was fixed, and it
was not optimized together with the other variables. Equation 4.1 was employed to find the optimal
number of blades. In the application of the optimization to the considered case study, it was decided
to compared different solutions and draw possible comparisons with the existing state-of-the-art
machines, and hence the compressor outlet diameter was set to the value 110 mm. This number
corresponds to the tip diameter of the steam compressor for HTHPs described by Madsbøll et al.
[186] for a similar heat pump application. Similarly, a different set of decision variables may be
used depending on the objective of the study. For example, the compressor impeller diameter might
also be considered in the optimization, or the rotational speed may be set to a predefined value due
to design constraints. One of the fluids investigated in the study was steam. In this case, a two-stage
compressor was required (see Sec. 4.2.5), and the two stages were assumed to be mounted on the
same shaft. Between the two stages, an intercooler was employed and the mass flow rate to the
second stage was computed from a mass and energy balance at the intercooler. The total number of
decision variables for the two-stage compressor was 12. The multi-objective optimization process
employed a genetic algorithm solver available in MATLAB [214] with 500 individuals and 200
generations. In the optimization of the two-stage compressor with the genetic algorithm, 1000
individuals were used instead due to the higher number of decision variables.

4.3 Results

4.3.1 Validation

The validation results for the three Eckardt impellers [164, 166, 322] is shown in Figure 4.7.
Impeller O shows a deviation in pressure ratio up to 1.4 % of the experimental data, impeller A by
up to 6 %, and impeller B of up to 7 %. in the case of impeller B, the highest deviation is achieved
at 16 krpm and for both low and high mass flow rates. The efficiency prediction is close to the trend
of the measured data for impeller O, which has a deviation up to 2 %-points. The prediction for
impeller A seems to follow the experimental trends, although the trend is not perfectly matched for
all the speed line and the efficiency is underpredicted by up to 2 %-points at the best efficiency point.
The maximum discrepancy is 6.7 %-points at higher mass flow rates. The efficiency prediction
for impeller B is similar to that of impeller A, although the best efficiency point is estimated to be
at 10-19 % lower values than the experimental value. The overall deviation in pressure ratio and
efficiency is satisfactory, and the trends of the speed lines suggest that the compressor behavior can
be predicted with consistency for the three Eckardt compressors.

The validation with the case of the R134a compressor is shown in Figure 4.8(a) in terms of pressure
ratio. The trend of the mean-line model is in good agreement with that of the experimental data,
notwithstanding the inherent challenges for this test case to accurately model mini and micro-scale
turbomachinery (the maximum shaft power of the compressor is 1.5 kW). The highest deviation
in the pressure ratio, found at high and low values of rotational speed and in proximity of the
choking point, is 7 %. In terms of isentropic efficiency, a higher deviation is experienced as shown
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Figure 4.7: Comparison between the measured ( ) and predicted ( ) pressure ratio and
isentropic efficiency for different Eckardt impellers: (a,b) impeller O; (c,d) impeller A; (e,f)
impeller B. From Ref. [315].
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Figure 4.8: Comparison between the measured and predicted results for the compressor
operated with R134a and studied by Schiffmann and Favrat [182, 329]: (a) pressure ratio
and (b) the isentropic efficiency. From Ref. [315].

in Figure 4.8(b), especially close to the surge and choking points. The error bars in Figure 4.8(b)
were extrapolated from Refs. [182, 329]. They were computed using the propagation method
approximated by the first order Taylor series. The experimental uncertainty in the compressor
isentropic efficiency was only available for this validation test case. It is suggested that the deviation
near surge is due to the presence of inlet recirculation flows. The maximum deviation is up to 8
%-points for some speed lines.

The validation with the Sandia compressor is shown in Figure 4.9. The experimental trends are
followed with good agreement except for the 55 krpm speed line, where deviation up to 17 % in the
enthalpy rise and the peak efficiency is shifted to a 25 % lower flow coefficient. The trend of CFD
data with the experiments highlights that CFD has also a shift of about 25 % in the peak efficiency,
especially relevant at low rotational speed. Rinaldi et al. [326] concluded that the results are in a
reasonable agreement with the measured data, considering the challenges of accurately predicting
the flow conditions close to the critical point of CO2.

The validation of the design model is provided in Table 4.4. The prediction in isentropic efficiency is
up to 3.7 % deviation for the three Eckardt impellers, approximately 7 % for the R134a compressor,
and approximately 6.5 % for the Sandia compressor. The comparison with the designed diffusers
highlights that the diffuser radius ratio is generally overestimated by the model, the largest increase
being from 1.65 to 2.23, suggesting that higher losses are predicted by the model. The results found
in the design model validation agree with those of the off-design model at the design point and
suggest that the preliminary design model is suitable for different working fluids.
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Figure 4.9: Comparison between the measured and predicted enthalpy rise and isentropic
total-to-static efficiency as a function of the flow coefficient φ = ṁ/(ρ01U2d2

2) for the Sandia
compressor impeller with vaned diffuser. Experimental data from Ref. [183] and state-of-
the-art CFD data from Ref. [326]. From Ref. [315].

4.3.2 Compressor design optimization

The Pareto fronts of the optimal solutions of the multi-objective optimization are plotted in Figure
4.10 for the COP and the supply heat flow rate Q̇supply. In the plots, the best solution is arbitrarily
indicated with a red dot, corresponding to the point with the equal weight of the two objective
functions. For some working fluids, the shape of the Pareto front is not smooth and rather
pronounced. This peculiarity is primarily determined by the values of optimal mass flow rate. In
fact, it is found that each point in the Pareto front has an optimal value of mass flow rate given by
the trade-off in terms of cycle performances and the minimum value to avoid the onset of choking
conditions in the compressor stage.

The open-loop configuration with steam achieves the highest values of COP and Q̇supply, which
are respectively 5.46 and 1733.6 kW at the best point. The second best performance is obtained
by cyclopentane with a COP of 4.74 and Q̇supply of 1224.7 kW, which is 30 % lower than steam.
The third best performance in terms of COP is attributed to MM, having a COP of 4.54 although
only 242.4 kW as for Q̇supply. Lower values of COP are seen for n-pentane and isopentane, which
also deliver supply heat flow rates that are 19 % and 6 % lower than steam, respectively. The worst
performance in terms of COP is attributed to R1233zd(E), having a 57 % lower COP than steam
and a supply heat flow rate of 742.6 kW. The Pareto front for the compressor performance is shown
in Figure 4.11. The highest volume flow rate at the compressor inlet is found for steam in this
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Table 4.4: Validation of the design model. From Ref. [315].

Eckardt O Eckardt A Eckardt B Schiffmann Sandia
No 1 2 3 4 5
PRtt [-] 2 1.81 1.67 2.35 1.26
ṁ[kg/s] 5.32 4.54 4.54 0.039 2.15
N [krpm] 14 14 14 180 50
ψis 0.7824 0.62 0.53 0.5 0.41
Diffuser radius
ratio (model)

1.6859 1.8017 1.8769 2.2289 1.3709

Diffuser radius
ratio (actual)

1.687 1.687 1.687 1.65 1.3697

ηmodel 0.885 0.869 0.843 0.744 0.717
ηexp 0.886 0.876 0.875 0.800 0.673
deviation -0.03% -0.84% -3.70% -7.03 % 6.52 %

case and amounts to approximately 1.07 m3/s. At the same time, the two-stage steam compressor
features the lowest values of total-to-static efficiency of 0.69 and 0.68 in the first and second stage,
respectively. The other fluids experience a different trend: they exhibit a lower volume flow rate
than steam but show a higher efficiency.

The details of the optimization results are listed in Table 4.5, and the meridional cut layout of the
obtained compressors is visualized in Figure 4.12. The different working fluids feature optimal
mass flow rates in the range 0.64 kg/s (steam) to 7.85 kg/s (R1233zd(E)), and values of optimal
rotational speed in the range 28.8 krpm (R1233zd(E)) to 85 krpm (steam). The optimal values of
rotational speed result in values of tip speed within 500 m/s. Values close to this limit are found for
steam, due to the higher rotational speed.

Regarding the optimal design characteristics, the different compressor stages feature a significant
backsweep, above 40° for all fluids, except for steam which has nearly radial blades. The optimal
solutions feature values of r1s/r2 close to the upper limit for the hydrocarbons and for the first
stage of the steam compressor. All compressor stages have a relatively high fluid dynamic loading
as shown by the high values of the relative Mach number at the inlet, M1s,rel , which are above 1 at
the shroud. Exception is made for the fluid R1233zd(E) and the second stage with steam.

The optimal throat size is in the range 4.1 mm to 7.4 mm. These values suggest that the blades can
be manufactured with a conventional five-axis milling machine. Moreover, a similar number of
blades are found for the different designs, between 18 and 22, suggesting that they will have similar
manufacturing costs.

Regarding the efficiency, the fluid R1233zd(E) yielded the most efficient compressor with values
of total-to-total and total-to-static efficiency of approximately 0.91 and 0.79, respectively, which
are about 10 %-points higher than those of the steam vapor compressors. At the same time, the
higher efficiency of the R1233zd(E) compressor is still not enough to overcome the thermodynamic
advantages offered by the open-loop cycle with steam.
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Figure 4.10: Pareto fronts of the optimal solutions in terms of COP and supply heat flow
rate for the selected working fluids. The solution having an equal weight of the two objective
functions is indicated with the symbol . From Ref. [315].

4.4 Discussion

The model validation suggested the suitability of the model to predict the performance at the design
and off-design points for different working fluids and geometries. The open-loop cycle using
steam yields the highest performance in terms of COP and V̇comp,in, and it would be the best choice
among all working fluid candidates. The results of the combined optimization also suggest that
cyclopentane might be employed in case of possible design issues with the steam compressor. In
this case, the lower rotational speed of the compressor, approximately 48 krpm, would be beneficial
for the mechanical design of the machine and a lower COP and supply heat flow rate are expected.

Previous studies [205–210] used a fixed value of compressor isentropic efficiency when selecting
the fluid for heat pump applications.

The results showed that volume flow rates in the range 0.1 m3/s to 1.0 m3/s are achieved for
compressors with a similar size, fixed by the impeller inlet diameter. The large variation of the
volume flow rate suggests that it does not only depend on the compressor size, but also on the stage
pressure ratio, the maximum mass flow rate, the rotational speed and the employed working fluid.
The considerations above also suggest that the volumetric heating capacity (supplied heat flow rate
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Figure 4.11: Pareto fronts of the optimal solutions in terms of compressor isentropic effi-
ciency and inlet volume flow rate for the selected working fluids. The solution having an
equal weight of the two objective functions is indicated with the symbol . From Ref. [315].

over compressor inlet volume flow rate) might not the most suitable indicator to estimate the size
and cost of the centrifugal compressor. In this respect, a coupled analysis of the compressor and
the heat pump cycle for design purposes would be recommended. Also, the combined compressor
and cycle designs suggest that different values of compressor efficiency and volume flow rate are
obtained for the different fluids, and indicates the importance of providing a combined design of
the HP and the compressor.

Regarding the best solution, the open-loop cycle with steam yielded the highest values of COP
and supply heat flow rate, and therefore is considered to be the preferred solution. Concurrently,
the design of the compressor with steam is more challenging, and it requires a more expensive
compressor due to the presence of two stages. The steam compressor results in high values of
rotational speed, very lower values of mass flow rate and efficiency. The design of a suitable steam
compressor appears to be a fluid dynamic and technical challenge. Moreover, the presence of two
stages implies the use of a more expensive machine, although this may be partly offset by the
absence of surface heat exchangers and the higher system COP provided by the open-loop cycle.

Regarding the compressor geometry, the steam compressor should run at 85 krpm, having a
peripheral speed of about 490 m/s, with transonic conditions at the impeller inlet, and an isentropic
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Table 4.5: Optimal compressor design for different working fluids. From Ref. [315].
Parameter Units Pentane Isopentane Cyclopentane R1233zd(E) MM Steam

(stage 1)
Steam

(stage 2)
T01 [K] 391.2 390.4 387.1 376.2 406.9 373.2 397.7
p01 [bar] 59.27 7.22 4.16 10.42 1.00 1.01 2.29
PRtt [-] 2.828 2.721 2.965 2.765 3.745 2.255 2.255
ṁ [kg/s] 5.73 7.45 3.88 7.85 1.30 0.64 0.69
N [rpm] 46000 43985 48000 28802 34000 85001 85001
r1s/r2 [-] 0.70 0.70 0.70 0.53 0.70 0.70 0.68
r1h/r1s [-] 0.33 0.27 0.34 0.32 0.29 0.26 0.64
b2/r2 [-] 0.14 0.18 0.17 0.11 0.19 0.27 0.12
β2b [°] -43.6 -44.8 -44.7 -43.1 -44.91 -13.05 -5.16
β1b [°] -45.1 -47.7 -49.7 -34.5 -50.6 -34.3 -44.6
T03 [K] 428.9 429.1 430.4 429.6 429.9 476.1 504.6
U2 [m/s] 264.9 253.3 276.5 165.9 195.8 489.6 489.6
C3 [m/s] 105.9 88.4 118.7 67.6 81.0 199.3 212.6
β2 [°] -53.2 -55.3 -55.0 -55.1 -57.3 -33.5 -25.0
α2 [°] 65.7 70.1 70.6 72.2 76.7 69.2 67.2
M1s,rel [-] 1.09 1.08 1.08 0.84 1.03 1.02 0.85
M1,rel [-] 0.89 0.88 0.88 0.71 0.81 0.88 0.76
M2,rel [-] 0.69 0.61 0.56 0.55 0.46 0.35 0.37
M2 [-] 1.02 0.97 1.02 1.08 0.83 0.86
r1s [m] 0.0385 0.0384 0.0384 0.0291 0.0371 0.0384 0.0371
r1h [m] 0.0127 0.0105 0.0131 0.0094 0.0106 0.0098 0.0236
r2 [m] 0.055 0.055 0.055 0.055 0.055 0.055 0.055
Lz [m] 0.036 0.0391 0.0353 0.0276 0.0371 0.0401 0.0189
b1 [m] 0.0257 0.0279 0.0252 0.0197 0.0265 0.0286 0.0135
b2 [m] 0.0079 0.0099 0.0093 0.0058 0.0085 0.0147 0.0065
b3 [m] 0.0079 0.0099 0.0093 0.0058 0.0085 0.0147 0.0065
Zr [-] 19 19 20 19 22 18 18
Zr,splitter [-] 0 0 0 0 0 0 0
r3 [m] 0.0735 0.0836 0.0738 0.0738 0.0735 0.1016 0.0996
o1 [m] 0.0058 0.0052 0.005 0.0051 0.0041 0.0068 0.0074
χ [-] 0.755 0.738 0.764 0.748 0.743 0.704 0.636
ηts [-] 0.764 0.759 0.750 0.788 0.697 0.693 0.686
ηtt [-] 0.892 0.851 0.886 0.907 0.838 0.796 0.797
COP [-] 4.38 4.18 4.74 3.86 4.54 5.46
V̇in [m3/s] 0.38 0.40 0.39 0.14 0.26 1.07
Qsupply [kW] 1405.5 1626.4 1224.68 742.6 242.4 1733.6

efficiency of about 0.69. The results are confirmed by the findings of other authors in the literature.
Šarevski and Šarevski [327] presented the characteristics of centrifugal compressors with steam
for refrigeration and heat pump systems. They concluded that a single stage solution is limited by
a maximum pressure ratio of 3.5. They recommended a two-stage solution for a temperature lift
of 20 ◦C to 45 ◦C. These considerations are confirmed by the results in this work, and especially
by the fact that a single-stage solution resulted in excessive values of tip speed, supersonic Mach
numbers in the blade rows with the presence of choking conditions.

The optimal blade angles of the steam compressors considered by Šarevski and Šarevski [327] were
in the range -15° to 0° with a Mach number at the impeller inlet in the range 0.85 to 0.95, which
corresponds to those obtained by the combined cycle and compressor optimization methodology.
The construction and initial tests of a steam compressor for a HTHP were recently presented by
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Figure 4.12: Meridional cut layout of the optimal compressor designs. From Ref. [315].

Madsbøll et al. [186]. The compressor was designed for 95 krpm and had blade angles of −10°.
The maximum isentropic efficiency was 0.719 at 84.4 krpm, which is 2.9 %-points higher than
that obtained by the mean-line model in this work. Another centrifugal compressor using steam
was studied by Süß [330] in the context of refrigeration applications. The maximum cycle COP
using the developed CC was 14, which was a surprising result considering that it is 3 and 4 times
higher than state-of-the-art equipment in the field. The compressor at 90 krpm showed a value of
efficiency of 70 % which is 1 %-point higher than that predicted in this work. Another work by
Bantle [331] used a turbocharger retrofitted for mechanical vapor recompression in steam driers.
The compressor at full capacity (90 krpm) reached a pressure ratio of 2.4 with an efficiency of 72 %,
a mass flow rate of 0.125 kg/s and a temperature of 225 ◦C. The results are similar to those obtained
in the first stage steam compressor. However, the efficiency is 3 %-points lower, and the mass flow
rate is 5.1 times smaller than the value found in this work since the compressor was designed for
a 5 to 6 times lower heating capacity. Moreover, Bantle [332] recently presented a continuation
of the work in Ref. [331], and a two-stage compressor is presented for a HTHP application. The
compressor featured values of Mach numbers (0.96-1.27 at the tip) and outlet diameters (115 mm
and 146 mm) similar to those employed in this study, although the pressure ratio distribution across
the two stages is different (2 in the first stage and 3.2 in the second one). The considerations above,
demonstrating that similar fluid-dynamic values and parameters values also also found in other
works, indicate the suitability of the methodology presented in this study.
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4.5 Conclusion

This chapter presented a mean-line compressor model for design and analysis purposes, a model
validation and a methodology for the combined optimization with a heat pump system. The
validation of the compressor model was performed with five test cases including three different
working fluids: air, R134a, and CO2. The mean-line model in the analysis mode showed to capture
well the trend of the experimental data and showed agreement with the experimental results and a
deviation up to 7 % in the mass flow rate and 8 %-points in the efficiency. The validation with the
design model had a deviation up to 7 % in the compressor isentropic efficiency. The results from
the validation suggested that the model can be used in design and analysis modes with acceptable
accuracy for different geometries and working fluids.

A methodology for the combined optimization of the centrifugal compressor and the heat pump
system was presented and, subsequently, was applied to the design of a high-temperature heat pump
supplying steam at 150 ◦C. The cycle and compressor models were combined and the resulting
model was optimized in terms of two objective functions: the system COP and the supply heat flow
rate. Five working fluid candidates were selected and analyzed in a closed-loop configuration while
steam was analyzed in an open-loop configuration.

The application of the methodology was key to achieve accurate results and compare them for
different working fluids regarding cycle and compressor performance and technical viability.

The results of the methodology showed that the open-loop cycle with steam had the highest values
of COP and supply heat flow rate, which were respectively 5.48 and 1734 kW. However, the use of
steam requires a more challenging compressor design, characterized by a two-stage configuration,
higher values of rotational speed, high flow velocities in the channels, and a lower isentropic
efficiency. These findings were substantiated by the studies of other authors and confirmed the
suitability of the adopted optimization methodology. As an alternative to steam, cyclopentane
ranked as the second-best option in terms of COP and could be considered if the steam cycle would
be too expensive or technically challenging. In this case, in fact, the compressor would run at the
lower rotational speed of 48 krpm, would have a single stage and a higher efficiency.
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5.1 Summary of findings

ORC power systems and HP systems are considered to be attractive propositions for the generation
of electricity and heat using low-temperature heat sources. However, the major barrier to the mass
production of this new generation of low-temperature thermodynamic cycles is the development
of cost-competitive solutions. In this respect, expanders and compressors are key components
regarding cost and performance for ORC and HP systems, and the development of reliable and
accurate numerical models for the preliminary design and performance prediction is currently
considered to be a major challenge in the field.

The present work had two main objectives, which were divided into sub-objectives according
to the different technologies. The first objective was to develop suitable mean-line models for
the preliminary design and the analysis of axial and radial-inflow turbines for ORC systems,
and centrifugal compressors for heat pumps. The second objective was to develop and apply
optimization methodologies which allowed combining the machine and cycle designs to identify
suitable solutions from the performance and technical viewpoints.

5.1.1 ORC axial-flow turbines

In the context of ORC axial turbines, a mean-line model for the preliminary design of single-stage
and multistage ORC axial turbines (named TURAX) was presented as well as a methodology for
the combined design optimization of axial turbines and the ORC system. The mean-line design
model was validated with the experimental data of single and multistage turbines from the open
literature, including two ORC axial turbines. The validation in the single-stage configuration
suggests that the turbine efficiency is predicted within 1.3 %-points. This range is in agreement
with the ±1.25% range of accuracy declared by the employed performance prediction method.
The turbine thermodynamic and flow conditions are predicted within 10 %. A sensitivity analysis
identified 10 decision variables as the most important ones for the design and optimization of the
turbine. The validation of the multistage turbine model shows a deviation up to 2 %-points in the
efficiency and up to 8.5 % in the design geometry. The validation results suggest that the model can
be used for preliminary design purposes with expected values of uncertainty within those found in
the validation.
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A combined methodology for the design of the system and the turbine was presented. The turbine
and the ORC system models were combined, and the optimization of the combined system was
performed for two case studies. The first case study investigated the waste heat recovery from
the jacket water cooling system of a 60 MW marine diesel engine where the jacket cooling water
temperature was available at 85 ◦C. A single-stage turbine design was investigated as well as
the use of binary mixtures since they are considered thermodynamically advantageous for low-
temperature heat sources. Two binary mixtures were selected and analyzed: pentane/R245fa and
propane/isobutane. The second case study investigated the waste heat recovery from a 37 MW
marine diesel engine using the exhaust gases, scavenge air, and jacket water cooling system as the
heat sources. The waste heat of the exhaust gases was the major energy source and was available
at the temperature of 235 ◦C. In this case, the optimization methodology was further extended to
include multistage axial turbines operating with pure fluids, and to include preliminary technical
and economic considerations. A conservative and advanced design approaches were analyzed based
on turbine loading and Mach numbers inside the blade rows. Moreover, a performance index was
presented, enabling the designer to simultaneously account for multiple turbine design aspects in
the ORC system design.

The results of the first case study indicate that it is relevant to use the combined turbine and
cycle optimization methodology. The estimated net power output deviates in the range 3% to
21% compared to a simple guess in turbine isentropic efficiency, depending on the values of
molar composition and on the selected mixture. Moreover, the methodology allows improving the
accuracy in the identification of the optimal molar composition since a shift from 0.2 to 0.4 for
the mixture propane/isobutane is observed. Finally, the use of the methodology suggests that pure
fluids are the most suitable working fluids when the hot fluid temperature difference is below 5 ◦C
whereas multi-component working fluids yield a better cycle performance for a higher temperature
difference since they can better match the heat source temperature profile in the boiler. The two
best mixtures are R245fa/pentane (0.5/0.5) and propane/isobutane (0.2/0.8). The application of the
optimization methodology to the first test case results also in turbine designs which are technically
feasible as they feature acceptable blade heights (> 5 mm), untwisted blades, large diameters (479
mm to 657 mm), a number of blades in the range 102 to 130, converging blade profiles, and reaction
blades. Moreover, the insertion of a gearbox can be avoided.

The results of the second case study, for a heat source with higher temperature level, further
highlight the presence of trade-offs regarding cycle and turbine performance and designs. The
trade-off is primarily guided by the large pressure ratio across the turbine, which ultimately depends
on the selected working fluid. In this case, the optimal solution is sought as a compromise of
multiple criteria such as the turbine and cycle performance, the turbine size and cost, and the
number of stages. Moreover, the optimization methodology allows the designer to select the most
suitable solution according to his key decision criteria. When an advanced design approach is
followed, the optimal solution is n-pentane with a single-stage turbine configuration and highly
supersonic flows. Conversely, the use of a conservative design approach simplifies the mechanical
and aerodynamic design of the turbine, and the optimal solution is a two-stage reaction turbine
with n-pentane. The use of a gearbox is found to be advantageous for those solutions whose turbine
isentropic efficiency increases by 6-7 %-points.
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5.1.2 ORC radial-inflow turbines

In the context of ORC radial-inflow turbines, this thesis presented a methodology for the preliminary
design and performance prediction of high-pressure ratio turbines. The work is the first of its kind
to present a comprehensive methodology for high-pressure ratio turbines including performance
prediction models, calibration, validation and analysis of the results.

A mean-line model for the preliminary design and performance of radial-inflow turbines was
presented, including the details of the numerical modeling strategy for the treatment of choking
conditions in the blade rows. The turbine model was then calibrated using the literature data of six
radial-inflow turbines operating at high pressure ratios. The calibration methodology was based on
a genetic algorithm, and it allowed minimizing the predicted deviation across all the experimental
data points. The use of this calibration approach is key to improve the model accuracy with respect
to the experimental test cases since the predicted deviation, expressed as the relative average RMSE,
decreases from 5.9 % to 2.1 % in the efficiency and from 2.4 % to 1.5 % in the mass flow rate. The
validation of the design model for the same test cases shows a maximum deviation of 2.83 %.

Finally, the analysis model was validated with the data from other two test cases, one of which is
an ORC turbine. The validation with the ORC turbine suggests a deviation up to 1 % in the mass
flow rate and up to 5 % in the isentropic efficiency. The validation with the other test case, an air
turbine operated up to a pressure ratio of 5, provides acceptable results regarding mass flow rate
and efficiency. The validation of this case also highlights that a correct estimation of the throat size
is paramount to obtain accurate results.

5.1.3 Centrifugal compressors for HP systems

In the field of centrifugal compressors for heat pumps, a mean-line model for the preliminary
design and performance of centrifugal compressors was presented as well as a methodology for a
combined optimization with a heat pump system. The mean-line model was validated with five test
cases including three different working fluids: air, R134a, and CO2.

The mean-line model, validated in the analysis mode, shows a deviation with the experimental data
up to 7 % in the mass flow rate and 8 %-points in the efficiency. The validation of the design model
shows deviations up to 7 % in the isentropic efficiency. The values of deviation are acceptable and,
in the test case using R134a, fall within the range of experimental uncertainty. Moreover, the trend
of the results predicted with the model appears to follow the experimental trends. For these reasons,
and in the absence of more accurate and reliable experimental data, the results of the mean-line
model are considered to be acceptable.

The mean-line model in the design mode was then combined to that of a heat pump system
for a coupled optimization. The heat pump was designed to supply steam at 150 ◦C and was
optimized for the maximum COP and supply heat flow rate considering different working fluids.
An open-loop configuration was considered for steam, being the current benchmark for this type
of application, while a closed-loop system was considered for five other selected working fluids.
The combined optimization methodology allows achieving more accurate results regarding the
heat pump performance, and allows comparing the different solutions in terms of both cycle and
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compressor designs compared to a simple guess of turbine efficiency. The results also highlight
that the widely employed assumption that the compressor size is directly related to the volume
inlet flow rate might not be suitable for heat pumps using centrifugal compressors. In fact,
although the compressors feature the same impeller outer diameter, and therefore have a similar
size, they show volume flow rates in the range 0.1 m3/s to 1.0 m3/s. This result suggests that
other factors determine the compressor inlet volume flow rate such as the stage pressure ratio,
the maximum allowable mass flow rate, the compressor rotational speed and the working fluid
properties. Moreover, the results suggest the importance of coupling the compressor and cycle
models for analysis and design optimization purposes. The best working fluid is found to be steam
with a heat pump COP of 5.48 and a supply heat flow rate of 1734 kW. At the same time, the use of
the combined compressor and cycle optimization allows identifying that water requires a two-stage
compressor with challenging characteristics such as a rotational speed of 85 krpm, transonic flow
conditions in the impeller, and a lower isentropic efficiency of about 0.69 for the two compressor
stages. These findings are further confirmed by the work of other researchers who investigated
water vapor compressors for similar applications.

5.2 Recommendations for future work

The mean-line models developed in this work were validated with different test cases from the open
literature. In this respect, it would be relevant to validate the models with the measured data of the
internal flows in the blade rows. Such an operation would allow for more accurate validation of the
models’ prediction capabilities and assessment of the suitability of the existing loss correlations for
the prediction of the internal flow characteristics. This type of validation is especially relevant for
the radial-inflow turbine and centrifugal compressor models since a validation with the internal
flow measurements was partially carried out in the context of the axial turbine model.

Another important aspect is the developmental of loss correlations tailored to ORC turbines and HP
centrifugal compressors. To this end, experimental investigations on real machines are required.

More accurate experimental results are also needed for centrifugal compressors in heat pump
applications due the large uncertainty (∼8%) found in the experimental data of the test cases used
for validation.

The third topic for possible future work is the development of detailed mean-line models for the
preliminary design and performance prediction of supersonic ORC turbines featuring converging-
diverging nozzle profiles. Although the models used in this work for converging-diverging nozzles
were based on the existing information from the literature, the correlations for losses and perfor-
mance prediction at supersonic conditions are extremely limited and were developed for ideal gases,
casting doubt on their reliability using real-gas flows.

The fourth topic for future work is to investigate the optimal turbine and compressor designs,
obtained with the mean-line models, using advanced design techniques to assess the suitability of
the solutions from the aerodynamic and technical viewpoints.

The last aspect which is considered for future work is to extend the combined optimization
methodology to radial-inflow turbines and including off-design considerations.
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A Axial turbine model

A.1 Loss correlations

This appendix reports the main information on the loss correlations and the performance prediction
method adopted in the axial turbine model TURAX. There are different performance prediction
methods implemented in TURAX: Craig and Cox [222], Traupel [227], Aungier [133] and Soder-
berg [301]. As mentioned in Chapter 2.5, the method by Craig and Cox [222] was selected in this
work since it is comprehensive and it was used by some researchers in the field of ORC turbines.
The full details regarding the Craig and Cox performance prediction method are fully described
in Ref. [222] and, therefore, are not reported here. However, for the sake of completeness, the
different loss correlations are reported here. Note that the blade and flow angles reported in the
charts of this appendix are referred to the tangential direction, as opposed to the angle convention
used in the other chapters.

According to Craig and Cox [222], the losses in a turbine stage are conventionally divided into two
categories: group 1 and group 2 losses. Group 1 losses include all the losses contributing to the
reduction of the blade work produced by a change in tangential momentum of the fluid passing
through the rotor blades. These losses are subdivided in profile, secondary and annulus losses. The
profile losses are due to the friction in the blade profiles and in the blade wakes. The secondary
losses stem from the friction on the walls at root and tip of the blades and secondary flow effects.
The annulus losses are related to sudden enlargements in the fluid path or the presence of wall
cavities. Group 2 losses are associated to work lost as part of the fluid does not participate to the
generation of useful work on the rotor blades but leaks over the rotor tip or through diaphragm
glands. Moreover, the output work is further reduced by the windage and bearing losses, and partial
admission losses. Other loss contributions such as those due to the presence of liquid droplets
in the blade rows when expanding in the two-phase region are not included in TURAX since the
expansion of organic fluids ends in the superheated vapor region. Note that the classification of
the losses as described above assumes that all the losses are non-interacting. This assumption is a
simplification which does not occur in reality; however, treating separately each loss contribution
allows formulating the losses in a mathematical way that is convenient to make considerations on
the performance prediction and on the turbine design.

136



A.1. Loss correlations

The stage efficiency is calculated as follows:

ηtt =
∆heul

∆heul +Group 1 losses
−Group 2 losses (A.1)

Group 1 losses = (Xp +Xs +Xa)nozzle
C2

2
2
+

(
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W 2
3

)

rotor

W 2
3

2
(A.2)

Group 2 losses = ∆ηk +∆ηdw +∆ηpa (A.3)

where ∆heul =U2C2t −U3C3t is the Euler work done on the rotor blades by a change of tangential
momentum of the fluid, Xp the kinetic energy loss coefficient for the profile losses, Xs for the
secondary losses, and Xa for the losses in the annulus or due to wall cavities. For convenience,
Group 2 losses are computed as efficiency debits as this is the simplest way they are derived from
experimental data. In Equation A.3, ∆ηk is the efficiency debit due to leakage at the rotor tip, ∆ηdw
that due to disc windage, ∆ηpa that due to the presence of partial admission. Craig and Cox [222]
provided the calculation of the different loss terms from empirical charts, which are reported below
for convenience.

A.1.1 Group 1 losses

For each blade row, the kinetic energy coefficient of the profile loss is calculated with the following
expression:

Xp = xpbNprNpiNptcM +(∆xp)t +(∆xp)s/e +(∆xp)m (A.4)

The first term in Equation A.4 is the profile loss contribution due to a so-called basic profile loss
(xpb) corrected for Reynolds number effects (Npr), incidence effects at off-design conditions (Npi),
and the effects of trailing edge thickness losses (Npt). The second term in Equation A.4 is a profile
loss increment due to trailing edge thickness losses ((∆xp)t). The third term is a profile loss
increment due to blade back radius losses ((∆xp)s/e), and the last term is a profile loss due to
supersonic Mach number effects for convergent blade profiles (∆xp)m.

The basic profile loss is the friction loss in the blades under subsonic flow conditions, and for
the optimal blade incidence when the incidence loss is minimum. A basic profile loss parameter,
xp(s/b)sin(β ), is calculated in Figure A.1 as a function of a modified lift coefficient FL(s/b) and a
blade contraction ratio, defined as the ratio of the internal passage width from the inlet to the throat.
In this nomenclature, s is the blade pitch, b is the blade backbone length, and β is the flow angle in
the relative coordinate system. The lift coefficient is provided in Figure A.1(b) as a function of the
inlet and exit flow angles in the blade row. In particular, the inlet flow angle is that corresponding to
a minimum incidence loss condition (design point) while the outlet flow angle is that corresponding
to subsonic flow conditions. A correlation for the contraction ratio of average blade profiles is
illustrated in Figure A.2(a). The basic loss profile Xb is then corrected for the effect of the Reynolds
number using the factor Npr in Figure A.2(b), and to zero trailing edge conditions using the factor
Nt in Figure A.3. The profile loss correction for incidence effects, the factor Npi, is computed using
other figures in Craig and Cox [222]. However, these are not reported here since the axial turbine
model presented in this work considered design conditions only, for which the incidence loss is
minimum and Npi = 1. The profile loss increment due to trailing edge effects, (∆xp)t , is provided
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Figure A.1: Estimation of (a) basic profile loss xp and (b) lift parameter FL. Adapted from
Craig and Cox [222].

in Figure A.3 as a function of the trailing-edge-thickness to pitch ratio (te/s).

The profile loss increment due to blade back radius losses applies to those profiles designed with a
pronounced convex suction surface downstream of the throat. This increment is estimated in Figure
A.4(a), where it is shown that it increases with the pitch to back blade radius ratio and with the
outlet Mach number.

The profile loss increment due to Mach number effects applies when the relative isentropic Mach
number at the blade exit is above one and is shown in Figure A.4(b). The correlation applies only
to convergent blade profiles.

In Equation A.4, the term cM is a multiplier coefficient for the presence of shock losses in the blade
rows. The factor is computed according to Kacker and Ockapuu [225] as follows:

cM = 1+ 0.25

[(
M−0.4

0.4

)1.75

−1

]
for M > 0.8 (A.5)

cM = 1 for M≤ 0.8 (A.6)

where M denotes the Mach number at the inlet of the blade row in the relative coordinate system.
Equation A.5 assumes that shock waves form already before reaching sonic conditions at the inlet
of the blade passages.

For each blade row, the kinetic energy coefficient of the secondary loss is calculated with the
expression:

Xs = (xs)b(Ns)r(Ns)h/b (A.7)
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Figure A.2: (a) Contraction ratio for average profiles and (b) profile loss ratio against
Reynolds number effect. Adapted from Craig and Cox [222].
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Figure A.3: Trailing edge thickness losses. Adapted from Craig and Cox [222].

where (xs)b is a basic secondary loss coefficient, and (Ns)r and (Ns)h/b are two correction factors
accounting for Reynolds number and blade aspect ratio effects, respectively. The parameter (xs)b is
calculated from Figure A.5(a) as a function of the relative inlet-to-outlet velocity ratio across the
blades and of the lift coefficient. The multiplier (Ns)r is computed from Figure A.2(b) as in the
case of the profile losses whereas the factor (Ns)h/b incorporating the effects of the blade aspect
ratio is given in Figure A.5(b).
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Figure A.4: Profile loss increment for (a) blade back radius losses and (b) Mach number loss
for convergent blading. Adapted from Craig and Cox [222].

Annulus wall losses are computed from Figure A.6. In this work, only a controlled expansion was
considered.

A.1.2 Group 2 losses

The losses due to rotor tip clearance effects are provided as efficiency debit by the following
expressions:

∆ηk = Fk
Ak

At
η0 for shrouded blades (A.8)

∆ηk = 1.5Fk
Ak

At
η0 for unshrouded blades (A.9)

where η0 is the blading efficiency, Ak is the leakage area , At is the total area (hub to shroud) at the
throat, and Fk is a leakage factor which is provided in Figure A.7 for shrouded blades. In case of
unshrouded blades, Craig and Cox [222] suggested multiplying the factor Fk from Figure A.7 by
1.5.

The losses due to the windage and friction effects on the rotor disc are computed using the following
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Figure A.5: (a) Secondary loss-basic loss factor and (b) Secondary loss- aspect ratio factor.
Adapted from Craig and Cox [222].

expressions [226]:

∆ηdw =
Pd

ṁ∆h0,is
(A.10)

Pd =Cd fU3
r ρ

r2
hub
2

(A.11)

Ur = 2πNrhub ρ =
ρ2 +ρ3

2
rhub =

rhub,2 + rhub,3

2
(A.12)

Cd f = max{c1;c2;c3;c4} (A.13)

c1 =
2πB−1

Red
c2 =

3.7(B0.1)

Re0.2
d

c3 =
0.08B−

1
6

Re0.25
d

c4 =
0.102(B0.1)

Re0.2
d

(A.14)

Red = Rer
rhubUr

orW3
(A.15)

B =
0.75ss
rhub

(A.16)

where Pd is the mechanical power lost due to disc friction and windage effects, ∆h0,is is the stage
isentropic total enthalpy drop, ṁ is the working fluid mass flow rate. The terms or, W3 and ss denote
the rotor throat, the rotor exit relative velocity, and the axial distance between the nozzle exit and
the rotor inlet.

Partial admission losses are modeled using the correlation by Suter and Traupel [227], which is
considered to be the best available by Craig and Cox [222]. Partial admission refers to a specific
turbine operation where a fraction εadm of the total admission arc through the nozzle blades is
blocked. The correlations estimate the partial admission losses as two efficiency debit contributions:
the pumping (also called ventilation or windage) losses and the sector-end scavenging (also called
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A.2. Flow deviation correlations

filling-emptying) losses [133]. The first type of losses occurs when some of the flow in the active
blade passages in the rotor re-enters inactive passages to produce windage losses. The second type
of losses is due to the presence of rotor blades which are only partially filled and, therefore, operate
at reduced mass flow rate resulting in wasted energy. The equations used to compute the partial
admission losses are the following:

Cbl = 0.019+ 1.1
(

0.125− hr

2rr

)2

(A.17)

ψis = 2
∆h0,is

U2
r

(A.18)

∆ηpa,pl =Cbl
1− εadm

εadmφnψis
(A.19)

∆ηpa,sc =
0.3cr

2rrεadm
√ψis

(A.20)

where hr is the average rotor blade height, rr the average rotor radius, ψis = 2∆h0,is/U2
3m the

isentropic stage loading coefficient, cr the rotor axial chord, and φn is the nozzle flow coefficient.

A.2 Flow deviation correlations

The flow angle at the exit of a blade row is computed using empirical correlations based on the
opening-to-pitch ratio and the exit flow conditions. The following formula by Ainley and Mathieson
[219] is employed for subsonic flow conditions at the exit:

θ = cos−1(o/s) [radians] (A.21)

α∗ = (1.1485θ −0.1897) [radians] (A.22)

α = αsub = α∗(deg)+ 4
( s

e

)
for M≤ 0.5 [degrees] (A.23)

α = αsub(rad)+ 2(M−0.5)(θ −αsub(deg)) for M > 0.5 [radians] (A.24)

where s is the blade pitch, o the throat, and e the blade rear suction side curvature radius. Note that
a consistent application of the above equations requires the conversion of α∗ in degrees in Equation
A.23, and the use of the angles in radians in Equation A.24, where the angle α can subsequently be
converted in degrees. In case of a converging nozzle with supersonic flow conditions at the exit,
the formula by Vavra [220] is used. Such a formula is derived by applying energy, momentum
and continuity equations from the blade exit opening to the downstream conditions assumed to be
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Appendix A. Axial turbine model

uniform. The final formula is the following:

K = γ/(γ−1) (A.25)

A1 = −K
(

pex

pth

)
tan(θ ) (A.26)

A2 =

√(
1− pex

pth

)[
2KM2

th−1−
(

γ + 1
γ−1

)
pex

pth

]
+

[
K

pex

pth
tan(θ )

]2

(A.27)

A3 = 1+ γM2
th−

(
pex

pth

)
(A.28)

∆α = tan−1
(

A1 +A2

A3

)
(A.29)

α = θ −∆α (A.30)

The terms pex and pth indicate the static pressure at the exit and the throat, respectively. The term
Mth is the Mach number at the throat, and γ is the specific heat ratio evaluated at the exit conditions.
In case an adapted converging-diverging nozzle is used, the flow angle is computed using the cosine
rule, Equation A.21.

A.3 Blockage factor correlations

In TURAX the restriction of the effective passage area due to the boundary layer growth is con-
sidered using restriction factors applied to the mass continuity equation. The following restriction
factor ζ from Vavra [220] is used for each blade row:

ζ =
1

1+
(

H
K

)
·X∗p

X∗p =
Xp,noM

1+Xp +Xa +Xs
(A.31)

where (H/K) is an energy factor form assumed to be equal to 0.9 following the approach by
Macchi [52]. Note that the term Xp,noM is the profile loss kinetic energy coefficient after removing
the loss contributions and terms related to Mach number effects.

A.4 Preliminary design formulas

Some additional expressions are needed to determine part of the geometric parameters required in
the empirical correlations. These formulas are provided hereafter.

The blade backbone length (here denoted b) and the profile chord (here denoted ch) are required for
the estimation of the nozzle and rotor profile losses. An approximate method is used to determine
this values based on the knowledge of the axial chord (here indicated with c) and the inlet and outlet
geometric angles (α1,bl and α2,bl). The blade geometry is assumed to be a circular arc followed by
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A.4. Preliminary design formulas

a straight part after the throat.

Λ1 =

(
(180°−α1,bl)+α2,bl

2

)
(A.32)

Λ2 =

(
c−o · cos(α2,bl)

sin(Λ1)

)
(A.33)

ch =

√
[s · cos2(α2,bl)+Λ2 · cos(Λ1)]

2 + c2 (A.34)

Λ3 = 180°−α1,bl−α2,bl (A.35)

b = s · cos(α2,bl)+
Λ2

2sin(Λ3/2)
Λ3 (A.36)

If a converging-diverging nozzle is present, the opening-to-throat ratio can be computed using
Deich’s formula [221]:

q =
M(γ + 1)

2

[
1+

M2(γ−1)
2

] γ+1
2(γ−1)

(A.37)

oex

oth
= 1+(0.5M−0.4)

(
1
q
−1
)

(A.38)

where M is the Mach number at the exit of the blade row in the relative coordinate system, and γ
is the specific heat ratio computed using the blade exit flow conditions. In the design routine of
TURAX, the minimum opening omin is assigned as a decision variable. This term corresponds to
oth in Equation A.38, and hence the exit opening is straightforwardly calculated. Alternatively, if
the nozzle is adapted to supersonic flow conditions, the opening-to-throat ratio is calculated as a
mass balance between the throat (indicated with "th") at sonic conditions and the prescribed blade
exit conditions (indicated with "ex"):

oex

oth
=

ρthath

ρexCex
(A.39)

In both Equations A.38 and A.39 the diverging part of the nozzle is assumed to have a constant
blade height.

Other expressions used to compute the main geometric characteristics of the turbine are used in
TURAX, i.e., the calculation of the blade height from the mass continuity equation, the estimation
of the flaring angles, the mean radius, the number of blades, the nozzle-rotor axial gap and so forth.
These calculations can be found in many turbomachinery textbooks [133, 223, 301, 302] and, for
brevity, are not included in this appendix.
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A.5 Validation data

Table A.1: Decision variables (1-12) and input variables of TURAX for the Hannover [246,
247] and Verneau [66] single-stage turbine test cases. From Ref. [211].

Hannover turbine Verneau turbine
Parameter Symbol Units Nozzle Rotor Nozzle Rotor

(1) Inlet flow angle α1 ° 10 0(∗∗)

(2) Stage loading coefficient ψ - 2.1(∗) 4.4(∗)

Nozzle (3) and rotor (4) throat opening on,min, or mm 15 14 1.76 1.75
Nozzle (5) and rotor (6) axial chord cn, cr mm 48.2 37.1 12.5(∗∗) 12.5
Nozzle (7) and rotor (8) opening to pitch
ratio

(o/s)n,
(o/s)r

- 0.378(∗) 0.358(∗) 0.277(∗) 0.425 (∗)

(9) Rotational speed N rpm 7200 18000
(10) Inlet axial velocity Ca1 m/s 55.9(∗) 10.1(∗)

(11) Rotor flow coefficient φr - 0.39(∗) 0.52(∗)

(12) Rotor inlet to nozzle outlet blade
height

h∗ - 1 1.039

Degree of admission ε - 1 0.4
Mass flow rate ṁ kg/s 6.786 0.18
Total inlet temperature T01 K 358.69(∗) 403
Total inlet pressure p01 Pa 1.2486 ·105 (∗) 6.8 ·105

Total outlet pressure p03 Pa 0.998 ·105 (∗) 1.21 ·105 (∗)

Rotor to nozzle mean radius ratio R∗ - 1.019 0.99
nozzle-rotor axial clearance ss mm 34.36 6.3(∗∗)

Radius of blade rear suction side curva-
ture

en, er mm 109.00 166.57 108 (∗∗) 108 (∗∗)

Trailing edge thickness to blade opening
ratio

(t/o)n,
(t/o)r

- 0.0253 0.0357 0.07 0.172

Blade surface roughness ks mm 2 ·10−3 (∗∗) 2 ·10−3 (∗∗)

Rotor tip clearance tcl mm 0.24 -
Inlet width arc - mm 29.60 34.95 -
Backbone length bn, br mm 62.10 57.63 -
Trailing edge thickness tn, tr mm 0.38 0.50 0.3 0.3(∗∗)

(∗) = estimated value (∗∗) = assumed value

146



A.5. Validation data

Table A.2: Decision and input variables of TURAX for the Hannover [247, 248] and
Verneau [66, 257] multistage turbine test cases. From Ref.[72].

Hannover turbine Verneau turbine

Stage 1 Stage 2 Stage 3 Stage 4 Stage 1 Stage 2
Symbol Units Nozzle Rotor Nozzle Rotor Nozzle Rotor Nozzle Rotor Nozzle Rotor Nozzle Rotor

ψ - 2.61 2.61 2.61 2.61 4.62 1.48
on,min, or mm 12.24 13.52 13.01 13.65 13.84 13.79 14.78 13.94 1.00 3.50 1.52 2.03
cn, cr mm 44.80 39.10 44.30 38.50 45.50 37.50 46.50 37.50 20.00 28.00 37.00 37.00
(o/s)n,
(o/s)r

- 0.332 0.393 0.342 0.383 0.353 0.372 0.365 0.360 0.276(∗∗) 0.467 0.500(∗∗) 0.423(∗∗)

N rpm 7500 7700
Ca1 m/s 57.8 1.23
φr - 0.435 0.440 0.430 0.42 0.61 0.42

ṁ kg/s 7.8 1.6
α1 ° -5.57 0
T01 K 404.63 489
p01 Pa 2.58 ·105 11.2 ·105

p03 Pa 1.05 ·105 0.09 ·105

ss mm 235 200 195 180 300 300
ssst mm 610 595 640 643 500 500
(t/o)n,
(t/o)r

- 0.0361 0.0302 0.0361 0.0284 0.0360 0.0267 0.0360 0.0249 0.05(∗∗)

tcl mm 0.4 0.2(∗∗)

(*) = estimated value. (∗∗) = assumed value with uncertainty.
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B Radial-inflow turbine model

B.1 Loss correlations

This section describes the set of loss models listed in Table 3.2. The losses are categorized based
on the component (nozzle, interspace, and rotor losses) and based on the type (internal and external
losses).

B.1.1 Nozzle

The nozzle losses are the passage loss, the trailing edge loss, and the post-expansion loss. The
following formulation by Rodgers [132] was used to estimate the nozzle passage losses:

∆hn =
0.05
Re0.2

3

[
3tanα3

s3/cn
+

s3cosα3

b3

]
1
2

C2
3 (B.1)

where s3 is the nozzle exit pitch, cn the chord, b3 the exit width, α3 the absolute flow angle at the
nozzle exit, and C3 the absolute velocity at the nozzle exit. The parameter Re3 =C3b3ρ3/ν3 is the
Reynolds number at the nozzle exit, being ν3 the dynamic viscosity of the working fluid at the
nozzle exit. Rodger’s formulation [132] assumes that trailing edge and shock losses are negligible
provided that the trailing edge to chord ratio is less than 2 % and that Mach numbers are lower
than 1.2. To extend the loss modeling to higher Mach numbers and remove the limitations on the
trailing edge to chord ratio, other two losses are introduced. The trailing edge loss can be computed
assuming a sudden expansion between the throat and a section immediately downstream of the
trailing edge. While the formula by Baines [137] expresses it as a reduction of meridional velocity
component, a more physical formulation is that based on the actual blade blockage [134, 140, 310].
Nozzle trailing edge losses are computed following Glassman [140] with the expression:

∆ht,noz =

(
Znt3

2πr3cosα3

)2 1
2

C2
3

[
1+

k3−1
2

M2
3

] k3

1− k3 (B.2)

In Equation B.2, Zn is the number of nozzle blades, M3 the absolute Mach number at the exit,
and k3 = cp/cv is the specific heat ratio at the nozzle exit. Equation B.2 was converted from a
total pressure loss coefficient into enthalpy loss coefficient using the formula proposed by Horlock
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B.1. Loss correlations

[333]. The nozzle post-expansion losses occur when the flow at the nozzle exit is over-expanded
to supersonic discharge Mach numbers. In this case, shock waves form in correspondence of
the trailing edge and produce additional losses in the turbine. The nozzle post-expansion loss
correlations follow the approach by Aungier [133]. However, in this case, the formula was adapted
to consider an expansion right after choking using the average value of the Mach number at the
throat, M2. The equation reads:

∆hpe,noz =

(
M3−M2

M3

)2 1
2

C2
3

[
1+

k3−1
2

M2
3

] k3

1− k3 (B.3)

Aungier [133] claimed that is unreasonable to expect that post-expansion losses depend on the
profile losses, and therefore Equation B.3 is only a function of the throat and exit flow conditions.
Note also that the losses in Equation B.3 increase with the second power of (M3−M2).

B.1.2 Interspace

The loss in the interspace between rotor and nozzle was not considered in the original work by
Baines [137]. In the present work, The following correlation by Khastner and Bhinder [129] is
used:

∆hvs =C f

(
L
D

)
1
2

(
C3 +C4

2

)2

(B.4)

where C f is the friction factor in the interspace, and L and D are the hydraulic length and diameter,
respectively. Equation B.4 was frequently employed in the literature [134, 302, 304]. The friction
factor in the interspace is computed using Japikse’s formulation [311]:

C f = k
(

1.8 ·105

Re4

)0.2

(B.5)

Equation B.5 is used to model the interspace loss in RITs following Whitfield and Baines [304].
The coefficient k can vary in the range 0.005 to 0.02 in practical applications, and Japikse [311]
recommended to use the value 0.01.

B.1.3 Rotor

The rotor losses are classified in internal and external losses. The internal losses are those occurring
within the blade rows and internal to the blade passages. Internal losses comprise the passage,
clearance, incidence, trailing edge and post-expansion losses. The external losses are associated
with the loss of performance due to phenomena occurring outside the blade rows.

The losses inside the rotor blade passage can be expressed by a single formulation. This practice is
particularly meaningful for radial turbines where the three-dimensional characteristics of the flow
make it hard to separate the effects of friction and secondary losses like in the axial turbine practice.
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Appendix B. Radial-inflow turbine model

The rotor passage loss is formulated following Baines [137] in a single formulation as:

∆hpl,rot = Kp {Kp2

(
LH

DH

)
+ 0.68Kp3

[
1−
(

r6rms

r4

)2](cosβ6

b6/cr

)
} 1

2
(
W 2

4 +W 2
6
)

(B.6)

with Kp = 0.11. The same coefficient is multiplied by a factor of 2 if (r4− r6s)/b6 < 0.2 in order
to account for the higher secondary losses due to high blade passage curvature. The mean passage
hydraulic length and diameter, are defined as

LH =
π
4

[(
lz−

b4

2

)
+

(
r4− r6 +

b6

2

)]
(B.7)

DH =
1
2

[(
4πr4b4

2πr4 +Zrb4

)
+

(
2π(r2

6s− r2
6h)

π(r6s + r6h)+Zrb6

)]
(B.8)

The passage loss formulation is derived from modifications to the original passage loss by NASA
[334]. The coefficients Kp2 and Kp3 are calibrated based on the experimental test data as described
in Chapter 3.5. The flow at the nozzle exit approaches the rotor inlet with a certain angle of
incidence which affects the rotor fluid dynamics and the losses. However, only at one single
operating point the incidence loss is minimum. The experimental results [304] suggested that
then minimum incidence loss does not coincide with the point of zero incidence, and therefore an
optimum incidence angle exists. The following correlation by Baines [137] is used to predict the
rotor incidence losses:

∆hinc,rot = Kinc(sin|β4−β4,opt |)2 1
2

W 2
4 (B.9)

In Equation B.9, the optimal incidence angle β4,opt is calculated as [304]:

β4,opt = tan−1
[
−1.98

tan(α4)

(Zr +Zr,split)(1−1.98/(Zr +Zr,split))

]
(B.10)

where Equation B.10 accounts for the number of full rotor blades Zr and splitter blades Zr,split .

A clearance gap is present between the rotor blade tip and the shroud to avoid friction and mechanical
issues during the impeller rotation. At the same time, this gap results in a performance degradation
since part of the fluid leaks through the gap driven the pressure differential between the pressure
and suction sides. The experimental investigations [302] carried out on radial-inflow turbines
have shown that the axial and radial clearance, respectively at the rotor inlet and exit, contribute
differently to the total loss. These studies [302] highlighted that the radial clearance is a more
relevant parameter than the axial clearance. The penalty in efficiency given by the radial clearance
is rather strong, and therefore it is recommended to keep it to the minimum value allowed by
manufacturing constraints and technology. The rotor clearance loss is expressed according to the
correlation by Baines [137], which incorporates the separate effects of the axial and radial clearance
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gaps:

∆hc =
U3

4 Zr

8π

(
KaεaCa +KrεrCr +Kar

√
εaεrCaCr

)
(B.11)

Ca =
1− (r6s/r4)

Cm4b4
(B.12)

Cr =

(
r6s

r4

)
Lz−b4

Cm6r6b6
(B.13)

The three terms in Equation B.11 are representative of the effects of axial, radial clearance and the
interaction effects between them. The calibration of the loss model with some turbine experimental
data yielded Ka = 0.4, Kr = 0.75, and Kar = −0.3.

The trailing edge loss in the rotor is computed similarly to the nozzle, using the following expression:

∆ht,rot =

(
Zrt6

π(r6s + r6h)cosβ6

)2 1
2

W 2
6

[
1+

k6−1
2

M2
6,rel

] k6

1− k6 (B.14)

Equation B.14 was converted from a total pressure loss coefficient into enthalpy loss coefficient
using the formula proposed by Horlock [333].

The rotor post-expansion loss for supersonic conditions is modeled similarly to the nozzle, according
to the following expression modified from Aungier [133]

∆hpe,rot =

(
M6,rel−M5

M6,rel

)2 1
2

W 2
6

[
1+

k6−1
2

M2
6,rel

] k6

1− k6 (B.15)

External losses occur outside the blade rows producing additional heat that increases the fluid
enthalpy while expanding in the rotor. In this set of loss models, the external losses comprise disk
windage losses and were introduced in the turbine model by a sudden enthalpy rise at constant
pressure at the turbine exit (mixing process). The disk windage loss is due to leakage flows between
the turbine disk backface and the backplate. The empirical correlation by Daily and Nece [312] is
the often quoted in the literature [304], and is employed as follows:

∆hd f = 0.25K f
ρU3

4 r2
4

ṁ
where ρ =

ρ4 +ρ6

2
Re4 =

ρ4U4r4

µ4
(B.16)

i f Re4 3 ·105 K f = 3.7(εb/b4)
0.1Re−0.5

4 (B.17)

i f Re4 3 ·105 K f = 0.102(εb/b4)
0.1Re−0.2

4 (B.18)

(B.19)

B.2 Validation data

151



Appendix B. Radial-inflow turbine model

Table B.1: Data of the HPR turbines selected for calibration. From Ref. [95].

Test case Meitner and
Glassman

McLallin et al. Simonyi rotor 1 Simonyi rotor 2 Rogo Atkinson

Ref. [314] [98] [104] [104] [102] [110]

Input conditions

T01 [K] 377.778 322.2 477.78 477.78 394 418
p01 [Pa] 38610.6 137900 333706.3 333706.3 164000 354550
N [rpm] 29550;17730 9437-34602 17927-21911 15138-22708 12751-15939 26277-40795

Stator

b1 [m] 0.0147 0.0109 0.021 0.021 0.015 0.008
b3 [m] 0.015 0.008 0.012 0.012 0.015 0.008
r1 [m] 0.073 0.097 0.224 0.224 0.251 0.111
r3 [m] 0.060 0.084 0.194 0.194 0.194 0.092
Zn [-] 14 29 36 36 15 17
t3 [m] 0.001 0.001 0.0003 0.0003 0.003 0.0012
α3b [deg] 72.47 76 70 70 77 76
o2 [m] 0.0073 0.0036 0.0091 0.0092 0.0174 0.0095

Rotor

b4 [m] 0.015 0.008 0.012 0.012 0.016 0.0077
r4 [m] 0.058 0.075 0.185 0.185 0.177 0.0867
r6s [m] 0.041 0.047 0.118 0.118 0.114 0.0609
r6h [m] 0.014 0.023 0.076 0.076 0.051 0.0261
β4b [deg] 0 0 0 0 0 0
β6b [deg] -56.86 -58 -55.3 -53.86 -60 -60
Zr [-] 22 12 14 14 13 14
t6 [m] 0.0002 0.004 0.001 0.001 0.00076 0.0024
o5 [m] 0.0048 0.0065 0.02 0.02 0.01706 0.0223
lz [m] 0.040 0.04572 0.046 0.043 0.107 0.0399
εa [m] 0.0003 0.0003 0.0005 0.0002 0.0004 0.00075
εr [m] 0.0004 0.0003 0.0002 0.0004 0.0004 0.0004
εb [m] 0.0003 0.0003 0.0003 0.0003 0.0009 0.00075
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C Centrifugal compressor model

C.1 Loss correlations

There are numerous empirical correlations for the losses and the exit flow deviation for centrifugal
compressors, and they are documented in many different scientific publications, i.e. see Refs
[196, 304, 316, 335, 336]. As mentioned in Chapter 4.5, the set of empirical correlations used in
this work for centrifugal compressors was chosen based on the literature and since they yielded
the best match with the experimental data. The losses are categorized in impeller internal losses,
impeller external losses, and diffuser losses. For the nomenclature used in this Appendix, see the
corresponding Chapter 4.5

C.1.1 Impeller

The losses internal to the impeller passage are those related to incidence, skin friction, blade loading,
and clearance. The flow to the inlet of the impeller will pass smoothly into the impeller passage at
only one operating point [304]. At other operating points, the inlet flow will produce higher losses
in the impeller passage. The difference between the inlet blade and flow angles is termed incidence,
and there exists a value of incidence which is optimal. This value does not usually coincide with
the zero incidence condition, and the incidence loss models have the objective to determine the
optimal incidence angle and the magnitude of the incidence loss. The loss model by Galvas [199]
is selected as it presents a simple and clear way to compute the optimal incidence angle using the
blockage from the blade leading edge thickness and the root-mean-square value of the inlet radius.
The optimal incidence angle β1,opt and the incidence losses ∆hinc are calculated as follows:

β1,opt = tan−1[(A1/Ath,1)tanβ1b] (C.1)

∆hinc =
1
2

W 2
1 sin2|β1,opt −β1| (C.2)

where A1 and Ath,1 are the impeller inlet and throat areas, respectively. The term β1b is the impeller
inlet blade angle, W1 is the relative inlet velocity, and β1 the relative inlet flow angle.

The impeller skin friction loss is associated with the entropy gradients generated by the shear forces
exerted on the fluid in the boundary layer. In centrifugal compressors, such losses have traditionally
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Appendix C. Centrifugal compressor model

been modeled as friction losses through a pipe of equivalent hydraulic length and diameter. The
model developed by Galvas [199] was found to provide the better match with the test cases used to
validate the model. The skin friction loss is calculated using the following expressions:

∆hs f = 4C f i
Lb

dhb
W 2 (C.3)

Lb ≈
π
8
(2r2− (r1s + r1h)−b2 + 2Lz)

(
2

(cosβ1s + cosβ1h)/2+ cosβ2b

)
(C.4)

dhb =
2r2

Zr

πcosβ2b
+

2r2

b2

+
2r1s

2
1−λ

+
2Zr

π(1+λ )

√
1+ tan2β1bs

(
1+

λ 2

2

) (C.5)

W = max
(√

(W 2
1 +W 2

2 )/2),
√
(W 2

th,1 +W 2
2 )/2

)
(C.6)

In Equation C.3, Lb is the blade length, C f i is a skin friction coefficient computed using the
correlations by Schlichting [337] (adapted from Aungier [335]). The blade length in Equation
C.4 is approximated using a formulation by Jansen [319], and it was found to provide the best
estimation of the actual impeller length compared to other methods found in the literature, i.e., see
Refs. [199, 204]. The average velocity in the impeller passage, W in Equation C.6, is computed
using the method by Aungier [197], which produces a rapid increase of the friction losses close to
the choking point and is consistent with the physical trend of the speed lines.

Diffusion and blade loading losses are also present in the impeller passage due to boundary layer
growth and separation and to secondary flows. They are computed using the correlation by Coppage
[204] based on the definition of a diffusion factor D f

D f = 1−W2

W1
+ cd f

∆h0

U2
2

W2

W1s

[
Zr

π

(
1− r1s

r2

)
+ 2

r1s

r2

]−1

(C.7)

cd f = 0.75 without splitter blades cd f = 0.6 with splitter blades (C.8)

∆hbl = 0.05D2
fU

2
2 (C.9)

Equation C.8 shows that the empirical coefficient cd f reduces in the presence of splitter blades, and
hence also the diffusion factor and the blade loading losses [304].

Clearance losses result from fluid’s leakage from the pressure to the suction side of the blades for
unshrouded impellers. These are provided by Jansen’s correlation [319]:

∆hcl = 0.6
ε
b2
|C2t |

√
4π

b2Zr

r2
1s− r2

1h

(r2− r1s) (1+ρ2/ρ1)
|C2t |C1m (C.10)

where ε = (εa + εr)/2 is the average clearance in the impeller passage.

The losses external to the impeller passage are added as a sudden enthalpy rise at constant pressure
at the impeller exit section, representative of a mixing process at the immediately downstream of
the impeller. The external losses are the impeller mixing losses, the disk friction and recirculation
losses. The mixing loss results from the non-uniform discharge of the flow from the impeller and
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C.1. Loss correlations

this contribution is calculated based on the jet/wake theory [304], following the jet/wake model
presented by Johnston and Dean [320] and reproposed in other works [192, 196]. The expression
for the mixing loss ∆hmix is the following:

∆hmix =
1

1+ tan2(α2)

(
1− εw−b∗

1− εw

)2 1
2

C2
2 (C.11)

χ = 0.93ε2
w + 0.07εw (C.12)

where εw is the fraction of the blade-to-blade spacing occupied by the wake, χ is the secondary
flow mass fraction and b∗ the ratio of diffuser inlet width to impeller tip width. Equation C.12
stems from a curve fit of the data from three different Eckardt impellers studied by Japikse [316].
Japikse [316] recommended the parameter χ to vary between 0.15 and 0.35, and in this work the
value 0.015 is used. The term b∗ is instead assumed to be unity in the developed model.

The fluid flowing in the impeller backface gap produces shear forces in its interaction with the rear
face of the impeller and the nearby stationary surfaces. This enthalpy rise is termed disc friction
loss. According to Whitfield and Baines [304], the most quoted approach is that by Daily and Nece
[312], who computed the disc friction losses according to the following expressions:

∆hd f = 0.25
ρiU3

2 r2
2K f

ṁ
where ρi = (ρ1 +ρ2)/2 (C.13)

K f = 3.7
(εb/b2)0.1

Re0.5
2

for Re2 =
ρ2U2r2

µ2
<3 ·105 (C.14)

K f = 0.102
(εb/b2)0.1

Re0.2
2

for Re2 =
ρ2U2r2

µ2
>3 ·105 (C.15)

where εb is the rotor backface clearance gap.

Finally, an additional enthalpy rise may result from the recirculation of low momentum fluid from
the vaneless space back to the impeller passage. This loss is computed using the model by Oh et al.
[196] which produces a rapid increase of this loss at low mass flow rates compared to the models
by Jansen [319], Coppage et al. [204] and Aungier [335]. This model was found to yield a good
agreement with the experimental data trend of the compressors used for validation in Chapter 4.5
for lower mass flow rates on the same speed line.

∆hrc = 8 ·10−5sinh(3.5 ·α3
2 )D

2
fU

2
2 (C.16)

C.1.2 Diffuser

The losses in the vaneless diffuser are estimated using the procedures already described in Chapter
4.5 and are not reported here. The prediction of the losses in the vaned diffuser is a rather complex
topic, and for this reason, the reader is referred to specific books for more details [316, 335]. A
simple model is implemented in this work, which considers two type of losses: the vaned diffuser
incidence losses and the friction losses. Incidence losses are given by an expression from Conrad
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[321]:

∆hvd,inc = 0.6sin2|α3−α3b|
1
2

C2
3 (C.17)

Vaned diffuser friction losses are computed using the classical pipe flow correlation from the work
of Conrad [321]:

∆hvd,s f = 2C f ,vdC2
m,vd

Lb,vd

dhb,vd
(C.18)

Cm,vd = (C5 +max{C3,C4})/2 (C.19)

Lb,vd =
r5− r3

cos
(α3b +α5b

2

) dhb,vd =
o4b4

o4 + b4
+

o5b5

o5 + b5
(C.20)

C.2 Flow deviation correlations

Different slip factors correlations have been proposed in the literature, and those by Wiesner [318],
Stanitz [338] and the recent model by Qiu et al. [339] are arguably the most often employed. The
following formulas are employed in this work:

σ = 1−
√

cosβ2b

Z0.7
r

(C.21)

Equation C.21 holds up to the limiting radius ratio given by

(r1/r2)lim =
σ −σ∗

1−σ∗
(C.22)

σ∗ = sin(19◦+ 0.2(90−|β2b|)) (C.23)

If r1/r2 is higher than the limiting value (r1/r2)lim, a corrected value of the slip factor is computed
as follows:

σcor = σ

[
1−
(
(r1/r2)− (r1/r2)lim

1−σlim

√
(90−β2b)/10

)]
(C.24)

C.3 Preliminary design correlations

In the design model, the number of blades is calculated as a function of the total-to-total stage
pressure ratio using an empirical correlation derived from a pool of compressor data [317] as
depicted in Figure C.1.
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Figure C.1: Number of total impeller blades for centrifugal compressors: (a) without splitter
blades; (b) with splitter blades. Adapted from [317].

C.4 Validation data
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Figure C.2: Meridional layout of Eckardt’s centrifugal compressor stages (dimensions in
mm). Adapted from Ref. [167].
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C.4. Validation data

Table C.1: Data of the experimental centrifugal compressors.

Units Eckardt
Impeller O

Eckardt
Impeller A

Eckardt
Impeller B

Schiffmann and
Favrat

Sandia

Ref. [164–167] [164–167] [164–167] [126, 181, 182,
323, 329]

[183, 194, 325,
326, 340]

Input conditions
Fluid - Air Air Air R134a CO2
T01 K 288.15 288.15 288.15 265 305.97
p01 105· Pa 1.01325 1.01325 1.01325 1.65 76.9
N krpm 14-16 14-16 14-16 150-210 45-55

Impeller
r1s m 0.14 0.14 0.14 0.0056 0.0094
r1h m 0.045 0.06 0.0959 0.002 0.00254
r2 m 0.2 0.2 0.2 0.01 0.01868
b2 m 0.026 0.026 0.026 0.0012 0.00171
Lz m 0.13 0.13 0.13 0.007693 0.1137
Zr, f ull - 20 20 20 9 6
Zr,splitter - 0 0 0 9 6
LRsplitter - 0 0 0 0.5 0.7
β1bs

◦ -63 -63 -60 -56 -50
β1bh

◦ -32 -40 -45 -30.23 -40
β2b

◦ 0 -30 -40 -45 -50
εa mm 0.372 0.235 0.372 0.15 0.254
εr mm 0.372 0.19 0.372 0.15 0.254
εb mm 0.372 0.235 0.372 1 0.254
ks mm 0.002 0.002 0.002 0.01 0.01
tb1 mm 2.11 2.11 2.11 0.1 0.762
tb2 mm 1.08 1.08 1.08 0.1 0.762

Vaneless Diffuser
r3/r2 - 1.69 2.69 3.69 1.65 1.02
b3/b2 - 0.51 0.51 0.51 0.75 1

Vaned Diffuser
AR - - - - - 2.81
AS - - - - - 0.55
LWR - - - - - 3.41
Zvd - - - - - 17
α3b

◦ - - - - 71.5
α5b

◦ - - - - 71.5
tb3 m - - - - 0
tb5 m - - - - 0.00335
Xb52 - - - - - 1
Xr52 - - - - - 1.37

Inducer
r0 m - - - 0.01 -
Lind m - - - 0.02 -
ks,ind mm - - - 0.1 -

Volute
r4 m - - - 0.0045 -
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Abstract: Axial-flow turbines represent a well-established technology for a wide variety of power
generation systems. Compactness, flexibility, reliability and high efficiency have been key factors for
the extensive use of axial turbines in conventional power plants and, in the last decades, in organic
Rankine cycle power systems. In this two-part paper, an overall cycle model and a model of an
axial turbine were combined in order to provide a comprehensive preliminary design of the organic
Rankine cycle unit, taking into account both cycle and turbine optimal designs. Part A presents
the preliminary turbine design model, the details of the validation and a sensitivity analysis on the
main parameters, in order to minimize the number of decision variables in the subsequent turbine
design optimization. Part B analyzes the application of the combined turbine and cycle designs
on a selected case study, which was performed in order to show the advantages of the adopted
methodology. Part A presents a one-dimensional turbine model and the results of the validation
using two experimental test cases from literature. The first case is a subsonic turbine operated
with air and investigated at the University of Hannover. The second case is a small, supersonic
turbine operated with an organic fluid and investigated by Verneau. In the first case, the results
of the turbine model are also compared to those obtained using computational fluid dynamics
simulations. The results of the validation suggest that the model can predict values of efficiency
within ± 1.3%-points, which is in agreement with the reliability of classic turbine loss models such
as the Craig and Cox correlations used in the present study. Values similar to computational fluid
dynamics simulations at the midspan were obtained in the first case of validation. Discrepancy
below 12% was obtained in the estimation of the flow velocities and turbine geometry. The values
are considered to be within a reasonable range for a preliminary design tool. The sensitivity analysis
on the turbine model suggests that two of twelve decision variables of the model can be disregarded,
thus further reducing the computational requirements of the optimization.

Keywords: organic Rankine cycle (ORC); axial turbine design; combined optimization; turbine
experimental validation; turbine sensitivity analysis

1. Introduction

The effective exploitation of medium-to-low temperature heat sources demands power
generation technologies which are efficient, flexible and cost-competitive. In this context, Organic
Rankine Cycle (ORC) power systems represent an advantageous proposition due to their technical

Energies 2016, 9, 313; doi:10.3390/en9050313 www.mdpi.com/journal/energies

161



Energies 2016, 9, 313 2 of 15

feasibility, inherent simplicity, and the possibility to be used in combination with renewable energy
sources and decentralized power plants.

In their simplest configuration, ORC power systems consist of a pump, a boiler, an expander
and a condenser. The expander is arguably a crucial component owing to design complexities often
associated with the presence of real-gas phenomena and supersonic flow conditions, and since it can
greatly affect both the overall energetic efficency and the total cost of the system. As an example, Stine
et al. [1] estimated an expander cost of almost 30% on the whole plant investment. Lecompte et al. [2]
performed a techno-economic optimization of an ORC, indicating a relative incidence between 22%
and 34% on the overall plant costs according to the selected working fluid. Cayer et al. [3] showed
that the investment cost of a turboexpander can be as high as 50% of the total cost of the ORC system.

One of the preliminary design steps of an ORC unit is the selection of a suitable expander
type. Volumetric machines such as scroll, screw, piston, and rotary vane expanders are competitive
solutions in the lower power output range (<50 kW), are easier to manufacture and can be cheaper
compared to turboexpanders. Furthermore, they operate at lower rotational speeds and can tolerate
two-phase flows during expansion, which can lead to blade erosion issues in turbomachines.
However, the applicability of volumetric expanders is limited by a maximum volume ratio and by
low values of efficiency. Bao and Zhao [4] have reported maximum volume ratios of approximately
eight and maximum efficiency of approximately 70%. Axial and radial turboexpanders are employed
for high flow rates and large pressure ratios, typically in the power range above 50 kW [5]. In
the ORC field, Fiaschi et al. [6] have suggested the use of radial inflow turbines as advantageous
solutions in the small power range due to their compact structure, higher enthalpy drop per stage
and insensitivity to load variation at off-design. In the context of radial turboexpanders, novel
architectures have been studied by Persico et al. [7], Pini et al. [8] and Casati et al. [9], who
have highlighted the specific flow features and advantages of centrifugal turbine configurations for
high-temperature and small-power output applications. Axial turbines are generally adopted for
high mass flow rates and in multistage configurations [10,11]. Many ORC manufacturers [12,13]
employ axial turbines for small to large scale applications. Uusitalo [14] has recommended the use
of axial stages for high values of turbine specific speed. Klonowicz et al. [15] have highlighted
that axial-flow turbine configurations usually have better structural properties than their radial
counterparts because, in the latter, the centrifugal force acts perpendicularly to the blades. Several
methods are available for axial-flow turbine analysis, according to the design phase and objective of
the study. At the early stage, a one-dimensional tool can be used to estimate turbine performance and
the design of the annulus line.

The objective of this two-part paper is to provide a methodology for the combined optimal
design of a turbine and an ORC power system. The axial-flow turbine configuration was selected
due its technological maturity, the high performance achievable already with a single stage, the wide
range of applicability, the possibility of adopting multiple stages or partial admission for very low or
high mass flow rates, and the large availability of data and scientific publications in the literature. The
model presented herein, named TURAX, has been particularly conceived to (i) simulate axial-flow
turbines operating with organic fluids and to (ii) perform a coupled optimization with the design of
the ORC system. In this respect, the use of a reliable, accurate and computationally efficient model is
of paramount importance. Part A outlines a description and an extensive validation of the mean-line
model, in order to ensure reliability and accuracy of results. In addition, a global sensitivity analysis
on the main parameters is presented, in order to identify the most significant decision variables for
turbine design and optimization, and reduce the computational efforts when the model is coupled
to the thermodynamic cycle. The validation was carried out considering the experimental data of
two well-documented test cases from literature, one of which features an ORC turbine. In the first
case, the model was also validated using computational fluid dynamics (CFD) simulations, in order
to provide a comparison with state-of-the-art modeling techniques. The simultaneous optimization
of the expander and cycle design is applied on a case study and is presented in part B.
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One-dimensional numerical tools for preliminary turbine design similar to those presented in
this paper have been developed in the past [8,16,17]. However, in comparison with previous works, a
much more thorough validation of the code is presented in this paper, based on the best available and
documented data from literature. In this respect, the model is also validated using the data of an ORC
axial turbine, for which no other well-documented references are found in the literature. Another
novel approach is that a global sensitivity analysis is carried out in order to reduce the number of
decision variables and, consequently, the computational efforts required by the model optimization.
Moreover, in comparison to previous works, TURAX enables the user to select a suitable optimization
method among genetic algorithm, population-based methods, direct search methods, gradient-based
methods, or a combination of the previous ones, in order to tailor the solution strategy to the specific
requirements of the considered application. The coupling of expander and cycle tools to estimate the
design of an ORC system has been presented by Ventura and Rowlands [18] and Uusitalo et al. [19].
One difference compared with the present work is that a radial inflow turbine configuration was
considered in both studies, whereas an axial turbine design is considered herein. Moreover, both of
the cited works did not optimize the design of the turbine: Ventura and Rowlands [18] obtained the
turbine performance from a database, whereas Uusitalo et al. [19] set the expander efficiency to 80%.
Conversely, in the present work, a simultaneous optimization of both cycle and expander designs
is carried out. In conclusion, to the authors’ best knowledge, this is the first time that a thorough
validation of a mean-line axial turbine model is presented and that the design tool is coupled with
an ORC cycle model for the simultaneous optimization of both expander and cycle designs using
advanced optimization algorithms.

Part A is structured as follows: Section 2 explains the methods for validation and sensitivity
analysis. Section 3 presents the results. Conclusions are given in Section 4.

2. Axial Turbine Model

2.1. Modeling Approach

The axial turbine model, TURAX, originated from an MSc thesis work [20] and has been used in
a subsequent study [21]. The model is written in Matlab language [22] and provides the mean-line
preliminary design and the efficiency prediction for an axial-flow turbine.

The model requires the following inputs:

a) A set of boundary conditions: inlet total pressure p01, inlet total temperature T01, mass flow rate
ṁ, outlet total pressure p03. These are typically inputs from cycle calculations.

b) An array X of 12 turbine decision variables listed in the table of Figure 1.
c) Specifications on blade shape geometry, clearance between nozzle and rotor ss, blade tip

clearance tcl, surface roughness ks, nozzle to rotor mean radius ratio R∗.
d) A fluid library: the fluid can be a pure component or a mixture at a specified molar composition.

For instance, the user can select the fluid thermophysiscal property libraries REFPROP R© [23] or
CoolProp [24].

The model can be expressed in the analytical form:

[ηtt, geometry, f low] = f (T01, p01, p03, ṁ, f luid, X), (1)

where the outputs are the isentropic efficiency (i.e., the total-to-total efficiency ηtt), the turbine main
geometrical parameters (geometry), and the thermo-fluid-dynamic features ( f low) at nozzle and rotor
inlet and outlet. The working principle for a single-stage turbine is illustrated in Figure 1. The
calculation process is iterative and proceeds as follows:

1. In the first iteration, assumption of the guessed values of turbine stage and nozzle efficiencies.
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2. Estimation of outlet flow angles and velocities. The former are estimated with the correlation
of Ainley and Mathieson [25] for subsonic flow regimes. The Vavra correlation [26] is used for
supersonic flow conditions.

3. Calculation of thermodynamic properties.
4. Calculation of nozzle and rotor blade profile geometry and outlet flow angles. The Deich’s

formula [27] is used to calculated the blade opening for converging-diverging nozzle.
The profile loss correlations of Craig and Cox used for nozzle converging profiles are also
adopted for a supersonic configuration. This approach, supported by Macchi [28], is based
on the large number of efficient converging-diverging nozzles which were designed and tested
according to Deich’s method.

5. Calculation of turbine stage geometry.
6. Estimation of losses and efficiency. The method by Craig and Cox [29] is used since it is

considered by a number of references as one of the most complete and reliable [15,30,31]. Shock
losses in a blade row are computed according to Kacker and Ockapuu [32]. Disk windage losses
are estimated according to Balje and Binsley [33]. Partial admission losses are calculated using
the method by Suter and Traupel [34], which is considered as one of the best available and
comprehensive models [11,35].

7. In order to account for the area restriction due to the influence of the boundary layer, restriction
factors are applied to the mass balance equation using the method of Vavra [26] with an energy
form factor of 0.9 [28].

8. Calculation of the error on efficiency and blade work. The process iterates until the residual
error between two consecutive iterations is below a predefined threshold value (i.e., 10−6).

Boundary
conditions

p01, T01,
ṁ, p03

Fluid library
Turbine
decision

variables X

guess turbine stage
and nozzle efficiency

compute flow
angles and velocities

compute
thermodynamic

properties

compute blade
profile geometry

compute turbine
stage geometry

compute losses and
turbine efficiency

compute residual
error εη = ηi+1 − ηi
εWb = Wb,i+1 −Wb,i

εη < 10−6

εWb <

10−6

update
model

checks feasibility
of the solution

stopη, geometry, flow

yes
no

Decision variable Unit Symbol

1) Stage inlet flow angle ◦ α1
2) Stage loading coefficient - ψ = 2∆his/U2

3m
3) Nozzle minimum opening m omin
4) Rotor opening m or
5) Nozzle axial chord m cn
6) Rotor axial chord m cr
7) Nozzle opening-to-pitch ratio - (o/s)n
8) Rotor opening-to-pitch ratio - (o/s)r
9) Rotational speed rpm N
10) Stage inlet axial velocity m/s Ca1
11) Rotor flow coefficient - φr = Ca3/U3m
12) Rotor inlet to nozzle outlet
blade height

- h∗ = h2/h21

Figure 1. Axial turbine model flowchart, decision variables and nomenclature in the
blade-to-blade plane.

9. In order to produce a feasible solution, the algorithm checks that the resulting turbine design
satisfies a set of predefined constrains in the end of the iterative loop. The user can specify the
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values of the desired constraints in the model. An example of such constraints is provided in
part B.

The detailed equations for turbine design can be found in textbooks and papers on the
topic [11,26,28,36–38] and are therefore not reported here.

2.2. Validation

The model was validated considering two reference cases. The first case is the last stage of a
four-stage turbine investigated at the Technical University of Hannover by Groschup [39] in 1977, and
subsequently used as reference for further studies [40,41]. The working fluid is air and the turbine
facility is an open loop configuration with exhaust to the atmosphere. The blading is of the free-vortex
type with 50% degree of reaction. Total and static pressure, flow angles and total temperature were
measured for ten traverse points with a probe. A total pressure measurement error in the order of
0.25% was reported . Table 1 lists the turbine operating conditions and geometry at the design point.

In the present work, CFD simulations on the flow in the same turbine were performed using
ANSYS CFX R©. The results are included as reference for the validation of TURAX. The CFD
simulations were performed using a 3D, unsteady model with the RANS k − ω SST model by
Menter [42], applying the standard CFD model for turbomachinery flow simulations in use at
Politecnico di Milano [43]. The reliability of this model was assessed against experiments performed
at Politecnico di Milano. The CFD model predicted accurately the fully three-dimensional and
unsteady flow physics, and estimated the stage efficiency within 1% of experimental data. For
the Hannover turbine test case, the three-dimensional blade profiles were generated using the data
available in Kotzing and Evers [41]. The computational domain was discretized using a structured,
orthogonal and flow-oriented mesh. A grid-sensitivity analysis was performed using the turbine
polytropic efficiency [37] as an indicator. Different tests were run by refining the mesh with a step
of 400,000 cells each time. A change in polytropic efficiency below 0.1% was achieved using 110
layers in spanwise direction and about 3,200,000 cells in the computational domain. Figure 2a shows
an example of the final rotor grid. The model was set up using profiles of total pressure, total
temperature, a constant inlet flow angle of 10◦, and turbulence intensity of 1% as boundary conditions
at the nozzle inlet. The total pressure and temperature profiles at the inlet were interpolated from the
experimental data of the turbine. A constant mass flow rate of 6.786 kg/s was imposed as boundary
condition at the stage outlet. In addition, periodic boundary conditions were imposed on the lateral
surfaces of the blade channel. Convergence in the residual values of the momentum equations in
the integral value of blade work was reached for a value of 100 in the accumulated time step of the
solver. ANSYS CFX R© default settings were used for the other parameters in the simulation setup.
The validation of TURAX was performed imposing a stage degree of reaction of 0.5 and the actual
stage inlet blade height.

The second case of validation is a low-power output turbine operated with an organic fluid
and documented by Verneau [44]. The turbine was developed for waste heat recovery applications
of automotive engines. The turbine is of the impulse type and it operates with the fluid R113 and
partial admission. The measured total-to-static efficiency is 63% and the delivered power output
is 3 kW. The stage is highly-loaded featuring a converging-diverging nozzle with supersonic exit
conditions and transonic conditions in the rotor. Due to the small blade heights, untwisted profiles
were adopted. The report of Verneau does not include the specific data of the blade profiles, therefore
it was not possible to carry out a CFD analysis as in the other case study. Nonetheless, considering
the complexity of the phenomena within the turbine (i.e., supersonic flows, partial admission, real
fluid behavior, low Reynolds number), this case of validation is useful to highlight advantages and
limitations of a mean-line model for the estimation of the preliminary design of an ORC turbine.
Moreover, the interest in the analysis of this specific case comes also from the strong lack of reliable
and accurate data on ORC turbines in the open literature. For this case of validation, two correlations
were employed in addition to those presented in Section 2.1:
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1. A correction in the profile losses suggested by Craig and Cox [29] in order to account for the
converging-diverging shape of the nozzle.

2. A formula due to Aungier [11] in order to include supersonic expansion losses at nozzle outlet.

Table 1. Decision variables (1–12) and input variables of TURAX for the Hannover [39,40] and
Verneau [44] turbine test cases.

Hannover Turbine Verneau Turbine
Parameter Symbol Units Nozzle Rotor Nozzle Rotor

(1) Inlet flow angle α1
◦ 10 0 (∗∗)

(2) Stage loading coefficient ψ - 2.1 (∗) 4.4 (∗)

Nozzle (3) and rotor (4) throat opening on,min, or mm 15 14 1.76 1.75
Nozzle (5) and rotor (6) axial chord cn, cr mm 48.2 37.1 12.5 (∗∗) 12.5
Nozzle (7) and rotor (8) opening to pitch ratio (o/s)n, (o/s)r - 0.378 (∗) 0.358 (∗) 0.277 (∗) 0.425 (∗)

(9) Rotational speed N rpm 7200 18,000
(10) Inlet axial velocity Ca1 m/s 55.9 (∗) 10.1 (∗)

(11) Rotor flow coefficient φr - 0.39 (∗) 0.52 (∗)

(12) Rotor inlet to nozzle outlet blade height h∗ - 1 1.039
Degree of admission ε - 1 0.4
Mass flow rate ṁ kg/s 6.786 0.18
Total inlet temperature T01 K 358.69 (∗) 403
Total inlet pressure p01 Pa 1.2486× 105 (∗) 6.8× 105

Total outlet pressure p03 Pa 0.998× 105 (∗) 1.21× 105 (∗)

Rotor to nozzle mean radius ratio R∗ - 1.019 0.99
nozzle-rotor axial clearance ss mm 34.36 6.3 (∗∗)

Radius of blade rear suction side curvature en, er mm 109.00 166.57 108 (∗∗) 108 (∗∗)

Trailing edge thickness to blade opening ratio (t/o)n, (t/o)r - 0.0253 0.0357 0.07 0.172
Blade surface roughness ks mm 2× 10−3 (∗∗) 2× 10−3 (∗∗)

Rotor tip clearance tcl mm 0.24 -
Inlet width arc - mm 29.60 34.95 -
Backbone length bn, br mm 62.10 57.63 -
Trailing edge thickness tn, tr mm 0.38 0.50 0.3 0.3 (∗∗)

(∗) = estimated value (∗∗) = assumed value.

It was observed that the introduction of these two correlations has a limited impact on the
estimate of the overall stage performance. However, it allowed having a better redistribution of losses
between the nozzle and the rotor, and consequently a better match in the velocities. Another approach
is found in Macchi [28], where the nozzle losses for supersonic flows have been taken into account
including the profile losses for converging nozzle and the correction from Vavra [26]. Since not all
data required for the validation were provided in the reference, stage loading, opening-to-pitch ratios,
flow coefficient, inlet axial velocity were estimated by obtaining the best possible match with nozzle
inlet and rotor outlet blade heights, and with the number of nozzle and rotor blades. Furthermore,
uniform entry conditions to tip seals were considered. The main data on geometry and operating
parameters of the turbine are listed in Table 1.

2.3. Sensitivity Analysis

Since the axial turbine model is to be coupled to the thermodynamic cycle model, it is important
to ensure that it is as computationally efficient as possible. However, the number of decision variables
for a turbine model optimization can be very large and can exponentially increase the computational
requirements. Therefore, a sensitivity analysis was performed on the turbine model with the aim to
indicate which decision variables have the biggest influence on turbine efficiency, and, possibly, to
reduce the number of required decision variables by removing those that have limited or negligible
impact on the solution. The sensitivity analysis was performed according to the Morris screening
method [45]. The information obtained from a local sensitivity analysis is combined in order to
provide a global preliminary screening of the most important decision variables in the model by using
limited computational efforts. In addition, the method allows highlighting the mutual interactions
and the interdependence among the variables. The Morris screening method is based on statistical
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analysis. The reader is referred to the original paper by Morris [45] for additional details. In
this context, the original decision variables subjected to the analysis were twelve. The method
requires using a value of sampling size and of number of screening levels in each decision variable
domain. These two parameters are an arbitrary choice of the analyst, and different values can be
selected [45,46]. In the present work, six screening levels and a value sampling size of 50 were used,
in order to obtain a satisfactory compromise between accuracy and calculation time. The sensitivity
analysis was performed using the model developed by Sin et al. [47] and was based on the Hannover
turbine test case. The decision variables were varied in the range ±25% of their nominal values of
Table 1.

3. Results

3.1. Hannover Turbine

Table 2 shows the comparison of TURAX and CFD results with the experimental data of the
Hannover turbine test case. CFD and experimental values are reported as mass-weighted averages
except for pressure, which is provided as area-weighted average. The mass-weighted average and
the relative error for the generic quantity ϕwere computed as:

ϕ =

∫
A ρCaϕ dA∫
A ρCa dA

Errϕ =
|ϕ−ϕexp|
ϕexp

, (2)

where ρ, Ca and A are the density, axial velocity and cross-sectional area. The subscript exp refers to
measured experimental data. The error in flow angles and geometric angles is provided in degrees.
Figure 2 shows the some details of CFD simulations. Figure 3 shows static temperature and pressure
profiles in spanwise direction at different turbine sections. The experimental points are reported in the
chart. The average thermodynamic conditions and flow angles at nozzle outlet (see also Figure 3a–b)
of CFD and TURAX are in good agreement with experiments. Experimental and CFD results show a
good match along the blade span, and CFD values are close to those of TURAX at midspan. The
axial velocity profiles of Figure 3c are uniform at the nozzle outlet, although they appear to be
underestimated by both tools. As a result, higher discrepancy in the estimation of average absolute
velocity is found. The higher velocity at the nozzle outlet from experimental data can also be related
to the fluid-dynamic characteristics in the rotor. The results show that the prediction error increases
from nozzle to rotor. These differences are more evident in the axial and relative velocity profiles
where the mismatch increases in the endwall regions. Figure 2b shows the entropy field in the rotor,
which highlights the complex loss mechanisms in the rotor row. Hirsch and Denton [40] remark
that the low flow coefficient and aspect ratio (chord over blade span) of the turbine are likely to be
the cause of flow turning and secondary flow effects which become particularly strong at the root,
and have influence on the flow field along the blade span. These 3D effects propagate toward the
midspan. As a consequence of the error propagation along the stage and the difficulty in predicting
the large change of flow angles and velocities in the spanwise direction, TURAX and the CFD model
show a discrepancy in the average flow angles and velocities at nozzle outlet as high as 10% and
11.8%, respectively, by comparison with the experimental data.
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(a) (b)

(c) (d)

Figure 2. Computational fluid dynamics (CFD) results of the Hannover turbine using ANSYS CFXr:
(a) details of the rotor grid at the midspan; (b) entropy field in streamwise direction at (i) the rotor inlet,
(ii) the rotor outlet, and (iii) the measurement station; (c) contours of static pressure in the meridional
plane; (d) contours of tangential velocity in the meridional plane. Adapted from Calvi [48].
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Figure 3. Profiles of (a) static temperature, (b) pressure, (c) axial velocity, (d) absolute and relative
velocity and (e) flow angles at nozzle inlet, nozzle outlet and rotor outlet. Experimental, CFD and
TURAX data of the Hannover turbine test case are shown in the charts.
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Table 2. Comparison of results obtained with TURAX, CFD, and experimental investigations on the
Hannover turbine. pp = percentage-points.

Parameter Symbol Units Exp. Data
[39–41] TURAX CFD [48] Error TURAX Error CFD

Nozzle outlet absolute flow angle α2
◦ 69.84 68.55 68.45 1.29 ◦ 1.39 ◦

Nozzle outlet relative flow angle β2
◦ 7.13 4.60 4.82 2.53 ◦ 2.31 ◦

Nozzle outlet absolute velocity C2 - 170.8 150.8 153.84 11.8% 9.95%
Absolute Mach at nozzle outlet M2 - 0.457 0.406 0.412 11.2% 9.9%
Static pressure at nozzle outlet p2 bar 1.111 1.105 1.108 0.31% 0.28%
Static temperature at nozzle inlet T1 K 357.4 357.4 357.4 0.0% 0.0%
Static temperature at nozzle outlet T2 K 347.17 347.75 347.06 0.17% 0.03%
Rotor outlet relative flow angle β3

◦ 68.75 69.31 67.07 0.56 ◦ 1.68 ◦
Rotor outlet absolute flow angle α3

◦ 2.45 5.91 7.58 3.46 ◦ 5.13 ◦
Rotor outlet relative velocity W3 m/s 166.3 153.9 157.51 7.43% 5.30%
Static pressure at rotor outlet p3 bar 0.994 0.998 0.983 0.33% 1.15%
Static temperature at rotor outlet T3 K 337.86 337.96 336.60 0.03% 0.37%
Nozzle mean radius r2m mm 181.5 180.1 181.5 0.77% 0%
Rotor mean radius r3m mm 185 183.5 185 0.81% 0%
Nozzle inlet blade height h1 mm 89.2 89.2 89.2 0% 0%
Nozzle outlet (rotor inlet) blade height h2 mm 97 100.2 97 3.3% 0%
Rotor outlet blade height h3 mm 103 108.1 103 4.95% 0%
Nozzle flare angle αFL,n

◦ 5.62 12.83 5.62 7.21 ◦ 0 ◦
Rotor flare angle αFL,r

◦ 7.89 12.04 7.89 4.15 ◦ 0 ◦
Number of nozzle blades zn - 29 28 29 1 0
Number of rotor blades zr - 30 30 30 0 0
Nozzle kinetic energy loss coefficient ζn - 3.79% 6.48% 5.82% 2.69 pp 2.03 pp
Rotor kinetic energy loss coefficient ζr - 9.08% 6.76% 6.66% 2.32 pp 2.42 pp
Total-to-total stage efficiency ηtt - 91.62% 92.84% 93.32% 1.22 pp 1.70 pp

The mean-line model provided accuracy within 1% in the estimation of the mean radius, within
5% in the blade heights, within 8◦ in the flare angles, and underestimated the number of blades by
one unit. The performance of the turbine stage was evaluated through the total-to-total efficiency ηtt

and the nozzle and rotor kinetic energy loss coefficients, ζn and ζr, defined as

ηtt =
h01 − h03

h01 − h03s
ζn =

h2 − h2s

C2
2/2

ζr =
h3 − h3s

W2
3 /2

, (3)

where 1,2,3 refer to nozzle inlet, nozzle outlet, and rotor outlet, h is the specific enthalpy, 0 refers to
total conditions, s refers to isentropic conditions, and C and W are the absolute and relative velocities,
respectively. The mass-weighted average value of efficiency from experimental results was calculated
as approximately 91.6%. Both CFD simulations and TURAX overestimated the efficiency of the stage
by 1.7 and 1.2%-points, respectively. The presence of effects difficult to predict accurately such as
3D turning, secondary flow effects as well as of the unsteady stator-rotor interaction might explain
the lower value of turbine efficiency obtained in the experiments. The blade row parameters can be
related to the efficiency of the stage by resorting to approximate relations such as those proposed by
Dixon and Hall [37]. For similar thermodynamic conditions at the nozzle outlet, the higher value of
absolute velocity in the experimental measurements results in a lower nozzle loss coefficient whilst a
higher experimental rotor loss coefficient contributes to the lower turbine efficiency.

In this case of validation, TURAX proved to be a reliable tool by comparison with both
experimental and CFD results since the discrepancy in the estimated efficiency was in the order of
1%. In addition, it provided very good agreement with average CFD values and acceptable agreement
with experiments, thus making it suitable for preliminary design estimation.

3.2. Verneau Turbine

Figure 4 shows the results of the validation of TURAX with the ORC turbine investigated by
Verneau [44]. Excellent agreement is obtained in the estimation of nozzle and rotor outlet flow angles
and good agreement is obtained in the prediction of velocities. The error on the flow velocities affects
the values of blade heights, which nevertheless differ by only 0.3 mm. The performance prediction
was performed using the total-to-static efficiency:
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ηts =
h01 − h03

h01 − h3s
. (4)

TURAX predicted a value of 64.3%, which is within 1.3%-points of the measured value.
The relative contribution of losses is higher in the rotor, as highlighted by the lower value of rotor
velocity coefficient. However, a higher efficiency debit is computed for the nozzle, due to the higher
kinetic energy at the outlet. The chart in Figure 4 shows the breakdown of turbine losses. The blade
profile is adapted to a converging-diverging shape and the profile losses in the nozzle result in being
comparatively small. Nozzle secondary losses represent the first source of performance degradation,
with approximately 7.7%-points of efficiency debit. Secondary losses in a blade row increase for high
inlet to outlet velocity ratios and low aspect ratios (blade height over backbone length). The nozzle
exhibits a very small velocity ratio (about 0.04), thus the biggest contribution to secondary losses
stems from the small value of aspect ratio (ca. 0.27), which generates strong secondary flows within
the blade row. The high Mach number at the nozzle trailing edge suggests the presence of shock
waves in the stator-rotor gap leading to additional losses, here referred to as supersonic expansion
losses. Transonic flow conditions are encountered at the rotor inlet. Consequently, profile losses
increase due to the presence of shock waves generated at the leading edge of the rotor blades. The
high velocity ratio (i.e., >1) and the low aspect ratio significantly increase the secondary losses in
the rotor. At the same time, the high velocity at the outlet results in significant discharge kinetic
energy losses (around 4.3%-points). Tip leakage losses depend on the aerodynamic loading of the
rotor. In this case, it provides only a marginal efficiency debit since the turbine has a very low degree
of reaction, therefore the pressure drop typically associated with this type of loss is small. Finally,
partial admission losses provide a contribution on the same order of magnitude as the kinetic energy
losses. In this case, most of the wasted energy comes from the filling of inactive passages within the
blade row, referred to as scavenging losses. The difference in power output obtained by TURAX and
that reported by Verneau is 7.1%, corresponding to 0.22 kW.

Parameter Symbol Units Verneau TURAX Err. (%)

Nozzle outlet absolute flow angle α2
◦ 74.00 74.00 0 ◦

Absolute Mach at nozzle inlet M1 - - 0.08 -
Axial Mach at nozzle outlet Ma2 - 0.47 0.49 4.41%
Absolute Mach at nozzle outlet M2 - 1.76 1.78 1.14%
Nozzle velocity coefficient C2/C2s - - 0.94 -
Rotor outlet relative flow angle β3

◦ 65.40 65.47 0.07 ◦

Relative Mach at rotor inlet MW2 - 1.13 1.12 0.76%
Axial Mach at rotor outlet Ma3 - 0.360 0.366 1.77%
Relative Mach at rotor outlet MW3 - 0.880 0.883 0.34%
Axial Mach numbers ratio - - 0.77 0.75 2.76%
Rotor velocity coefficient W3/W3s- - 0.73 -
Degree of reaction χ - < 0 -0.3 -
Nozzle mean radius r2m mm 48.0 47.6 1.01%
Rotor mean radius r3m mm 47.2 47.1 0.13%
Nozzle inlet blade height h1 mm 3.37 3.37 0%
Nozzle outlet blade height h21 mm 3.37 3.6 5.56%
Rotor inlet blade height h2 mm 3.5 3.8 7.89%
Rotor outlet blade height h3 mm 5.2 5.2 0%
Nozzle flare angle αFL,n

◦ 0 0.48 0.48 ◦

Upper rotor flare angle αFL,ru
◦ -0.18 1.17 1.35 ◦

Lower rotor flare angle αFL,rl
◦ 8.06 5.33 2.73 ◦

Number of nozzle blades zn - 22 23 1
Number of rotor blades zr - 72 72 0
Total-to-static stage efficiency ηts % 63 64.3 1.29 pp
Power output Ẇ kW 3 3.22 7.1%
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3.3. Sensitivity Analysis

Figure 5 presents the results in the standard deviation-mean value diagram. Two black lines
are drawn in the chart, which connect standard error and mean value of each decision variable.
According to Morris [45]: (1) a large deviation of the mean value implies that a variable can be
considered important in terms of affecting the model output, i.e., it provides a significant contribution
to the change of turbine efficiency; (2) a high value of standard deviation implies that a variable
produces non-linear effects and/or has strong interactions with other variables; (3) if a variable is
inside the wedge formed by the two lines, it can be considered as less important than the others, thus
it can possibly be screened out from the set of the input parameters. The table in Figure 5 shows
the results of the analysis. All parameters show mutual interdependency since they have non-zero
standard deviations in the Morris plot. The selection criterion of the decision variables is based both
on significance from the sensitivity analysis results and on importance from a design viewpoint.
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Parameter Unit Symbol Signif.

1) Stage inlet flow angle ◦ α1 no
2) Stage loading coefficient - ψ yes
3) Nozzle minimum opening m omin yes
4) Rotor opening m or yes
5) Nozzle axial chord m cn no
6) Rotor axial chord m cr no
7) Nozzle opening-to-pitch ratio - (o/s)n no
8) Rotor opening-to-pitch ratio - (o/s)r yes
9) Rotational speed rpm N yes
10) Stage inlet axial velocity m/s Ca1 no
11) Rotor flow coefficient - φR yes
12) Rotor inlet to nozzle outlet
blade height

- h∗ no

Figure 5. Sensitivity analysis and significance of decision variables of the axial turbine model. Morris
screening method [45] applied to the Hannover turbine test case.

• ψ, omin, or, (o/s)r, N, φr are indicated as significant parameters. Moreover, they tightly relate to
the design features of the stage.
• The nozzle opening-to-pitch (o/s)n is not important according to the results. However, it is

affected by a high standard deviation compared to the others, which implies strong interactions
with the other parameters in the model. In addition, it cannot be disregarded from the design
viewpoint since it relates to the estimation of nozzle pitch and outlet flow angle, and allows
determining the number of nozzle blades.
• The stage inlet velocity Ca1 is screened as an insignificant parameter for the performance of

the turbine. However, the value of Ca1 is strictly related to nozzle inlet blade height, which is
a relevant aspect in the design and manufacturing of an axial turbine. This aspect becomes
particularly critical for small-scale expanders, as highlighted, for example, by Klonowicz
et al. [15]. Consequently, this variable was not excluded from the decision variables.
• Nozzle and rotor axial chords, cn and cr, do not significantly affect the efficiency according

to Morris’s method. However, they tightly relate to the estimation of flaring angles. The
optimization of the parameters cn and cr in the model would enable one to broaden the space
of feasible design solutions. Furthermore, they relate to the actual length of the turbine and can
be relevant for applications where compactness is a relevant decision criterion.
• The stage inlet flow angle α1 does not provide a significant contribution to the efficiency. From

the design point of view, it is a common practice to set it to the value of zero. Thus, it can be
conveniently screened out from the decision variables of the model.
• The rotor inlet to nozzle outlet blade height ratio h∗ can be screened out in the model. Although

related to tip clearance and annulus losses in the Craig and Cox correlations, it shows a limited
impact on both preliminary design and efficiency of the turbine due to the short range of
variation given by typical design constraints (i.e., 1.0–1.1) [29].
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4. Conclusions

In this paper, the axial-flow turbine computational model TURAX was presented, including a
thorough validation and a global sensitivity analysis. The validation of the axial turbine model,
TURAX, considering two very different test cases confirms that the design performance can be
predicted within 1.3%-points, which is in agreement with the commonly accepted prediction
accuracy of the empirical loss model used in the code, namely the Craig and Cox correlation. The
thermodynamic conditions at the different turbine sections can be accurately predicted by TURAX.
The model provided values of velocity and flow angles in good agreement with CFD at the midspan
for the case of validation of a subsonic, reaction turbine using air. Maximum discrepancy in the
order of 10% was found for both TURAX and CFD models when comparing the flow results with
experimental measurements, and blade heights and geometry were predicted in the same order of
accuracy as velocities. In a second test case, TURAX showed a good match in the comparison with
the experimental data from an ORC turbine, notwithstanding the complexity of the case addressing
real fluid behavior, supersonic flows, shock waves in the blade channels, partial admission, low
aspect ratio, converging-diverging nozzle, and rotor impulse blades. The fluid-dynamic features
were predicted within 5% accuracy and the blade heights within 8% accuracy. In both cases, the
discrepancy in the results can largely depend on the uncertainty in the outlet flow angle and loss
correlations, and on the uncertainty in the experimental measurements. Hirsch and Denton [40]
have shown that, using different correlations applied to through-flow methods, the accuracy in the
estimation of turbine efficiency and losses can be ±2%-points and ±20%, respectively. The global
sensitivity analysis using the Morris screening method combined with design considerations resulted
in the selection of a minimum of 10 decision variables, which will be used for model optimization
purposes as shown in the second part of this paper.
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Nomenclature

A Cross-sectional area (m2)
C Absolute velocity (m · s−1)
Dm Mean diameter of the stage (m)
Err Error (-)
M Mach number (-)
N Rotational speed (rpm)
R∗ Rotor to nozzle mean radius ratio (-)
Re Reynolds number (-)
T Temperature (K)
U Peripheral velocity (m · s−1)
Utip Tip Speed (m · s−1)
W Relative velocity (m · s−1)
Wb Blade work (J · kg−1)
ṁ Mass flow rate (kg · s−1)
b Blade backbone length (m)
c Axial chord (m)
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e Blade rear surface suction curvature (m)
h Blade height [m]; specific enthalpy (J · kg−1)
h∗ Ratio of Rotor inlet to nozzle outlet blade height (-)
ks Blade surface roughness (m)
o Blade opening (m)
p Pressure (Pa)
r radius (m)
ss Nozzle to rotor axial clearance (m)
t Trailing edge thickness (m)
tcl Blade tip clearance (m)
z Number of blades (-)

Abbreviations and acronyms
CFD Computational Fluid Dynamics
ORC Organic Rankine Cycle

Greek letters
α Absolute flow angle (◦)
αFL Flaring angle (◦)
β Relative flow angle (◦)
χ Stage degree of reaction (-)
ε Degree of admission (-); residual error (-)
η Turbine isentropic efficiency (-)
φ Flow coefficient (-)
ψ Stage loading coefficient (-)
ρ Density (kg ·m−3)
ϕ Generic quantity (-)
ζ Kinetic energy loss coefficient (-)

Subscripts
0 Total conditions
1 Nozzle inlet
2 Rotor inlet
21 Nozzle outlet
3 Rotor outlet
a Axial component
m Referred to the mean diameter
min Referred to the minimum opening
n Nozzle
o Outlet
r Rotor
s Isentropic conditions
ts Total-to-static
tt Total-to-total
W Referred to the relative coordinate system
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ABSTRACT
Organic Rankine cycle (ORC) power systems represent at-

tractive solutions for power conversion from low temperature
heat sources, and the use of these power systems is gaining in-
creasing attention in the marine industry. This paper proposes
the combined optimal design of cycle and expander for an or-
ganic Rankine cycle unit utilizing waste heat from low temper-
ature heat sources. The study addresses a case where the min-
imum temperature of the heat source is constrained and a case
where no constraint is imposed. The former case is the waste
heat recovery from jacket cooling water of a marine diesel en-
gine onboard a large ship, and the latter is representative of a
low-temperature geothermal, solar or waste heat recovery ap-
plication. Multi-component working fluids are investigated, as
they allow improving the match between the temperature pro-
files in the heat exchangers and, consequently, reducing the ir-
reversibility in the ORC system. This work considers mixtures
of R245fa/pentane and propane/isobutane. The use of multi-
component working fluids typically results in increased heat

∗Address all correspondence to this author.

transfer areas and different expander designs compared to pure
fluids. In order to properly account for turbine performance and
design constraints in the cycle calculation, the thermodynamic
cycle and the turbine are optimized simultaneously in the molar
composition range of each mixture. Such novel optimization ap-
proach enables one to identify to which extent the cycle or the tur-
bine behaviour influences the selection of the optimal solution.
It also enables one to find the composition for which an optimal
compromise between cycle and turbine performance is achieved.
The optimal ORC unit employs pure R245fa and provides ap-
proximately 200 kW when the minimum hot fluid temperature is
constrained. Conversely, the mixture R245fa/pentane (0.5/0.5) is
selected and provides approximately 444 kW when the hot fluid
temperature is not constrained to a lower value. In both cases, a
compact and efficient turbine can be manufactured.
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1 INTRODUCTION

In the last two decades, the increasing demand of fossil fu-
els paved the way to the research and development of more ef-
ficient, environmentally-friendly technologies. Organic Rankine
cycle systems represent a well-established solution for the ex-
ploitation of medium-to-low temperature heat sources, due to
its inherent flexibility and simplicity compared to conventional
power plants [1]. Current research efforts are devoted to im-
prove the performance of the cycle and extend its applicability
range toward pioneering temperature and power capacities. In
this respect, the selection of the optimal working fluid and of
the optimal expander design plays a key role in determining the
efficiency of the system.

The working fluid can be a pure substance or the combina-
tion of two or more components. Mixtures of pure fluids can
increase the efficiency of the cycle due to the the presence of
a temperature glide during the heat addition and rejection pro-
cesses. This feature can be conveniently used to reduce the tem-
perature mismatch with the heat source. As a consequence, lower
irreversibility and a higher system performance are achieved
[2]. Many authors investigated the thermodynamic advantages
of mixtures over pure working fluids in the past. Heberle et
al. [3] showed that the use of R227ea/R245fa as a working fluid
can provide efficiency improvements up to 15 % in an ORC ex-
ploiting low-enthalpy geothermal resources below 120 ◦C. Chys
et al. [4] estimated a potential rise up to 16 % and 6 % utiliz-
ing zeotropic mixtures of refrigerants and hydrocarbons for heat
source temperatures of 150 ◦C and 250 ◦C. From a technical and
economic point of view, important trade-offs between cycle and
components’ behaviour can arise. Andreasen et al. [5] showed
that the use of hydrocarbon mixtures with optimal composition
utilizing a 90 ◦C heat source provides the best performance and
increases the size of the heat exchangers. Further complexity
might be expected due to composition shift [6] and reduced heat
transfer [7] related to the non-ideal behaviour and mass transfer
phenomena of mixtures.

The expander is arguably the key-component in an ORC
unit. However, the analysis of the effect of mixtures on the design
of the expander was considered only in few works. Braimakis
et al. [8] and Chaitanya Prasad et al. [9] resorted to using a
size parameter V̇ 0.5

out,s/∆h0.25
s and volume flow rate ratio V̇out/V̇in

to describe the preliminary design of the expander, neglecting
a more detailed analysis of geometric and flow features of the
machine. In addition, most of the cycle models rely on the as-
sumption of constant isentropic efficiency of the turbine, neglect-
ing the interdependency between the component and the system
performance. La Seta et al. [10] recently presented a methodol-
ogy where cycle and expander design are simultaneously opti-
mized. Results highlighted the importance of accounting for the
expander design, as a change up to 10 % in the turbine isentropic

efficiency was found when it was optimized.

Organic Rankine cycle units for solar, geothermal, biomass
and industrial waste heat recovery applications have been exten-
sively investigated. A novel field of investigation is the waste
heat recovery from the diesel engines onboard large ships. There
is an enormous unexploited potential from different sources such
as the exhaust gases, scavenge air, jacket water and lubricant sys-
tems of the engine. As an example, Larsen et al. [11] investigated
the case of waste heat recovery utilizing the exhaust gases of the
main engine in a temperature range between 180 ◦C and 360 ◦C.
In order to further increase the power available onboard the ship
and reduce the fuel consumption, ORC units exploiting low-
temperature heat have also been recently considered. For exam-
ple, Yang et al. [12] performed a thermo-economic optimization
of an ORC utilizing the waste heat from the jacket water cooling
system. Among the six working fluids analysed, R1234yf and
R1234ze were found to be the best from the thermo-economic
performance viewpoint, while R245fa showed the lowest operat-
ing pressures. To the best authors’ knowledge, the design and op-
timization of an ORC unit using multi-component working fluids
to recover waste heat from the jacket water cooling system has
never been investigated before.

This work presents a methodology where cycle and ex-
pander designs are combined and optimized through an iterative
method. Two binary mixtures are considered: R245fa/pentane
and propane/isobutane. A steady-state cycle model is coupled
with a single-stage axial expander model to provide the optimum
point in the range of molar composition of the fluids. This ap-
proach enables one to identify the molar composition for which
the optimal compromise between cycle and expander design is
achieved. Results are compared to those obtained assuming a
constant isentropic efficiency of the turbine. Maraver et al. [13]
showed that a constraint on the minimum outlet temperature of
the heat source can pose limitations on the cycle design, and the
selection of the optimal working fluid can be greatly affected in
a practical application. Thus, two case studies were investigated
in this work. The first case is the waste heat recovery from the
jacket water from a marine engine with hot fluid outlet temper-
ature constrained to a lower limit. The second case is represen-
tative of a more general heat recovery application with the same
heat source inlet temperature but with no limitation on the out-
let temperature. Such case can be typical of low-temperature
geothermal, solar or waste heat recovery applications. For ex-
ample, Heberle et al. [3] analyzed zeotropic mixtures of different
working fluids for inlet temperature of geothermal water between
80 and 180 ◦C. Tchanche et al. [14] compared the theoretical per-
formance of different working fluids with hot water temperature
below 90 ◦C for solar applications.

This paper is structured as follows: Section 2 presents the
methods. Results are given and discussed in Sec. 3. Conclusions
are drawn in Sec. 4.
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2 METHODS

The two case studies analysed in this paper are both related
to waste heat recovery from low temperature heat. The first rep-
resents waste heat recovery from the jacket water from a marine
engine with a power output of approximately 60 MW. The jacket
water is used for cooling the cylinder liners and the heat is tradi-
tionally rejected to the fresh water cooling circuit. In the present
study, an ORC unit recovers waste heat from the jacket water and
converts it into useful electricity. The temperature of the jacket
water at the inlet to the ORC unit is 85 ◦C. In order to ensure
appropriate cooling for the engine, the cooling medium must be
returned at a temperature of 80 ◦C. This imposes a constraint on
the jacket water outlet temperature from the ORC boiler.

3

4

2 1

Turbine

Condenser
Pump

Sea water
inlet

Hot water
inlet
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FIGURE 1: ORGANIC RANKINE CYCLE UNIT

TABLE 1: ORC UNIT MODELLING CONDITIONS

Parameter Value Unit
Hot water
Inlet temperature 85 ◦C
Mass flow 120 kg/s
Pressure 1.5 bar
Condenser
Coolant inlet temperature 27 ◦C
Coolant mass flow 100 kg/s
Outlet vapour quality 0 -
Cooling water pressure 1.5 bar
Pump
Isentropic efficiency 0.8 -
Turbine
Isentropic efficiency (first iteration) 0.85 -
Minimum outlet vapour quality 1 -

Figure 1 shows a sketch of the ORC unit, which consists of
a boiler, a turbine, a condenser and a pump. The heat input to
the ORC unit is provided through the boiler from the hot water
stream and heat is rejected to the coolant in the condenser. Table
1 lists the modelling conditions for the ORC unit, the hot water
and the coolant.

The heat exchangers were modelled using UA values rather
than minimum pinch point temperature differences, in order to
control the mean temperature difference of the heat transfer pro-
cess. This is especially important when comparing the perfor-
mance of pure and mixed working fluids, as demonstrated by
McLinden and Radermacher [15] and Högberg et al. [16] for
vapour compression cycles.

The modelling of the cycle followed the procedure outlined
by Baik et al. [17] and Andreasen et al. [18], where a total cycle
UA-value was assigned to the cycle and the distribution of the
total UA-value to the heat exchangers was optimized. The cycle
was optimized with the objective of maximising the net power
output, which was calculated as

Pnet = ṁw f (h03 −h04 − (h02 −h01)) (1)

where ṁw f is the working fluid mass flow, h is the mass spe-
cific enthalpy, the indexes 1 to 4 refer to the thermodynamic state
points of Fig. 1 and 0 indicates total quantities.

For the case study concerning heat recovery from the jacket
water cooling system, the temperature of the hot water at the
outlet of the boiler was fixed at 80 ◦C. In this case the decision
variables for the optimization were the boiler pressure and the
fraction of the total UA-value which was assigned to the boiler.
The total UA-value was set to UAtot = 500 kW/K, since this en-
sured to obtain a pinch point value between 3 and 10 K in the
entire molar composition range.

For the generic case, without a limitation on the hot water
outlet temperature, the decision variables were the boiler pres-
sure, the superheating degree and the fraction of the total UA-
value which was assigned to the boiler. When the temperature
of the hot water was not constrained, it was possible to transfer
more heat to the ORC unit. The size of the heat exchangers was
therefore allowed increasing compared to the previous case by
increasing the total UA-value to UAtot = 1500 kW/K, since this
ensured to obtain reasonable pinch point values within 3-8 K.

The UA-values were calculated in the following way by dis-
cretization of the heat exchangers

UA =
n

∑
j=1

(UA) j =
n

∑
j=1

Q̇ j

(∆Tlm) j
=

n

∑
j=1

[
ṁc(hc,o −hc,i)

(Th,o −Tc,i)− (Th,i −Tc,o)
· ln
(

Th,o −Tc,i

Th,i −Tc,o

)]

j
(2)
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TABLE 2: OPTIMIZING PARAMETERS AND CONSTRAINTS OF TURAX

Decision
variables

Unit Lower
boundary

Upper
boundary

Constraints Unit Lower
boundary

Upper
boundary

Fixed
parameters

Unit Value

ψ - 2 6 MW2 - 0 0.8 (t/o)n,(t/o)r - 0.05
on,min m 0.001 0.100 MW3 - 0 1.4 en,er m 105

or m 0.001 0.100 αFL
◦ -25 25 ks m 2 ·10−6

cn m 0.010 0.100 (h/Dm)n, (h/Dm)r - 0.001 0.25 hhh - 1.1
cr m 0.010 0.100 (c/Dm)n, (c/Dm)r - 0 0.25 ε - 1
(o/s)n - sin(13◦) sin(60◦) χ - -0.1 0.9 min(tcl) m 2 ·10−4

(o/s)r - sin(13◦) sin(60◦) zn,zr - 10 130 min(tn),min(tr) - 2 ·10−4

Ca1 m · s-1 0 100 Utip m · s-1 0 500 ss/cn - 0.5
φr - 0 1 Ren,Rer - 104 - N rpm 3600

ψ = ∆hs/U2
3m stage loading coefficient MW2 = rotor inlet relative Mach number MW3 = rotor outlet relative Mach number c = axial chord

φr = Ca3/U3m rotor flow coefficient on,min = nozzle minimum opening (o/s) = opening-to-pitch ratio αFL = flaring angle
(h/Dm) = blade height to mean diameter (c/Dm) = axial chord to mean diameter ss/cn = annulus to axial chord spacing Utip = blade tip speed
(t/o) = trailing edge thickness to opening e = blade rear suction surface curvature ks = blade surface roughness tcl = blade tip clearance
ε = degree of admission hhh = annulus blade height ratio t = blade trailing edge thickness z = number of blades

where Q̇ is heat transfer rate, ∆Tlm is the logarithmic mean tem-
perature difference, T is temperature, subscript j refers to cell j,
subscripts c and h refer to the cold and hot side of the heat ex-
changer and subscripts i and o refer to inlet and outlet. For the
boiler 30 cells were used for the discretisation and for the con-
denser 10 cells were used. These numbers ensured a reasonable
trade-off between computational time and accuracy.

2.1 The Axial Turbine Simulation Tool - TURAX
The low expansion ratios (i.e. 2-4) which are found in the

case studies make it possible to design an efficient single-stage
expander, thus avoiding the need for more advanced and expen-
sive architectures. The preliminary design and the isentropic
total-to-total efficiency of the axial turbine were estimated using
a mean-line code written in the Matlab R© language [19], named
TURAX. A brief description of the model, which was introduced
in a previous work [10], is provided in this section. The tur-
bine model is based on the efficiency prediction method of Craig
and Cox [20]. The correlations developed in the method were
based on cascade test data from a large number of steam and gas
turbines. The authors claimed efficiency prediction accuracy of
±1.25%. At present, there is scarce information about the accu-
racy of the method with organic fluids and mixtures, and several
test rigs are under development [21, 22] to investigate the real
gas behaviour of these fluids. Nonetheless, there are a number
of previous publications [23–25] which employed the Craig and
Cox method in ORC field. In their experience, this method is
considered as the most reliable one. Other empirical correlations
are also used in TURAX.

1. The outlet flow angles of a blade row were estimated with

the correlation by Ainley and Mathieson [26]. Vavra’s cor-
relation [27] is used for supersonic flow conditions

2. In case of converging-diverging nozzle, the opening was cal-
culated using Deich’s formula [28]

3. Shock losses in a blade row were computed according to
Kacker and Ockapuu [29]

4. Disk windage losses were estimated according to Balje and
Binsley [30]

The total-to-total isentropic efficiency of the turbine can be ex-
pressed as

ηtt = f (T01, p01, p03, ṁ, f luid,X) (3)

where T01, p01, p03 are the total temperature and pressures at in-
let and outlet of the stage, ṁ is the mass flow rate, f luid is the
selected working fluid, X is a set of 9 decision variables related
to geometrical and flow features of the stage. The efficiency was
maximised by means of a constrained optimization of X . Addi-
tional constraints on the model variables are required, in order
to avoid infeasible designs in the solution space [31]. Finally,
some model parameters are set to fixed values, in order to reduce
the number of optimization variables. Table 2 lists the decision
variables of X , the fixed parameters and constraints.

2.2 Working Fluids
In the present paper, the mixtures R245fa/pentane and

propane/isobutane were selected due to the following reasons:

a) The thermodynamic properties can be accurately estimated
by experimental validation of their interaction parameters.
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Equations of state are available for mixtures of hydrocarbons
and refrigerants [32–34].

b) All fluids are commercially available and can be employed
in ORC power plants. R245fa, pentane, isobutane are used
by different manufacturers [35–39]. Propane and isobutane
were also used as working fluids in a geothermal binary
power plant documented by DiPippo [40].

c) R245fa achieved high performance for the same application
in a recent work by Andreasen et al. [18].

d) Another work [5] showed that the mixture
propane/isobutane (0.77/0.33) delivers the best power
output among low-GWP mixtures in subcritical configu-
ration for a waste heat recovery unit with a 90◦ C heat
source.

e) A subcritical cycle configuration can be used since the criti-
cal temperature and pressure of the selected fluids are always
higher than those required in the case study.

The thermodynamic properties of each mixture were computed
using REFPROP R© version 9.0 [41].

2.3 Optimization
The present work combines a constrained optimization of

the cycle and the expander, performed through an iterative ap-
proach. The objective function of the optimization is the net
power output of the ORC unit. The optimisation procedure was
executed by combining a particle swarm alghorith with a pattern
search method using the Matlab R© Optimization Toolbox [42].
The former is population-based method whilst the latter is a di-
rect search method. The reader is referred to Kennedy [43] and
Audet et al. [44] for more details. Particle swarm was run with
a population size of 1000 and 20 iterations for the turbine model
whereas a population size of 50 and 20 iterations were used in the
cycle model. A larger population size was selected for the turbine
optimization, due to the large number of decision variables. Sub-
sequently, results were used as initial values for the direct search
method, which converges more rapidly. This hybrid optimiza-
tion approach allowed reducing the computational time of using
solely a population-based algorithm but with a higher number of
iterations.

For every mixture, the following steps were executed:

1. The boundary conditions of the cycle were provided (i.e.
heat source temperature, condensation temperature, etc.)

2. A constant isentropic efficiency of the expander, set to the
value 0.85, was used in the first iteration

3. The cycle was optimized in the whole molar composition
range with a binary mixture composition step of 0.1

4. The inlet temperature, pressure, mass flow rate and the outlet
pressure of the expander were used as boundary conditions
for the preliminary design of the same device

5. The turbine was optimized in the whole composition range

6. The values of isentropic efficiency of the turbine at each mo-
lar composition were used to perform the new cycle simula-
tion

3 RESULTS AND DISCUSSION

3.1 Thermodynamic Cycle Design

Constrained Hot Fluid Outlet Temperature The op-
timization results of the case with a limit on the minimum heat
source temperature are shown in Figs. 2A and 2B. Results with
constant turbine efficiency (red triangle markers) and with op-
timized turbine efficiency (red square markers) are indicated in
the charts. Pure fluids yield the maximum net power output for
all mixture compositions. In all cases, the optimal power out-
put profile is dominated by the optimal cycle trend, and the op-
timization of the expander has only a marginal influence. For
R245fa/pentane, the maximum isentropic turbine efficiency is
obtained with pure R245fa. For propane/isobutane, the maxi-
mum isentropic turbine efficiency is using pure isobutane, al-
though the optimal value is practically constant over the entire
composition range. From the turbine viewpoint, the plots suggest
that the profile of the optima is aligned with that of the cycle for
propane/isobutane, and for R245fa/pentane in the molar compo-
sition range (0.5/0.5)-(1/0). For propane/isobutane, a more pro-
nounced change in turbine efficiency is observed, leading to an
almost flat net power output curve. Nevertheless, this case ex-
hibits the lowest performance in terms of both the cycle and the
turbine. Therefore, pure R245fa or pentane can be conveniently
chosen, yielding a maximum power output of approximately 200
kW with a turbine efficiency of approximately 0.88. The optimal
distribution of the UA-value ratio between boiler and condenser
is around 0.5 for all cases.

Unconstrained Hot Fluid Outlet Temperature. The
optimization results of this case are shown in Fig. 2C and 2D.
The maximum net power output is obtained using a mixture.
A molar composition (0.5/0.5) yields the maximum net power
using R245fa/pentane and a (0.2/0.8) composition provides the
maximum using a propane/isobutane mixture. Considering only
turbine performance, the optimal efficiency is found using a pure
fluid. In addition, it can be seen that the use of a constant turbine
efficiency provides significantly different net power output pro-
files only when propane/isobutane is used. For R245fa/pentane
the optimal turbine efficiency is nearly constant over the entire
composition range. This results in a shift in the power profile,
without changing its shape and the location of the optimal com-
position. Conversely, the use of optimized turbine efficiency with
propane/isobutane had a stronger impact, so that the maximum
shifts from molar composition (0.4/0.6) to (0.2/0.8). Finally, the
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optimal UA-ratio is around 0.5 also in this case. The previous
results indicate that mixed working fluids are more attractive so-
lutions when the heat source temperature is not bound to a lower
limit. The thermodynamic reason can be explained by resort-
ing to the heat power-temperature diagram of Fig. 3, referred to
mixture R245fa/pentane. Figures 3A and 3B illustrate the ther-
mal power-temperature diagram for the cases with and without
outlet temperature constraint, respectively. In the latter, the hot
water (red line) is cooled from 85 to 80 ◦C. Due to the small
temperature change, the use of a mixture does not exhibit par-
ticular advantages, and pure R245fa (black line) is found to be
the best solution. However, when the heat source temperature is
not bound to a lower limit, and is cooled to approximately 72 ◦C,
a mixture of R245fa and pentane (black line in the right figure)
provides advantages over a pure fluid. In fact, the trend of the
net power output is strongly influenced by the temperature glide.
Figure 4 depicts the variation of the temperature glide of evapo-
ration, the degree of superheating and the temperature difference
of the hot fluid from the inlet to the location of the bubble point

∆Th f for R245fa/pentane. The temperature profiles of the boiler
are matched when ∆Th f matches the temperature glide and the
degree of superheat is zero. This occurs at mole compositions
of (0.1/0.9) and (0.5/0.5), which explains the peaks in net power
output depicted in Fig. 2C. A good match is also achieved at
(0.4/0.6) which consequently results in a high net power output.
Note also that the trend of the temperature glide in Fig. 4 is op-
posite of the power profile in Fig. 2A. This indicates that the
temperature glide has a negative effect on the net power output
when the hot fluid outlet temperature is constrained.

Although pure R245fa and the mixture (0.5/0.5)
R245fa/pentane give the maximum net power output for
the two cases, the selection of a suitable working fluid should
also account for other aspects such as cycle technical viability,
safety issues, turbine design and manufacturability, environmen-
tal and economic considerations [45, 46]. Table 3 shows the
details of the selected cycle and turbine optimal designs. Despite
the higher net power output of pure R245fa, it is arguable that the
higher pressures and smaller volume flow rate of pure isobutane
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FIGURE 3: TEMPERATURE-THERMAL POWER DIAGRAM FOR THE
OPTIMAL R245FA/PENTANE MIXTURE WITH AND WITHOUT OUTLET
TEMPERATURE LIMIT

would result in a more compact condenser. When the minimum
temperature is not limited, the mixture R245fa/pentane (0.5/0.5)
shows lower condensing and evaporating pressures, and almost
as twice the maximum volumetric flow rate of propane/isobutane
(0.2/0.8), thus suggesting the use of a bigger condenser.

3.2 Preliminary Turbine Design
The maximum efficiency among the optimal expanders is

found using a pure fluid independently of the temperature con-
straint. It is noted that the efficiency profile has a flat behaviour
and small change with the composition using R245fa/pentane,
but propane/isobutane exhibits ca. 8 %-points of efficiency de-
cay in the composition range. As an example, Fig. 5A shows
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FIGURE 4: HOT FLUID, WORKING FLUID TEMPERATURE GLIDE
AND SUPERHEATING IN THE EVAPORATOR. NO TEMPERATURE CON-
STRAINT

the breakdown of losses in the whole range of molar com-
position for the case with boiler outlet temperature constraint.
R245fa/pentane has lower losses than propane/isobutane and that
the losses do not change significantly with the molar composi-
tion. Propane/isobutane has similar values of profile losses but
the addition of isobutane increases secondary and tip leakage
losses. This effect can be related to a reduction of the blade
height. Higher secondary losses are due to a progressive reduc-
tion of blade aspect ratio (height over backbone length) of the tur-
bine, which in turn enhances the generation of secondary flows
in the blade channels. Figure 5B shows that both mixtures lead
to low aspect ratio (< 1) turbine designs, but propane/isobutane
has less than half the values of R245fa/pentane. As a result,
the former mixture exhibits higher secondary losses. The higher
tip leakage is also linked to a smaller blade height, which can
be related to the increases of clearance area in relation to the
blade throat area. It can be noticed that the trend of aspect ratio
for R245fa/pentane is not monotone, but the higher aspect ratio
highlights that the change of secondary losses is only marginal
and the efficiency profile remains almost flat. The efficiency
trends can also be explained resorting to volume flow rate ratio
(VFR) and size parameter (SP), in accordance with the analy-
sis of Macchi and Perdichizzi [31]. The former is representative
of the compressibility effects of the fluid whereas the latter is
representative of the actual dimensions of the turbine. On the
one hand, high values of VFR entail low values of efficiency due
to increased losses associated to higher deflection in the blade
rows and the higher Mach numbers. On the other hand, a small
turbine, thus a small SP, penalizes the achievable efficiency due
to increased radial clearance effects and shorter blades. Figure
5C shows that both mixtures have VFR values in the same or-
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der of magnitude (i.e. 2-3) but different SP values (i.e. 2-4 cm
vs. 7-10 cm ). As a result, the turbine with the smaller size and
employing propane/isobutane shows a lower efficiency. More-
over, for this mixture the reduction in SP more than offsets that
of VFR, leading to a lower efficiency. The higher VFR and SP
for R245fa/pentane are such that the relative change of these two

in the molar composition range does not affect significantly the
losses.

Some considerations regarding the feasibility of the obtained
preliminary axial turbine designs can be made:

1) A single-stage solution confirms to be feasible for all the
fluid candidates. In fact, the low values of volume flow rate
ratios (i.e. in the range 2-2.5) and size parameter (i.e. 0.03-
0.07 m) are within the range for which high efficiency values
of the turbine can be expected [31].

2) Nozzle and rotor blades heights are long enough to be man-
ufacturable in all cases. The smallest value, found in the
stator using pure propane with minimum hot fluid temper-
ature constraint, is 5.6 mm. As an example, Verneau [47]
documented nozzle blade heights as low as 3.5 mm using a
small axial turbine with an organic fluid and partial admis-
sion; Invernizzi et al. [48] used rotor blade heights as low
as 6.5 mm; Uusitalo [49] set a lower manufacturability con-
straint on stator blade heights to 1.5 mm in the development
of an ORC radial turbine prototype.

3) The hub-to-tip radius ratios are higher than 0.9, thus radial
effects are not expected to play an important role in the fluid-
dynamic of the turbine and untwisted blades can be manu-
factured [50].

4) The turbine designs result to have mean diameter between
479 and 657 mm and short axial length between 25 and
35 mm, due to small nozzle and rotor axial chords.

5) A number of blades between 102 and 130 was found in
the optimal designs. These values can be found in other
ORC applications using axial turbines such as documented
by Verneau [47], and even higher values were used by An-
gelino [51].

6) Converging blades can be used for both nozzle and rotor.
A post-expansion process between throat and the blade row
downstream can be considered for stator outlet Mach num-
bers as high as 1.4 according to Deich’s method [28], thus
avoiding the need for converging-diverging blades. The
method can be applied also to rotor blades according to Mac-
chi [52].

7) The optimal designs entail a high reaction turbine, with de-
gree of reaction between 0.55 and 0.76. Advantages and lim-
itations of low and high reaction designs were discussed by
Walker and Hesket [53] and Havakechiam and Greim [54],
respectively. Low reaction blades enable high stage loading
with low interstage swirl, robust rotor blades, less thrust on
the rotor and lower tip leakage flows. This would result in
highly cambered rotor blades and in the risk of high bound-
ary layer separation and lower efficiency. On the other hand,
the larger pressure ratio in the rotor of high reaction turbines
could result in higher leakage losses and axial thrust, which
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may set demands for the design of thrust bearings and may
increase the mechanical losses. High reaction designs en-
sure to have low Mach number, good performance at off-
design and avoid a costly diaphragm due to the lower noz-
zle pressure drop. The option of near 50 % reaction blades
would also enable the designer to use similar profiles for
both stator and rotor, with consequent cost reduction and
easier manufacture.

8) The big difference between total-to-static and total-to-total
efficiency values in Tab. 3 shows that high kinetic energy
losses are associated with the selected designs. Nonethe-
less, it is assumed to completely recover such losses using a
diffuser before entering the condenser.

9) The gearbox can be conveniently avoided, considering the
high efficiency values of the estimated designs. However,
it might be taken into account if, for example, a reduction
in the mean diameter would be preferred in order to further
reduce the volume of the turboexpander.

Pure R245fa is found to be the optimal working fluid also for
the turbine when the hot fluid temperature is constrained. In
fact, it provided the highest value of efficiency, the smallest tur-
bine volume, requires less number of blades, and higher blade
heights with respect to pure pentane. When the temperature was
not limited in the boiler, R245fa/pentane (0.5/0.5) provided the
best turbine performance and lowest heat exchangers pressures.
Although the expander volume increased by +60 % with respect
to the optimal propane/isobutane mixture, the larger net power
output of the cycle might arguably justify the additional turbine
cost.

4 CONCLUSION
This paper presented a methodology where both cycle and

expander designs were simultaneously optimized. The method
was applied to two case studies utilizing a low-temperature heat
source. A limitation on the minimum hot fluid temperature was
analysed in the first case, while no constraint was set in the
second case. The working fluid mixtures R245fa/pentane and
propane/isobutane were investigated. Results suggest that the
combined optimization methodology is advantageous, especially
in the presence of a heat source temperature variation higher than
5 ◦C and for the mixture propane/isobutane. When the outlet
temperature is constrained, only a small change in the maximum
net power output is observed compared to assuming a constant
isentropic efficiency. However, a change of 8 % in the optimal
objective function and a shift in the maximum optimal composi-
tion are seen for propane/isobutane in the second case study. In
the first case study, pure fluids provide the maximum net power
output. R245fa results to be the optimal working fluid for both
cycle and turbine, yielding approximately 200 kW of net power

TABLE 3: OPTIMAL TURBINE AND CYCLE DESIGN PARAMETERS

R245fa/pentane propane/isobut.

Parameter Unit Temp.
limit

No
limit

Temp.
limit

No
limit

Cycle
Optimal molar composition - (1/0) (0.5/0.5) (0/1) (0.2/0.8)
Mass flow rate, ṁ kg/s 11.98 24.75 6.92 16.99
Turbine outlet pressure, Pcond bar 2.40 2.80 5.13 6.73
Turbine inlet pressure, Pboil bar 6.74 6.41 11.83 13.40
Turbine inlet temperature, Tin K 350.46 351.13 350.80 353.79
Cycle net power output, Pnet kW 198.97 444.43 175.43 404.59
Boiler UA-value, (UA)boil W/K 250 750 250 750
Max. condenser volume flow m3/s 0.93 2.17 0.56 1.09
Max. boiler volume flow m3/s 0.009 0.027 0.013 0.032

Turbine
Isentropic efficiency (t-t), ηtt % 88.00 91.87 80.22 87.43
Isentropic efficiency (t-s), ηts % 73.56 82.98 60.52 67.87
Stage loading coefficient, ψ - 4.15 3.27 4.85 4.74
Rotor flow coefficient, φr - 0.50 0.44 0.54 0.49
Degree of reaction, χ - 0.66 0.57 0.76 0.72
Specific diameter, Dm/SP - 5.86 5.21 9.56 6.56
Specific speed, Dm∆h1/4

s /V̇ 1/2
out,s - 0.039 0.053 0.020 0.031

Nozzle outlet Mach number, M2 - 0.88 0.86 0.71 0.69
Rotor inlet Mach number, MW2 - 0.27 0.25 0.21 0.22
Rotor outlet Mach number, MW3 - 1.24 1.01 1.22 1.09
Mean diameter, Dm mm 479 600 560 554
Nozzle blade height, h2 mm 13.3 27.5 5.6 14.0
Rotor outlet blade height, h3 mm 16.6 28.5 7.3 14.9
Nozzle axial chord, cn mm 10.8 12 10.1 10.3
Rotor axial chord, cr mm 13.9 15.6 12.1 10.4
Nozzle opening, on mm 3.3 3.7 3.1 3.6
Rotor opening, or mm 3.8 4.5 3.1 3
Nozzle blade pitch, sr mm 14.8 16.1 13.8 16.0
Rotor blade pitch, sn mm 14.4 15.3 13.7 13.3
Number of nozzle blades, zn - 102 118 128 110
Number of rotor blades, zr - 106 124 130 130
Turbine volume dm3 5.77 10.40 6.87 6.56

output, the lowest cycle operating pressures, the smallest turbine
with a maximum efficiency of 88 % and the lowest number of
blades. Multi-component working fluids yield the best perfor-
mance when the heat source outlet temperature is not bound. A
trade-off is seen between expander size and maximum net power
output in this case. R245fa/pentane (0.5/0.5) provides the best
cycle and expander performance, and also results in the biggest
expander. Due to the 60 % smaller turbine size and the more
compact condenser, the choice of Propane/isobutane (0.2/0.8)
can be eventually considered whereby the application is limited
by space constraints.
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Nomenclature
(o/s) Opening-to-pitch ratio [-]
(t/o) Trailing edge thickness to opening ratio [-]
C Absolute velocity [m · s-1]
Ca Axial velocity [m · s-1]
Dm Mean diameter of the stage [m]
MW Relative Mach number [-]
N Rotational speed [rpm]
Pnet Cycle net power output [kW]
Re Reynolds number [-]
T Temperature [K]
U Peripheral velocity [m · s-1]
Utip Tip Speed [m · s-1]
W Relative velocity [m · s-1]
∆Tml Logarithmic mean temperature difference [K]
Q̇ Thermal power [W]
ṁ Mass flow rate [kg · s-1]
c Axial chord [m]
c/Dm Chord to mean diameter ratio [-]
h Blade height [m]; specific enthalpy [J ·kg-1]
h/Dm Blade height to mean diameter ratio [-]
hhh Rotor inlet to nozzle outlet blade height ratio [-]
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ks Blade surface roughness [m]
o Blade opening [m]
p Pressure [Pa]
ss Annulus axial spacing [m]
tcl Tip clearance [m]
z Number of blades [-]
UA Overall heat transfer coefficient times area [W ·K-1]
e Blade rear suction surface curvature [m]
t Trailing edge thickness [m]
Abbreviations and acronyms
AR Aspect ratio of the blade
ORC Organic Rankine cycle
SP Size parameter of the turbine [m]
VFR Volume flow rate ratio of the turbine [-]
Greek letters
αFL Flaring angle [◦]
χ Stage degree of reaction [-]
ε Degree of admission [-]
ηtt Turbine total-to-total isentropic efficiency [-]
φ Flow coefficient [-]
ψ Stage loading coefficient [-]
Subscripts
1 Referred to the nozzle inlet
2 Referred to the rotor inlet
3 Referred to the rotor outlet
boil Referred to the boiler
c Referred to the cold side fluid
cond Referred to the condenser
h Referred to the hot side fluid
hf Referred to the hot fluid
i Referred to the inlet
in Referred to the inlet
in Referred to the turbine inlet
m Referred to the mean diameter
min Referred to the minimum opening
n Referred to the nozzle; number of discretizations in the

heat exchangers
o Referred to the outlet
r Referred to the rotor
s Referred to isentropic conditions
ts Referred to total-to-static conditions
tt Referred to total-to-total conditions
w Referred to the relative coordinate system
wat Referred to water
wf Referred to the working fluid
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• A design methodology for ORC considering multistage axial turbine design is presented.

• A multistage axial turbine model is presented and validated.

• The methodology is applied to a waste heat recovery case on a container ship.

• n-butane and R245fa show the best trade-off between cycle and turbine design.

• The best solutions feature a single-stage with highly supersonic flow conditions.
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A B S T R A C T

Organic Rankine cycle power systems represent a viable and efficient solution for the exploitation of medium-to-
low temperature heat sources. Despite the large number of commissioned units, there is limited literature on the
design and optimization of organic Rankine cycle power systems considering multistage turbine design. This
work presents a preliminary design methodology and working fluid selection for organic Rankine cycle units
featuring multistage axial turbines. The method is then applied to the case of waste heat recovery from a large
marine diesel engine. A multistage axial turbine model is presented and validated with the best available data
from literature. The methodology allows the identification of the most suitable working fluid considering the
trade-off between cycle and multistage turbine designs. The results of the optimization of cycle and turbine
suggest that the fluid n-butane yields the best compromise in terms of cycle net power output, turbine cost and
efficiency for the considered case study. When a conservative design approach is adopted, the turbine features a
two-stage configuration with supersonic converging nozzles and post-expansion. Conversely, a single-stage
turbine featuring a supersonic converging-diverging nozzle and Mach number up to 2 is the resulting ideal
choice when a more advanced design approach is implemented.

1. Introduction

Organic Rankine cycle power systems are employed in a range of
different fields such as biomass applications, geothermal heat recovery,
industrial waste heat recovery and solar applications. Compared to gas
and steam turbines, the relatively small enthalpy drop in the expansion
is advantageous for the ORC turbine design since it allows for the use of
only one or a few turbine stages. For a given external heat source, the
preliminary design of the ORC systems is performed by optimization of
the thermodynamic cycle, which is typically hampered by technical and
practical constraints. The system components such as the expander,
heat exchangers and pump can be included in the cycle optimization or

can be optimized in a subsequent stage of the design process.
Even though different aspects can be included in the preliminary

design of ORC systems, a number of authors [1–4] have highlighted
that the expander and working fluid are the two key elements.

Song et al. [5], Yun et al. [6], Yang and Yeh [7,8] and Andreasen
et al. [9] performed design and optimization of ORC systems for marine
applications but neglected the details of the expander design. Toffolo
et al. [10], Maraver et al. [11] and Vivian et al. [12] proposed different
methodologies for selecting the optimal working fluid and cycle con-
figuration in ORC systems; however, in all cases the isentropic turbine
efficiency was set to a fixed value. Astolfi et al. [13] and Martelli et al.
[14] performed detailed thermodynamic and techno-economic analyses
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on ORC systems including multistage turbine optimization for geo-
thermal and biomass applications, respectively. The aforementioned
authors designed the ORC system by means of an assumption of the
turbine efficiency, or estimated the turbine performance by interpola-
tion of a statistical correlation developed for single-stage machines. Da
Lio et al. [15] tackled the issue by constructing performance maps for
single-stage axial turbines including the critical temperature of the
working fluid as an additional parameter. Recently, White and Sayma
[16] proposed a coupled analysis and optimization process of a small-
scale ORC and a single-stage radial turbine with the aim to improve the
economy-of-scale of the system. The authors developed performance
maps based on a modified similitude theory to predict the performance
of the turbine and of the ORC system.

In previous publications the present authors [17,18] developed a
methodology for a coupled optimization of an organic Rankine cycle
unit and an axial turbine, and demonstrated that it is essential to in-
clude the design of the turbine in order to make accurate estimations of
the cycle performance. In Refs. [17,18], a single-stage axial turbine
model was validated and employed. However, multistage turbine so-
lutions are more suitable for applications requiring large power output
and high expansion ratio, since they ensure better efficiency and limit
the turbine loading under these conditions [19]. Multistage axial tur-
bine arrangements are used by many ORC manufacturers, as docu-
mented in Colonna et al. [20], and a number of exemplary turbines

have been documented, see Table 1. However, the literature on their
design and optimization procedures is very limited. Some authors
[21–25] presented the main criteria used in the development of the
turbines in Table 1, however without providing the full details of their
design and optimization methods. Other authors [26–28] have focused
only on the analysis of the flow and performance of multistage ORC
turbines using CFD techniques for a given turbine geometry. In all
previous references, i.e. Refs. [21–28], the multistage turbine design
was decoupled from the optimization of the ORC system. To the best of
our knowledge, the most advanced approach where the multistage
turbine performance is included in the ORC system optimization, is that
proposed recently by Macchi and Astolfi [19]. They constructed a priori
correlations to predict the turbine isentropic efficiency as a function of
the size parameter and volume flow rate ratio for a fixed number of
stages (up to three). The formula was developed using a mean-line
model [34] employing ideal gas assumptions and optimizing the rota-
tional speed. By using the proposed correlations, the thermodynamic
cycle can be optimized to assess the impact of the different number of
stages on the system performance. The approach by Macchi and Astolfi
[19] is very general; however, it does not provide a specific optimal
design for the considered application, i.e. the rotational speed is always
set to the optimal value, the fluid is considered as an ideal gas, and the
number of stages is limited to three. Moreover, the approach follows the
same design philosophy for single and multi-stage turbine

Nomenclature

C absolute velocity [m·s−1]; cost [k€]
Dev. deviation [–]
M Mach number [–]
N rotational speed [rpm]
P cycle power output [kW]
PI performance index [kW·k€−1]
PR pressure ratio [–]
Re Reynolds number [–]
T temperature [K]
U peripheral velocity [m·s−1]
W relative velocity [m·s−1]
Qṡc scavenge air heat flow rate [W]
ṁ mass flow rate [kg·s−1]
c axial chord [m]
cp molar heat capacity [J·kg−1·K−1]
e blade rear surface suction curvature [m]
h blade height [m]; specific enthalpy [J·kg−1]
ks blade surface roughness [m]
n number of stages [–]
o blade opening [m]
p pressure [Pa]
r radius [m]
ss nozzle to rotor axial clearance [m]
ssst interstage axial clearance [m]
t trailing edge thickness [m]
tcl blade tip clearance [m]
z number of blades [–]
DR stage degree of reaction [–]
SP turbine size parameter [m]
UA overall heat transfer coefficient times area [kW·K−1]

Abbreviations and acronyms

CFD computational fluid dynamics
GWP global warming potential
ODP ozone depleting potential
ORC organic Rankine cycle

TURAX axial turbine simulation tool

Greek letters

α absolute flow angle [°]
β relative flow angle [°]
∊ residual error [–]
η turbine isentropic efficiency [–]
ϕ flow coefficient [–]
ψ isentropic stage loading coefficient [–]

Subscripts

0 total conditions
1 nozzle inlet
2 rotor inlet
3 rotor outlet
a axial component
c critical
el electrical
gear gearbox
gen generator
m referred to the mean diameter
max maximum
min referred to the minimum opening
n nozzle
net net power
o outlet
r rotor
s isentropic conditions
st referred to one stage
t turbine
tip referred to the blade tip
tot referred to the total turbine expansion
ts total-to-static
tt total-to-total
turb turbogenerator
w referred to the relative coordinate system
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configurations; whereas in real applications key decision criteria such
as performance, cost, working fluid limitations and technical aspects
may set additional constraints on the turbine design, leading to dif-
ferent solutions.

There are a few mean-line models for multistage ORC turbine design
in use by companies and research institutes, including AXTUR [35],
used in the aforementioned approach by Macchi and Astolfi [19], and
zTurbo [36,37]. These codes underwent intense development, and their
reliability was successfully assessed by several companies [38]; how-
ever, their detailed validation has yet to be published in the scientific
literature (even though, in the case of zTurbo, a partial validation was
presented in Ref. [39]). For this reason, there is the need to publish
validation details of multistage ORC turbine models in the open lit-
erature.

The objective of this paper is to extend the design methodology of
ORC power systems by including the optimal preliminary design of the
axial turbine in the most general multistage layout. To this end, the
paper presents a comprehensive strategy for turbine model validation,
cycle and turbine combined optimization, and analysis of the results.
This work is limited to consider steady-state analyses at design condi-
tions. A multistage turbine model is developed and validated with two
well-documented test cases from the literature, one of which is an ORC
turbine. The design methodology for cycle and turbine is presented, and
two different turbine design approaches are proposed. Then, the
methodology is applied to the case of waste heat recovery from a large
marine diesel engine, in order to show how it can be used in a real
application.

This paper introduces several novel elements: (i) it presents the
detailed validation of a mean-line model of ORC multistage axial tur-
bines; (ii) it considers two alternative turbine design approaches, which
designers may adopt according to their key decision criteria; (iii) it
proposes a methodology for combined optimization of an ORC system
and an ORC multistage turbine, in which the turbine layout and per-
formance become additional criteria for the working fluid selection in a
specific application.

Compared to the method used by Macchi and Astolfi [19], the
methodology presented here allows optimizing the cycle and turbine for
a specific application and including real-gas models. Overall the results
and the method provide a solid contribution to state-of-the-art, of re-
levance for researchers as well as engineers and decision-makers.

The paper is structured as follows: Section 2 presents the case study,
the methods for the cycle and turbine designs, the criteria for the
working fluid selection, and the validation of the multistage turbine
model. Section 3 presents the results of the turbine model validation
and of the optimization with the ORC system. Section 4 discusses the
results. Conclusions are drawn in Section 5.

2. Methods

Fig. 1 illustrates a schematic of the workflow methodology adopted
in this study. Two different turbine design approaches were adopted,
namely conservative design and advanced design, which are explained in

more detail in Section 2.4. Based on the inputs from the case study
(Section 2.1), a working fluid preselection process was performed
(Section 2.2). As a starting point, an isentropic turbine efficiency of 0.8
and a single-stage design were assumed. Then, cycle and turbine were
optimized for each working fluid candidate following an iterative
process described in Section 2.6. In the conservative design approach,
the maximum Mach number in the optimized turbine solutions was
checked for being within a predefined value to ensure a conservative
turbine design (see Section 2.4). If the constraint was not satisfied, a
new combined optimization step was performed using an additional
turbine stage. Finally, a performance index was computed (Section 3.3),
incorporating the effects of both turbine and cycle designs. This para-
meter was also used to select the minimum number of stages in the
advanced design approach and to decide on the possible insertion of a
gearbox. A number of fluid candidates having the highest performance
index was selected. The selection of the most suitable working fluid is

Fig. 1. Flow chart of the adopted methodology for the cases with (a) conservative design
and (b) advanced design.

Table 1
Documented multistage ORC axial turbines.

Author Manufacturer Year Field Power [kW] Nst Pressure ratio N [rpm] rm [mm] Fluid Ref.

Verneau Bertin & Cie 1977 Solar 54 2 142 7700 145 FC-75 [24]
Osnaghi et al. Gemmindustria 1979 Solar 8 2 120 24,000 90 C H Cl6 5 [22]
Bado et al., Angelino et al., Barutti et al. Gemmindustria 1979–1983 Solar 35 4 116 6700 120 C F8 16 [21,29,30]
Verneau Bertin & Cie 1980 WHR 1350 2 100 14,000 176 Fluorinol 85 [24]
Angelino et al. Turboden 1984 WHR 100 2 24.9 3030 430 C H Cl6 4 2 [23,31]
Angelino et al. Turboden 1984 WHR 100 2 13.64 3030 430 C H8 10 [31]
Jokinen et al. n/a 1998 WHR 25 2 > 100 40,000–48,000 n/a Toluene [25]
Obernberger and Hammerschmid Turboden 2001 Biomass 400 2 n/a n/a n/a Silicon oil [32]
Nasir et al. Ormat Inc. 2003 WHR 4500 2 ∼30 3600 n.a. n-pentane [33]
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discussed (Section 4) based on technical and environmental aspects,
and the requirements of the specific application. The aforementioned
steps and the validation of the multistage turbine model are described
hereafter.

2.1. Case study and cycle modelling

The selected case study is the waste heat recovery from the exhaust
gases, jacket cooling water and scavenge air of a 37 MW diesel engine
aboard a container ship [40]. The engine employs a heavy fuel oil with
sulphur content, of about 3% and operates most of the time at low
loads. In order to exploit fully the engine’s waste heat, without over-
sizing the unit, we chose to design the ORC system at 75% engine load.
Fig. 2 shows a sketch of the ORC unit, and Table 2 lists the ORC

modelling conditions. In addition to the exhaust gases, the jacket water
and scavenge air were included as heat sources in order to obtain a
higher system net power output from the ORC unit, and to preheat the
working fluid at the pump outlet to the required level to avoid sulphuric
acid condensation [41]. We found that a recuperator is not required.
When the exhaust gases exit the engine, they are first used for gen-
erating service steam (2 t/h) for onboard heating purposes. After the
service steam-boiler, the exhaust gases enter the ORC at 235.85 °C. The
temperature of the working fluid at the boiler inlet was limited to
135 °C to avoid sulphuric acid condensation [40]. The turbine can po-
tentially be equipped with a gearbox, affecting both the system per-
formance and turbine design. The suitability of the gearbox solution is
discussed in Section 3. The heat exchangers in the cycle were modelled
with a pinch point approach.

2.2. Preliminary working fluid selection

In order to screen the suitability of the different working fluid
candidates, some preselection criteria were used. Fluid candidates were
selected according to indications in the literature [5,42–45] for a waste
heat recovery source of 235 °C, and according to their availability in
commercial units [20,43,46]. The working fluids were discarded in the
case they presented the following attributes: a thermal stability limit
lower than the hot fluid inlet temperature, a critical temperature lower
than the minimum admissible temperature at the boiler inlet, a non-
zero ozone depleting potential (ODP) [47] or a global warming po-
tential (GWP) > 150 [48]. In the latter case, exception was made for
those fluids currently used by manufacturers. Practical limitations on
maximum and minimum pressures allowed in the ORC unit were also
considered based on the indications by Rayegan et al. [49], Drescher
and Brüggeman [50], and MAN Diesel & Turbo [40]. Finally, the work
was limited to subcritical cycle operation, with a maximum limit of 0.8
in reduced pressure, in order to avoid excessive pressure in the boiler
and problems during operating conditions close to the critical point.
Table 3 shows the list of preselected working fluids.

2.3. Multistage axial turbine model

TURAX is a mean-line model for the design and performance pre-
diction of single and multistage axial turbines. In its present status the
model is limited to steady-state analyses at design conditions. The
model has been particularly conceived (i) to simulate axial-flow tur-
bines operating with organic fluids and (ii) to perform a coupled opti-
mization with the design of the ORC system. The details of the single-
stage axial turbine model were presented in previous publications
[17,18]. The main features of the multistage axial turbine model are
described hereafter:

(1) TURAX performs the design of a multistage turbine by simultaneous
optimization of each stage variable, in agreement with the indica-
tions by Persico and Pini [38] for ORC turbines. The decision
variables of the multistage model are given in Table 4. The stage
inlet axial velocity is specified only for the first stage, and the ro-
tational speed is the same for all stages, since they are assumed to
be mounted on the same shaft. In total 8 variables per stage are
specified as input, in addition to rotational speed and stage inlet
axial velocity.

(2) The pressure ratio of each stage is optimized based on the isentropic
stage loading coefficient ψn. For a constant radius turbine design,
the following relation holds:

∑=
=

h
U

ψΔ
2

·s tot
m

n

N

n0 ,

2

1

st

(1)

By means of Eq. (1) it is possible to compute the mean peripheral
speed Um and isentropic enthalpy drop hΔ s tot0 , , thus also the total

Fig. 2. Organic Rankine cycle unit.

Table 2
Modelling conditions of the ORC unit.

Parameter Value Unit

Exhaust gases
Inlet temperature 235.85 °C
Mass flow 62.6 kg/s
Heat capacity 1.1 kJ/(kg·K)

Boiler
Pinch point 20 °C
Minimum inlet temperature 135 °C

Condenser
Fluid condensation temperature 30 °C

Pump
Isentropic efficiency 0.7 –

Turbine
Isentropic efficiency (initial iteration) 0.8 –
Minimum outlet vapour quality 1 –
Gearbox efficiency 0.97 –
Generator efficiency 0.95 –

Jacket water
Available heat flow rate 9230 kW
Fluid outlet temperature 80 °C

Scavenge air
Inlet temperature 166.3 °C
Available heat flow rate 9230 kW
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pressure ratio distribution across the stages.
(3) The flow angle and absolute velocity at the outlet of a stage were

assumed to be the same as those at the inlet of the subsequent stage.
(4) The method by Craig and Cox [69] was employed, since it is the

most comprehensive for the preliminary design of an ORC turbine.
[23,34,35,70]. The loss correlations used in the model were de-
scribed in a previous work [17]. Supersonic converging nozzle
blades are used for exit Mach numbers between 1 and 1.4, allowing
a post-expansion downstream the blade opening. For higher Mach
numbers, a supersonic adapted converging-diverging nozzle is used
instead. In order to preserve the validity of the employed loss cor-
relations and avoid high losses due to supersonic conditions, the
rotor shape is converging with maximum relative Mach numbers at
the rotor inlet and outlet of 0.8 and 1.4, respectively [71]. If the
nozzle exit flow has a Mach number below 1.4, the throat is cal-
culated as the minimum opening provided as input. Alternatively, it
is calculated by a mass balance between the throat and the outlet of
the nozzle, assuming a constant blade height in the divergent part.
When an adapted converging-diverging nozzle was used, the blade
profile design was assumed to be optimized, and the profile loss
increment due to high Mach numbers is neglected as recommended
in Dunham and Came [72].

2.4. Selection of the number of stages

The selection of the optimal number of stages may be based on a
techno-economic analysis or on turbine aerodynamics and performance
considerations. A number of different approaches to this topic can be
found in Refs. [13,14,38,73]. Nonetheless, an unequivocal method for
the selection of the number of stages of ORC turbines has not been
identified in the literature. This paper presents and compares two dif-
ferent approaches.

The first approach (denoted as conservative approach) follows a
conservative turbine aerodynamic design, where the maximum Mach
number in each stage is set to 1.4. This method allows avoiding ex-
cessive losses related to highly-supersonic flow conditions in the blade
rows and the use of a simpler blade design (i.e. converging nozzle
blades with post-expansion), and it can ensure higher reliability and
performance at off-design conditions [21]. Moreover, it avoids using
the conventional loss estimation procedures for highly supersonic flow
conditions, for which not fully reliable correlations are available [74].
This method was adopted by previous authors [36,75,76] in the design
of ORC turbines.

A more compact solution would possibly employ converging-di-
verging nozzle blades with highly supersonic flows. For this reason, a
second approach (denoted as advanced approach) is presented. In this
case, the turbines have a higher stage loading and are designed with
adapted converging-diverging nozzles. This approach was adopted by
some other authors, see i.e. [24,25], in the design of ORC turbines.

2.5. Turbine model validation

This multistage axial turbine model was validated using the design
data of two reference turbines, having the most comprehensive and
detailed information on experimental characterization and turbine
geometry. The two test cases can be considered representative of the
conservative and the advanced design approach, respectively. In addi-
tion, in the second test case, an uncertainty analysis was carried out in
order to quantify the effects of the uncertainty in the assumed input
parameters, on the results. The uncertainty analysis was applied only to

Table 3
Preliminary screening of working fluid candidates.

Tc GWP ODP Tox./flamm.(∗) Thermal stability limit Condensation pressure(∗∗) Manufacturer Ref.
Fluid [K] [–] [–] [–] [K] [bar] [–] [–]

n-pentane 469.7 4 ± 2 0 4/1 573.15–588.15 0.82 Ormat
Atlas Copco

[51–53]

isopentane 460.3 4 ± 3 0 4/1 500.15–588.15 1.09 Ormat
Atlas Copco

[51–53]

MM 518.7 ∼0 0 3/0 573.15 0.07 Turboden [54–56]
n-hexane 507.8 4–6 0 3/1 n.a. 0.25 –
cyclopentane 511.7 < 25 0 3/1 513.15–548.15 0.51 Ormat

Turboden
GE Oil & Gas
Atlas Copco
Aqylon

[57–59,52,53,56,60,61]

benzene 562.0 3.4 0 3/2 > 723.15 0.16 – [51]
cyclohexane 553.6 4–6 0 3/1 n.a. 0.16 –
toluene 591.7 3.3 0 3/2 > 588.15; 0.0489 Tri-o-gen

Aqylon
[57,62,51,63,64,61]

n-butane 425.1 4 0 4/1 563.15–693.15 2.83 Atlas Copco
Ormat

[53,52]

R245fa 427.2 1030 0 0/2 523.15–573.15 1.78 Turboden
GE-Energy
Calnetix
Cryostar
Atlas Copco
E-rational

[65,56,53,66–68]

ethanol 514.71 0 0 3/2 550 0.10 –

(∗) = According to standard NPFA 704.
(∗∗) At 30°C. n.a. = datum not available.

Table 4
Decision variables of the multistage turbine model.

Decision variable Unit Symbol Stage

(1) Isentropic stage loading coefficient – =ψ his
U m

2Δ

3
2

all

(2) Nozzle minimum opening m omin all
(3) Rotor opening m or all
(4) Nozzle axial chord m cn all
(5) Rotor axial chord m cr all
(6) Nozzle opening-to-pitch ratio – o s( / )n all
(7) Rotor opening-to-pitch ratio – o s( / )r all
(8) Rotational speed rpm N first
(9) Stage inlet axial velocity m/s Ca1 first
(10) Rotor flow coefficient – =ϕr

Ca
U m

3
3

all

A. Meroni et al. Applied Energy 209 (2018) 339–354

343

Appendix D. Articles

192



the second test case, since the geometry of the first test case is well
defined.

Four-stage subsonic turbine. The first case study is a subsonic four-
stage turbine operated with air whose design performance and flow
characteristics are described in Kötzing and Evers [77] and in Hirsch
and Denton [78]. The turbine generates 703 kW at 7500 rpm, has a
total-to-static pressure ratio of approximately 2.6 and a calculated total-
to-total efficiency of 91.3% with an estimated accuracy of 0.8%
[77,79]. The blades are of the free-vortex type, designed for a 50%
degree of reaction in the middle section. Kötzing and Evers [77] sug-
gested the presence of uncertainty in the experimental data. In order to
improve the reliability of the validation, the results of TURAX were also
compared to the Computational Fluid-Dynamic (CFD) data documented
in Gerolymos and Hanisch [80] and Croce et al. [81]. These two are
representative of state-of-the-art modelling techniques for multistage
turbines [80–82] and have been validated using other experimental
turbomachinery data [83,84].

Table 5 lists the input data used for model validation. Blade
opening, pitch, stator-rotor axial clearance and interstage axial gap at
the mean-line section were extracted by interpolation from the design
data in the references. The axial velocity at the turbine inlet was
computed by mass and energy balances. Flow coefficients were found
by obtaining the actual turbine mean-line diameter and the best pos-
sible match with the actual blade height at the stage outlet. A straight
blade profile in the rear suction side after the opening and a surface
roughness of −2·10 3 mm were used in the calculations. Thermodynamic
and flow conditions at the different turbine sections used for the com-
parison were estimated by applying mass-weighted averages to the
experimental and CFD profiles, except for the pressure that was esti-
mated as an area-weighted average. The thermodynamic properties of
air were computed using REFPROP [86].

Two-stage ORC turbine. The second reference case for the validation
of the multistage turbine model is a supersonic two-stage turbine used
for a small demonstration solar power plant, whose design data and test
results are presented by Verneau [24,85] and Boy-Marcotte [87]. The
turbine features a first, highly-loaded impulse stage with converging-
diverging nozzle blades, and a second stage with 50% reaction blading.
The fluorochemical FC-75 is employed as the working fluid and the
turbine produces approximately 54 kW at 7700 rpm with a measured
total-to-static efficiency of 78%.

Table 5 shows the input data used in the validation of TURAX. Since
the blade angle at the first rotor outlet was not provided, the actual
value of the flow angle 56.7° was imposed in order to limit the un-
certainty of preliminary calculations. The stage loading coefficients in
the two stages were selected in order to match the actual mean radius
and peripheral speed. The geometric data that were not provided by
Verneau were assumed as indicated in Table 5. Opening-to-pitch ratios
in the first stage nozzle and in the second stage were estimated using
the cosine rule of the mean-line exit flow angles given in Ref. [24]. The
throat at the nozzle and rotor exit in the second stage were computed
based on the assumed values of opening-to-pitch and the known pitch.
Trailing edge to opening ratios and tip clearance were assumed as in
Macchi [71]. The axial velocity at the turbine inlet was computed by
mass and energy balances. A straight blade profile in the rear suction
side after the throat and a surface roughness of −2·10 3 mm were used.
The thermodynamic properties of FC-75 were computed using the Peng-
Robinson equation of state. The critical properties of FC-75 were used
as in Kluwick [88] and the ideal molar heat capacity coefficients were
estimated with the method by Joback and Reid [89]. The ideal molar
heat capacity cp, expressed in − −J·mol ·K1 1, was computed as a fourth-
degree polynomial function of temperature with coefficients
A = −230.11, B = 2.6724, C =−0.0034, and D= 2.00 −·10 6.

The uncertainty analysis using the Monte Carlo method [90] was
carried out on the assumed parameters in order to evaluate the effect of
their uncertainty on the results. The 6 uncertain parameters and their
assumed values are indicated in Table 5. They were varied in the range
± 10%, which was selected to yield less than 5° of flow deviation at the
rotor outlet in the second stage and at the nozzle outlet in the first stage,
as expected for the type of blading employed in the test case [91]. A
number of 500 samples was used for each variable, and a uniform
distribution without correlation control was applied. A model in the
Matlab environment originally developed by Sin et al. [92] and mod-
ified for the scope of this work was used.

2.6. Design optimization

In this work, turbine and cycle models were combined and opti-
mized following the iterative procedure illustrated in Fig. 1 and de-
scribed in Section 2. The optimization boundaries are described in La
Seta et al. [18]. However, the approach in [18] was based on the use of

Table 5
Decision and input variables of TURAX for the Hannover [77,78] and Verneau [24,85] turbines test cases.

Hannover turbine Verneau turbine

Stage 1 Stage 2 Stage 3 Stage 4 Stage 1 Stage 2

Symbol Units Nozzle Rotor Nozzle Rotor Nozzle Rotor Nozzle Rotor Nozzle Rotor Nozzle Rotor

ψ – 2.61 2.61 2.61 2.61 4.62 1.48
o o,n min r, mm 12.24 13.52 13.01 13.65 13.84 13.79 14.78 13.94 1.00 3.50 1.52 2.03
c c,n r mm 44.80 39.10 44.30 38.50 45.50 37.50 46.50 37.50 20.00 28.00 37.00 37.00
o s o s( / ) ,( / )n r – 0.332 0.393 0.342 0.383 0.353 0.372 0.365 0.360 0.276(∗∗) 0.467 0.500(∗∗) 0.423(∗∗)

N rpm 7500 7700
Ca1 m/s 57.8 1.23
ϕr – 0.435 0.440 0.430 0.42 0.61 0.42

ṁ kg/s 7.8 1.6
α1 ° −5.57 0
T01 K 404.63 489
p01 Pa 2.58·105 11.2·105

p03 Pa 1.05·105 0.09·105

ss mm 235 200 195 180 300 300
ssst mm 610 595 640 643 500 500
t o t o( / ) ,( / )n r – 0.0361 0.0302 0.0361 0.0284 0.0360 0.0267 0.0360 0.0249 0.05(∗∗)

tcl mm 0.4 0.2(∗∗)

(∗)= estimated value.
(∗∗) = assumed value with uncertainty.
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a surrogate model for the turbine, whereas a new approach was adopted
in this study since it does not require the computational efforts of
generating numerous design points for each fluid and number of stages.
The objective function of the cycle and turbine optimizations are the
net power output and the turbine efficiency, respectively, defined as

= − =
−

P m h h η
h

h
̇ (Δ Δ ),

Δ

Δ 0.5·
net wf t p

t

ts
C0, 0,

0,

2
a32

(2)

The parameter ṁwf is the working fluid mass flow rate, and hΔ t0, and
hΔ p0, are the total-to-total enthalpy drops across the turbine and the

pump, respectively. The term hΔ ts denotes the total-to-static isentropic
enthalpy drop across the turbine, and the coefficient 0.5 indicates that
50% of the kinetic energy is assumed to be recovered by a diffuser
downstream the last stage. Cycle and turbine designs were optimized by
means of a hybrid optimization approach combining Particle Swarm
optimization with a direct search method. A population size of 2000
and 500 for cycle and turbine were selected, since they provided a good
compromise between accuracy and computational time. The turbine
was designed considering the cases of optimized and fixed rotational
speed. If the optimal rotational speed was lower or equal to that re-
quired by the generator (3600 rpm aboard the ship), the gearbox was
not used and the rotational speed was fixed to the value 3600, 1800 or
1200 rpm. A maximum value of 500 m/s for the rotor blade tip speed
was imposed as the optimization constraint, in order to limit mechan-
ical stress issues.

3. Results

3.1. Validation

Four-stage subsonic turbine. Table 6 shows the results of the valida-
tion. The deviation between experimental and TURAX values is ex-
pressed as = −Dev TURAX datum datum( )/ , where datum refers to the

corresponding experimental value. When experimental data are not
available for comparison or are considered uncertain, the deviation is
calculated with respect to the CFD data by Gerolymos et al. [80] and
Croce et al. [81]. The deviation in the flow angles is expressed in ab-
solute difference.

The total pressure and temperature at the outlet of the different
stages, p03 and T03, show good agreement with experimental and CFD
data, with deviations smaller than 0.5%. The deviation in static pres-
sure p3 is higher and up to 1.7%. Notwithstanding the lack of reliable
velocity data in the experimental results, the comparison between
TURAX and CFD calculations of Croce et al. [81] shows a maximum
discrepancy of 3.5% in absolute velocity C3, possibly due to the dis-
crepancy in static pressure. Although experimental data of the rotor
outlet relative flow angle β3 were not provided, the comparison with the
CFD data of Gerolymos et al. [80] suggests agreement within 3°. The
absolute flow angle at the rotor outlet α3 has a deviation up to 8° with
experimental data. This high value might stem from the discrepancy in
C3. Fig. 3 shows the profiles of the main quantities at the exit of each
stage. Despite the difference between the experimental and predicted
velocity profiles, the average values of TURAX provide a reasonable
match with the CFD profiles. Fig. 4 shows the meridional turbine layout
obtained with TURAX. The blade heights are computed with good ac-
curacy, with less than 3% deviation, as a result of the relatively small
discrepancies in the flow and thermodynamic quantities. The predicted
total-to-total efficiency of the stages resulted to be within 0.2%-points
of the CFD values, and within 1.72%-points of the experimental values.
The results of this validation are considered to be satisfactory and
confirm that TURAX is suitable for the preliminary design and perfor-
mance prediction of multistage turbine architectures featuring subsonic
flow conditions and high-aspect ratio blade profiles.

Two-stage supersonic ORC turbine. Table 7 reports the results of the
validation with the two-stage ORC turbine described by Verneau
[24,85]. The values of standard deviation obtained with the uncertainty
analysis are shown in absolute terms. The thermodynamic and flow

Table 6
Comparison of results obtained with TURAX, CFD, and experimental investigations [77,78] on the four-stage Hannover turbine.

Symbol Units Exp. data TURAX CFD Dev. Exp. data TURAX CFD Dev.
Stage 1 Stage 2

T03 K 384.81 384.60 382.72∗ 0.05% 363.12 363.43 362.13∗ −0.09%
p03 Pa 2.12 ·105 2.11 ·105 2.09 ·105 ∗ 0.32% 1.70 ·105 1.70 ·105 1.69 ·105 ∗ −0.02%
p3 Pa 2.07 ·105 2.08 ·105 −0.62% 1.66 ·105 1.67 ·105 −0.91%
C3 m/s 73.33 57.96 59.78∗∗ 3.05% 73.0 60.02 60.19∗∗ 0.28%
β3 65.93 65.85∗∗ 0.08 66.62 66.97∗∗ −0.35
α3 0.62 −3.47 4.65∗ 4.10 −4.76 2.30 6.67∗ −7.06
h1 m 0.0595 0.0594 0.17% 0.0675 0.0682 −1.04%
h21 m 0.0635 0.0635 0.00% 0.0725 0.0736 −1.52%
h3 m 0.0675 0.0682 −1.04% 0.0775 0.0766 1.16%
DR - 0.347 n.a. 0.4269
ηst - 89.91% 91.49% 91.45%∗ 0.0% 92.52% 92.22% 92.10%∗ 0.1%

Stage 3 Stage 4

T03 K 340.377 341.95 341.40∗ −0.46% 321.034 320.23 319.57∗ 0.25%
p03 Pa 1.35 ·105 1.35 ·105 1.36 ·105 ∗∗ −0.18% 1.05 ·105 1.05 ·105 1.05 ·105 ∗ −0.17%
p3 Pa 1.31 ·105 1.32 ·105 −1.06% 1.01 ·105 1.03 ·105 −1.70%
C3 m/s 73.193 60.79 60.33∗∗ −0.77% 81.401 62.04 64.30∗∗ 3.52%
β3 67.40 67.04∗∗ 0.36 68.28 65.22∗∗ 3.06
α3 −2.159 4.39 4.70∗ 6.55 −0.608 7.35 −0.57 ∗ −7.96
h1 m 0.0775 0.0767 1.03% 0.0892 0.0885 0.78%
h21 m 0.0833 0.0846 −1.50% 0.0961 0.0988 −2.81%
h3 m 0.0892 0.0885 0.78% 0.1030 0.1026 0.39%
DR – 0.47 0.54
ηst – n/a 92.55% 92.80%∗ 0.2% n/a 92.94% 92.73%∗∗ 0.2%

ηtt – 91.3% 93.02% 92.96% 1.72 pp

pp = percentage-points. n/a = not available.
∗ = Gerolymos et al. [80].
∗∗ = Croce et al. [81].
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quantities in the two stages show a good agreement with the data of
Verneau, with deviations up to 3% in the first stage and 8.5% in the
second stage. Static pressure and absolute Mach number at the first and
the second stage outlet, respectively, show a mismatch up to 6.3%
which is possibly related to the discrepancy in the velocity values. Fig. 4
shows the meridional profile of the turbine computed by TURAX (red)
and the original profile (black) from Verneau [24]. Blade heights and
number of blades are calculated with less than 3% deviation except at
the turbine outlet, where the deviation is up to 5.6%. TURAX computed
total-to-static efficiency values of 73.22% and 81.53% for the first and
the second stage, respectively. The predicted efficiency was 79.76% and
differed by 1.76%-points from the experimental value of Verneau. Fig. 5
shows the scatter plot of turbine efficiency after uncertainty propaga-
tion and the ranking of the uncertain parameters. The parameters with
a greater impact on the results were the opening-to-pitch ratio, re-
sponsible for the calculation of the exit flow angle, and the blade

surface roughness, responsible for frictional effects on the blades. The
stage inlet flow angle, tip clearance, trailing edge thickness-to-opening
ratio and backbone surface curvature provided only a marginal change
in efficiency. Moreover, the data of Verneau are in many cases com-
prised in the standard deviation range of TURAX. In light of the com-
plexity of phenomena related to the design of a two-stage supersonic
turbine with an organic fluid, the obtained discrepancy of less than 2%-
points is considered satisfactory for a preliminary design tool.

3.2. Design optimization

Fig. 8 shows the cycle net power output, Fig. 9 the turbine efficiency
and Fig. 10 the minimum required number of stages obtained by the
optimization for both the conservative and the advanced approaches.

Fig. 8 highlights that different values of net power output can be
obtained depending on turbine modelling criteria and configurations.

Fig. 3. Profiles of total temperature, total pressure, absolute
flow angle, absolute velocity at the stage outlet. Data from
experimental results [77], Gerolymos et al. [80], Croce et al.
[81] and TURAX for the Hannover turbine test case.
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For the fluid MM, the adoption of the methodology presented in this
work results in unfeasible design solutions for one and two stages.
Feasible solutions are found using three stages with the advanced de-
sign and five stages in the case a conservative approach is preferred.

Different values of net power output are obtained when the turbine is
optimized together with the cycle. From the thermodynamic perspec-
tive, n-butane ranks as the most promising candidate, followed by
R245fa, isopentane and n-pentane. When the turbine design is

Fig. 4. (a) Subsonic turbine test case (adapted from [77]); (b)
meridional cut layout of the subsonic turbine; (c) supersonic ORC
turbine test case [87]; (d) meridional cut layout of the supersonic
ORC turbine.

Table 7
Comparison of results between TURAX and Verneau [24,85] data on a two-stage ORC turbine.

Stage 1 Stage 2

Parameter Units Verneau TURAX St.dev. Dev. Verneau TURAX St.dev. Dev.

α2 ° 74 73.99 0.95 0.00 60 58.87 2.44 1.12
β2 ° 59.20 59.55 1.56 0.36 −33 −29.24 8.54 3.75
Ca2 m/s 65 65.46 4.11 0.7% 49 53.16 7.72 8.5%
C2 m/s 235 237.41 1.39 1.0% 98 102.56 9.42 4.7%
W2 m/s 126 129.15 2.2 2.5% 58.5 61.38 4.9 5.0%
M2 – 2.45 2.48 0.014 2.5% 1.02 1.06 0.1 4.9%
Mw2 – 1.32 1.35 0.02 2.4% 0.61 0.64 0.05 5.0%
p2 Pa 3.08 ·104 ∗ 3.00 ·104 996 −2.9% 15,292 1.43 ·104 1650 −6.3%
T2 K 459.40 ∗ 458.79 0.25 −0.1% 457.15 457.14 0.74 −0.1%

W3 m/s 130 127.76 0 −1.7% 118 116.57 6.76 −1.2%
Ca3 m/s 71 70.14 0 −1.2% 49 49.1 0 0.2%
C3 m/s 72 70.87 0 −1.6% 49 50.89 1.64 3.9%
Mw3 – 1.35 1.33 0 −1.3% 1.24 1.22 0.07 −1.7%
M3 – 0.75 0.74 0 −1.5% 0.51 0.53 0.02 3.8%
β3 ° 56.7 56.7 0 0.00 65 65 1.55 −0.01
α3 ° −6.8 −8.21 0 −1.41 −10 −12.62 8.22 −2.62
T03 K 461.23 ∗ 460.78 0.06 −0.1% 454.11 454.38 0.1 0.1%
T3 K 459.77 ∗ 458.86 0.06 −0.2% 453.2 453.4 0.09 0.0%
p3 Pa 2.24·104 2.1·104 0.74 −6.3% 7900 7.78 ·103 72.1 −1.5%
p03 Pa 2.76 ·104 ∗ 2.77 ·104 0 0.1% 9021.9 8.98 ·104 0 −0.5%

h1 m 0.008 0.0079 0 1.3% 0.011 0.0109 0 1.2%
h2 m 0.008 0.0082 0 −2.1% 0.022 0.0214 0.001 2.8%
h3 m 0.011 0.0109 0 1.3% 0.043 0.0415 0 3.4%
zn – 25 27 1 2.00 30 30 2 0.46
zr – 121 122 0 1 19 20 1 1

DR (theor.) – 0.086 0.093 0.009 0.01 0.50 0.47 0.09 −0.03
Power kW 40 40.78 0.089 −2.0% 14 14.28 0.14 −2.0%
ηst – 75% 73.21% 0.29 pp 1.8 pp 82% 80.96% 1.25 pp 1 pp

ηt – 78% 79.72% 0.40 pp 1.76 pp

St.dev. = standard deviation from the uncertainty analysis. pp = percentage-points.
∗ = computed from the design point velocity triangles.
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optimized for constant rotational speed, the net power output declines
in most of the cases, since the machine is not operating at the optimal
specific speed. In this case, R245fa outperforms n-butane thanks to the
lower optimal rotational speed (approximately 7200 rpm). When a
conservative design approach is adopted, almost all solutions except
MM require two or three stages, with turbine efficiencies between 85%
and 93% in most cases. Not much difference is observed in the required
number of stages with optimized or constant rotational speed, except
for n-pentane and n-butane due to the higher values of rotational speed
between 9000 and 14,000 rpm. The adoption of an advanced design
approach always leads to optimal turbines featuring a single stage. In
the case of MM, it is not possible to find suitable design solutions for
one stage, primarily due to the excessive flaring angles and relative
Mach numbers at the stage exit. The advantages of increasing the ro-
tational speed with a gearbox might be offset by the additional effi-
ciency penalty and the cost due to the insertion of such a component.
The results suggest that the different power output values correspond to
different turbine designs and that might lead to different levels of cost
and complexity. Therefore, a dedicated analysis must be performed in
order to identify whether one design solution outperforms another,
considering both technical and economic criteria.

3.3. Cycle-turbine performance index

It is useful to compare the solutions of Fig. 8 on a common basis in
order to find the most suitable working fluid for the considered appli-
cation. In this respect a figure of merit was used, which enables one to
consider at the same time (a) the higher system complexity resulting
from the increased number of stages; (b) the cost of the expander based
on its size; and (c) the possible cost of the gearbox. A Performance Index
(PI) is defined here as the ratio of the electrical net power output to the
cost of the turbogenerator unit:

=PI P
C

] [kW /k€ ]el

turb
el t

(3)

where =P P η η· ·el net gear gen is the net electrical power output of the cycle,
considering the generator efficiency ηgen and, possibly, the gearbox ef-
ficiency ηgear . The variable Cturb denotes the cost of the turbogenerator in
k€. The use of the turboexpander cost in the denominator is justified by
the fact that the turbine represents between 15% and 70% of the total
cost in the ORC system [13,93–97] depending on power output, heat
source temperature and system architecture. In this work, the cost of
the turbogenerator was estimated using the correlation by Astolfi et al.

Fig. 5. Results of the uncertainty analysis on the assumed
parameters of the two-stage supersonic turbine: (a) scatterplot
of uncertainty in turbine efficiency; (b) corresponding cumu-
lative distribution function; (c) ranking of the uncertain para-
meters based on significance level.

Fig. 6. Performance Index (PI) of the working fluid candi-
dates according to (a) the conservative and (b) the advanced
design approaches.
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[13], which was developed based on the experience gained by the au-
thors with ORC manufacturers. The formula is valid for a power output
higher than 1000 kW, which applies to the designs in this paper. Eq. (4)
shows the total cost of the turbogenerator unit, expressed as the sum of

the turbine cost (Ct), generator cost (Cgen) and possible gearbox cost
(Cgear). The parameter n is the number of stages, SP is the size parameter
of the last stage, SP0 the reference turbine size parameter, C0 the basic
reference cost, and Pel,0 the reference turbine electric power.

Fig. 7. Meridional profile geometry of the two best working
fluid candidates, and Mach numbers and stage reactions of
the five best working fluid candidates: (a) conservative and
(b) advanced design approaches.

Fig. 8. Optimal net power output of the working fluid
candidates according to (a) the conservative and (b)
the advanced design approaches.
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Fig. 6 shows the values of PI of the optimal solutions for each fluid,
and Table 8 shows the characteristics of the obtained solutions.

In both the conservative and the advanced approaches, the ORC
systems with the highest PI would employ n-butane, but would feature
a two-stage and a single-stage turbine with gearbox, respectively.

The fluid n-butane has the smallest turbine diameter, and results in
the lowest cost, followed by R245fa. The working fluids yielding large
turbine sizes and more stages such as MM, toluene and ethanol, are
further penalized in the fluid rank. Fig. 7 shows that single-stage tur-
bines feature rotor blades with higher deflection and more compact size
in the axial direction. On the other hand, the two-stage configurations
allow a conservative design of sealing and bearings due to the lower
rotational speed. Table 8 shows that the smaller number of stages of the
advanced designs results in a higher PI, while the best solutions in the

conservative approach have two and three stages. In particular, the
five-stage turbine with MM is greatly penalized by the additional
complexity. Moreover, turbine designs with more than three stages are
unusual [38].

Notwithstanding the higher net electrical power output, the addi-
tional cost and efficiency penalty of the gearbox result in a lower PI for
many fluids such as R245fa, n-pentane, and n-hexane due to an effi-
ciency increase lower than 4%-points. On the other hand, a gearbox
solution for n-butane is beneficial since it provides a comparatively
higher turbine efficiency by 6–7%-points and a reduced number of
stages.

4. Discussion

The single-stage, highly supersonic n-butane turbine yielded the
best PI value, which is approximately 1.5 times higher than that of the
two-stage solution. Thus, the advanced approach would be the pre-
ferred option, provided that an aerodynamic design featuring super-
sonic concepts is accepted.

The review of the existing literature on single and multistage tur-
bines suggests that the criteria for selecting the optimal number of
stages depend on a multitude of factors and on the requirements of the
specific application. For example, Angelino et al. [23,31] and Bado

Fig. 9. Turbine design efficiency of the working fluid
candidates according to (a) the conservative and (b)
the advanced design approaches.

Fig. 10. Minimum number of stages of the working
fluid candidates according to (a) the conservative and
(b) the advanced design approaches.
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et al. [21] suggest that a conservative design approach was mainly
followed between the 1970s and 1980s in Italy, see Table 1. The main
rationale behind these designs was to prioritise high efficiency values at
part load as well as to avoid the use of highly supersonic blade rows
since loss models had, at that time, comparatively low reliability.
Moreover, the higher number of stages could reduce the optimal rota-
tional speed, thereby avoiding the use of a gearbox. Reaction blade
profiles were employed in each stage, with a pressure ratio per stage
estimated between 3.2 and 5.0. In terms of turbine efficiency, Angelino
and Invernizzi [74] suggested the use of two-stage turbines instead of
the single-stage one in order to obtain high performance and avoid
excessive loading in the heat exchangers.

Notwithstanding the inherent challenges of more advanced designs,
other authors documented the use of such high pressure ratio ORC
turbines. Verneau [24] described the testing of different single and two-
stage ORC turbines featuring pressure ratios between 6 and 150. An
advanced design approach was considered here as the first stage stator
was highly loaded and featured a converging-diverging nozzle with an
exit Mach number up to 2.74. The relative inlet Mach number to the
rotor was 1.1 or higher. The first stage pressure ratio was between 6 and
150 while the second was 2 or 3. For the two-stage turbines, Verneau
[24] documented isentropic total-to-static turbine efficiencies of about
0.78 at the design point and a rapid performance decay at off-design
operation.

Bronicki [98] reported his experience on designing and testing ORC
turbines since 1960 and using high speed turbogenerator technology.
Stator Mach numbers for single-stage units were between 2.5 and 3.5,
indicating that an advanced design approach was followed. The overall
stage efficiency for a 600 W unit was measured as 0.77.

Jokinen et al. [25] presented the results of a two-stage ORC axial
turbine using toluene which was designed and tested in the late 1990s.
The selection criteria of the number of stages were based on con-
siderations from the work of Verneau [24]. The stage pressure ratio was
above 100, and the authors noted that a single-stage unit would have
caused design problems and resulted in low efficiency at part-load due
to the high blade deflection. The final design featured subsonic relative
velocity to each blade passage inlet and supersonic flow conditions to

the exit.
Osnaghi et al. [22] presented the design of an 8 kW two-stage ORC

turbine with a pressure ratio of about 120 and conceived for a medium
temperature solar power plant. To minimize the number of stages, an
advanced design approach was adopted resulting in a two-stage turbine
featuring converging-diverging nozzles with exit Mach numbers of
about 1.9 and transonic rotors. The design value of thermodynamic
efficiency calculated from measurements was approximately 0.7, and
the efficiency dropped rapidly when reducing the rotational speed.

The survey of the available literature suggests that the optimal n-
butane turbine, having a pressure ratio of about 10.3, is in a range
where two stages are required following the conservative design ap-
proach and one stage would be sufficient for the advanced design ap-
proach. This is in good agreement with the results obtained using the
methodology presented here, further confirming the validity of the
methodology. In fact, the values of isentropic efficiency estimated by
the present model in the advanced design approach appear to be
comparatively higher than those documented in the literature (i.e.
> 90%). This deviation might be due to the lack of fully reliable loss
and deviation correlations for supersonic conditions. However, it needs
to be stressed that there are inherent difficulties associated with the
aerodynamic design of supersonic turbines. As a matter of fact, recent
studies on ORC supersonic turbines by Pini et al. and Persico and
Rodriguez-Fernandez and Persico [99,100] have shown that novel CFD-
based shape-optimization techniques allow for achieving consistent
performance gains with respect to traditional aerodynamic design
methods. These methods can also include multi-point turbine operation,
thus minimizing the efficiency penalty at off-design conditions [38].

Besides aerodynamic difficulties, for supersonic turbines Horn [101]
highlighted some possible challenges related to mechanical stresses on
blades and on the bearing system, additional losses and centrifugal
stresses on the blade due to the large rotor chords and flaring angles.

In the case where the design and operation of an advanced n-butane
turbine are considered too problematic, R245fa can be the second best
working fluid candidate, thanks to the relatively lower flow velocity
(and hence Mach number) and rotational speed, allowing for a more
conservative design of bearings and seals.

Table 8
Ranking of the optimal working fluid candidates.

Fluid PI Nst Gearbox N rm Utip Pel Cturb pmax pmin Qsc
Qsc max

̇
̇ ,

⎡
⎣

⎤
⎦t

kW
k€

– – [rpm] [m] ⎡⎣ ⎤⎦
m
s

[kW ]el [k€t] [bar] [bar] [–]

Conservative design
butane 1.95 2 yes 14,371 0.16 281.4 2203 1128 30.37 2.83 0.54
R245fa 1.51 2 no 3600 0.37 229.8 2210 1462 29.21 1.78 0.51
Pentane 1.15 2 yes 9128 0.24 264.1 1909 1655 14.46 0.82 0.35
ipentane 1.04 3 yes 7673 0.23 214.9 1985 1903 22.11 1.09 0.35
cyclopentane 0.90 2 yes 7885 0.28 266.0 1706 1894 8.84 0.51 0.24
ethanol 0.41 3 yes 5939 0.43 307.4 1431 3499 6.60 0.10 0.13
Hexane 0.39 3 no 3600 0.51 193.7 1778 4530 5.59 0.25 0.32
Cyclohexane 0.38 2 no 3600 0.52 242.8 1656 4377 4.05 0.16 0.23
benzene 0.36 3 no 3600 0.46 204.4 1644 4511 4.24 0.16 0.19
toluene 0.21 3 no 1800 0.96 177.8 1563 7345 1.93 0.05 0.19
MM 0.18 5 yes 1200 1.09 194.5 1742 9454 2.53 0.07 0.41

Advanced design
butane 3.01 1 yes 20,647 0.16 312.62 2238 744 30.00 2.83 0.54
R245fa 2.43 1 no 3600 0.48 185.52 2191 903 29.21 1.78 0.51
ipentane 2.24 1 yes 14,362 0.20 337.16 1986 886 22.11 1.09 0.35
Pentane 1.93 1 yes 11,149 0.28 356.3 1890 980 14.63 0.82 0.35
cyclopentane 1.50 1 yes 11,313 0.26 323.55 1705 1135 8.82 0.51 0.24
Hexane 1.10 1 no 3600 0.68 284.86 1769 1608 5.56 0.25 0.29
benzene 0.90 1 no 3600 0.77 307.11 1590 1766 4.24 0.16 0.19
Cyclohexane 0.90 1 no 3600 0.74 293.12 1669 1857 4.06 0.16 0.24
ethanol 0.80 1 no 3600 1.21 458.84 1240 1551 6.60 0.10 0.13
toluene 0.43 1 no 1800 1.92 325.16 1465 3368 1.93 0.05 0.19
MM 0.22 1 no 1200 1.23 323.55 1805 8242 2.54 0.07 0.41
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Regarding environmental aspects, the best fluid, n-butane, is highly
flammable and has minor hazard issues. Until now, the use of flam-
mable fluids is allowed in ORC plants, and they have been constructed
and operated by many manufacturers. The fluid R245fa is currently
used by a number of ORC manufacturers (see Table 3); however, it
should be phased out on a mid-term horizon due to the relatively high
GWP [102]. The use of new working fluids such as R1233ZE(Z) and
R1233zd(E) would represent ideal solutions from an environmental
perspective, although they were discarded in the early selection step
due to their low thermal stability limit for the considered application.

5. Conclusions

This paper presented, for the first time in the literature, a metho-
dology for the design of ORC power systems based on cycle and mul-
tistage turbine design criteria. In addition, it presented, for the first
time, a mean-line model of an ORC multistage axial turbine that is
validated and discussed, and two different design approaches for such
turbines. The turbine model was developed and validated against a
four-stage subsonic turbine and a two-stage supersonic ORC turbine,
representative of a conservative and an advanced design approach,
respectively. After a working fluid preselection process, a coupled op-
timization of cycle and turbine designs was performed for single and
multistage turbine arrangements, which was then applied to the case
study of waste heat recovery aboard large ships. The validation in-
dicates overall satisfactory results in the comparison with the available
data from the open literature, with 2%-points prediction accuracy in
efficiency, and up to 8.5% in flow conditions and design geometry.

The results suggest that taking into account the turbine design yields
different solutions and choices. The turbine efficiency varies approxi-
mately between 74% and 93% when different fluids and design criteria
are employed.

The fluid n-butane demonstrates the best trade-off between cycle
and expander design. The results indicate that the optimal solution with
n-butane features a single-stage configuration with highly supersonic
flows, whereas it features a two-stage reaction turbine when a more
conservative design approach is followed. These results are in agree-
ment with the experimental findings of ORC multistage turbines
documented in the literature and further confirm the validity of the
presented methodology. The fluid R245fa resulted to be the second best
fluid. Provided that its high GWP value is accepted, it can be used in
place of n-butane since it is non-flammable and it has a lower optimal
rotational speed than the expander designed with n-butane, which
simplifies the design of bearings and sealings. Due to the additional cost
for the systems, the adoption of a gearbox results in a better perfor-
mance index only for those fluids, such as n-butane and n-pentane,
where an increase of turbine efficiency up to 6–7%-points is observed.

Finally it is noted that the methodology presented herein was lim-
ited to the design of the cycle and expander. For future work it would be
relevant to address also off-design conditions and include the perfor-
mance of the heat exchangers and the pump. Moreover, it is re-
commended to employ advanced design techniques to investigate po-
tential aerodynamic, structural, noise and off-design issues of highly
supersonic turbines.
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a b s t r a c t

Modern power generation technologies, such as organic Rankine cycle power systems, require tur-
boexpanders operating with high-efficiency and high power density. These features often lead to high-
pressure ratios machines, characterised by the presence of choking and supersonic flow conditions. This
paper proposes a comprehensive methodology for the preliminary design and performance prediction of
radial-inflow turbines operating at high-pressure ratios. A steady-state, mean-line model of a radial-
inflow turbine is developed including real-gas effects and a detailed modelling strategy for the treat-
ment of choking flow conditions. In addition, a set of loss models tailored to high-pressure ratio radial-
inflow turbines is developed. After a global sensitivity analysis, the model is calibrated by means of a
multi-objective optimisation with a Genetic Algorithm and using the data of six high-pressure ratio
turbines with total-to-total pressure ratios up to 5.8. The calibration method allows a significant
reduction in the overall predicted deviation of the turbine isentropic efficiency and mass flow rate. The
design model yields predicted deviations in isentropic efficiency within ± 3 %-points and the off-design
model within 5%. The methodology and the results are intended to be used as a benchmark for the future
development of radial-inflow turbines in high-pressure ratio applications.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Radial-inflow turbines (RITs) are used extensively within many
areas of the power generation field. Conventional applications
range from large-scale hydroelectric power plants to small-scale
units used in automotive turbochargers, aircraft auxiliary power
units, cryogenic systems, and space power generation [34]. In all
these applications, the radial-inflow configuration features key
advantages over its axial counterpart such as the lower cost and
ease of manufacturing, higher efficiency, and reduced size and
number of stages [34,35]. The specific requirements of the selected
applications may result in a turbine operating at high-pressure
ratio (HPR) conditions, usually above 3. This may be particularly
significant in cases where cost and size are limiting factors.

The pressure ratio across the turbine depends on the specifi-
cations of the thermodynamic cycle, i.e. heat source and heat sink

temperatures, and on the selected working fluid. In the context of
organic Rankine cycle (ORC) power systems, pressure ratios up to
100e150 [36,37] can be achieved in combination with moderate to
high heat source temperatures. Such pressure ratios are charac-
terised by the presence of nozzle and/or rotor choking conditions
and supersonic flows. The latter entail the formation of shock
patterns and result in an unsteady nozzle-rotor fluid dynamic
interaction which may compromise the mechanical integrity and
the performance of the blade rows. Moreover, depending on the
application, the working fluid operating at high pressure ratios
might not behave like a perfect gas. For organic fluids, the expan-
sion starts close to the critical point and typically ends far from the
saturation line at the turbine outlet. In such conditions, the fluid
exhibits a large change in the thermodynamic properties, making it
important to consider real-gas effects. The aforementioned aspects
make the design and performance prediction of HPR turbines
significantly different from those of lower pressure ratio turbines,
and therefore require numerical tools and strategies tailored for
high-pressure ratio applications.

Different authors, including Refs. [6,14,38e40], pointed out the
lack of publicly available and well-documented data regarding the
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RIT geometry and internal flow conditions, which hampers the
development of reliable and accurate performance prediction tools.
This lack of published stage performance data is even greater for
HPR turbines. A compilation of RITs designed and tested at pressure
ratios above 3 from the open literature is reported in Table 1. In
order to fill this gap, Sauret [41] and Li et al. [42] resorted to
aerodynamic investigations with CFD models on specific HPR tur-
bines tested in the literature.

At the same time, the use of one-dimensional (or mean-line)
models is often regarded as the most important step for the pre-
liminary design and performance prediction of a turbine, and al-
lows for significant cost and time savings in the whole turbine
design process [36] compared to more advanced design methods.
However, preliminary mean-line modelling strategies and valida-
tion studies for RITs operating at HPRs are very limited and the
existing methods mostly rely on the data for low-pressure ratio
conditions.

The first mean-line modelling strategies documented in the
open literature were based on data of low-pressure ratio turbines
[43e46]. These models did not consider real-gas equations of state
as well as detailed choking considerations in their formulation.
Since the 2000s, real-gas equations of state could be embedded in
the numerical models and other models were developed [39,47,48].
In recent years, other authors presented a number of mean-line
models for the design and off-design analysis of RITs, especially
for ORC power systems. However, only few authors included
choking considerations which occur in the nozzle and/or in the
rotor at high pressure ratios. Rahbar et al. [49], Da Lio et al. [50], and
Mounier et al. [51] developed mean-line models to predict the
design efficiency of RITs for ORC applications. The proposed models
included the treatment of choking conditions at the design point
only. Demierre et al. [31] developed a mean-line model of an ORC
turbine considering also choking conditions, however, the authors
did not present a detailed modelling strategy for the prediction of

the different possible choking patterns in the turbine.
The mean-line method by Baines [52] is probably the most

updated in the field as it has been object of refinements and im-
provements, see Refs. [53,54]. Based on the previous work by
Baines [52e54], Qiu and Baines [2] were the first to propose a
mean-line method to compute the turbine flow capacity for
unchoked and choked conditions, and for the subsonic, transonic
and supersonic flow regimes. The authors validated their model
using three test cases. Although Qiu and Baines [2] presented a
method which considered choking conditions for HPR turbines,
they did not present the details of their numerical modelling
strategy and the geometry and flow data of the test cases are not
fully available in the open literature or come from private com-
munications, respectively.

Another fundamental aspect in the development of a mean-line
model is the validation and/or calibration process with experi-
mental data. Glassmann [55] calibrated his model to the data of six
RITs, of which two were HPR turbines. However, the loss models
were evaluated only at the design point. The study by Qiu and
Baines [2] employed loss model correlations that were developed
and calibrated considering the data of low-pressure ratio turbines
at the design point, see Refs. [52e54], and it is arguable whether
these are fully representative for HPR turbine applications, espe-
cially at off-design operation.

The objective of this paper is to present a comprehensive
method for the performance prediction and for the validation of
RITs operating at HPR conditions based on the existing data sets of
HPR turbines in the open literature. To this end, the paper presents
a complete approach for turbine design and off-design modelling,
calibration, validation, and analysis of the results. The work is
limited to steady-state conditions. A mean-line model for the
design and off-design analysis of RITs was developed and different
strategies for the treatment of unchoked and choked conditions as
well as subsonic and supersonic flows are presented. The model is
conceived to include real-gas equations of state and a general
formulation of the governing equations, in order to adapt the
methodology to any working fluid and operating condition. A
global sensitivity analysis based on the Monte Carlo method was
applied to identify the significance level of the calibration co-
efficients with respect to the chokingmass flow rate and the output
isentropic efficiency. Afterwards, the calibration methodology is
presented, where the turbine loss models are calibrated against the
data of six HPR nozzled turbines from the open literature. In order
to evaluate the suitability of themodel, the results of the calibration
were assessed by validationwith two other test cases, one of which
is an ORC turbine, whose features are different from the turbines
used in the calibration process.

This paper contains the following novel contributions: (1) it
presents in detail a mean-line modelling strategy for the treatment
of choking conditions in the nozzle and the rotor at design and off-
design conditions; (2) it presents an optimisation-based calibration
method, which seeks to minimise the predicted deviation across
every measured operating point contained within each of the test
cases; (3) it provides a set of loss models tailored to HPR-RITs. The
methodology and the results are intended to be used as a bench-
mark for the future development of radial-inflow turbines in high-
pressure ratio applications.

Compared to thework by Baines [52e54] and to the most recent
works in the field, i.e. Refs. [31,50,51,56], this paper extends the
design and off-design methodology to high pressure ratios.

The paper is structured as follows: Section 2 presents the tur-
bine test cases, the modelling strategies for design and off-design,
and the methods for the sensitivity analysis, calibration and vali-
dation. Section 3 presents the results of the calibration. Section 4
discusses the results. The conclusions are drawn in Section 5.

Table 1
RITs designed and tested at pressure ratios above 3 from the open literature.

Author Year Field Pressure ratio [�] Fluid

Hiett and Johnston [1,2] 1963 GT 1.3e5.0 Air
McLallin and Haas [3] 1980 GT 1.2e4.7 Air
Kidwell and Large [4] 1980 GT 2.0e5.0 Air
Rogo et al. [5] 1984 GT 2.0e7.0 Air
Ribaud and Mischel [6] 1986 GT 2.97e3.8 Air
Rogo [7] 1986 GT 2.0e7.0 Air
Rodgers [8] 1990 TC/GT 3.6,3.9,4.3 Air
Simonyi et al. [9] 1991 GT 3.0e5.8 Air
Pullen et al. [10] 1993 GT 1.1e4.7 Air
Huntsman et al. [11,12] 1992 GT 4.7(*) Air
Jones [13] 1994 GT 1.0e9.0 Air
Spence and Artt [14] 1997 RES 1.3e4.0 Air
Atkinson [15] 1998 RES 1.3e3.7 Air
Doran et al. [16] 2001 TC 1.3e3.5 Air
Feng et al. [17] 2005 GT 1.1e3.1 Air
Spence et al. [18] 2007 TC 1.2e3.6 Air
Deng [19] 2007 RES 1.3e4.0 Air
Fu et al. [20,21] 2012 GT 1.1e3.1 Air
Ino et al. [22] 1991 CR 7.0e12.0 Helium
Ghosh [23] 2008 CR 1.8e5.9 Air/N2

Larjola [24] 1988 ORC 10.0(*) R114
Van Buijtenen et al. [25] 2003 ORC 120.5(*) Toluene
Pei et al. [26] 2011 ORC 7.1(*) R123
Kang and Chung [27,28] 2011 ORC 4.1(*) R245fa
Han et al. [29] 2014 ORC 3.2(*) R245fa
Demierre et al. [30,31] 2014 ORC 3.1e4.4 R134a
Kang [32] 2016 ORC 4.1(*) R245fa
Turunen-Saaresti et al. [33] 2017 ORC 112.8(*) MDM

GT¼Gas Turbines. RES¼ Research. TC¼ Turbochargers. CR ¼ Cryogenic systems.
ORC ¼ Organic Rankine cycles. (*)¼ documented design point only.
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2. Methods

2.1. Performance prediction methodology

This work employed a steady-state, mean-line model for the
performance prediction of RITs at design and off-design conditions.
The model has been conceived and implemented with the
following objectives: (i) to include a complete and consistent nu-
merical strategy for the design and performance prediction
considering unchoked and choked flow conditions; (ii) to develop a
tool which is general, and can be applicable to any fluid, operating
condition or HPR application of interest; (iii) to ensure numerical
robustness, stability and to allow for a short computational time.
Themodel waswritten in theMATLAB language [57] and followed a
mean-line approach, for which the thermodynamic and flow con-
ditions were computed at the mean line in the turbine meridional
plane, and were representative of mass-weighted averaged condi-
tions over thewhole section. This work focused on themodelling of
the nozzle, the nozzle-rotor interspace, and of the rotor. Fig. 1 de-
picts a schematic of the radial-inflow turbine highlighting the main
stations, the terminology and the symbols used in this paper.

The thermodynamic and flow conditions in the main modelling
stations were computed by the simultaneous solution of mass
continuity, energy balance, and loss equations. The fluid properties
were computed by means of real-gas equations of state using the
thermodynamic library CoolProp [58].

Each blade row can feature two distinguished flow patterns,
corresponding to unchoked and choked flow conditions, respec-
tively. The blade row is choked when the flow reaches sonic con-
ditions at the point of minimum flow area, identified as the throat.
For an isentropic process through a bladed element in the relative
coordinate system, it can be shown that the maximum mass flow
rate per unit area occurs at sonic conditions [34]. Fig. 2 illustrates
that there are four possible combinations of the flow patterns,
identifying the four physical situations occurring in the turbine: (a)
both the nozzle and the rotor are unchoked, (b) the nozzle is
unchoked and the rotor is choked, (c) the nozzle is choked and the
rotor is unchoked, and (d) both the nozzle and the rotor are choked.

Different strategies can be used for design and off-design per-
formance prediction using a mean-line model, and the reader is
referred to Ref. [59] for a general overview of the topic. Fig. 3 shows
the modelling modelling strategies adopted in this work.

Fig. 3 (a) depicts the workflow of the preliminary design model.

The model inputs are the inlet total temperature T01 and pressure
p01, the rotational speed N, the mass flow rate _m, and the stage
total-to-static pressure ratio PRts. In addition, a set of decision
variables needs to be given as an input. This set often consists of
non-dimensional variables related to the turbine geometry and
turbine loading conditions, which allows expressing the design in a
more general formulation. The reader is referred to Refs. [60,61] for
examples of possible sets of design variables. The strategy shown in
Fig. 3(a) applies to a predefined set of input variables, and a dedi-
cated optimisation procedure needs to be applied in order to
determine the optimal set of inputs. For a set of input decision
variables, the design modelling strategy starts by identifying where
choking occurs since the maximum turbine flow capacity is limited
by the mass flow rate at choking conditions (Step 0). The mass
continuity, energy balance, and loss equations for the nozzle are
expressed, respectively, as

C2 ¼ m
:

r2$cosða2Þ$A2ð1� BF2Þ
(1)

hðr2; T2Þ ¼ h01 �
1
2
C2
2 (2)

X
n¼1

nlosses

Dhloss;n � hðr2; T2Þ þ hðp2; s1Þ ¼ 0 (3)

where r2, a2, A2, C2, p2 are the density, flow angle, flow area, ab-
solute velocity, and static pressure at the nozzle outlet, respectively.
In Eq. (1), the blockage factor BF2 may be introduced to account for
reduction in effective area due to the metal blockage and boundary
layer effects. The term h denotes the specific enthalpy, and h01 and
s1 are the total specific enthalpy and the specific entropy computed
at the nozzle inlet, respectively. The term Dhloss;n represents the
specific loss contribution in the blade row, which is calculated with
an empirical correlation, see Sec. 2.2. For unchoked flow conditions,
the nozzle exit flow angle was computed using an empirical cor-
relation, see Sec. 2.2. For given nozzle inlet conditions, the solution
strategy adopted above allows expressing the left-hand side of Eq.
(3) as a function of r2 and m

:
, as illustrated in Fig. 4.

For a given value of mass flow rate, the function at the left hand
side of Eq. (3) is non-monotonic with a concave shape and a single
peak. In the methodology presented in this work, the condition at

Fig. 1. Schematic of the radial-inflow turbine geometry.
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which the maximum of this function crosses the abscissa was
identified as the choking condition. For small values of _m, when the
peak is above the abscissa, there exist two values of r2 which satisfy
Eq. (3). The larger value corresponds to subsonic flow conditions,
whereas the smaller value relates to supersonic flow conditions. By
increasing the mass flow rate, the maximum of the curve shifts
downwards, and eventually intersects the abscissa. Therefore,
choking occurs when the subsonic and supersonic solutions coin-
cide. When the mass flow rate exceeds the choking value, the
curves in Fig. 4 show that there is no solution to the system of
equations. In this case, a different set of input design variables
needs to be provided as an input in order to allow for a higher
design mass flow rate.

If the nozzle is unchoked, the model solves the set of nozzle Eqs.
(1)e(3) (Step 1) and the mass continuity, the energy balance, the
momentum balance and the loss equation in the nozzle-rotor
interspace (Step 2), respectively, as follows:

C4 ¼ m
:

r4$cosða4Þ$A4ð1� BF4Þ
(4)

hðr4;T4Þ ¼ h01 �
1
2
C24 (5)

C3sina3
C4sina4

¼ r4
r3

þ 2pCfr4C4sina4
�
r23 � r3r4

�
m
: (6)

Dhvs;loss � hðr4; T4Þ þ hðp4; s3Þ ¼ 0 (7)

whereDhvs;loss is the vaneless space loss and Cf is the friction factor,
which can be estimated with empirical models. The formulation of
Eq. (6) was based on the analysis by Stanitz [62], as reported by
Whitfield and Baines [63]. The system of Eqs. (4)e(7) was solved
using a trust region solver in MATLAB [57] for a given set of guess

values for a4 and r4. Afterwards, the model evaluates whether the
rotor is choked (Step 3). To this end, the mass continuity, the energy
balance and the loss equations in the rotor were solved in its
relative coordinate system, as follows:

W5 ¼ m
:

r5$cosðb5Þ$A5ð1� BF5Þ
(8)

hðr5; T5Þ ¼ I4 �
1
2
W2

5 þ
1
2
U2
5 (9)

X
n¼1

nloss

Dhloss;n � hðr5; T5Þ þ hðp5; s4Þ ¼ 0 (10)

where I4 ¼ h4 þ 0:5W2
4 � 0:5U2

4 is the rothalpy term. In the design
mode, the pressure at the rotor exit, p5, was specified by the
required stage pressure ratio, and the flowangle b5 was determined
in order to match p5. In the off-design mode, under unchoked
conditions, the rotor exit pressure was unknown, and the rotor exit
flow angle was computed using an empirical correlation, see Sec.
2.2. Eq. (10) was expressed as a function of the rotor throat density
r5, showing a trend similar to that in Fig. 4. However, in this case,
the loss equation was also dependent on the turbine rotational
speed. Similarly to the nozzle modelling, if the rotor was already
choked, the design routine ended. Alternatively, the rotor equations
were solved and the turbine design was completed by the post-
processing of the data.

Fig. 3(b) shows the off-design modelling strategy. In this case an
existing turbine design, or calculated as in Fig. 3(a), was the input
and turbine performance maps were generated as the output. The
model inputs were the same as those of the design model, except
that the full turbine geometry was given as well. Themass flow rate
_m was provided as an input for the generation of performance
maps when the turbine was not choked. If the turbine is choked,

Fig. 2. Illustration of the possible turbine flow patterns occurring at off-design conditions: (a) Nozzle and rotor unchoked; (b) rotor choked and nozzle unchoked; (c) nozzle choked
and rotor unchoked; (d) nozzle and rotor choked.
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the mass flow rate is constant, and the outlet pressure can assume
an infinitude of values. Hence, in this case, the static pressure at the
turbine outlet was also specified. The workflow of Fig. 3(b) applies
to a single speed line, and an iterative process was implemented to
generate the full performance maps.

The off-design modelling strategy started by evaluating
whether, for the given input conditions, the nozzle or the rotor is
the first to choke (Step 0). The set of Eqs. (1)e(3) is used for the
nozzle. In Step 0, the nozzle choking mass flow rate is found by
determining the zero of the locus of maxima of Eq. (3). Afterwards,
the algorithm evaluates whether the rotor was already choked at
the nozzle choking mass flow rate by solving Eqs. (4)e(10). Like in
the design strategy, the off-design methodology evaluates whether

the rotor choking mass flow rate is smaller than the nozzle choking
mass flow rate, and follows two different paths according to the
result. Steps 1a-3a in Fig. 3(b) relate to the configurations 1) and 2)
of Fig. 2, where the rotor chokes first. Steps 1b-4b in Fig. 3 relate to
the configurations 1), 3) and 4) of Fig. 2, where the nozzle chokes
first. If the rotor choked first, the choking mass flow rate and the
choking density were found by determining the zero of the locus of
maxima of Eq. (10) (Step 1a). Conversely, if the nozzle chokes first,
the algorithm identifies the rotor choking point occurring at higher
values of stage expansion ratio (Step 1b). A numerical search
method was used to find the zero of Eqs. (8)e(10) by changing the
rotor inlet pressure. The corresponding values of nozzle and stage
pressure ratio were then recorded and used in the subsequent

Fig. 3. Modelling strategy for high-pressure ratio RITs: (a) preliminary design model; (b) off-design model.
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steps.
Nozzle and rotor unchoked (Steps 2a and 2b). The performance

maps were generated by varying the mass flow rate up to the
choking point. Equations (1)e(10) were sequentially solved for
each value of mass flow rate, finding the corresponding value of
pressure ratio.

Nozzle unchoked and rotor choked (Step 3a). When the rotor
choking point was reached, the mass flow rate was kept constant,
and the nozzle operation was fixed since any further expansion
dowstream the rotor could not affect the conditions upstream the
throat [34]. In this case, the rotor choking mass flow rate as well as
the total-to-static pressure ratio of the stage were provided as in-
puts to the turbine model, and any further expansion was allowed
by means of a post-expansion process after the throat. The value of
choking density, previously calculated in Step 1a, was used to
determine the values of the thermodynamic and flow conditions at
the throat by applying mass continuity and the energy balance, Eqs.
(8) and (9). The rotor exit density, r6, after the post-expansion was
found by solving the energy and mass balances and the post-
expansion loss equation between the rotor throat and the exit as
follows:

W6 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2$ðI4 � hðr6;p6ÞÞ þ U2

6

q
(11)

b6 ¼ �cos�1�m: ch;rot
�ðr6W6A5ð1� BF5ÞÞ

�
(12)

Dhpe;rot � hðr6;p6Þ þ hðp6; s5Þ ¼ 0 (13)

where Dhpe;rot represents the post-expansion loss, s5 is the entropy
at the throat, and m

:

ch;rot is the value of rotor choking mass flow
rate.

Nozzle choked and rotor unchoked (Step 3b). The thermodynamic
and flow parameters at the choked throat were found by applying
mass and energy balances between the nozzle inlet and the throat.
When the pressure ratio was larger than the choking value, a post-
expansion was allowed at the nozzle outlet. In order to determine
the conditions after the post-expansion, the energy and mass bal-
ances and the post-expansion loss equation, were solved, respec-
tively, as follows:

C3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2$ðh01 � hðr3;p3ÞÞ

q
(14)

a3 ¼ cos�1�m: ch;noz
�ðr3C3A2ð1� BF2ÞÞ

�
(15)

Dhpe;noz � hðr3;p3Þ þ hðp3; s2Þ ¼ 0 (16)

In this case, Dhpe;noz represents the post-expansion losses, s2 is
the specific entropy at the throat, and m

:

ch;rot is the rotor choking
mass flow rate.

Both nozzle and rotor choked (Step 4b).When both the nozzle and
the rotor were choked, any further expansion downstream the
rotor exit was allowed by means of a post-expansion after the rotor
throat using Eqs. (14)e(16).

2.2. Empirical models for losses and flow deviation

The sets of equations described in Sec. 2.1 require the use of
empirical models for the losses and the exit flow angles for each
blade row. Typically, the information on possible blockage effects in
the blade rows is provided empirically and depends on the specific
test case. In this work, the best agreement with the experimental
datawas found using BF ¼ 0 and, consequently, the blockage effects
were neglected.

The loss correlations were based on the formulations by Baines
[52], however some modifications were introduced. In contrast to
the axial turbine field, for radial turbines there is a deep lack of
techniques used to predict nozzle losses based on geometry and
flow conditions [59]. In the literature, nozzle losses have been often
neglected or considered of a much lower entity than the rotor
losses [52]. However, experimental works [3,64] on high-pressure
turbines and numerical studies [65,66] on very high-pressure ra-
tio RITs suggest that a proper nozzle model, and associated losses,
are paramount to obtain meaningful results.

In this work, three types of nozzle losses were considered: the
passage loss, the trailing edge loss, and the post-expansion loss.
Among the few available nozzle passage loss formulations, those by
Rodgers [46] and Rohlik [67] appear to be the most reliable in the
literature [68]. The formulation by Rodgers [46] was preferred since
it directly relates the loss to geometry and flow parameters without
resorting to the use of the boundary layer parameters, which are
less straightforward to estimate. The nozzle passage loss correla-
tion by Rodgers [46] assumes that the trailing edge and shock losses
are negligible, provided that the trailing edge to chord ratio is less
than 2% and that Mach numbers are lower than 1.2.

In order to fully represent HPR conditions, the losses associated
to the trailing edge blockage and to highMach numbers at the blade
outlet were included in the present model. The trailing edge loss
was modelled using the formulation by Glassman [55], which, ac-
cording to Refs. [55,69,70], is based on the actual blade blockage
and provides a more physical formulation than that based on the
meridional velocity component adopted by Baines [52]. The post-
expansion loss is based on the work by Aungier [39].

The vaneless space loss uses a conventional pipe-flow correla-
tion by Khastner and Bhinder [43] often employed in the literature,
see Refs. [59,63,69]. The friction factor in the interspace between
nozzle and rotor was estimated using the following correlation
proposed by Japikse [71]:

Cf ¼ k
�
1:8$105

Re4

	0:2

(17)

Equation (17) was developed from the experimental measure-
ments on a number of diffusers for centrifugal compressors and

Fig. 4. Identification of the choking point for a blade row.
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shows that the friction factor in unguided swirling flows decreases
with the average Reynolds number at the exit of the vaneless space.
Equation (17) was used to model the interspace loss in RITs
following Whitfield and Baines [63]. Japikse [71] noted that the
coefficient k in Eq. (17) varied between 0.005 and 0.02 in different
applications and recommended to use the value 0.01.

The rotor model included the evaluation of losses internal and
external to the blade passages. The internal losses were modelled
with the passage loss, clearance loss and incidence loss correlations
by Baines [52]. Moreover, rotor trailing edge and post-expansion
loss models were introduced in a similar way as those of the
nozzle modelling. The external losses included the effect of the
rotor disc friction, and these were modelled as a sudden enthalpy
drop at constant static pressure following Whitfield and Baines
[63], and were predicted according to the method suggested by
Daily and Nece [72].

Table 2 shows the final set of loss models. The coefficients Kp1,
Kp2, Kp3, Kvs and Kinc were initially selected for calibration in this
work, although the final set for calibration was selected after a
dedicated sensitivity analysis, see Sec. 2.3.

Unlike within the axial-flow turbine field, there is a lack of well-
established and reliable correlations for the deviation angle in RITs.
The exit flow angle at unchoked conditions for the nozzle and the
rotor was predicted using the cosine rule, where o is the throat
opening and s is the vane spacing.

a2 ¼ cos�1ðo2=s2Þb5 ¼ cos�1ðo5=s5Þ (18)

If the nozzle or the rotor operates at supersonic flow conditions,
the off-design modelling strategy solves the post-expansion
equations and determines the exit flow angle according to Eqs.
(11)e(13) or Eqs. (14)e(16).

2.3. Sensitivity analysis

A sensitivity analysis was applied to the off-design turbine
model in order to achieve the following: i) identify the most

sensitive calibration coefficients with respect to the output mass
flow rate and isentropic efficiency; ii) remove the calibration co-
efficients which resulted to be less sensitive to the changes in mass
flow rate and efficiency, reducing the computational requirements
of the simulations; iii) identify the range of values for which the
calibration coefficients fulfil the choking conditions required by the
test cases.

A global sensitivity analysis based on the Monte Carlo method
[73] was employed. Compared to a local sensitivity analysis
method, the global sensitivity analysis takes into account the
mutual interactions between the different calibration coefficients.
Since the Monte Carlo method is based on a probabilistic approach,
the results of the sensitivity analysis were analysed in terms of their
probability distribution. The Monte Carlo method was applied us-
ing a numerical model written in the MATLAB language [57], which
is documented in Ref. [74]. A uniform probability distribution
without correlation control was used for the input calibration co-
efficients. A study on the effects of increasing sampling size up to
1000 samples for each coefficient and operating point in the tur-
bine map was performed. A number of 500 samples was selected
since it provided a reasonable trade-off in terms of accuracy of the
results and required computational time. Each speed line was
divided into 50 points, corresponding to 25000 samples per speed
line generated by the Monte Carlo method. The sensitivity analysis
was applied to the turbine model using the test cases described in
Sec. 2.4.

2.4. Calibration method

The methodology presented in Sec. 2.1 was applied to six test
cases of HPR turbines operating with air found in the literature.
These test cases were selected from the list provided in Table 1
according to the following criteria: 1) they present reliable and
well-documented data; 2) they include turbine performance maps
at HPR conditions; 3) they have similar geometric features, i.e. only
nozzled turbines without volute and diffuser. Table 3 lists the

Table 2
Loss correlations.

Loss mechanism Loss model Reference

Nozzle passage
Dhpl;noz ¼ Kp1

0:05

Re0:23



3 tana3
s3=cn

þ s3 cosa3
b3

�
1
2
C23

Rodgers [46]

Nozzle trailing edge
Dht;noz ¼

�
Znt3

2pr3cosa3

	21
2
C23$Y

ð�Þ
3

Glassman [55]

Nozzle post-expansion
Dhpe;noz ¼
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	21
2
C2
3$

1

Yð�Þ
3

Aungier [39]

Interspace
Dhvs ¼ KvsCf
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L
D
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2

	2 Kastner and Bhinder [43]

Rotor incidence
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��Þ21

2
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4
Baines [52]
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Baines [52]
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Rotor trailing edge
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Rotor disc friction
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employed geometry and input data for the test cases. All test cases
used air as working fluid.

The calibration method consists in fitting of the loss models
against the mass flow rate and efficiency maps of the selected
experimental test cases. Each set of calibration coefficients can be
expressed by the array

X ¼ Kp1;Kp2;Kp3;Kinc;Kvs
�

(19)

where Kp1Kp2Kp3, Kinc and Kvs are the calibration coefficients in the
loss models respectively. The objective of the calibration was to
minimise the overall relative root mean square error (RRMSE) in
terms of mass flow rate and efficiency. The optimisation function, f,
is expressed as

f ¼ min

(
1
nt

X
i¼1

nt

RRMSE
�
his;i

�
X
��

;
1
nt

X
i¼1

nt

RRMSE
�
m
:

i
�
X
��)

(20)

RRMSEðhisÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
np

X
j¼1

np
 
his;exp;j � his;mod;j

�
X
�

his;exp;j

!2
vuuut (21)

RRMSEð _mÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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m
:
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:
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�
X
�

m
:

exp;j

!2
vuuut (22)

where his and _m indicate the isentropic efficiency and mass flow
rate for i ¼ 1; ::;nt test cases and j ¼ 1;…;np points in the perfor-
mance map. The subscripts exp and mod refer to the experimental
and mean-line model data, respectively. The multi-objective opti-
misationwas performed by means of a genetic algorithm using 150
generations. When the optimisation is performed, the calibration
coefficients are changed in order to provide the best possible
agreement with the experimental data. Despite being

mathematically consistent, this rationale does not necessarily
ensure that the physics of the problem is fully respected. For this
reason, two different optimisation cases were considered. In the
first case, the optimisation was unconstrained, meaning that there
are no specified boundaries on the calibration coefficients and that
the optimiser sought the best solution from the mathematical
viewpoint. In the second case, the calibration coefficients were
constrained by lower and upper bounds, ensuring the correct
identification of the choking point. In this case, the optimiser found
a solutions which is consistent from both the mathematical and the
physical viewpoints. The upper and lower bounds of the calibration
coefficients for the constrained optimisation were found by
applying the sensitivity analysis approach to identify the bound-
aries in which the choking point is correctly predicted in all the
speed lines of the test case data.

2.5. Validation method

In order to assess the suitability of the loss coefficients obtained
after calibration, a validation of the design and off-design models
was performed.

The design model was first validated using the test cases which
were used for the calibration of the off-design model. Afterwards,
its results were compared with the mean-line and CFD results at
the design point for an ORC turbine operating with the fluid R143a
documented in Ref. [76]. This test case was selected for validation
due to the presence of sufficient information regarding turbine
geometry and flow conditions. The results of Ref. [76] were ob-
tained using two commercially-available software: RITAL (Concepts
NREC) for the mean-line design, and Axcent and ANSYS-CFX for the
3D geometry and CFD, respectively. The comparison of results was
performed by assigning the same design specifications as in the
commercial mean-line software in terms of inlet thermodynamic
and flow conditions, turbine geometry and stator outlet Mach
number.

Table 3
Data of the HPR turbines selected for calibration.

Test case Meitner and Glassman McLallin et al. Simonyi rotor 1 Simonyi rotor 2 Rogo Atkinson

Ref. [75] [3] [9] [9] [7] [15]

Input conditions
T01 [K] 377.778 322.2 477.78 477.78 394 418
p01 [Pa] 38610.6 137900 333706.3 333706.3 164000 354550
N [rpm] 29550; 17730 9437e34602 17927e21911 15138e22708 12751e15939 26277e40795
Stator
b1 [m] 0.0147 0.0109 0.021 0.021 0.015 0.008
b3 [m] 0.015 0.008 0.012 0.012 0.015 0.008
r1 [m] 0.073 0.097 0.224 0.224 0.251 0.111
r3 [m] 0.060 0.084 0.194 0.194 0.194 0.092
zn [�] 14 29 36 36 15 17
t3 [m] 0.001 0.001 0.0003 0.0003 0.003 0.0012
a3b [�] 72.47 76 70 70 77 76
o2 [m] 0.0073 0.0036 0.0091 0.0092 0.0174 0.0095
Rotor
b4 [m] 0.015 0.008 0.012 0.012 0.016 0.0077
r4 [m] 0.058 0.075 0.185 0.185 0.177 0.0867
r6s [m] 0.041 0.047 0.118 0.118 0.114 0.0609
R6h [m] 0.014 0.023 0.076 0.076 0.051 0.0261
b4b [�] 0 0 0 0 0 0
b6b [�] �56.86 �58 �55.3 �53.86 �60 �60
Zr [�] 22 12 14 14 13 14
t6 [m] 0.0002 0.004 0.001 0.001 0.00076 0.0024
o5 [m] 0.0048 0.0065 0.02 0.02 0.01706 0.0223
lz [m] 0.040 0.04572 0.046 0.043 0.107 0.0399
εa [m] 0.0003 0.0003 0.0005 0.0002 0.0004 0.00075
εr [m] 0.0004 0.0003 0.0002 0.0004 0.0004 0.0004
εb [m] 0.0003 0.0003 0.0003 0.0003 0.0009 0.00075
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The suitability of the off-design model to different geometries
and operating conditions was assessed by selecting two specific
experimental test cases which were not included among the test
cases used for calibration. The first test case is a 2 kW ORC turbine
which was documented and tested by Demierre et al. [30,31]. This
test case was selected since it contains the full details of an ORC
radial turbine geometry as well as off-design operating data. The
turbine operates with the refrigerant R134a in the range of rota-
tional speeds 147000e206000 rpm and pressure ratios 3.1e4.4.
This test case is different to those used for calibration in the sense
that it has a diffuser. In the validation, the diffuser was modelled
using the equations described byMoustapha et al. [59] using a total
pressure recovery coefficient of 0.55. The second test case is the
Ricardo C80 turbine documented in Refs. [1,2], which was tested up
to pressure ratios of 5.0. The geometry differs from those of the
calibration test cases by the presence of a volute. In this case, it was
assumed that the losses in the volute were small and could be
incorporated in the nozzle losses. Moreover, the throat openingwas
not provided in the original data, and was therefore estimated
using a formulation by Li et al. [42]:

o2 ¼ 2r3sin
�
q

2

	
cos
�
q

2
� a3b �

g

2

	
(23)

Equation (23) assumes a wedge shape for the vane trailing edge
with included angle g¼ 11� for the Ricardo C80 turbine and q ¼ 2p=
Zs as the center angle in the radial plane.

3. Results

3.1. Sensitivity analysis

Fig. 5 shows the results of the global sensitivity analysis on the
efficiency and the mass flow rate. In the sensitivity analysis with
respect to the isentropic efficiency, the calibration coefficient Kp2,
associated to the friction losses in the rotor passage, appears to be
the most significant parameter with mean values of standardised
regression coefficients between approximately 0.76 and 0.98. The
calibration coefficients related to the nozzle passage loss, Kp1, and
the rotor incidence loss, Kinc, appear to be the second most sig-
nificant ones in some cases. The turbine efficiency results to be less
sensitive to the calibration coefficient associated with the rotor
secondary flows passage loss, Kp3. Finally, the interspace loss cali-
bration coefficients, Kvs, shows very low values of mean and stan-
dard deviation, suggesting that its impact on the efficiency is

insignificant. The sensitivity analysis of the calibration coefficients
with respect to the mass flow rate indicates that, in most cases, Kp2

has the largest influence on the mass flow rate. In this case, how-
ever, Kp2 presents lower mean values and a larger scatter, which
suggests that it has a smaller influence on the mass flow rate
compared to the turbine efficiency. It is also noted that Kp1 has the
strongest influence on the mass flow rate in the last test case,
suggesting a stronger impact of the nozzle losses in this case. The
relatively high standard deviation observed in some test cases
(especially for Kp1Kp2Kinc) indicates that the significance level of
the calibration coefficients varies across the operating points of the
turbine map and depends on the different flow conditions in the
turbine. Moreover, the sensitivity analysis highlights that the sig-
nificance level of the coefficients depends on the test case. At the
same time, the coefficient Kvs appears to be the least significant
from a statistical viewpoint and, henceforth, it was not included as
a decision variable in the optimisation. This simplification allows a
reduction of the simulation time without compromising signifi-
cantly the accuracy of the results.

The sensitivity analysis was also applied to identify the range of
values for which the calibration coefficients could ensure the
identification of the choking point in accordance with the test
cases.

3.2. Calibration

Fig. 6 shows the results of the multi-objective optimisation
process with respect to the RRMSE in isentropic efficiency andmass
flow rate, namely RRMSEh and RRMSEm, for the cases of uncon-
strained and constrained optimisation. The optimal pareto front
represented in Fig. 6 was found after approximately 120 genera-
tions. In the uncostrained optimisation, the optimal solutions range
between 2.05% and 2.17% in RRMSEh, and between 1.45% and 1.56%
in RRMSEm. The constrained optimisation used bounds to ensure a
suitable identification of the choking point, and reduced the solu-
tion space, resulting in higher values of RRMSEh, between 2.13% and
2.8%. Similar values of RRMSEm were found for the constrained and
unconstrained optimisations. Each point in the pareto front corre-
sponds to a set of optimal calibration coefficients, which can then
be selected according to the key-decision criteria set by the
designer. In order to select a final set of optimal coefficients in the
pareto fronts of Fig. 6, an equal weight for the two objective func-
tions was applied. The selected coefficients are listed in Table 4. A
comparison of the calibrated coefficients with those of Baines [52]

Fig. 5. Significance level of the calibration coefficients: (a) on the turbine total-to-static isentropic efficiency; (b) on the mass flow rate. The bars indicate the standard deviation
from the mean value. The analysis employed the test cases listed in Table 3.
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indicate that a 40% higher nozzle loss coefficient is required to
provide a better match with the test cases, as well as lower rotor
primary, secondary and incidence loss coefficients.

Fig. 7 shows a comparison of the values of RRMSEh and RRMSEm
for the baseline, unconstrained and constrained optimisation cases.
Before calibration of the loss coefficients, the maximum deviation
in the single test cases higher, and the overall deviation is
approximately 5.88% in the efficiency and 2.38% in the mass flow
rate. After the optimisation, the overall RRMSEh is reduced to 2.11%
and 2.04% for the constrained and unconstrained optimisations,
respectively. At the same time, the overall RRMSEm is decreased to

1.54% and 1.33%, respectively. Moreover, only a small difference was
found between the constrained and unconstrained test cases, as the
optimal set of coefficients have also similar values, see Table 4.

Figs. 8 and 9 show a visual comparison of the performance maps
before and after the calibration process for three exemplary test
cases.

3.3. Validation

Fig. 10 depicts the results of the validation of the design model
with the experimental test cases.

The results show that the deviation in efficiency between the
model and the experimental data is between 0.1 %-points and 2.83
%-points. The largest deviation is seen for the test case by Rogo [7].
This deviation can also be seen in Fig. 8, which shows that the
optimiser found the best data fit by compromising some percent-
age points in efficiency for the line at 100% speed. Table 5 reports
the comparison between the design results of the present mean-
line model and those obtained with two commercial software for
the ORC turbine documented in Ref. [76]. The present mean-line
model provides power and efficiency predictions closer to the
CFD code, with up to 1.6% and 1.78 %-points of deviation, respec-
tively. For the same total-to-total expansion ratio as RITAL, a
maximum deviation of 8.3 %-points is reported for the rotor exit
Mach number conditions. The lower flow velocity at the rotor exit
suggests a higher work extraction in the rotor, possibly due to a
higher rotor efficiency. This consideration is in agreement with the
higher values of power output and isentropic efficiency seen in
Table 5 compared to RITAL.

Fig. 11(a) and (b) show the results of the validation of the off-
design model with the test case by Demierre et al. [30,31]. The
mean-line model predicts the mass flow rate within less than 1% in
all operating conditions. The total-to-static efficiency appears to be
overpredicted in almost all operating points. The predicted values
show a deviation up to 5% compared to the measured values.
However, this deviation is within the uncertainty range of the
experimental data.

Fig. 11(c) and (d) show the results of the validation of the off-
design model with the Ricardo turbine C80. In this test case, the
choking point is governed by the nozzle. A good agreement, with a
value of RRMSEm of 1.75% shown in Fig. 11(d), is achieved by esti-
mating the throat opening with Eq. (23). It is worth noting that the
use of the simple cosine rule to estimate value of the nozzle throat
yields a 20% lower mass flow rate. This suggests that a more
detailed knowledge of the geometry in proximity of the blade

Table 4
Optimal set of calibration coefficients for an equal weight of RRMSEh and RRMSEm in
the pareto front.

unconstrained constrained

Kp1 1.3881 1.4152
Kp2 0.637 0.5903
Kp3 0.1042 0.4036
Kinc 0.8952 0.8754

Fig. 6. Optimal pareto fronts from the unconstrained and constrained multi-objective
optimisations. The colours indicate the evolution of the pareto front from the initial ð+Þ
to the final ð+Þ generations. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)

Fig. 7. Comparison of RRMSE values for the different test cases before and after the optimisation process: (a) RRMSE in isentropic efficiency; (b) RRMSE in mass flow rate.
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throat is essential to predict the correct values of mass flow rate. In
terms of efficiency, the results indicate that the model predicts
good agreement for low values of rotational speed and velocity

ratio U/C0, while at higher speeds the losses increase, and the
maximum point is shifted towards lower values of U/C0 of about
0.55.

Fig. 8. Exemplary isentropic efficiency maps before (a,c,e) and after (b,d,f) the multi-objective optimisation: (a,b) Metiner and Glassmann [75] test case; (c,d) McLallin [3] test case;
(e,f) Rogo [7] test case.
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4. Discussion

In this work, the optimal values of the loss coefficients were
identified by the best possible match in the values of mass flow

rate, pressure ratio and turbine isentropic efficiency. The model
may be employed for the preliminary design and performance
prediction of the turbine. However, it was not the objective of this
work to assess the suitability of the loss models with respect to the

Fig. 9. Exemplary mass flow rate maps before and after the multi-objective optimisation: (a,b) Metiner and Glassmann [75] test case; (c,d) McLallin [3] test case; (e,f) Rogo [7] test
case.
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correct prediction of the internal flows in the turbine. In this
respect, further conclusions should be drawn only after a detailed
comparisonwith measurements or high-fidelity CFD computations
[36]. Detailed CFD studies [64,66,77] on high-pressure ratio tur-
boexpanders indicate that unsteady Reynolds-Averaged Navier
Stokes (URANS) simulations can provide a reliable performance
estimation.

Another important aspect concerns the accuracy in the obtained
results. The optimal calibration coefficients predicted turbine effi-
ciencies within ± 2.1%, and there are limited works in the literature
that could be used for comparison. Glassman [55] calibrated the
turbine losses using the data of three, low-pressure ratio turbines,

showing a deviation within 1 %-point. Rodgers [46] validated a RIT
model to an accuracy of ± 2% in efficiency. Baines [52,54,59] vali-
dated a set of loss correlations using the data of about 30 turbines,
showing an overall RRMSE of approximately 5.80% at the best ef-
ficiency points, corresponding to 3.20%-points. This number has the
same order of magnitude as that obtained in this work before the
optimisation including all the off-design operating points, see Fig. 7.
These examples indicate that the accuracy obtained by different
performance predictionmodels is in the range from 1 %-point to 3.8
%-points, suggesting that the ± 2.1% accuracy in the efficiency of the
present model is acceptable.

If additional datasets become available in the literature, other

Fig. 10. Validation of the turbine design model with experimental data.

Table 5
Comparison of the turbine design model with commercial mean-line and CFD tools presented in Ref. [76].

Parameter Units RITAL CFD present mean-line deviation (RITAL) deviation (CFD)

Global variables
p01/p06 [�] 2.544 2.509 2.54 0.0% 1.4%
hts [�] 76.8 83.5 81.72 4.92 pp �1.78 pp
htt [�] 79.8 87.6 86.68 6.88 pp �0.92 pp
P [kW] 393.6 421.5 414.83 5.4% �1.6%
Stator inlet
h01 [kJ/kg] 499.2 501 499.24 0.0% �0.4%
p01 [kPa] 4989.6 4849.85 5000.00 0.2% 3.1%
Rotor inlet
M4 [�] 0.88 0.94 0.88 0.1% �6.3%
p04 [kPa] 4886.5 4717 4822.70 �1.3% 2.2%
T04 [K] 412.2 411.9 411.71 �0.1% 0.0%
Rotor outlet
M6 [�] 0.363 0.364 0.33 �8.3% �8.6%
P06 [kPa] 1961.4 1933.1 1964.80 0.2% 1.6%
T06 [K] 370.2 367.1 369.25 �0.3% 0.6%
h06 [kJ/kg] 476.4 476.3 475.18 �0.3% �0.2%

pp¼ %-points.
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methods such as artificial neural networks may be employed to fit
the model. Previous studies [78e80] indicate that neural networks
are an effective tool for empirical modelling and optimisation,
especially for non-linear systems. However, neural networks
require a sufficient amount of training data to ensure a good fit and
avoid overfitting [81]. In case the datasets could be extended with a
sufficient amount of data, response surface methods could be used
to select the datasets for training the neural network [82]. If the
available datasets are limited, as in this work, the optimisation
method presented in this paper is the best option for refitting the
calibration coefficients.

The method presented in this paper was calibrated using high-
pressure ratio turbines with conventional design features, i.e. radial
blade at the rotor inlet, absence of a volute and a diffuser, with rotor
tip diameters between 116 and 370mm, and using air. The same
level of accuracy cannot be expected for turbines with different
characteristics. The validation with the turbine by Demierre et al.
[30,31], which has a tip diameter of 18mm, uses a refrigerant as the
working fluid, and has a diffuser, showed to provide a deviation up
to 5 %-points in efficiency. The second case of validation was the
Ricardo C80 turbine, which differed from the other turbines with a
higher (80�) nozzle exit angle and by the presence of a volute. It is
highlighted that the exact knowledge of the throat geometry is

essential to identify the correct values of mass flow rate, and a
suitable correlation, as Eq. (23), should be employed wherever
possible.

This work considered only converging nozzle profiles. Reference
works in the literature [36,83] indicate that the use of converging
blade profiles is preferable up to an exit Mach number of 1.4,
resulting in a supersonic post-expansion from the throat to the exit.
For higher values of Mach number, strong shock waves and a large
supersonic flow deviation occur at the blade exit, producing a
dramatic drop in the turbine efficiency. In this case, converging-
diverging blade profiles should be considered [36]. The loss cor-
relations presented in this work were developed considering
converging profiles blades. For this reason, it is recommended to
use them up to the limit Mach number of 1.4 for the reliable
application of this steady-state mean-line model.

Finally, it needs to be stressed that the model presented in this
paper is subject to the limitations of all steady-state, mean-line
models. The model does not attempt to reproduce the full details of
the complex three-dimensional flow in the turbine and the corre-
sponding losses. High-fidelity CFD solvers, such as unsteady
Reynolds-Averaged Navier Stokes simulations [64,66,77], are
required to capture the details of the complex flow field within the
turbine. In this respect, the integration of mean-line methods and

Fig. 11. Validation of the off-design turbine model: (a,b) turbine by Demierre et al. [30,31]; Ricardo C80 turbine [1,2]. The error bars represent the uncertainty in the experimental
measurements.
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CFD simulations is paramount for the complete fluid-dynamic
design of the turbine [36,84].

5. Conclusions

This paper presented for the first time a comprehensive meth-
odology for the preliminary design and performance prediction of
radial-inflow turbines for high-pressure ratio applications. A
single-stage, radial-inflow turbine model for preliminary design
and off-design operation was developed, including consistent
modelling strategies for the treatment of choking flow conditions.

A global sensitivity analysis was applied to the model to identify
the significance level of the calibration coefficients in the turbine
losses with respect to the isentropic efficiency and mass flow rate.
The turbine loss coefficients were calibrated by minimising the
deviation between predicted and measured data for the isentropic
turbine efficiency and the mass flow rate across all the off-design
data range of six well-documented turbines available in the open
literature. The calibration method employed a multi-objective
optimisation based on a genetic algorithm, which resulted in a
significant reduction in the deviation between the numerical model
and the experimental data compared to the baseline case (no
calibration). Specifically, the RRMSE across the range of turbine
operating conditions decreased from 5.9% to 2.1% in the prediction
of isentropic efficiency and from2.4% to 1.5% in the prediction of the
mass flow rate.

Using the calibrated coefficients, the design model was vali-
dated against the turbine data used for calibration, and showed a
maximum deviation of 2.83%. The off-design model was validated
against the data of an ORC turbine and a turbine using air, both
operating at high-pressure ratio conditions. Considering the
experimental data uncertainty, the model provided good agree-
ment with the ORC turbine, with less than 1% deviation in mass
flow rate and about 5% deviation in efficiency. The validation with
the air turbine provided good results and it was noted that a careful
estimation of the blade throat, based on the detailed characteristics
of the nozzle geometry, is paramount to obtain the correct values of
the mass flow rate.

The developed turbine design and off-design prediction meth-
odology is applicable to HPR turbines operating with any working
fluid in the gas phase. The design and performance prediction
models can be expected to provide results within the range of ac-
curacy of the calibrated model for nozzled turbines with geomet-
rical and loading characteristics similar to those used for
calibration. A lower accuracy is expected for turbines with different
characteristics. In particular, it is important to use or estimate ac-
curate values of throat opening in order to correctly predict the
maximum turbine mass flow rate.
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Nomenclature

Symbols
A Area ½m2�
b Blade width [m]
BF Blockage factor [�]
C Absolute velocity [m/s]

c0 Spouting velocity [m/s]
cr Rotor chord [m]
DH Hydraulic diameter [m]
_m Mass flow rate [kg/s]
h Specific enthalpy [J/kg]
Dh Enthalpy drop [J/kg]
I Rothalpy [J/kg]
k Specific heat ratio [�]
Ka, Kr, Kar Coefficients in Tab. 2 [-]
Kp1;Kp2;Kp3, Kvs;Kinc Calibration coefficients [�]
lz Rotor axial length [m]
LH Hydraulic length [m]
M Mach number [�]
N Rotational speed [rpm]
o Throat opening [m]
p Static pressure [Pa]
PR Pressure ratio [�]
r Radius [m]
Re Reynolds number [�]
RRMSE Relative Root Mean Square Error [�]
s Specific entropy [J/(kgK)]
t Trailing edge thickness [m]
T Temperature [K]
U Peripheral velocity [m/s]
W Relative velocity [m/s]
Z Number of blades [�]

Abbreviation and acronyms
HPR High-Pressure Ratio
ORC Organic Rankine Cycle
RIT Radial-Inflow Turbines

Greek letters
a Absolute flow angle [�]
b Relative flow angle [�]
r Density ½kg=m3�
ε Clearance gap [m]
h Turbine isentropic efficiency [�]
g Nozzle wedge included angle [�]
q Nozzle center angle [�]

Subscripts
0 Total
1 Nozzle inlet
2 Nozzle throat
3 Nozzle exit
4 Interspace exit
5 Rotor throat
6 Rotor exit
a Axial
b Blade
c Clearance
ch Choking
h Hub
inc Incidence
n,noz Nozzle
pe Post-expansion
pl Passage
opt Optimal
rel Relative
r Radial
rot Rotor
s Shroud
t Trailing edge
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ts Total-to-static
tt Total-to-total
vs Interspace
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H I G H L I G H T S

• A mean-line model for design and analysis of centrifugal compressors is presented.

• The model is validated against five test cases including three different fluids.

• The model is coupled to that of a high-temperature heat pump and optimized.

• The optimization method accounts for trade-offs in cycle and compressor designs.

• A two-stage steam compressor yields the best cycle performance.
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A B S T R A C T

This work presents a mean-line model of a centrifugal compressor and a method for a coupled optimization with
a heat pump system. The compressor model was validated with five test cases from the open literature including
the working fluids: air, refrigerant R-134a and carbon dioxide. Afterwards, the compressor model was coupled
and optimized with that of a heat pump cycle supplying steam at 150 °C. Two cycle configurations were con-
sidered: an open-loop system using steam, and a closed-loop system with five other working fluid candidates.
The compressor was designed using a multi-objective optimization algorithm, which seeks to maximize si-
multaneously the cycle coefficient of performance and the supplied heat flow rate. The method employed in this
work considers the possible trade-offs regarding cycle and compressor design criteria, and can be used to identify
cost-effective solutions for the next generation of heat pumps. The obtained results suggest that a two-stage
compressor using steam yields the highest values of coefficient of performance and heat supply, and at the same
time requires a more challenging compressor design.

1. Introduction

Heat pump systems are regarded as a viable and attractive solution
to recover excess heat from low-to-medium temperature heat sources of
many industrial processes [1–3].

Chua et al. [4] and Arpagaus et al. [2] reviewed the most important
advances in the field. The application of heat pump systems is currently
extending to the generation of high-temperature heat (with heat sink
temperatures above approximately 100 °C). The International Energy
Agency (IEA) [5] produced a report on industrial heat pumps, in-
dicating the markets, level of technological maturity, applications and
barriers of heat pumps. The report highlights that the theoretical po-
tential for application of industrial heat pumps increases significantly
for heat sink temperatures up to and higher than 100 °C. Nellisen and
Wolf [6] investigated the heat demand across different industries in the
European market and indicated that about 626 PJ (174 TWh) of heat is

reachable by industrial heat pumps, of which about 113 PJ (19%) is in
the temperature range 100–150 °C. Recently, Arpagaus et al. [3] pre-
sented a comprehensive review on high-temperature heat pump
(HTHP) systems, concluding that industrial HTHPs can potentially
supply the industrial European demand of 113 PJ.However, the lit-
erature highlights that the development of mass-produced units is
hindered by many factors, such as low awareness of the heat con-
sumption in companies and the possible technical solutions [5,3]; lack
of knowledge of comprehensive heat pump integration methods
[3,5,7]; lack of available refrigerants with low global warming potential
in the high-temperature range [3,8]; lack of cost-efficient solutions and
long payback periods [5,8,9]; and the technical challenges related to
the compressor operation at high temperatures [10].

In this respect, the centrifugal compressor (CC) technology is seen as
an attractive option compared with positive displacement compressors,
since it bears key advantages such as the potential for high efficiency,
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the possibility to operate at high pressure ratios, a compact design, and
oil-free operation [11,12]. The progress of the technology in the last
decades, and, foremost, the introduction of high-speed generators, have
made it possible to apply CCs even to smaller units in the refrigeration
and heat pump fields. Hastbacka et al. [13] claimed that small cen-
trifugal compressors are expected to replace reciprocating and screw
compressors for chilled-water systems in the range 88–281 kW as their
high initial cost is offset by improved energy efficiency. Süß [14] de-
veloped a centrifugal compressor for refrigeration applications with a
nominal power of 7 kW, operating up to 90 krpm and achieving an
overall efficiency of 70% (including the motor). Bertsch et al. [15]
conducted a study on the use of micro turbo-compressors in HTHPs,
concluding that such compressors are a viable alternative to traditional

technology. The working fluid can range from natural to synthetic re-
frigerants, and the compressor can experience considerably different
flow phenomena according to the selected medium. The combination of
high rotational speed, the variety of possible working fluids, and the
compact size often result in highly loaded compressors whose design
requires the adoption of suitable numerical tools and modeling strate-
gies.

The first step in the design of a centrifugal compressor is performed
using one-dimensional preliminary design models. One-dimensional
numerical methods, also called mean-line models, provide the design and
performance estimation of the centrifugal compressor through the so-
lution of the governing equations at the mean streamline and at the
main stations of the compressor components. Compared to more

Nomenclature

Symbols

A cross-sectional area, m2

AR vaned diffuser area ratio, –
AS vaned diffuser aspect ratio, –
b blade width, m
C absolute velocity, m/s
Cf diffuser friction factor, –
COP coefficient of performance, –
CP diffuser pressure recovery coefficient, –
dhb hydraulic diameter, m
Df blade diffusion factor, –
DR degree of reaction, –
m mass flow rate, –
h specific enthalpy, J/kg
ks blade surface roughness, m
K total pressure loss coefficient, –
Lz rotor axial length, m
Lb blade hydraulic length, m
LWR vaned diffuser length over width, –
M Mach number, –
N rotational speed, rpm
o throat, m
p static pressure, Pa
PR pressure ratio, –
Q heat flow rate, W
r radius, m
Re Reynolds number, –
s specific entropy, J/(kgK)
t trailing edge thickness, m
T temperature, K
U peripheral velocity, m/s
Vcomp,in compressor inlet volume flow rate, m3/s
W relative velocity m/s
Z number of blades –

Abbreviation and acronyms

CC Centrifugal Compressor
HP Heat Pump
HTHP High-Temperature Heat Pump
VD Vaned Diffuser

Greek letters

absolute flow angle, °
relative flow angle, °
density, kg/m3

clearance gap, m
w wake fraction at impeller exit, –

compressor isentropic efficiency, –
impeller slip factor, –
flow coefficient, –
secondary flow mass fraction, –
stage loading coefficient, –

Subscripts

0 total, impeller inlet
1 impeller throat static conditions
01 impeller throat total conditions
2 impeller exit static conditions
02 impeller exit total conditions
3 diffuser inlet static conditions
03 diffuser inlet total conditions
4 diffuser throat static conditions
04 diffuser throat total conditions
5 diffuser exit static conditions
05 diffuser exit total conditions
a axial direction
b,bl blade, back face
ch choking
cl clearance
h hub
vs interspace
vd vaned diffuser
tt total-to-total
ts total-to-static
th throat
t trailing edge, tangential direction
sf skin friction
s shroud
rms root-mean-square
rel relative
rc recirculation
r radial direction, rotor
pp pinch point
opt optimal
mix mixing
m meridional direction
lim limit value
is isentropic
ind inducer
Inc. incidence
imp impeller
id ideal
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advanced methods, i.e. through-flow or computational fluid dynamics
(CFD), mean-line models provide the design and performance estima-
tion of the machine in a relatively short time and with low computa-
tional effort. Harley et al. [19] investigated different 1D methods for
the performance prediction of CCs and concluded that the 1D single-
zone method is the most suitable for the preliminary design process,
since it provides the opportunity to analyze and reduce the internal
losses even for modern designs.

At the same time, the validity of preliminary design models for CCs
needs to be assessed to ensure that the accuracy and reliability criteria
required in the design process are met. Table 1 lists the mean-line
models that were developed for CCs and their corresponding validation
methods.

All the models in Table 1 were developed and validated using test
cases for a single working fluid. In particular, only three mean-line
models published in the open literature employed a working fluid
which is used in heat pumps, and these are the models by Schiffmann
and Favrat [11], Vilim [21] and Kus and Nekså [18]. The robustness of
a numerical model in its prediction capability relies not only on its
accuracy for different geometries, but also on its suitability when using
different working fluids. This is especially relevant for heat pump sys-
tems where, in the early design process, different working fluids can be
employed, and the machine geometry and performance need to be
carefully evaluated for each working fluid candidate. However, the
existing literature lacks investigations on the suitability of mean-line
models for the design and performance prediction of centrifugal com-
pressors considering different working fluids. In particular, the existing
loss correlations were derived from a pool of compressor data operating
with air, casting doubt on the suitability when different working fluids
are used.

Moreover, a widely adopted approach in the design of HP cycles is
to decouple the design of the thermodynamic cycle from that of the
compressor. In this case, the heat pump is typically designed by as-
signing a guess value in the isentropic efficiency and volume flow rate
of the compressor. This approach was used in previous studies [32–37]
for the design of different heat pumps and to select the most suitable
working fluid. However, decoupling the design of the thermodynamic
cycle from that of the compressor, may lead to inaccurate estimations of
the cycle performance and complex or unfeasible compressor design
solutions. Moreover, the working fluid represents an additional degree
of freedom in the design process, and can greatly affect both the system
and the compressor designs. In this respect, a combined design of the
thermodynamic cycle and the compressor is particularly important to
ensure that the working fluid selection includes considerations of the
performance and the technical aspects of both the cycle and com-
pressor.

Combined design optimization of the system and a turbomachine
was recently adopted for the design of organic Rankine cycle power

systems. For example, Da Lio et al. [38] proposed the design optimi-
zation of organic Rankine cycle systems using performance maps of
single-stage axial turbines generated with a mean-line model and in-
tegrated into the system design model. White and Saima [39] proposed
a similar approach, in which the performance maps were developed for
radial-inflow turbines and were used to design the organic Rankine
cycle power system. Meroni et al. [40,41] and La Seta et al. [42] pre-
sented a method for the optimization of an organic Rankine cycle
system with single and multi-stage axial turbines. In the field of heat
pump applications, there are few works related to the simultaneous
preliminary design optimization of CCs and the thermodynamic cycle.
Shiffmann and Favrat [11] developed a mean-line model for CCs and
optimized the compressor for different heat pump operating points to
minimize the overall seasonal energy consumption and to maximize the
overall seasonal compressor isentropic efficiency. Schiffmann [12]
proposed designing the centrifugal compressor by integrating the dif-
ferent models of the compressor components. The proposed approach
showed an increase of the seasonal compressor efficiency of more than
12%-points compared to the traditional design methods. Javed et al.
[43] proposed a method to design turbocompressors and heat pump
systems by including different levels of design complexity, from the
preliminary design with a mean-line model to the more advanced 3D
impeller aerodynamic design.

None of the aforementioned works, Refs. [11,12,43], performed the
design of the turbocompressor and the heat pump system including also
the selection of the most suitable working fluid, which is an important
key decision variable in the system design. Instead, the fluid was se-
lected a priori in the design process. Moreover, only Ref. [43] interfaced
a heat pump simulation model with that of a centrifugal compressor. In
this case, the optimization method involved the use of both mean-line
and CFD tools, requiring considerable time and computational efforts
which might not be suitable for the screening of design solutions using
different working fluids at the very early stage of the design process.

The objective of this paper is to develop a method for the combined
design of high-temperature heat pumps and centrifugal compressors
including the selection of the most suitable working fluid. To this end, a
steady-state mean-line model of a centrifugal compressor was devel-
oped for the design and off-design performance prediction of CCs. The
model formulation solves the governing equations with state-of-the-art
equations of state for the estimation of the fluid thermodynamic and
transport properties. Also, the method adopted in this work accounts
for the onset of choking conditions in the compressor. In order to assess
the suitability of the model using different working fluids, some vali-
dation test cases were performed including three working fluids: air, a
synthetic refrigerant (R134a), and CO2. The latter two test cases were
the only ones in the open literature presenting well-documented data of
CCs employing a fluid different from air. The compressor model was
then coupled to that of a HTHP, and the combined model was

Table 1
Review of mean-line models developed for centrifugal compressors in the open literature.

Ref. Year Model validation

Li et al. [16] 2015 Off-Design, air compressor with vaneless and vaned diffusers
Klausner and Gampe [17] 2014 1-D, Off-Design, six air compressors

Kus and Nekså [18] 2013 Design point, CO2 compressor
Harley et al. [19] 2012 1-D, Off-Design, three turbocharger compressors

Casey [20] 2012 0-D, Off-Design, turbocharger compressor
Vilim [21] 2010 Design point, CO2 compressor

Schiffmann and Favrat [11] 2009 Off-design maps, R134a compressor
Veres [22] 2009 Off-design maps, three axial single and multi-stage compressors

Oh et al. [23] 1997 Off-design maps, four air compressors
Aungier [24] 1995 Off-design map, five air compressors with vaned and vaneless diffusers

Perdichizzi and Savini [25] 1985 Off-design map, air compressor with vaned diffuser, off-design
Galvas [26] 1973 Off-design map, air compressor with vaned diffuser, off-design

Rodgers [27–30] 1964 Off-design map, thirteen backswept air impellers with vaned diffuser
Coppage [31] 1956 Aeroderivative air compressor, subsonic and supersonic conditions, off-design maps
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optimized.
The primary novel contributions of this paper are the following: (1)

assessment of the suitability of a mean-line centrifugal compressor
model and its loss correlations to different geometries and working
fluids (air, R134a and CO2); and (2) a method for the combined opti-
mization of a heat pump equipped with centrifugal compressors en-
abling the selection of the most suitable working fluid in the early stage
of the design process.

The results and methods may be used to support engineers and re-
searchers in identifying cost-effective solutions in terms of design and
working fluid selection for the next generation of heat pumps.

The work is structured as follows: in Section 2 the design and off-
design models of the compressor, the test cases and methods used for
validation, and the optimization method are presented. In Section 3 the
results of the compressor model validation and the optimization
method are discussed. In Section 4 the results are presented, and in
Section 5 the conclusions are drawn.

2. Methods

This work employed a steady-state, mean-line model for the per-
formance prediction of CCs at the design and off-design conditions. The
model was written in the MATLAB language [44] and followed a mean-
line approach, based on which the thermodynamic and flow conditions
were computed at the mean streamline in the turbine meridional plane,
and were representative of mass-weighted averaged conditions over the
whole section. The development of the model focused on the modeling
of the compressor impeller, and the vaneless and vaned diffusers. Fig. 1
depicts a schematic of the centrifugal compressor highlighting the main
stations, the terminology and the symbols used in this paper. The
thermodynamic and flow conditions in the main modeling stations were
computed by the simultaneous solution of mass continuity, energy
balance, and loss equations. The fluid properties were computed using
real-gas equations of state using the thermodynamic libraries CoolProp
[45] and REFPROP [46].

A key aspect in the development of the mean-line model was the
identification of the choking point inside the compressor stage. Choking
occurs when the local velocity of the fluid inside the compressor pas-
sages reaches the speed of sound [47]. In a compressor, choking usually
occurs in the blade passages of the impeller or in the vaned diffuser at
the point of minimum flow area [48]. The onset of choking is also in-
fluenced by the rotational speed of the impeller, since this will de-
termine the value of the local relative velocity in the rotating co-
ordinate system. When the compressor chokes, the mass flow rate
cannot further increase and the performance drops abruptly,

compromising the effective operational range of the machine. For any
given operating condition, the method described here aims to identify
the choking point by evaluating the possibility of choking conditions in
the impeller inlet, the impeller outlet, or in the vaned diffuser.

2.1. Design model

Fig. 2(a) shows the workflow of the preliminary design model. The
inputs to the compressor model are the inlet total temperature T01, the
inlet total pressure p01, the rotational speed N, the mass flow rate m,
and the stage total-to-static pressure ratio PRts. In addition, a set of
decision variables related to the compressor geometry and fluid dy-
namic conditions needs to be given as an input. Table 2 shows the
design variables and the optimization constraints used in this work. The
upper and lower boundaries are imposed to find solutions which are
manufacturable, physically meaningful and technically feasible. An
upper bound in the tip speed is also imposed to limit the mechanical
stresses on the blades. The optimization constraints were selected from
the open literature according to Refs. [11,25]. The modeling strategy of
Fig. 2(a) applies to a predefined set of decision variables, and a dedi-
cated optimization procedure needs to be applied to determine the set
of decision variables producing an optimal compressor design, see
Section 2.5. Not all the design variables need to be specified in the
design code, and some of them may be fixed by the requirements of the
specific application. The number of impeller blades, with or without
splitters, can be included in the design and off-design modeling strategy
either as an additional decision or input variable. In the design model
the number of blades was calculated as a function of the total-to-total
stage pressure ratio using an empirical correlation derived from a pool
of compressor data of Ref. [49]:

Z 12.03 2.544PR (without splitters)r tt= + (1)

Z e4.527 32.22 (with splitters)r
1.865/PRtt= + (2)

where Zr is the number of impeller blades, rounded to the closest in-
teger value, and PRtt the stage total-to-total pressure ratio. Eqs. (1) and
(2) are valid for values of a design pressure ratio in the range 1.0–5.0
and 1.8–8.0, respectively.

The implementation of the design model follows the approaches by
Japikse and Baines [50] and Whitfield and Baines [51].

For a given set of input and decision variables, the first step in the
design modeling strategy is to identify whether the compressor stage is
choked (Step 0). If the compressor stage is choked, the decision vari-
ables need to be changed to allow for a higher mass flow rate through
the machine. Mass and energy balances, and the isentropic process
formulation in the inducer throat section are expressed as

Fig. 1. Schematic of the centrifugal compressor geometry.
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W m A/( )1 1 th,1= (3)

h h W U1
2

1
21 01 1

2
1,rms
2= + (4)

s s 001 1 = (5)

where A W U, , ,1 th,1 1 1,rms, and h1 are the density, cross-sectional flow
area, relative velocity, root-mean-square average peripheral speed, and
static specific enthalpy at the inducer throat section, respectively. The
term h01 denotes the total specific enthalpy, and s01 and s1 are the total
and static specific entropies, respectively. Eq. (5) assumes an isentropic
process from the inducer inlet to the throat. For given inducer inlet
conditions and geometry, the solution strategy adopted above allows
expressing s01-s1 as a residual function of 1 and m, as illustrated in
Fig. 3. For a given value of mass flow rate, the residual function shows a
non-monotonic behavior with a maximum. The condition at which the
peak of this function crosses the abscissa was identified as the choking
condition. For small values of m, when the maximum is above the
density axis, there are two values of 1 which satisfy Eq. (5). The larger
value represents subsonic flow conditions, whereas the smaller value
corresponds to supersonic flow conditions. By increasing the mass flow

rate, the peak of the curve moves downwards, and eventually crosses
the abscissa. Accordingly, choking occurs when the subsonic and su-
personic solutions coincide, and the Mach number at the throat is unity.
Fig. 3 shows that there is no solution to the system of equations for
values of mass flow rate higher than that of the choking condition. In
this case, the design process ends and a different set of design variables
needs to be provided to comply with the required input conditions. If
choking does not occur, the modeling strategy proceeds by evaluating
whether choking may be present at the exducer section (step 1).

To this end, the equations for mass continuity, momentum and the
losses at the exducer Section 2 are expressed as

C m A/( )m2 2 2= (6)

h h C U C Ut02 01 2t 2 1 1,rms= + (7)

h h h p s, 0
n

n

1
loss,imp 02 02 01

nloss
+ =

= (8)

where hloss,imp is one of the n impeller losses, which is modeled using
the empirical correlations presented in Section 2.3. To solve Eq. (7), an

Fig. 2. Modeling strategy for centrifugal compressors: (a) preliminary design model; (b) analysis model.
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expression for the tangential component of the rotor exit absolute ve-
locity, C t2 , was derived using the component in the meridional direc-
tion, C m2 , and the slip factor , which provides a measure of the flow
deviation at the impeller exit. Based on the slip factor, a slip velocity
can be computed, and the absolute and tangential velocities at the
impeller exit are the following:

C U C tan( )t m2 2 2 2b= (9)

C C Cm t2 2
2

2
2= + (10)

h h C1
22 02 2

2= (11)

The left side of Eq. (8) can be plotted as a function of the mass flow
rate and the impeller exit density, obtaining a trend similar to that of
Fig. 3. Subsequently, the impeller exit is evaluated for whether or not it
is choked, which results in a termination of the design process. If the
impeller is not choked, Eqs. (6)–(8) are solved to determine the ther-
modynamic and flow conditions at the impeller exit section (Step 2). If
the stage has only the impeller, the design process ends, and the model
performs the post-processing operations necessary to compute the
performance and the final design of the machine.

In the presence of a vaneless diffuser, the total pressure loss coef-
ficient K and the ideal pressure coefficients were computed based on the
specified stage exit total pressure p03 and pressure coefficient CP as
follows:

K
p p
p p

02 06

02 2
=

(12)

p p p pCP( )3 2 02 2= + (13)

KCP CPid = + (14)

The vaneless diffuser exit state was then determined by solving the
following set of equations for the exit density 3 [50]:

Table 2
Design variables and optimization constraints of the compressor design model.

Decision variable Description Units Lower boundary Upper boundary

h U/is 0,is 2
2= Isentropic stage loading coefficient [–] 0.3 1.1

N Rotational speed [krpm] 1 210
r r/1s 2 Inlet shroud to tip radius ratio [–] 0.4 0.7

r r/1h 1s Inlet hub to shroud radius ratio [–] 0.25 0.7
b r/2 2 Exit blade width over radius [–] 0.02 0.8

2b Impeller exit blade angle [°] −45 0

1b Impeller inlet average blade angle [°] −70 −20

Optional decision variables
Zr Number of total impeller blades [–] 6 60

Additional constraints
M1s,rel Relative Mach number at impeller inlet shroud [–] 0 1.4
M1,rel Relative Mach number at impeller inlet [–] 0 0.9

W W/2 1s Ratio of exit to inlet shroud relative velocities [–] 0.25 –
2 Impeller exit absolute flow angle [°] – 85

o1 Impeller inlet throat [mm] 1.49 50
DR Stage degree of reaction [–] −0.1 0.9
U2 Impeller exit peripheral speed [m/s] 0 400

r r/3 2 Vaneless diffuser radius ratio [–] 1.05 2

Fixed values (if not specified)
tb Blade thickness [mm] 0.2

Impeller clearance [mm] 0.15
b Impeller back face clearance [mm] 1

ks Impeller surface roughness [mm] 0.002
b b/3 2 Diffuser width ratio [–] 1
CP Diffuser pressure coefficient [–] 0.44

Table 3
Modeling conditions of the high-temperature heat pump cycle.

Parameter Value Unit

Evaporator
Teva 100 °C
peva psat(Teva) Pa

Condenser
Tsupply 150 °C

Tpp 3 °C
pcond psat(Tsupply + Tpp) Pa

Subcooling (closed-loop only)
Tsc 5 °C

Fig. 3. Identification of the choking point for a blade row.
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h h p( , )3 3 3= (15)

C h h2( )3 02 3= (16)

m C A cos( )(1 CP ) 03 3 2 2 id
0.5 = (17)

A feature of the vaneless diffuser is that it has no throat section and,
therefore, it cannot be choked [48]. If a vaned diffuser (VD) is present
(Step 4), the model needs to evaluate whether choking may occur in its
throat section according to the method followed so far. The vaned
diffuser throat equations are expressed as

C m A/( )4 4 th,4= (18)

h h C1
24 03 4

2= (19)

s s 003 4 = (20)

If the vaned diffuser is not choked, the governing equations are
solved as follows (Step 5):

C m A/( cos )5 5 5 5= (21)

h h C1
25 03 5

2= (22)

h h h p s, 0
n

n

1
loss,vd 03 5 3

loss
+ =

= (23)

In the design mode, the pressure at the exit, p5, was specified by the

required stage pressure ratio, and the flow angle 5 was determined to
match p5. In the off-design mode, the vaned diffuser exit pressure was
unknown. In this case, the exit flow angle was approximated with the
vane exit angle assuming a negligible exit flow deviation [50]. Eq. (20)
was expressed as a function of the impeller exit density 5, showing a
trend similar to that in Fig. 3. Similarly to the impeller modeling, if the
VD was already choked, the design routine ended. Alternatively, the VD
equations were solved, and the compressor design was completed by
the post-processing of the data.

2.2. Off-design model

Fig. 2(b) shows the off-design modeling strategy. In this case an
existing compressor design, or one calculated as in Fig. 2(a), was pro-
vided as the input and compressor performance maps were generated as
the output. The model inputs were the same as the design model, except
that the full turbine geometry is given as well. The mass flow ratem was
provided as an input for the generation of the performance maps. The
workflow of Fig. 2(b) applies to a single speed line, and an iterative
process was implemented to generate the performance map for different
values of the compressor rotational speed.

The off-design modeling strategy started by evaluating whether, for
the given input conditions, the inducer or the exducer was the first to
choke (Step 0). The set of Eqs. (3)–(5) were used for the inducer throat.
In step 0, the inducer choking mass flow rate is found by determining
the zero of the locus of maxima of the left side function in Eq. (5).

Table 4
Loss correlations.

Loss mechanism Loss model Reference

Impeller incidence
h W sininc

1
2 1

2 2
1,opt 1=

Galvas [26]

A Atan [( / )tan ]1,opt
1 1 th,1 1b=

Impeller friction h C W4 L
dsf fi

b
hb

2= Galvas [26]

W max W W W W( )/2) , ( )/21
2

2
2

th,1
2 2

2= + +
Aungier [24]

L r r b L2r 2b 8 2 1s 1h 2 z
2

(cos 1s cos 1h) / 2 cos 2b
+ + + +

Jansen [70]

d Z r
b

r r
Z

r r
r r

hb
2r2

r
cos 2b

2 2
2

2r1s
2

1 1h / 1s
2 r

(1 1h / 1s)
1 tan2 1bs 1

( 1h / 1s)2

2

= +
+

+
+

+ +

Galvas [26]

Impeller blade loading h D U0.05 fbl 2 2
2= Coppage [31]

( )D C1 1 2f
W
W

h
U

W
W

Z r
r

r
r

2
1 df

0
2
2

2
1s

r 1s
2

1s
2

1
= + +

Impeller clearance
h C C C0.6 b t b Z

r r
r r tcl 2 2

4
2 r

1s2 1h
2

( 2 1s)(1 2 / 1) 2 1m= +

Jansen [70]

( )/2a r= +
Impeller mixing ( )h Cb

mix
1

1 tan2( 2)
1 w

1 w

2 1
2 2

2=
+

Johnston and Dean [71]

0.93 0.07w
2

w= + where b 1, 0.15= = Japikse [48]
Impeller disc friction

h 0.25 iU r K
mdf
2
3

2
2 f= where ( )/2i 1 2= +

Daily and Nece [72]

if Re 3·10U r
µ2

2 2 2
2

5= < K 3.7 b
Ref

( b / 2)0.1

2
0.5=

if Re 3·10U r
µ2

2 2 2
2

5= > K 0.102 b
Ref

( b / 2)0.1

2
0.2=

Impeller recirculationa
h D U8·10 sinh 3.5· frc 5

2
3 2 2

2=
Oh et al. [23]

Vaned diffuser incidence
h W0.6sininc,rot 2

4 4,opt
1
2 4

2=
Conrad [73]

Vaned diffuser friction h C C2
L

dvd,sf f,vd m,vd
2 b,vd

hb,vd
= Conrad [73]

L dr r o b
o b

o b
o bb,vd

5 3

cos 3b 5b
2

hb,vd
4 4

4 4
5 5

5 5
= = ++ + +

a The flow angle is expressed in radians.
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Afterwards, the algorithm evaluates whether the exducer is already
choked for the inducer choking mass flow rate by identifying the lo-
cation of the peak of the residual loss function in Eq. (8). Like in the
design strategy, the off-design method evaluates whether the exducer
choking mass flow rate is smaller than the inducer choking mass flow
rate, and follows two different paths according to the result. If the ex-
ducer chokes first, the exducer choking mass flow rate is found by
solving Eqs. (3)–(5) and finding the zero of the locus of maxima in Eq.
(8). After determining the choking mass flow rate, performance maps
are computed by changing the mass flow rate until obtaining the
choking value (step 3).

A one-dimensional model has been implemented to solve the gov-
erning equations from the inlet to the outlet of the radial vaneless space
(Step 3). Stanitz [52] presented a set of one-dimensional equations for
the adiabatic flow in a vaneless radial diffuser including the effect of
friction. The equations for radial and tangential momentum, mass
continuity and energy balance can be derived from a fundamental
control volume analysis applied to the vaneless diffuser or by rearran-
ging and simplifying the Navier–Stokes equations [50,51]. They are
formulated as

C dC
dr

C
r

C C
b

dp
dr

cos( ) 1 0m
m t

f

2 2
+ + =

(24)

C dC
dr

C C
r

C C
b

sin( ) 0m
t m t

f
2

+ + = (25)

d
dr C

dC
dr b

db
dr r

1 1 1 1 0
m

m+ + + =
(26)

h h C1
2

002
2 = (27)

where b is the vaneless space width, provided at every point by linear
interpolation between the inlet and outlet values, and Cf is the friction
factor which was estimated using the correlation proposed by Japikse
[53] C Rek(1.8·10 / )f

5 0.2= . The parameter k is an empirical constant
which equals values between 0.005 and 0.02. In this work, the best
match with the experimental data was found for the value 0.0050. The
system of Eqs. (24)–(27) was solved using MATLAB ODE15i solver [44]
using the initial values of C C, ,m t and p at the impeller exit.

In the presence of a vaned diffuser, which may choke before the
impeller, Steps 2a and 1b were added, evaluating whether the diffuser
was choked. In that case, the choking mass flow rate was determined by
solving for the zero of the locus of maxima in the set of Eqs. (21)–(23).

The volute, placed after the diffuser, was also included in the off-
design modeling. The flow in the volute is treated as incompressible
following the indications by Japikse and Baines [50]. Mass and energy
balances, and the equations for losses accounting for the entropy gen-
eration between the volute inlet and outlet, are solved as follows:

4 3= (28)

C m A/( )4 4 4= (29)

h h C1
24 03 4

2= (30)

h h k C04 04,s v 3
2= (31)

where kv is an empirical coefficient set to 0.5.

2.3. Empirical models for losses and flow deviation

Several empirical correlations for losses and flow deviation in a
centrifugal compressor exist, see Refs. [23,48,51,54,55]. Table 4 shows
a summary of the set of loss models used in this work. These correla-
tions were selected as they were well described in the original refer-
ences and provided the best match with the data of the test cases.

To close the set of Eqs. (6)–(8), employed to solve the impeller exit

state, an expression for the slip factor has to be provided. This work
used the model by Wiesner [56] for the estimation of the slip factor.
This model was further improved by Aungier who introduced a limit for
high impeller radius ratios, accounting also for splitter blades as fol-
lows:

Z
1

cos 2b

r
0.7=

(32)

Eq. (32) is valid up to the limiting radius ratio given by

r r( / )
11 2 lim = (33)

sin(19 0.2(90 ))2b= ° + (34)

When the actual impeller radius ratio r r/1 2 exceeds the limiting value
r r( / )1 2 lim, a corrected slip factor is computed as follows:

r r r r1 ( / ) ( / )
1cor

1 2 1 2 lim

lim

(90 )/102b
=

(35)

2.4. Validation

The CC model was validated against five well-documented test cases
available in the open literature. Moreover, the test cases encompass a
range of different applications and employ three different working
fluids: air, R134a, and CO2. Table 5 lists the input data used to validate
the mean-line model for the different test cases. In the analysis mode,
the model was validated by assigning the actual geometry and com-
paring the performance for each test case. In the design mode, the
design point specifications and the full impeller geometry were as-
signed, and the diffuser geometry was calculated to match the required
stage pressure ratio.

2.4.1. Air compressors
The first three compressor test cases use air, and their experimental

results are considered to be one of the most comprehensive experi-
mental data sets for centrifugal compressors [57]. The three centrifugal
compressors were extensively investigated in the past, and were named
Eckardt compressors as they were tested by Dr. Dietrich Eckardt in the
1970s. The experimental investigations of Eckardt were published in a
series of papers [58–60] and were performed using laser two-focus
velocimetry, high-frequency pressure transducers, and conventional
pneumatic probes.

The accuracy of the experimental data amounts to ±1% for the mass
flow rate, ±3 rpm in rotational speed, ±0.07 °C in temperature for the
baseline or ±0.2 °C with recovery factor error, ±2% on impeller exit or
diffuser inlet area, ±0.25% in nominal pressure or ±0.5% for r r/ 1.12 <
and angles to ±0.25° nominal or ±0.5° for r r/ 1.12 < . These values were
considered to be meeting or exceeding common research standards at
that time [57].

2.4.2. R134a compressor
The fourth test case was a centrifugal compressor which was de-

signed for domestic heat pump applications, and employed the re-
frigerant R134a. Due to the considered application, the use of a re-
frigerant, and the compressor size and type, this test case is particularly
relevant to assess the suitability of the mean-line model using a re-
frigerant working fluid.

The compressor was recently designed and tested by Schiffmann
and Favrat [11,61–63]. Table 5 lists the geometrical and modeling
details. The compressor could be tested at high rotational speeds and
employed gas lubricated bearings, allowing for oil-free operation. The
measurements were performed using different probes with an accuracy
of ±0.2 K in the temperature, ±0.002MPa in the pressure, ±0.5% in the
mass flow rate, and ±0.1% in the electric power [11]. The tests showed
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that the compressor could achieve values of pressure ratio up to 3.3,
power up to 1.8 kW, rotational speed up to 210 krpm, and internal
isentropic efficiency up to 79%. No details of internal flow measure-
ments were reported.

The experimental results proved the technical feasibility of a small-
scale, oil-free and direct driven turbocompressor for domestic heat
pump applications.

2.4.3. CO2 compressor
The fifth test case is a centrifugal compressor operating with su-

percritical CO2 and was tested by Wright et al. [64] at Sandia National
Laboratories (SNL) under the framework of the development of ad-
vanced Brayton cycles using supercritical working fluids.

This test case is particularly relevant since the working fluid is used
in the refrigeration field and there is the presence of highly challenging
numerical modeling conditions close to the critical point, where the
fluid properties exhibit large deviations from the ideal gas laws as well

as large variations. The compressor stage consists of an impeller and a
vaned diffuser. The rotor consists of six main blades and six splitter
blades, whereas the diffuser consists of 17 wedge-shaped vanes. Table 5
shows the geometrical and modeling details. The compressor uses gas
foil bearings, a high-speed permanent magnet motor/alternator and
labyrinth gas seals to reduce the rotor cavity pressure. A small-scale
loop was designed and the compressor was tested up to a rotational
speed of 65 krpm, a pressure ratio of 1.65 and a mass flow rate of
1.8 kg/s. Wright et al. [64] documented values of accuracy for the ex-
perimental temperature probes of approximately 0.2 K for resistance
thermometry devices, and 0.1 K for thermocouples. The test results
obtained by Wright et al. [64] demonstrated the possibility of stable,
controllable operation near the critical point.

In the validation, the results from the mean-line model are also
compared to numerical simulations carried out to validate a CFD code
documented in Pecnik et al. [65] for the impeller only and in Rinaldi
et al. [66] for the impeller and vaned diffuser. The CFD code is

Table 5
Data of the experimental centrifugal compressors.

Eckardt Impeller

O A B Schiffmann and Favrat Sandia
Ref. Units [57–59,74] [57–59,74] [57–59,74] [11,61,63,75,76] [21,64–66,77]

Input conditions
Fluid – Air Air Air R134a CO2

T01 K 288.15 288.15 288.15 265 305.97
p01 bar 1.01 1.01 1.01 1.65 76.9
N krpm 14–16 14–16 14–16 150–210 45–55

Impeller
r1s m 0.14 0.14 0.14 0.0056 0.0094
r1h m 0.045 0.06 0.0959 0.002 0.00254
r2 m 0.2 0.2 0.2 0.01 0.01868
b2 m 0.026 0.026 0.026 0.0012 0.00171
Lz m 0.13 0.13 0.13 0.007693 0.1137

Zr,full – 20 20 20 9 6
Zr,splitter – 0 0 0 9 6
LRsplitter – 0 0 0 0.5 0.7

1bs ° −63 −63 −60 −56 −50

1bh ° −32 −40 −45 −30.23 −40

2b ° 0 −30 −40 −45 −50
a mm 0.372 0.235 0.372 0.15 0.254
r mm 0.372 0.19 0.372 0.15 0.254
b mm 0.372 0.235 0.372 1 0.254

ks mm 0.002 0.002 0.002 0.01 0.01
tb1 mm 2.11 2.11 2.11 0.1 0.762
tb2 mm 1.08 1.08 1.08 0.1 0.762

Vaneless Diffuser
r3/r2 – 1.69 2.69 3.69 1.65 1.02
b3/b2 – 0.51 0.51 0.51 0.75 1

Vaned Diffuser
AR – – – – – 2.81
AS – – – – – 0.55
LWR – – – – – 3.41
Zvd – – – – – 17

3b ° – – – – 71.5
5b ° – – – – 71.5

tb3 m – – – – 0
tb5 m – – – – 0.00335

b b/5 2 – – – – – 1
r r/5 2 – – – – – 1.37

Inducer
r0 m – – – 0.01 –

Lind m – —- – 0.02 –
ks,ind mm – – – 0.1 –

Volute
r4 m – – – 0.0045 –
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representative of the current state-of-the-art for numerical modeling of
centrifugal compressors operating with CO2, and therefore the CFD
results were used as an additional benchmark for the validation of the
mean-line model.

2.5. Case study and cycle modeling

The method used to design a HTHP equipped with a centrifugal
compressor, was applied to the design of a high-temperature cycle of a
cascade heat pump for steam generation. The heat pump was designed
to supply industrial process steam at 150 °C, while utilizing heat sup-
plied at 100 °C. The bottom cycle, not included in the present analysis,
utilizes low-temperature heat sources such as excess heat or district
heating while providing constant operating conditions to the top cycle.

Fig. 4 depicts two investigated cycle layouts of the heat pump
system. Layout (a) is an open-loop cycle in which the working fluid is
the process steam itself. The steam is returned from the process as
condensate, before being directly evaporated and compressed. The
compression is realized in two stages, due to the comparatively high-
pressure ratio (above 5) for steam. An intercooler is included before the
second-stage compressor inlet to realize a more efficient compression
[67]. Layout (b) is a closed-loop, in which the working fluid is sepa-
rated from the steam. The heat pump cycle is a one-stage cycle with an
internal heat exchanger that preheats and evaporates the condensate
before supplying the steam to the process.

Fig. 4(a) shows also the use of an electric superheater before the first
compressor stage, which was adopted as a safety measure to avoid the
possible presence of two-phase conditions at the compressor inlet and
outlet. In the open-loop cycle, the optimal pressure ratio of the two
compressor stages was calculated as the geometric mean of the overall
compression ratio. As opposed to the closed-loop cycle, the open-loop
cycle can employ direct contact heat exchangers rather than surface
heat exchangers, since the working fluid is the same as the steam
supply.

Table 3 lists the modeling conditions of the thermodynamic cycle.
The evaporation temperature of the heat pump (HP) cycle was 100 °C,
and the cycle supplied heat at a temperature of 150 °C. A number of
different working fluids were selected according to the following cri-
teria: (i) subcritical cycle operation, (ii) no ozone depletion potential,
(iii) low global warming potential (< 150), (iv) availability of the
thermodynamic and transport properties in CoolProp [45] and/or RE-
FPROP [46]. The selected working fluids were pentane, isopentane,
cyclopentane, R1233zd(E), and MM. The latter is representative for
siloxanes, which are considered to be possible working fluid candidates
for future HTHP applications [68].

The compressor inlet temperature was determined by imposing a
degree of superheat, which was calculated as the minimum temperature
difference to avoid two-phase conditions at the compressor outlet.

Fig. 4. Layout of the HP cycle for steam generation using: (a) an open-loop with steam and (b) a closed-loop with other working fluids.

Fig. 5. Method for the combined multi-objective optimization of the heat pump
cycle and the centrifugal compressor.
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2.6. Design optimization method

The design model of the centrifugal compressor was coupled to that
of a heat pump. Fig. 5 shows the framework of the combined simulation
and optimization. First, the heat pump cycle boundary conditions were
set as indicated in Table 2. An initial guess value of 0.8 for the com-
pressor isentropic efficiency was assumed. The heat pump cycle and the
compressor models were then combined (inner red marked area) and
subsequently optimized (outer yellow area). The array X indicates the
seven decision variables of the optimization. The mass flow rate of the

compressor was used as a decision variable and was optimized together
with the other decision variables to maximize the cycle coefficient of
performance (COP) and the compressor inlet volume flow rate as fol-
lows:

V[max(COP), max( )] f(X)comp,in = (36)

m N r
r

r
r

b
r

X , , , , , ,1s

2

1h

1s

2

2
2b 1b=

(37)

Eqs. (36) and (37) show the mathematical relation between the

Fig. 6. Comparison between the measured ( ) and predicted (–) pressure ratio and isentropic efficiency for different Eckardt impellers [58–60]: (a,b) impeller O;
(c,d) impeller A; (e,f) impeller B.
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cycle and the compressor models, which are interfaced through the
mass flow rate and the compressor isentropic efficiency. The com-
pressor inlet temperature and pressure, and the outlet pressure were
governed by the thermodynamic cycle. Since the thermodynamic state
at the compressor inlet is fixed by the cycle specifications, the max-
imization of the compressor inlet volume flow rate, Vcomp,in, also cor-
responds to maximize the supplied heat flow rate.

The decision variables of Eq. (37) were varied by the optimizer
within the boundaries listed in Table 2 until achieving a technically
feasible and manufacturable design. The compressor impeller outlet
diameter was fixed to the value of 110mm, which corresponds to that
of the technology presented in Ref. [69] that focuses on similar heat
pump applications. Fixing the compressor tip diameter allows com-
paring different solutions based on the same size, and makes it possible
to compare with the state-of-the-art steam compressor of Ref. [69].
Since the compressor outlet diameter was fixed, the isentropic stage
loading coefficient h U/0,is 2

2= was readily calculated at the begin-
ning of the routine and, therefore, was not optimized. The optimal
number of blades was calculated using Eq. (1).

In the case of steam, where a two-stage compressor was required
(see Section 2.5), the second stage was optimized assuming to be
mounted on the same shaft as the first one, and the mass flow rate was
calculated by mass and energy balances at the intercooler. As a result, a
total of 12 decision variables was optimized in this case.

A multi-objective optimization was performed in MATLAB [44] and
was based on a genetic algorithm using a population of 500 individuals
and 200 generations. In the optimization of the two-stage steam com-
pressor, a population of 1000 individuals was used instead due to the
higher number of decision variables.

3. Results

3.1. Validation

Fig. 6 shows the comparison between the measured and predicted
pressure ratio and isentropic efficiency for the three Eckardt impellers
[58–60].

The discrepancy in pressure ratio for impeller O is within 1.4%. The
model underestimates the actual pressure ratio of impeller A by up to
6%. In the case of impeller B, the highest discrepancy is seen at 16 krpm
and for both low and high mass flow rates, where the model has a
deviation of up to 7%. The prediction of the isentropic efficiency also
follows the trends of the experimental measurements. The prediction
for impeller A shows high accuracy, although the model does not re-
produce the trend of the different speed lines perfectly. The maximum
discrepancy is about 2%-points. The efficiency predicted by impeller A
is close to that of the actual case and, like for the pressure ratio, the
efficiency results are underpredicted by up to 2%-points at the best
efficiency point, whereas the discrepancy is up to 6.7%-points at higher
values of mass flow rate. A similar trend is observed for impeller B;
however, in this case, the model predicts the peak of the efficiency
curves to be at 10% to 19% lower mass flow rate than the experimental
peak value. Overall, the trend of the speed lines for both the pressure
ratio and the efficiency with the mass flow rate is respected in all cases,
indicating that the present model can predict the compressor behavior
with consistency.

Fig. 7 shows the comparison between the measured and the pre-
dicted pressure ratio for the compressor operated with R134a. In gen-
eral, the agreement between the experimental data and the present
model is relatively good considering the challenges related to modelling
accurately mini and micro-scale turbomachinery (the maximum shaft
power of the compressor is about 1.5 kW). The highest discrepancy was
found at the lowest and highest values of the rotational speed, and close
to the choking point where deviations in the pressure ratio up to 7%
were found. Nevertheless, the model seems to capture the trend of the
experimental results well. A higher deviation is found in the prediction

of the compressor isentropic efficiency, see Fig. 7(b). The highest de-
viation is found close to the onset of surge and of choking, indicating
that the presence of inlet recirculation flows close to surge is the main
cause for the discrepancy between numerical and experimental data. In
Fig. 7(b), the error bars related to the efficiency computed from the
measurements of temperature and pressure are added as a reference.
The error bars were extrapolated from Refs. [11,76], where they were
calculated using the error propagation approximated by a first-order
Taylor series. The experimental uncertainty in the compressor isen-
tropic efficiency was only available for this validation test case. For
some speed lines, the model prediction is within the error band of the
experimental data, and in other cases, the deviation is up to 8%-points.
Similar results were obtained by Schiffmann [76] and Schiffmann and
Favrat [11], who showed deviations up to 8%-points using their 1D
model validated with the same test case.

Fig. 8 shows the validation with the Sandia [21,64–66,77] com-
pressor both for the 1D model and CFD calculations. The mean-line
model generally shows good agreement with the experimental trends,
with a maximum deviation of 15% in the enthalpy rise and 3.5%-points
in the efficiency. However, a higher deviation up to 17% in the en-
thalpy rise is observed at 55 krpm as well as a shift of the peak effi-
ciency from a flow coefficient of 0.03 to 0.04, corresponding to a 25%
deviation. The CFD results also show a shift towards lower flow coef-
ficients, especially at the low values of rotational speed, of about 25%
compared to the experimental data. Rinaldi et al. [66] argued that such
results are in a reasonable range of accuracy considering the challenges
of CFD modeling close to the critical point of CO2.

Table 6 shows the results of the validation of the design model. The

Fig. 7. Comparison between the measured and predicted results for the com-
pressor operated with R134a and studied by Schiffmann and Favrat [11,76]: (a)
pressure ratio and (b) isentropic efficiency.
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average deviation of the isentropic efficiency is within 5% for the
Eckardt impellers, while it goes up to approximately 7% for the test
case using R134a. Regarding the geometry, the diffuser radius ratio was
found to be higher in the test cases of the Eckardt [57–59,74] impellers
A and B and of the R134a compressor, the latter showing the largest
increase from 1.65 to 2.23, indicating that higher losses are predicted
for these cases. These results are in agreement with those found for the
off-design validation and further confirm that the model is suitable for
the preliminary design of centrifugal compressors using different
working fluids.

3.2. Compressor design optimization

Fig. 9 shows the Pareto fronts of the optimal solutions after the
multi-objective optimization for the different working fluids and in
terms of COP and supply heat flow rate. The point corresponding to an
equal weight of both the objective functions is selected as the best so-
lution in the Pareto front and is indicated with the red dot. The shape of

the Pareto fronts is for some fluids rather pronounced. This character-
istic stems mainly from the values of the mass flow rate, which for each
point in the Pareto front results as a trade-off regarding cycle perfor-
mances and the minimum mass flow rate required to avoid choking in
the compressor impeller.

In terms of cycle performance, the Pareto front for steam achieves
the highest value of COP and supply heat flow rate, respectively, 5.46
and 1.73MW at the best point. The fluid cyclopentane has the second
highest value of COP of 4.74, but delivers 1.22MW, corresponding to a
30% lower supply heat flow rate. The working fluid MM has a lower
value of COP, around 4.54, but also supplies the lowest value of heat
flow rate with approximately 0.24MW. The fluids n-pentane and iso-
pentane exhibit lower values of cycle COP, but values of heat flow rate
higher than cyclopentane and about 19% and 6% less than steam, re-
spectively. Finally, R1233zd(E) shows the lowest value of COP and a
57% lower supply heat flow rate of steam, respectively, 3.86 and
742.6 kW.

Fig. 9(b) shows the Pareto fronts regarding compressor total-to-

Fig. 8. Comparison between the measured and the predicted enthalpy rise and isentropic total-to-static efficiencyas a function of the flow coefficient m/( U d )01 2 2
2=

for the Sandia compressor impeller with vaned diffuser. Experimental data from Ref. [64] and state-of-the-art CFD data from Ref. [66].

Table 6
Validation of the design model.

Eckardt compressors

Impeller O Impeller A Impeller B Schiffmann Sandia
Refs. [57–59,74] [57–59,74] [57–59,74] [11,61,63,75,76] [21,64–66,77]

No 1 2 3 4 5
PRtt [–] 2 1.81 1.67 2.35 1.26

m [kg/s] 5.32 4.54 4.54 0.039 2.15
N [krpm] 14 14 14 180 50

is 0.78 0.62 0.53 0.5 0.41
Diffuser radius ratio (model) 1.69 1.80 1.88 2.23 1.37
Diffuser radius ratio (actual) 1.69 1.69 1.69 1.65 1.3697

model 0.885 0.869 0.843 0.744 0.717

exp 0.886 0.876 0.875 0.800 0.673
Deviation −0.03% −0.84% −3.70% −7.03% 6.52%
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static efficiency and inlet volume flow rate. In this case, the steam
compressor can accept the highest inlet volume flow rate, approxi-
mately 1.07m /s3 , but at the expense of the lowest values of total-to-
static isentropic efficiency in the two stages, about 0.69 and 0.68 in the
first and the second stage, respectively. The opposite trend is seen for
the other fluids which feature a higher value of compressor isentropic
efficiency and a lower value of inlet volume flow rate.

Table 7 lists the results of the design optimization, and Fig. 10
shows the meridional cut layout of the obtained compressors. The op-
timal value of mass flow rate varies significantly among the different
fluids: the highest value of 7.85 kg/s is found for R1233zd(E) and the
lowest value for steam with 0.64 kg/s in the first stage. The optimal
rotational speed is also very different and ranges from approximately
28.8 krpm for R1233zd(E) to 85 krpm for steam. Considering the fixed
impeller diameter of 110mm, such values of rotational speed result in
acceptable values of impeller tip peripheral speed, which are well
below the limit value of 500m/s. However, values close to this limit are
found for the two-stage steam compressor and stem directly from the
high value of rotational speed.

The seven compressors have a significant backsweep, above 40° for
all fluids except for the steam compressor, where the exit blades tend to
be of the radial type. The optimal solutions were found at the upper
limit of r1s/r2 for all hydrocarbons and the first stage with steam. All
compressor stages, except for those with R1233zd(E) and the second
stage with steam, feature a high fluid dynamic loading and high values
of relative Mach number at the inlet, M1s,rel, which exceed unity at the
shroud.

The throat dimensions of all geometries are between 4.1 mm and
7.4mm, enabling that they can be manufactured using a conventional
five-axis milling machine. All of the designs feature a similar number of
blades, between 18 and 22, for the same tip diameter. This suggests that
they will have similar costs.

Finally, the fluid R1233zd(E) resulted in the highest values of total-
to-total and total-to-static efficiency of approximately 0.91 and 0.79,
respectively. These values are about 10%-points higher than those of
steam. Despite the large differences in the isentropic efficiency, steam
still holds the highest value of COP due to advantages in the cycle
layout.

4. Discussion

The validation with the five test cases suggests that the model can
predict the performance of different compressor types with reasonable
accuracy under different thermodynamic conditions and applications,
from the ideal gas flows of industrial air compressors to real-gas and
dense flow conditions in refrigeration or CO2 applications.

The results of the optimization with the heat pump cycle suggest
that the open-loop using steam yields the highest performance in terms
of COP andVcomp in, , and it is therefore the preferred choice among all the
considered working fluids for the HTHP. Finally, the results of the
combination of cycle and compressor models suggest that, in the case of
mechanical design issues of steam compressors or if a single-stage
compressor is preferred to reduce the investment cost, a closed-loop
HTHP with cyclopentane gives the second best option, although at the
expense of a lower COP and supplied heat flow rate. In this case, a
lower optimal rotational speed of 48 krpm is employed, thereby redu-
cing the mechanical stresses on the impeller blades and yielding higher
values of compressor isentropic efficiency.

Previous works [32–37] focused on the working fluid selection for
heat pump applications by assuming a fixed value of isentropic effi-
ciency. The thermodynamic cycle performance was analyzed in terms
of COP and of the volumetric heating capacity. The latter was used as
an indication of the volume flow rate at compressor inlet, and thereby
the size of the compressor, for the same supply heat flow rate. This
procedure assumes that the volume flow rate at the inlet of the com-
pressor is directly related to the size of the compressor. However, the
results of the present study suggest that volume flow rates in the range
0.1–1.0m /s3 can be achieved with a compressor of comparable size and
suggest that the actual volume flow rate depends on additional aspects
such as the compressor stage pressure ratio, the maximum mass flow
rate, the rotational speed and the working fluid itself. For the same
reasons, the results of this study also suggest that the volumetric
heating capacity (supplied heat flow rate over compressor inlet volume
flow rate) might not be the most suitable indicator for estimating the
size and, therefore, the cost of the centrifugal compressor.

This aspect further highlights the importance of applying a mean-
line model together with that of the HP cycle. Moreover, the variation
of the isentropic efficiency for the different fluids substantiates the

Fig. 9. Pareto fronts of the optimal solutions for the selected working fluids: (a) COP and supply heat flow rate; (b) compressor isentropic efficiency and inlet volume
flow rate. The solution having an equal weight of the two objective functions is indicated with the symbol .
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relevance of the presented method, since it can represent the trade-off
in terms of heat capacity and COP, while providing reasonable esti-
mates for volume flow rates and isentropic efficiencies.

The results highlight that the use of steam also requires a more
challenging and expensive compressor design. The high value of rota-
tional speed produces high-velocity flows in the impeller and diffuser
passages, and requires low values of mass flow rate, leading to lower
values of isentropic efficiency. For this reason, the design of a high-
efficiency compressor for steam is a fluid-dynamic and technical chal-
lenge. Compared to the other fluids, the steam compressor may also
experience supersonic shock losses at the inlet and mechanical re-
sistance issues associated to the high values of peripheral speed in the
impeller. In addition, the presence of two compression stages, required
to deliver a pressure ratio above 5, represents a higher investment cost
in the overall system. Nevertheless, this may be compensated by the
absence of surface heat exchangers and the higher system COP.

The optimal design of the steam compressor obtained in this work,
features a rotational speed of 85 krpm, a peripheral speed of approxi-
mately 490m/s, blade angles in the range −15° to −5°, transonic flow
conditions at the compressor inlet with relative Mach numbers in the
range 0.76–1.02, and values of total-to-static isentropic efficiency of
about 0.69. These results agree with those presented in the literature.
Šarevski and Šarevski [78] analyzed the characteristics of a centrifugal
compressor for steam applied in refrigeration and heat pump systems.
They found that a pressure ratio of approximately 3.5 is the limiting
value for a single stage, and for a temperature lift of 20 °C to 45 °C they
found that a two-stage compressor is the optimal solution. This design
philosophy is confirmed in this work, as the single-stage compressor

design using the mean-line model results in excessive values of per-
ipheral speed, supersonic Mach numbers and choking conditions inside
the blade channels. In Ref. [78] the optimal blade angles at the impeller
exit were found to be in the range −15° to 0° with a Mach number at
the impeller inlet in the range 0.85–0.95. These values are in agreement
with those of the present designs.

Madsbøll et al. [69] presented the construction and initial tests of a
high-speed centrifugal compressor for a HTHP using steam as the
working fluid. The authors designed the compressor at the speed of 95
krpm with blade exit angles of −10°. They showed a maximum value of
compressor efficiency of 0.719 at the rotational speed 84.4 krpm, which
is about 2.9%-points higher than that predicted in the present work. In
the context of refrigeration applications, Süß [14] recently presented a
chiller module using a centrifugal compressor which was able to
achieve a COP of 14, considered to be 3 to 4 times higher than state-of-
the-art equipment in the field. The compressor was designed to operate
at 90 krpm and demonstrated an overall efficiency, including the
motor, of 70%, which is close to the values of the optimal compressor in
this paper.

Bantle [79] presented the test results for a prototype centrifugal
compressor retrofitted from a turbocharger unit to be used for me-
chanical vapor recompression in steam driers. The centrifugal com-
pressor was designed to deliver a thermal capacity of up to 300 kW, and
tests were conducted for an inlet temperature of 105 °C. At full capacity,
the turbocompressor operated at 90 krpm and achieved a pressure ratio
of 2.4 with an isentropic efficiency of 72%, a mass flow rate of
0.125 kg/s and an outlet temperature of 225 °C.

The test conditions are similar to those of the first-stage steam

Table 7
Optimal compressor design for different working fluids.

Parameter Units Pentane Isopentane Cyclopentane R1233zd(E) MM Steam (stage 1) Steam (stage 2)

T01 K 391.2 390.4 387.1 376.2 406.9 373.2 397.7
p01 bar 59.27 7.22 4.16 10.42 1.00 1.01 2.29
PRtt – 2.828 2.721 2.965 2.765 3.745 2.255 2.255
m kg/s 5.73 7.45 3.88 7.85 1.30 0.64 0.69
N rpm 46000 43985 48000 28802 34000 85001 85001

r1s/r2 – 0.70 0.70 0.70 0.53 0.70 0.70 0.68
r1h/r1s – 0.33 0.27 0.34 0.32 0.29 0.26 0.64
b2/r2 – 0.14 0.18 0.17 0.11 0.19 0.27 0.12

2b ° −43.6 −44.8 −44.7 −43.1 −44.91 −13.05 −5.16

1b ° −45.1 −47.7 −49.7 −34.5 −50.6 −34.3 −44.6
T03 K 428.9 429.1 430.4 429.6 429.9 476.1 504.6
U2 m/s 264.9 253.3 276.5 165.9 195.8 489.6 489.6
C3 m/s 105.9 88.4 118.7 67.6 81.0 199.3 212.6

2 ° −53.2 −55.3 −55.0 −55.1 −57.3 −33.5 −25.0
2 ° 65.7 70.1 70.6 72.2 76.7 69.2 67.2

M1s,rel – 1.09 1.08 1.08 0.84 1.03 1.02 0.85
M1,rel – 0.89 0.88 0.88 0.71 0.81 0.88 0.76
M2,rel – 0.69 0.61 0.56 0.55 0.46 0.35 0.37

M2 – 1.02 0.97 1.02 1.08 0.83 0.86
r1s m 0.0385 0.0384 0.0384 0.0291 0.0371 0.0384 0.0371
r1h m 0.0127 0.0105 0.0131 0.0094 0.0106 0.0098 0.0236
r2 m 0.0550 0.0550 0.0550 0.055 0 0.0550 0.0550 0.0550
Lz m 0.0360 0.0391 0.0353 0.0276 0.0371 0.0401 0.0189
b1 m 0.0257 0.0279 0.0252 0.0197 0.0265 0.0286 0.0135
b2 m 0.0079 0.0099 0.0093 0.0058 0.0085 0.0147 0.0065
b3 m 0.0079 0.0099 0.0093 0.0058 0.0085 0.0147 0.0065
Zr – 19 19 20 19 22 18 18

Zr,splitter – 0 0 0 0 0 0 0
r3 m 0.0735 0.0836 0.0738 0.0738 0.0735 0.1016 0.0996
o1 m 0.0058 0.0052 0.0050 0.0051 0.0041 0.0068 0.0074
DR – 0.755 0.738 0.764 0.748 0.743 0.704 0.636

ts – 0.764 0.759 0.750 0.788 0.697 0.693 0.686

tt – 0.892 0.851 0.886 0.907 0.838 0.796 0.797

COP – 4.38 4.18 4.74 3.86 4.54 5.46
Vin m /s3 0.38 0.40 0.39 0.14 0.26 1.07

Qsupply kW 1406 1626 1225 743 242 1734
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compressor from the mean-line model. The efficiency of Ref. [79] is
predicted to be 3%-points lower, and the mass flow rate is about 5.1
times smaller than the value 0.64 kg/s found using the optimization
method. However, the different value of mass flow rate is justified by
the different value of supply heat load, which in this work is maximized
and found to be 5.7 times greater than the 300 kW required by Bantle
[79].

More recently, the same author [80] presented the design of a two-
stage compressor which is a continuation of the previous work in Ref.
[79]. The two impellers feature characteristics similar to those in
Table 7. The optimal pressure ratio was 2 in the first stage and 3.2 in the
second stage, and it was distributed unevenly between the stages. As a
result, the first-stage impeller featured an inlet relative Mach number of
1.27 at the tip, and the second impeller a Mach number of 0.96. In the
optimal compressor design of the present work, the equal distribution
of the pressure ratio across the stages yields a maximum value of re-
lative Mach number of 1.02.

In terms of geometry, the two impellers presented in Ref. [80]
featured exducer diameters of 115mm and 146mm, respectively. These
values are different from the value employed in this work (110mm)
since the two turbocompressors were designed for two separate values
of stage pressure ratio.

The comparison with the aforementioned works, demonstrating si-
milar values of fluid dynamic parameters and compressor performance
among the studies, indicates that the method presented in the current
paper is suitable.

5. Conclusions

This paper presented a mean-line model for the design, optimization
and analysis of centrifugal compressors and heat pump systems. The
suitability of a mean-line centrifugal compressor model and its loss
correlations, was assessed for different working fluids and geometries.
Moreover, a novel method for the design and optimization of a heat
pump cycle equipped with a centrifugal compressor was presented.
Such a method aims to determine technically feasible solutions from the
compressor and heat pump viewpoints. This approach is intended to
facilitate engineers and researchers in identifying cost-effective

solutions for the next-generation heat pump designs.
The compressor model was validated at design and off-design con-

ditions with the experimental data of five test cases including three
different working fluids: air, R134a, and CO2. The off-design model
showed deviations with the measured data up to 7% in the mass flow
rate and 8%-points in efficiency. Overall, the model captured the trend
of the experimental results. The design model was validated within 7%
in the compressor isentropic efficiency. The validation suggests that the
compressor model and the loss correlations can be used to simulate the
performance of different machine geometries and working fluids with
sufficient accuracy.

In order to show the relevance for a practical application, the pro-
posed design method was applied to the case study of a top cycle of a
high-temperature heat pump supplying steam at 150 °C. To this end, the
compressor design model was coupled to the cycle design model, and a
multi-objective optimization was performed. The decision variables of
the compressor design model were optimized to maximize the cycle
coefficient of performance and the supply heat flow rate. The method
was applied to two different configurations: a closed-loop cycle using a
selected refrigerant, and an open-loop using a two-stage compressor
with water, which is representative of the current benchmark for such
high-temperature heat pumps. In the closed-loop cycle, five working
fluids were selected and analyzed.

Compared to a simple estimate of compressor efficiency and volume
flow rate, the optimization of the integrated cycle and validated com-
pressor models allowed finding more accurate results and restricting
the solution space to more feasible designs also considering the com-
pressor design criteria.

The open-loop with the two-stage water compressor achieves the
highest values of coefficient of performance and heat flow rate, re-
spectively, 5.48 and 1734 kW. At the same time, the design of a suitable
water vapor compressor is found to be more challenging due to the high
values of rotational speed, the low values of mass flow rate and the
large pressure ratio, which in turn require the adoption of a two-stage
solution. Moreover, the high values of rotational speed resulted in
higher losses in the impeller and diffuser which will require special care
in the fluid-dynamics design of the machine. A closed-loop with cy-
clopentane is indicated to be the second best option in terms of the
coefficient of performance. In this case, the heat pump cycle would
feature a lower coefficient of performance of 4.74 in favor of a simpler
compressor design: a single-stage configuration with a backward swept
impeller and lower rotational speed.
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