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Abstract

Economic dispatch problem (EDP) of distributed energy resources (DERs)
is the key to achieve balanced coordination and economic operation of re-
newable energy and conventional generation, which is of vital significance to
smart grids. This paper mainly investigates the EDP of DERs with trans-
mission losses. We formulate the lossy EDP as an optimization problem,
of which the objective is to minimize the aggregated production cost under
physical constraints. It is a great challenge to solve the lossy EDP in a dis-
tributed fashion, as the non-convexity of the transmission loss formula has
posed extra difficulties. This paper proposes a consensus-based distributed
lambda iteration algorithm to solve the lossy EDP, and a damping mechanis-
m is designed to overcome the oscillatory problem that conventional lambda
iterations often suffer. The proposed algorithm is further improved, in order
to tackle the prohibited operating zones of generators. Exhaustive simula-
tions are presented to illustrate the proposed algorithm.
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1. Introduction

At the beginning of 1990s, power companies were faced with a huge
growth of electrical energy consumption due to the increase of population and
electrification, which challenged centralized supply because of the inability
of transmission lines and energy losses [1]. In this background, distributed
energy resources were put on the table again. In the late 1990s, electricity
from wind and solar became commercially feasible. Nowadays, many coun-
tries have ambitious target of renewable penetration. Meanwhile, advanced
information communication technology makes smart grids possible. With
the rapidly growing penetration of renewable generation and fast develop-
ment of smart grid technologies, modern power system is evolving towards
the direction where distributed energy resources are becoming increasingly
prevalent. In this new paradigm of distributed energy resources (DERs),
electricity production from solar and wind is likely to be consumed locally
and in each local area, conventional generators are installed to help the main
grid maintain stability. These conventional generators are connected within
a local area, as well as interconnecting with other areas. In order to bet-
ter exploit these generators, an coordination scheme is desirable to dispatch
them economically.

Many centralized algorithms based on linear programming and quadratic
programming have been proposed to solve the economic dispatch problem
(EDP). Nevertheless, researchers are increasingly interested in distributed
algorithms owning to the trend of smart grids [2]. Future smart grid is likely
a large scale system [3], incorporating numerous DERs. The widely spatial
distribution of power generation systems adds extra difficulties in solving
the EDP. Recently, many distributed algorithms to deal with large scale
systems, have been put forward, e.g., [4, 5]. Compared with centralized algo-
rithms, distributed algorithms exhibit many benefits including scalability ,
reinforced robustness, and evenly-allocated computation and communication
burdens [6, 7].

In recent years, numerous distributed algorithms have been presented to
address the EDP in smart grid under the assumption of an ideal model. In [8]
and [9], the authors propose the incremental cost consensus (ICC) algorithm
to solve the EDP, in which, the supply and demand balance is guaranteed
using average consensus. A consensus + innovation approach is put forward
in [10]. This approach ensures the commonly shared optimal incremental
cost by using consensus while the demand and supply balance is guaran-
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teed by the innovation term. In [11], the authors propose a consensus based
distributed algorithm, which enables the generators to collectively learn the
mismatch between demand and total supply for feedback. Two fully dis-
tributed algorithms for the EDP are also proposed in our previous works [12]
and [13], respectively. The algorithm proposed in [12] deals with the EDP
with quadratic cost functions on connected undirected graphs, and then is
extended to deal with the EDP with general convex functions on strongly
connected directed graphs in [13].

The major deficiency of these aforementioned algorithms is that many
practical constraints are ignored including transmission losses and prohib-
ited operating zones [8]-[14]. The negligence of these practical constraints
may lead to demand and supply imbalance and endanger stable operation
of generators. Those practical constraints complicate the EDP. Specifically,
transmission losses bring nonlinearity to the model, whereas prohibited oper-
ating zones makes the feasible region discontinuous, both rendering the EDP
non-convex [15]. To solve the EDP with transmission losses, the conventional
lambda-iteration method has been widely used in the power industry where
the total transmission losses are approximated by the B matrix loss formu-
la [16]. The conventional lambda-iteration method, which is in essence an
implicit form of the fixed-point iteration method, solves the non-convex EDP
by solving an approximated convex problem in each iteration. Nevertheless,
the conventional lambda-iteration method has two noticeable shortcomings:

1) As widely reported in the literature, e.g., [17], [18], the convention-
al lambda-iteration method may exhibit the oscillatory behavior in
large-scale mixed generation systems, which reduces the computation-
al efficiency. According to [19], it is common practice that the power
assignment with the minimum generation cost among the oscillatory
solutions is chosen as the optimal one. However, we note that the
“optimal” solution in that case is not even feasible, because for such
iterative algorithms based on Lagrangian duality theory, demand and
supply is balanced only when the Lagrangian multiplier converges to
an unique value.

2) In [17], it is pointed out that the conventional lambda-iteration method
cannot directly deal with the discontinuity incurred by the prohibited
operating zones. Although some heuristics for searching a feasible solu-
tion in the neighbourhood of the optimal solutions have been proposed
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in [20] and [21], there lack theoretical proof for guaranteed convergence
to the optimal solution.

Continuing along the trend of distributed algorithms and the necessity
of including more practical constraints in the EDP, in this paper we aim at
solving the EDP with transmission losses and prohibited operating zones in
a distributed fashion and propose the distributed augmented lambda-iteration
algorithm. The challenges for this work mainly stem from the non-convexity
of the EDP and the restriction of distributed algorithmic architecture. Com-
pared with the conventional lambda-iteration method, the proposed algorith-
m in this paper is augmented with the following features:

1) A damping mechanism is designed to avoid the oscillatory problem that
the conventional lambda-iteration method usually suffers from.

2) The proposed algorithm is improved by using Pseudo marginal costs
to tackle the discontinuity due to prohibited operating zones.

3) The proposed algorithm is applicable for general convex cost functions
and is not restricted to quadratic costs, which is assumed by most
existing works.

Furthermore, the proposed algorithm is distributed in the sense that it does
not rely on any pre-assigned central/leader node. Based on the average
consensus algorithm [22], in our algorithm all the nodes conduct local com-
putation and communicate with their neighbors in a connected undirected
network to solve the EDP. Although many works also attack the EDP in the
context of distributed algorithms, they only assume the ideal convex ED-
P model which is not subject to the non-convexity caused by transmission
losses and prohibited operating zones. Therefore, the distributed algorithms
proposed by [8]-[23] are unapplicable to the non-convex EDP. In contrast,
the proposed distributed algorithm has the advantage of solving the EDP
with transmission losses and prohibited operating zones. Reference [19] al-
so takes into consideration transmission losses and proposes a distributed
consensus-based algorithm. However, the authors neglect the penalty fac-
tors of each generator resulting in the convergences to a feasible solution
rather than the optimal one. In [24], a multi-stage decentralized algorithm
based on the flooding protocol and differential evolution algorithm (DEA)
is proposed, where the flooding protocol is used to broadcast messages and
each node solves a local optimization problem using the DEA. The control
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parameters of the DEA are very sensitive to the problem’s dimension and
their algorithm lacks the self-tuning feature, which limits the applicability.
By contrast, the alforithm proposed in this study is free from this issue.

The remaining parts of the paper are organized as follows. We present the
problem formulation of lossy EDP in Section 2. The conventional lambda-
iteration method as well as the average consensus algorithm is introduced in
Section 3. We propose the consensus based distributed algorithm for lossy
EDP in Section 4. Extensive numerical results are given in Section 5 to show
the performance of the proposed algorithm. Finally, we conclude our paper
in Section 6.

2. Problem Formulation

In this section, the problem formulation of the lossy EDP is presented.
Suppose that there are totally n generators in the power grid, labelled

from 1 to n. Let us denote the total load and output of the ith generator
by P load and Pi, respectively. Taking into consideration the transmission
losses and prohibited operation zones of generators, we formulate the EDP
as follows:

• Objective:

min
n∑
i=1

Fi(Pi), (1)

where Fi(Pi) is the cost function associated with the ith generator.

• Power balance constraint:

n∑
i=1

Pi − P loss − P load = 0, (2)

where P loss is the total transmission losses over the power grid.

• Capacity constraints of generators:

P i 6 Pi 6 P̄i, ∀i = 1, . . . , n, (3)

where P i and P̄i are the lower bound and upper bound of the output
of the ith generator, respectively.
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In most cases, the cost functions are assumed to be in the following
quadratic form:

Fi(Pi) =
1

2
αiP

2
i + βiPi + γi, (4)

where αi > 0, βi, and γi are cost parameters. In this paper, we deal with the
EDP with general cost functions satisfying the assumption below:

Assumption 1 : For every 1 6 i 6 n, Fi(Pi) : R+ → R+ is strictly convex
and twice continuously differentiable with

dfi(Pi)

dPi
> 0, ∀Pi ∈ R+,

where fi = dFi(Pi)
dPi

is the first derivative of function Fi(Pi), R+ denotes the
set of nonnegative real numbers, and the equality holds at isolated points
only. It can be easily verified that the quadratic function (4) satisfies the
assumption 1.

We assume that the total transmission losses are a function of the gen-
erator outputs Pi’s and we use the B matrix loss formula to represent P loss,
given by

P loss =
n∑
i=1

n∑
j=1

PiBijPj +
n∑
i=1

B0iPi +B00, (5)

where Bij = Bji, B0i, and B00 are computed according to the line parameters
and the average daily operating status of the power systems [25, Chap. 13.3].
The equality constraint (2) contains a quadratic term due to the loss formula,
which also leads to the non-convexity of the EDP (1)-(3).

Remark 1. Although total transmission losses can also be computed using
the power flow equations, we use the B matrix loss formula, for it can give a
sufficiently accurate estimation of the total transmission losses in the off-line
mode with a small amount of computation [15].

Remark 2. In the proposed optimization model (1)-(3), the modelling of
DERs is achieved through the cost function and the physical constraints as-
sociated with each DER. Firstly, each DER is associated with a local cost
function Fi(Pi), with their sum

∑n
i=1 Fi(Pi) being the operating cost of the

whole system. Secondly, the inequality constraints of the proposed model are
the union of the local capacity constraints of each DER. Furthermore, the
number of DERs is in accordance with the number of cost terms in the objec-
tive function, as well as the the number of capacity constraints (3). Therefore,
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the proposed problem formulation is generalizable to DER population of any
size.

For the implementation of the proposed distributed algorithm, we con-
struct a communication network on the power grid with each node associated
with a bus in the power grid. Two connected undirected graphs with self-
loops are established in this paper: one consists of pure generation bus and
the other one consists of m buses associated with pure load, pure generation,
or both. We construct two graphs denoted by G = (V,E) and G

′
= (V

′
, E

′
),

respectively. The node set V
′

consists of all the m buses in the grid, while
V consists of all the n generation buses, i.e., V

′
= {1, 2, ..., n, n + 1, ...,m}

and V = {1, 2, ..., n}. We also assume that G and G
′

are sparse graphs in
the sense that

max
16j6m

d
′

j � m, max
16i6n

di � n.

3. Introduction to Conventional Lambda-iteration Method

In this section we introduce the conventional lambda-iteration method [15],
which was originally designed for EDP with quadratic cost functions and
transmission losses.

The Lagrange function of the EDP (1)-(3) is given by

L =
n∑
i=1

Fi(Pi)− λ

(
n∑
i=1

Pi − P loss − P load

)
,

where λ is the Lagrange multiplier.
The optimal solution and the optimal Lagrange multiplier, denoted by

P ∗i and λ∗ respectively, satisfy

∂L

∂P ∗i
= fi(P

∗
i )− λ∗

(
1− ∂P loss

∂P ∗i

)
= 0,∀i, (6)

where fi(r) = αir + βi. Combining the cost functions (1) and the inequality
constraints (3) yields the optimality condition that for all i ∈ V ,

fi(P
∗
i )pfi > λ∗, for P ∗i = P i,

fi(P
∗
i )pfi = λ∗, for P i < P ∗i < P̄i,

fi(P
∗
i )pfi < λ∗, for P ∗i = P̄i,

(7)
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where

pfi = 1/

(
1− ∂P loss

∂Pi

)
is the penalty factor. From the loss formula (5), it follows that

pfi = 1/

(
1− 2

n∑
j=1

BijPj −B0i

)
. (8)

We can obtain the optimal solution P ∗i ’s and the optimal Lagrange multiplier
λ∗ by combining (2) and (7). But the equality constraint (2) has a quadratic
term incurred by the loss formula (5), and the inequation (7) is non-linearly
piecewise, therefore it is difficult to solve (2) and (7) directly. We now in-
troduce the conventional lambda-iteration method [15], which can solve (2)
and (7) iteratively. Denote the iteration step denoted by k = 0, 1, . . .
Step 1: At step k = 0, the generators pick initial values Pi[0]’s such that∑n

i=1 Pi[0]− P load = 0.
Step 2: Compute the penalty factors pfi[k]’s and the total transmission
losses P loss[k] according to (8) and (5), respectively.
Step 3: Solve the following equations to get Pi[k + 1]’s and λ[k + 1].

n∑
i=1

Pi[k + 1]− P loss[k]− P load = 0, (9)


fi(Pi[k + 1])pfi[k] > λ[k + 1], Pi[k + 1] = P i,

fi(Pi[k + 1])pfi[k] = λ[k + 1], Pi[k + 1] ∈ (P i, P̄i),

fi(Pi[k + 1])pfi[k] < λ[k + 1], Pi[k + 1] = P̄i.

(10)

Step 4: Go back to Step 2 and loop until convergence.
The core idea of the lambda-iteration method is to use the penalty factors

and the transmission losses derived from the result of the previous iteration
to solve the next iteration. Then the P loss[k] and pfi[k]’s in (9) and (10)
are treated as known parameters rather than variables. One can readily
solve (9) and (10) using convex optimization algorithms, e.g., gradient-based
algorithms, which is much easier than directly solving (2) and (7).

4. Distributed Lambda-iteration Algorithm

In this section we propose the consensus-based distributed lambda-iteration
method.
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4.1. Distributed Collection of Demand Information

The lossy EDP formulation is based on an implicit assumption that the
aggregate demand information is known to each generator. Nevertheless, in
practical power grids the demand is spatially distributed at almost all the
buses, i.e., P load =

∑m
j=1 P

load
j , where P load

j is the power demand at bus j. As
pointed out in [13], it is unnecessary for the generators to know the aggre-
gated demand P load. Instead, we apply the average consensus algorithm [22]
so that each node in V gets the average demand η∗ = P load/n, which as we
will show, is sufficient to solve the lossy EDP.

In graph G
′

= (V
′
, E

′
), define an associated doubly stochastic matrix

Q
′ ∈ Rm×m using the Metropolis weights [22]. For every node i ∈ V

′
, we

establish two variables pi(κ) and si(κ), respectively initialized by pi(0) =
P load
i , and

si(0) =

{
1, i = 1, 2, ..., n,

0, i = n+ 1, n+ 2, ...m.

Note that initialization of si(κ) is in a heterogenous fashion. We then run the
following average consensus algorithms simultaneously until convergence:

pi(κ+ 1) = q
′

iipi(κ) +
∑
j∈N ′

i

q
′

ijpj(κ), (11)

si(κ+ 1) = q
′

iisi(κ) +
∑
j∈N ′

i

q
′

ijsj(κ). (12)

Defining p∗ = limκ→∞ pi(κ) and s∗ = limκ→∞ si(κ), we have:

p∗ = P load/m, s∗ = n/m.

For every node i ∈ V , we have:

η∗ =
p∗

s∗
= P load/n. (13)

4.2. Distributed Determination of Pi[0]’s

This subsection aims at the determination of Pi[0]’s in a distributed fash-
ion, satisfying the inequality constraints (3) and
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n∑
i=1

Pi[0] = P load +B00 = n(η∗ +B00/n).

Note that we extract the term B00 from the loss formula and put it in the
above equation, for B00 is a constant and B00/n is assumed to be known by
each generator. The average consensus algorithm is also used here in order
that each node gets the estimation of the aggregate generation capability of
all the generators.

Consequently, each node i ∈ V establishes two auxiliary variables xi(κ)
and x̄i(κ), initialized by xi(0) = P i, x̄i(0) = P̄i. Then run the following
average consensus iterations till convergence,

xi(κ+ 1) = qiixi(κ) +
∑
j∈Ni

qijxj(κ), ∀i ∈ V, (14)

x̄i(κ+ 1) = qiix̄i(κ) +
∑
j∈Ni

qijx̄j(κ), ∀i ∈ V, (15)

When iterations (14) and (15) converge, each node i ∈ V will get the
common values x∗ and x̄∗ similarly given by

x∗ =

(
n∑
i=1

P i

)
/n, x̄∗ =

(
n∑
i=1

P̄i

)
/n. (16)

After obtaining x∗ and x̄∗, the nodes can get the Pi[0]’s following

Pi[0] = P i +
x∗ − x∗

x̄∗ − x∗
(P̄i − P i), ∀i ∈ V, (17)

where x∗ = η∗ +B00/n.

4.3. Distributed Computation of pfi[k]’s and P loss
a [k]

We assume that each node i knows the B coefficients associated with
itself, i.e., Bij, ∀j ∈ V . Hence, the key to calculating pfi[k] is to calculate∑n

j=1BijPj[k] in a distributed fashion. For this purpose, each node i ∈ V

establishes an auxiliary variable yji (κ), where the superscript j represents yji
is meant for the calculation of pfj[k]. We initialize yji ’s according to

yji (0) = BijPi[k]. (18)
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Then run the following iteration till convergence,

yji (κ+ 1) = qiiy
j
i (κ) +

∑
l∈Ni

qily
j
l (κ), ∀i ∈ V. (19)

Define yj∗ = (
∑n

i=1BijPi[k]) /n, then the penalty factor pfj is given by

pfj[k] = 1/
(
1− 2nyj∗ −B0j

)
. (20)

Loop until all the nodes j ∈ V obtains their pfj[k]’s.
We then compute the total transmission losses P loss[k]. Since the constant

term B00 has already been included in x∗, we only need to compute

P loss
a [k] =P loss[k]−B00

=
n∑
i=1

n∑
j=1

Pi[k]BijPj[k] +
n∑
i=1

B0iPi[k]

=
n∑
i=1

(
nyi∗[k]Pi[k] +B0iPi[k]

)
.

(21)

For this purpose, each node establishes an auxiliary variable yi(κ), initialized
by

yi(0) = nyi∗[k]Pi[k] +B0iPi[k]. (22)

And then run the following average consensus algorithm till convergence,

yi(κ+ 1) = qiiyi(κ) +
∑
j∈Ni

qijyj(κ), ∀i ∈ V. (23)

Denote the convergence value of (23) by y∗, it follows that

y∗ =
n∑
i=1

(
nyi∗[k]Pi[k] +B0iPi[k]

)
/n = P loss

a [k]/n. (24)

4.4. Distributed Bisection Algorithm for Pi[k + 1]’s and λ[k + 1]

With the pfi[k]’s and P loss
a [k] obtained in a distributed fashion, we now

proceed to the updates of Pi[k+1]’s and λ[k+1], which corresponds to step 3
of the conventional lambda-iteration method.
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The updating of Pi[k + 1]’s and λ[k + 1] is equivalent to solving the
following optimization problem:

min
n∑
i=1

pfi[k]Fi(Pi) (25)

s.t. Pi ∈ Ωi, ∀i ∈ V, (26)
n∑
i=1

Pi − P loss[k]− P load = 0, (27)

where for all i, Ωi is defined as the set of real numbers that satisfies the
local inequality constraint. One can verify that the equations (9) and (10)
which are solved in step 3 of the conventional lambda-iteration method, are
the necessary optimality condition of problem (25)-(27) with constraints (26)
replaced by (3).

In our previous work [13], the distributed bisection algorithm is proposed
for the EDP in the form of (25). Let us define the following mapping:

Pi(λ) =


P i, hi(λ) < P i,

hi(λ), hi(λ) ∈ Ωi,

P̄i, hi(λ) > P̄i

(28)

where hi(·) = gi(
λ

pfi[k]
) and gi(·) is the inverse function of fi(·). One can

verify that the mapping (28) is monotonically increasing with respect to λ.
So Pi[k + 1] = Pi(λ[k + 1]) is also monotonically increasing with respect
to λ[k + 1], which allows us to adopt the idea of bisection. The detailed
procedures are as follows.

Each node establishes two commonly shared variables λ+ and λ− such
that the optimal Lagrange multiplier must lie in the interval [λ−, λ+]. The
initial λ+ and λ− can be selected to be extremely large and small, respectively,
for the convergence of bisection is very fast.

Let t = 0, 1, . . . denote the bisection steps. At step t, each node computes
λ(t+ 1) = (λ−(t) + λ+(t))/2.

Each node then obtains Pi(λ(t+1)) according to (28) with λ[k+1] replaced
by λ(t + 1), and then establishes a variable zi(κ), which is initialized by
zi(0) = Pi(λ(t+ 1)). Run the following iteration till convergence,

zi(κ+ 1) = qiizi(κ) +
∑
j∈Ni

qijzj(κ), ∀i ∈ V. (29)
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After convergence, denote the convergence value by z∗. Then each node
updates λ−(t+ 1) and λ+(t+ 1) according to

• For z∗ < y∗[k] + x∗, λ+(t+ 1) = λ+(t), λ−(t+ 1) = λ(t+ 1).

• For z∗ = y∗[k] + x∗, λ[k + 1] = λ(t+ 1), and the bisection stops.

• For z∗ > y∗[k] + x∗, λ+(t+ 1) = λ(t+ 1), λ−(t+ 1) = λ−(t).

Recompute Pi(λ(t+1))’s and circulate the bisection until convergence. Then
each node obtains Pi[k + 1] and λ[k + 1].

Remark 3. The above results can be understood from an economic perspec-
tive. The given λ is the marginal cost of a power injection at a slack bus (if
there is one), while λ/pfi[k] is the local marginal price (LMP) at the ith gen-
erator, which is distorted from λ by the penalty factor pfi[k]. Let us consider
the problem from a Lagrange dual perspective. The Lagrange function of the
problem (25)-(27) is given by

L =
n∑
i=1

pfi[k]Fi(Pi)− λ

(
n∑
i=1

Pi − P loss[k]− P load

)
. (30)

For a given Lagrange multiplier λ, consider the following optimization
problem:

min L,

s.t. Pi ∈ Ωi, ∀i ∈ V.
(31)

Since the Lagrange multiplier λ is given, the objective of (31) is equivalent
to

min Lo =
n∑
i=1

pfi[k]Fi(Pi)− λ
n∑
i=1

Pi. (32)

Note that in the optimization problem (31), the Pi’s are mutually inde-
pendent, for the equality constraint is null (reflected indirectly in λ). With
pfi[k] > 0, the problem (31) can be equivalently divided into n subproblems:

min Loi = Fi(Pi)−
λPi
pfi[k]

,

s.t. Pi ∈ Ωi,

(33)

The function −Loi = λPi

pfi[k]
− Fi(Pi) is the net revenue of the ith generator.

Therefore the objective of the problem (33) is to maximize the net revenue of
each generator, given a fixed LMP.
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Remark 4. In general, this paper is mainly about investigating a completely
new and different algorithmic paradigm for a problem that has been solved
in traditional frameworks, i.e., the fully distributed approach to the lossy e-
conomic dispatch problem. Since the result analysis of lossy EDP itself can
be easily found in literature [15], the key issue here is, whether the proposed
distributed approach has the same optimality as the traditional centralized
methods. Through the theoretical results in Section 4 and the numerical
experiments to be presented in Section 6, it can be easily verified that the
proposed distributed approach, although only using local communication and
distributed computation, can still achieve exactly the same optimal result that
traditional methods obtain based on global information and central computa-
tion.

5. Algorithm Improvements

In this section, we first propose a damping mechanism to address the
oscillatory problem in the lambda iterations, and then extended the proposed
algorithm to the case with prohibited operating zones.

5.1. Damping Mechanism to Avoid Oscillations

As aforementioned, the conventional lambda-iteration method may ex-
hibit oscillatory behavior. That is, after a certain amount of iterations, the
results of each lambda-iteration oscillate periodically between 2 (hardly more
than 2) values, instead of converging to a unique solution. To the best of the
authors’ knowledge, none of the existing works have effectively solved this
issue. In this subsection, we propose a damping mechanism, which can effec-
tively avoid such oscillation and make the iterations converge to the unique
optimal solution.

Here we assume that after enough iteration steps, the results oscillate be-
tween two values, i.e., for some integer K > 0 and l = 1, 2, . . ., P [k] = P [k+
2l], and P [k] 6= P [k + 1], ∀k > K, where P [k] = [P1[k], . . . , Pn[k]]T ∈ Rn.
We note that both in subsection IV-C and in the step 2 of the conventional
lambda-iteration method, the computation of pfi[k]’s and P loss

a [k] only de-
pends on Pi[k]’s, without using the results of previous iterations. Define the
following damping operator

D[k] =
(P [k] + P [k − 1])

2
,
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which takes the average of the computational results at iterations k and k−1.
We then use D[k] instead of P [k] to compute pfi[k]’s and P loss

a [k]. We have
the following two propositions:

Proposition 1. The damping operator D[k] prevents the lambda-iteration
from oscillating between 2 values.

Proof: Since the lambda-iteration method is an implicit form of the fixed-
point iteration method, it can be expressed by P [k+1] = H(P [k]), whereH(·)
is the implicit function corresponding to the lambda-iteration without D[k].
Therefore the lambda-iteration with D[k] is given by P [k + 1] = H((P [k] +
P [k − 1])/2).

We then prove Proposition 1 by contradiction. Assume that after enough
iteration steps, the lambda-iteration with D[k] oscillates between u and v.
Therefore we have for some k,

P [k] = u, P [k + 1] = v, P [k + 2] = u, P [k + 3] = v,

where u 6= v. Note that

P [k + 2] = H(
P [k + 1] + P [k]

2
) = H(

v + u

2
),

P [k + 3] = H(
P [k + 2] + P [k + 1]

2
) = H(

u+ v

2
).

It follows that P [k + 3] = P [k + 2], which contradicts the assumption that
u 6= v. Therefore Proposition 1 is proved. �

Proposition 2. The damping operator D[k] does not distort the convergence
value from the optimal solution.

Proof: The optimal solution of the EDP satisfies P ∗ = H(P ∗). Let us consider
the lambda-iteration with the damping operator D[k]. When converged, the
convergence value, denoted by P

′
, satisfies P

′
= H((P

′
+ P

′
)/2) = H(P

′
).

Therefore we have P
′
= P ∗. �

In practice, there is a very small chance that the lambda-iterations os-
cillate between l > 2 values. For instance, as shown in our case studies, a
test on 15-unit bus system shows oscillation between three solutions. To fur-
ther deal with this, the damping operator can be generalized in the following
manner:

D[k] =
P [k] + . . .+ P [k − l + 1]

l
.
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5.2. Dealing with Prohibited Operating Zones

For each generator i ∈ V , suppose that there are in total Mi prohibited
operating zones, and define P j

i and P̄ j
i as the lower and upper bounds of

the jth prohibited operating zone, respectively. Therefore the permitted
operating zones of the ith generator consist of Mi + 1 disjoint regions:

P i 6 Pi 6 P 1
i , or

P̄ j
i 6 Pi 6 P j+1

i , for j = 1, . . . ,Mi − 1, or

P̄Mi
i 6 Pi 6 P̄i.

(34)

The prohibited operating zones are mainly due to the faults in the ma-
chines themselves or the associated auxiliary devices, e.g., boilers. These
faults tend to cause instability of generators in some regions of outputs. The
prohibited operating zones lead to the discontinuity (non-convexity) of the
feasible region of the EDP, rendering the EDP non-convex.

Let us revisit the problem (33). The first derivative of Loi is given by

dLoi
dPi

= fi(Pi)−
λ

pfi[k]
.

If there are no inequality constraints, the optimal solution to (33), denoted
by P o

i , is such that ∂Lo/∂Pi = 0, i.e.,

P o
i = gi(

λ

pfi[k]
) = hi(λ), (35)

where gi(·) is the inverse function of fi(·). If P o
i happens to belong to the set

Ωi, then P o
i minimizes Loi with respect to not only the set Ωi, but also the

whole domain of real numbers. If P o
i does not belong to Ωi, there are 3 cases:

1) P o
i > P̄i: From the assumption 1, it follows that fi(Pi) is contin-

uously increasing in R+, therefore dLoi/dPi is also continuously in-
creasing in R+. Since P o

i > P̄i and dLoi/dPi(P
o
i ) = 0, it follows that

dLoi/dPi(Pi) < 0. Therefore Loi is monotonically decreasing in Ωi and
P ?
i = P̄i is the minimizer of Loi

2) P o
i < P i: This case can also be analyzed using the above technique.

Similarly, we have P ?
i = P i.
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3) P j
i < P o

i < P̄ j
i : In this case P o

i falls into one of the prohibited operating
zones. Since dLoi/dPi(P

o
i ) = 0, we conclude that for any Pi ∈ Ωi,{

Loi (Pi) > Loi (P
j
i ), for Pi < P o

i

Loi (Pi) > Loi (P̄
j
i ), for Pi > P o

i

Therefore the optimal solution is either P j
i or P̄ j

i . We then define

λji =
Fi(P̄

j
i )− Fi(P j

i )

P̄ j
i − P

j
i

,

Loi (P̄
j
i )− Loi (P

j
i ) = Fi(P̄

j
i )− Fi(P j

i )−
λ(P̄ j

i − P
j
i )

pfi[k]
.

It follows that

• If Loi (P̄
j
i )− Loi (P

j
i ) > 0, then λ < pfi[k]λji and P ?

i = P j
i ;

• If Loi (P̄
j
i )− Loi (P

j
i ) < 0, then λ > pfi[k]λji and P ?

i = P̄ j
i ;

• If Loi (P̄
j
i )− Loi (P

j
i ) = 0, then λ = pfi[k]λji and P ?

i = P j
i or P̄ j

i .

According to the above analysis, replace the mapping (28) with the fol-
lowing one in the case of prohibited operating zones:

Pi(λ) =



P i, hi(λ) < P i,

hi(λ), hi(λ) ∈ Ωi,

P j
i , P j

i < hi(λ) < P̄ j
i , λ < pfi[k]λji ,

P̄ j
i , P j

i < hi(λ) < P̄ j
i , λ > pfi[k]λji ,

P̄i, hi(λ) > P̄i.

(36)

6. Numerical Simulations

In this section, we present three case studies to fully demonstrate the
performance of the proposed algorithm, which are tested on IEEE 30-bus
system, IEEE 14-bus system, and 15-unit system, respectively.

17



6.1. Case1: IEEE 30-bus System

In this case, we apply our distributed algorithm proposed in Section 4
to the lossy EDP on the IEEE 30-bus system [26]. Quadratic cost functions
and transmission losses are considered, while prohibited operating zones are
neglected, which implies that the conventional lambda-iteration method [15]
can also solve this case. The generation cost coefficients are adopted from
[10], and the B coefficients for the IEEE 30-bus system are adopted from
[27].

In this case the total power demand is PL = 300 MW. We first give the
results of this case neglecting the transmission losses. The optimal Lagrange
multiplier λ∗ = 6.5944 MU/MWh, and the optimal power assignments are
P ∗1 = 57.43 MW, P ∗2 = 59.91 MW, P ∗3 = 37.06 MW, P ∗4 = 43.24 MW,
P ∗5 = 51.18 MW, P ∗6 = 51.18 MW, where MU is short for monetary unit.

We then show the results of the lossy EDP using the proposed algorithm.
We set λ+(0) = 10 MU/MWh and λ−(0) = 0 MU/MWh, which are sufficient
to ensure λ∗ ∈ [λ−(0), λ+(0)]. In the calculation of Pi[k]’s and λ[k], we
artificially set the bisection number to 15, such that for each k, |λ(15) −
λ[k]| 6 1

2
|λ+(14)− λ−(14)| = 1

215
|λ+(0)− λ−(0)| ≈ 0.0003.

The updates of λ[k] and Pi[k]’s are shown in Fig. 1 and Fig. 2, respectively.
We set the iteration step to 10, while the convergence is already reached at
k = 7. It can be seen from Fig. 1 that both the proposed algorithm and the
conventional lambda-iteration method converge to optima, as the two lambda
curves coincides. The optimal Lagrange multiplier λ∗ = 6.8600 MU/MWh,
and the optimal power assignments are P ∗1 = 52.36 MW, P ∗2 = 60.05 MW,
P ∗3 = 41.38 MW, P ∗4 = 45.99 MW, P ∗5 = 53.44 MW, P ∗6 = 51.88 MW.
The aggregate generation output is

∑n
i=1 P

∗
i = 305.11 > 300 MW, which is

caused by the transmission losses. Furthermore, the presence of transmission
losses slightly increase the optimal incremental cost (Lagrange multiplier) by
6.8600− 6.5944 = 0.2656 MU/MWh.

6.2. Case 2: IEEE 14-bus System

It may seems doubtful to the reader that Case 2 is downsized to IEEE
14-bus system, while Case 1 is already tested on 30-bus system. The reason
is that we have observed the the oscillating problem of conventional lamb-
da iterations for the 14-bus system. Therefore, this case can help test the
performance of the damping mechanism.

We replace the 3 synchronous condensers with 3 generators, so there are
5 generators in this system, whose parameters are adopted from [13]. The B
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Figure 1: Iteration results of the Lagrange multiplier λ[k] in Case 1.
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Figure 2: Iteration results of the generators’ outputs Pi[k] in Case 1.

coefficients for the IEEE 14-bus system are calculated from [28]. In this case
the total power demand is P load = 250 MW. We use the same computational
setups as Case 1.

The evolutions of λ[k] and Pi[k]’s are shown in Fig. 3 and Fig. 4, re-
spectively. From Fig. 3, we can see that the conventional lambda-iteration
method exhibits the oscillatory behavior, i.e., after about 5 iterations, λ[k]
oscillates between 7.0316 MU/MWh and 7.1545 MU/MWh, while the pro-
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Figure 3: Iteration results of the Lagrange multiplier λ[k] in Case 2 without prohibited
operating zones.
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Figure 4: Iteration results of the generators’ outputs Pi[k] in Case 2 without prohibited
operating zones.

posed algorithm converges to 7.1577 MU/MWh due to the damping operator.
The aggregate generation output is

∑n
i=1 P

∗
i = 265.69 > 250 MW, which is

caused by the transmission losses.
In the IEEE 14-bus case, we further test the proposed algorithm’s perfor-

mance in the presence of prohibited operating zones. We impose prohibited
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Figure 5: Iteration results of the Lagrange multiplier λ[k] in Case 2 with prohibited
operating zones.
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Figure 6: Iteration results of the generators’ outputs Pi[k] in Case 2 with prohibited
operating zones.

operating zones of 20 ∼ 40% and 60 ∼ 80% of each generator’s capacity
range. To better illustrate the impact of the prohibited operating zones, we
set the total demand P load = 150 MW.

The evolutions of λ[k] and Pi[k]’s are shown in Fig. 5 and 6, respectively.
One counter-intuitive finding from Fig. 5 is that the optimal Lagrange mul-
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tiplier λ∗ = 4.833 MU/MWh with the prohibited operating zones is lower
than λ∗

′
= 5.426 MU/MWh without the prohibited operating zones. Intu-

itively, due to the existence of prohibited operating zones, the optimal power
assignments are forced away from those without prohibited operating zones,
probably driving the marginal cost up. But on the other hand, the opti-
mal aggregated cost with the prohibited zones is F ∗ = 648.33 MU/h, which
is larger than F ∗

′
= 631.81 MU/h without the prohibited operating zones.

For generators 2 and 4, their optimal power assignments are 58 MW and
22 MW, which take the boundary value of their prohibited operating zones,
while in the absence of prohibited operating zones their optimal assignment
are 40.14 MW and 20.09 MW, respectively.

6.3. Case 3: 15-unit System

Case 1 and Case 2 consider the economic dispatch of 6 and 5 energy
resources, respectively, which is relatively small-scale. In this case we apply
the overall method to the 15-unit system to test the applicability to large
systems. The system parameters are adopted from [29]. Specifically, the total
installed capacity is 3452 MW, and the total power demand is 2630 MW.

We first show the results without considering prohibited operating zones,
as illustrated in Fig. 7-9. It can be seen from Fig. 7 and 8 that the con-
ventional lambda iteration has suffered oscillatory problem. Although the
oscillations seem to happen between two points, in fact 3 point with two of
them having subtle difference are involved. Therefore, in this case we adopt
the damping operator

D[k] =
P [k] + . . .+ P [k − l + 1]

l

with l = 3 to successfully suppress the oscillations.
Finally, we take into consideration the prohibited operating zones for the

15-unit case. Similarly, the damping mechanism has successfully suppressed
the oscillations and the lossy EDP has been optimally solved, as shown in
Fig. 10 and 11.

7. Concluding Remarks

This paper proposed a consensus-based lambda-iteration algorithm to
tackle a more practical economic dispatch problem involving general cost
functions, transmission losses, and prohibited operating zones. The proposed
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Figure 7: Iteration results of the Lagrange multiplier λ[k] in Case 3 without prohibited
operating zones.
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Figure 8: Generation outputs of conventional lambda iterations in Case 3 without prohib-
ited operating zones.

method outperforms the conventional one by effectively dealing with the pro-
hibited operating zones and avoiding the oscillatory behavior. Moreover, the
proposed algorithm is distributed in the sense that computation is conduct-
ed by the nodes locally and information is merely exchanged with neighbors.
Although using only local communication and distributed computation, the
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Figure 9: Generation outputs of proposed method in Case 3 without prohibited operating
zones.
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Figure 10: Iteration results of the Lagrange multiplier λ[k] in Case 3 with prohibited
operating zones.

proposed approach still achieves exactly the same optimality as the tradition-
al methods based on global information and central computation. Extensive
case studies have been presented to fully show the performance of the pro-
posed algorithm. As future work, more constraints will be considered, such
as transmission line capacity limit and spinning reserves.
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Figure 11: Generation outputs of proposed method in Case 3 with prohibited operating
zones.
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