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Abstract A simple computational framework for analysis
of acoustic-mechanical coupling is proposed. The method is
based on extended finite element models for structural vibra-
tions and acoustic pressure fluctuations using artificial me-
chanical and acoustic parameters in the non-structural and
non-acoustic domains, respectively. The acoustic-mechanical
interaction is created using a self-coupling matrix assem-
bled in the entire computational domain, effectively gener-
ating coupling at acoustic-mechanical interface boundaries.
The simple analysis tool circumvents the need for explicit
interface tracking with accuracy controlled explicitly using
a contrast parameter between the physical and artificial ma-
terial parameters. Furthermore, the method’s direct appli-
cability to gradient-based topology optimization where el-
ements can turn from mechanical to acoustic and vice versa,
is demonstrated and illustrated using a simple example.

1 Introduction

The coupling between structural vibrations and air pressure
fluctuations plays an important role in many small mechan-
ical components. Microphones rely on air-pressure induced
vibrations of thin diaphragms in order to pick up external
air-borne signals. Conversely, loudspeakers use the vibra-
tions of the diaphragm to generate air pressure fluctuations
perceived by the ear as sound.

In devices such as mobile telephones and hearing aids,
microphones, loudspeakers (as well as electrical components
such as battery, telecoil, etc.) are packed together in tight
space. The miniaturization coupled with the advent of thin,
light and flexible materials generate strong coupling and make
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the acoustic-mechanical performance very sensitive to of-
ten minuscule design changes. A major challenge is acoustic
feedback where amplified sound from the loudspeaker may
be transmitted back to the microphone through a large vari-
ety of paths that may be of acoustic, mechanical or coupled
type. The feedback loop may result in a disturbing howling
noise - a phenomenon which often sets the effective limit of
possible signal amplification eg. in hearing aids.

Topology optimization (Bendsøe and Sigmund 2003) is
a promising candidate for tackling the feedback problem as
well as other design problems linked to the interaction be-
tween mechanical vibrations and acoustic pressure fluctua-
tions. In order to correctly assess the dynamics the fully cou-
pled acoustic-mechanical system usually needs to be mod-
elled. This does not only lead to high computational costs
but also to challenges in terms of design parameterization.
The analysis model encompasses domains with both struc-
tural and acoustic elements and in order to enforce the cou-
pling conditions the interface boundaries between domains
have to tracked explicitly. This requirement conflicts with
the nature of topology optimization with a pixel (or voxel)-
based design description where structural-acoustic interfaces
may appear or disappear ad-hoc during the optimization pro-
cedure.

Thus, there appears to be a strong need for developing
modelling schemes that allow for a seamless transition be-
tween acoustical and structural domains. This challenging
parametrization problem has been treated previously using
different methods. In Yoon et al (2007) a mixed finite ele-
ment scheme was suggested to circumvent the need for ex-
plicit interface tracking and was used to formulate a corre-
sponding topology optimization scheme. In this formulation
the pressure is introduced in the structural model as an aux-
iliary variable by splitting the stress into its volumetric and
deviatoric part. The resulting model can be used to simulate
both structural vibrations and acoustic pressure fluctuations
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with an appropriate choice of system parameters (Wang and
Bathe 1997). In this way it is possible to directly interpolate
between a structural and an acoustic medium (with vanish-
ing shear modulus) using a single design variable. This for-
mulation was inspired by the earlier work by Sigmund and
Clausen (2007) where the approach was applied to deal with
topology optimization of a static structural problem with
design dependent pressure load. The method has also later
been used by Kook and Jensen (2017) to optimize acoustic-
mechanical microstructures wrt. damping properties. An al-
ternative to the mixed finite element approach is found in the
adaptation of the level set method to the acoustic-mechanical
coupling problem. The level set method was originally de-
veloped by Osher and Sethian (1988) for simulation of front
propagation and was introduced for design optimization by
Sethian and Wiegmann (2000), Osher and Santosa (2001)
and further developed by Allaire et al (2002) and Wang et al
(2003). In Shu et al (2014) the level set method was adapted
to acoustic-mechanical problems providing explicit knowl-
edge of the boundary location and was recently applied by
Desai et al (2018) for both pure acoustic and coupled prob-
lems. Another approach adapts a unified multiphase (UMP)
model based on Biot theory for porous media which was
presented in Lee et al (2012) and used for topology opti-
mization using the density approach in Lee et al (2015) and
using the level set approach in Noguchi et al (2015). Sim-
ilarly to the mixed formulation the coupling between the
acoustic and structural domains are inherent in the formu-
lation and the coupling interface needs not to be explicitly
tracked during the optimization procedure. Further develop-
ment of the method using a level set parametrization can be
found in Noguchi et al (2016), Noguchi et al (2017) and was
recently used by Miyata et al (2018) to design an acoustic
metasurface to convert acoustic waves into elastic transverse
waves.

In Søndergaard and Pedersen (2014) a topology opti-
mization problem was considered for the suspension of the
loudspeaker (receiver) in a hearing aid device. However, here
the inherent parametrization difficulties were circumvented
by specifying the design domain so that structural elements
could be replaced by void. Other workarounds for facilitat-
ing topology optimization of acoustic-structural problems
have been presented previously. In Vicente et al (2015) a
standard parametrization and corresponding sensitivity anal-
ysis valid for solid-void models was used but the void heuris-
tically replaced by an acoustic medium. In the paper the de-
sign updates were based on the BESO method rather than
a SIMP model and mathematical programming tools. The
BESO method has recently also been combined with the
mixed finite element method in Kook (2017).

Other works have considered topology optimization for
acoustic-structural interaction problems where the parametriza-
tion does not lead to a reorganization of structural and acous-

tic domains which simplifies the problem considerably. Akl
et al (2009) considered the coupled problem of an elastic
plate and an acoustic cavity and optimized the thickness
distribution of the plate in order to minimize the interac-
tion effect. Du and Olhoff (2010) considered optimization
of a bi-material plate in order to optimize the acoustic ra-
diation. In this case a simplified model for radiation was
developed for weak coupling neglecting the fully coupled
effects. In Chen et al (2017) the bi-material plate problem
was studied again using the fully coupled interaction model
in combination with an optimality criteria condition. These
topology optimization studies were preceded by many other
studies considering design optimization for vibro-acoustic
response. For an overview of earlier optimization work see
eg. Marburg (2002).

The present paper presents a new simple method for an-
alyzing acoustic-mechanical coupling and its application to
gradient-based topology optimization is proposed. Unlike
methods based on the mixed formulation and the UMP model,
to which the proposed method bears some resemblance, it
involves only standard finite element formulations for the
acoustic and structural problems and applies explicit cou-
pling matrices between the two fields.

The paper is organized as follows. The analysis model
is formulated in the next section considering a well defined
division of structural and acoustic domains. The accuracy of
the method is demonstrated using simple test cases. In the
final part of the paper the method is extended to gradient-
based topology optimization and is illustrated with a test ex-
ample.

2 FE model

The paper considers the general analysis problem illustrated
in Fig. 1. A mechanical structure with given boundary con-
ditions is excited by a time-dependent force f (t). The solid
structure is surrounded by an external acoustic medium and
may posses internal acoustic cavities as well. Furthermore,
we may consider time-dependent acoustic excitation given
as p(t).

The main goal here is to develop a formulation for the
analysis of acoustic-structural coupling that circumvents the
need for explicit tracking of the interface boundaries and
facilitates a transition from solid to acoustic domains and
vice versa. Of special consideration is to create a model that
can be applied to gradient-based topology optimization. In
Fig. 2 we show an example of an acoustic-structural interac-
tion problem where the part of the domain occupied by solid
is denoted Ωs and the part occupied by the acoustic medium
is denoted Ωa.

A fully-coupled finite element model for time-harmonic
structural vibrations and pressure fluctuations is now con-
structed. The computational domain Ωs ∩Ωa is discretized
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Fig. 1 General analysis problem for a coupled acoustic-mechanical
system.
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Ωa

Ωa

Ωs

Fig. 2 Identification of acoustic domain Ωa and solid domains Ωs.

into a number, ne, of suitable elements and a discrete ele-
ment topological indicator χe is introduced in order to iden-
tify the two parts of domains:

χ
e =

{1 if e ∈Ωs
0 if e ∈Ωa

(1)

thus, for χe = 1 we have a solid and for χe = 0 we have an
acoustic part of the domain. The reason to choose a discrete
topology indicator in this part of the paper is to simplify the
description as much as possible. In a later section the dis-
crete indicator χe will be replaced by a continuous indicator
ξ e. It should be emphasized that there is no restriction to the
choice of element geometry. However, since the main goal
of the proposed method is to allow for a change of topology,
it is most natural to choose a regular grid with the same el-
ement geometry in the acoustic and solid domains. This is
well knowing that, depending on the material properties of

the solid, the discretization necessary to obtain an accurate
solution in the acoustic and solid domain may be signifi-
cantly different.

The proposed scheme involves both a structural and an
acoustic model defined on the entire computational domain
to be designed. This naturally increases the computational
burden compared to standard acoustic-structural simulation
methods but allows for the construction of a simple algo-
rithm directly applicable to the topology optimization pro-
cedure.

2.1 Structural vibrations

We will now set up the basic finite element model for struc-
tural vibrations of the solid part of the structure. Fig. 3 il-
lustrates the material properties used for the solid model,
where we use ρs and E to represent the mass density and
Young’s modulus of the solid, respectively. Poisson’s ra-
tio of the solid is given as ν . The structural domain is ex-
tended with the part of the domain occupied by the acoustic
medium. In this part we introduce the artificial material pa-
rameters ρv and Ev to indicate the properties corresponding
to a structural void (Poisson’s ratio is kept constant). These
values should naturally be chosen such that the effect of in-
cluding the extra non-solid domain in the model is minimal.
It should noted here that the approach followed here is com-
pletely analogous to the approach taken in standard density
based topology optimization where regions of void with ar-
tificial material parameters are also included in the structural
model.

E
ρs

E
ρ

v

v

E
ρ

v

v

Ev

ρv

Fig. 3 Material properties for the solid modelling encompassing prop-
erties in the actual solid domain and in the extended part of the domain
occupied by the acoustic medium.

The finite element model for time-harmonic structural
vibrations is now set up using a standard Galerkin method
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in the entire domain Ω :

(−ω
2Ms +Ks)u = fs (2)

where u is a vector of nodal vibration amplitudes, ω is the
frequency of vibration, fs is the structural excitation vector
assembled in a usual manner, and the mass and stiffness ma-
trices are specified as:

Ms =
ne

∑
e=1

ρ
e
s Me (3)

Ks =
ne

∑
e=1

EeKe
s (4)

in which ρe
s and Ee are the element values of the structural

mass density and the Young’s modulus, respectively.
The element values are specified in terms of the topolog-

ical indicator χe as:

ρ
e
s , Ee =

{
ρs, E if χe = 1
ρv, Ev if χe = 0

(5)

and the element matrices are specified as:

Me
s =

∫
Ω e

NT
s NsdΩ

e (6)

Ke
s =

∫
Ω e

BT
s C̃BsdΩ

e (7)

in which Ns and Bs are the structural shape function and
strain-displacement matrices and C̃ is the constitutive matrix
with Young’s modulus set to unity.

Structural damping has been omitted for simplicity but
can be included in a straightforward manner.

2.2 Acoustic pressure fluctuations

The finite element model for the acoustic pressure fluctua-
tion is set up in a similar way in the full domain encom-
passing also the part of the domain occupied by the solid
material. Fig. 4 shows the material properties used with ρa
representing the mass density of the acoustic medium and κ

being the bulk modulus given as κ = ρac2, with c being the
speed of sound in air.

The finite element model for the acoustic pressure oscil-
lations then becomes:

(−ω
2Ma +Ka)p = fa (8)

in which p contains the nodal pressure amplitudes, fa is the
acoustic excitation vector and the matrices are specified as:

Ma =
ne

∑
e=1

1
κe Me

a (9)

Ka =
ne

∑
e=1

1
ρe

a
Ke

a (10)

κ
ρ
r

ρa

κ
ρa

ρa

κ

κ

rκ

Fig. 4 Material properties for the acoustic model encompassing prop-
erties in the acoustic domain and in the extended part of the domain
occupied by the solid medium.

with ρe
a being the element mass density and κe is the element

bulk modulus of the acoustic medium.
The element-wise properties are for the acoustic prob-

lem defined in terms of the topological indicator χe as:

ρ
e
a , κ

e =
{

ρa, κ if χe = 0
ρr, κr if χe = 1

(11)

where ρr, κr are the artificial values used to represent the
non-acoustic (rigid) domain. Again these values should be
chosen to minimize the effect of including the non-acoustic
domain in the acoustic model.

The element matrices are here given as:

Me
a =

∫
Ω e

NT
a NadΩ

e (12)

Ke
a =

∫
Ω e

BT
a BadΩ

e (13)

where Na is a vector of acoustic shape function and Ba is a
matrix with the corresponding spatial derivatives.

Normal boundary conditions such as prescribed displace-
ment and pressure are enforced for both structural and acous-
tic problems in the usual manner. Other boundary conditions
can be applied using standard formulations, e.g. absorbing
acoustic boundaries leading to an extra element damping
matrix:

Ce
a =

∫
Γ e

NT
a NadΓ

e (14)

integrated along the absorbing element boundary and assem-
bled into a global damping matrix as

Ca =
ne∗

∑
e=1

1√
ρe

aκe
a

Ce
a (15)

where ne∗ indicates elements along the absorbing bound-
ary. Additionally, more advanced models such as perfectly
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AcousticSolid

L

H

w

Fig. 5 Test case used to study the effect of the contrast parameter β on
structural and acoustic eigenvalues.

matched layers (PML) can be applied in the standard way
without any modifications.

We refer to standard textbooks, such as eg. Cook et al
(2002), for more details on finite element analysis of struc-
tural and acoustic problems.

2.3 Effect of artificial material parameters

The choice of the artificial parameters affects the accuracy
of the computations for both the structural vibrations and
the acoustic pressure. To study the accuracy of the extended
domain approach, a one-parameter contrast model is intro-
duced and tested using a simple example where the eigen-
values of a simple solid structure and an adjacent acoustic
cavity are computed.

The setup for the test case is illustrated in Fig. 5. A
square domain is divided into a solid part filling one-third
of the domain and with the remaining part of the domain be-
ing filled by an acoustic domain. The structure is fixed in the
upper and lower part and the acoustic domain has hard-wall
boundary conditions at the top and rightmost boundaries.
Structural and acoustic eigenvalues are computed on the ex-
tended domains and compared to reference values computed
by assembling the corresponding problems on the structural
and acoustic parts only. The geometrical and material pa-
rameters used are listed in Table 1.

The following empirical contrast model is proposed:

ρs

ρv
=

κr

κ
= 10β (16)

E
Ev

=
ρr

ρa
= 10β−1 (17)

E 500MPa
ρs 1200kg/m3

ν 0.3
2D model plane strain
ρa 1.204kg/m3

c 342m/s
H 1.0m
L 1.0m
w 1/3m
mesh 50×50

Table 1 Geometrical, material and mesh parameters for the eigenvalue
test example in Fig. 5.

where β is a parameter controlling the absolute contrast of
material parameters. It was found here that using a con-
trast one order of magnitude larger for the mass density than
for Young’s modulus and similarly one order of magnitude
larger for bulk modulus than for the mass density of the
acoustic medium produces the best results without any spu-
rious modes in the extended domains. A high value of β is
naturally expected to improve the analysis accuracy which is
validated in Fig. 6, where the relative error of the extended
domain computations is illustrated for the first six structural
and acoustic modes. It is noted that for all modes computed
a nice convergence towards the reference values is obtained
with increasing β . In Figs. 7–8 selected structural and acous-
tic modes are shown for β = 5. For both displacement and
acoustic pressure fields we note smooth decaying behavior
within the extended domains.

However, it should be mentioned that limitations of the
use of simple constrast models in combination with standard
finite element procedures for the acoustic problem has been
pointed out by Kasolis et al (2015). Here it was reported
to lead to spurious resonances inside the rigid domains and
ill-conditioned matrices and a stabilization scheme was pro-
posed to remedy the problems. However, for the examples
considered in this work these issues have not been observed
and the use of more advanced models are left for future
work.

3 Acoustic-structural coupling

The previous sections involved an extension of the structural
and acoustic domains to the full model domain. This is done
to allow for structural parts to be able to turn into acoustic
domains and vice versa. What remains now is to compute the
coupling between the structural vibrations and the pressure
fluctuation in a way so that the location of the interface does
not need to be explicitly specified.
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Fig. 6 Relative error of structural and acoustical eigenvalues by using the extended domain with artificial material parameters. Error shown vs.
contrast measure 10β .

Mode = 1 Mode = 3

Fig. 7 Two selected structural mode shapes computed with the ex-
tended domain (β = 5).

Mode = 1 Mode = 3

Fig. 8 Two selected acoustical mode shapes computed with the ex-
tended domain (β = 5).

3.1 The conventional approach

The coupling between the acoustic pressure field and the
structural vibrations acts in a two-way fashion. The acceler-
ation of the vibrating structural boundary acts as an acous-
tic source emitting pressure waves into the acoustic domain.
Conversely, the acoustic pressure wave acts as a boundary
load on the structural domain. We may express these equiv-
alent structural loads and acoustic sources as

fp
s = STp (18)

fu
a = ω

2Su (19)

fs
p

fa
u

Fig. 9 Illustration of the structural loads coming from the acoustic
pressure field and the acoustic sources coming from the structural vi-
brations of the solid.

and these are illustrated in Fig. 9.
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The matrix S is the coupling matrix found in the conven-
tional approach as

S =
neint

∑
e=1

Se (20)

Se =
∫

Γint

(nT
a Ns)

TNadΓ (21)

where the shape functions for the structure and for the acous-
tic domain are evaluated for the structural and acoustic ele-
ments at the coupling interface and na is the normal vec-
tor pointing from the acoustic domain into the structural
domain. The assembly is performed only for element pairs
along the interface boundary, thus, in order to compute the
integral we must know the location of the interface and iden-
tify the involved elements. See eg. Cook et al (2002) for
more details.

3.2 Topological indicator-based coupling matrix

In this section we develop an alternative computation of fp
s

and fu
a based on the element indicator χe. The key to the

proposed algorithm is the computation of an element self-
coupling matrix.

The self-coupling matrix is computed in a similar way
as when computing the coupling matrix in the traditional
approach - however the acoustic and structural shape func-
tions are now evaluated for the same element and integrated
over all boundaries. We define this self-interaction matrix as

Se =
∮

Γ

(nTNs)
TNadΓ (22)

where n is the outward pointing normal vector from the ele-
ment boundary. In the appendix the computation of Se is ex-
emplified for the bilinear rectangular 4-noded element (Q4).
The self-coupling matrix simply expresses the intrinsic cou-
pling between the nodal loads and pressures for a given ele-
ment.

In order to assemble the global coupling matrices we
loop over all elements in the following manner:

Sp =
ne

∑
e=1

(1−χ
e)Se (23)

Su =
ne

∑
e=1

χ
e(Se)T (24)

It should be noted that since we multiply element contribu-
tions by factors (1− χe) and χe, we include only pressure-
induced structural loads from acoustic elements and vibration-
induced acoustic sources from solid elements.

In the assembly procedure contributions to Sp in the in-
terior part of the acoustic domain vanish since contribu-
tions from neighboring elements cancel out. The same holds
true for contributions to Su in the interior part of the solid
domain. What is left are sparse matrices that represent the

coupling at the acoustic-mechanical interface in addition to
non-vanishing contributions at the exterior domain bound-
ary which can be removed by standard boundary condition
operations. In fact, in the discrete case where χe takes only 0
and 1 values, and after enforcing appropriate boundary con-
ditions on the two coupling matrices, these will in fact obey
the relation Sp = ST

u and be identical to the coupling ma-
trix obtained using the traditional approach. However, when
we later extend the approach to allow for continuous values
of the topological indicator function, the two matrices will
in general be different. It should be emphasized that even
though the coupling matrices in the discrete case reduce
to the standard coupling matrix, the structural and acous-
tic problems are still solved on the full extended domains.
Hence the discrete problem is not equivalent to a standard
segregated analysis procedure.

We can now define the global load and source vectors

fp
s = Spp (25)

fu
a = ω

2Suu (26)

and set up the coupled equations for the acoustic-structural
interaction problem:

(−ω
2Ms +Ks)u = fs +Spp (27)

(−ω
2Ma +Ka)p = fa +ω

2Suu (28)

which we can convert into:([
Ks Sp
0 Ka

]
−ω

2
[

Ms 0
Su Ma

]){
u
p

}
=

{
fs
fa

}
(29)

which we can also write in compact notation as:(
K̃−ω

2M̃
)

ũ = S̃ũ = f̃ (30)

in which S̃ has been introduced as the dynamic system ma-
trix.

3.3 Example: Acoustic transmission through a flexible
partition

We now demonstrate the method when applied to the prob-
lem of transmission of a plane acoustic wave through a flex-
ible partition. Furthermore, an inherent limitation of the de-
veloped model, wrt. to the use of the contrast parameter β ,
is highlighted.

Fig. 10 shows the model used for the test case. A time-
harmonic plane acoustic wave of unit amplitude impinges on
a flexible partition with fixed boundary conditions specified
on the top and bottom part. The induced structural vibra-
tions of the partition cause emission of sound waves in the
acoustic domain to the right and the transmission is recorded
as |p|2 averaged on the right boundary. In the acoustic parts
the top and bottom boundaries are specified as sound hard
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AcousticAcoustic Solid

L

w

H

Fig. 10 Test case for simulating the acoustic transmission of a time-
harmonic plane wave through a flexible partition.

E 500kPa
ρs 1000kg/m3

ν 0.3
2D model plane strain
ρa 1.204kg/m3

c 342m/s
H 0.4m
L 1.0m
w 0.05m
mesh 200×80

Table 2 Geometrical, material and mesh parameters for acoustic trans-
mission example.

and absorbing boundaries are specified on the left and right
boundary. The geometrical and material parameters used are
listed in Table 2. It should be noted that a very soft material
is used merely to broaden the resonance peak in the trans-
mission spectrum, that would otherwise be very sharp.

Fig. 11 shows the transmission in the frequency range
from 0 to 10 [Hz] encompassing the fundamental symmet-
ric mode of vibration for the chosen geometrical dimen-
sions and material parameters. Full transmission is reached
near the natural frequency of the fundamental mode and the
transmission drops away from the resonance frequency. The
effect of the choice of the contrast parameter β is clearly
observed in the figure. As was noted in the eigenvalue test
case, the acoustic field does not vanish in the extended do-
main but displays a smooth decaying behavior away from
the acoustic-mechanical interface. For this test case it also
implies that if β is too small, a non-negligible transmission
is obtained at the lower frequencies due to acoustic leak-
age through the solid domain. This is a parasitic effect and
not desirable, but the effect can effectively be controlled
by choosing a higher value of β . For the specific example,
choosing β to 8 or more will result in a transmission spec-
trum indistinguishable from the reference COMSOL results.

 0
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β=5
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Fig. 11 The acoustic transmission computed using the proposed
method for different values of the contrast parameter β . Results com-
pared to reference results obtained using COMSOL with identical
mesh and shape functions.

4 Application to topology optimization

In order to apply the developed formulation to a gradient-
based topology optimization scheme, the discrete element
indicator function χe is replaced by a continuous indicator
function:

χ
e→ ξ

e (31)

where ξ e takes values between 0 and 1. The formulation de-
rived in the previous sections can directly be used also for
continuous values of the indicator function. The two cou-
pling matrices will now in general be fully populated cor-
responding to induced structural loads and acoustic sources
distributed in the entire domain. This should be seen only as
an intermediate step towards reaching the discrete (close to)
0 and 1 values of the indicator function in the final optimized
structures. It should be emphasized that due to the time-
harmonic formulation the appearance of loads and sources
distributed in the domain do not pose problems wrt. well-
posedness of the state problem. This is in contrast to a sim-
ilar formulation prosed for electro-statically induced struc-
tural loads proposed by Yoon and Sigmund (2008) where
distributed loads could results in singular static structural
problems and had to be eliminated.

The derived formulation allows us to derive the gradient
of a generally formulated objective function wrt. our contin-
uous topological indicator function - which we will use as
our design variable. We will consider a real-valued objec-
tive function of the following form:

Φ = c(ξξξ , ũr, ũi) (32)

where we explicitly specify the dependency of the objective
function on the real and imaginary parts of the state vector
ũ that comprise both the vibration amplitude field u and the
acoustic pressure field p. The objective function may also
depend explicitly on the design variable vector ξξξ .



A simple method for coupled acoustic-mechanical analysis with application to gradient-based topology optimization 9

We now find the gradient wrt. a single design variable ξ e

as using the chain rule:

Φ
′ =

dΦ

dξ e =
∂c

∂ξ e +
∂c
∂ ũr

∂ ũr

∂ξ e +
∂c
∂ ũi

∂ ũi

∂ξ e (33)

The adjoint approach will be employed to ensure effi-
cient computation of Φ ′ also for a large number of design
variables. The approach employs the augmented objective
function:

Φ = c+λλλ
T
r rr−λλλ

T
i ri (34)

which is based on a complex adjoint field vector λλλ = λλλ r +

iλλλ i and the residual of the state equation r= S̃ũ− f̃= 0, here
split up into its real and imaginary parts as:

rr = S̃rũr− S̃iũi− f̃r = 0 (35)

ri = S̃iũr + S̃rũi− f̃i = 0 (36)

The augmented expression for the gradient Φ ′ now be-
comes:

Φ
′ =

∂c
∂ξ e +

∂c
∂ ũr

∂ ũr

∂ξ e +
∂c
∂ ũi

∂ ũi

∂ξ e

+λλλ
T
r

(
S̃r

∂ ũr

∂ξ e +
∂ S̃r

∂ξ e ũr− S̃i
∂ ũi

∂ξ e −
∂ S̃i

∂ξ e ũi−
∂ f̃r

∂ξ e

)
−λλλ

T
i

(
S̃i

∂ ũr

∂ξ e +
∂ S̃i

∂ξ e ũr + S̃r
∂ ũi

∂ξ e +
∂ S̃r

∂ξ e ũi−
∂ f̃i

∂ξ e

)
(37)

After collecting terms that involve ∂ ũr
∂ξ e and ∂ ũi

∂ξ e (assum-
ing that external forces and acoustic sources are independent
of the design) we obtain:

Φ
′ =

∂c
∂ξ e+(

∂c
∂ ũr

+λλλ
T
r S̃r−λλλ

T
i S̃i

)
∂ ũr

∂ξ e +

(
∂c
∂ ũi
−λλλ

T
i S̃r−λλλ

T
r S̃i

)
∂ ũi

∂ξ e

+λλλ
T
r

(
∂ S̃r

∂ξ e ũr−
∂ S̃i

∂ξ e ũi

)
−λλλ

T
i

(
∂ S̃i

∂ξ e ũr +
∂ S̃r

∂ξ e ũi

)
(38)

We will now choose the adjoint variable so that terms
involving ∂ ũr

∂ξ e and ∂ ũi
∂ξ e vanish:

∂c
∂ ũr

+λλλ
T
r S̃r−λλλ

T
i S̃i = 0

∂c
∂ ũi
−λλλ

T
i S̃r−λλλ

T
r S̃i = 0

(39)

which can be combined into:

λλλ
TS̃ =−

(
∂c
∂ ũr
− i

∂c
∂ ũi

)
(40)

and after transposing the terms:

S̃T
λλλ =−

(
∂c
∂ ũr
− i

∂c
∂ ũi

)T

(41)

which can be solved to obtain λλλ whereafter the sensitivities
can be obtained by rewriting Eq. (38) into

Φ
′ =

∂c
∂ξ e +Re

(
λλλ

T ∂ S̃
∂ξ e ũ

)
(42)

The term ∂ S̃
∂ξ e in Eq. (42) can be written out as:

∂ S̃
∂ξ e =

∂ K̃
∂ξ e −ω

2 ∂M̃
∂ξ e (43)

which we can specify further as

∂ K̃
∂ξ e =

[
∂Ks
∂ξ e

∂Sp
∂ξ e

0 ∂Ka
∂ξ e

]
=

[
∂Ee

∂ξ e Ke
s −Se

0 ∂ (ρe
a)
−1

∂ξ e Ke
a

]
(44)

∂M̃
∂ξ e =

[
∂Ms
∂ξ e 0
∂Su
∂ξ e

∂Ma
∂ξ e

]
=

[
∂ρe

s
∂ξ e Me

s 0

(Se)T ∂ (κe)−1

∂ξ e Me
a

]
(45)

The interpolation functions for the element material prop-
erties (acoustic and mechanical): Ee, ρe

a , ρe
s and κe will be

specified below for the specific application example.

4.1 Example

As an example we consider a standard topology optimiza-
tion problem for the setup depicted in Fig. 12. The sliding-
fixed beam is loaded symmetrically by two identical verti-
cal time-harmonic forces f cosωt at the sliding support and
is surrounded by an acoustic medium (air). The air domain
has hard wall boundary conditions at the vertical boundaries
and absorbing boundaries at the horizontal boundaries. The
part of the domain occupied by the structure in the figure is
used as design domain and may in the final design consist
of structural and acoustic domains. The remaining part is a
fixed acoustic domain. The geometrical, material and mesh
parameters are listed in Tab. 3.

We consider the following measure of dynamic compli-
ance as our objective function:

c = |fT
s u|= |f̃Tũ|=

√
(f̃Tũr)2 +(f̃Tũi)2 (46)

which is an extension of the minimum compliance design
problem to the dynamic case. We consider only external
structural loads and no acoustic sources and the objective
function only includes the structural response. However, as
will be shown the presence of the acoustic medium has an
effect on the appearance of the optimized structure and the
corresponding response.
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Ωs

hard wallhard wall

absorbing

absorbing

fixedsliding

hard wallhard wall
f cosωt

L

H h

f cosωt

Fig. 12 A sliding-fixed beam subjected to time-harmonic structural
loads and surrounded by an acoustic medium with open (absorbing)
boundaries at top and bottom.

E 500MPa
ρs 1200kg/m3

E (weak) 25MPa
ρs (weak) 60kg/m3

ν 0.4
2D model plane strain
ρa 1.204kg/m3

c 342m/s
H 0.5m
h 0.2m
L 1.0m
β 8
mesh 300×150

Table 3 Geometrical, material and mesh parameters for the optimiza-
tion example.

Eq. (41) for the adjoint problem specifically becomes:

∂c
∂ ũr

=
1

2
√
(f̃Tũr)2 +(f̃Tũi)2

2(f̃Tũr)f̃T =
(f̃Tũr)f̃T

c

∂c
∂ ũi

=
1

2
√
(f̃Tũr)2 +(f̃Tũi)2

2(f̃Tũi)f̃T =
(f̃Tũi)f̃T

c

S̃T
λλλ =−

(
∂c
∂ ũr
− i

∂c
∂ ũi

)T

=− ũ∗ f̃
c

f̃

(47)

where ũ∗ denotes the complex transpose of the state vector ũ
and the sensitivities can then be found directly from Eq. (42)
using that the objective function does not depend explicitly
on the design variables so that ∂c/∂ξ e = 0.

The interpolation functions for the material parameters
are here chosen as:

Ee = Ev +
ξ e

1+q(1−ξ e)
(E−Ev) (48)

ρ
e
s = ρv +ξ

e(ρs−ρv) (49)
1

κe =
1
κ
+ξ

e(
1
κr
− 1

κ
) (50)

1
ρe

a
=

1
ρa

+ξ
e(

1
ρr
− 1

ρa
) (51)

i.e. a RAMP interpolation has been chosen for Young’s mod-
ulus with q as a penalization factor (Stolpe and Svanberg

Fig. 13 Optimized designs for the design problem illustrated in
Fig. 12. Top: static design, middle: dynamic design without acoustics,
bottom: dynamic design with acoustics.

2001), combined with linear interpolation for the structural
mass density. For the acoustic terms linear interpolations
have been chosen for both 1

κe and 1
ρe

a
in accordance with the

standard procedure in topology optimization of pure acous-
tic problems (Christiansen et al 2015).

Thus the terms in Eqs.(44)-(45) can explicitly be calcu-
lated as:

∂ρe
s

∂ξ e = ρs−ρv (52)

∂ (κe)−1

∂ξ e =
1
κr
− 1

κ
(53)

∂Ee

∂ξ e =
1+q

1+q(1−ξ e)2 (E−Ev) (54)

∂ (ρe
a)
−1

∂ξ e =
1
ρr
− 1

ρa
(55)

The computed sensitivities are used along with the math-
ematical programming tool MMA (Svanberg 1987) in an it-
erative scheme to generate optimized designs. The imple-
mentation follows closely the outline in 88-line code pro-
vided by Andreassen et al (2011) using a density filter with
a radius of 3.5 elements. A maximum of 40% of material
is allowed to be used and the initial design is chosen as a
homogeneous structure with ξ e = 0.4. We use a continua-
tion scheme on the penalization parameter starting with the
values of q = 0 (linear stiffness interpolation), increasing to
q = 1 after 20 iterations and further increasing q by 1 every
50 iterations. The procedure is terminated after a fixed num-
ber of iterations (250) and the optimized designs are thresh-
olded to 0-1 before the final analysis of the performance.

Initially, the optimization study is first carried out for a
corresponding static problem using only the structural part
of the system - ie. a normal static compliance minimization
problem. The optimized structure is depicted in Fig. 13top.
A second optimization problem is conducted without acous-
tic influence but for quasi-static conditions with a non-zero
excitation frequency (ω = 30×2π rad/s) which is below the
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fundamental natural frequency of the initial structure. The
optimized structure for the quasi-static condition is depicted
in Fig. 13middle and is seen to differ from the structure op-
timized for static conditions. For static conditions zero mo-
ment is obtained at midpoint which is reflected in the opti-
mized structure where only the transverse force needs to be
transmitted and the vertical extent of material can be mini-
mized to close-to a point (the finite extent is due to the use
of the filter). When the inertial load is added, with a dis-
tribution close to the fundamental mode shape, the point of
zero moment point is shifted to the left and the moment at
the left boundary is reduced compared to the moment at the
right boundary resulting in more material being shifted to
the right part of the structure.

The problem is now solved with the full structural-acoustic
interaction model. A different set of material parameters is
introduced corresponding to a very weak and light mate-
rial with both density and Young’s modulus reduced by a
factor of 20. The two material sets have identical stiffness-
to-mass ratios and therefore both static and quasi-static de-
signs are independent of which material set is used. How-
ever, the acoustic-mechanical coupling strength inherently
depends on material impedance given as

√
Esρs. For the

normal material the coupling is weak enough so that the
optimized structure has an appearance very similar to the
quasi-static design (Fig. 13middle). However, for the artifi-
cial weak material the zero moment point is now shifted fur-
ther to the left due to the added pressure load from the acous-
tic domain. This is seen in the optimized structure shown in
Fig. 13bottom, where it is also noted that even more ma-
terial is shifted from the location near the left boundary to
the region near the right boundary where the moment has
increased further.

Fig. 14 illustrates the evolution of the acoustic-structural
interaction during the optimization procedure. The acousti-
cally induced load vector is plotted for the initial material
configuration, an intermediate design step and close to final
convergence of the optimization scheme. For the initial ho-
mogenous material distribution the acoustic loading is con-
fined to the upper and lower structural boundaries whereas
the internal loads effectively cancel out. The intermediate
design step possesses inhomogeneous material distribution
including elements with intermediate values of the design
variable. As appears, this induces distributed acoustic loads
throughout the structure. It should here be noted that a non-
linear scaling of the arrow sizes has been applied in order to
also properly visualize forces with smaller magnitude and
for clarity not all nodal values are shown. In the almost
final design with a close to black-white distribution it is
again seen how the induced loads affect mainly the structural
boundaries. Furthermore, it can be seen that the forces are
largest on the outermost boundaries indicating that induced
acoustic pressure in the internal structural cavities is rela-

Fig. 14 Acoustically induced structural loads for top: initial material
distribution, middle: intermediate design step and bottom: close to final
design.

+ inertial load

+ acoustic pressure load

External load

zero moment

zero moment

zero moment

Fig. 15 Illustration of the effect of the dynamic and acoustic loads on
the structure and indication of the point of zero moment.

tively small. The evolution of structurally induced acoustic
loads follows a similar pattern and is not shown.

In Fig. 15 the moment and load considerations are fur-
ther outlined giving a schematic illustration of the loads ap-
pearing for the three conditions. It should be emphasized
that the acoustic pressure distribution is assumed here to fol-
low a linear distribution which is clearly an approximation.
However the precise distribution does not change the con-
clusion.

In Fig. 16 we show the frequency response of the three
optimized structures with all simulations done using the full
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Fig. 16 Frequency response for the three optimized designs for artifi-
cial weak material.

acoustic-structure interaction model for the artificial light
and flexible material. It is noted that the design optimized for
acoustic coupling conditions performs better than the other
optimized designs although the quasi-static design has only
a slightly higher compliance at the optimization frequency.

It should be mentioned that the computational effort re-
quired to solve the coupled state problem during the opti-
mization procedure with intermediate design variables gen-
erally increases due the populated coupling matrices that re-
duces sparsity. For the presented example an increase up to
a factor of two was observed compared to the case of a 0-1
discrete design.

5 Summary and conclusions

A simple computational scheme for acoustic-structure in-
teraction simulation has been proposed. The computational
framework for the method has been presented in detail in-
cluding examples to illustrate the basic properties and lim-
itations of the method. Furthermore, the application of the
method for acoustic-structural topology optimization has been
demonstrated.

The method is based on extended finite element mod-
els of both structural vibrations and acoustic pressure fluc-
tuations in the entire modelling domain. The individual do-
mains are identified using an element topological indicator
function and the non-structural and non-acoustic parts of the
domain are assigned artificial structural and acoustic mate-
rial parameters representing structural void and an acous-
tically rigid material, respectively. By choosing appropri-
ate contrast between physical and artificial material parame-
ters the accuracy of the models can be controlled efficiently
which is illustrated by an simple example involving uncou-
pled structural and acoustic eigenvalues.

The coupling between the acoustic pressure fluctuations
and the structural vibration takes the form of structural bound-

ary loads from the acoustic pressure and acoustic sources
from the vibrating structural boundary. The proposed scheme
circumvents the need for explicit tracking of the interface
boundaries. Instead an self-coupling element matrix is de-
fined which is assembled over the entire modelling domain
to produce the desired loads and sources at the interface. The
performance of the full coupled model is demonstrated for
the case of transmission of a plane acoustic wave through
a flexible partition. The proposed scheme shows excellent
accuracy when compared to a similar COMSOL model pro-
vided that the contrast between the physical and artificial
material parameters is sufficiently high. If a too low contrast
is used the model suffers inaccuracies due to acoustic leak-
age through the non-acoustic domain.

In the final part of the paper the applicability to topology
optimization problems is demonstrated. The discrete topo-
logical indicator function introduced in the first part of the
paper is replaced by a continuous indicator function. In this
way the coupling between the two physical fields is active on
the entire domain where the indicator function is not strictly
0 or 1. The use of the continuous indicator function allows
for computing the gradient of a general objective function
directly and facilitates the use of a standard mathematical
programming tool for design optimization. The use of the al-
gorithm is demonstrated for dynamic minimum compliance
design of a beam with a time-harmonic structural load em-
bedded in a semi-open acoustic domain. The generated de-
sign are compared to design without the acoustic domain in-
cluded and the observed differences is explained using sim-
ple physical considerations.

The major strength of the proposed method lies in the
simplicity of implementation using standard FE formulation
for structural and acoustic problems on a fixed mesh and
the straightforward assembly of the coupling matrices using
the topological indicator function. The major drawback is
the required computational effort due to the need for solv-
ing the acoustic and structural problems in the entire do-
main, however, this is also the case for methods based on
the mixed formulation and the UMP approach. Additionally,
the loss of sparsity due the populated coupling matrices also
causes an increase in computational efforts. Additionally, to
broaden the general applicability of the proposed method,
further work could be done in refining the choice of interpo-
lation and contrast models for both the acoustic and struc-
tural problem.

Appendix

The computation of Se is exemplified for the bilinear 4-
noded rectangular element (Q4) for both the structural and
acoustic domain. It should be emphasized that it is trouble-
free to use different approximation-orders for the acoustic
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Fig. 17 Basic element geometry for the 4-node rectangular element.

and structural parts. The basic element geometry is shown
in Fig. 17.

Specifically the shape functions are defined as:

Na =
1

4ab
[N1 N2 N3 N4] (56)

and

Ns =
1

4ab

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
(57)

where

N1 = 1
4ab (a− x)(b− y) (58)

N2 = 1
4ab (a+ x)(b− y) (59)

N3 = 1
4ab (a+ x)(b+ y) (60)

N4 = 1
4ab (a− x)(b+ y) (61)

and the computation of the self-interaction matrix can be
written out as:

Se =
∫ a

−a
(nT

1 Ns)
T Na|y=−bdx+

∫ b

−b
(nT

2 Ns)
T Na|x=ady

+
∫ a

−a
(nT

3 Ns)
T Na|y=bdx+

∫ b

−b
(nT

4 Ns)
T Na|x=−ady

(62)

which results in the following matrix:

Se =
1
3



−2b 0 0 −b
−2a −a 0 0

0 2b b 0
−a −2a 0 0
0 b 2b 0
0 0 2a a
−b 0 0 −2b
0 0 a 2a


(63)
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