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Abstract

Ductile plate tearing, where the crack propagates multiple plate thicknesses, is targeted

by the micro-mechanics based Gurson-Tvergaard-Needleman (GTN) model. The focus

is on extracting detailed information on the fracture process that governs ductile crack

initiation from a blunt pre-crack until the crack reaches steady-state propagation in

order to enhance accuracy of the traditionally used cohesive zone traction-separation re-

lations. The aim is to facilitate an accurate representation of the tearing process within

the cohesive zone modeling framework as such simplistic models are largely exploited

by engineers worldwide. Unfortunately, accuracy in the representation of crack propa-

gation is often sacrificed for computation speed, but the present work allows correlating

the cohesive zone modeling to a much more accurate, though computational expensive,

micro-mechanics based (full 3D) model response. In the modeling of large-scale plate

tearing, shell elements are typically employed to represent the engineering scale of the

structure while the cohesive zone represents the micro-scale in terms of crack initiation

and growth process. Thus, the cohesive zone essentially has to take over at the onset of

the first localization (thinning far ahead of the crack tip). Calibration of the cohesive
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zone parameters has earlier been made in accordance with experimental observations

such that the overall response of the system is well reproduced. But, the present work

takes the calibration of the cohesive zone one step further and exploits details from

a large-scale GTN model calculation. The goal is to match the response from the

GTN model with the much less computation demanding cohesive zone modeling ap-

proach by incorporating knowledge of the loading history for individual cross-sections,

in front of the pre-crack, through which the tearing crack propagates. The full 3D

micro-mechanics based model set-up allows tracking of key parameters, such as peak

traction and tearing energy, which goes into the cohesive traction-separation relation.

The dependency on distance from the crack initiation site of the cohesive zone param-

eters is determined - from crack initiation to steady-state propagation - and followed

up by a discussion on how to construct a traction-separation relation for ductile plate

tearing.

Keywords: Gurson, Cohesive zone, Ductile fracture, Plate structures

1. Introduction

The micro-mechanics based modeling framework developed from the pioneering work

by Gurson (1977); Tvergaard (1981); Tvergaard and Needleman (1984) (the GTN ma-

terial model) facilitates a rather accurate prediction of the ductile failure process gov-

erned by void nucleation and growth to coalescence. Combining this micro-mechanics

based material model with the finite element method it constitutes a powerful compu-

tational tool. However, the modeling approach suffers one significant drawback as it

is inherently mesh dependent and the localization of damage depends on the size of

the finite elements (see Besson et al., 2003). In fact, for the model to stay true to the
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underlying micro-mechanics, the element size must be on the order of the dominant

void spacing (say ≈ 100 µm). This makes the GTN model computational costly and

typically considered impractical to real-life engineering purposes. This despite, the

GTN model is known to capture the long complex sequence of events that comprises

the tearing process of thin plates (Mathur et al., 1996; Besson et al., 2003; Nielsen and

Hutchinson, 2012; Felter and Nielsen, 2017). Here, a plate is considered thin when its

thickness is much smaller than the in-plane dimensions such that the far-field boundary

enforces little constraint on the out-of-plane deflection for material near the fracture

process zone. As the tearing crack evolves, through-thickness local plate thinning first

occurs some distance ahead of the leading crack front and stretches roughly one plate

thickness above and below the crack face (Pardoen et al., 2004). In this way, the size

of the plastic zone, rp, traveling with a tearing crack tip at steady-state will be greater

than the plate thickness (rp > t), whereas rp < t may be the case during the crack

initiation where the crack tip is subject to a high level of through-thickness constraint.

The thinning process (related to necking under uni-axial tension) intensifies in the re-

gion close to the crack tip and fertilize localization in shear bands immediately in front

of the tip. In the case where one of the shear bands becomes dominant, the crack

slants to propagate in a roughly 45◦ orientation. On the micro-level, the mechanisms

of void nucleation and growth to coalescence eventually lead to material separation

(Xue and Wierzbicki, 2008; Morgeneyer and Besson, 2011; Hickey and Ravi-Chandar,

2015; Benzerga et al., 2016).

To circumvent the numerically costly GTN modeling approach, the engineers typi-

cally rely on much less costly methods to represent fracture and crack propagation, but
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in the adoption of such methods also the simulation largely loses the link to the under-

lying mechanics. The present work will focus on the reestablishment of this link and

tighten the connection to the underlying mechanics when engineers choose to employ

cohesive zone modeling in combination with shell modeling to represent crack initiation

and growth in plate structures. As discussed in Nielsen and Hutchinson (2012), the

shell elements surrounding the cohesive zone are capable of correctly describing the

elastic-plastic loading/unloading up to the point where local thinning initiates in front

of the crack, whereafter the cohesive traction-separation response has to take over.

The onset of thinning for a plate cross-section, in the path of the crack, is set by the

peak traction in the traction-separation relation and hence the cohesive elements must

represent the softening part of the material behavior. That is, the cohesive energy has

to consist of the energy going into both forming the local plate thinning, the shear

banding, and the creation of new fracture surfaces. Nielsen and Hutchinson (2012) de-

veloped a 2D modeling framework, incorporating the GTN model, to determine such

details for a steadily growing tearing crack (also recently extended to mode mixity in

Andersen et al., 2018). By isolating a single cross-section, subject to separation by the

tearing crack, a state of plane strain along the crack growth direction can be enforced

on the section, and both the peak traction and energy dissipation can be estimated.

The present work extends the effort in Nielsen and Hutchinson (2012) to include the

crack initiation process and the associated dependency on the distance from the crack

nucleation site of cohesive zone parameters by expanding the model to 3D. The starting

point is the experimental setup by Simonsen and Törnqvist (2004), where a large-scale

plate is subjected to combined tension and in-plane bending (mode I) under which the
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crack propagates several (>10) plate thicknesses. A corresponding large-scale plate

tearing simulation by the GTN model is here presented and the flat to slant transition

is neatly demonstrated (without any shear extensions to the GTN model). The reader

should bear in mind, that the aim with the present work is not to compare the numeri-

cal results with existing experimental work, but rather is it to focus on the micro-macro

bridging. The associated energy dissipation and traction level for various cross-sections

in front of the tearing crack are extracted from the micro-mechanics based calculation

and conveyed to the cohesive zone parameters. The key questions are now; how will the

overall model response for a cohesive zone setup compare to the GTN model prediction?

And; how will the predictions compare to related findings in Nielsen and Hutchinson

(2012) and in Woelke et al. (2015) for cohesive traction-separation relations applicable

to tearing of ductile materials?

To a first order, the cohesive elements are controlled by two key parameters; the

peak traction and the cohesive energy (Tvergaard and Hutchinson, 1992; Cornec et al.,

2003; Wang and Ru, 2016), while the shape of the traction-separation separation offers

some control of the crack extension. As the near-tip condition changes from crack

initiation to crack growth, one must also expect a dependency on the distance from

the crack nucleation site of the traction-separation relation. Several authors (see e.g.

Schwalbe et al., 2013, and references therein) have reported the existence of varying

parameters for the peak traction and cohesive energy as a function of distance to the

crack growth. Schwalbe et al. (2013) discuss the possibility of splitting the numerical

model into two regions with different cohesive parameters; first region, where the crack

initiates, governed by parameters for a flat crack and the second region governed by
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parameters for a slanted crack. Woelke et al. (2015) took as starting point the peak

traction and energy level estimated in Nielsen and Hutchinson (2012) for steady-state

propagation and manually fit the cohesive zone parameters for the crack initiation

process to match the experimental results by Simonsen and Törnqvist (2004). In fact,

a constant level (or steady-state) for the cohesive zone parameters is only reached after

the crack has propagated approximately seven plate thicknesses. This is tied to the

change in stress state in the vicinity of a propagating crack; as it initiates from a pre-

crack a condition of plane strain exists in the through-thickness direction (making the

crack to initiate in the plate center), while the near-tip condition changes to plane stress

(through thickness) at steady-state. The change in stress state and its impact on the

ductile damage development is also evident from the 3D model simulation, employing

the GTN material model, that serves as the backbone in the current study. Figure 1

presents the deformed plate where the tearing crack has propagated to reach steady-

state. The high resolution employed in the finite element calculation allows the tearing

crack to initiate in the center of the plate (at the blunt pre-crack) due to elevated

levels of stress triaxiality, while it evolves into a slanting crack after roughly one plate

thickness of propagation. As in the study by Woelke et al. (2015), the local thinning

and crack front evolution are fully developed after roughly seven plate thicknesses of

propagation. It is the effect of such details that the present work aims to bring into

cohesive zone modeling.

In Section 2, the problem at hand is described in details, after which the constitutive

relations and details regarding the numerical framework are presented in Section 3. The

approach to link the two modeling frameworks (cohesive vs. micro-mechanics based) is
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laid out in Section 4, and the results are presented in Section 5. Conclusions are given

in Section 6.

2. Problem formulation: The plate tearing setup

Large-scale plate tearing is considered such that the crack develops from a blunt pre-

crack and grows several plate thicknesses into the plate under mode I far-field loading.

The geometry considered is the same as in the experimental work by Simonsen and

Törnqvist (2004) and Fig. 2 shows a schematic overview of the setup. A direct com-

parison to the experimental findings of Simonsen and Törnqvist (2004) is, however, not

in focus. The in-plane dimensions of the plate are denoted W and H as the width and

height, respectively, and the out-of-plane thickness is denoted t. The thickness, t, is

here much smaller than the in-plane dimensions in order to limit the constraint on the

out-of-plane deflection originating from the far-field boundary. This is to mimic a free

standing plate, though small scale yielding is not valid due to the extent of the plastic

deformation (see e.g. Simonsen and Törnqvist, 2004; Woelke et al., 2015). Moreover,

it is not the intention to enter a range of plate thicknesses where the microstructure

becomes important and, thus, the plate is considered sufficiently thick to approximate

the material as initially homogeneous. The blunt pre-crack is defined by the initial

length, Lpc, and radius, rpc. The respective values are listed in Table 1.

The plate is subjected to a monotonic increasing displacement of surface a and b,

which allows the gradual growth of the crack over a distance of several plate thicknesses

(xc > 10t). The external load is applied by a coupling between hinge A and the surface

a in Fig. 2 (respectively, hinge B and surface b), such that the two surfaces rotate

around their respective hinge, i.e., clockwise for surface a and counter-clockwise for
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surface b. The hinges A and B are fully fixed and cannot translate. The coupling

moreover ensures that the relative displacement between nodes on both surface a and

b remains zero throughout the computations. In this way, the applied load mimics

that of the Simonsen and Törnqvist (2004) setup when assuming the fixture infinitely

stiff and the plate fully clamped. The results presented in this work are based on the

force, Fy, and corresponding displacement, ∆y, of the upper left corner of the plate

(i.e., point (x, y, z) = (−Lpc, H/2, 0)). Thus, the moment around hinge A is converted

into a force which acts in the y-direction.

3. Model: constitutive relations and finite element formulation

3.1. General material parameters

The elastic-plastic material in the present study follows a power law hardening relation

given by:

ε =


σ
E

, for σ < σy

σy
E

(
σ
σy

)1/N

, for σ ≥ σy

where ε is the macroscopic true strain, σ is the macroscopic true stress, σy is the yield

stress, E is Young’s modulus, and N is the hardening exponent. The material consid-

ered resembles a ductile aluminum and values for the various material parameters are

listed in Table 2. The material reflects the aluminum used by Simonsen and Törnqvist

(2004), but no attempts have been made to fit the actual material response. The ma-

terial in Table 2 and the aforementioned constitutive relation are governing the plastic

strain hardening of both the 3D solid model and the 2D plane cohesive zone enriched

model discussed in the following.
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3.2. 3D solid model - the micro-mechanics based model

The main purpose for the 3D solid model is to facilitate a micro-mechanical basis from

which the governing parameters of a cohesive zone traction-separation relation can be

determined, and in this way allows the cohesive zone to make a strong link to the

sequence of failure mechanisms involved in ductile plate tearing. The GTN material

model for a porous material (developed in Gurson, 1977; Tvergaard, 1981; Tvergaard

and Needleman, 1984) is considered for this purpose in the 3D modeling of plate tearing.

Here, employing a rate-independent formulation such that the material yield surface is

given by:

φ(σ, f ∗, σy) =
σ2
e

σ2
M

+ 2q1f
∗ cosh

(
q2

2

σkk
σM

)
−
(
1 + (q1f

∗)2)
where the void volume fraction f ∗ is adopted to accelerate the damage evolution when

void coalescence sets in:

f ∗ =


f , for f ≤ fC

fC + f̄U−fC
fF−fC

(f − fC) , for f > fC

For clarity of results, void nucleation is not taken into account in this work and more-

over are the recent shear extensions to the Gurson model omitted (e.g., Nahshon and

Hutchinson, 2008; Tvergaard and Nielsen, 2010; Nielsen and Tvergaard, 2010; Dæhli

et al., 2018). All GTN related material parameters are listed in Table 2.

The 3D solid model is based on 20 node hexahedral elements and all integration

are evaluated by reduced Gaussian quadrature (i.e., 2-by-2-by-2 Gauss points). The

mass matrix is, however, computed using full integration (3-by-3-by-3 Gauss points),

whereafter the mass matrix is lumped following the HRZ-scheme. An explicit dynamic

framework, including material inertia, is adopted as it makes the model very suited
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for parallel computing. The time integration is carried out by a standard Newmark’s

method with β = 0 (Newmark, 1959) and implemented into an in-house code written

in Fortran 2008 using MPI for multiple processor communication.

A fine resolution of the fracture process zone is accomplished by using 64 ele-

ments across the plate thickness (an element size of approximately ≈ 150 µm in the

z-direction) in front of the pre-crack as well as in the entire region where the crack

propagation is expected (see Fig. 3a). The crack is, however, not confined to grow

in any specific direction. Along the x-axis the element size is ≈ 400 µm. Transition

layers, around the high-resolution region where fracture takes place, are used in all

three spatial directions to achieve coarsening of the mesh and reduce the overall num-

ber of elements. Due to the symmetry in geometry and rotational symmetry of the

typical tearing surfaces (cup-cup, slanting, flipping) only the upper half of the plate

is considered. This is possible by exploiting the rotational boundary conditions dis-

cussed in Nielsen (2008); Felter and Nielsen (2017). The final 3D solid model consists

of 1,002,800 elements (see Fig. 3a) and the loading is applied sufficiently slow to neglect

the effect of material inertia such that quasi-static conditions can be assumed. In this

case, the simulation consists of 8,400,000 time steps with a total simulation time of

0.016 seconds. One calculation is on the order of 12 days on 640 cores (32 × dual Intel

Xeon E5-2680v2 CPU’s with 10 cores)

From the early study by Mathur et al. (1996) it is well known that two shear bands

develop inside the plate near the crack tip as the crack propagates (see also Nielsen

and Hutchinson, 2012; Felter and Nielsen, 2017; Andersen et al., 2018). Thus, a small

perturbation in the yield stress is used to favor one shear band over the other. The
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perturbation is introduced in a plane inclined 45◦ to the xz-plane (see Fig. 2) in the

undeformed configuration and extends one half plate thickness along the x-axis (the

crack growth direction). The initial yield stress is lowered by 1 % for the elements in

this region. It is important to emphasize that the imperfection band only acts as a

trigger to ensure one active shear band and thus the subsequent crack propagation is

not controlled in any way.

3.3. 2D plane model - the phenomenological model

The phenomenological model takes as off-set a 2D plane framework to represent the

engineering scale of the problem at hand, while the tearing process is modeled by co-

hesive elements with an initial out-of-plane thickness equal to the plate thickness. The

employed traction-separation relations are illustrated in Fig. 4 and the key parameters

are; the peak traction, Tpeak, cohesive energy, Γ, and the separations, δ1 and δ2. It is

these parameters which will be linked to the underlying mechanics governing the plate

tearing process.

The commercial finite element software, Abaqus (Dassault Systèmes Simulia Corp,

2016), is employed to create the 2D plane model enriched by cohesive elements. A

static analysis is considered and finite strain, plane stress elements (CPS4) are used

to discretize the structure (see Fig. 3b). This element type has four nodes and full

integration is chosen. Initially quadratic shaped elements surround the cohesive zone

which is modeled with zero-thickness elements of type COH2D4. The constitutive

thickness of the cohesive elements is equal to one (default in Abaqus, see Dassault

Systèmes Simulia Corp, 2016) and the stacking direction for the cohesive elements is

parallel to the y-axis (see Fig. 2). The damage evolution within the cohesive elements
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is controlled by the quadratic maximum stress criterion (Dassault Systèmes Simulia

Corp, 2016). To limit the number of elements a degradation of the mesh resolution is

introduced in the y-direction. For comparison with the 3D solid model one calculation

with the phenomenological 2D plane model takes on the order of 5 minutes on one core

(Intel Core i7-5600U CPU @ 2.60GHz).

4. Acquisition of micro-mechanics based data and linking of models

As discussed by Woelke et al. (2015), the cohesive zone parameters must be expected

to depend on the distance from the pre-crack. To determine this dependency, data is

here extracted from the 3D solid model, which employs the GTN material model, as

this set-up automatically deals with the changing stress state - from crack initiation to

steady-state propagation. The data extraction from the 3D solid model calculation is

facilitated by grouping elements in so-called “bins” along the growth path of the crack.

Here being the center line of the plate due to the applied far-field mode I loading (see

Fig. 5a). In this way, each bin essentially acts as a plate cross-section (much like the 2D

section considered in Nielsen and Hutchinson, 2012; Andersen et al., 2018) from which

detailed information on the traction history, the elongation, and the energy dissipation

can be evaluated. Each individual bin has a width equal to the plate thickness, t,

the height is denoted 2h and stretches 1.3 plate thicknesses across both the lower and

upper part of the plate such that the entire region influenced by the local thinning,

that precedes crack growth, is covered by the bins. The length of each bin, l, in

the crack growth direction (along the x-axis) corresponds to the element size in this

direction (≈ 400 µm). This yields approximately 500 bins in total along the crack with

the adopted discretization of the plate (see Fig. 3a). The fine resolution allows for a
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detailed investigation of the conditions experienced by the material.

The cohesive zone parameters described in Section 3.3 are here defined as (mimick-

ing Nielsen and Hutchinson, 2012); i) the nominal peak traction, Tpeak, determined as

where the sum of vertical force acting on the top face of each bin reaches its maximum

value (computed from the element internal forces and divided by the initial area). At

this point, the local thinning is said to initialize and thus the cohesive zone must take

over the deformation as the surrounding shell elements cannot capture the thinning,

and ii) the cohesive energy, Γ, determined from the plastic dissipation within the bin

and essentially mimics intensification of the thinning, the shear band development,

and the creation of new fracture surfaces. iii) the two separations, δ1 and δ2, which

will be subject to a parametric study in the following as major numerical instabilities

was experienced in the 2D plane model when pushing for a high ratio of δ1/δ2 which

unfortunately is suggested from the data extracted from the GTN model calculation.

In principle, the separations δ1 and δ2 should be determined such that the traction-

separation relation resembles the load-deflection curve extracted from the individual

bins in the 3D solid model calculation. Nielsen and Hutchinson (2012); Andersen et al.

(2018) suggest a high ratio of δ1/δ2 to conform with the localization of damage into

shear bands.

Moreover, the developed traction-separation relation starts at (T, δ) = (0, 0) with

an initially high stiffness (KCoh = 100E/h, where KCoh is the elastic stiffness and h is

the constitutive thickness for the cohesive element) to avoid numerical stability issues.

The opening associated with this high initial stiffness is concluded negligible in the

results.
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5. Results

Figures 6 and 7 presents the dependency on the distance from the crack nucleation

site of the peak traction and cohesive energy, as a function of the crack growth, ex-

tracted from the bins introduced in the 3D solid model. The crack length is here

normalized with the initial plate thickness, the peak traction is normalized with the

Considère criterion in plane strain (TConsidère = 2√
3

(
2√
3
NE
σy

)N
e−Nσy being the nominal

traction), and the cohesive energy is normalized with the steady-state energy found

from a corresponding 2D plane strain steady-state model presented in Andersen et al.

(2018). In this case, the values for the Considère criterion and steady-state energy are

TConsidère ≈ 267× 106 N/m2 and Γ0 ≈ 574× 103 N/m, respectively. From Figs. 6 and 7,

a transient phase related to the crack initiation is clearly observed before a steady-state

level is reached. The peak traction starts at a level just above half the level set by the

Considère criterion. From here it increases rapidly as the crack propagates through the

plate and after the crack has advanced a couple of plate thicknesses, the peak traction

level reaches a steady-state level just below the Considère criterion. As soon as the

peak traction reaches the steady-state level, it remains at this level up until 12 plate

thicknesses of crack growth simulated in the 3D solid model. The cohesive energy at

initiation starts at a level just below half of the plane strain steady-state energy level.

From here it increases drastically to a level of around 80 % of the steady-state energy

level. This level is observed already after the crack has propagated just one half plate

thickness, whereafter the level steadily increases from 80 % to 90 % of the energy pre-

dicted by the 2D plane strain code. The 90 % steady-state level is reached after around

seven plate thicknesses. This is consistent with the findings in Woelke et al. (2015),
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who suggested that the steady-state energy should be reached after seven plate thick-

nesses. However, the starting point (crack initiation) for both the peak traction and

the cohesive energy is significantly lower in the work by Woelke et al. (2015) (compared

to Fig. 5 in their work). The pre-crack radius obviously affects the initial peak traction

level, but the present work includes no attempt to quantify this.

The overall response from the 3D solid model simulation is used as reference. In all

figures, a thick solid curve is representing this response. The overall response increases

nearly linear in the beginning and flattens out due to plastic deformation before reach-

ing a peak. The post-peak response, where the crack propagates, performs a nearly

linear decrease.

Besides the response of the 3D solid model, three different interpretations of how

to realize the peak traction and cohesive energy, respectively, are presented in Figs. 6

and 7, and used in the following analysis as input to the cohesive traction-separation

relation. Their interpretation will be laid-out through the results section, while the

origin of the different inputs is as follows:

• Input A: The predicted dependency on the distance from the crack nucleation

site of the peak traction and cohesive energy is taken directly from the 3D solid

model with the specific values circled in Figs. 6 and 7 transferred to the 2D

plane model, enriched by a cohesive zone with an element length of LCoh
e /t =

1 (corresponding to 10 mm). The cohesive zone values are extracted at the

midpoint of each cohesive element such that the specific values at xc/t = 0.5 are

used as input to the first cohesive element closest to the pre-crack, the values at

xc/t = 1.5 are used as input to the second cohesive element, etc.
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• Input B: The steady-state level for both the peak traction and cohesive energy,

predicted by the 3D solid model after 12 plate thicknesses of crack growth, is

used in all cohesive elements.

• Input C: The steady-state level for the peak traction is based on the plane

strain Considère condition and the cohesive energy is determined from a micro-

mechanics based 2D plane strain model (Andersen et al., 2018).

The focus is first to investigate the influence of the different inputs (A, B, and C)

and in particular to bring out the effect of the transient phase observed until steady-

state is reached. Initially, the traction-separation relation integrated into Abaqus is

employed, where the damage evolution is energy controlled with linear softening, after

reaching the peak traction. This corresponds to a ratio of δ1/δ2 ≈ 0 (see Fig. 4a) when

the small strain at peak traction is disregarded. The overall response of the 2D plane

model is presented in Fig. 8a for the different inputs described above. In this analysis,

an element size of LCoh
e /t = 1 is chosen within the cohesive zone along the x-direction.

The thin solid curve is generated by the raw data highlighted with circles in Figs. 6

and 7, and corresponds to input A, i.e., the dependency on the distance from the crack

nucleation site of the peak traction and cohesive energy predicted in the 3D solid model

simulation. The thin dashed line displays the overall response using input B, while the

remaining curve gives the response for input C. It is clear from Fig. 8a, that the peak

level obtained in the 2D plane model simulation is not reaching the same level as the 3D

solid model analysis when using input A. In fact, the peak of the overall response is off

by approximately 14 %, while the total dissipated energy, quantified by the area under

the curve, is largely underestimated. This, in turn, yields too low crack resistance for
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the 2D plane model. The rapid decrease in the post-peak response may be caused by

the fact that once the peak traction in the cohesive element is reached, the degradation

of the cohesive element starts and the traction level decreases. This puts a larger

stress on the neighboring cohesive element and the peak traction is thereby reached at

an early state afterward and without much plastic dissipation in the surrounding shell

elements. To circumvent this, an attempt is made to eliminate the transient phase from

the dependency on the distance from the crack nucleation site of the peak traction and

the cohesive energy (input B). This increases the peak of the overall response slightly,

however, the post-peak response is essentially unchanged. In a final attempt to lift

the post-peak response, the “theoretical” value for the Considère condition is used in

combination with the cohesive energy from a 2D plane strain steady-state model (input

C). The peak in overall response now approaches the 3D solid model response, but the

agreement is still not satisfactory as the post-peak response is largely underestimated.

The underestimation in the overall material response is tied to the energy dissipation

in the plate material surrounding the cohesive zone being too little. To increase the

load carrying capacity of the plate and thereby shorten the fracture process zone,

the appearance of the traction-separation relation is changed from a bi-linear relation

(Fig. 4a) to a tri-linear relation (Fig. 4b) by setting δ1/δ2 = 1/2 (see also Cornec et al.,

2003). The investigation of different sets of input is subsequently repeated, but now

with the tri-linear traction-separation relation. The overall responses are depicted in

Fig. 8b. The added plateau in the relation has a significant effect on the overall response

for the 2D plane model. By employing input A, the overall peak force is closer to that

of the 3D solid model as the decrease in the post-peak response is not as distinct for
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the tri-linear case. But, changing to input B yields an increase in overall peak force,

while the post-peak response is very similar to that of input A since the steady-state

conditions are equal in the two sets of input. The overall response using input C yields

a slight overshoot of the peak but is found to match the 3D solid model response rather

well in the post-peak response. This suggests, that the 2D plane strain estimation of

the steady-state level made through the Nielsen and Hutchinson (2012) framework is

reasonable, but also that the dependency on the distance from the crack nucleation site

of the peak traction and cohesive energy that stems from the crack initiation, and well

predicted in the 3D solid model, is important (also reported in Woelke et al., 2015).

A combination of the inputs A-C might thus match the overall response from the 3D

solid model.

Before making an attempt to combine the inputs it is important, however, that

a mesh-independent solution is ensured in the 2D plane model. A mesh convergence

study is presented in Fig. 9a for the bi-linear relation (δ1/δ2 ≈ 0, Fig. 4a) and in Fig. 9b

for the tri-linear relation (in this case δ1/δ2 = 1/2, Fig. 4b). Input A is used in both

studies. The elements surrounding the cohesive zone are always initially quadratic

in shape, i.e., have the dimension LCoh
e × LCoh

e . The total number of elements in-

creases from 153 elements for the coarsest mesh to just above 27000 elements for the

finest mesh, both including the cohesive elements. The number of cohesive elements

increases from 9 elements to 431 elements going from the coarse to the fine mesh,

respectively. Figures 9a and 9b show that the mesh size has a minor effect on the

overall response (also evident in Woelke et al., 2015). Only a small increase in the load

is observed as the cohesive element length, LCoh
e , decreases. This relates to the dis-
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cretization of the fracture process zone as smaller cohesive elements have the capability

to describe this zone in more details. For an element length smaller than LCoh
e /t = 1,

the difference between the responses is at a negligible level. However, for a ratio of

δ1/δ2 = 1/2 a large deviation is observed for the largest element size considered in this

study. In this case, the discretization is far from capable of capturing the deformation

history sufficiently accurate.

The initial investigation (recall Fig. 8) revealed a large change in the overall response

when changing the appearance of the traction-separation relation going from the bi-

linear relation (δ1/δ2 ≈ 0 in Fig. 4a) to the tri-linear relation (δ1/δ2 > 0 in Fig. 4b). To

further investigate this dependency, Fig. 10 presents a study for different values of the

ratio δ1/δ2 in the tri-linear relation. The cohesive element size remains fixed at LCoh
e /t =

1, while the ratio is investigated in the range of 0 ≤ δ1/δ2 ≤ 2/3 (see also Fig. 4). Input

A is employed throughout. It is seen from Fig. 10 that the large change arises when

introducing the plateau in the traction-separation relation (δ1/δ2 > 0), but that the

change gradually decreases for increasing ratios. In fact, above δ1/δ2 = 1/2 little

difference between curves is observed. However, the increase in δ1/δ2 allows a better

representation of the overall response from the 3D solid model and the load-deflection

curves coming from the individual bins in the 3D solid model suggest high ratios to be

used. However, increasing the ratio above 2/3 has proven to give numerical issues in

the adopted commercial software and the ratio δ1/δ2 = 1/2 is therefore employed in

the following parametric study.

Bearing in mind Figure 8, where the 2D plane model combined with input C essen-

tially only overshoot the part of the overall response that has to do with crack initiation
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an effort is now made to combine findings for an even better match between models.

Throughout, a tri-linear relation with δ1/δ2 = 1/2 is used (based on Fig. 10) along with

a cohesive element size of LCoh
e /t = 1 (based on Fig. 9). First consider Figs. 6 and 7;

i) it is here obvious that the peak traction extracted from the 3D solid model is not

reaching the corresponding value for the Considère condition (used in input C), and

in a similar fashion; ii) the cohesive energy level predicted for steady-state in the 3D

solid model does not reach the corresponding value obtained from a 2D plane strain

steady-state model (used in input C). To counteract the overshoot found from using

input C (recall Fig. 8b), the following study circles around input A as this will mimic

the crack initiation process through the dependency on the distance from the crack

nucleation site of the peak traction and cohesive energy level. Focus is on the effect

of the level of the peak traction and the cohesive energy, and the above observations

set an upper bound on the parameters to be considered, namely that; i) the Considère

condition acts as upper bound for the steady-state peak traction, and ii) the 2D plane

strain model prediction serves as upper bound for the steady-state cohesive energy.

Results from upscaling the peak traction in input A is found in Fig. 11a, where

the up-scaled quantities are denoted by (̂ ). The dependency on the distance from the

crack nucleation site of both the peak traction and energy level is here maintained,

while only the peak traction level is up-scaled. Even a rather small change to the peak

traction is found to have a significant influence on the overall response, and the 2D

plane model setup starts to approach that of the 3D solid model - both in terms of load

level and the displacement where the peak force is attained. The upper bound value

(an up-scale of 3 %) is, however, not enough to make the curves match.
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To further compensate the largely underestimated overall load-deflection curve, the

energy going into the cohesive zone is up-scaled. However, a much less pronounced

effect is here found when up-scaling the energy (still maintaining the dependency on

the distance from the crack nucleation site) and keeping the peak traction as predicted

by the 3D solid model (Fig. 6). As seen from Fig. 11b an up-scale of 10 % yields only a

slightly elevated overall response, while the overall peak force is increased and delayed

(also seen when up-scaling the peak traction).

From the analysis above it is obvious that the influence from the up-scaled peak

traction is more significant on the overall response when compared to the influence

of the up-scaled cohesive energy. Moreover, the dependency on the distance from the

crack nucleation site of both the peak traction and cohesive energy prior to steady-state

is important as it prevents the initial overshoot in the load-deflection curve (seen from

Fig. 8b). Up-scaling either the peak traction or the cohesive energy brings the overall

response in the desired direction to match the 3D solid model, and with this in mind

Fig. 12 depicts the overall response from the 3D solid model together with the overall

response from the 2D plane model where the peak traction dependency is up-scaled

by 3 % and the cohesive energy dependency is up-scaled by 10 %. The dependency

on the distance from the crack nucleation site remains equal to that of Figs. 6 and 7

(extracted from the 3D solid model). The overall responses for the 3D solid model and

the 2D plane model now match reasonably well, with only a small underestimation by

the 2D plane model.

Figure 13 presents the associate crack growth versus the applied force needed to

propagate the crack. Here comparing the 3D solid model prediction to that of the 2D
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plane model where input A is up-scaled by 3 % for the peak-traction dependency and

by 10 % for the cohesive energy dependency. A reasonable match is found between

the 2D plane model and the 3D solid model. In comparison, the force as a function of

crack propagation is also depicted for the 2D plane model employing input A without

any corrections.

6. Concluding remarks

A full 3D Gurson model simulation of ductile plate tearing at engineering scale has

been conducted with the focus to extract detailed knowledge on the complex sequence

of events that controls material separation within the fracture process zone. Key pa-

rameters are tracked from the first local thinning, through crack initiation, to crack

propagation at steady-state. The new insight into the fracture process allows a subse-

quent calibration of a cohesive traction-separation relation fit for thin plate structures

modeled by shell elements. It is widely known that the tearing process evolves from

initiation to steady-state and the present study relates this dependency on the distance

from the crack nucleation site to the change in the cohesive zone parameters in a rigor-

ous manner. Boiling the description of the individual cohesive elements down to three

controlling parameters (being; i) the cohesive traction-separation relation appearance,

ii) the peak traction, and iii) the cohesive energy), the key findings for each are;

i) Changing from a bi-linear relation to a tri-linear traction-separation relation has

a great influence on the overall load-deflection curve. This is attributed the

plateau in the tri-linear relation which forces large energy dissipation in the sur-

rounding elastic-plastic shell elements. This is demonstrated in Fig. 10, where

the overall load-deflection curves are seen to lift when increasing the ratio δ1/δ2
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(only to saturate for δ1/δ2 > 0.5). This contrasts the conclusion in Tvergaard

and Hutchinson (1992) where a negligible influence of the shape for the traction-

separation relation was observed. However, this is consistent for the range of

δ1/δ2 they considered.

ii) The peak traction estimated from the 3D solid model simulation appears too low

compared to the Considère condition in plane strain. The deviation is approxi-

mately 3 % and by up-scaling the peak traction dependency by this factor the

2D plane model simulation approaches the overall load-deflection curve from the

3D model significantly. The misfit can partly be assigned the fact that the initial

porosity, present in the 3D solid model simulation, is not accounted for in the

2D plane model (nor the Considère criterion) and this will make the 3D solid

model underestimate the Considère level. Another factor worth investigating in

a future study would be the possibility of shear stresses acting on each side of

the individual bins to be responsible for the underestimated peak traction. Due

to the three dimensional nature in the plate tearing problem (the bins do not

remain planar) the shear state on each face may not be equal and, hence, an

additional tensile component is needed to ensure equilibrium. This is, however,

neglected in the present study.

iii) The cohesive energy determined by introducing the bins are likewise too low

compared to the steady-state cohesive energy computed from a simplified 2D

plane strain model. Here, an up-scaling of the extracted dependency of 10 % is

required before the same overall energy level is reached. Up-scaling the cohesive

energy lifts the overall response, but not as significant as observed with the
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peak traction. The lack of cohesive energy may be due to the fact that not all

deformation of each individual bin is in the plane of the bin.

A noticeable observation to make is that the steady-state plateau in both the peak

traction and the cohesive energy predicted by the 3D solid model is in rather good

agreement with that of Nielsen and Hutchinson (2012). In fact, the steady-state cohe-

sive zone parameters has to be scaled to this level for the 2D plane model to match the

overall load-deflection curve reasonably well, while the dependency on the distance from

the crack nucleation site of the individual parameters, from initiation to steady-state,

can be taken from the 3D solid model calculation presented in this work. However, the

parameter set, i.e., the ratio of δ1/δ2, the peak traction, and the cohesive energy is not

unique and other combinations can lead to similar predictions.

In the greater content, the engineers can extract the dependency on the distance

from the crack nucleation site of the individual cohesive zone parameters (for example

the peak traction and cohesive energy) from the present work, and are urged to keep in

mind that a ductile tearing crack that has propagated less than seven plate thicknesses

has yet to reach steady-state and that this has to be reflected by the cohesive zone

model.
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Tables

Table 1: Plate dimensions.
Parameters Notation Value
Width W 0.58 m
Height H 0.6 m
Thickness t 0.01 m
Pre-crack radius rpc 2.5 mm
Length of pre-crack Lpc 0.15 m

Table 2: Material properties.

Parameters Notation Value
Density ρ 2700 kg/m3

Young’s modulus E 70 GPa
Poisson’s ratio ν 0.3
Yield stress σy 210 MPa
Yield strain εy 0.003
Hardening exponent N 0.05
GTN fitting parameters q1, q2 1.5, 1.0
Initial void volume fraction f0 0.014
Critical void volume fraction fC 0.2
Final void volume fraction fF 0.4
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Figures

Figure 1: 3D solid model calculation, employing the GTN material model, of extensive ductile tearing
showing the development from flat to slant crack growth. The mesh consists of 1,002,800 elements with
the element size in the fracture zone being on the order of 400 µm × 150 µm × 150 µm corresponding
to 64 elements through thickness.
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Figure 2: Schematic of the problem considered: Large-scale pre-cracked plate described by Simonsen
and Törnqvist (2004), where H, W , and t is the height, width, and thickness, respectively, of the
plate. The points A and B act as hinges around which the surfaces a and b, respectively, rotate. The
origin of the coordinate system coincides with the notch in the undeformed state, and from here the
crack growth is denoted xc.
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Figure 3: Mesh used in a) the 3D solid model with 64 elements through the thickness in the fracture
process zone (only the white part is considered while rotational symmetry is applied at y = 0), and
b) the 2D plane model here shown for a cohesive element length of LCoh

e /t = 1.
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Figure 4: Traction-separation relation employed in the 2D plane model for; a) δ1/δ2 ≈ 0 and b)
δ1/δ2 6= 0. The initial stiffness is KCoh = 100E/h, Tpeak is the nominal peak traction, and Γ is
the cohesive energy. The displacements δ1 and δ2 determines where the degradation of the cohesive
element starts and where the cohesive element completely loses the load carrying capacity, respectively.
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Figure 5: a) The pre-crack for the 3D solid model. The peak traction and cohesive energy are extracted
from bins along the crack propagation direction with height 2h, length l, and plate thickness t. b)
the pre-crack for the 2D plane model with the embedded cohesive zone. The length of the cohesive
elements is denoted LCoh

e and further, the cohesive elements are assumed to have initial zero-thickness
(in the y-direction).
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Figure 6: The 3D dependency on the distance from the crack nucleation site of the peak traction
normalized with the Considère condition (TConsidère ≈ 267× 106 N/m2) as a function of the crack
propagation normalized with the plate thickness, t. Input A is highlighted with circles for LCoh

e /t = 1.
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Figure 7: The 3D dependency on the distance from the crack nucleation site of the cohesive energy
normalized with the 2D steady-state energy level (Γ0 ≈ 574× 103 N/m) as a function of the crack
propagation normalized with the plate thickness, t. Input A is highlighted with circles for LCoh

e /t = 1.
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Figure 8: Overall response of the plate for; a) δ1/δ2 ≈ 0 and b) δ1/δ2 = 1/2 for the different sets of
input data. The element size in the cohesive zone is LCoh

e /t = 1.
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Figure 9: Convergence study comparing the overall response of the plate with the 2D plane model
in which the cohesive element length, LCoh

e , increases from LCoh
e /t = 0.1 (1 mm) to LCoh

e /t = 5 (50
mm). Input A is used as basis for the cohesive traction-separation relation. Two different cohesive
zone appearances are considered, with a) bi-linear relation (δ1/δ2 ≈ 0), and b) tri-linear relation
(δ1/δ2 = 1/2).
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Figure 10: Overall response of the plate for an increasing ratio of δ1/δ2, which changes the appearance
of the tri-linear cohesive relation (see Fig. 4). The element size in the vicinity of the cohesive zone is
LCoh
e /t = 1 and input A is used as basis for the cohesive traction-separation relation.
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Figure 11: Parameter study for the 2D plane model, displaying; a) peak traction variation and b)
cohesive energy variation. For both figures, the ratio δ1/δ2 = 1/2 is employed together with the
element size of LCoh

e /t = 1 and input A is used as basis for the cohesive traction-separation relation.
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Figure 12: Overall response from the 3D solid model and the 2D plane model, respectively. In
the latter, input A is employed, although the energy dependency on the distance from the crack
nucleation site is up-scaled by 10% and the peak traction dependency is up-scaled by 3%. Furthermore,
δ1/δ2 = 1/2 is employed together with the element size of LCoh

e /t = 1.
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Figure 13: Comparison of the crack growth between the 3D solid model and the 2D plane model. The
2D plane model is investigated with input A and an up-scaled input A. The final displacement of the
upper right corner is ∆y/t = 2.14 for the 3D solid model and ∆y/t = 2.25 for the 2D plane model.
For this investigation, δ1/δ2 = 1/2 has been employed together with the element size of LCoh

e /t = 1.
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