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Unilateral Vibro-Impact Systems — Experimental
Observations against Theoretical Predictions based on the

Coefficient of Restitution

Geraldo F. de S. Rebouçasa, Ilmar F. Santosa,∗, Jon J. Thomsena

aDepartment of Mechanical Engineering, Technical University of Denmark – DTU, Denmark

Abstract

The vibro-impact response of a single-degree of freedom model with the coefficient
of restitution is analyzed using pointwise mapping and a standard averaging combined
with non-smooth transformations. Experimental data are taken from a cantilever beam
with attached mass and unilateral constraint submitted to different gap configurations
and levels of excitation. Numerical simulations are used to reproduce empirical ob-
servations to a certain extent and validate theoretical predictions. Investigations on the
coefficient of restitution show its dependence on the forcing frequency and pre-contact
velocity. The effect of gap variations due to sliding of the constraint during frequency
sweep is analyzed experimentally.

Keywords: vibro-impact dynamics; unilateral impact; kinematic impact; coefficient of
restitution; vibro-impacting beam; beam with attached mass;

1. Introduction1

Impacts are very common in engineering practice, being necessary for some ap-2

plications and avoided in others. For instance, while the interaction between different3

structural components is essential for some processes, like hammering and riveting,4

the contact between rotor and stator is a problem. Thus, impacts are a widely studied5

subject in mechanics and applied mathematics.6

Roughly speaking, there are two main ways of modeling impacts: using an impact7

force function or a coefficient of restitution, CoR. Impact forces are very common in8

literature, with piecewise linear functions of the elastic term being the most common9

choice [1–10]. Other works regard stiffness and damping as piecewise linear [11–10

14]. Physical inaccuracies on those models motivated the development of formulations11

where the impact force is a power of both displacement and velocity [15–17], incor-12

porating the CoR as a parameter. An advantage of using the force approach is that it13

provides information on structural stresses. However, it also demands knowledge on14

the contact duration, which can be difficult to obtain.15

∗Corresponding author
Email address: ifs@mek.dtu.dk (Ilmar F. Santos)

Preprint submitted to Journal of Sound and Vibration October 5, 2018



The coefficient of restitution, given by the negative ratio between velocities after16

and before impact against an immovable stop is another very common way of modeling17

impacts [18–27], due to its straightforward physical interpretation and formulation. In18

this approach the impacting elements are considered to be rigid, the contact duration19

is supposed to be negligible and there is no way to estimate contact forces. While the20

CoR is considered a constant parameter in most applications, there is evidence of its21

dependence on the impact velocity [28].22

The impact’s nature should be taken into account when choosing the model for-23

mulation. For instance, force modeling is more appropriate when contact duration and24

deformation are not negligible, otherwise, both models should produce similar results,25

as shown in [29] through numerical simulation.26

For problems where impacts are the only nonlinearity, one can use Pointwise map-27

ping [30, 31] to access some model properties, such as stability of solutions and bifur-28

cation points. Other techniques such as Harmonic Linearization [32], Averaging [33],29

and the Lindstedt-Poincaré method [34] can be used to solve problems with weak30

smooth and non-smooth nonlinearities, providing information about the stability of31

solutions and steady-state vibration amplitude. For general impacting systems (not32

weak), discontinuous transformations [35] of time [36] and state variables [37, 38]33

can be used to eliminate or weaken non-smooth terms. After that, standard analytical34

techniques such as Averaging [23, 39] and Multiple Scales [26] can be applied.35

Discontinuous transformations can be subdivided according to impact characteris-36

tics, such as elastic or inelastic contacts and one or two-sided constraints, also called37

unilateral/bilateral constraints, respectively. In this context, Zhuravlev developed coor-38

dinate transformations to treat problems with unilateral [37] and bilateral [40] purely39

elastic constraints. Ivanov’s transformation [38] can be seen as a generalized version40

of Zhuravlev’s transformation for unilateral problems with dissipative collisions. The41

non-smooth temporal substitutions proposed by Pilipchuk [35, 36] is applied to bilat-42

eral vibro-impact problems with elastic collisions. Recently, this transformation was43

generalized to inelastic impact problems [41]. For near-elastic vibro-impact problems,44

Thomsen and Fidlin [23] use Zhuravlev transformation for unilateral constraints and45

a sawtooth function of the displacement variable for bilateral impacts. Czolczynski46

et. al. [42] uses a modified Peterka method to analyze the dynamics of a base excited47

SDOF system, obtaining regions of stability for period-n oscillations and agreement48

with numerical results.49

It is common to use standard ODE solvers together with event handling subrou-50

tines to perform numerical simulations of impact vibrations. An alternative is to use51

smoothed versions of the discontinuities on impact force models directly with common52

ODE solvers [43–45]. Grace et. al. [46] uses non-smooth coordinate transformations53

as a preprocessing step to numerical simulations of vibro-impacts systems to weaken54

the kinematic impact rule. The development of numerical time-integration algorithms55

for non-smooth models is an active field of research [47–49] whose discussion is out56

of the scope of this work.57

There are many experimental works which use low order models to describe vibro-58

impacts on continuous structures [2, 3, 11, 13, 18–21, 50]. Moon and Shaw [2] used59

a piecewise linear single degree of freedom, SDOF, model to reproduce the chaotic60

behavior of an experimental base excited cantilever beam with unilateral constraint61
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setup, obtaining qualitative agreement. Shaw and Holmes [1] obtain an expression62

for the stability and bifurcation of periodic orbits in an impacting SDOF model using63

CoR and piecewise linear impact force, applying pointwise mapping analysis. Those64

predictions were evaluated by Shaw [3] using an experimental base-excited cantilever65

beam with unilateral constraint setup, obtaining reasonable quantitative and qualitative66

agreement.67

Stensson and Nordmark [18] use a attached mass cantilever beam driven by in-68

termittent impacts setup to illustrate geometric features particular to attractors of im-69

pacting systems. The experiment was modeled with a SDOF model with CoR impact70

and solved numerically, being able to reproduce the experimental findings. Fang and71

Wickert [19] model a similar setup using a SDOF model with CoR impact. The system72

is analyzed using pointwise mapping and numerical simulations. The same modeling73

was used by Bishop et al. [20] to reproduce the experimental frequency response of a74

base-excited cantilever beam with a unilateral constraint around its first resonance.75

Wagg and Bishop [21] present a technique which enables the usage of many degrees76

of freedom to model continuous structures with CoR impact, using a base-excited can-77

tilever beam with unilateral constraint setup as a testbed for the presented technique.78

Andreaus et al. [13] use a 3-DOF piecewise linear model to simulate the experimen-79

tal behavior of a attached mass harmonically forced cantilever beam with one-sided80

constraints. The dimensionality of vibro-impact beams has been studied experimen-81

tally by [51, 52] using correlation dimension and proper orthogonal decomposition,82

respectively. Czolczynski et. al. [53], presents numerical comparisons between low-83

dimensional models (1 and 2 DOFs) against a high-order finite element model of a84

base-excited cantilever beam with attached mass and unilateral Hertzian impacts.85

Experimental bifurcation diagrams for a setup similar to [19] were obtained by Bal-86

achandran [50]. The structural impacts were modeled in two ways, with infinitesimal87

(CoR) and finite contact duration (force). Dick et al. [11], studies grazing bifurca-88

tions using a multi-DOF model with piecewise linear contact to model a base-excited89

cantilever beam with unilateral constraint setup.90

There are also many experimental works dealing with unilateral impacts on discrete91

SDOF systems, e.g. [44, 54–57]. Todd and Virgin [54] used a cart rolling in an energy92

well track experiment to study the influence of impact location on the cart dynamics.93

Using a SDOF model with amplitude-dependent natural frequency, they were able to94

reproduce experimental observations. Savi et al. [44] used a piecewise-linear model to95

mimic the dynamics of a cart sliding on a straight horizontal rail and hitting a support.96

As pointed out by [54], those setups eliminate the possibility of modal interactions97

that can affect the structural impact response. However, the manufacturing of those98

experiments is more complex, requiring more parts.99

The discussion above shows that, under certain conditions, the coefficient of resti-100

tution can be used to obtain reasonable agreement between theory and experiments. On101

the other hand, the motivation and main originality of the present work is to analyse102

the limitations of the coefficient of restitution model, using experimental observations103

from a simple vibro-impact setup, investigating the applicability conditions of the CoR104

model approach. In the present work, this is done through the experimental analysis105

of a unilateral vibro-impact setup with different gap widths (pre-stressed, neutral and106

loose) and excitation levels and its subsequent correlation with predictions made in the107
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literature using numerical and analytical tools. The effect on the magnitude response108

of gap deviation during an experimental frequency sweep is discussed. Limitations109

on the excitation source are discussed. Agreement between theory and experiments is110

obtained under certain circumstances despite experimental challenges. Usage of dis-111

continuous transformations as a preprocessing step for numerical simulation of vibro-112

impact problems is considered.113

The manuscript is organized as follows: Section 2 discusses the model for a SDOF114

base-excited mechanical oscillator under single-sided impacts described by a coeffi-115

cient of restitution. The numerical simulation of this model is discussed in Section 3,116

where the computation time is reduced by using non-smooth coordinate transforma-117

tions as a preprocessing step. Then, standard averaging and pointwise mapping are118

employed in Section 4 to obtain approximated period-one solutions and investigate119

their stability. This section concludes with a comparison between the results from nu-120

merical and analytical techniques. A brief description of the experimental setup and its121

mathematical model are presented in Sections 5 and 6 respectively. Numerical and an-122

alytical predictions are compared with empirical data in Section 7. Finally, conclusions123

and future perspectives are presented in Section 8.124

2. Engineering modeling125

Discretization

Mathematical
Assumptions

Physical
Assumptions

Numerical
Predictions

(semi-)Analytical
Predictions

Experimental
Data

Signal
Processing

Physical
System

Mathematical
Model
ẍ=f(t,x,ẋ) x(t)1=1x0(t)+εx1(t)+...11

Figure 1: Modeling diagram.

Based on the review presented in Section 1 for vibro-impact phenomena, Fig. 1126

shows a flowchart for modeling and analysis of general physical systems. Using sig-127

nal processing it is possible to record some features of the empirical behavior of some128

equipment, whose mathematical model is obtained with the aid of physical laws and129

assumptions, in the form of a differential equation in most cases. Differential equa-130

tions can be solved either analytically or numerically. While approximated numerical131

solutions can always be obtained through discretization of the equation’s independent132

variables, the existence of closed-form analytical solutions depends on the equation’s133

mathematical properties. For nonlinear models, one can establish certain mathematical134

assumptions, and then obtain an approximated analytical solution under strict condi-135

tions.136
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Experimental, numerical and analytical results are discussed in this work. In or-137

der to produce a concise discussion, focused on the vibro-impact behavior, the single-138

degree of freedom model shown in Fig. 2 will be used to illustrate the application139

of different analytical techniques to non-smooth systems. This is a nondimensional140

model, time-normalized using its linear natural frequency, and its equation of motion141

is given by:142

q̈ + 2βq̇ + q = Ω2B sin(Ωt), if q < ∆, (1)

where β, Ω, B and ∆ are the damping ratio, forcing frequency, forcing amplitude and143

gap width, respectively. q(t) = y(t) − b(t) is the relative displacement between the144

inertial coordinates y(t) and b(t) = B sin(Ωt). The impact condition is:145

q(t−) = ∆⇒

q(t+) = q(t−),
q̇(t+) = −Rq̇(t−),

(2)

where R is the coefficient of restitution and t+ and t− are the time instants after and146

before impact, respectively. From now on terms such as q(t±) will be represented by147

q±. The impact condition, Eq. (2), can be rewritten as:148

q̇+ − q̇− = −(1 + R)q̇− (3)

which shows that the impacts create a velocity jump which has at least the same order149

of magnitude as the pre-contact velocity for R = 0 or twice that for elastic impacts,150

R = 1.

b

y1

1 β

Δ

Figure 2: Base-excited SDOF system with unilateral constraint. b(t) = B sin(Ωt)

151

Model parameter values are β = 15 × 10−3 and B = 0.5 × 10−3, unless otherwise152

specified. The forcing frequency varies in the range Ω = 1.5 to 2.5. Numeric values153

for gap width and the coefficient of restitution will be given later on.154
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3. Numerical Analysis155

Numerical simulation is the most common tool to obtain approximate solutions for156

arbitrary nonlinear models. While Equation (1) is continuous, the impact condition,157

given by Eq. (2), produces a discontinuity which prevents the direct use of classical nu-158

merical schemes, which should be integrated with auxiliary schemes to produce reason-159

able results. One of the most common approaches is to use an event-handling scheme160

to identify the occurrence of impacts, using the post-contact state as initial conditions161

to the ODE solver. Alternatively, one can use coordinate transformations to reduce162

or eliminate the velocity jump due to impacts. In this section, both event-handling163

techniques and coordinate transformations will be used separately or combined and164

their results will be compared. Results from analytical techniques will be added to the165

comparison in Section 4.166

Time-integration of the model equations was performed using the built-in MAT-167

LAB R© ODE solver ode23 with relative and absolute error tolerances of RelTol =168

1.0e-4 and AbsTol = 1.0e-8. The option ‘events’ is used to handle the169

transition between impacting and non-impacting regimes when necessary.170

3.1. Direct Numerical Simulation171

140 145 150

q

-0.02

-0.01

0

0.01

t

140 145 150

q̇

-0.02

0

0.02

q

-0.02 -0.01 0 0.01

q̇

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

Impact

∆

(a)

(b)

(c)

Figure 3: Results from direct numerical simulation: time series for (a) position and (b) velocity, and (c)
phase-portrait.

The results from direct numerical time-integration of Eqs. (1) and (2) using the172

nominal parameters for R = 0.9 and ∆ = 0 are shown in Fig. 3. The stop location173
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is represented by a straight dotted black line and impact states are marked with red174

circles.175

Non-smooth model components such as Eq. (2) are the main barrier to overcome176

when dealing with discontinuous systems. There are many works devoted to bypassing177

this problem from both numerical [47–49, 58] and analytical [23, 35, 59] perspec-178

tives. A combined version of both approaches is presented in [46], which applies non-179

smooth coordinate transformations to a specific problem in order to weaken discontin-180

uous terms and then performs numerical simulation on the transformed problem. This181

approach is briefly discussed in the next two sub-sections.182

3.2. Numerical Simulation using Zhuravlev’s Transformation183

The following Zhuravlev’s transformation [37], was developed specifically for uni-184

lateral vibro-impact problems. It consists of unfolding the displacement q(t) limited by185

a unilateral constraint at q = ∆ into an unconstrained variable z(t), shifting the barrier186

to z = 0 as shown in Fig. 4. Notice that z is smooth and change its sign at the points187

where q is non-smooth. Mathematically, the transformation is given by [37]:188

q(t) = ∆ − |z(t)|, (4)

where z(t) is called unfolded variable. The first and second time-derivatives of Eq. (4)189

during non-impact times (z , 0) are:190

q̇ = −ż sgn(z), (5)
q̈ = −z̈ sgn(z), (6)

where sgn is the sign function. Substituting Eq. (4) and its derivatives on Eq. (1), one191

obtains:192

z̈ + 2βż + z = sgn(z)
(
∆ −Ω2B sin(Ωt)

)
, if z , 0. (7)

Knowing that z+z− < 0, the impact condition, given by Eq. (2), can be rewritten as:193

ż+ = Rż−, if z = 0, (8)
ż+ − ż− = −(1 − R)ż−. (9)

The last expression shows that the impacts create a velocity jump on the unfolded194

variable proportional to 1 − R which is small for near elastic impacts, R ≈ 1. Although195

this jump gets bigger for R → 0 it is always smaller than the one obtained from the196

original coordinates of the problem, given by Eq. (3).197

One can avoid the use of the impact condition, Eq. (8) by inserting the velocity jump198

due to impacts directly into Eq. (7) using Dirac’s delta function, which becomes [46]:199

z̈ + 2βż + z + (1 − R)ż|ż|δ−(z) = sgn(z)
(
∆ −Ω2B sin(Ωt)

)
, (10)

where, according to [46], δ−(·) is a modified version of Dirac delta function, whose200

singularity occurs on the left of zero, instead of at zero. In this case, the resulting201

model still contains a singularity, which is now multiplied by a small factor 1 − R, if202
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t

t
(i−1)
± t

(i)
± t

(i+1)
±

0

∆

q(t)−∆

z(t)

Figure 4: Displacement q(t) and unfolding variable z(t).

R ≈ 1. This can be done using the model original coordinates as well, see [26, 41]. In203

this case, one has to interpret the model in terms of the distribution theory, due to the204

presence of a summation of classical Dirac delta functions (1 + R)q̇δ(t − t j) instead of205

(1 − R)ż|ż|δ−(z), where t j represents the j-th impact instant.206

From a numerical perspective, there are two ways to handle the term δ−(z) in207

Eq. (10): replace it by a finite smooth approximation, or neglect it under the assump-208

tion that R ≈ 1 and 1 − R ≈ 0. The first alternative leads to additional model param-209

eters to describe the smoothed function, while the second one eliminates the possibil-210

ity of examining the influence of small variations of the coefficient of restitution on211

the model response. Alternatively, one can use Eq. (7) with an event handling algo-212

rithm for Eq. (8), whose smaller velocity jump (compared to Eq. (8)) should decrease213

computation efforts. After simulation, the model original coordinates can be obtained214

using Eqs. (4) and (5).215

Despite the persistence of the impact rule on the transformed model, the velocity216

jump caused by the impacts has been decreased. That can be observed in Fig. 5(b)217

which shows the velocity and its transformed counterpart. A minor problem of this218

approach, which could not be solved by varying the ODE’s solver properties, is that219

the original velocity presents an additional jump immediately after impact, see the220

bottom part of Fig. 5(b,c).221

8



144 146 148 150

z
,
q

-0.02

0

0.02

144 146 148 150

ż
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Figure 5: Numerical simulation using Zhuravlev transformation showing physical and transformed coordi-
nates. Position and velocity in time(a, b) and phase-portrait (c).

3.3. Numerical Simulation using Ivanov’s Transformation222

Ivanov’s transformation can be seen as an extension of Zhuravlev’s substitution,223

which is also restricted to models with unilateral constraint. Ivanov [38] proposed224

an additional transformation for the velocity term, which is not directly related to the225

displacement variable:226

q(t) = ∆ − |z(t)|, (11)
q̇(t) = −KN s(t) sgn

(
z(t)

)
, (12)

KN = 1 − K sgn
(
z(t)s(t)

)
, K =

1 − R
1 + R

. (13)

A downside of this approach is the lack of physical interpretation for the new variable227

s(t). This change of coordinates reduces to Zhuravlev’s if R ≈ 1, in which case s = ż.228

While Zhuravlev’s transformation decreases the velocity jump during impacts, the term229

KN in Ivanov’s coordinate conversion inserts the energy losses related to the collisions230

directly in the transformation, eliminating the need for an impact condition.231

Writing Eq. (1) on state-space form and substituting Eqs. (11) and (12), leads to:232

ż = KN s, (14)

ṡ = −2βs +
1

KN

((
∆ −Ω2B sin(Ωt)

)
sgn(z) − z

)
. (15)
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One can obtain Eq. (7) from Eqs. (14) and (15), by realizing that KN is constant in233

each quadrant of the (z, s)-plane, z, s , 0. However, this removes the energy loss due234

to impacts from the model. Thus, Ivanov transformed systems are usually described as235

a set of first-order differential equations.236

The steady-state response of Eqs. (14) and (15) using numerical simulation can237

be seen in Fig. 6. The problem’s original coordinates are obtained after simulation us-238

ing Eqs. (11) and (12). While s is symmetric about the time-axis, q̇ it is not, see Fig. 6(c).239

The displacement variables q and z are coincident for q ≤ ∆. Due to the elimination of240

the impact condition, the impact states are not explicitly recorded during simulation.241
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-0.015
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0

0.005

0.01

0.015

0.02

(q; q̇)

(z; s)

∆

(b)

(a) (c)

Figure 6: Numerical simulation using Ivanov transformation showing physical and transformed coordinates.
Position and velocity in time(a, b) and phase-portrait (c).

The results obtained from the three simulation approaches discussed in this section242

can be seen in Fig. 7. Observing the phase-portrait Fig. 7(a) one can see that the243

results are overlapped, except during contact, where Zhuravlev’s response (red dashed244

line) has an additional velocity jump after impact and is not parallel to the ∆-line.245

In the frequency domain Fig. 7(b), the three methods produce similar results, being246

overlapped. Using Ivanov and Zhuravlev transformations prior to numeric integration247

reduces the simulation time by 80 and 70 % respectively.248
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Figure 7: Results obtained using direct numerical simulation and together with Zhuravlev and Ivanov trans-
formations. (a) Phase-portrait for Ω = 2 (b) and frequency response.

4. Analytical Techniques249

4.1. Averaging and Zhuravlev’s transformation250

To obtain approximate steady-state periodic solutions for the vibro-impacting os-251

cillator given by Eqs. (1) and (2) one can combine Zhuravlev’s transformation for uni-252

lateral VI problems Eq. (4) with standard averaging. This section briefly describes this253

process, which is detailed discussed in [23, 37, 39].254

The coordinate transformed system is the same as Eqs. (7) and (8) and is shown255

again here to facilitate reading:256

z̈ + 2βż + z = sgn(z)
(
∆ − BΩ2 sin(Ωt)

)
, if z , 0 (16)

ż+ − ż− = −(1 − R)ż−, if z = 0 (17)

Admitting that the impacts are almost elastic (R ≈ 1) and that the damping ratio257

β, gap width ∆ and forcing amplitude B are small, one can apply the Van der Pol258

transformation (z = Q sinϕ(t) and ż = Q cosϕ(t), Q = Q(t) > 0) in Eqs. (16) and (17).259

After some mathematical manipulations, one can show that single-sided vibro-impact260

systems such as Eqs. (16) and (17) are under resonance when excited at even multiples261

of their fundamental natural frequency, Ω ≈ 2k, for k = 1, 2, 3, ... Also, one can262

obtain the following quadratic polynomial in Q, representing the frequency-amplitude263

relationship, [39]:264

P(Q) = g2Q2 + g1Q + g0 = 0, (18)
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where:265

g2 = π2(σ2
k + β2

k), g1 = 4π∆σk, (19)

g0 = 4
(
∆2 − (BkΩ

2)2
)
, Bk =

B
4k2 − 1

(20)

σk =
Ω

2k
− 1, βk = βeff/2k, βeff = β +

1 − R
π

. (21)

The detuning parameter σk indicates how close the forcing frequency Ω is to the266

resonances 2k. The term βeff represents the system’s effective damping, which is a267

combination of β and R. The phase is given by:268

ϕ(t) =
Ωt
2k

+ θ, (22)

θ = arctan
(
πσkQ + 2∆

−πβkQ

)
1
2k
. (23)

As g2 is positive, P(Q) has a unique global minimum point at:269

Q∗ = −
g1

2g2
=

−2σk∆

π2(σ2
k + β2

k)
. (24)

As the amplitude Q is positive by definition, Eq. (24) implies that σk∆ < 0. So, as270

pointed out in [37], if the system is tightened (∆ < 0), stable solutions should be seen271

after crossing resonance, where σk > 0. Similarly, if the gap is positive, one should272

expect stable solutions before crossing resonances. One can show that Q∗ is also a273

lower stability boundary for the amplitude variable through eigenvalue analysis of the274

amplitude-phase (Q, θ) system of ODE’s generated during averaging analysis [39].275

A stability boundary can be defined in terms of the gap width ∆ as well. Analyzing276

the discriminant of Eq. (18), which is given by:277

D[P(Q)] = g2
1 − 4g0g2 = h2∆2 + h0, (25)

with:278

h2 = −(4πβk)2, h0 = (4πBkΩ
2)2(σ2

k + β2
k). (26)

To obtain real-valued amplitude solutions, D[P(Q)] should be positive, therefore the279

gap’s absolute value |∆| cannot exceed the following boundary value:280

∆MAX =

√
h0

−h2
= BkΩ

2

√(
σk

βk

)2

+ 1. (27)

As Bk is positive, ∆MAX is also positive, having a point of minimum at resonance281

Ω = 2k. The advantage of defining the stability boundary in terms of the gap instead282

of amplitude is that while Q is a value to be found, ∆ is a design parameter in some283

applications. Finally, one could obtain a stability boundary using the forcing frequency284
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Ω and Eq. (25), but the resulting Ω-polynomial will be of fourth degree, implying more285

complex expressions.286

The equivalence between stability boundaries for amplitude and gap width is shown287

in Fig. 8(b,c) for ∆ = 0.7 × 10−3. In Fig. 8(a), forward and backward numeric sweeps288

are able to follow only the upper branch of the frequency-response curve obtained289

using averaging, indicating the stability of this branch and agreeing with the stability290

boundary. Based on Eq. (4), the amplitude Q is obtained by subtracting the minimum291

steady state value from ∆, i.e., Q = ∆−min(qss), where qss is the steady-state response.292
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Figure 8: (a) Frequency response curve and minimum amplitude for β = 15 × 10−3 and ∆ = 0.7 × 10−3 , (b)
zoom on (a) and (c) gap boundary value.

Despite being not possible to obtain expressions like Eqs. (24) and (27) for more293

complex systems, it is still possible to use the parameter relations to get qualitative294

insight about the stability boundaries. For instance, the presence of βk on the denom-295

inator of Eqs. (24) and (27), indicates that decreasing the effective damping increases296

both stability thresholds. At first, this sound counter-intuitive since adding damping297

usually improves a system’s stability characteristics, but as lower damping increases298

the response amplitude, it seems reasonable that its stability boundary expands as well.299

The influence of damping on frequency response can be seen by comparing Figs. 8300

and 9 for β = 15 × 10−3 and 1 × 10−3 respectively. As expected both amplitude and its301

stability boundaries increase for smaller damping.302

The influence of ∆ and R on the frequency response is shown in Fig. 10. In Fig. 10(a),303

one can see that the location of the peak of amplitude response moves from after Ω = 2304

to before this value as the gap width ∆ passes from tight (negative) to loose (positive305

gap) configuration. The maximum amplitude is also proportional to the coefficient of306
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Figure 9: (a) Frequency response curve and minimum amplitude for β = 1 × 10−3 and ∆ = 0.7 × 10−3, (b)
zoom of (a), and (c) gap boundary value.

restitution, Fig. 10(b), due to the decrease in energy dissipation due to impacts for307

higher R.308

One of the main conditions for using the results discussed in this section is that the309

impacts are almost elastic (R ≈ 1). The extent of this condition is analyzed in Fig. 11310

for different values of R, where one can see that the agreement between averaging311

and numerical simulations decrease with the coefficient of restitution, having a 16 %312

difference in amplitude for R = 0.6 at Ω = 2.313

14



Q
10

-2

-1.0e-03

-0.5e-03

0.0

0.5e-03

1.0e-03

Ω

1.5 1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4 2.5

Q

10
-2

0.6

0.7

0.8

0.9

1.0

(b)

(a)
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4.2. Pointwise mapping314

Another way to obtain solutions for the vibro-impact model Eqs. (1) and (2), is to315

use the impact condition Eq. (2) to link the linear solutions of non-impacting regimes,316

given by:317

q(t) = e−βst
(
A1(X0) cos(ωDt) + A2(X0) sin(ωDt)

)
+ C sin(Ωt + θ), if q < ∆, (28)

where X0 = (t0, q0, q̇0) and ωD =

√
1 − β2

S represent the initial conditions and damped318

natural frequency for non-impacting configuration respectively.319

The post-impact state from a previous collision (t(i−1)
+ , q̇(i−1)

+ ) can be used as an initial320

condition for Eq. (28). Then, the next collision instant t(i)
− can be obtained by applying321

a root-finding algorithm to q(t(i)
− ) = ∆. From that, the collision velocity q̇(i)

− can be322

found by substituting t(i)
− on the derivative of Eq. (28). The next post-impact velocity323

q̇(i)
+ can be found by using the impact relation Eq. (2) restarting the cycle, as illustrated324

in Fig. 12.325

t

t
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± t
(i)

± t
(i+1)

±

q
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∆

t

t
(i−1)

± t
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(i+1)
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q̇

q̇+

0

q̇−

(a)

(b)

Figure 12: (a) displacement and (b) velocity time-series showing pre- and post-impact instants and velocities,
(t( j)
± , q̇

( j)
± ).

Some drawbacks of this approach are that it:326

• does not provide any expression for the system’s resonances;327

• is not purely analytical, requiring a root-finding algorithm to work;328

• cannot be used if other nonlinearities are also present;329
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An exception to the last item is given by Eq. (7), which is linear for z strictly posi-330

tive/negative, enabling the application of pointwise mapping to Eqs. (7) and (8). In this331

case, the solution would be similar to Eq. (28) with an additional term to account for332

the particular solution to ∆ sgn(z).333

The procedure described above was used by Shaw and Holmes [1] to derive a two-334

dimensional discrete map of the pre-contact instant and velocity, (t(i+1)
− , q̇(i+1)

− ). Given335

the need for root-finding techniques, it is not possible to obtain an analytical formula336

for this map. However, it is possible to analyze the stability of its equilibrium states337

using the map’s Jacobian, which can be obtained analytically by deriving the linear338

solutions of the non-impacting configuration with respect to its initial conditions.339

Considering that t(i)
+ ≈ t(i)

− and q̇(i)
+ = −Rq̇(i)

− , the Jacobian’s determinant and trace340

are given by:341

det(J) = −R
q̇(i−1)

+

q̇(i)
−

exp(−2βS τ), (29)

tr(J) = −
exp(−βS τ)

ωDq̇(i+1)
−

(
(N + RβS q̇(i)

− ) sin(ωDτ)+

+ ωD(q̇(i−1)
+ − Rq̇(i)

− ) cos(ωDτ)
)
, (30)

τ = t(i)
− − t(i−1)

− , (31)

N = γṼΩ2 sin(Ωt(i−1)
+ ) − βS q̇(i−1)

+ − ∆, (32)

where τ represents the non-contacting period. To analyze the stability of period-n342

oscillations, Shaw and Holmes [1] assumed that:343

t(i)
− = t(i−1)

− + nT, q̇(i−1)
+ = −Rq̇(i−1)

− , (33)

q̇(i)
− = q̇(i−1)

− , T =
2π
Ω
, (34)

where T is the period. With those assumptions Eqs. (29) and (30) become:344

det(J) = R2 exp(−βS nT ), (35)

tr(J) =
exp(−βS nT )

ωDq̇(i)
−

(
(RβS q̇(i)

− + N) sin(ωDnT ) − 2ωDRq̇(i)
− cos(ωDnT )

)
, (36)

N = γṼΩ2 sin(Ωt(i)
− ) + RβS q̇(i)

− − ∆, (37)

The frequency response for ∆ = 0.5 × 10−3 obtained using numerical simulation345

and pointwise mapping is shown in Fig. 13(a). Its boxed region is shown in detail346

in Fig. 13(b), together with marks to indicate instability of period-1 oscillations. The347

stability was accessed using both full and simplified versions of the Jacobian’s deter-348

minant and trace, given by Eqs. (29) and (30) and Eqs. (35) and (36), respectively. In349

this figure, one can see the full version of the Jacobian ’s determinant and trace is able350

to identify more unstable orbits than its simplified version. Also, only two orbits were351

considered unstable by both methods and the oscillations at some frequencies were con-352

sidered to be period-1 stable but presented non-periodic behavior, see the phase-portrait353
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for Ω = 2.35 on Fig. 13(c). Despite that, both approaches identify the beginning of in-354

stability at virtually the same frequency. The averaging analysis made in Section 4.1355

is valid only in a small neighborhood of Ω = 2, being not able to identify the unstable356

region, which started for Ω ≈ 2.3. On the other hand, the stability equations provided357

by averaging analysis are more compact than those provided by pointwise mapping.358
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Figure 13: (a) FRC for ∆ = 0.5 × 10−3. (b) Zoom at the boxed region shown in (a) indicating how the
instability was accessed. (c) Phase-portrait at Ω = 2.35.

Observing Fig. 13(a) one can see that pointwise mapping gives the same quantita-359

tive results as numerical simulations for period-1 orbits. Both approaches also produce360

equivalent qualitative results for more complex behavior, as shown in Fig. 13(c).361

This approach can be used to piecewise linear systems as well. In this case, the362

transition between t(i)
− and t(i)

+ is made by using the state at t(i)
− as an initial condition to363

the other linear system in contact configuration (q ≥ ∆). The solution for q(t(i)
+ ) = ∆364

provides the final contact instant t(i)
+ , which should be substituted on the time derivative365

of the contact configuration linear solution to find q̇(i)
+ . Finally, the state at t(i)

+ is used as366

initial condition for the non-contacting configuration linear solution, restarting the cy-367

cle. In this case, the system’s Jacobian will be a product of the derivatives of contacting368

and non-contacting configurations with respect to their initial conditions.369

A comparison between the results from averaging and pointwise mapping with nu-370

merical simulation is shown in Fig. 14. The differences between averaging (blue dash-371

dotted line) and the other approaches can be easily noticed on phase-portrait, while372

the results are equivalent in the frequency domain, even far away from Ω = 2, where373

averaging should perform better. Regarding simulation time, the pointwise mapping374

is only 14 % faster than direct numerical simulation, being slower to simulate than375
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the non-smooth transformed models. That can be explained by its dependence on a376

root-finding procedure, whose results are more difficult to obtain in the transition be-377

tween impacting and non-impacting behaviors. Averaging is 93 % faster than direct378

numerical simulation because it does not need an iterative procedure.379
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Figure 14: Use of different approaches to obtain (a) phase-portrait at Ω = 2 and (b) frequency response.

5. Experimental setup380

The experimental setup has been described previously in [60–62] and is shown381

in Fig. 15. In Fig. 15(a, b) an electrodynamic shaker (1) [B&K R© 4808] is used to ap-382

ply a harmonic excitation to a platform (2), containing a cantilever beam with attached383

mass and a stop (5) located at the left of the mass, to restrain its lateral movement. The384

shaker is driven by a power amplifier [B&K R© 2712] and is connected to the platform385

by a stinger. The displacement of both platform and attached mass are measured by in-386

ductive sensors (3) [Pulsotronic R© KJ4-M12MN50-ANU] and filtered by a Brickwall R©
387

filter [Wavetek 752A] hardware with low pass cut-off frequency of 500 Hz. Data ac-388

quisition is performed at 5 kHz sampling frequency using a dSPACE R© DS1104 R&D389

controller board.390

The impacting beam can be seen in detail in Fig. 15(c,d), where U represents the391

beam’s transversal displacement, LS = 100 mm is the displacement’s sensor axial loca-392

tion, Lm = 132 mm is the mass axial location, L = 180 mm is the beam’s length, ∆C is393

the gap width and b(t̃) is the base excitation. The attached mass m weights 0.2 kg and394

it consists of 4 steel discs with 7 mm thickness and 35 mm diameter hold together with395

bolts.396

19



(d)

X

U

m

Lm
LS

L

b(t)
~

ΔC

mass
displacement

sensor (3)

stop (5)

(b)

(a)

(c)

1
2

3

4

3

5

3

sensors (3)
for mass
and base

displacement

shaker with
harmonic

excitation (1)

base (2)

attached mass (4)

Figure 15: Experimental setup (a,c) and its schematic representation (b,d).

To avoid saturating the displacement sensors, measurement and impact locations397
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LS and Lm are not coincident. Thus the measured grazing width ∆G will differ from398

the gap width ∆C due to beam deflection, see Fig. 16. The measured grazing amplitude399

will be used to define the model’s impact rule later on.400
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Figure 16: Deflection of a cantilever beam.

The setup’s main natural frequencies are identified using experimental modal anal-401

ysis with an accelerometer [B&K R© 4397] and an impact hammer [B&K R© 8206]. Ex-402

citations were applied at 10 mm, 30 mm, 50 mm, 70 mm, 90 mm, 132 mm and 160 mm403

from the beam’s clamped end and measured at 90 mm from the beam’s clamped end.404

Using a sampling frequency of 512 Hz, the measured data is post-processed using405

B&K R© PULSE frequency analyzer. The system’s frequency response for an excitation406

at 50 mm from the beam’s clamped end can be seen in Fig. 17, where one can identify407

four natural frequencies: 3.25 Hz, 8 Hz, 67 Hz and 98.75 Hz obtained with a resolu-408

tion of 0.25 Hz. At 3.25 Hz only the platform oscillates. The beam’s first and second409

bending resonances occur at 8 Hz and 98.75 Hz respectively, with a torsional resonance410

at 67 Hz.411

From literature [1, 39, 63], it is known that SDOF single-sided vibro-impact sys-412

tems present resonant behavior around even multiples of their natural frequency. Based413

on that the frequency range of interest in this work is lies between 14 Hz to 17 Hz. Dif-414

ferent gap configurations are also analyzed: pre-stressed −0.1 mm, loose 0.1 mm, and415

neutral 0 mm.416

A compact view of this analysis is shown in Fig. 18 for different gap configurations:417

pre-stressed with ∆G ≈ −0.1 mm in Fig. 18(a); neutral with ∆G ≈ 0 mm in Fig. 18(b)418

and loose with ∆G ≈ 0.1 mm in Fig. 18(c). There one can see an alternation between419

period one and two oscillations with the blank regions presenting more complex behav-420

ior, such as quasi-periodicity and chaos. The concentration of period-1 orbits before421

and after twice the system’s fundamental resonance (2 fn ≈ 15.5 Hz) for loose and pre-422

stressed configurations respectively is in accordance with the predictions made by [37]423

using Eq. (24) in Section 4.1. The pre-stressed configuration in Fig. 18(a), demands424
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Figure 17: Frequency response: (a) amplitude, (b) coherence.

a higher level of excitation in order to overcome the initial deformation. Period two425

oscillations are mainly present between 15 Hz to 15.5 Hz.426

Ṽ
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Ṽ
[V

]

0.2

0.4

0.6

Period 1

Period 2

No imp.

(c)

(a)

(b)

Figure 18: Periodicity for different gap configurations: (a) pre-stressed −0.1 mm, (b) neutral 0 mm and (c)
loose 0.1 mm.

The experimental frequency response for period one orbits can be seen in Fig. 19,427

where the different excitation amplitudes and gap configurations are organized as fol-428
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lows: excitation amplitude from 0.2 V to 0.4 V can be seen in Fig. 19(c,e), while ex-429

citation amplitude from 0.5 V to 0.7 V can be seen in Fig. 19(a,b,d). The tight config-430

uration with ∆G ≈ −0.1 mm can be seen in Fig. 19(a), the neutral configuration with431

∆G ≈ 0 mm can be seen in Fig. 19(b,c), and the loose configuration with ∆G ≈ 0.1 mm432

can be seen in Fig. 19(d,e). In this figure, it is not possible to identify an amplitude433

pattern for tightened configuration, shown in Fig. 19(a). The frequency response for434

neutral configuration Fig. 19(b,c) is similar to the linear frequency response curve435

of SDOF systems with resonance around 15.5 Hz to 15.6 Hz. For loose configura-436

tion Fig. 19(d,e), the amplitude is almost constant between 14 Hz to 15 Hz, after that,437

it decreases, passing by a state of complex oscillations until there are no more vibro-438

impact oscillations.439
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Figure 19: Experimental frequency response for different excitation levels 0.2 V to 0.7 V and gap configura-
tions: (a) pre-stressed −0.1 mm, (b,c) neutral 0 mm and (d,e) loose 0.1 mm.

The harmonic decomposition of period one orbits is shown in Fig. 20(a) to (c),440

for tight, neutral and loose configurations, respectively. There one can see that the441

fundamental harmonic 1Ω̃ is the one with higher amplitude. The static component 0Ω̃442

also has high amplitude because the oscillations are asymmetric with respect to U = 0.443

For neutral configuration Fig. 20(b) one can see resonance-like curves for 0Ω̃ and 1Ω̃444

with a peak close to 2 fn.445

The different gap values should be understood as nominal measures because in-446

termittent impacts during a frequency sweep and wear on the contacting surfaces can447

modify the initial gap width. Although not well studied, this is very common in engi-448

neering practice. This variation according to the forcing frequency is shown in Fig. 21,449
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Figure 20: Harmonic decomposition of period one orbits for Ṽ = 0.6 V and different gap configurations: (a)
pre-stressed −0.1 mm, (b) neutral 0 mm and (c) loose 0.1 mm.

where the mass amplitude and measured gap width are shown in Fig. 21(a, b), (c, d)450

and (e, f) for tight, neutral and loose gap configurations, respectively. In this figure, it451

is possible to correlate some gap variations with the frequency response, such as the452

pattern similarity for |U(LS )| and ∆G around 16 Hz on Fig. 21(a, b) and the discontinu-453

ity of the FRC and the sudden increase of ∆G around 15 Hz on Fig. 21(c, d). The actual454

gap width was measured as the maximum value of vibrations for impacting orbits.455

The results from measurements made at the neutral configuration and excitation456

level 0.6 V can be seen in Figs. 22 and 23 showing the different dynamic behaviors in457

the neighborhood of a period-doubling bifurcation. The stroboscopic map S T has one458

fixed point before bifurcation and two after that. Chaotic behavior is observed in the459

experimental data shown in Fig. 24 for pre-stressed conditions and 0.6 V. In this case460

the stroboscopic map has no equilibrium points. The velocity was obtained from the461

displacement data using central finite differences.462

It is not possible to ensure that the contact location will remain unchanged during463

the tests with different gap configurations, due to imperfections on the setup assem-464

bling, and on the surfaces of both the attached mass and constraint. Rotational vi-465

brations of the attached rigid mass can occur due to eccentric collisions between the466

constraint and the mass, which has a significant moment of inertia. However, the am-467

plitudes of the corresponding higher modes are generally much smaller than that of the468

beams first bending mode. The relevance of modal interactions for the present setup469

can be determined with an analysis of its vibrations in the frequency domain, as shown470
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Figure 21: Period-1 frequency response (a, c, e) and gap variation (b, d, f). Excitation: 0.6 V.
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Figure 22: (a) Time series, (b) Frequency spectrum (c) phase-portrait.

in Figs. 20 and 22 to 24, where only harmonics and sub-harmonics of the forcing fre-471

quency can be identified. This indicates that the higher natural frequencies determined472

by experimental modal analysis do not seem to present a significant role for the vibro-473
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impact response, thus justifying modeling the beam-mass setup as a SDOF system with474

a point mass.475
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Figure 23: (a) Time series, (b) Frequency spectrum (c) phase-portrait.
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Figure 24: (a) Time series, (b) Frequency spectrum (c) phase-portrait.

5.1. Coefficient of restitution476

The most common way of obtaining the coefficient of restitution is to pick the477

velocities before and after impact from an experimental time series and divide them478

(R = −U̇+/U̇−). In general, the choice of U̇± is made by picking up the initial and final479

points of intervals where velocity present an abrupt variation, changing its sign.480

This approach was used on the first three impacts of period-one orbits, such as the481

one in Fig. 25, resulting in Fig. 26, which contains the value of R for tight (a, b), neutral482

(c, d) and loose (e, f) gap configurations as a function of forcing frequency (a, c, e) and483

pre-impact velocity (b, d, f). In this figure, each dot represents the mean value of R484

and/or U̇(LS , t̃−) for the three impacts at each forcing frequency.485

In Fig. 26(a) one can see that R presents a piecewise linear growing pattern with the486

forcing frequency around 16 Hz and 16.5 Hz. Similar behavior can be seen in Fig. 26(c)487

for R around 15.5 Hz. Also, R presents a decreasing pattern for U̇− from 0 to 30 mm s−1,488

see Fig. 26(d, f), which turns into a growing pattern for higher U̇−, see Fig. 26(d). The489

mean and standard deviation of R for each gap are shown in Table 1.490

While the forcing frequency is a pre-defined parameter, the pre-contact velocity is491

influenced by both forcing frequency and gap configuration. That explains the depen-492

dence of the coefficient of restitution to the gap width shown in Table 1, where the493

mean value of R decrease as its standard deviation grows together with the gap width.494

Alternatively, the gap dependence could indicate that the contact deformations are not495

negligible, invalidating the assumption used to model impacts with the CoR. That is496

not the case because contact deformations can be considered negligible if compared to497

the vibration amplitude, see Figs. 22 to 25.498
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The uncertainty level of the coefficient of restitution and pre-impact velocity is499

influenced by various factors, namely:500
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Table 1: Coefficient of restitution against gap width

∆G [mm] R

mean std. dev.

-0.1 0.80 0.08
0 0.72 0.11

+0.1 0.59 0.16

• Deviations on the gap width during operation, see Fig. 10;501

• Inherent mounting errors make it difficult to ensure identical impact conditions502

when the constraint location is changed;503

• The velocity is not measured directly, being obtained through central finite dif-504

ferences from noise-contaminated position measurements;505

• The pre- and post-contact velocities are chosen by visual observation of the time506

series, a task that can be difficult due to the presence of high-frequency compo-507

nents (HFC) as shown in Fig. 27 for the velocity;508

Observing the velocity’s frequency spectrum, shown in Fig. 27(b), only harmonics509

of the forcing frequency have noticeable amplitude, while the setup’s resonances (8 Hz,510

67 Hz, and 98 Hz) obtained in Section 5 are not prominent.511

However, it is possible to observe the velocity’s HFC in the time domain, see512

Fig. 27(c). Removing the low-frequency component of the velocity between impacts513

and using the average period between peaks, one obtains the signal’s frequency as514

103 Hz. Looking at the velocity frequency spectrum in Fig. 27(b) it is possible to ob-515

serve a small peak at this frequency. It is also possible to notice a small peak after516

100 Hz in Fig. 17, that shows the results of the modal analysis. The low-frequency ve-517

locity in Fig. 27(a) was obtained through the optimization of the numeric response to518

match experimental data. The time series and frequency spectrum for the displacement519

associated with the velocity data shown in Fig. 27 can be seen in Fig. 22.520

One can estimate the vibration amplitude of the HFC by considering that the veloc-521

ity’s amplitude is equal to the displacement amplitude times its oscillation frequency.522

The mean peak velocity amplitude of the HFC is 35 mm s−1 and its frequency is ap-523

proximately 103 Hz, resulting in a displacement amplitude of 0.05 mm, which is more524

than 10 times smaller than the low-frequency displacement amplitude. Also, this com-525

ponent is not activated in the same way during the whole frequency and gap width526

domains, as one can see in Fig. 25(b).527
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Figure 27: (a) Velocity time series for ∆G ≈ 0 mm, Ṽ = 0.6 V, Ω̃ = 15 Hz. (b) Frequency spectrum for
velocity. (c) High-frequency component of velocity at the boxed region shown in (a).

5.2. Platform dynamics528

The influence of the impacting dynamics on the platform can be identified by com-529

paring the frequency spectrum of colliding mass and platform shown in Fig. 28(c, d).530

Also, the platform acts as a low-pass filter on the excitation provided by the shaker,531

delivering reduced stimulation to the beam, as shown in Fig. 29, where its frequency532

response between 6 Hz and 9 Hz is at a higher level than at 14 Hz and 17 Hz. Its vari-533

ation between 7.5 Hz and 8 Hz is due to beam’s resonance. This happens because the534

electrodynamic shaker is not feedback controlled. Thus, the chosen system’s exter-535

nal excitation source is the single harmonic electric signal sent to the shaker’s power536

amplifier. From that, one can write the system’s platform displacement excitation as:537

b(t̃) = γ̃Ṽ sin(Ω̃t̃), (38)

where Ṽ is the voltage amplitude in V and γ̃ is the unit conversion gain in m V−1.538

The presence of a high-frequency component in the experimental data, together539

with the attenuating characteristics of the platform can be seen as motivation to up-540

date the mathematical model, adding more degrees of freedom, however, that would541

also make the use of techniques such as averaging and pointwise mapping impracti-542

cal. Since the high-frequency component (103 Hz) is higher than the second and third543

beam’s resonances 67 Hz and 98 Hz, the inclusion of their corresponding modes on the544

model is not well-supported. Finally, incorporating the platform dynamics does not545

directly affect the impact behavior.546
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6. Model for the experimental setup547

The setup’s model is equivalent to the one presented in Section 2, making it possible548

to investigate the occurrence of the predictions made in Sections 3 and 4 in experiments.549

Also, it is similar to the ones proposed by Elmegård et al. [45] and Rebouças et al. [62].550

In [45] the impact was modeled using a piecewise relation for the spatial discretization551

of the equations of motion, while [62] modeled the impact as a force, normalizing552

the transverse displacement U(X, t̃) with the grazing amplitude ∆G. This would be a553

problem for the current analysis, which considers single-sided impacts whose gap can554

be null, leading to infinite normalized transverse vibrations. To avoid that, the beam555

length L was used as a normalizing parameter.556
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In the schematic representation of the forced impacting beam in Fig. 15d, Lm, LS557

and, L represent the axial location of the attached mass, displacement sensor, and beam558

length, respectively, ∆C represents the gap width. The stop has the same axial location559

of the attached mass, being placed on its right side. Using Bernoulli-Euler beam theory,560

one can write its equation of motion for transverse displacement U(X, t̃) as [45, 62]:561 (
ρA + mδ(X − Lm)

)
Ü + DEIU̇′′′′ + EIU′′′′ =(

ρA + mδ(X − Lm)
)
Ω̃2γṼ sin(Ω̃t̃), if Um < ∆C , (39)

U(0, t̃) = U′(0, t̃) = U′′(L, t̃) = U′′′(L, t̃) = 0, (40)

where ˙(·) ≡ ∂(·)/∂t̃, (·)′ ≡ ∂(·)/∂X, ρ, D, E, A and I represent the beam’s density,562

damping proportional to stiffness, elasticity modulus, cross-sectional area, and cross-563

section area moment of inertia, respectively, m is the attached mass, δ(·) is Dirac’s delta564

function and Um = U(Lm, t̃) is the transverse displacement of the attached mass. Impact565

occurs when the mass reaches the stop, in which case:566

U(Lm, t̃−) = ∆C ⇒

U(Lm, t̃+) = U(Lm, t̃−),
U̇(Lm, t̃+) = −RU̇(Lm, t̃−),

(41)

where R is the coefficient of restitution, t̃− and t̃+ represent instants before and after567

impact, respectively. Following the same steps taken in [62], namely:568

• Normalize transversal displacement and axial position: U = uL and X = xL;569

• Assume that the attached mass is much larger than the beams: m � ρAL;570

• Perform spatial discretization:571

u(x, t̃) =

N∑
i=1

φi(x)qi(t̃), (42)

where the assumed modes φi(x) satisfy all essential boundary conditions and qi(t̃)572

are modal coordinates;573

• Neglect higher modes: N = 1;574

One arrives at:575

q̈ + 2βS q̇ + q = γṼΩ2 sin(Ωt), if q < ∆, (43)

where:576

βS = 1
2 Dωn, Ω = Ω̃/ωn, t = ωn t̃, (44)

∆ = ∆G/L, ω2
n = KS /MS , MS = mφ(xm)2, (45)

KS =
EI
L3

1∫
0

(
φ′′(x)

)2 dx, γ =
γ̃

φ(xm)L
, (46)
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are the structural damping ratio, normalized forcing frequency, normalized time, nor-577

malized gap width, squared fundamental linear natural frequency, equivalent structural578

mass, equivalent structural stiffness and normalized unit conversion gain. The assumed579

mode φ(·) is chosen as the static deformation pattern of a cantilever beam loaded at Lm,580

normalized such that φ(LS ) = 1. Also, from now on ˙(·) ≡ ∂(·)/∂t. Applying the same581

steps to the impact condition, Eq. (2), one arrives at:582

q̇(t+) = −Rq̇(t−) and q(t+) = q(t−) if q(t−) = ∆, (47)

where t+ and t− are the normalized instants after and before impact, respectively.583

Vibro-impact oscillations measured from the experimental setup can be related584

to Eq. (43) by multiplying the model solution by the measured grazing amplitude and585

by the first mode shape at the measurement location, U(LS , t̃) = q(ωn t̃)Lφ(LS /L). This586

relation can be simplified by normalizing the static deformation pattern φ(·) with the587

measurement location, LS . By doing so, the measured vibrations become proportional588

to the beam’s length, i.e., U(LS , t̃) = q(ωn t̃)L.589

6.1. Linear parameter estimation590

The system’s structural damping ratio obtained through the decay envelope of the591

unforced SDOF response, such as the one shown in Fig. 30(a) together with its model592

prediction, indicating good agreement between them. So, from now on βS = 17 × 10−3.593

The frequency spectrum of the unforced response, shown in Fig. 30(b) gives fn = 7.75 Hz,594

while the frequency sweep around this value, as shown in Fig. 30(c) indicates that595

fn = 7.6 Hz, which is the value of the system’s fundamental natural frequency from596

now on.597

The normalized unit conversion gain γ = 1.5 × 10−3 V−1 was obtained by fitting the598

experimental data shown in Fig. 30(c) around fn to its theoretical estimative obtained599

with Eq. (43). Given the attenuating characteristic of the platform, c.f. Section 5.2, it600

may be necessary to modify this parameter during vibro-impact analysis (around 2 fn).601
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Figure 30: Linear transient response in (a) time and (b) frequency domains and (c) forced response in the
frequency domain around fundamental resonance.

7. Comparing Experimental and Numerical results602

Remembering the attenuating characteristic of the platform, one can find a new603

value for γ by fitting the frequency-amplitude obtained by numerical simulation to604

the experimental data shown previously. Using the mean values of R for each gap605

width, given in Table 1, one obtains the results shown in Fig. 31 with γ = 3.78 × 10−4,606

5.16 × 10−4 and 7.66 × 10−4 respectively, which corresponds to 25, 34 and 51% of the607

initial value, obtained in Section 6.1 for measurements around resonance.608

On tightened configuration Fig. 31(a), the experimental amplitude does not have a609

clear pattern, making it difficult to associate with numerical results. At neutral con-610

figuration Fig. 31(b), the numerical results present a reasonable agreement with the611

experimental ones. For loose configuration Fig. 31(c), the numerical frequency re-612

sponse is close to the experimental one for Ω ≥ 2, being able to predict the end of613

period-1 orbits before Ω = 2.2, and the beginning of non-periodic behavior.614
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Figure 31: Experimental and numerical frequency responses. Ṽ = 0.6 V. (a) ∆G ≈ −0.1 mm, (b) ∆G ≈ 0 mm
and (c) ∆G ≈ 0.1 mm. R is given by Table 1.

8. Conclusions615

The experimental vibro-impact behavior of a cantilever beam with unilateral im-616

pacts and base-excitation was presented considering different excitation levels and gap617

configurations (tight, neutral and loose). Analysis of the experimental data showed dif-618

ferent qualitative behaviors near vibro-impact resonance and the effect of gap variation619

during a frequency sweep on the setup’s amplitude response. Since the experiment’s620

parameter identification and analysis were made in different frequency ranges, it was621

possible to show the challenges involved in tuning its vibro-impact model. The use622

of non-smooth transformations on numerical simulations and analytical schemes was623

discussed, showing the differences between Zhuravlev and Ivanov’s substitutions and624

among averaging and pointwise mapping.625

It was possible to obtain an agreement between numerical and experimental results626

for some gap configurations and frequency ranges. In the time domain, numerical627

and analytical predictions were able to match experimental data despite the occasional628

presence of high-frequency oscillations. Investigations on the coefficient of restitution629

R showed its dependence on the pre-impact velocity and forcing frequency, presenting630

a linear behavior at some ranges.631

Motivated by the work of Grace et al. [46], Zhuravlev and Ivanov transformations632
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were used as pre- and post-processing steps on the numerical simulation of a model633

for a SDOF oscillator with unilateral impacts and coefficient of restitution. Compari-634

son with direct numerical simulation showed that those transformations can decrease635

computation time without compromising the results. Ivanov’s approach provided the636

smallest simulation time because it eliminated the impact condition. Results obtained637

with Zhuravlev’s coordinates were different from the direct simulation for the velocity638

variable during impacts. When compared to Ivanov, Zhuravlev’s transformation has a639

clear physical interpretation, with a straightforward derivation.640

Stability boundaries in terms of the amplitude of oscillations and gap width were641

obtained through averaging analysis of the Zhuravlev transformed SDOF model. In-642

terpretation of parametric relations from perturbation methods can be useful in the643

analysis of empirical systems that do not satisfy some of the theoretical assumptions.644

Despite the mismatch between numerical and experimental results showed in this work,645

the concentration of period-1 orbits according to the gap sign (before/after impact res-646

onance if the gap is positive/negative) agreed with predictions made by Zhuravlev [37]647

using averaging analysis for a SDOF model.648

The frequency responses obtained with pointwise mapping and numerical simu-649

lation showed an unstable region for period-1 orbits which was not identified by the650

averaging analysis. With pointwise mapping, it was possible to obtain two stability651

equations, one for generic orbits and a simplified one for period-n behavior. Both for-652

mulas were able to identify the instability threshold, with the general formula being653

able to identify more unstable orbits than its simplified version. However, both meth-654

ods could not identify instability at some frequencies.655

The experimental analysis carried out in this manuscript could be improved by finer656

tuning of the gap width, followed by a further empirical exploration of the vibro-impact657

behavior in tightened configuration. A feedback controlled shaker would diminish658

the concerns created by the attenuating characteristics of the platform. Alternatively,659

one could propose another model for the excitation source and/or an appropriate way660

to insert the high-frequency component on the model. Further contributions can be661

made through the application of the methods presented here for systems with bilateral662

impacts and rigid stops. In this case, the response magnitude is limited by the clearance663

width, and the response’s frequency becomes the output of interest.664

This work presents a structured discussion of common techniques for analysis of665

unilateral vibro-impact problems, discussing the common analytical and numerical666

schemes. Despite experimental challenges, using the coefficient of restitution it was667

possible to reproduce empirical observations to a certain extent, validating analytical668

predictions.669
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