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An Improved Sub-component Fatigue Testing Method for Material
Characterization

F. Belloni1 ·M.A. Eder1 · B. Cherrier2

Abstract
In this paper an improved sub-component fatigue testing method is proposed, in which structural optimization is used
to obtain specimens in which fatigue failure is precipitated in the designated area away from the boundaries, i.e., load
application and fixture points. This is achieved by optimizing the nonlinear beam taper and the dynamic excitation. The
major requirement for accurate material characterization through sub-component tests concerns unbiased stress states in the
gauge section. However, empiricism shows that many sub-component high-cycle fatigue testing methods suffer from failure
in the boundaries rather than the gauge section, which causes bias. The common practice for reinforcing those regions only
shifts the issue into new areas of local discontinuities where failure is still caused remotely from the gauge section. An
experimental proof of concept demonstrates that optimization of the beam taper can be used to obtain unbiased fatigue test
data.

Keywords High-cycle fatigue · Sub-component testing · Structural optimization · Dynamic excitation · Fatigue failure

Nomenclature
Symbol Unit Description
α, β s−1, 1 Rayleigh damping coefficients
γ 1 Power exponent defining the

geometric taper function
δij 1 Kronecker delta
� 1 Logarithmic decrement
�z m Equispaced distance between

neighbouring nodes
ε μm/m General strain component
ε11 μm/m Experimental surface strain
ζ 1 Damping coefficient
ν 1 Poisson’s ratio
ρ kg/m3 Material density
σ MPa General stress component
σ0.2% MPa Material 0.2% proof strength
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σ11 MPa Highest principal stress component
σa,11 MPa Highest principal stress component

amplitude
σe MPa Fatigue endurance limit
σ̄eq MPa Equivalent dynamic stress
σ̂eq MPa Fatigue equivalent stress for

a number Neq of cycles
σm,11 MPa Highest principal mean stress

component
σmax MPa Maximum principal stress
σmin MPa Minimum principal stress
σu MPa Material ultimate strength
σyy MPa Through thickness stress component
σyz MPa Surface shear stress component
σzz MPa Longitudinal bending stress

component
�n 1 n-dimensional eigenmode vector

of the nth mode
ωn rad/s Angular natural eigenfrequency of

the nth mode
ωnd rad/s Damped angular natural

eigenfrequency of the nth mode
A, B 1 Basquin’s coefficients
b m Beam width
D Ns/m Rayleigh damping matrix
e m Nominal eccentricity of the exciter
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E MPa Young’s modulus
f1 Hz Excitation frequency
f2, f3 Hz Second and third eigenfrequencies
flim Hz Excitation frequency upper limit
f N Excitation force amplitude vector
g m/s2 Gravitational constant
h0 m Root height at z = 0
hL m Minimum beam tip height at z = L
htip m Beam height at node n

i, j 1 Node number indices i = 1,2,3,...n
and j = 1,2,3,...n;

I m4 Second moment of area
k 1 Temporal index
K N/m Stiffness matrix
L m Beam length
m(z) kg/m Blade mass per unit length
mt kg Tuning mass
m̄d kg Eccentric mass
M kg Total mass matrix
M̂ij kg Element of base mass matrix
M N m General bending moment
Md N m Dynamic bending moment
Mm N m Mean (static) bending moment
Ms N m Self-weight induced bending moment
Mt N m Tuning mass induced bending moment
n 1 Total number of nodes
N0 1 Number of cycles associated to the

90% of the ultimate strength in the
Basquin’s equation

Ne 1 Number of cycles associated to the
endurance limit in the Basquin’s
equation

Neq 1 Fatigue equivalent number of cycles
to cause failure

Nf 1 Number of cycles at incipient fatigue
failure

R − Fatigue load ratio
s m Variable of integration
S m/N Compliance matrix
Sij m/N Element of compliance matrix
q − Design variable vector
Q N Shear force
t s Time variable
X,Z m Auxiliary variables
y m Deflection coordinate of the beam

neutral axis
yti , yti+1 m Adjacent turning points (i.e., maxima)

of the measured displacement history
y m Nodal displacement vector
z m Span-wise coordinate starting from

the root
zf m Fatigue failure longitudinal location

w 1 Random starting variable index used
in the optimization algorithm

wvar 1 Total number of random starting
variables used in the optimization
algorithm

Introduction

Structural testing covers a wide range of sizes. The fishbone
diagram depicted in Fig. 1 illustrates the ability of tests
at different length scales to consider certain effects on the
example of wind turbine rotor blade failure. The orange
hatched area in Fig. 1 shows that small scale tests ranging
in the order of 1 × 10−3 m to 1 × 10−1 m are mainly
used for material mechanical property characterization.
The advantage of small scale tests lies in cost and time
efficiency, lending itself to high probabilistic certainty
owing to high sample numbers. On the other hand, Fig. 2
shows the limited capability of small scale tests, e.g.,
coupons, to capture complex multi-axial stress states and
their interaction between different parts that are usually
present at full scale. The multi-axial stress states used in the
aforementioned context are referring to those induced by the
geometry on a macro scale rather than those caused by the
fibre layup on a micro scale.

Damage evolution of the same material tested on
different scales will be different due to the size effect. That
is, both lifetime and failure mode can significantly vary
between different length scales. It needs to be stressed that
the term size effect as used in this paper does not refer
to effects caused by self-similar up-scaling in the realm
of fracture mechanics [1–3]. Rather, it refers to effects
caused by increasing both the size and the complexity of the
geometry. Whilst the main focus of the cited studies is to
investigate the effect of scaling on strength and stiffness of
materials, this works aims at analyzing the effect of more
complex stress states, as it is depicted in Fig. 2.

In contrast to small scale tests, full scale tests typically
range between 1 × 101 m to 1 × 102 m and are the
most realistic means to investigate the performance of an
entire structure (see Fig. 1). Full scale tests, however, are
costly and time consuming due to space requirements,
handling, instrumentation, operation and data acquisition.
As a consequence, only a limited number of full scale tests
can usually be conducted, which increases the uncertainty
of experimental data.

Sub-component tests on a medium scale ranging between
1 × 10−2 m to 1 m are intended to bridge the gap
between small and full scale. Sub-component tests are well
established in the automotive, aerospace, mechanical [4]
and civil engineering [5] industries, where they are usually
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Fig. 1 Fishbone diagram of possible causes of wind turbine blade (WTB) failure, showing the three scale levels of mechanical testing. The classical
material classification is shown in orange, the factors influencing the entire structure are held in blue and the aspects captured on sub-component
level are shown in green

employed in conjunction with multi-axis pseudo-dynamic
loading [6].

A sub-component can be defined as an isolated
component or as a part of a full-scale structure where the
sub-components themselves may comprise an assembly of
several different single components. A sub-component is
obtained by separation of the part of interest from the entire
structure using a free-body-cut. Figure 3 gives an example
of the extraction of a sub-component, the load carrying

box girder, from the greater wind turbine blade (WTB)
structure. Integral structures such as wind turbine rotor
blades are comprised of several adhesively connected
multi-material components. The experimental replication
of the complex displacement and traction force boundary
conditions on the sub-component along its free body cuts
renders itself highly challenging [7]. One way to circumvent
this issue is to choose a specific representative gauge section
in the sub-component and to assign simplified boundary

Fig. 2 Different levels of
structural complexity depending
on scale: (a) uniform stress
distribution in a tensile coupon
(b) nonuniform stress
distributions with distinct stress
gradients in web and flange of a
tapered box beam
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Fig. 3 (a) Large utility wind
turbine rotor blade viewed
towards the leading edge with
indication of load carrying box
girder (red) and the lift
generating shell (grey) and (b)
isolated load carrying box girder
consisting of a pair of caps and
webs with blade root transition

conditions apart from the gauge section to avoid boundary
effect interference. This requires the size of the sub-
component to be long enough to ensure that the decay length
of the boundary effects and load introduction points does
not reach the gauge section, according to St. Venant’s principle.

Mandell et al. [8, 9] conducted four-point bending tests
of I-beam sub-components representing the shear web of
a wind turbine rotor blade. Adhesive failure and ply drop
delaminations were experienced in the load application
area, which required repairs during testing and the redesign
of the sub-component structural details in order to obtain
specimens able to be tested for material characterization
purposes. Prismatic composite I-beams were also used
by Zarouchas et al. [10] to investigate the mechanical
behaviour of adhesive bond lines, resembling the connection
between the spar caps and the shear web of a wind turbine
blade. In this case wooden reinforcements were deployed to
prevent local effects from affecting the test results.

More recently, Asl et al. [11–13] dedicated their work to
design composite I-beams and applied structural similitude
theory [14] to generate representative down-scaled models
of the load carrying part of wind turbine blades. Quasi-static
four-point bending was used to experimentally validate this
approach on laminated beams with different layups and
length scales.

An inherent and well-known drawback of sub-
component testing using the aforementioned approaches,
in fact, is failure in the restraints or in the load applica-
tion points, both of which can lead to biased experimental
data. Figure 4(a) depicts a prismatic cantilever type sub-
component subject to a tip load. Such a configuration is
prone to fail in the restraint where local stress conditions are
strongly at variance with the undisturbed far field stress dis-
tribution in the gauge section. Figure 4(b) shows that local
reinforcement of restraints and load application points are
only shifting the issue. Failure in such cases is usually initi-
ated in the area of local stress concentrations and is caused
by high stiffness gradients, e.g., ply-drops, etc., typically at
the end of the reinforcement. Furthermore, the adoption of
loading platen in a three- or four-point bending test induces
contact tractions resulting in local biaxial stress states, all
of which alter the desired far field stress distribution.

Sayer et al. [15] addressed this issue by using a
linearly tapered beam approach to prevent boundary
failure in an adhesively connected glass fibre reinforced
composite cantilever sub-component subject to fatigue
loading. Fernandez et al. [16] also deployed a linear taper in
the design of a C-beam subject to asymmetrical three-point
static bending. A not constant flange thickness, maximum
at the clamped connection and minimum at the load
application point, was adopted to investigate shear failure in
bonded joints. However, the flange layup was not designed
accordingly to a rigorous mathematical framework.

The proposed method in this paper follows the approach
of Sayer et al. [15] and Fernandez et al. [16], where, instead
of a constant taper, a shape optimization-based non-constant
taper is used as depicted in Fig. 4(c). In this way, failure

Fig. 4 (a) Prismatic sub-component with warping restrained in the
boundary inducing boundary effects, (b) Prismatic sub-component
equipped with reinforcement at the clamped connection inducing local
stress concentrations affecting the failure mode, (c) Taper optimized
sub-component
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can be triggered at a specific beam location, the gauge
section, whilst the failure likelihood in the boundaries is
substantially reduced.

In this paper, an experimental proof of concept for the
proposed method is presented by means of solid tapered
aluminium cantilever beams subject to cyclic constant
amplitude resonance loading. The optimal taper, mass
and excitation parameters were obtained by a numerical
shape optimization algorithm that combines the dynamic
response of the system with the classic stress-based fatigue
life prediction framework. Finite element based dynamic
analysis is used to compare and validate the experimental
results.

Methodology

The following section gives a detailed description of
the semi-analytical dynamic model used for optimization
and the numerical finite element based method used to
corroborate the optimization results. The section closes with
a description of the experimental methodology used for the
proof of concept.

Beam LumpedMass Model

The sub-component in the form of a tapered cantilever beam
presenting solid rectangular cross section was discretised by
a 2D lumped mass model, as shown in Fig. 5. According to
the experimental setup described at the end of this section,
the model was fully restrained on the left-hand side such
that y|z=0 = 0 and ∂y

∂z
|z=0 = 0. The model consisted

of 25 nodes with a single translational degree of freedom
per node. The latter was considered sufficient due to the
distinct slenderness of the beam rendering rotational inertia
negligible. The transverse stiffness of the beam was chosen

high enough to avoid spurious dual-axis mode excitation.
The lumped mass model formulation neglects geometric
nonlinearity, as the deformation levels involved in the high-
cycle fatigue regime were small compared to the span.
Furthermore, damage-induced gradual stiffness degradation
was neglected as the sudden death behaviour of the 5083-
O H111 aluminium alloy used led to catastrophic failure
almost immediately after crack initiation [17]. Moreover,
the effects of aero-dynamic damping were deemed to be
negligible due to a rather small projected surface area.

The dynamic response of the lumped mass model shown
in Fig. 5(c) subject to single frequency excitation can be
expressed by equation (1).

Mÿ + D ẏ + Ky = f sinωd1t (1)

where dot notation was used for temporal derivatives.
The elements of the compliance matrix were computed

according to first-order Euler-Bernoulli beam theory.
Equation (2) expresses the deformation of node i induced
by a unit load applied at node j using the principle of
virtual work, as for instance described in [18]. Equation (2)
was obtained by numerical integration using the trapezoidal
rule [19]. The inverse of the compliance matrix yields the
stiffness matrix given by equation (3).

Sij =
∫ zi

0

1

EI (z)
(zi − z)

(
zj − z

)
dz (2)

K = S−1 (3)

The elements of the mass matrix of the beam including
tuning and excitation masses can be obtained as follows:

M̂ij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

δij

∫ �z(i+1/2)

�z(i−1/2)
m(z) dz, if i <n

δij

(∫ �z(i)

�z(i−1/2)
m(z) dz + mt + m̄d

)
, if i =n

(4)

Fig. 5 (a) Fatigue test setup
showing the resonance exciter
and the tuning mass installed at
the beam tip, (b) Lumped mass
model of the beam with
indication of the nodal masses
and the sinusoidal force applied
at the beam tip, (c) Beam nodal
displacements according to the
first modal shape �1
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The tuning mass mt installed at the beam tip was entirely
assigned to node n, together with the excitation mass m̄d .
Rayleigh damping was used in its most common form,
expressed in equation (5), as described by Liu and Gorman
[20].

D = αM + β K (5)

where α = 0 s−1 and β = 2ζ
ω1

were assumed in this work.
By solving the well-known generalised eigenvalue prob-

lem posed by equation (6) the corresponding eigenvectors
defining the mode shapes were obtained by equation (7)∣∣∣K − ω2

nM
∣∣∣ = 0 (6)(

K − ω2
nM

)
�n = 0 (7)

The harmonic force related to the excitation mass
centrifugal force presents two components. The component
perpendicular to the beam axis, given by equation (8),
operating at the first damped eigenfrequency, expressed in
equation (9), was applied at the tip node n. The other
component, parallel to the sub-component longitudinal
axis, was instead excluded from the calculation, given its
negligible effect on the beam longitudinal stress state.

F(t) = m̄d e ω2
d1 sin (ωd1t) (8)

ωd1 = ω1

√
1 − ζ 2 (9)

The linear second order differential equation given by
equation (1) can be decomposed into two sets of linear first
order differential equations as follows{

Xik = yi(t);
Zik = ẏi (t); (10)

⎧⎨
⎩

Ẋik = Zik;
Żik = Mi

Fik − Zik Di − Xik Ki

; (11)

where Mi , Di and Ki are the nodal modal mass,
nodal modal damping and nodal stiffness, respectively.
The systems of equations provided in equation (10) and
equation (11) can be solved using an explicit numerical
solver within Matlab© [21]. For the present problem, the
Ode15s solver was found to be the most efficient choice
for the problem at hand [22]. The nodal bending moment
history was computed, according to equation (12), from the
second spatial partial derivative of the displacement history
obtained from the solution of equation (10), where the
displacement partial derivative was numerically evaluated
by means of the central difference method [23].

M(z, t)

EI (z)
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

y(z + �z) − 2y(z) + y(z − �z)

�z2
, if 0 < z < L

−2y(z)

�z2
, if z = 0

0, if z = L

(12)

Stress Calculation in a Tapered Beam

Under the hypothesis of plane stress conditions in the
beam width direction, the tapered geometry evokes all three
stress components, as pointed out by Bennati et al. [24].
In the present case, only extreme fibre stress components
expressed in global coordinates were of interest. Adopting
the reference system shown in Fig. 7(a), the longitudinal
bending stress can be obtained with equation (13) according
to Navier’s equation. In contrast to prismatic beams, the
through thickness stress component and the surface shear
stress component of tapered beams are other than zero.
The through thickness stress component can be obtained
by equation (14) as proposed by Bennati et al. [24]. The
shear stress component is a strong function of the taper
and can be obtained through an extension of the classic
Jourawski’s formula proposed by Bennati et al., according
to equation (15).

σzz(z) = − 6M(z)

b h(z)2
(13)

σyy(z) = tan2
(
1

2

dh(z)

dz

)
σzz(z) (14)

σyz(z) = M(z)h(z)

8I (z)

dh(z)

dz
(15)

The highest principal stress σ11(z) can be consequently cal-
culated with the three stress components by equation (16).

σ11(z) = σzz(z) + σyy(z)

2
+

√(
σzz(z) − σyy(z)

2

)2

+ σyz(z)2 (16)

Equation (16) was used to evaluate the principal mean stress
σm,11(z) and the principal stress amplitude σa,11(z), which
were converted to equivalent dynamic stress by means of
a symmetric constant life diagram (CLD), qualitatively
presented in Fig. 6, and defined by equation (17).

σ̄eq(z) = σu σa,11(z)

σu − σm,11(z)
(17)

Static Section Forces and Fatigue Strength

The static bending moment distribution in the lumped mass
model induced by the self-weight of the beam was obtained
with a two-step procedure. First, the shear force was
computed by equation (18) using the boundary condition
Q|z=L = 0 at the tip to determine the integration constant:

Q(z) = Q|z=L + g

z∫

L

m(s) ds (18)
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Fig. 6 Simplified symmetric
constant life diagram used to
convert stress amplitude and
mean stress into an equivalent
stress amplitude at R = −1

Secondly, the bending moment distribution was obtained
using equation (19) with the boundary condition
Ms |z=L = 0:

Ms(z) = Ms |z=L + g

z∫

L

Q(s) ds (19)

The static bending moment distribution induced by the self-
weight of the external mass applied at the beam tip can be
obtained by equation (20). Using the superposition princi-
ple, the resulting static bending moment can eventually be
obtained by equation (21).

Mt(z) = −g mt (L − z) (20)

Mm(z) = Ms(z) + Mt(z) (21)

The fatigue strength was calculated according to the
Basquin’s approach [25], given by equation (22) for an
equivalent number of cycles Neq .

σ̂eq = ANB
eq (22)

where the coefficients A and B can be obtained using
equation (23).⎧⎪⎨
⎪⎩

A = σe

NB
e

;

B = log10(σe) − log10(0.9 σu)

log10(Ne) − log10(N0)
;

(23)

Optimization Algorithm

A numerical optimization algorithm was employed in order
to find an optimum solution for the beam geometry and
the dynamic excitation, where fatigue failure is triggered
at the beam mid-span. The components of the continuous
optimization algorithm are subsequently described. The
longitudinal cross section height of the beam is defined
by equation (24), which was found to enhance the taper
curvature and allowed for the tip height to be constrained

to the lower bound hL. It needs to be mentioned that the
obtained beam tip height htip does not coincide with hL, as
it is depicted in Fig. 7(b).

h(z) = hL + (h0 − hL) e−γ z (24)

The bending stiffness and mass per unit length used for
equations (2), (3) and (4) can be obtained by the following
expressions:

EI (z) = E b h (z)3

12
(25)

m (z) = ρ b h (z) (26)

The nature of the steady state mono-frequency response
does not require time history analysis for the purpose
of shape optimization, which therefore was omitted in
the optimization algorithm for the sake of computational
efficiency.

The so-called tuning mass installed at the beam tip
(see Fig. 5(a)) serves three purposes. First, it increases
the curvature of the dynamic stress amplitude distribution
which assists the optimizer to meet the objective function.
Secondly, it can be used to control the sub-component
resonance frequency. The ability to control the natural
frequency is less important for metals but proves to be
crucial in the case of composite materials to delimit
adiabatic heating, as studied by Kim and Ebert [26]. Third,
the tuning mass can be used to control the R-ratio in the
desired gauge section.

After assembly of the stiffness matrix and mass
matrix, equation (7) can be solved, where the first
normalised eigenvector �1(z) was scaled with the beam
tip displacement yn according to equation (27). The
nodal dynamic bending moment distribution Md (z) can
be subsequently obtained by using equation (27) in
equation (12).

y(z) = yn�1(z) (27)
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Fig. 7 (a) Infinitesimal beam element showing the rectangular cross-section force convention and taper parameters used to calculate the three stress
components and (b) beam height as a function of the longitudinal coordinate according to equation (24); the difference between the manufacturing
constraint on the minimum beam tip height hL and the optimized tip height htip is indicated

The optimization problem is posed by finding the optimal
solution for four different parameters which are held by the
design variable vector which can be written as follows.

q = (h0 γ mt yn ) (28)

The objective function was defined as the absolute
difference between the fatigue strength and the dynamic
extreme fibre stress amplitude at the beam mid-span. The
optimization problem given by equation (29) is continuous
and can be solved using a gradient descent based approach.
For this purpose, the readily available Matlab optimiser
fmincon [21] was used for linearly constrained optimization.
By default, fmincon computes the sensitivities, i.e., the
partial differentials of the solution with respect to the
design variables, by finite differences. Although these
sensitivities were not provided analytically, the finite
difference approach is justified by assuming the presence
of small finite difference errors due to the semi-analytical
formulation of the model. Table 1 summarizes the adopted
settings for fmincon.The optimization problem posed above
is non-convex, since the optimiser usually converges to the
local minima of the solution space in the vicinity of the
initial design variables. In order to overcome this issue,

Table 1 Algorithm settings defining the Matlab optimiser fmincon

Maximum number of function evaluations 1 × 105

Maximum number of iterations 1 × 104

Gradients of the objective function provided No

Gradients of the constraints provided No

Optimization algorithm Interior-point (default)

the optimization procedure was repeated for wvar = 100
randomly selected starting variables.

minimize
q

f (q, y(q)) = ∣∣σ̄eq(q, y(q)) − σ̂eq

∣∣
∣∣∣∣z= L

2

subject to ω1(K(q),M(q)) − 2πflim ≤ 0

3.0 × 102 mm ≤ h0 ≤ 4.0 × 102 mm

1.5 ≤ γ ≤ 2.5

mt − 6.0 kg ≤ 0

yn − 0.125 L ≤ 0 (29)

In the constraint set stipulated in equation (29), the
excitation limit frequency flim was set to 2.5 Hz.
Constraints were set on the beam root height h0 and the
coefficient γ in order to steer the beam taper accentuation.
The third constraint was set on the maximum value of
the tuning mass mt . The last constraint limits the tip
deformation to 12.5% of the span to avoid excessive
deviation from first-order beam theory used in equation (2).

The implementation of the optimization algorithm can be
described in a pseudo-code as follows.

Algorithm 1 The inputs are the material properties, the
geometry fixed parameters and the fatigue strength.
The outputs are the geometric taper and the dynamic
excitation; represents the random starting variable
index
Input:
Output:
create -dim set of random starting q;
for 1 do

initialize q ;
call fmincon;

end

540 Exp Tech (2018) 42:533–550



Table 2 Constant parameters not subject to optimization defining the
design space

L 2000 mm

b 40 mm

hL 10 mm

Neq 4 × 105

Numerical Model Validation

The sub-component beam was modelled within the com-
mercial finite element software package Abaqus© [27]. The
numerical model was used to validate the semi-analytical
model in terms of eigenfrequencies, eigenmodes, deflec-
tions, stresses and strains. The geometry and material
parameters are given in Tables 2 and 3, respectively. The
values in Table 2 represent the parameters that defined the
design space for the beam geometry. Vickers hardness (HV)
was verified on a polished surface of a sample with a Struers
DuraScan tester along one line at a distance of 1 mm. For
each line 10 individual measurements were performed using
a load of 3 kg and a dwell time of 15 s.

The beam root was fully fixed using a kinematic coupling
constraint with a master node, whose three degrees of
freedom were restrained according to ux = uy = urz =
0. Similarly, all nodes of the beam end cross section
were coupled to a tip master node. The beam self-weight
and the tip tuning mass were applied using a quasi-static
solution strategy. A concentrated sinusoidal force expressed
by equation (8) was subsequently applied at the tip master
node. It is noteworthy that the tuning mass and the eccentric
mass employed for the model validation were equal to
2.0 kg and 25 g, respectively. The chosen mass values were
lower than the values used during the fatigue test conducted
to failure to avoid plastic deformation by preserving the
linear-elastic material response for validation purposes.

The sub-component was discretized with 400 4-node bi-
linear plane stress quadrilateral elements with incompatible
modes (Abaqus© element type CPS4I). The adopted
elements had a constant length of 10 mm and a height range
between 4.18 mm at the root and 1.33 mm at the tip. Figure 8

Table 3 Mechanical properties of 5083-O H111 aluminium alloy

ρ 2650 kg/m3

E 72 GPa

ν 0.33

σ0.2% 145 MPa

σe 150 MPa

σu 300 MPa

Elong. at Break 23%

Hardness Vickers 75 HV

shows the undeformed beam superimposed with the first
mode shape.

The Rayleigh damping formulation as expressed in
equation (5) was used. The two damping factors were
adopted as follows: α = 0 s−1 and β = 2ζ

ω1
where ζ

was experimentally determined, as explained in Section 2.
The regular Newton-Raphson solver technique was used,
whilst the implicit Hilber-Hughes-Taylor operator [28] for
integration of the equations of motion was selected. The
adopted step size for dynamic analysis was 0.005 s, found
to be a good compromise value between an acceptable
simulation time and solution accuracy.

Sub-component TestingMethodology

Figure 9(a) shows an elevation of the sub-component whose
geometry is defined by the fixed parameters given in
Table 2 and the optimised parameters listed in Table 4 (see
Section 2). Figure 9(b) shows the as-built geometry, where
the root section height at the fixed end was maintained
constant for a length of 310 mm to allow a firm grip
connection. The beam was consequently clamped to a rigid
frame type test rig between two 10 mm thick carbon steel
plates. The clamping pressure was provided by an array of
four snug, tightly pre-stressed M10 bolts located on either
side of the root extension. The section height at the tip was
extended beyond the nominal length at a constant height for
a length of 50 mm to provide a proper seat for the exciter
chassis.

The sub-components were water-cut from a 40 mm
thick solid aluminium plate with a manufacturer specified
precision of ±0.5 mm. The nominal mechanical properties
of the aluminium alloy with the designation 5083-O H111
are given in Table 3. It was found that the water-cut process
produced an undesirably high surface roughness resembling
burr marks on the cut surfaces transversely aligned to the
beam axis. As pointed out by Begic-Hajdarevic et al. [29],
the surface roughness across the beam width was lower
on the side facing the jet nozzle. The cut surface was
left untreated with a maximum measured average surface
roughness parameter of approximately Ra = 12 μm.

The significant impact of surface roughness on the
fatigue life of metal specimens was widely studied e.g. [30,
31]. In the presented case a 50% endurance limit reduction
was grossly estimated according to the methodology
described in [32, 33] and used as input to the optimization
algorithm. It needs to be underlined that the assumptions
taken to estimate the endurance limit reduction were
based on relevant literature sources related to specimens
manufactured by means of waterjet machining. In fact, the
chosen reduction affected the expected fatigue life of the
specimens, but did not have an impact on the optimized
geometry, which was the outcome of the design algorithm.
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Fig. 8 Underformed beam
shape (solid grey) superimposed
with the deflected state in mode
1 (solid green); the beam root
master node was fully restrained,
while a point mass and a
sinusoidal force were applied at
the beam tip master node. The
adopted 4-node bi-linear plane
stress quadrilateral elements are
shown in the beam root detail

Figure 10 shows the general test setup with one
as machined sub-component readily installed. The sub-
component was excited at its first eigenfrequency by a
rotating mass exciter mounted at z = 2000 mm using a
clamped connection, as shown in Fig. 11(a). The rotating
mass exciter consisted of a Nema 17 step motor working
at a rate voltage of 3.4 V and a peak current of 2.38 A
with 128 micro-steps. An eccentric mass weighting 58 g
made of brass was connected to the shaft of the motor at a
nominal eccentricity of 92 mm using an M5 threaded pin.
The eccentricity measured between the hub and the centre of

the eccentric mass was manually adjusted until the desired
steady state target displacement was met. The total mass
of the entire exciter assembly was 650 g. The tuning mass
shown in Fig. 11(b) was made from a solid steel block which
was mounted underneath the exciter chassis.

Measurement and control system

The exciter was controlled by the step motor driver
DM420A, which was connected to the portable reconfig-
urable I/O (RIO) National Instrument myRIO-1900 running

Fig. 9 (a) Comparison between
the sub-component optimized
geometry (L = 2000 mm) and
the manufactured beam
presenting constant height
extensions at the clamped
connection (L = 310 mm) and
at the beam tip (L = 50 mm),
(b) sub-component testing
setup. Detail A represents the
two carbon steel plates forming
the test rig, whereas detail B
displays the exciter and the
tuning mass as mounted on their
aluminium support at the beam
tip
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Fig. 10 Aluminium sub-component clamped to a rigid steel rig, which can accommodate three specimens simultaneously; electrical strain gauges
used to measure strain distribution along the expected failure area at z = 1000 mm; rotating mass exciter mounted at the tip with tuning mass
bolted to the exciter chassis below

on LabVIEW© [34]. The controller was primarily used to
set the correct rotational speed. Additionally, it allowed for
monitoring the number of load cycles and recording the
beam deflection.

The latter was measured contact-less by means of
a Micro-Epsilon infrared laser sensor, the optoNCDT
1302, suitable for a 200 mm measurement range with a
measurement precision of±0.1 mm. Since the tip deflection
exceeded the measurement range, the laser sensor was
placed at z = 945 mm.

Longitudinal strains were measured at four points
symmetrically located on either side of the expected
failure area using surface-adhered electrical resistance strain
gauges at the longitudinal positions z = 800 mm, z =
900 mm, z = 1100 mm and z = 1200 mm.

Test procedure

Three identical sub-components were instrumented and
tested consistently according to a stipulated procedure. Prior
to fatigue testing, a free oscillation test was carried out to
determine the natural frequency of the fully instrumented
sub-component, including exciter and tuning mass. For this
purpose, the beam tip was instantaneously released from
a statically deflected position. The damped eigenfrequency
was obtained by the inverse of the natural period f =
1/T measured between two adjacent peaks yti and yti+1

of the unforced system response, where the first few
cycles were disregarded. The logarithmic decrement �

associated with the first modal shape was computed by the
average of equation (30), where the damping coefficient was

Fig. 11 (a) Detail of the carbon steel rig used to clamp the sub-component during cyclic excitation, (b) Detail of the excitation system composed
of the eccentric mass driven by the stepper motor accommodated on a tailor-made aluminium support and the tuning mass mounted on the bottom
beam side
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eventually obtained by equation (31), according to Petersen
[35].

� = ln
yti

yti+1
(30)

ζ = �/2π√
1 + (�/2π)2

(31)

For the fatigue test, the rotational speed of the step
motor was linearly ramped up until the measured natural
frequency was reached and a steady state response
at the desired displacement and strain amplitudes was
achieved. The fatigue test was then conducted until
fatigue failure occurred, upon which the exciter was
stopped.

Post processing

During the fatigue test it was necessary for the maximum
stress amplitude to exceed the endurance limit in order
to decrease Neq to less than 1 × 107 cycles, therefore
complying with the optimiser constraint. Since for the
adopted aluminium alloy the endurance limit σe is
higher than the proof strength σ0.2%, as shown in
Table 3, a plastic deformation was inevitably induced
during the transient phase. The transient strain amplitude
eventually stabilised after a few minutes in the steady
state phase. Work hardening of the material caused a
quasi-elastic response of all subsequent steady state cycles
along the linear stress strain path shown in Fig. 12(a).
The maximum stress σmax at maximum steady strain

εmax was obtained by numerically solving the Ramberg-
Osgood law given by equation (32), as suggested by
Skelton et al. [36].

εmax = σmax

E
+ 0.002

(
σmax

σ0.2

)nRO

(32)

where the exponent was set to nRO = 21, which is a
typical value for an 5083-O aluminium alloy plate at room
temperature [37].

The plastic strain offset εp shown in Fig. 12(a) can be
calculated by equation (33). The corrected stress history
was consequently obtained by the measured strain data and
equation (34) using a moving average filter with a time
window of 600 s.

εp = εmax − σmax

E
(33)

σ(t) = (
ε(t) − εp

)
E (34)

Typically, incipient fatigue failure provoked an increase in
the stress amplitude as depicted in Fig. 12(b), which was
taken as a reference to determine the event of fatigue failure.
The latter was indicated as the instance in time at which
the maximum stress exceeded a threshold of 1% of the
average steady state σmax . The abrupt increase of the strain
amplitudes occurring before sudden death failure is typical
for metallic materials. Stress data from the initial transient
was disregarded in order to analyse the constant amplitude
stress history up to the identified fatigue failure.

The rainflow counting algorithm developed by Nieslony
[38] available in Matlab© [21] was subsequently used to
extract stress mean σm, stress amplitude σa and number

Fig. 12 (a) Ramberg-Osgood curve defining the stress-strain relation for ductile materials such as aluminium; the linear elastic path followed
during the fatigue cyclic excitation (dash-dotted line) and the induced plastic deformation εp are indicated. (b) Experimental stress time history
with indication of the 1% maximum stress error threshold used to define incipient fatigue failure
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Fig. 13 (a) Sub-component beam total height obtained as a result of the optimization algorithm, (b) Distribution of the beam characteristic stresses
as a function of the beam longitudinal coordinate z: the material fatigue equivalent stress σ̂eq and the applied dynamic equivalent stress σ̄eq for
the presented solutions for smooth surface (in black) and rough surface (in red)

of cycles Nf at incipient failure in the four strain gauge
locations.

Mean stress and stress amplitude distributions were
interpolated along the longitudinal coordinate by using
a second order polynomial, which was considered to
provide a good approximation of both stress distributions
in the sub-component strain gauge instrumented portion.
Equation (17) was finally used to obtain the equivalent
dynamic stress distribution.

Results

Optimization Results

Figure 13(a) depicts the optimized cross section height as a
function of the longitudinal coordinate. Figure 13(b) shows
the equivalent principal stress distributions as a function of
the longitudinal coordinate. As can be seen from Fig. 13(b),
the dynamic stress amplitude reaches its maximum at the
beam mid-span, while it remains significantly lower at
the clamped connection and approaches zero at the beam
tip.

Two different solutions are presented, the first of
which was obtained by assuming the theoretical endurance
limit value for a smooth surface, while the second by
assuming a 50% reduction of the endurance limit for a
rough surface. The latter shows a drop in the evaluated
material fatigue strength σ̂eq from 184 MPa to 117 MPa,
equal to the 36% of the value for smooth surface, as
shown in Fig. 13(b). Table 4 reports the optimised design
variables for the presented solutions for smooth and rough
surface. The latter was carried forward in the experimental
campaign.

Semi-analytical and Numerical Results

The semi-analytical model was validated against the
numerical model for the two static load cases: beam self-
weight and concentrated tip load. In both cases, as shown
in Fig. 14(a) and (b), respectively, the stress components
predicted by the semi-analytical model agreed well with
the numerical simulations. However, the numerical model
shows a significant deviance at the root (see single markers),
which was attributed to the difference between the warping
restraint posed by the kinematic coupling and the free
cross-section rotation underlying beam theory.

Figure 15 compares the first three numerically obtained
eigenmodes with the semi-analytical solution given by
equation (7). The associated first three numerically obtained
eigenfrequencies were f1 = 2.088 Hz, f2 = 18.021 Hz
and f3 = 50.012 Hz. Figure 16(a) shows the numerically
obtained time-history displacement envelope superimposed
with the semi-analytical solution for a damping ratio equal
to 2.0 × 10−3. Figure 16(b) compares the experimental
time-history displacement envelope with the semi-analytical
solution for an experimentally obtained damping ratio of
7.6×10−4. The experimental surface mean strain and strain

Table 4 Optimal parameters of the design variables and resonance
frequency for the presented solutions for smooth and rough surface

Smooth surface Rough surface

h0 33.45 mm 33.45 mm

γ 1.815 1.815

mt 6.0 kg 5.6 kg

yn 250 mm 246 mm

f1 1.42 Hz 1.46 Hz
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Fig. 14 (a) Comparison between the three stress components normalized against the semi-analytical value at z = 0 for the self-weight static load
case, (b) Comparison between the three stress components normalized against the semi-analytical value at z = 0 for the static tip load case

amplitude were compared to the semi-analytical solution, in
Fig. 17(a) and(b).

Experimental Results

Every test displayed the occurrence of a single discrete
crack initiating in the top surface and propagating through
the thickness at the designated failure area, as shown in
Fig. 18. On the basis of the strain measurements, the
equivalent stress distribution was calculated according to the
procedure presented in Section 2 and is compared in Fig. 20
for the three tested sub-components.

Table 5 reports the most relevant parameters with
respect to the three tests, i.e., the excitation frequency, the
longitudinal coordinate of the observed crack, the number of
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Fig. 15 Numerically and semi-analytically obtained mode shapes for
the first three eigenfrequencies

cycles at incipient failure and the fatigue R-ratio. Both the
number of cycles and the R-ratio are obtained as the average
between the four measurement points.

The fracture surfaces of one of the sub-components are
presented in Fig. 19.

Figure 20 shows that sub-component no. 2 failed at
the designated cross section, where sub-components no. 1
and no. 3 failed 120 mm and 150 mm closer to the root.
Comparison of the equivalent stress amplitude distributions
shows that the peaks of sub-components no. 1 and no. 2
were slightly shifted towards the root.

Discussion

Time-history analysis was conducted semi-analytically and
by finite element method. The semi-analytical model
was validated against the test results by assuming the
experimentally determined damping coefficient equal to
ζ = 7.6 × 10−4. On the other hand, the validation
against the numerical model was conducted by assuming
a damping coefficient equal to ζ = 2.0 × 10−3. It
was noticed that, for damping coefficient values below
this threshold, the numerical model overestimated the
displacement amplitude with an error increasing for
decreasing damping coefficients. The chosen value was
the lowest possible preventing model instability. The latter
appeared to be related to numerical damping, as discussed
in the Abaqus© Analysis User’s Manual [27, Vol. II, section
6.3.2]. Moreover, different numerical parameters associated
with the Hilber-Hughes-Taylor operator were tested, and
the observed solver dependency of the solution for dam-
ping coefficient values below the presented threshold pointed
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Fig. 16 (a) Semi-analytical and numerical displacement envelopes under resonance excitation for ζ = 2.0 × 10−3 at a longitudinal position
z = 9.45×102 mm, (b) Semi-analytical and experimental displacement envelopes under resonance excitation for ζ = 7.6×10−4 at a longitudinal
position z = 9.45 × 102 mm

Fig. 17 (a) Semi-analytical and experimental mean strain distribution in vicinity of the gauge section under resonance excitation, (b) Semi-
analytical and experimental dynamic strain amplitude distribution at the gauge section (i.e., designated failure region) under resonance excitation
with strain gauge positions indicated by cross markers

Fig. 18 Fatigue cracks in the
tensile surface of (a)
Sub-component no. 1 at 120 mm
offset, (b) Sub-component no. 2
at 8 mm offset, and (c)
Sub-component no. 3 at 150 mm
offset, with cracks highlighted
by two red marks
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Table 5 Experimental results for every tested sub-component,
resonance excitation frequency f1, fatigue failure longitudinal location
zf , number of cycles at incipient failure Nf and fatigue R-ratio R

Sub-component no. f1 [Hz] zf [m] Nf [−] R [−]

1 1.508 8.800e+2 3.204e+5 −0.384

2 1.453 1.008e+3 1.396e+5 −0.260

3 1.443 8.500e+2 3.398e+5 −0.280

towards a software issue rather than a weakness of the dy-
namic model. However, the different choice of the damping
coefficient did not affect the validity of the model validation.

The observed fatigue crack in all the sub-components
was not a through-thickness crack, since the local stiffness
variation due to the propagating crack during the test
altered the beam modal response and gradually shifted
the resonance frequency away from the test frequency.
It was therefore not possible to conduct the tests until
complete failure was reached. The fatigue crack was then
mechanically opened by applying a static bending moment.
Fig. 19 shows the fatigued burnished surface region, clearly
separated from the statically failed coarse granular region.
The deviation of the stress peaks between different tests
depicted in Fig. 20 can be attributed to manufacturing
tolerances and experimental uncertainties, which impeded
the reproducibility of the dynamic loading conditions.
Table 5 shows that every sub-component exhibited a
different resonance frequency due to variations of geometry
and installation of the sub-component and its equipment.
In addition, the damping behaviour of the sub-components
was at variance to one another. In order to match the desired
strain amplitude, the excitation frequency needed to be
individually adjusted leading to excitations slightly remote
from the natural frequency. A controller based excitation
force is recommended for a more consistent and accurate
match of the desired strain amplitude.

The fatigue life obtained from the test campaign
was lower than the estimations. The experimentally
applied dynamic equivalent stress σ̄eq , calculated at the

sub-component mid-span, appeared to be approximately
10% lower than the estimated value, where the discrepancy
was attributed to non-linear effects related to the Ramberg-
Osgood curve and the material plastic deformation,
which were neglected within the analytical formulation
used for the optimization algorithm. Additionally, the
experimentally obtained number of cycles at fatigue failure,
presented in Table 5 for the three tested sub-components,
was found to be lower than Neq = 4 × 105, used as input
for the optimization algorithm. The main reason for this
deviation is deemed to be associated with a reduction of
the fatigue properties as pointed out in Section 2 due to the
effect of surface roughness in conjunction with uncertainties
related to the calculative consideration of the latter. This
hypothesis is corroborated by the fact that all cracks
initiated on the side with the higher surface roughness. The
deviance between the equivalent stress peaks and failure
locations shown in Fig. 20 can be caused by critical surface
notches (burr marks) prevailing remotely from the dynamic
stress peak.

The increased complexity of the sub-components com-
pared to small scale tests increases the likelihood of flaws
and imperfections being present. In other words, a deviation
of the failure location from the designated cross section can
be expected. Especially in the case of fibre-reinforced com-
posite materials, failure will not be at a specific point but
rather spread out in the form of a failure zone due to gradual
material degradation.

However, Fig. 13(b) shows that the proposed method
is rather robust and insensitive to variations of fatigue
parameters. That is to say, a reduction of the fatigue
parameters, as long as these variations are fairly uniformly
distributed, causes a down shift of the horizontal line in
Fig. 13(b) where boundary failure remains prohibited.

This paper aims at demonstrating how lengthwise
geometry variations, e.g. taper, can be used to trigger
specific failure modes and to simultaneously obtain gauge
sections remote from the boundaries, independently from
the material used. This method is based on the hypothesis
that high-cycle fatigue failure occurs at the location of the

Fig. 19 In the fractograph a smooth distinct burnished area borders a coarse granular area. The burnished area originates from mutual abrasion of
the crack faces during cyclic loading whereas the granular area is attributed to micro void formation during fast fracture. The absence of beach
marks is typical for constant amplitude situations in conjunction with the aluminium alloy used
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Fig. 20 Equivalent principal stress amplitude distribution calculated
from strain measurements shown as continuous lines at the designated
failure region for the three tested sub-components, with strain gauge
positions indicated by cross markers (a circular marker is used to
indicate the position of a failed strain gauge, where the measurements
were interpolated). For every sub-component, fatigue-induced cracks
were observed at the indicated failure locations (triangular markers)

fatigue stress peak along the sub-component. Although the
failure mechanisms for aluminium and composite materials
are different, the authors’ intent was to demonstrate how
fatigue failure was indeed obtained at the designated gauge
section. In fact, the presented method can be used to
maximize a specific stress component, which can then
trigger a specific failure mode, accordingly to the chosen
material. In the case presented as proof of concept, the
tapered geometry was optimized to provoke failure due to
bending in the extreme fibres. However, if a different failure
mode, such as shear failure, were in the research scope, a
different geometry would be obtained.

This methodology can be applied to tapered fibre-
reinforced composite beams presenting a box girder or
an I-beam geometry similar to the load carrying part of
a wind turbine blade, where the flange layup and the
web geometry are designed by means of the proposed
algorithm. For applications to composite sub-components,
a progressive failure model would need to be included in
the design algorithm to account for the material anisotropy
and different failure modes such as inter fibre failure in
the transverse and/or in-plane shear direction. Additionally,
if adhesive is used, a cohesive failure model should be
included.

Conclusion

The proposed concept for a novel sub-component testing
technique was experimentally proven inasmuch all sub-
components failed in vicinity of the designated location

remote from the boundaries. Experimental data showed that
the fatigue life was lowered to a large extent by the high
surface roughness. Moreover, material non-linearity due to
plastic deformation added to the complexity owing to the
proximity of both endurance limit and yield strength in the
aluminium alloy used. However, this does not negate the fact
that the designated failure location at mid-span remained
largely unaffected by average deviations of material fatigue
properties.

It must be stressed that the proposed method does not
rely on resonance excitation, but can straight forwardly
be modified for non-resonant forced loading conditions,
e.g., those induced by actuators or linear motors. It
can be concluded that the proposed method is generally
applicable to cantilever beam-type structures. The method
lends itself especially to sub-components with shapes that
already resemble tapered beams whose material behaviour
is predominantly linear elastic, as is the case for load
carrying box girders of wind turbine blades.
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