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ABSTRACT This study concerns the flow and associated sediment transport in front of a cylinder in steady 

currents. The study comprises (i) flow characteristics induced by the turbulent horseshoe vortex (THV), (ii) 

bed shear stress within the THV region, and (iii) predicted sediment transport rates. The velocity fields in 

front of a wall-mounted circular cylinder were measured using time-resolved particle image velocimetry 

(PIV). The flow characteristics show that two time-averaged THVs are formed, and the dynamics of 

instantaneous THVs exhibit a quasi-periodic process from generation to death. Both the mean and fluctuations 

of bed shear stress within the THV region are significantly amplified, and their values are comparable. The 

probability density function of the instantaneous bed shear stress exhibits a double-peaked distribution and 

cannot be represented by the normally-used log-normal distribution for uniform channel-open flows. The 

comparisons of sediment transport rates where turbulent fluctuations in the bed shear stress are, or are not, 

taken into account show that the sediment transport rates calculated by the mean bed shear stress are 

under-predicted. Furthermore, a new sediment transport model incorporating the influence of bed shear stress 

fluctuations is proposed and validated by comparing the initial scour rate in front of the cylinder. 

Keywords: turbulent horseshoe vortex; bed shear stress; sediment transport; particle image velocimetry; 

cylinder scour 
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Nomenclature   

Fr Froude number (--)   kinematic viscosity (m2 s-1) 

Re Reynolds number (--) T  
turbulent eddy viscosity (m2 s-1) 

ReD cylinder Reynolds number (--)   dimensionless instantaneous sediment transport rate (--) 

I relative bed shear stress fluctuation (--) m  dimensionless mean sediment transport rate (--) 

τ instantaneous bed shear stress (kg m-1 s-2) r scour rate (m s-1) 

τm mean bed shear stress (kg m-1 s-2) ρ water density (kg m-3) 

τrms RMS of bed shear stress (kg m-1 s-2)   

1 Introduction 

When the approach flow encounters a cylinder, the incoming boundary layer separates from the upstream 

bed due to an adverse pressure gradient imposed by the obstacle, resulting in a so-called turbulent horseshoe 

vortex (THV) formed in front of the cylinder. The THV is highly relevant to many applications in 

hydrodynamics and aerodynamics. For example, the THV plays an important role in driving sediment 

transport and scour around bridge piers in river sand beds, which is a primary reason for bridge failure [1-4].  

The flow field around a cylinder becomes complex and interacts strongly with a bottom sand bed, which 

results in local scour at the cylinder or pier. Therefore, a full understanding of the dynamics of the THV is 

essential for revealing the underlying mechanisms of sediment transport around piers and preventing 

unexpected situations in practical applications. 

A number of related studies of THV have focused on the time-averaged geometrical characteristics [5-8], 

the dynamics of THV utilizing particle image velocimetry (PIV) [9-14], eddy-resolving large eddy 

simulation (LES) [15-17], or detached eddy simulation (DES) [18]. These studies mainly focus on the flow 

field induced by the THV, however, little literature reports on the relevant influence and relationship of the 

THV on sediment transport and erosion, which is essential to identify the mechanisms of pier scour and to 

further improve the prediction accuracy of scour depth. Escauriaza and Sotiropoulos [19] and Link et al. [20] 

simulated the sediment transport around a cylinder using Lagrangian particle model and found that the 

interaction of the THV with the wall is the fundamental mechanism for the particle motion and the increase 

of instantaneous bed shear stress. 

Most computations of scour around the cylinder are based on Reynolds-averaged Navier-Stokes (RANS) 
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equation models [21-30]. However, RANS modeling results are, by nature, time ensemble averaged, and are 

incapable of accurately capturing the intense turbulence and detailed vortex structures. For instance, 

Khosronejad et al. [31] pointed out that RANS models cannot resolve the energetic horseshoe vortex system 

at the cylinder and bed junction and thus significantly under-predict scour depth in front of the cylinder. 

Chang et al. [32] also noted that the sediment transport flux calculated by the mean flow field is 

under-predicted by 2-3 times, when compared with that predicted more correctly by the instantaneous flow 

fields. Recently, Kim et al. [33, 34] utilized LES modeling that improves the prediction of scour around 

cylinders, though such LES modeling requires large computational resources, particularly for scour 

computations, which hinders its application in practice [35].  

The bed shear stress, a crucial quantity determining the sediment transport, can be regarded as a key 

factor bridging the flow characteristics (e.g., THV), sediment transport, and scour. The presence of a THV in 

front of a cylinder induces an increase of the mean bed shear stress and thus causes sediment transport [36]. 

Additionally, the instantaneous evolution of a THV directly results in large fluctuations of the instantaneous 

bed shear stress. Schanderl and Manhart [37] pointed out that the instantaneous bed shear stresses can reach 

a maximum amplification factor relative to the far field of up to ten in front of a cylinder, indicating the 

magnitude of these fluctuations. Regarding the influence of bed shear stress fluctuation, Cheng et al. [38] 

found that the probability density function of the bed shear stress can be described by the log-normal 

function, which is helpful to establish the relationship between the fluctuating quantity and sediment 

transport. 

Previous investigations imply that the strong turbulence effects (induced by THV) of the flow around a 

cylinder on sediment transport cannot be neglected when conducting scour computations, which means that 

the relationship between the turbulent quantities and the sediment transport rate should be established. The 

results from Cheng et al. [39] show that the sediment transport rate enhanced by turbulence can be expressed 

as an exponential function of the relative bed shear stress fluctuation. Sumer et al. [40] proposed an empirical 

equation representing the influence of turbulence on sediment transport based on extensive laboratory 

experiments. They mainly focus on uniform and unidirectional flows, however, for the rapidly varied flows 

with reversal vortices in front of a cylinder, little literature reports on the influence of turbulence effects 

induced by THV on sediment transport.  

The objective of this work is to explore the relationship between the THV and associated bed shear 

stress in front of a circular cylinder, with the primary aim of elucidating the underlying mechanisms 
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responsible for sediment transport and scour, as well as establishing the link between the THV-induced bed 

shear stress fluctuation and sediment transport. We focus on the region influenced by the THV in front of the 

cylinder. The case of a turbulent flow field in front of a circular cylinder mounted on a flat rigid bed is 

studied experimentally using the PIV technique. Our experiments do not seek to predict the dynamic 

deformation of the bed and the development of the scour hole but rather to elucidate the THV-induced 

fluctuation effect and quantify this effect on sediment transport during the initiation of the scouring process 

when the bed can be assumed to be flat. As for the later stage of scour development, it is hard to measure the 

flow field in the scour hole by PIV because the camera view is always blocked by the sediment bed [41]. 

Alternatively, the flow field in the scour hole is normally experimentally studied by using ADV [7], but this 

is beyond the scope of this study. 

The paper is organized as follows: Section 2 presents details on the experimental setup and flow 

conditions. In Section 3 we discuss the flow characteristics induced by THV, involving the time-averaged 

flow field and dynamics of THV. In Section 4 the bed shear stress within the THV region is comprehensively 

analyzed in terms of its instantaneous variation and statistical quantities, as well as the probability density 

function of the fluctuations. Section 5 emphasizes the influence of bed shear stress fluctuations on sediment 

transport by comparing different sediment transport rates, and further proposes a new model of sediment 

transport rate that incorporates this influence. This new model is also validated by comparing the initial scour 

rate in front of the cylinder. Finally, conclusions are drawn in Section 6. 

2 Experimental setup 

The experiments were performed in a tilting, water-recirculating, and glass-walled flume, 6 m long, 0.25 m 

wide and 0.25 m deep, at Bejing Jiaotong University. Flow straightners were used at the entrance to calm the 

turbulence water, and a tailgate, positioned at the downstream end of the flume, was used to control the water 

depth. To ensure that the flow becomes fully developed, the measurement section was at 4 m downstream of 

the flow entrance by referencing some previous experimental studies [6, 42]. The experimental setup is 

schematically depicted in Fig. 1. A circular cylinder with diameter D = 4 cm was used and mounted 

vertically on the bed in the middle of the test section. The blockage (i.e. flume width to diameter) ratio in the 

present experiment is 6.25, which is near the lower limit of the acceptable range indicated by referencing 

previous relevant studies [7, 13, 16]. The origin of the coordinate system is defined as the center of the 

cylinder on its bottom surface, with the longitudinal x-axis parallel to the flume bed and oriented with the 
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main flow, the y-axis vertical, and with the z-axis normal to the side wall of the flume. 

As shown in Fig. 1, the instantaneous, two-dimensional flow fields in the symmetry plane upstream of 

the cylinder were measured by a PIV system. The reasons that we mainly focus on the symmetry plane are 

twofold: 1) the scour holes that typically develop are, in fact, reasonably symmetric about the symmetry 

plane, hence being able to describe the processes along this particular line seems particularly valuable; 2) we 

used 2D PIV technique in the present work and the time-averaged flow field on the symmetry plane can be 

regarded as two-dimensional. We attempted to measure the flow field and associated bed shear stress on the 

other vertical planes off the symmetry, but the obtained two-dimensional results on these planes, such as bed 

shear stress, are incapable of reasonably predicting the sediment transport due to neglecting the transverse 

component. In order to perform PIV measurements, the flow was seeded with micro-spheres with mean 

diameters of 10 μm and specific gravity of 1.06. The flow field of view was illuminated with a 1 mm thick 

light sheet generated from a continuous-wave laser. In order to capture the high-resolution particle images, 

the experiments utilized a high-speed digital CMOS camera with a Nikkor AF 50 mm f/1.4D lens. The single 

pulsing mode of PIV is used, and thus the exposure interval of the camera is determined by the frame rate. As 

the maximum frame rate of the camera is 500 fps, to improve the imaging magnification as well as the 

spatial resolution to capture the detailed structure of vortex, the exposure time between two consecutive 

frames was set as 2 ms. For each flow case, due to the limited memory of the camera (1 GB), a sequence of 

1000 frames was captured, corresponding to a sampling time of 2 s, and we use 1000 frames to calculate the 

mean flow field. The solution of instantaneous velocity vectors between two consecutive frames was 

achieved by using the iterative multigrid image deformation method [43]. The final interrogation window 

size is 8 × 8 pixels which has an overlap of 50%. The size of the camera viewing area is 32 × 20 mm such 

that the spatial resolution is 24.5 pixels/mm. Based on the flow velocity in our experiment, the interval time 

of 2 ms assured that the maximum particle displacement between two consecutive frames is 5 pixels, which 

satisfies the one-quarter rule for PIV correlation analysis [44]. For more specific details of the PIV setup, see 

the recent work of Qi et al. [45].  

Experiments were carried out at two flow conditions, as summarized in Table 1. The Reynolds number 

Re (which depends on the water depth h, the bulk-mean velocity Um, and the kinematic viscosity of water  ) 

is higher than 17,000 to ensure that the incoming open channel flows are fully turbulent. The flow velocity 

traces also indicate that the flow in these experiments is in the turbulent regime. Two different cylinder 

Reynolds numbers (ReD = 9400 and 13,500, where ReD = UmD/ ) are considered. For convenience, each 
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case hereafter is named by C followed by ReD, e.g. case C9400 has ReD = 9400. Experiments with higher ReD 

were also attempted, but a uniform approaching flow could not be maintained due to the blockage effect of 

the cylinder. It is worth mentioning that the present value of ReD is relatively small, especially compared with 

realistic field cases. However, from the viewpoint of numerical modeling (often performed at laboratory 

scale with small ReD), it is still valuable to deepen the understanding of mechanisms or for improving scour 

prediction. For the sake of discussion, the incipient motion conditions (i.e. Um/uc < 1 or > 1, where uc is the 

critical velocity of approach flow for the initiation of sediment motion) have been calculated based on a 

sediment diameter of d50 = 0.6 mm, which will conveniently enable consideration of both clear-water (case 

C9400) and live-bed (case C13500) scour conditions, respectively. Moreover, this grain size corresponds to 

that used in forthcoming experimental work involving scour with the same flow condition. In clear-water 

scour conditions, the upstream flow cannot initiate sediment motion, and sediment transport and scour occur 

solely by the action of the THV [3]. While in live-bed scour conditions, apart from the effects of the 

large-scale THV, the small-scale coherent structures from the turbulent boundary layer are also responsible 

for the near-bed transport [19]. For completeness, both clear-water and live-bed scour conditions are 

considered in this experiment.   

 

     

(a)                                   (b) 

Figure 1 Schematics of the experimental setup: (a) side view; (b) top view. 
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Table 1 Flow conditions: S, bed slope; h, water depth; Um, bulk-mean velocity; Re = Um h/  (  is the 

kinematic viscosity), Reynolds number;
 
ReD = UmD/ , cylinder Reynolds number; Fr = Um / gh , Froude 

number; uc, critical velocity to initiate motion of sediment (based on 0.6 mm-diameter sediment in present 

study). 

Case S h (cm) Um (m/s) Re  ReD Fr h/D Um /uc u* (m/s) 

C9400 0.001 7.44 0.235 17500  9400 0.28 1.86 0.94 0.027 

C13500 0.002 5.85 0.338 19800  13500 0.45 1.46 1.40 0.028 

 

3 Flow characteristics induced by turbulent horseshoe vortex  

3.1 Time-averaged flow field  

The instantaneous velocity components in the x and y directions are denoted by u and v, respectively. The 

time-averaged flow field was obtained based on a total of 1000 images corresponding to sampling time of 2 s. 

An additional test examining the effects of sampling time and image number on the time-averaged flow field 

demonstrates that the present setting can guarantee the convergence of the averaged results (see Appendix A). 

The time-averaged velocity and its fluctuation in each direction are denoted by U, V, u’ and v’, respectively. 

Figure 2 shows contours of different time-averaged quantities, including the (a) mean streamwise velocity, (b) 

vorticity, (c) streamwise turbulent intensity and (d) turbulent kinetic energy (TKE). Each quantity is 

normalized by the water depth (when relevant) and friction velocity u* which is determined from the bed 

slope and water depth of the incoming flows. The figures in the left and right columns represent cases C9400 

and C13500, respectively.  

The streamlines superimposed on the flow field show that two turbulent horseshoe vortices (THV) form 

in front of the cylinder, a primary larger one close to the cylinder (primary THV) and a secondary smaller 

one further upstream. This two-vortex feature of time-averaged flow field is consistent with previous 

investigations [3, 18]. Comparing the left and right figures, it is shown that the streamwise positions of the 

primary THV center for C9400 and C13500 are located at x/D = –0.63 and –0.67, respectively, which implies 

for the case with larger ReD the time-averaged primary THV is located further upstream. Apsilidis et al. [12] 

investigated the time-resolved flow dynamics for a large range of Reynolds number, i.e., ReD = (2.9 ~ 12.3) × 
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10
4
. They found that the time-averaged topology is ReD-invariant regarding its basic features (the presence of 

two vortices in front of the cylinder), and the streamwise position of the primary vortex varies with ReD and 

specifically is in the range of x/D = -0.64 ~ -0.69. In terms of the number and position of the THV, our 

present results are consistent with Apsilidis et al. [12], although the range of ReD are different. From 

inspection of the near-bed flows in Fig. 2, it is seen that the entirety of the measured sections lie within the 

separated region in front of the cylinder. This is consistent with expectations based on e.g. Fig. 3.4 of Sumer 

and Fredsøe [4] for the present values of h/D. Fig. 2a demonstrates that the magnitude of streamwise velocity 

is large below the primary THV where the high bed shear stress could induce sediment transport and bed 

erosion. Fig. 2b indicates the time-averaged vorticity peaks in the center of the primary THV, whereas in the 

center of the secondary THV the vorticity is relatively small. Dargahi [3] pointed out that the secondary THV 

is so weak that its contribution to the scour can be negligible. Fig. 2c shows that the largest streamwise 

turbulent intensity is located beneath the primary THV where the value of the TKE is also large, as shown in 

Fig. 2d.  

From the above description, it can be seen that the primary THV can result in a significant amplification 

of both mean flow and turbulence statistics and thus may amplify the bed shear stress. As previously pointed 

out [16, 21], the high bed shear stress induced by the THV plays an important role in sediment entrainment 

and transport in front of the cylinder on a loose bed. Regarding this point, detailed analysis will be given in 

Section 4. Overall, the present results for the time-averaged flow field are in good agreement with those of 

previous studies [12, 15, 18]. 
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(a)  

(b)  

(c)  

(d)  

Figure 2 Contours of time-averaged quantities and streamlines at the symmetry plane: (a) streamwise 

velocity U
+
=U/u*; (b) vorticity   */ / /U y V x h u      ; (c) streamwise turbulence intensity 2

*' /rmsu u u   

and (d) turbulence kinetic energy  2 2 2

*0.65 ' ' /k u v u   , where the constant 0.65 is based on Justesen [46]. 

The overbar   denotes the time-averaging based on Reynolds decomposition. 
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3.2 Instantaneous flow pattern 

In this Section, in order to explore the dynamics of the THV, the instantaneous flow patterns are 

comprehensively analyzed. Figure 3 depicts a series of snapshots with instantaneous velocity vectors, 

demonstrating the process of THV evolution from generation to death. In Fig. 3a, the primary THV is 

generated in front of the cylinder, and its position is approximately at x = –0.6D. Meanwhile, the presence of 

the primary THV causes regions of high velocity below. The primary THV then moves upstream and the 

secondary THV emerges, as shown in Fig. 3b. The primary THV subsequently moves toward the secondary 

THV and the two then meet and merge (Fig. 3c), producing a single large vortex (Fig. 3d) that moves toward 

the cylinder (Fig. 3e). Finally, this vortex moves back to x = –0.6D with decreased strength and size (Fig. 3f), 

and finally gradually dissipates. The entire process is completed in a short time and then next process is 

repeated. Several such sequences have been analyzed, which have generally demonstrated similar evolution.  

The above described dynamics of the THV in front of the cylinder consequently gives rise to the 

well-known bimodal oscillations between the so-called zero-flow and back-flow modes, which has been 

reported by some researchers [16, 18, 47, 48]. In this study, we confirm this important feature. Instantaneous 

velocity vectors colored by the streamwise velocity for case C9400 are depicted in Fig. 4, illustrating these 

two modes. Fig. 4a exhibits the zero-flow mode, where the primary THV is situated close to the cylinder (i.e., 

x = –0.6D) and the shape of its core is close to circular. Alternatively during the back-flow mode shown in 

Fig. 4b, the primary THV is situated far from the cylinder, the size of its core is larger, and the shape of its 

core is close to an ellipsoid. The separation point of the primary THV for the zero-flow mode is around x = 

–0.62D, whereas this moves to x = –0.67D during the back-flow mode. For both modes, strong ejections and 

jet-like flow produced beneath the primary THV induce large amplifications of the bed shear stresses, which 

is the major cause of sediment transport and erosion in front of a cylinder [48]. 
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Figure 3 Instantaneous velocity vectors and evolution of turbulent horseshoe vortex from time (a) to (f) for 

case 9400.  

 

  

(a)                                       (b) 

Figure 4 Instantaneous velocity vectors colored with streamwise velocity for case C9400: (a) zero-flow mode; 

(b) back-flow mode. 

The bimodal dynamics of the THV can be rigorously established by plotting the probability density 

function (PDF) of the instantaneous streamwise velocity. We extract the instantaneous velocities along a 

vertical line cutting through the middle of the core of the time-averaged THV, e.g., at x = –0.63D for C9400 

and x = –0.67D for C13500. The series of histograms shown in Fig. 5 demonstrate that velocities near the 

wall beneath the THV are clearly bimodal with double-peaked shape for y/D ≤ 0.05. Particularly for case 
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C9400, this double-peaked phenomenon is more apparent than in case C13500. The two peaks of the PDF 

correspond to u/um = 0 and 2 (um is the mean velocity at this point), indicating that these two instantaneous 

velocities frequently occur. This feature is closely related to the flow physics. As mentioned above, this is 

due to the bimodal oscillations between the zero-flow and back-flow modes, as shown in Fig. 4. The flow 

beneath the horseshoe vortex exhibits vertical and horizontal jet flow between the two modes, which induces 

the frequent occurrence of the two instantaneous velocities (u/um = 0 and 2). The instantaneous velocities for 

the point away from the bottom, however, exhibit only a single-peaked histogram, and the peak corresponds 

to u/um = 1 implying the flow pattern with mean velocity um is the most frequent event. 

(a)  

(b)  

Figure 5 Probability density functions of the instantaneous streamwise velocity u/um (um is the mean velocity 

at this point) at different points along the line of (a) x = –0.63D for C9400 and (b) x = –0.67D for C13500. 

4 Bed shear stress within turbulent horseshoe vortex region 

4.1 Instantaneous bed shear stress 

As explained above, the dynamics of the THV in front of the cylinder result in high velocities close to the 

bed and thus significant amplification of bed shear stresses, which is the main reason for the resultant 

sediment transport and scour processes. In this Section, the bed shear stress within the THV region is 

analyzed in terms its instantaneous variation and statistical quantities, as well as its probability density 

function, to identify the contributions of fluctuations to the overall bed shear stress. The bed shear stress τ on 
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the upstream line of symmetry is calculated as follows: 

  1

1

T

u

y
                                       (1) 

where   is the water density, T  is the eddy viscosity in the approach flow, and u1 and y1 are the 

streamwise velocity and vertical position of the first measurement point above the bed, respectively. A rather 

similar method was also used by Graf et al. [49], who proposed ( T  ) = 1.3×10
-5

 m
2
/s under their flow 

condition. In this paper, maintaining similarity in terms of the non-dimensional quantity    /T mU D   

results in ( T  ) = 1.8×10
-6

 m
2
/s and 2.6×10

-6
 m

2
/s for cases C9400 and C13500, respectively. 

According to the above results, the range of the THV dynamic effects in front of the cylinder is 

approximately –0.9 < x/D < –0.5, within which the amplifications of instantaneous bed shear stresses are 

obtained and presented in Fig. 6. The horizontal and vertical axis represent spatial and temporal scales (i.e., 

x/D and t), respectively. Here, the stress amplification τn is defined as τ/τ0, in which τ0 is the mean bed shear 

stress for an undisturbed approaching flow. The black dotted lines in Figs. 6 (a) and (b) represent the 

streamwise position of mean stress peaks, which are at x = –0.61D and –0.66D for case C9400 and C13500, 

respectively. The regions with large negative values of τn that are colored by blue vary temporally around the 

dashed lines. We further extract the time histories of τn at the positions x = –0.61D for case C9400 and x = 

–0.66D for case C13500, plotted in Fig. 7, in which the horizontal dashed lines denote the time averaged 

values of τn. It can be seen that the fluctuations of the bed shear stress amplification vary dramatically over 

time, which are similar to the features of turbulence in open-channel flows, e.g., the burr-like peaks due to 

the turbulent bursting of some small-scale vortices and coherent structures form the boundary layer. Apart 

from that, it is interesting that the time histories of τn fluctuate quasi-periodically around the horizontal 

dashed lines over relatively large coherent periods of time. This feature is directly linked with the unsteady 

dynamics and evolution process of the THV as mentioned above. In fact, after filtering the burr-like peaks 

induced by turbulent bursting, we can clearly see the low-frequency variation of τn which is solely due to the 

action of the THV. This feature is also consistent with LES or DES modeling results [17, 18] in which only 

the large eddies are taken into account.    
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Figure 6 Contours of instantaneous bed shear stress for cases (a) C9400 and (b) C13500.  

 

Figure 7 Time histories of instantaneous bed shear stress at the position of (a) x/D = –0.61 for C9400 and (b) 

x/D = –0.66 for C13500.   

4.2 Statistical quantities  

The statistical quantities profiles, including the mean and RMS of the bed shear stress, τm and τrms, for both 

C9400 and C13500 cases are shown in Fig. 8. In order to demonstrate the convergence of the statistical result, 

complementary tests were conducted, and additional data were obtained and utilized for a broader analysis 

(see Appendix B). Note again that the amplifications in Fig. 8 are normalized with respect to the undisturbed 

bed shear stress τ0. It shows that both τm and τrms beneath the time-averaged primary THV are significantly 
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amplified, and both the maximum amplifications tend to decrease as ReD increases. These results agree well 

with the simulation results obtained by Roulund et al. [21]. In addition, the positions of maximum values 

irrespective of τm or τrms tend to be more upstream with increasing ReD, e.g. x = –0.61D for C9400 and x = 

–0.66D for C13500, corresponding to the streamwise position of the primary THV, as discussed above. 

Further comparison of peak positions between τm and τrms demonstrates that instead of exactly overlapping, 

the peaks in τrms reside upstream. The location of the maximum τrms is influenced by the secondary THV 

located immediately upstream of the primary THV. These two vortices strongly interact, thereby inducing 

large turbulence in the bed shear stress between their centers.  

The dashed horizontal lines in Fig. 8 represent the critical mean bed shear stress for case C9400 

(clear-water condition) along the z = 0 plane, beyond which sediment erosion occurs. The critical shear stress 

τc is again based on non-cohesive sediment with diameter of 0.6 mm in the present study. For comparative 

purposes, we use the absolute value (i.e., |τrms/τ0|) in Fig 8b. It shows that the scour area based on τm (Fig. 8a) 

is smaller than that based on τrms (Fig. 8b), which implies that the scour area could be underestimated if it is 

only based on the mean bed shear stresses and neglecting the fluctuations. 

In order to quantify the contribution of the bed shear stress fluctuations, we define the magnitude of the 

relative bed shear stress fluctuation I = |τrms/τm|. Figure 9 presents the distribution of I along the x direction in 

the range of –0.64 < x/D < –0.56 corresponding to the expected scour region for C9400. It demonstrates that 

the value of I is between 0.6 and 1.2 (=O (1)), illustrating that the fluctuations of bed shear stress are 

comparable to those of the mean. Cheng et al. [38] pointed out that when I > 0.3 the influence of bed shear 

stress fluctuation to sediment transport is great, and the sediment transport rate based only on the mean bed 

shear stress, neglecting its fluctuation, is rather under-predicted. This point is discussed in detail in Section 5.  

    

(a)                                     (b) 

Figure 8 Distribution of bed shear stress statistics along the symmetry upstream of the cylinder: (a) Mean bed 

shear stress; (b) RMS of the bed shear stress. 
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Figure 9 Distribution of relative bed shear stress fluctuation I along x direction. 

4.3 Probability density function 

Regarding the fluctuation of the bed shear stress, which may not be negligible in the calculation of cylinder 

scour, Chang et al. [32] pointed out that the contribution of the bed shear stress fluctuation is necessarily 

taken into account by a certain weight due to the strong turbulence. Cheng et al. [38] reported that the 

probability density function (PDF) of the fluctuating bed shear stress at a point under the influence of strong 

turbulence can be represented by the log-normal function, as follows 
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where τI = τ/τm = normalized bed shear stress. From Eq. (2), it can be seen that for small I-values, the PDF of 

the bed shear stress degenerates to a Gaussian distribution. Eq. (2) has been validated by the experiment of 

Sumer et al. [40] concerning uniform and unidirectional flows, however, for rapidly varied flows with 

reversal vortices in front of a cylinder, the applicability of Eq. (2) is, as yet, unknown. 

In Fig. 10 the PDFs of bed shear stress based on Eq. (2) are shown all across the profile, and the large 

values of  If  , which are colored by red, are clearly within the range τI = 0-1. For the sake of comparison 

between experimental and calculated results, we extract the PDFs of the bed shear stress at several typical 

points, x = –(1.6, 0.7, 0.61, 0.55)D for C9400 and x = –(1.6, 0.73, 0.66, 0.55)D for C13500, which are 

presented separately in Fig. 11. Additionally, the calculated PDFs from Eq. (2) are also included as the full 

lines. The four points for each case are sequenced by location as (1) the region of undisturbed flow away 
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from THV, (2) the upstream edge of the THV, (3) inside the THV, and (4) downstream of the THV. The final 

three positions are marked with the arrows shown on Fig. 8a. On Fig. 11, we can see that the calculated 

results agree well with experiments at x = –1.6D, which is uninfluenced by the THV, and the distribution of 

the PDF is close to Gaussian. For the region influenced by the vortex, however, the PDFs tend to be 

log-normal distributed with clear positive skewness. More importantly, the PDFs at the points x = –0.61D 

and –0.66D show double-peaked distributions that are divergent from the log-normal distribution, Eq. (2). 

The double-peaked shape of the PDF can be explained by the aforementioned bimodal oscillations in the 

THV region. Therefore, although Eq. (2) performs well for uniform flow as validated by Cheng et al. [38] 

and confirmed again here, and even for the turbulent flow very close to the vortex, it is not applicable for the 

flow within the THV region in front of the cylinder. 

 

 

(a)                                         (b) 

Figure 10 Contour of PDF of bed shear stress calculated by Eq. (2) for (a) C9400 and (b) C13500. 
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(a) 

 

(b) 

Figure 11 Comparisons of experimental and calculated PDFs of bed shear stress at representative locations 

relative to THV: (a) C9400; (b) C13500. 

5 Influence of bed shear stress fluctuation on sediment transport  

5.1 Comparison of sediment transport rate 

The fluctuations of bed shear stresses inside the THV region, as analyzed above, are almost the same order as 

the mean bed shear stresses. Thus, the sediment transport rate based on traditional methods, i.e. only 

considering the mean bed shear stress and neglecting its fluctuation, could be under-predicted. In this Section, 

the under-prediction is quantified by taking the influence of fluctuations into consideration. Most of the

approaches for estimating sediment transport rates typically assume that the (bed load) sediment flux is 

proportional to (τ–τc)
c/2

 (e.g., c = 3 in van Rijn’s equation [50]). It should be noted that the major mode of 

sediment transport in front of the cylinder is the bed load transport according to previous relevant results [3, 

48], particularly in the present cases under consideration. Thus, the dimensionless instantaneous and mean 

sediment transport rates,   and m , based on instantaneous and mean bed shear, τ and τm, can be 

respectively calculated by 
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where T = 2 s is used, corresponding to the measurement duration. Figure 12 compares the distributions of 

instantaneous and mean sediment transport rates, in which the solid and dotted lines represent   
and m , 

respectively. This figure demonstrates that the value of   is markedly larger than that of m . More 

specifically, the value of the predicted instantaneous sediment transport rate is approximately double that for 

the mean sediment transport rates (i.e. 2 m  ). On the other hand, the sediment transport rate based on the 

mean bed shear stress is (apparently) comparatively underestimated. Additionally, for the clear-water 

conditions of case C9400, Fig. 12a shows that the mean predicted sediment transport rate away from the 

cylinder is zero indicating that the sediment entrainment would not be expected occur. Alternatively, the 

instantaneous sediment transport rate at corresponding locations is not zero, which implies that the initiation 

of sediment motion may also be underestimated by the mean bed shear stress.  

  

(a)                                         (b) 

Figure 12 Comparisons of sediment transport rates based on instantaneous and mean bed shear stresses for (a) 

C9400 and (b) C13500.  
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' ; and (iii) both sediment transport rate and initiation of sediment based on the mean bed shear stress,
 

m . These are respectively described by the following dimensionless quantities: 
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where X and Xm are the bed areas where τ > τc and τm > τc, respectively. The results calculated by Eqs. (5a) ~ 

(5c) are listed in Table 2. Since the case of C13500 is in the live-bed scour regime, the value of 
 

is 

almost equal to that of ' . By contrast, for case C9400 (clear-water scour conditions), there exists a 

difference between   and ' , as analyzed above from Fig. 12a, resulting in underestimation of 

sediment initiation. Additionally, the values of 
 

are clearly larger than 
m ; in particular for clear-water 

conditions the ratio of   to 
m  is up to 3.38. In other words, the sediment transport rate based on the 

mean bed shear stress could be remarkably underestimated by as much as 70%. Therefore, combining the 

above comparative analysis and the values listed in Table 2, it is again confirmed that the sediment transport 

rate in front of the cylinder may be significantly underestimated when neglecting the influence of turbulent 

bed shear stress fluctuations.  

Table 2 Comparisons of sediment transport rates based on different methods. 

Case  (×10
-6
) '  (×10

-6
) 

m  (×10
-6

)  /
m  ' /

m  

C9400 12.08 7.72 3.09 3.88 2.50 

C13500 30.43 29.53 13.60 2.24 2.17 

 

5.2 New sediment transport model incorporating the effect of bed shear stress fluctuations 

The ratio of instantaneous sediment transport rate normalized by the mean sediment transport rate, 
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/n m   , is related to the relative bed shear stress fluctuation I [39]. Sumer et al. [40] provided an 

empirical relationship between 
n  and I for uniform open-channel flows without a cylinder. In the present 

study, the data of 
n  with I based on our cylinder-flow experiments are plotted in Fig. 13a, in which the data 

of Sumer et al. [40] are also included to consistently extend the applicable conditions. It can be seen that 
n  

generally increases with increasing I, but that the rate of increase is different for different situations, which 

means that the influence of I on 
n  varies with condition.  

We obtain the quantitative relationship between 
n  and I by fitting the experimental data from the 

present study as well as the previous study of Sumer et al. [40], as follows: 

 exp 0.44n m I         R
2 
= 0.876-0.947                    (6a) 

where R
2 
is the correlation coefficient, and m is a tuning coefficient quantifying the influencing degree of I to

n . A total number of 90 data points from both present experiments and Sumer et al. [40] were used to obtain 

Eq. (6a). Fig. 13a shows that the influence for the case from Sumer et al. [40] (m = 6.969) is of the largest, 

followed by cases C9400 (m = 2.481) and C13500 (m = 0.733). In other words, the effect of I on n  for case 

C13500 is lower than that for case C9400. The possible reason is that case C13500 is in a live-bed scour 

condition (i.e., sediments supply from upstream). As mentioned above, in a live-bed condition, sediment 

motion is not only driven by the THV but also by the turbulence bursting from the boundary layer [19]. The 

contribution of THV-induced turbulence to sediment transport is probably lower in live-bed conditions, and 

thus the effect of I is correspondingly lower.  

Assuming the cylinder Reynolds number in the case from Sumer et al. [40] as zero (i.e., ReD = 0), it is 

found that m tends to decrease with increasing ReD. We further obtain the relationship of m on ReD by fitting 

the data plotted in Fig. 13b, as follows: 

 46.969exp 1.172 10 Dm Re      R
2 
= 0.928                   (6b) 

Here, Eq. (6b) is an exponential function. When ReD = 0, m = 6.969, and hence Eq. (6a) simplifies to that 

recommended by Sumer et al. (2003). When ReD→∞, then m→0, and accordingly n →1 based on Eq. (6a). 

It should be noted that the range of application for Eq. (6) is I = 0.44-1.2.  

A plot summarizing the experimental versus calculated (utilizing Eq. (6)) sediment transport rate is 
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depicted in Fig. 14. As can be seen, the sediment transport model proposed above does a consistently good 

job of predicting the sediment transport rate with almost all data generally near the line of perfect agreement 

(full line) in Fig. 14. It is emphasized that Eq. (6) can be used to modify the calculation of sediment transport 

rate not only for uniform open-channel flow but also for the vortex flow in front of the cylinder.  

 

  

(a)                                         (b) 

Figure 13 Relationship between relative sediment transport rate and relative bed shear stress fluctuation: (a) 

ɸn versus I; (b) m versus ReD. 

 

 

Figure 14 Comparison of calculated (by Eq. (6)) and experimental sediment transport rates. 
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5.2 Validation of proposed sediment transport model 

In this Section, the scour rates at the initial scour stage in front of a circular cylinder were predicted and 

compared with available results from Escauriaza and Sotiropoulos [48] who used DES to simulate the flow 

past a circular cylinder mounted on a mobile bed, which corresponds to the case studied experimentally by 

Dargahi [3, 36]. This validation case is selected because (i) the initial stage of scour starting from a flat bed 

for the first 5 s is provided [48] and (ii) the corresponding mean and RMS values of bed shear stress (τm and 

τrm) are also given (see Fig. 13 of Dargahi [3]), which can be used to calculate sediment transport and scour. 

In this case, the cylinder diameter is D = 0.15 m and the approach mean flow velocity is 0.26 m/s, which 

corresponds to the cylinder Reynolds number ReD = 39,000. The sediment is uniform with mean diameter of 

0.36 mm. The ratio of the mean bed shear stress to the critical shear stress for sediment initiation is τm/τc = 

0.85 corresponding to a clear-water scour condition.   

The change of bed elevation in front of the cylinder is calculated based on the sediment continuity 

(Exner) equation:  

1

1

b sy q
r

t x

 
  
  

                                (7) 

where r is the scour rate, yb is the bed elevation,  = 0.4 is the bed porosity, and qs is the sediment transport 

rate (only bed load). Eq. (7) can be discretized into the following finite-difference form:   
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where x  is the spatial step. To validate the new proposed sediment transport model, qs on the right side of 

Eq. (8) is calculated by Eq. (6) in which the relation between   and qs is  

3

50( 1)

sq

g s d
 


                                  (9) 

The calculation procedure is: 1) the sediment transport rate 
m  is calculated by Eq. (4) in which the 

data of τm is from Dargahi [36]; 2) the modified sediment transport rate   is then calculated by Eq. (6) in 

which I = |τrms/τm|; 3)   is inserted into Eq. (9) to get qs; 4) the scour rate r is finally calculated from Eq. (8) 

utilizing MATLAB. 

We assume that the scour depth increases linearly at the initial stage of t = 0-5 s [51], hence the scour 

rate is constant during the initial 5 s. Correspondingly, the scour rate from the DES modeling result [48] can 

be approximately defined as r = ds/TD where TD = 5 s and ds is the scour depth at 5 s. The scour rates along 
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the symmetry plane upstream of the cylinder at the initial stage are presented in Fig. 15, in which the scour 

rates are normalized by the ratio of cylinder diameter to time duration (i.e., D/TD), and the positive and 

negative values represent bed deposition and scour, respectively. The red line is the scour rate predicted by 

the proposed new sediment transport model, i.e., Eq. (6), denoted as rs. For comparison, the result predicted 

by the conventional sediment transport method, i.e., Eq. (4), was also depicted in Fig. 15 by the blue line, 

denoted as rsm. It clearly shows that the profile of rs generally agrees well with the DES result especially for 

the maximum value of deposition and its position, while the values of rsm are generally smaller than the DES 

result. It therefore indicates that the initial scour rates may be under-predicted by the conventional sediment 

transport equation only accounting for mean bed shear stress, and the new proposed sediment transport 

model incorporating the influence of bed shear stress fluctuation improves the prediction of bridge scour at 

the initial stage.  

Additionally, from the tendency of the profiles, the present results are qualitatively consistent with the 

DES results since both show the predominant phenomenon of scour and deposition in front of the cylinder. 

As discussed above, the scour in front of the cylinder is mainly due to the existence of the primary THV 

which induces significant amplification of bed shear stress below, and thus the position of the scoured region 

coincides with the streamwise position of the time-averaged primary THV. The sediment transported by the 

return flow of the primary THV is accumulated upstream causing deposition upstream of the scour area.  

 

  

Figure 15 Comparison of initial scour rate in front of a cylinder based on different sediment transport 

equations (Eqs. (4) and (6)).  
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6 Conclusions 

The conclusions drawn from the present study are summarized as follows: 

(1)  Two time-averaged turbulent horseshoe vortices (THVs) are identified in front of the cylinder with the 

primary THV tending to be further upstream for the larger ReD case. The primary THV results in a 

significant amplification of both mean flow and turbulence statistics (i.e., turbulent intensity and 

turbulent kinetic energy) below. The dynamics of the instantaneous THV exhibit a quasi-periodic 

process from generation to death within the region of –0.9 < x/D < –0.5.  

(2)  The variation of the instantaneous bed shear stress is directly associated with the dynamics of the THV. 

Both τm and τrms underneath the primary THV are significantly amplified, and both the maximum 

amplifications tend to decrease as ReD increases. The fluctuations of the bed shear stress are comparable 

to those of the mean. The probability density function of the bed shear stress is characterized by a 

double-peaked distribution within the THV region and cannot be represented by the normally used 

log-normal distribution for uniform open channel flows. 

(3)  Based on comparisons where turbulent fluctuations are, or not included, it appears that the sediment 

transport rates based on mean bed shear stress may be underestimated. The comparisons of spatial 

averaged sediment transport rates show that the flux of sediment based on mean bed shear stresses could 

be remarkably underestimated by as much as 70% for clear-water scour conditions.  

(4)  A new sediment transport model incorporating the influence of bed shear stress fluctuations is proposed 

in Eq. (6), which generalizes that from Sumer et al. [40]. It can be used to modify the calculation of 

sediment transport rate not only for uniform open-channel flow but also for the vortex flow in front of a 

cylinder. The validation of the new proposed sediment transport model indicates that it improves the 

accuracy of scour prediction for the initial scouring process in front of a cylinder. 
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Appendix A. 

In this Appendix, to examine the convergence of time-averaged results based on the present settings for 

sampling time and image number, we added a test to analyze the effects of time (T) and image number (ni) on 

the time-averaged flow field.  

We selected four different parameter settings (i.e., T = 0.1 s, ni = 50; T = 1 s, ni = 500; T = 1.6 s, ni = 800; 

and T = 2 s, ni = 1000) for case C9400 and obtained their respective time-averaged flow field, as listed in the 

following Fig. 16 from top to bottom. This figure clearly illustrates that the result for T = 0.1 s and ni = 50 is 

obviously different from the other results, e.g. by the presence of three or even four vortices. This 

discrepancy is due to small number of sampling images (ni) and short sampling period (T). However, with 

the increase of T and ni, the time-averaged flow fields tend to become more and more consistent, indicating 

the final convergence of the averaged result. To be specific: 1) from the time-averaged streamline pattern, 

reasonable agreement is found regarding the vortex typologies for the latter three cases, especially for the 

cases of ni = 800 and 1000, and they are almost the same, regardless of the position or size of the vortices; 2) 

the contours of each time-averaged quantity for the latter three cases remain essentially similar, and the 

results for both cases with ni = 800 and 1000 are almost the same, indicating the convergence of the 

time-averaged results for T = 2 s and ni = 1000 case.  
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Fig. 16 Effects of sampling time (T) and image number (ni) on the time-averaged flow field for case C9400. 

 

Appendix B. 

In the present experiment, due to limitations in camera memory, a total of 1000 frames was captured every 

time, corresponding to a sampling period of T = 2 s. To acquire an increased number of frames, we repeated 

the measurement for n times corresponding to nT where n = 1 ~ 10, and thus the maximum number of frames 

is 10,000. To reflect the effect of the number of periods (n), we calculated the statistical quantities of bed 

shear stress for different n for case C9400, as shown in Fig. 17. This figure clearly demonstrates that the 

profiles almost overlap, especially for the profiles of n = 5 and n = 10, implying that the statistical 

convergence may be achieved. 
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Fig. 17 Statistical error of (a) mean bed shear stress τm and (b) RMS of the bed shear stress τrms for different 

number of sampling period n. 

 

To further quantitatively investigate statistical convergence, the error of the bed shear stress statistics for 

different number of sampling period (n) was calculated, based on the following equation: 
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                              (1) 

where N = 85 is the total number of data, R
n
 denotes the statistical quantities of the bed shear stress (e.g., τm 

or τrms). Here we recognized the statistical result for a total number of 10 periods (R
10

) as a standard. Figure 

18 demonstrates the variation of error with the number of period (n). Generally, all the errors are no more 

than 4%, and with the increase of n, the error is significantly reduced, particularly, to smaller than 2% when 

n > 4. For n > 5, the error is small (approximately < 1%) indicating reasonable accuracy can seemingly be 

achieved.    

    

Fig. 18 Statistical error of (a) mean bed shear stress and (b) RMS of the bed shear stress versus number of 

period n. 
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Highlights 

 The THV-induced fluctuations of bed shear stress are comparable to those of mean. 

 The PDF of instantaneous bed shear stress exhibits a double-peaked distribution. 

 Sediment transport rate based on mean bed shear stress is underestimated 

 A relationship between sediment transport and THV-induced fluctuations is established. 

 

 


