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A Convex Reconstruction Model for X-Ray
Tomographic Imaging With Uncertain Flat-Fields

Hari Om Aggrawal , Martin S. Andersen , Sean D. Rose , and Emil Y. Sidky

Abstract—Classical methods for X-ray computed tomography
are based on the assumption that the X-ray source intensity is
known, but in practice, the intensity is measured and hence un-
certain. Under normal operating conditions, when the exposure
time is sufficiently high, this kind of uncertainty typically has a
negligible effect on the reconstruction quality. However, in time-
or dose-limited applications such as dynamic CT, this uncertainty
may cause severe and systematic artifacts known as ring artifacts.
By carefully modeling the measurement process and by taking un-
certainties into account, we derive a new convex model that leads
to improved reconstructions despite poor quality measurements.
We demonstrate the effectiveness of the methodology based on
simulated and real datasets.

Index Terms—Low intensity, reconstruction methods, ring
artifacts, x-ray computed tomography.

I. INTRODUCTION

X -RAY computed tomography (CT) is a non-invasive
method that is used to image the internal structure of

objects without cutting or breaking them. An X-ray source il-
luminates an object from different directions while detectors
capture the attenuated X-rays. As the X-rays propagate through
the object along straight lines, they are attenuated exponentially
with a rate of decay that depends on the material. This rela-
tionship is explained by the Lambert–Beer law which forms
the basis of major X-ray CT reconstruction models and meth-
ods; see e.g. [1]. Reconstruction methods estimate the spacial
attenuation of the object of interest based on a number of X-ray
images, given the measurement geometry, the source intensity,
and possibly some assumptions on the statistical nature of the
measurement process.
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In practice, the source intensity is never known exactly, but
it is estimated by acquiring a number of X-ray images without
an object in the scanner. Such measurements are also known
as air scans [2], flat-fields, or white-fields [3]. The elementwise
mean of these measurements provides an estimate of the flat-
field intensity and may be used for computing reconstructions.
However, in practice the measurements are noisy, and hence the
flat-field intensity estimate is a random variable whose variance
is proportional to the ratio of the flat-field intensity and number
of flat-field samples [4]. Consequently, the signal-to-noise ratio
(SNR) of the flat-field intensity estimate is proportional to the
square root of the product of the flat-field intensity and the num-
ber of samples. Therefore, if the flat-field intensity is low or if the
number of flat-field measurements is small, the flat-field estima-
tion error may be significant and lead to reconstruction artifacts
and errors. Since the flat-field estimate is used to normalize mea-
surements from all projection directions, the estimation errors
result in systematic reconstruction errors. These are known as
ring artifacts [5] since they appear as concentric circles super-
imposed on the reconstruction, and they are a common problem
that can mask important features in the reconstructed image
[6], [7]. Ring artifacts may not only occur because of flat-field
estimation errors; miscalibrated or dead detector elements and
non-uniform sensitivities may also systematically corrupt the
measurements and lead to ring artifacts in the reconstruction [3].

An experimental study [8] has pointed out that the ring arti-
facts are more severe when the X-ray source intensity is low, and
hence a reconstruction from low-intensity measurements may be
very sensitive to the assumptions upon which the reconstruction
method is based. The problem may arise when the acquisition
time is limited, e.g., in dynamic or time-resolved tomography,
or if the application imposes strict dose limitations. Thus, tomo-
graphic reconstruction based on low-intensity measurements is
a challenging problem, in part because of the low SNR.

One approach to combating ring artifacts is to move the de-
tector array between projections [9]. This has an averaging ef-
fect on the systematic error due to flat-field estimation errors
and often results in noticeable improvements, but it does not
address or model the underlying cause. Moreover, it requires
special hardware for the acquisition, and it is not suited for
applications such as dynamic CT where fast acquisition times
are important. Alternative software-based methods to mitigate
ring artifacts also exist. Roughly speaking, these methods can
be put into three categories: sinogram preprocessing methods
[10]–[14], combined ring reduction and reconstruction meth-
ods [15], [16], and post-processing methods that reduce or
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remove rings from a reconstruction [3], [17], [18]. The pre-
processing methods detect and remove/reduce stripes in the
sinogram which, in turn, reduces the ring artifacts in the im-
age domain. These algorithms are typically based on Fourier
domain filtering [11], wavelet domain filtering [12], or a nor-
malization of measurements by estimating the sensitivity of each
detector pixel [14]. The post-processing methods transform the
reconstructed image from Cartesian to polar coordinates [3] and
remove stripes using, e.g., a median filter [17], a wavelet filter,
or a variational model for destriping [18].

In two recently proposed methods [15], [16], ring artifact
correction is included as an intrinsic part of the reconstruction
process. Motivated by the cause of ring artifacts, which appear
as stripes in the sinogram domain, the sinogram is split into the
sum of the true sinogram and a component which represents the
systematic stripe errors. Although the combined ring-reduction
and reconstruction methods do take the systematic nature of the
flat-field estimation errors in the sinogram domain into account,
they do not explicitly model the source of the errors nor their
statistical properties.

Existing methods for mitigating ring artifacts have been
shown to work reasonably well when applied to measurement
data with high or acceptable SNRs. However, we are not aware
of any studies that investigate ring artifact correction for low
SNR measurements and where the intensity of X-ray beam is
assumed to be uncertain. To this end, we derive a new recon-
struction model that is based on a rigorous statistical description
of our model assumptions. Unlike existing correction methods
that, roughly speaking, are based on the geometric nature of
ring artifacts in either the sinogram or the reconstruction, our
approach is based on a model of a fundamental cause of these
artifacts. The resulting reconstruction method jointly estimates
the flat-field and the attenuation image, and we show that the es-
timation problem can be solved efficiently by solving a convex
optimization problem. We also derive a quadratic approxima-
tion model which is similar to an existing weighted least-squares
reconstruction model.

Outline: Section II introduces our model assumptions and re-
views some existing approaches to CT reconstruction based
on low SNR measurements. We illustrate the sensitivity of
these existing methods to flat-field intensity estimation errors.
Section III proposes a new reconstruction model and discusses
different parameter selection strategies. We describe our numer-
ical implementation in Section IV, and we validate the proposed
model based on simulated data as well as real tomographic mea-
surements in Section V. Section VI concludes the paper.

Notation: The set Rn denotes the n-dimensional real space,
Rn

+ is the nonnegative orthant of Rn , and Rm×n is the set of
m× n real-valued matrices. Upper case letters denote matri-
ces, lower case letters denote vectors or scalars, and boldface
letters denote random variables. Given a vector x ∈ Rn , the ma-
trix diag(x) is the n× n diagonal matrix with the elements of
x on the diagonal. Similarly, given a set of r square matrices
S1 , . . . , Sr , the matrix blkdiag(S1 , . . . , Sr ) denotes the block-
diagonal matrix with diagonal blocks S1 , . . . , Sr . The vector ei
denotes the ith column of an identity matrix, and 1 denotes a
vector of ones. Given a vector x ∈ Rn , the notation log(x) and

exp(x) is interpreted as elementwise logarithm and exponen-
tiation. A⊗B denotes the Kronecker product of A ∈ Rm×n

and B ∈ Rp×q , ‖A‖F denotes the Frobenius norm of A, and
|A| ∈ Rm×n is the element-wise absolute value of A. The vec-
tor y = vec(Y ) denotes the vector obtained by stacking the
columns of the matrix Y . Given a discrete random variable y,
the probability of y = y is P(y = y), or using shorthand no-
tation, P(y). Similarly, given a continuous random variable z,
P(z) is shorthand for the probability density associated with z,
evaluated at z, and finally, E[z] denotes the expectation of z.

II. CONVENTIONAL RECONSTRUCTION APPROACH

A. System and Measurement Model

The Lambert–Beer law describes how an X-ray beam is at-
tenuated as it travels through an object that is characterized by
a spatial attenuation function μ(x). Specifically, the incident
intensity of an X-ray beam on a detector is given by

I ≈ I0 exp
(
−
∫
l

μ(x) dx
)

(1)

where I0 is the intensity of the X-ray source, and l denotes the
line segment between the source and a detector. This description
does not take the detector efficiency and the statistical nature
of the photon arrival process into account. For photon-counting
detectors, it is common to assume that the photon arrival pro-
cess is a Poisson process, and each measurement is assumed
to be a sample from a Poisson distribution whose mean is pre-
scribed by the Lambert–Beer law. Here we will consider a two-
dimensional geometry where p projections are acquired using
a one-dimensional detector array with r detector elements. We
will use the notation yij to denote the measurement obtained
with detector element i and projection j, and we will assume
that the ith detector element has efficiency ηi ∈ (0, 1] such that
the effective intensity is vi = ηiI0 . Thus, with the assumption
that the arrival process is Poisson process, yij is a realization
of a random variable yij which, conditioned on μ and vi , is
a Poisson random variable whose mean is prescribed by the
Lambert–Beer law, i.e.,

yij | μ, vi ∼ Poisson

(
vi exp

(
−
∫
li j

μ(x) dx

))
(2)

where lij notes the line segment between the ith detector element
and the source for projection angle j. For ease of notation, we
define a matrix random variable Y of size r × p with elements
yij , and similarly, the r × p matrix Y denotes a realization of
Y and y = vec(Y ).

The attenuation function μ(x) may be discretized by using a
parameterization

μ(x) =
n∑

k=1

ukμk (x) (3)

where μk (x) is one of n basis functions (e.g., a pixel or voxel
basis), and u ∈ Rn is a vector of unknowns (e.g., pixel or voxel
values). With this parameterization, the line integrals in (2) can
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be expressed as ∫
li j

μ(x) dx = eTi Aju

where the elements of the matrix Aj ∈ Rr×n are given by

(Aj )ik =
∫
li j

μk (x) dx,

and hence the columns of Y satisfy

E[yj |u, v] = diag(v) exp(−Aju), j = 1, . . . , p

where v = (v1 , . . . , vr ).
In practice, the vector v is unknown and must be measured.

As mentioned in the introduction, the measurements of v are
often referred to as flat-field measurements and are simply mea-
surements obtained without any object in the CT scanner. We
will assume that s flat-field measurements are acquired for each
detector element based on the flat-field measuring model

fij | vi ∼ Poisson (vi) (4)

for i = 1, . . . , r and j = 1, . . . , s, and F denotes a r × smatrix
random variable with elements fij . As for the measurements Y ,
the matrix F ∈ Rr×s denotes a realization of F.

B. Maximum Likelihood Estimation

Given the flat-field measurements F , a maximum likelihood
(ML) estimate of v is given by

v̂f = argmin
v

{− log P(F | v)} (5)

= argmin
v

{
s1T v − 1T FT log(v)

}
=

1
s
F1,

i.e., v̂f is simply the arithmetic average of the s flat-field mea-
surements. This estimate can be used to compute an approximate
ML estimate of the vector u which is given by

ûy = argmin
u

{− log P(Y | u, v̂f )} (6)

= argmin
u

{
(1 ⊗ v̂f )T exp(−Au) + yT Au

}

where A ∈ Rrp×n is defined as A = [AT
1 · · · AT

p ]T . The es-
timation problem (6) is a convex optimization problem, and
it is essentially an approximate ML estimation problem since
with our model assumptions, the true likelihood P(Y | u, v) is
a function of both u and v. We will return to this issue in the
next section.

If y is positive, a quadratic approximation of (6) can be ob-
tained by means of a second-order Taylor expansion of the
likelihood function [19], and this yields the following weighted
least-squares objective function

1
2
‖diag(y)1/2(Au− b)‖2

2 (7)

where b = 1 ⊗ log(v̂f ) − log(y). Notice that if A has full rank
and rp ≤ n, both (6) and the quadratic approximation (7) reduce
to the problem of solving the consistent system of equations
Au = b, but the two problems are generally different when the

system of equationsAu = b is inconsistent. The noise properties
of reconstructions based on the weighted least-squares objective
(7) have been studied in [20].

C. The Effect of Flat-Field Estimation Errors

The flat-field estimate v̂f in (5) satisfies E[v̂f ] = v, and hence
it is an unbiased estimate. However, v̂f is itself a random vari-
able with covariance (1/s)diag(v), and the flat-field estima-
tion error may lead to artifacts in the reconstruction. To study
how flat-field estimation errors influence the reconstruction, we
now consider a simplified model based on Gaussian approxi-
mations. Specifically, we assume that (v̂f )i |vi ∼ N (vi, s−1vi)
and yij |vi, u ∼ N (vi exp(−eTi Aju), vi exp(−eTi Aju)). With
these assumptions, bij = log((v̂f )i) − log(yij ) can be approx-
imated by linearizing each of the log terms around the mean of
their arguments, i.e.,

bij ≈ log(vi) +
(v̂f )i − vi

vi
− log(E[yij ]) − yij − E[yij ]

E[yij ]

= eTi Aju+ zi + wij

for i = 1, . . . , r and j = 1, . . . , p, and where

zi = ((v̂f )i − vi)/vi, zi ∼ N (0, (svi)−1)

and

wij = (yij − E[yij ])/E[yij ], wij ∼ N (0, v−1
i exp(eTi Aju)).

The terms zi arise because of the flat-field estimation errors,
and the terms wij represent the effect of measurement noise. If
we define z = (z1 , . . . , zr ) and w = vec(W) where W is the
r × p matrix with elements wij , then

b ≈ Au+ 1 ⊗ z + w. (8)

Not surprisingly, this shows that flat-field estimation errors af-
fect all projections, and hence give rise to structured errors.

The linear approximation reaffirms that the variance of the
flat-field errors is inversely proportional to the flat-field inten-
sity and the number of flat-field measurements s. Thus, if s is
sufficiently large, the flat-field estimation errors play a negligible
role. However, a twofold reduction of the flat-field error-to-noise
ratio √

E[z2
i ]

E[w2
ij ]

=
1√

s exp(−eTi Aju)

requires a fourfold increase in the number of flat-field samples,
and hence it may require many samples to obtain a sufficiently
small flat-field error-to-noise ratio.

We now demonstrate the effect of flat-field estimation errors
by considering the behavior of reconstructions based on (6). We
will use a constant flat-field v = ω1 forω > 0 to generate a set of
measurements according to the model (2) with r = 200 detector
elements and p = 720 parallel beam projections covering a full
rotation. For the reconstruction we use the flat-field ML estimate
v̂f , as defined in (5), where only one flat-field sample (s = 1) is
acquired for each detector element based on (4).

Our object u, shown in Fig. 1(a), consists of three squares of
different sizes where the attenuation of the innermost square is
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Fig. 1. Phantom (a) and reconstructions (b), (c), and (d), based on (6) with
flat-field estimation errors. The display range for each of the images is [0, 0.6].
(a) Phantom, (b) ω = 103 photons, (c) ω = 104 photons, (d) ω = 105 photons.

0.5 cm−1 , the enclosing square has attenuation 0.25 cm−1 , and
the outermost square has no attenuation. The domain size is 1
cm, and the reconstruction grid is 128 × 128 pixels. Fig. 1 shows
three reconstructions based on (6) with different values of the
parameter ω. The effect of the flat-field error appears as a ring
in the reconstructions, and it is clear that the severity of both
noise and the ring in the reconstruction decreases as the flat-
field intensity is increased. In the next section, we propose and
investigate a new reconstruction model that takes a statistical
model of the flat-field into account.

The effect of a flat-field estimation error on the reconstruction
may also be analyzed by means of an analytic reconstruction
of the sinogram hθ (t) = δ(t− t0) where t0 �= 0 is a given con-
stant. This corresponds to a “line” in the sinogram. The function
hθ (t) is a radial function (i.e., it does not depend on θ), but it is
not the Radon transform of a function since hθ (t) �= hθ+π (−t).
As a consequence, the Fourier slice theorem does not hold.
However, we may still compute a reconstruction using filtered
backprojection. The reconstruction μ(x) is itself a radial func-
tion, and if we let x = ρnφ where nφ = (cosφ, sinφ) such that
|ρ| is the distance to the origin, we obtain the expression [21]

μ(ρnφ) =
1
2

∫ π

−π

∫ ∞

−∞
Hθ (ζ)|ζ|e−2πε|ζ |ei2πζρn

T
φ nθ dζ dθ

= π

∫ ∞

−∞
Hθ (ζ)|ζ|e−2πε|ζ |J0(2πζρ) dζ

= π

∫ ∞

0
[Hθ (ζ) +Hθ (−ζ)] e−2πεζ ζJ0(2πζρ) dζ

where J0 denotes the zeroth-order Bessel function of the first
kind, Hθ (ζ) = e−i2πζ t0 is the Fourier transform of hθ (t), and

Fig. 2. Examples of radial profile of reconstruction of hθ (t) for three different
values of t0 (0.5, 1.0, and 1.5) and ε = 0.05.

|ζ|e−2πε|ζ | is an apodizing filter with parameter ε > 0. Using the
Hankel transform pair (20) in [22, p. 9], we obtain the closed-
form expression

μ̃(ρ) =
1
4π

(
σ

(σ2 + ρ2)3/2 +
σ̄

(σ̄2 + ρ2)3/2

)
(9)

where σ = ε+ it0 and μ̃(ρ) = μ(ρnφ) . Fig. 2 shows three
examples of what this function may look like.

It is clear from the figure that a systematic error in the sino-
gram in the form of a “line” will appear as spikes in the radial
reconstruction. In particular, the reconstruction will have two
“rings” of opposite sign near ρ = t0 , corresponding to the pos-
itive and negative peaks in the profile μ̃(ρ). The extrema of
μ̃(ρ) (i.e., the spike magnitudes) depend on both t0 and ε. The
dotted curves in the figure provide an envelope of the extrema
for ε = 0.05, and it shows that the magnitude of a spike is large
when |t0 | is small and vice versa. Our analysis of the extrema
of μ̃(ρ), which is included in Appendix A, shows that they are
approximately inversely proportional to

√
ε3 |t0 |when |t0 | 
 ε.

Moreover, μ̃(ρ) may have a significant offset near ρ = 0, as is
the case for the example with t0 = 0.5 in Fig. 2.

D. Including Prior Information

If the prior probability density P(u) is assumed to be known,
a so-called maximum a posteriori (MAP) estimate can be ex-
pressed as

ûmap = argmin
u

{− log P(u | y, v)} (10)

where, according to Bayes’ rule, the posterior probability den-
sity P(u|y, v) satisfies

P(u | y, v) ∝ P(y | u, v)P(u). (11)

Again, since v is generally unknown, an approximate MAP
(AMAP) estimate can be obtained by maximizing an approxi-
mation of the posterior distribution, i.e.,

ûamap = argmin
u

{− log P(u | y, v̂f )} . (12)

We will restrict our attention to priors of the form

P(u | γ) ∝ e−γφ(u) (13)
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where φ(u) is a convex function and γ > 0 is a hyperparameter.
With this prior, the AMAP estimation problem can be expressed
as

ûamap = argmin
u

{
(1 ⊗ v̂f )T exp(−Au) + yT Au+ γφ(u)

}
(14)

which is a convex optimization problem. Alternatively, using the
quadratic approximation (7) in place of the log-likelihood func-
tion, we obtain the regularized weighted least-squares problem

ûwls = argmin
u

{
1
2
‖diag(y)1/2(Au− b)‖2

2 + γφ(u)
}

(15)

as an approximation to the AMAP estimation problem.

III. JOINT RECONSTRUCTION APPROACH

We now turn to the main contribution of this paper, namely
a model for jointly estimating the flat-field v as well as the
absorption image u. Recall from the example in Section II-C
that the approximate ML model (6) may lead to ring artifacts.
As will be evident from our numerical experiments in Section V,
the approximate MAP model (14) suffers the same drawback.
To mitigate this, we consider joint MAP estimation of u and v.
This approach is motivated by the fact that the measurements
Y contain information about both u and v. Indeed, given u, an
ML estimate of v can be computed as

v̂y(u) = argmin
v

{− log P(Y | u, v)} (16)

= diag

⎛
⎝ p∑
j=1

exp(−Aju)

⎞
⎠

−1

Y 1. (17)

A. MAP Estimation Problem

With the model assumptions described in Section II-A and
given a flat-field prior P(v|α, β), the joint posterior distribution
of the unknown parameters u and v can be expressed as

P(u, v | Y, F ) ∝ P(Y, F | u, v)P(u | γ)P(v | α, β)

where P(Y, F |u, v) = P(Y |u, v)P(F |v), and α ∈ Rr and β ∈
Rr are hyperparameters associated with the flat-field prior. Here
we will assume that vi and vj , i �= j are independent, and the
flat-field prior is vi |αi, βi ∼ Gamma(αi, βi) for i = 1, . . . , r,
i.e.,

P(vi | αi, βi) =
βαii

Γ(αi)
vαi−1
i exp(−βivi).

The Gamma prior is chosen because of computational conve-
nience; it is the so-called conjugate prior for the Poisson likeli-
hood function, and as a consequence, the posterior distribution
of v given u is itself a Gamma distribution. For the Gamma
distribution, the hyperparameter αi is commonly referred to as
the shape, and βi is referred to as the rate. The corresponding

MAP estimation problem can be expressed as

(û, v̂) = argmin
(u,v )

{− log P(u, v | Y, F )} (18)

= argmin
(u,v )

{J(u, v) + γφ(u)}

where

J(u, v) = vT d(u) + yT Au− cT log(v) (19)

and

c = F1 + Y 1 + α− 1, d(u) = s1 +
p∑

j=1

exp(−Aju) + β.

(20)

The function J(u, v) is convex in u given v and vice versa,
but it is not jointly convex in u and v. However, by setting the
gradient of J(u, v) with respect to v equal to zero, we obtain
the first-order optimality condition v̂(u) = diag(d(u))−1c. This
allows us to eliminate v from the estimation problem (18), i.e.,

J(u, v̂(u)) ∝ yT Au+ cT log(d(u)),

which is a convex function of u. Thus, the problem (18) is
equivalent to the following convex reconstruction model

û = argmin
u

{
yT Au+ cT log(d(u)) + γφ(u)

}
(21)

with the flat-field estimate v̂ given by

v̂ = diag(d(û))−1c. (22)

We note that v̂ has an interesting interpretation: each element of
v̂ can be expressed as a convex combination of three independent
estimates, i.e.,

v̂ = diag(θ1)v̂f + diag(θ2)v̂y(û) + diag(θ3)v̂pr(α, β) (23)

where θ1 , θ2 , θ3 ∈ Rr
+ , θ1 + θ2 + θ3 = 1, are parameters that

depend on both data and û, α, and β. The ML estimate v̂f ,
defined in (5), is based on the flat-field measurements F , the
estimate v̂y(û) is based on the measurements Y and defined in
(16), and the estimate v̂pr(α, β) = diag(β)−1(α− 1) is based
on the flat-field prior; see Appendix B for further details on this
interpretation.

B. Choosing the Hyperparameters

The estimation problem (21) depends on the flat-field hyper-
parameters α and β. We now discuss different ways to choose
these hyperparameters.

1) Uniform Positive Prior: The simplest prior is perhaps
the uniform positive (UP) prior which is obtained by setting
αi = 1 and βi = 0 for i = 1, . . . , r. In the present case, this
corresponds to simply omitting the prior P(v|α, β) from the
model, and hence the flat-field estimates v̂(u) become convex
combinations of only two estimates instead of three. This is an
improper prior since it does not integrate to one.

2) Jeffreys Prior: The Jeffreys prior (JP) for the Poisson
distribution is p(vi |αi, βi) ∝ 1/

√
vi which is obtained by letting

αi = 0.5 and βi = 0. This is also an improper prior.
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Fig. 3. Gamma distributions with hyperparameters βi and αi = 1 + (v̂f )i βi
for (v̂f )i = 10 and βi ∈ {0.1, 1.0, 5.0}.

3) Type-II ML Estimation: The flat-field measurements can
be used to estimate the hyperparameters by maximizing the
marginal probability of fi1 , . . . , fis given the hyperparameters
αi and βi , i.e.,

(α̂i , β̂i) = argmin
(αi ,βi )

{− log P(fi1 , . . . , fis | αi, βi)} . (24)

This is known as type-II ML estimation or empirical Bayes
estimation [23]. As shown in Appendix C, this approach leads
to the AMAP model, i.e., a zero-variance prior with mean v̂f .

4) Flat-Field Emphasizing Prior: Recall that the flat-field
estimate v̂(u) can be expressed as convex combinations of three
estimates. Specifically,

v̂i(u) =
s

di(u)
(v̂f )i +

τi(u)
di(u)

(v̂y)i +
βi

di(u)
αi − 1
βi

(25)

where τi(u) =
∑p

j=1 exp(−eTi Aju). If we set the mode of the
Gamma prior (i.e., (αi − 1)/βi) equal to the flat-field ML esti-
mate (v̂f )i by letting αi = 1 + βi(v̂f )i , we obtain the estimate

v̂i(u) =
s+ βi
di(u)

(v̂f )i +
τi(u)
di(u)

(v̂y)i (26)

which is a convex combination of two estimates. It is easy to
verify that v̂i(u) → (v̂f )i as β → ∞, and with βi = 0, the es-
timate v̂i(u) is equivalent to the estimate obtained with the UP
prior. Thus, choosing βi > 0 and αi = 1 + βi(v̂f )i allows us to
emphasize the flat-field ML estimate (v̂f )i . This is consistent
with the fact that the parameter βi is the rate parameter associ-
ated with the Gamma distribution: the larger the rate, the more
concentrated the distibution is around its mode. This is illus-
trated in Fig. 3. We call this corresponding prior the flat-field
emphasizing (FE) prior.

C. Quadratic Approximation

A quadratic approximation of the first two terms in (21) can
be derived by means of a second-order Taylor expansion with
respect to Au. Substituting y for (I ⊗ diag(v̂(u))) exp(−Au),
we obtain the following approximate MAP estimation problem

ûswls = argmin
u

{
1
2
‖Au− b‖2

Σ̂−1
b

+ γφ(u)
}

(27)

where the covariance matrix Σ̂b is defined as

Σ̂b = (11T ) ⊗ diag(sv̂f + α− 1)−1 + diag(y)−1 . (28)

This is also the covariance matrix associated with b in the linear
approximation (8). Note that the weighted least-squares data
fidelity term takes the systematic errors induced by flat-field
estimation errors into account without explicitly modeling the
flat-field, and hence we label this a regularized stripe-weighted
least-squares (SWLS) problem. The model depends on the hy-
perparameter vector α, which appears in the covariance matrix,
but β does not appear in the model.

IV. IMPLEMENTATION

The MAP estimation problems (14) and (21) as well as the
WLS (15) and SWLS (27) quadratic approximations are all con-
vex problems that can be solved with a wide range of numerical
optimization methods. Here we will focus on simple first-order
methods which are suitable for large-scale problems.

A. Attenuation Priors

Before we describe our implementation of the different re-
construction methods, we briefly discuss two attenuation priors
of the form (13), namely the nonnegativity prior (corresponding
to nonnegativity constraints ui ≥ 0), and a combination of the
nonnegativity prior and total variation (TV) regularization [24].
Both of these priors can be combined with the existing AMAP
model (14), the proposed model (21), the WLS model (15) and
the SWLS model (27).

1) Nonnegativity: The nonnegativity constraints can be ex-
pressed as φ(u) = I+(u) where I+(u) denotes the indicator
function of the nonnegative orthant, i.e., I+(u) = 0 if and only
if u is a nonnegative vector, and otherwise I+(u) = ∞.

2) Nonnegativity and TV: The combination of nonnegativity
constraints and TV may be expressed as

φ(u) = I+(u) + TVδ (u)

where TVδ (u) =
∑n

i=1 ξδ (‖Diu‖2) is a differentiable TV-
approximation, ξδ denotes the Huber-norm

ξδ (t) =

{
(t)2/(2δ) |t| ≤ δ

|t| − δ/2 otherwise

with parameter δ, and Diu is a finite-difference approximation
of the gradient at pixel i. We will use a pixel basis corresponding
to an M ×N grid (i.e., n = MN ). Specifically, we define

Di =

[
eTi (IN ⊗ D̄M )

eTi (D̄N ⊗ IM )

]

where IM and IN are identity matrices, and D̄M and D̄N are
square difference matrices of order M and N , respectively, and
of the form ⎡

⎢⎢⎢⎢⎢⎣

1 −1

. . .
. . .

1 −1

0

⎤
⎥⎥⎥⎥⎥⎦

where the last row is zero, corresponding to Neumann boundary
conditions.
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The function TVδ (u) has a Lipschitz continuous gradient
with constant Ltv (δ) = ‖D‖2

2/δ where D = [DT
1 · · ·DT

n ]T .

B. Reconstruction Models

We now consider five different reconstruction models of the
form

minimize Ji(u) + γφ(u), i = 1, . . . , 5, (29)

where Ji(u) is based on either (10), (14), (21), (15) or (27).
1) Baseline and AMAP Estimation: The reconstruction

model (10) requires the true flat-field v which is not available
in practice. However, the model may be used to compute a
baseline reconstruction in simulation studies. The baseline re-
construction problem corresponds toJ1(u) = J(u, v) where the
true flat-field v is assumed to be known. If we replace v by v̂f , we
obtain the AMAP model (14) with objective J2(u) = J(u, v̂f ).

To solve the reconstruction problem (29) using a first-order
method, we need the gradient of J(u, v) with respect to u, i.e.,

∇uJ(u, v) = AT (y − ŷ(u, v)) (30)

where ŷ(u, v) = (I ⊗ diag(v)) exp(−Au). It is easy to verify
that the gradient ∇uJ(u, v) is Lipschitz continuous on the non-
negative orthant since the norm of the Hessian

∇2
uJ(u, v) = AT diag(ŷ(u, v))A

is bounded for u ≥ 0 and with v fixed. We will use the Lipschitz
constants L1 = maxi{vi}‖A‖2

2 and L2 = maxi{(v̂f )i}‖A‖2
2 .

2) Joint MAP Estimation: The MAP estimation problem
(21) is a special case of (29) if we let J3(u) = J(u, v̂(u)).
The gradient of J3(u) is

∇J3(u) = AT y +Dd(u)T v̂(u) (31)

= AT (y − ŷ(u, v̂(u)))

where Dd(u) = −∑p
j=1 diag(exp(−Aju))Aj denotes the Ja-

cobian matrix of d(u). Comparing with (30), we see that the
only difference is that the residual y − ŷ(u, v̂(u)) is based on
the flat-field estimate v̂(u) instead of the true flat-field v or the
ML estimate v̂f .

To derive the Hessian of J3(u), note that

cT log(d(u)) =
r∑
i=1

ci log(di(u))

where di(u) = s+
∑p

j=1 exp(−eTi Aju) + βi . This implies
that the Hessian can be expressed as

r∑
i=1

ci

(∇2di(u)
di(u)

− ∇di(u)∇di(u)T
di(u)2

)
.

Now let Πi = I ⊗ eTi such that Πiy = Y T ei corresponds to
the ith row of Y , and define a permutation matrix Π =
[ΠT

1 · · · ΠT
r ]T . This allows us to express the Hessian ∇2J3(u)

as

∇2J3(u) = AT ΠT blkdiag(B1(u), . . . , Br (u))ΠA (32)

whereBi(u) = diag(Πi ŷ) − 1
ci

Πi ŷŷ
T ΠT

i , and where ŷ is used
as shorthand for ŷ(u, v̂(u)). (We remark that v̂(u) depends on

both α and β, and consequently, so does the Hessian ∇2J3(u).)
It follows that

‖∇2J3(u)‖2 ≤ ‖AT diag(y)A‖2

which implies that∇J3(u) is Lipschitz continuous with constant
L3 = ‖AT diag(y)A‖2 .

3) WLS Estimation: The quadratic approximation (15) cor-
responds to (29) with J4(u) = 1

2 ‖Au− b‖2
Σ̂−1

b
and Σ̂b =

diag(y)−1 . The gradient of J4(u) is

∇J4(u) = AT Σ−1
b (Au− b)

which is Lipschitz continuous with constant ‖AT Σ̂−1
b A‖2 .

4) Regularized SWLS: The quadratic approximation (27)
corresponds to (29) with J5(u) = 1

2 ‖Au− b‖2
Σ̂−1

b
and

Σ̂b = ΠT
[
diag(Πy)−1 + diag(sv̂f + α− 1)−1 ⊗ (11T )

]
Π.

Thus, Σ̂b is a symmetric permutation of a block-diagonal matrix
with diagonal-plus-rank-one blocks, and hence matrix-vector
products with Σ̂−1

b can be efficiently evaluated using the Wood-
bury identity, i.e., Σ̂−1

b = ΠT blkdiag(S1 , . . . , Sr )Π where

Si = diag(Πiy) − 1
s(v̂f )i + eTi Y 1 + αi − 1

Πiyy
T ΠT

i . (33)

This allows us to evaluate the gradient as

∇J5(u) = AT Σ−1
b (Au− b)

which is Lipschitz continuous with constant ‖AT Σ̂−1
b A‖2 .

It is instructive to compare the SWLS model to the WLS
model considered in [16]. This model implicitly includes the
flat-fields using the following objective function

J6(u, z) =
1
2
‖diag(y)1/2(Au− b+ 1 ⊗ z)‖2

2 +
λ

2
‖z‖2

2 (34)

where z ∈ Rr is an auxiliary variable that can be thought of
as the relative flat-field error (cf. the analysis in Section II-C).
Taking the gradient with respect to z and setting it equal to
zero yields z = diag(Y 1 + λ1)−1(1T ⊗ I)diag(y)(b−Au),
and using this expression in (34) yields

J6(u) =
1
2
‖Au− b‖2

Σ̂−1 (35)

where Σ̂−1 = ΠT blkdiag(S̄1 , . . . , S̄r )Π and

S̄i = diag(Πiy) − 1
eTi Y 1 + λ

Πiyy
T ΠT

i . (36)

The blocks S̄i clearly resemble the blocks Si from the SWLS
model in (33): the only difference is the scalar weight in front of
the rank-1 term in each of the r blocks. In particular, notice that
the weights in the SWLS model include information derived
from all measurements as well as the flat-field prior. Moreover,
the parameter λ in (36) plays a similar role as the flat-field hyper-
parameters α in (33), but the SWLS model is more general and
flexible because it allows the use of a different hyperparameter
αi for each of the r blocks.
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C. Algorithm

The functions J1(u), . . . , J5(u) are all differentiable with
Lipschitz continuous gradients on the nonnegative orthant, and
hence we can apply a proximal gradient method which is suitable
for minimizing problems of the form

minimize g(u) + h(u).

Here g : Rn → R is convex with a Lipschitz continuous gradi-
ent with Lipschitz constant L, h : Rn → R is convex, and the
prox-operator

proxth(ū) = argmin
u

{
th(u) +

1
2
‖u− ū‖2

2

}

is assumed to be cheap to evaluate. We will define g(u) =
Ji(u) + γTVδ (u) and h(u) = I+(u), and hence the Lipschitz
constant is given by L = Li + γLtv (δ). Given a starting point
u(0) and a fixed number of iterations K, the algorithm can be
summarized as

u(k) = proxth(u
(k−1) − t∇g(u(k−1))), k = 1, 2, . . . ,K

where t ∈ (0, 2/L) is the step size and proxth(ū) = max(0, ū)
is the projection onto the nonnegative orthant. With this step
size, the method is a descent method. The Lipschitz constant
L can be estimated without an explicit representation of A
or D by means of the power iteration algorithm. Our MAT-
LAB implementation of the method is available for download
at https://github.com/hariagr/R2CT.

V. NUMERICAL EXPERIMENTS

A. Simulation Study

To evaluate the proposed reconstruction models, we con-
ducted a series of experiments in MATLAB based on simulated
data. In these experiments, we used a parallel beam geometry
with p = 720 equidistant projection angles covering half a ro-
tation, and a 2 cm wide photon counting detector array with
r = 512 detector elements. To model a non-uniform detection
efficiency, the elements of the flat-field vector v were drawn
from a Poisson distribution with mean I0 . We used s = 5 mea-
surements of the flat-field which were generated according to
(4), and the measurements Y were generated according to (2)
using a 2N × 2N pixel discretization of a 2D phantom defined
on a 4 cm2 square. To avoid inverse crimes, we computed our
reconstructions on an N ×N (N = 512) pixel grid with a cir-
cular mask. The value of the TV-smoothing parameter δ was
0.01 cm−1 in all experiments with the TV-prior. We used as
step size t = 1.8/L, and we used the ASTRA Toolbox [25]
(version 1.7.1beta) to compute filtered backprojection (FBP)
reconstructions and to implicitly compute products with A and
AT on a GPU. We generated the phantoms using the AIR Tools
package [26] (version 1.3), and we used the method outlined in
Section IV-C to numerically solve the reconstruction problems.
As a remark, we note that the ASTRA GPU code for backpro-
jection (i.e., multiplication by AT ) is not an exact adjoint of
the forward operator (multiplication by A), and this may intro-
duce small errors in the gradient computations. However, it is
significantly faster than matched implementations, and we did

not see any noticeable differences in reconstruction quality when
using the exact adjoint.

As initial guess we used a vector of zeros, and we used a
fixed number of iterations as stopping criteria (500 iterations
for reconstructions without the TV-prior and 1500 iterations for
reconstructions with the TV-prior). We determine the parame-
ter γ for the TV-prior based on the subjective visualization. As
flat-field prior P(v|α, β) we used αi = 1 + βi(v̂f )i and βi ≥ 0
(corresponding to the UP flat-field prior if βi = 0 and the FE
prior if βi > 0), and for the attenuation prior P(u|γ) we used
either nonnegativity or total variation combined with nonneg-
ativity. Note that SWLS only depends on α, but since we also
use αi = 1 + βi(v̂f )i for SWLS, we report the value of β in the
experiments.

To quantitatively compare the quality of reconstructions, we
report the relative attenuation error (RAE)

erel
u (û) = 100 · ‖û− u‖2

‖u‖2
,

the relative flat-field error (RFE)

erel
v (v̂) = 100 · ‖v̂ − v‖2

‖v‖2
,

the structural similarity (SSIM) index1 [27], and a “ring ratio”
(RR), defined as

‖ψv (v̂(û))‖F /‖ψv (v̂f )‖F
with ψv (v̂) defined as

ψv (v̂) = FBP(diag(v)−1(v̂ − v)1T ) (37)

and where FBP denotes the filtered backprojection reconstruc-
tion method. In other words, ψv (v̂) is the FBP reconstruction
of the sinogram stripes due to flat-field estimation errors, and
hence the norm ‖ψv (v̂)‖F quantifies how severely the flat-field
estimation errors affect the reconstruction. Thus, the RR can be
viewed as an indication of the expected ring artifact reduction if
we were to use the flat-field estimate v̂(û) instead of the ML es-
timate v̂f (smaller is better) to compute a reconstruction. Recall
that all but the JMAP reconstruction model are based on the ML
estimate v̂f , so for the other models, the RFE and the RR simply
reflect what we obtain if we were to use the reconstruction û
to compute a new flat-field estimate v̂(û), using (22). We used
α = 1 and β = 0 to compute v̂(û) for all but the JMAP and
SWLS reconstruction models.

1) Low Intensity: In our first experiment, we used a phan-
tom based on the “grains” phantom from AIR Tools, shown in
the upper left corner of Fig. 4. We applied a circular mask of
radius 0.8 cm to obtain a phantom that is fully contained by
the reconstruction grid. We used I0 = 500 in this experiment,
corresponding to approximately 500 photons per detector el-
ement per projection. As a result, the SNR is relatively low.
Estimates based on low SNR measurements generally have a
high variance, and hence a good model and strong priors are
of paramount importance. The reconstructions shown in Fig. 4

1We used the MATLAB ssim function with the radius parameter equal to
0.2 for reconstructions without the TV-prior and equal to 2.0 for reconstructions
with the TV-prior.
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Fig. 4. Phantom and reconstructions based on simulated low-intensity measurements. The display range for the images is 0 to 1.2 cm−1 . The reconstructions
with the TV-prior were computed with γ = 3. The insets are blow-ups of the reconstructions at the isocenter. The number of iterations was 500 for reconstructions
without TV prior and 1500 for reconstructions with TV prior.

demonstrate this. The baseline reconstructions were computed
using the true flat-field, and hence they are “inverse crime” re-
constructions that serve only as a baseline for comparison. The
two baseline MAP reconstructions (with and without the TV
prior) are based on the model (10). Using the flat-field estimate
v̂f instead of the true flat-field, we obtained the FBP and AMAP
reconstructions. It is clear from these reconstructions that the
flat-field estimation errors introduce severe ring artifacts, even
in the presence of a strong prior such as the TV-prior. The
ring artifacts are especially severe near the center of the image
(cf. Section II-C).

The preprocessed FBP (P-FBP) reconstruction is the result of
applying the combined wavelet and FFT filtering preprocessing
method2 by Münch et al. [12] to the sinogram, followed by FBP.
This removes stripes from the sinogram, and although there are
still some noticeable ring artifacts in the reconstruction, the
preprocessing step clearly reduces the severity of the artifacts.
However, the preprocessing step involves several parameters
that must be carefully tuned, and it does not directly allow
us to use the AMAP or MAP-based reconstruction models for
reconstruction.

The proposed models are quite effective at reducing ring
artifacts, as can be seen from the JMAP reconstructions as well
as the SWLS reconstruction. Notice that both the SWLS (β = 0)
reconstruction and the JMAP (β = 0) reconstruction without the
TV prior do not involve any parameters.

For the experiments without the TV-prior, Table I shows the
error measures based on both the full reconstruction domain

2We used a damping factor of 0.9 and a Daubechies 5 wavelet with a three-
level decomposition.

and based on a disc of radius 0.8 cm (corresponding to the
support of the phantom). The latter approach ignores noise and
ring artifacts outside the phantom, and hence this gives a more
practical picture of the performance. For the reconstructions
with a TV-prior, we report our results based on a disc of ra-
dius 0.8 cm. Notice that in all cases, we obtain the best recon-
struction (in terms of both RAE and SSIM) using either the
JMAP reconstruction model or the SWLS model. Moreover,
these reconstructions have RAEs that are similar to those of
the baseline MAP reconstructions. We also see that RRs and
the RAEs for the JMAP reconstructions appear to be corre-
lated, but interestingly, the RFEs do not seem to agree with the
RAEs.

Despite the fact that the P-FBP reconstruction is worse than
the JMAP reconstructions, it is interesting to note that it may be
used to compute an improved flat-field estimate. In our experi-
ment, the ML estimate v̂f had a relative error of 4.8%, but the
flat-field estimate computed based on the P-FBP reconstruction
had a relative error of only around 1.8%. However, using the
TV-prior, the JMAP and SWLS model still produced the best
flat-field estimate of all the models.

Finally, we remark that the AMAP and WLS reconstruc-
tions may be improved slightly by increasing the parameter γ.
Using γ = 10, we obtained AMAP and WLS reconstructions
with a relative error of around 10%, and although these recon-
structions did not have noticeable ring artifacts, they contained
an increased amount of undesirable TV-artifacts. On the other
hand, the JMAP and SWLS reconstructions obtained with γ = 3
only have a limited amount of ring artifacts and TV artifacts,
and hence we conclude that the proposed model allows us to
reduce ring artifacts using a smaller regularization parameter γ
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TABLE I
ERROR MEASURES FOR RECONSTRUCTIONS BASED ON SIMULATED LOW-INTENSITY MEASUREMENTS

Fig. 5. Results of semi-convergence and initialization study. Reconstructions are computed with a UP prior β = 0.

than with the AMAP or WLS models, thus limiting unnecessary
TV-induced artifacts.

2) Semi-Convergence and Initialization: We now investi-
gate the role of regularization and its influence on the recon-
struction. Recall that X-ray tomographic imaging is an ill-posed
problem where a small amount of noise in the measurements
may results in a large change in the reconstruction if it is not reg-
ularized by a suitable prior. Thus, without regularization, inter-
mediate iterates sometimes provide better reconstructions than
iterates close to convergence. This behavior is known as semi-
convergence and depends on the reconstruction method as well
as initialization. Semi-convergence behavior often indicates that
the reconstruction is under-regularized, and hence a solution to
our convex reconstruction model may be a poor reconstruction.
In practice it is difficult to rely on semi-convergence as the true
solution is unknown.

We use the same experimental setup as in the previous exper-
iment. Fig. 5 shows RAE and RR as a function of the number of
iterations, with and without the TV-prior (i.e., regularization).
The semi-convergence behavior is evident without the TV-prior,
and not surprisingly, the baseline reconstruction obtains the low-

est RAE at the semi-convergence point after approximately 50
iterations. After the semi-convergence point, noise start to dom-
inate the reconstruction and the RAE starts to increase mono-
tonically. Comparing the AMAP and JMAP models, we see that
the AMAP model has a lower RAE at the semi-convergence
point, but it converges to a higher RAE. Taking the definition of
the AMAP and JMAP estimators into account, we can conclude
that the JMAP model still converges to a better reconstruction
than the AMAP model. Fig. 5 also shows the RR error measure,
and while the AMAP model exhibits semi-convergence both
with respect to the RAE and the RR, the JMAP model appears
to monotonically reduce the RR despite semi-convergence with
respect to the RAE.

The dashed curves in Fig. 5 show the results of the same exper-
iment, but using the P-FBP reconstruction of u as initialization
(the baseline MAP was initialized with the baseline FBP recon-
struction). The FBP reconstruction has a smaller RAE than the
zero-initialization, but FBP reconstructions may be quite noisy
when the SNR is low. Consequently, this initialization may not
lead to faster convergence without regularization, as can be
seen in Fig. 5. The figure also shows that the AMAP reconstruc-
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Fig. 6. Pixelwise bias and standard deviation based on 200 realizations of all measurements. The display range for the bias images is −0.1 to 0.1 cm−1 , and the
display range for the standard deviation images is 0 to 0.06 cm−1 . The reconstructions are computed with TV-prior with γ = 3. The insets are blow-ups of the
reconstructions at the isocenter.

tion method still exhibits a mild degree of semi-convergence
when using the TV-prior, but the baseline method and the JMAP
method appear to reduce the RAE and the RR monotonically.
Moreover, it is clear that the FBP-initialization helps when com-
bined with the TV-prior. Finally, using the 50th AMAP iterate as
initialization for JMAP (corresponding to the semi-convergence
point for the RR), we obtained a significant improvement in
the number of iterations when compared to initialization with
zeros.

3) Noise Analysis: To investigate the noise properties of the
proposed reconstruction model, we generated 200 realizations
of all measurements based on the grains phantom (see Fig. 4)
and with I0 = 500. We then computed pixelwise bias (the differ-
ence between the mean of the reconstructions and the phantom)
and standard deviation for reconstructions based on the base-
line MAP, the AMAP, and the JMAP reconstruction models.
All reconstructions were computed with the TV-prior (γ = 3)
and 1500 iterations. The results are shown in Fig. 6. Generally
speaking, the AMAP model is less biased than the JMAP model.
For small values of β, the JMAP bias is somewhat large in com-
parison to the AMAP bias, especially near the boundary of the
object and at the isocenter. However, the JMAP bias decreases
when the parameter β is increased, but at the cost of increasing
the standard deviation. This is consistent with the fundamental
trade-off between bias and variance in statistical learning. More
importantly, the standard deviation is significantly lower for the
JMAP model in comparison to the AMAP model, and it is even
comparable to that of the baseline MAP model when β is small.
Notice that in all instances, the standard deviation is particu-
larly large near the interfaces of the grains where the intensity
jumps.

Recall from the previous experiment that the flat-field esti-
mate may converge very slowly. As a consequence, the bias
component that is induced by flat-field estimation errors de-

creases slowly as we increase the number of iterations. The
results therefore depend on the stopping criteria (i.e., the num-
ber of iterations). Finally we note that the noise results for the
SWLS model were very similar to those of the the JMAP model,
and hence we have chosen to omit the SWLS results for the sake
of brevity.

4) Flat-Field Regularization: Our next experiment demon-
strates a potential shortcoming of the proposed model when
using the UP flat-field prior for reconstruction. We used the
Shepp–Logan phantom for the experiment, but unlike in the
previous experiments, we generated the measurements by eval-
uating the line integrals analytically. The intensity parameter
was I0 = 105 . The reconstruction based on (14), the leftmost
reconstruction in Fig. 7, has some low-level ring artifacts. JMAP
with the FE prior and β = 0 leads to the reconstruction in the
middle of Fig. 7. Somewhat surprisingly, while the low-level
rings are mostly gone, the reconstruction has a few wide and
very noticeable rings. These rings arise because of the structure
of the flat-field estimation errors which can be seen by look-
ing at the reconstruction ψv (v̂), defined in (37) and shown in
Fig. 7. Several high-intensity rings appear clearly, and these can
be linked to large flat-field estimation errors associated with a
small number of detector elements. In particular, the detector
elements corresponding to rays that intersect the outer ellip-
soidal shell of the Shepp–Logan phantom tangentially give rise
to large estimation errors. We remark that we have observed
experimentally that these artifacts seem to be exacerbated by
the fact that the two outer Shepp–Logan ellipses are centered at
the isocenter.

Now recall that the flat-field estimate v̂(u) can be expressed
as (23), i.e., a convex combination of independent estimates.
Thus, the weights θ indicate the emphasis of the different flat-
field estimates. The plots in Fig. 7 show these weights for two
different priors parameterized by β. We see that when β = 0
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Fig. 7. Reconstructions of the Shepp–Logan phantom after 1000 iterations,
without the TV-prior on u. The display range for the reconstruction images is 0
to 0.4 cm−1 , and 0 to 0.04 for the ring images ψv (v̂). The first two plots show
the values of θ1 , θ2 , θ3 , as defined in (23), for β = 0 and β = 50. The third plot
shows the element-wise relative error with respect to true flat-field v, defined
as ev (v̂) = 100 · diag(v)−1 (v̂ − v), for the ML flat-field estimate v̂f and two
JMAP flat-field estimates. The table lists the RAE and RR error measures.

(corresponding to the UP flat-field prior), the flat-field estimate
is based almost entirely on v̂y , and the estimates v̂f and v̂pr both
receive negligible (but nonzero) weights. Inspecting the corre-
sponding flat-field estimate (the bottom plot in Fig. 7) reveals
that for β = 0, the JMAP estimate is worse than the ML es-
timate v̂f . This indicates over-fitting. To mitigate this, we can
emphasize the flat-field ML estimate v̂f by using the FE prior
(i.e., α = 1 + β(v̂f )), as described in Section III-B. Doing so
effectively removes the major rings that were present with the
FE prior with β = 0, as shown in the rightmost reconstruction in
Fig. 7. Moreover, the rightmost plot in the figure confirms that

the resulting flat-field estimate depends less on v̂y than with the
FE prior with β = 0. The FBP reconstructions of the flat-field
error, shown below the reconstructions in Fig. 7, clearly show
a reduction in ring artifacts compared to the basic AMAP and
JMAP reconstructions.

B. Real Data Study

We now evaluate the performance of the proposed model
based on real measurement data provided by the Advanced
Photon Source (APS) facility operated by Argonne National
Laboratory (USA). The data set provides tomographic mea-
surements of a sample of glass beads with some dried potas-
sium from p = 900 projection angles between 0◦ and 180◦ in
a parallel beam geometry and with a 600 × 960 pixel detector
array. In this experiment, we will consider only a 2D recon-
struction of the center slice (slice 300) so we take r = 960. The
energy of the X-ray source was 33.27 keV, and the photon flux
per pixel in each projection was approximately 1200 photons/s.
With an exposure time of only 6 ms, that amounts to pixel-
wise photon counts in the range 0–20 per projection. Out of a
total of 20 flat-field measurements collected before and after
the experiment, 8 appear to be corrupted, so we used s = 12
flat-field measurements for our reconstructions. Moreover, we
used a square grid with side length 0.3053 cm and 768 × 768
pixels for the reconstructions. Our reconstructions are shown in
the Fig. 8.

Without the TV-prior on the attenuation image, the recon-
structions are quite noisy because of the low SNR. The FBP
reconstruction and the AMAP reconstruction both have ring
artifacts which heavily distort the reconstruction. The P-FBP
reconstruction does not have noticeable ring artifacts, but the re-
construction is quite noisy. Thus, to reduce noise, we smoothed
the FBP and P-FBP reconstructions using a Gaussian filter with
standard deviation 1.0, and although this help, the resulting
images are still somewhat noisy compared to the other recon-
structions. The JMAP reconstruction with the UP prior (β = 0)
has no noticeable ring artifacts, but it has a significant amount of
noise. This is especially noticeable near the circular boundary of
the object, and it may be because of flat-field estimation errors.
Indeed, using the FE prior with β = 200 yields a reconstruction
that is somewhat improved near the outer circles. Notice that the
JMAP reconstructions do not have such a “hole” in the middle
like the FBP, P-FBP, and AMAP reconstruction. Finally, includ-
ing the TV-prior onu results in the AMAP-TV and JMAP-TV re-
constructions. These results verify the applicability of proposed
model for tomographic reconstruction based on low-intensity
measurements.

VI. CONCLUSION

In X-ray computed tomography, the X-ray source intensity
is typically estimated based on a number of flat-field measure-
ments. This estimation introduces unavoidable errors in popular
reconstruction models such as AMAP, WLS, and FBP, and these
errors lead to systematic reconstruction errors in the form of ring
artifacts. By investigating the filtered backprojection of a line in
the sinogram, we have demonstrated that such systematic errors
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Fig. 8. Reconstructions of real tomographic measurements. The display range for the images is 0 to 10 cm−1 . The reconstructions using the TV-prior were
obtained with γ = 0.01. The number of iterations were 50 for reconstructions without TV prior and 1000 with TV prior. The insets are blow-ups of the
reconstructions at the isocenter.

introduce structural changes in the reconstruction in the form
of a ring. Based on the statistics of X-ray measurements, our
analysis shows an inverse relationship between severity of ring
artifacts and the source intensity. Therefore, these systematic er-
rors can have a significant impact on the reconstruction quality
of dose-constrained and time-constrained problems. To mitigate
this problem, we have introduced a convex reconstruction model
(JMAP) that jointly estimates the attenuation image and the flat-
field. We have also introduced a quadratic approximation of the
JMAP model, the stripe-weighted least-squares (SWLS) model,
which provides insight about the model and its similarities with
existing models.

To assess the reduction of ring artifacts in the reconstructions,
we have proposed a “ring ratio” error measure which quantifies
the flat-field error in the image domain. Our experimental re-
sults indicate that the model effectively mitigates ring artifacts
even for low SNR data, not only with simulated data but also
with real data sets. In some cases, the proposed method may
itself introduce artifacts when not appropriately regularized.
These artifact essentially arise because of overfitting, and we
have shown that they can be mitigated or supressed by means
of a suitable regularizing flat-field prior. Moreover, we have
shown experimentally that the JMAP and the SWLS models
have similar performance in terms of noise and reconstruction
quality.

Finally, we mention that the proposed methodology can read-
ily be extended to estimate a time-varying flat-field which may
be useful in applications where the flat-field does not remain sta-
ble while acquiring the tomographic measurements and/or when
the scanner acquires projection images and flat-field images in
an interleaved temporal order.

APPENDIX A
EXTREMA OF THE RADIAL PROFILE

The extrema of the radial profile μ̃(ρ), defined in (9), depend
on the parameters t0 and ε > 0. To see this, we derive the critical

points of μ̃(ρ). Setting the derivative equal to zero yields the
equation

μ̃′(ρ) = −3ρ
(
σ(σ2 + ρ2)−5/2 + σ̄(σ̄2 + ρ2)−5/2

)
= 0

where σ = ε+ it0 . It follows that the critical points are ρ = 0
and any solution to the equation

σ(σ2 + ρ2)−5/2 + σ̄(σ̄2 + ρ2)−5/2 = 0,

or equivalently, ρ = 0 and solutions to the equation

σ

σ̄
= −

(
σ2 + ρ2

σ̄2 + ρ2

)5/2

.

Taking the complex logarithm of both sides of the equation
yields the equation 2∠σ + 2kπ = π + 5∠(σ2 + ρ2), k ∈ Z,
and hence

∠(σ2 + ρ2) =
2
5
∠σ +

2k − 1
5

π, k ∈ Z. (38)

This implies that the tangent of ∠(σ2 + ρ2) is equal to

2εt0
ρ2 + ε2 − t20

= tan
(

2
5
∠σ +

2k − 1
5

π

)
, k ∈ Z, (39)

or equivalently, if we define c−1
k = tan

( 2
5 ∠σ + 2k−1

5 π
)

and
solve for ρ2 , we get ρ2 = 2εt0ck + t20 − ε2 , k ∈ Z. Thus, in
addition to ρ = 0, the real roots of the right-hand side of this
equation are the critical points of μ̃(ρ), and hence we may limit
our attention to k ∈ Z for which 2εt0ck + t20 − ε2 ≥ 0.

In order to find the extrema of μ̃(ρ), we now rewrite (9) as

μ̃(ρ) =
1
4π

|σ|
|σ2 + ρ2 |3/2 cos(∠σ − ∠(σ2 + ρ2)).

At a nonzero critical point ρk �= 0, the angle ∠(σ2 + ρ2
k ) is

given by (38), and it follows from (39) that

|σ2 + ρ2
k | = 2ε|t0 |

(
c2k + 1

)1/2
.
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This allows us to express the extrema associated with ρk as

μ̃(ρk ) =
(ε2 + t20)

1/2

4π(1 + c2k )3/4(2ε|t0 |)3/2 cos
(

2
5
∠σ +

2k − 1
5

π

)
,

and it immediately follows that for |t0 | 
 ε, the extrema are
approximately inversely proportional to

√
ε3 |t0 |.

APPENDIX B
INTERPRETATION OF FLAT-FIELD ESTIMATE

The ith element of flat-field estimate v̂, defined in (22), is
given by

v̂i(u) =
1T fi + 1T yi + αi − 1

di(u)
(40)

where fi ∈ Rs , yi ∈ Rp , di(u) = s+ τi(u) + βi , and τi(u) =∑p
j=1 exp(−eTi Aju). This expression can be reformulated as

v̂i(u) =
s

di(u)
1T fi
s

+
τi(u)
di(u)

1T yi
τi(u)

+
βi

di(u)
αi − 1
βi

=
s

di(u)
(v̂f )i +

τi(u)
di(u)

(v̂y)i +
βi

di(u)
v̂pr(αi, βi) (41)

where the ML estimate v̂f is defined in (5), the estimate v̂y(û)
is defined in (16), and

v̂pr(α, β) = diag(β)−1(α− 1)

is the mean of the Gamma prior. It follows from the definition
(20), i.e., di(u) = s+ τi(u) + βi , that

s

di(u)
+
τi(u)
di(u)

+
βi

di(u)
= 1

and hence v̂i(u) is a convex combination of three estimates.
Thus, the full flat-field vector v̂(u) can be expressed as

v̂(u) = diag(θ1)v̂f + diag(θ2)v̂y(û) + diag(θ3)v̂pr(α, β)

where θ1 = diag(d(u))−1s1, θ2 = diag(d(u))−1τ(u), and
θ3 = diag(d(u))−1β with θ1 + θ2 + θ3 = 1.

APPENDIX C
TYPE-II ML ESTIMATION OF HYPERPARAMETERS

The marginal probability of fi1 , . . . , fis given the hyperpa-
rameters αi and βi can be computed analytically and is given
by

P(fi1 , . . . , fis | αi, βi)

=
∫ ∞

0
P(fi1 , . . . , fis | vi)P(vi | αi, βi)dvi

=
Γ(ki + αi)

(
∏s

k=1 fik !) Γ(αi) ski

(
βi

s+ βi

)αi ( s

s+ βi

)ki

(42)

where ki =
∑s

k=1 fik . Here the identity
∫∞

0 xbe−ax dx =
Γ(b+1)
ab+ 1 was used to derive this expression. This probability

distribution resembles the negative binomial distribution, and
it follows from the first-order optimality conditions associated
with (24) that βi = sαi/ki , or equivalently, αi/βi = ki/s. This

implies that the mean of the Gamma prior is equal to the flat-
field ML estimate (v̂f )i . Substituting the expression for βi in
(24), we obtain the one-dimensional problem argminαi κi(αi)
where

κi(αi)=− log
Γ(ki + αi)

Γ(αi)
− αi log

αi
αi + ki

− ki log
ki

αi + ki
.

The derivative of κi(αi) is

κ′i(αi) = −
[
�(ki + αi) − �(αi) − log

(
1 +

ki
αi

)]

= −
ki−1∑
l=0

1
αi + l

+ log
(

1 +
ki
αi

)
,

where �(x) denotes the digamma function. Similarly, the sec-
ond derivative is given by

κ′′i (αi) =
ki−1∑
l=0

1
(αi + l)2 − ki

αi(αi + ki)
(43)

where the summation satisfies the inequality

ki−1∑
l=0

1
(αi + l)2 =

αi +ki−1∑
n=αi

1
n2 >

∫ αi +ki

αi

1
x2 dx

=
k

αi(αi + ki)
(44)

for αi > 0. This shows that κ′′i (αi) > 0 for α > 0, and hence
κi is convex on the positive real line. Moreover, since κ′(αi)
tends to zero as as αi tends to infinity, κ′(αi) can not have a
positive zero. Consequently, the resulting flat-field Gamma prior
has zero variance (i.e., αi/β2

i tends to zeros for αi → ∞ since
βi = sαi/ki) and its mean is equal to the empirical flat-field
estimate, i.e., αi/βi = (v̂f )i .
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versity, Sweden, and at the Technical University of
Denmark. He is currently an Associate Professor in
the Section for Scientific Computing, Department of
Applied Mathematics and Computer Science, Tech-
nical University of Denmark. His research interests

include optimization, numerical methods, signal and image processing, and sys-
tems and control.

Sean D. Rose was born in Cincinnati, OH, USA.
He received the B.S. degree in physics and biochem-
istry from The Ohio State University, Columbus, OH,
USA, in 2013. He began his graduate studies in med-
ical physics at the University of Chicago in the sum-
mer of 2013 in the lab of Dr. X. Pan where he con-
tinues to work on the development and optimization
of iterative methods for tomographic image recon-
struction. His research interests include optimization-
based image reconstruction for tomographic imaging
modalities, objective assessment of image quality and

its application to parameter selection, and large-scale optimization.

Emil Y. Sidky has held academic positions in Physics
at the University of Copenhagen and Kansas State
University. He then switched to medical physics join-
ing the University of Chicago in 2001, where he is
currently a Research Associate Professor. His current
interests include image reconstruction in X-ray com-
puted tomography and digital breast tomosynthesis,
large-scale optimization, and objective assessment of
image quality.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


