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Failure in elastic dual-phase materials under transverse ten-
sion is studied numerically. Cohesive zones represent fail-
ure along the interface and the augmented FEM is used for
matrix cracking. Matrix cracks are formed at an angle of
55o−60o relatively to the loading direction, which is in good
agreement with experiments. Matrix cracks initiate at the
tip of the debond, and for equi-biaxial loading cracks are
formed at both tips. For elliptical reinforcement the matrix
cracks initiate at the narrow end of the ellipse. The load
carrying capacity is highest for ligaments in the loading di-
rection greater than that of the transverse direction.

Nomenclature
f̄′α, f′α, F̄′

α,F′
α Local and global load vectors

k′
α,K Local and global stiffness matrices

Nα,N′
α Standard and transformed shape functions

u′
α,d′

α,d Displacements in FEM
ai ,bi ,ac,
bc,βi ,Ω,S

Parameters describing the geometry

Em,νm Young’s modulus, Poisson’s ratio
f Volume fraction of reinforcement
FAV

αβ Overall average deformation gradients
Ti Surface tractions

Tn,Tt
Current normal and tangential tractions at
cohesive interface

un,ut
Current normal and tangential separations at
cohesive interface

uα,∆1 Displacements, prescribed displacement
xi Cartesian reference coordinate system
α,β,γ Indices
Γ,G Traction-separation work

δn1,δt1,δc
n,δc

t Input parameters for cohesive interface
κ Load parameter
λ Non-dimensional interfacial separation

σmax,τmax
Maximum normal and shear stress across the
cohesive interface

σ1,Sαβ,ε1 Overall average stresses and strain
σαβ,εαβ Local stresses and strains

1 Introduction
Heterogeneous dual-phase materials with a solid

second-phase inclusion embedded in a matrix material are
often observed. The presence of the second-phase may be
intentional reinforcement as in aligned fiber composites or
unintentional impurities in a ”pure” material, for instance ox-
ides in aluminum [1]. Typically, a high volume fraction of
the reinforcement is seen for composites, whereas the impu-
rities appear at a lower volume fraction. Composite materials
form a class of materials that has highly attractive mechani-
cal properties, i.e. high specific stiffness, good damping and
creep capabilities and high wear resistance. However, inde-
pendent of the volume fraction, the reinforcement acts as a
local stress intensifier, and macroscopic failure often initiates
from the second-phase inclusion leading to reduced ductility
and poor fracture properties [2,3].

Detailed micro-mechanical studies have been widely
used to analyze the governing failure mechanisms. In doing
so, each reinforcing inclusion with its mechanical properties,
bonding capabilities, defects, size and position can be ac-
counted for [4]. For aligned fiber composites different failure
mechanisms have been identified depending on the loading
conditions and the properties of the constituents. Compres-



sion leads to micro buckling of the fibers and the formation of
shear bands [5]. In longitudinal tension fiber pull-out or fiber
breakage can occur depending on the bonding between fiber
and matrix. In transverse tension a weak interface will cause
a debonding crack to evolve, which upon further loading may
propagate into the matrix [6]. The latter failure mechanism
is also very critical for the case of impurities with low vol-
ume fractions. Hence, the aim of the present paper is to study
this generic failure mechanism, where debonding initiatesat
the interface of the second-phase inclusion, but eventually
arrests and kinks into the surrounding material.

Recently, Vajari et al. have conducted a micro-
mechanical cell study with multiple, randomly distributed
reinforcement [7]. The effects of porosities on the macro-
scopic failure locus was investigated and compared to the
criterion of Puck [8]. They used a simple damage model to
represent matrix cracking and they found a significant influ-
ence of the porosities, especially in compression. From a
computational point of view, the computational cost grows
rapidly the more features the model contains. Hence, often
a relatively small amount of reinforcing inclusions is taken
into account or simpler material models are adopted. The au-
thor has studied the effect of plastic anisotropy on interfacial
debonding using a single fiber cell, where the possibilitiesof
matrix cracking was excluded [9]. However, the strain field
in the matrix clearly indicates, that the interface crack arrests
and tries to kink into the matrix for further propagation.The
aim of this work is to extend this previous work in Ref. [9]
in order to study debonding cracks that kink into the matrix.

In the present study both single and multiple inclusion
cells are adopted to study both interface debonding and ma-
trix cracking. The main focus will be on the single inclusion
cell. However, it is an inherent feature of such single in-
clusion cells, that the strain field near all neighboring inclu-
sions are identical to the one analyzed, resulting in a similar
failure behavior. In reality damage initiates at the weakest
point causing the stresses locally to be redistributed. Hence,
a new material point some distance away will eventually ex-
perience the stress being sufficiently high to cause failure.
For ceramic-matrix composites explicit expressions for the
distance needed in order to gain full load carrying capac-
ity again can be found [10].Here, a multiple inclusion cell
is therefore also used to investigate the effect of neighbor-
ing inclusions that debonds at a larger load. The novelty
of this work is also to incorporate geometrical anisotropy to
identify its effect on matrix cracking as well as the overall
load carrying capacity when a debonding crack kinks into
matrix. Interface debonding and matrix cracking are taking
into account by cohesive zone modeling and the augmented
FEM technique (A-FEM), respectively. Cohesive zone mod-
eling has been widely used, not only for composite materi-
als, but also for fracture problems in homogeneous materi-
als [11]. The A-FEM technique is developed by Yang and
co-workers [12], and is a general method to handle discon-
tinuities in the domain of interest. An alternative procedure
is the extended FEM (X-FEM) developed by Belytschko and
co-workers [13]. The main difference is, that A-FEM adopts
standard shape functions, whereas X-FEM uses an enriched

set of shape functions. Also, a numerical scheme, where co-
hesive elements are inserted adaptively to represent dynamic
fracture in brittle materials has been developed [14].

In the present paper focus will be on the overall, homog-
enized stress-strain response as well as the initiation andpath
of the matrix cracks.

2 Problem Formulation

An elastic matrix material is reinforced by a second
phase of inclusions, which are significantly stiffer than the
surrounding matrix material. Thus, the reinforcements can
be regarded as rigid.It is noted, that this is just a simplifi-
cation for convenience and it is not an inherent part of the
methodology used.General studies of such dual-phase ma-
terials require full three dimensional analyses in order tode-
scribe the geometry of the reinforcements as well as gen-
eral loading conditions. However, as progressive interface
debonding as well a matrix cracking are considered in this
work, such analyses are complicated and time consuming.
Upon simplification, the original problem is therefore often
considered as plane with in-plane loading. This leads to less
realistic reinforcement geometry, but it is expected to give
a good understanding of the interfacial debonding as well
as matrix cracking. At this point there are two possibili-
ties: A plane strain or a plane stress model. If the dimension
of the matrix material in the out of plane direction is small
and comparable to the out of plane dimension of the inclu-
sions, as can be the case in a thin sheet, plane stress state near
the inclusions is an acceptable assumption [9]. On the other
hand,if the out of plane dimension is much longer than the
cell dimensions, the material will behave like a bulk mate-
rial constraining the out of plane strain, and the plane strain
cell model is a valid approximation. Here, the plane strain
assumption is chosen. Thus, the out of plane dimension is
assumed large enough to constrain the out of plane deforma-
tions.

Fig. 1(a) shows the material with idealized periodi-
cally arranged rigid reinforcements and Fig. 1(b) defines
the biaxially loaded unit cell adopted for most of the micro-
mechanical investigations of failure by debonding and ma-
trix cracking conducted here.However, results using a cell
similar to Fig. 1(a) is also presented.A fixed Cartesian coor-
dinate system,xi, is aligned with the cell edges and located
at the center of the reinforcement. The reinforcement is as-
sumed elliptic with the dimensions (2ai , 2bi), and the orienta-
tion relatively to thex1-direction is given byβi . The volume
fraction of the reinforcing inclusion isf = πaibi/(4acbc), as
the dimensions of the cell are 2ac and 2bc, see Fig. 1(b).
Due to progressive matrix cracking and the orientation of the
elliptical reinforcement shear stresses can develop at thecell
sides resulting in some wavy deformations of the initially
straight edges. In order to allow for such deformations pe-
riodical boundary conditions are prescribed. The basic idea
is to ensure compatibility as well as force equilibrium across
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Fig. 1. The plane strain cell model for rigid elliptical reinforcing inclusions. (a) Assumed periodically arranged reinforcement in the overall

heterogeneous material. (b) The cell used for modeling is shown with initial dimensions, loads, supports and coordinate system.

any cell edge. The compatibility conditions are [15]

u1(x1,−bc) = u1(x1,bc)−uB
1

u2(x1,−bc) = u2(x1,bc)−uB
2

u1(−ac,x2) = u1(ac,x2)−uD
1

u2(−ac,x2) = u2(ac,x2)−uD
2

(1)

whereuB
i anduD

i are the displacements at the two cell cor-
ners B and D, respectively, see Fig. 1(b). Force equilibrium
is formulated in terms of the surface tractions

T1(x1,−bc) = −T1(x1,bc)

T2(x1,−bc) = −T2(x1,bc)

T1(−ac,x2) = −T1(ac,x2)

T2(−ac,x2) = −T2(ac,x2)

(2)

The conditions stated in Eqs. (1) and (2) hold for the cell
problem in Fig. 1(b). In addition, some conditions for the
macroscopic average problem, denoted by( )AV , must also
be specified.Denoting the average stresses on the cell bySAV

i j

and the average deformation gradients of the cell byFAV
i j ,

these constraints are here chosen to be

FAV
11 = ∆1

2ac
(uD

1 = ∆1, tension in thex1-direction)

FAV
21 = 0 (uD

2 = 0)

SAV
12 = 0

(3)

and one of

{

SAV
22 = 0 (Uniaxial plane strain tension)

FAV
22 = κ FAV

11 (uB
2 = κuD

1 ,biaxial plane strain tension)
(4)

The ratio, κ, will be specified later. The condition
FAV

21 = 0 means that the cell edges initially parallel with the
x1-axis may curve locally but on the average these edges re-
main straight and do not rotate. Similarly,SAV

12 = 0 dictates
that edges initially parallel to thex2-axis may have an av-
erage rotation to fulfill equilibrium. This will be illustrated
by subsequent results.For the sake of simplicity no average
shear load cases will be studied, but it is noted that in-plane
shear can for instance be prescribed by a non-zerouD

1 -value
anduB

1 = uB
2 = uD

2 = 0 . In-plane shear has for instance been
studied by Vajari etal. [7].

3 Material Model
The reinforcement is assumed to be much stiffer than

the matrix and consequently modeled as perfectly stiff. Us-
ing tensor notation, the displacement field of the matrix is
denoteduα(xβ), where the Greek indices take the value 1 or
2, such that the definition of the small strain tensor,εαβ, is

εαβ =
1
2

(

uα,β +uβ,α
)

(5)

The matrix material is assumed to behave linear elastic with
Young’s modulusEm and Poisson’s ratioνm. The stress-
strain relation,σαβ = σαβ(εαβ), is given by Hookes law,



which for plane strain condition is

σαβ =
Em

1+νm

{

εαβ +
νm

1−2νm
δαβεγγ

}

(6)

σ33 =
νmEm

(1+νm)(1−2νm)
εγγ ; σ3α = σα3 = 0

Here, δαβ denotes Kronecker’s delta and a repeated index
means summation.

Damage of the material is assumed to be caused by
two mechanisms: Interfacial debonding and matrix crack-
ing. Both mechanisms are modeled by the multi-linear co-
hesive law developed in Ref. [16]. Denoting the normal and
tangential directions by subscriptsn andt, respectively, the
interfacial tractions,Tn andTt , depend on the interfacial sep-
arations,un andut , as

Tn(un) =















σmax
un
δn1

un ≤ δn1

σmax
δc

n−un
δc

n−δn1
δn1 < un ≤ δc

n

0 un > δc
n

(7)

Tt(ut) =















τmax
ut
δt1

|ut | ≤ δt1

sgn(ut)τmax
δc

t −|ut |
δc

t −δt1
δt1 < |ut | ≤ δc

t

0 |ut | > δc
t

(8)

whereδc
n and δc

t denote the critical separations in normal
and tangential directions, respectively, at which complete
debonding has occurred and no further tractions can be trans-
ferred over the interface. The maximum stress carried by the
interface is denotedσmax (for un = δn1) andτmax (for ut = δt1)
in normal and tangential direction, respectively. The normal
and tangential separations are coupled together by the simple
fracture criterion [17]

G(u∗n)
ΓI

+
G(u∗t )

ΓII
= 1 (9)

Here,G(u∗n) andG(u∗t ) are the traction-separation work ab-
sorbed during fracture in normal and tangential direction,as
the separation parameters,un andut , evolve simultaneously.
The work of fracture in pure normal and pure tangential sep-
aration are denotedΓI andΓII , respectively.

Contact in relation to interfacial compression,δn < 0, is
not a dominant mechanism in this study, but can occur due
to Poisson’s ratio effects. In the present model friction-less
contact is modeled by linear springs as shown in Eq. (7)a.

4 Numerical Procedure
Standard FEM cannot conveniently represent arbitrary

crack propagation, as the development of stress free crack
faces during the loading history are not possible to account
for without a significant amount of bookkeeping and re-
meshing. Alternatively, the A-FEM method can be adopted.
The A-FEM has proven to be an effective method to treat
strong discontinuities in materials [18, 19]. Here, only the
most important equations will be provided as the full descrip-
tion is given in Ref. [12].

The method is based on the weak form of the equilib-
rium equations through the principle of virtual work. Ac-
counting for small deformations and the work done by the
cohesive interface the principle of virtual work reads [20]

Z

Ω
σi jδεi jdΩ+

Z

Γc

(Tnδun +Ttδut)dS =
Z

S
TiδuidS (10)

Here,Ω is the volume with the surfaceS, andΓc is the sur-
face where the cohesive model is imposed. Virtual quanti-
ties are denoted byδ. In principle the A-FEM methodology
can be used both in 3D and for other element types (trian-
gular and higher-order), but currently only bi-linear 4-node
quadratic plane element are implemented.In Fig. 2 are ex-
amples of meshes used. The mesh is highly refined near the
reinforcement. In the case of no discontinuity the A-FEM is
identical to standard FEM.However, when a crack is present
a strong discontinuity exists. Matrix cracking initiates,when
the average element stress reaches the critical stress of the
matrix, σmax in Eq. (7). Then, a cohesive zone is activated,
as illustrated in Fig. 3, in the direction perpendicularly to
the maximum principal stress, such that the crack grows ac-
cording to the maximum principal stress criterion.An addi-
tional set of nodes (shown by the numbers with primes) are
used to form two mathematical elements (ME1 and ME2),
which constitutes the physical standard element (SE), i.e.
Ωe = Ωe

1∪Ωe
2. Only two elements are formed as the algo-

rithm only allows for crack tips arrested at element edges.
Both MEs have identical geometry as the SE, but with differ-
ent material allocation,as shown in 3(b)-(c). The essential
part in A-FEM is the mapping of the standard shape func-
tions,Nα, in each SE to the corresponding ME

N′
α = Nα ·Tα (11)

whereα = 1,2 indicates the two elements formed when an
element is traversed by a discontinuity. The mapping matrix,
Tα, for this 4-node quadratic plane element is a 8× 8 ma-
trix and an example is provided by [12]. Within each ME the
displacements,u′

α, can then be found in the usual manner us-
ing the transformed shape functions and the nodal displace-
ments,d′

α

u′
α = N′

α ·d′
α (12)

This is inserted into the principle of virtual work to form the
new element stiffness matrix,k′

α, the new consistent element



a) b)

Fig. 2. Examples of finite element meshes used. (a) ai/bi = ac/bc = 1. (b) ai/bi = 2 and ac/bc = 1 for βi = 30o. A magnification

near the reinforcement is inserted.

a) b) c)

Fig. 3. Representation of a matrix crack using A-FEM [12]. a) Cracked element in domain Ωe = Ωe
1 + Ωe

2. b) Mathematical element of

domain Ωe
1 (ME1). c) Mathematical element of domain Ωe

2 (ME2).

nodal load vector resulting from the surface tractions,f̄′α, and
lastly the nodal load vector resulting from the cohesive trac-
tions,f′α. The system of linear equations on the element level
is then

k′
αd′

α = f̄′α + f′α (13)

This is then assembled in the usual way to generate the global
system of equations

KD = F̄+F (14)

that can be solved for the nodal displacements,D, after ap-
propriate boundary conditions are introduced. From the dis-
placement field can the strains and stresses be obtained in the
usual way for FEM.

Finally, the cohesive law in Eqs. (7) and (8) results in a
stiffness contribution as can be seen from Eq.(10), such that
interfacial separation as well as contact are implemented in
a manner similar to a standard penalty method. The friction-
less contact is modeled by the mode I cohesive law, which

provides a large stiffness to minimize interpenetration, but
the resulted compressive normal stress does not introduce
any additional shear stress in the tangential direction.

5 Numerical Results
In this study focus will be on damage with a fixed re-

inforcement volume fraction of 20% and
√

aibi = 5 · 10−3

mm. The elastic material parameters used for the matrix
material areEm = 4 GPa andνm = 0.33 . The ratio be-
tween the strength of the matrix and the interface defines
the failure mode. If the interface strength is small compared
to the matrix, failure is dominated by interface debonding.
On the other hand, if the interface strength is large com-
pared to the matrix, failure is dominated by matrix crack-
ing. Assuming isotropy, matrix fracture is modeled using the
A-FEM method with the same cohesive parameters in nor-
mal as well as tangential separation, i.e.σmax = τmax = 100
MPa, δn1 = δt1 = 0.01δc with δc = δc

n = δc
t = 0.02

√
aibi ,

see Eqs. (7)-(8). Interfacial debonding is modeled using the
same cohesive parameters except thatσmax = τmax = 60 MPa,
which makes the interface the weakest part. Hence, failure
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Fig. 4. Stress-strain curves for ai/bi = ac/bc = 1 for two differ-

ent sets of strength parameters. The ratio of the matrix to interface

strength is 40 times larger for the dashed line compared to that of the

solid line.

is expected to initiate from interfacial debonding and then
subsequently propagating into the matrix. The strength of
the interface is assumed to be homogeneous along the inter-
face, which means that due to the symmetries of the problem,
see Fig. 1, the exact location of the debonding initiation is
not known in advanced but is determined by the numerics.
Alternatively, an inhomogeneous interfacial strength canbe
prescribed, such that the exact location of the debonding ini-
tiation is predetermined [21].

In the first study a uniform distribution of circular rein-
forcement is considered, i.e.ai/bi = ac/bc = 1. Uniaxial
plane strain tension is considered, see Eq. (4)a, and the over-
all stress-strain response is extracted as

σ1 =
1

2bc

Z bc

−bc

[T1]x1=acdx2 ; ε1 =
∆1

2ac
(15)

Note, that since small deformations are considered here is
σ1 = SAV

11 and ε1 = FAV
11 , Eqs. (3) and (4).Two different

cases of different strength are studied, see Fig. 4, both re-
sulting in initial interfacial debonding followed by matrix
cracking. Hence, in addition to the above mentioned strength
parameters (solid line in Fig. 4) a second case with a ma-
trix to interface strength ratio 40 times larger is also consider
(dashed line in Fig. 4).In this case the interfacial strength
is unchanged, while the matrix strength is assumed 40 times
stronger by keepingσmax = τmax = 100 MPa and increasing
δn1 = δt1 = 0.01δc with δc = δc

n = δc
t = 0.8

√
aibi .

A sudden stress drop in these curves represents failure.
It is seen from Fig. 4 that the cases result in identical re-
sponses up to interfacial debonding atε1 ≃ 0.013 at a stress
level corresponding toσmax = 60 MPa. Some non-linearity
is observed, which is related to the cohesive law. The case
with the weaker matrix (solid line) shows the smaller stress

55
o

45
o

60
o

εmax

εmax

a)

b)

Fig. 5. Contours of maximum principal strain, εmax, at ε1 = 0.018
in Fig. 4. Matrix cracks are shown by gray color and the deformations

are 3 times magnified. a) Low matrix to interface strength ratio (solid

line in Fig. 4). b) 40 times larger matrix to interface strength ratio

(dashed line in Fig. 4).

drop as a result of interfacial debonding. By further load-
ing a second stress drop occur, which is caused by matrix
cracking. The relatively stronger matrix (dashed line) is fail-
ing atε1 ≃ 0.017, while the weaker one fails atε1 ≃ 0.015 .
The latter shows a large and sudden (unstable) stress drop,
whereas the other is more moderate and less steep. This less
steep stress drop results from the fact, that the 40 times larger
strength ratio is obtained by having a larger critical separa-
tion, δc, of the matrix, which stabilize the degradation. Fig.
5 shows the corresponding contours of the maximum princi-
pal strain,εmax, at the overall strain levelε1 = 0.018 in Fig.
4. The deformations are magnified 3 times. The debond at
the interface is seen as the white void nucleated along the
left side of the rigid circular reinforcement, which is shown
by black color. The matrix crack is shown by gray color. As
discussed above, the fact that the location of the nucleated



void is to the left is a result of the symmetry of the problem
as well as the numerics. Fig. 5(a) corresponds to the solid
curve in Fig. 4 and Fig. 5(b) corresponds to the dashed curve
in Fig. 4. At this level of overall straining the cracking of the
matrix has occurred in quite different ways. Fig. 5(a) shows
a single matrix crack evolving from the tip of the interface
crack in a 55o direction relatively to the loading, while Fig.
5(b) indicates that two matrix cracks nucleate. One of these
are at the lower part of the debond at practically the same
location (60o) as in Fig. 5(a). However, a second matrix
crack initiates almost simultaneously at the tip of the upper
part as well, Fig. 5(b). The angle of this crack is only 45o.
Pariset al. and Ashouri found experimentally, that the angle
at which the crack kinks in to the matrix is approximately
60o −70o which in comparison with the single matrix crack
observations of Fig. 5(a) is in rather good agreement [22,23].
Hence, for the subsequent analyses, these strength parame-
ters are adopted, see above.

As discussed in the introduction, an inherent feature of
the single inclusion cell in Fig. 5 is, that the strain field
near all neighboring inclusions are identical to the one an-
alyzed, resulting in the exact same angle of matrix crack-
ing. In real materials are both the distribution of the second
phase as well as the interfacial bonding often a complex (or
even a random) function of spacial coordinates. In Fig. 6 is
the effect of rigidly bonded inclusions surrounding a weaker
bonded inclusion investigated. A mesh similar to Fig. 2(a)
is adopted, but extended to a 3×3 configuration, such that
eight cells containing rigidly bonded inclusions surroundthe
central debonding one. If all inclusions were modeled to be
able to debond, then the single cell studies is expected to
be reproduced from the 3×3 configuration. Uniaxial tension
and periodic boundary conditions are still specified and all
material parameters are identical to those in Fig. 5(a). It
is seen, that the strain field is disturbed to the left and to
the right of the debond, but fairly unaffected above and be-
low. The angle between the loading direction and the matrix
crack is still found to be approximately 55o as in Fig. 5(a).
However, the overall strain is reduced toε1 ≃ 0.010 from
ε1 ≃ 0.018 in Fig. 5(a). For an even stronger matrix material
the same overall strain ofε1 ≃ 0.010 results in two matrix
cracks evolve symmetrically at slightly smaller angles simi-
lar to Fig. 5(b) (results not shown here). Thus, the interfer-
ence with other fibers for this fiber volume fraction is rather
low for the microscopic result of the kinking angle and con-
sequently is a single cell sufficient. It is noticed, that thema-
trix crack in Fig. 6 grows in the upward direction, whereas
the crack propagates downwards in the corresponding single
cell, Fig. 5(a). As discussed above this is caused by the nu-
merics and due to the symmetries of the problem. Initially,
are both the load, the material and strength distribution sym-
metric around the dashed line shown in Fig. 6, meaning that
both tips of the interfacial debond are potential nucleation
sites for the matrix cracks. In the A-FEM analysis, each
load increment permits only one crack initiation, i.e. the ele-
ment with the largest average stress that exceeds the cohesive
strength. Thus, in a symmetric model with symmetric load-
ing, even if more than one elements are expected to initiate
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Fig. 7. Stress-strain curves for ai/bi = ac/bc = 1 for three differ-

ent values of the loading parameter, κ, see Eq. (4)b.

simultaneously according to theoretical predictions, theA-
FEM will choose only one of them to initiate, which could
be determined by numerical truncation errors, the order of
element numbering, or local mesh variance. After the initia-
tion, the model symmetry is broken. This is responsible for
the asymmetric crack development observed. We kept this
feature in the A-FEM because in reality perfectly symmetric
crack development are rarely observed due to local material
inhomogeneity at micro-meso scales.

For biaxial plane strain tension, see Eq. (4)b, Fig. 7
gives the overall stress-strain response in thex1-direction
for the same parameters as in Figs. 4 (solid line) and 5(a).
The most important parameters characterizing the fracture
process are the fracture energy and the peak stress for the
traction-separation law [24]. The shape of the traction-
separation law defined throughδn1 andδt1 is of less impor-
tance and should be taken as small as possible to reduce ar-
tificial initial stiffness. However, for the cases withκ > 0
δn1 = δt1 = 0.05δc have been used to stabilize the numeri-
cal solution. Three different loading cases are considered,
namely plane-plane strain tension (κ = 0 with no average
contraction in thex2-direction), biaxial plane strain tension
(κ = 0.5) and equi-biaxial plane strain tension (κ = 1). It
is noted, that all three cases may introduce an overall stress
component different from zero in thex2-direction, i.e.σ2 6=
0 . A larger stiffness is predicted for increasingκ-values.
The point at which interfacial debonding starts is here seen
as the point where the curves start to deviate from linearity
but no sudden stress drop is detected during debonding. On
the other hand, matrix cracking does show significant stress
drops. These are highlighted by circles on the curves. The
case ofκ = 1 fails at the lowest stress-level and hereafter the
level of stress at failure increases for decreasingκ-values.
This is expected, as highκ-values introduce a non-zeroσ2

which assists in failing the matrix. An important observation
is, that forκ = 1 the material fails by forming two matrix
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Fig. 6. Contours of maximum principal strain, εmax, at ε1 = 0.010. Matrix crack is shown by gray color and the deformations are 3 times

magnified. Only the central reinforcement is allowed to debond.

cracks, which does not happen at the lower triaxialities, i.e.
atκ = 0 andκ = 0.5 . The first matrix crack, which is marked
by ”1”, happens before the matrix crack forκ = 0 initiates,
but the second matrix crack, marked by ”2”, starts after. The
case ofκ = 0.5 fails by matrix cracking at the largest strain
level,ε1 ≃ 0.018 .

The corresponding contours of the maximum principal
strain in the deformed cell forκ = 0 are similar to what is
shown for the uniaxial plane strain tensile case, Fig. 5(a),and
will not be shown here. This is expected, as the stress-strain
curves are quite similar (as seen by comparison of solid lines
of Figs. 4 and 7). Fig. 8 shows the contours of the maximum
principal strain,εmax, for the two other cases, i.e.κ = 0.5 and
κ = 1, which both have a significantly different stress-strain
response compared to that ofκ = 0 , see Fig. 7. Fig. 8(a) is
for κ = 0.5 and Fig. 8(b) is forκ = 1 and the deformations
are 3 times magnified. Despite the fact that the stress-strain
response forκ = 0.5 is very different to that ofκ = 0 as well
as that for uniaxial plane strain tension, the crack paths in
the matrix are very similar. A single crack evolves from the
tip of the debonding crack and propagate to the edge of cell,
Fig. 8(a). The direction of the crack is slightly affected by
the loading condition, as it is not perpendicular to the prin-
cipal loading direction of the cell, thex1-direction, as was
seen in Fig. 5(a). Furthermore the dashed lines in Fig. 8(a)
also illustrate the conditions stated in Eq. (3)b-c. The cell
edges initially parallel with thex1-axis curve locally but on
the average these edges remain straight and cell edges ini-
tially parallel with thex2-axis rotate on the average to fulfill
SAV

12 = 0. For the largest triaxiality,κ = 1, Fig. 8(b) shows

that two cracks have evolved from each tip of the debond.
Their directions are nearly the same and form an angle of ap-
proximately 60o relatively to thex1-direction, which is most
clearly seen for the lower matrix crack.

The volume fraction of reinforcement is kept constant
at 20% and Figs. 9-12 provide the effects of geometrical
anisotropy under uniaxial plane strain tension, see Eq. (4)a.
Geometrical anisotropy exists if the distribution of the rein-
forcement is different in thex1-direction to that of thex2-
direction (ac/bc 6= 1) or the cross section of the inclusion
is elliptical (ai/bi 6= 1) and/or inclined relatively to the cell
edges. Figs. 9-10 study the case of a non-uniform distribu-
tion of circular reinforcement, i.e.ai/bi = 1 for ac/bc 6= 1,
while Figs. 11-12 treatai/bi = 2 with ac/bc = 1 for different
orientations,βi , see Fig. 1(b).

In Fig. 9 is the geometrically isotropic case,ai/bi =
ac/bc = 1 (solid line), repeated from Fig. 4 (solid line). The
three cases considered are illustrated by small insertions. Up
to an overall strain ofε1 ≃ 0.01 are the responses very sim-
ilar with a tendency of being slightly more non-linear for
the caseac/bc = 1

2. Changing the spacing of the reinforce-
ment, i.e.ac/bc, clearly affects both the failure strain and the
load carrying capacity. For an increasingac/bc ratio is the
load carrying capacity also improved. However, the ductil-
ity (the failure strain) is largest forac/bc = 1 and is clearly
defined by matrix cracking, see also Fig. 4 (solid line). The
largest drop in stress is seen forac/bc = 2 at ε1 ≃ 0.014 .
The configurationac/bc = 1

2 shows the worst response both
in terms of ductility and load carrying capacity. Eventually is
the load carrying capacity practically the same for the three
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Fig. 8. Contours of maximum principal strain, εmax, at ε1 = 0.018 in Fig. 7. Matrix cracks are shown by gray color and the deformations

are 3 times magnified. a) Biaxial loading, κ = 0.5. The conditions in Eq. (3)b-c are also illustrated. b) Equi-biaxial loading, κ = 1 .

εmaxεmax

a) b)

Fig. 10. Contours of maximum principal strain, εmax, at ε1 = 0.018 in Fig. 9. Matrix cracks are shown by gray color and the deformations

are 3 times magnified. a) ac/bc = 1
2 . b) ac/bc = 2.

cases studied, i.e. forε1 & 0.015 .
In Fig. 10 are the deformed cells of the two geometri-

cally anisotropic cases of Fig. 9,ac/bc = 1
2 andac/bc = 2

at ε1 = 0.018, shown with contours of the maximum prin-
cipal strain,εmax. The deformations are 3 times magnified.
The matrix cracks are initiated at the tip of the void and they
grow to the lower edges of the cell perpendicular to the load-
ing direction. At this stage of loading are the deformations
intensified in the upper part of the cells, where there is no
matrix crack. It can also be seen from the contours, that the

crack is about to propagated from the top cell edge down to
the reinforcement, which will eventually define the ultimate
strength of the material. This holds true for bothac/bc = 1

2
andac/bc = 2.

Lastly, non-circular cross-section of the reinforcement,
ai/ai = 2, are investigated.Non-conventional cross sections
such as triangular, square with holes, cruciform and pen-
talobal have been studied in Refs. [25, 26]. A fiber with a
non-circular cross section has a higher surface area over vol-
ume ratio, compared with that having a circular cross sec-
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Fig. 11. Stress-strain curves for ai/bi = 2 and ac/bc = 1 for three

different values of the orientation, βi .

tion, as discussed by [27]. Here,ai/bi = 2 yields a 6% in-
crease over the circular case. Non-circular SiC fibres have a
higher tensile strength than that of the circular SiC fibres and
furthermore exhibit an excellent microwave-absorbing prop-
erty [28]. The stress-strain curves for three different angles,
i.e. βi = 0o,βi = 30o andβi = 60o are given in Fig. 11. The
three cases are also illustrated by small insertions. A slightly
stiffer response is predicted initially for decreasingβi-values,
such thatβi = 0o yields the highest stiffness andβi = 60o re-
sults in the lowest stiffness. This is believed to be relatedto
the finite stiffness introduced at the interface due to the co-
hesive law. Forβi = 60o is a large fraction of the interface in
the direction of the load, and this causes the effective overall
stiffness to be smallest. Focusing on the parts of the curves

that represent damage, 0.01. ε1 . 0.015, it can be seen, that
a largerβi-value has a positive impact on the curves. Both the
strain at which failure is occurring as well at the maximum
stress increases for increasingβi-values. Furthermore, the
sudden stress drop observed forβi = 60o becomes less steep
for βi = 30o and even more smooth forβi = 0o. This reflects
a mechanically more stable degradation. The largest drop
in stress is forβi = 60o (approximately 50% fromσ1 ≃ 60
MPa toσ1 ≃ 30 MPa) and well hereafter,ε1 & 0.015, is the
load carrying capacity largest forβi = 0o and smallest for
βi = 60o.

Finally are the contour plots of the maximum principal
strain,εmax, for all three cases of Fig. 11 provided in Fig.
12. The deformations are 3 times magnified. The contours
are very similar to the previous ones, where the matrix crack
forms at the tip of the interface crack. Furthermore, for all
three values of the orientation angle,βi , it can be observed,
that the matrix crack starts at the narrow end of the ellipti-
cal reinforcement and propagates to the edge in a direction
perpendicular to the applied load.

6 Conclusion
Failure of dual-phase materials is a field that has at-

tracted a lot of attention over the years due to the existenceof
a relatively large number of different failure modes. Exper-
iments have shown that for uniaxial transverse tension fail-
ure often occurs as interfacial debonding followed by matrix
cracking. These two failure mechanisms are numerically in-
vestigated in the present study.

A 2D unit cell approach with periodical boundary condi-
tion is used to represent perfectly stiff reinforcement embed-
ded in a purely elastic material. A cohesive zone approach
is adopted along the interface of the reinforcement, while the
A-FEM method is used to capture arbitrarily matrix crack-
ing. The strength properties are chosen such that the inter-
face of the reinforcement fails before the matrix. Hence, a
crack starts at the interface and eventually kinks into the ma-
trix. The ratio between the matrix strength and the interfa-
cial strength defines when this kinking initiates. However,
even for a 40 times larger ratio the angle relatively to the
loading direction of the kink is only changed by approxi-
mately 5o. [22] found experimentally, that the angle at which
the crack kinks into the matrix is approximately 60o −70o,
which is in rather good agreement with the simulations, Fig.
5. Even if multiple reinforcements are considered the angle
is practically unaffected.

Bi-axial loading has also been studied. In the load range
investigated only the case of fully equi-biaxial loading makes
the interface debond kink into the matrix by forming two ma-
trix cracks. These are positioned at each tip of the debond.
However, by further loading cases with lower triaxialities
may also eventually fail by two matrix cracks. The geometri-
cally anisotropic cases of elliptical reinforcement crosssec-
tions all show, that the crack kinks out at the narrow end of
the ellipse. This is seen for all reinforcement orientations
studied, see Fig. 12.
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Fig. 12. Contours of maximum principal strain, εmax, at ε1 = 0.018
in Fig. 11. Matrix cracks are shown by gray color and the deforma-

tions are 3 times magnified. a) β = 0o. b) βi = 30o. c) βi = 60o.

7 Discussion
For the sake of simplicity, isotropy has been assumed

for the constituents throughout the paper. Whereas the elas-
tic properties are most often isotropic, the fracture energies
may for some materials, e.g. epoxy, be different in normal
and tangent separation. The effects of having a larger nor-
mal strength compared to the tangential strength have been

studied. The main difference was seen, when two cracks
are formed, for instance whenκ > 0, Fig. 8. The first
crack to initiate is practically not affected, while the second
crack may form at another location away from the tip of the
debond. Forκ = 0, Fig. 5, it is observed that a second crack
forms at a lower overall deformation, but the first crack is
basically unaffected.

The present work ignores the effect of matrix plastic-
ity. Including plasticity is a non-trivial task and may require
the use of more advanced fracture mechanics models. The
Embedded Process Zone (EPZ) [24, 29, 30] uses a cohesive
model as an interface boundary condition between adjacent
solid elements. This technique suffers from being mesh-
dependent, but has the advantage of not necessarily know-
ing the crack path in advance. The SSV-model introduces an
elastic zone near the crack tip [31]. Within this zone stan-
dard Linear Elastic Fracture Mechanics (LEFM), where the
energy release rate should attain the work of fracture, is used.
However, the technique requires the location of the crack tip
to be known a prior.If plasticity effects were accounted for
a better agreement between experiments and the numerically
simulated matrix crack angle might be achieved. Plasticity
reduces the stress level for the same level of deformation,
or equivalently increases the deformation at the same level
of stress. Hence, larger deformations would be required in
the matrix in order to reach the critical failure stress and the
crack is expected to run further along the interface before
it eventually kinks in to the matrix at an angle closer to the
experiments.
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