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1. Abstract
Topology optimization was recently combined with anisotropic mesh adaptation to solve 3D minimum compliance
problems in a fast and robust way. This paper demonstrates that the methodology is also applicable to 2D/3D heat
conduction problems. A density filter is discretized with a finite volume method, which avoids issues with negative
design variables and facilitates a consistent formulation at the continuous level. Nodal design variables are used
and the objective function is chosen such that the problem is self-adjoint. There is no way around the book keeping
associated with mesh adaptation, so the whole 5527 line MATLAB code is published∗. The design variables as
well as the sensitivities have to be interpolated between meshes, but MATLAB does not support interpolation on
simplex meshes and it is thus handled as part of the local operations in the mesh adaptation. This functionality is
available for nodal as well as element-wise design variables, but we have found the former to be superior. Results
are shown for various discretizations demonstrating that the objective function converges and comparison to opti-
mizations with fixed meshes indicate significant benefit to the use of mesh adaptation, particularly in 3D. Out of
the 5123 statements only 100 is used for the actual optimization loop, 100 for 2D/3D geometry/mesh setup and
50 for the forward problem. It is thus feasible to use the script as a platform for solving other problems or for
investigating the details of the methodology itself.
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3. Introduction
Topology optimization is a design technique that allows extreme design freedom, which is why it is often combined
with additive manufacturing [1, 2]. The technique is popular within mechanical engineering, because it allows for
saving weight without sacrificing stiffness [3], but it has also been applied to problems within heat transfer [4, 5].
Structured meshes are often favoured due to their compatibility with supercomputers [6], but it has been shown
that it can be advantageous to take advantage of the flexibility offered by unstructured meshes [7]. The community
has a tradition for releasing small MATLAB scripts [8, 9].

Anisotropic mesh adaptation is used for accelerating simulations of front propagation within manufacturing,
blasting, supersonic flow, phase change, as well as viscoelastic and turbulent flow [10, 11, 12, 13, 14]. The meth-
ods of anisotropic mesh adaptation and topology optimization have previously been combined to solve problems
in structural mechanics [15, 16]. This work was based on an open source implementation of anisotropic mesh
adaptation [17] in MATLAB, but the metric computation, finite element analysis and the optimization itself was
not made available. Furthermore, a sensitivity filter was applied, which is an inconsistent approach that has been
demonstrated to work well in practice [18].

The paper is structured in four parts: First the governing equation and the optimization problem is introduced.
Then anisotropic mesh adaptation is described and after that the considered problem geometries and parameters
are introduced, followed by the results and a discussion. Finally, a conclusion is given.

4. Governing Equations
The heat equation can be written in vector notation,

Q = ∇ ·

q︷ ︸︸ ︷
(−κ∇T ), (1)

where Q is a source heat term, κ is the thermal conductivity, T is the temperature and q is the heat flux. It is easy
to impose Neumann boundary condition in the weak form

0 =
∫

Ω

Ttest [∇ · (−κ∇T )−Q]dΩ

∗https://github.com/kristianE86/trullekrul
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=
∫

Ω

κ∇Ttest ·∇T dΩ−
∫

Ω

TtestQdΩ+
∫

∂Ω

Ttest(qbnd · n̂)ds, (2)

where Ttest is a test function, qbnd is the heat flux on the boundary, Ω is the domain and ∂Ω is its boundary. We
either impose qbnd · n̂ = 0 or Ttest = 0 on Dirichlet boundary conditions, so the last term in equation (2) drops out.
We solve equation (2) using linear finite elements, see the MATLAB code in the fem heat function. Note that all
MATLAB code is fully vectorized.

The design is described by means of a design variable, ρ . We consider two materials with conductivity κmin
and κmax, which corresponds to ρ = 0 and ρ = 1, respectively. We wish to impose a minimum length scale and
thus apply a filter based on a Helmholtz type differential equation [19]

κ = κmin +(κmax−κmin) ρ̃
P, (3)

ρ̃ = L2
min∇

2
ρ̃ +ρ and 0 = ∇ρ̃ · n̂ on ∂Ω (4)

where ρ̃ is the filtered design variable, Lmin is the filter length and P is an exponent used to penalize intermediate
design variables. Note that the normal component of ∇ρ̃ is set to zero on the boundary of the domain. We discretize
equation (4) using the finite volume method, i.e.

0 =
∫

Ωe

ρ̃test
(
L2

min∇
2
ρ̃ +ρ− ρ̃

)
dΩe

=
∫

Ωe

ρ̃test(ρ− ρ̃)dΩe +
∫

∂Ωe

ρ̃testL2
min(n̂ ·∇ρ̃)dS, (5)

where Ωe is the domain of an element, dS is its boundary and ρ̃test is a test function, which is element-wise
constant. The gradients on the boundaries are estimated as sketched in figure 1, which means that the scheme is
monotone and conservative, but also inaccurate on unstructured meshes. The choice of a finite volume formulation
for ρ̃ avoids issues with negative design variables and simplifies evaluation of the integrals that go into the system
matrix of equation (2).

Figure 1: The finite volume method used to discretize equation (4) approximates the gradient using the vector,
xab between the mass centers of the elements. The MATLAB code used to solve equation (5) is available in the
fvm filter function.

5. Optimization
One can show that the following two objective functions are equivalent, i.e. they give rise to the same sensitivity
[4]

φ
′ =

∫
Ω

T dΩ

φ =
∫

Ω

κ(∇T )2dΩ (6)

We use the adjoint state method to calculate the continuous sensitivity of the objective function (6) with respect to
the design variable, see the appendix.

dφ

dρ
= ν , where ν = L2

min∇
2
ν− ∂κ

∂ ρ̃
(∇T )2 and (7)

0 = n̂ ·∇ν on ∂Ω.

In other words, we can calculate the sensitivity with respect to the filtered design variable explicitly, because the
problem is self-adjoint, but we have to apply the PDE filter (4) to this in order to get the sensitivity with respect to
the design variable itself. We have found that a continuous design variable field is advantageous in the context of
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anisotropic mesh adaptation. We thus store the design variables on the nodes of the mesh and therefore we use a
nodal discretization of ν

0 =
∫

Ω

νtest

[
ν +

∂κ

∂ ρ̃
(∇T )2

]
dΩ

+
∫

Ω

L2
min∇νtest ·∇νdΩ (8)

The MATLAB code for solving equation (8) is given in the fem filter function.
The sensitivity is negative everywhere, so we impose a volume constraint and the optimization problem can

thus be stated as

min
0≤ρ≤1 φ subject to

0 ≥ 1
Volfrac

∫
Ω

ρdΩ

/(∫
Ω

dΩ

)
−1 and

eq. (1) and (4).

For the optimizer, we use the optimality criteria described in [8], in fact the content of the optC function is taken
directly from this paper. The function supports constraints for the maximum design variable change, move limits,
but we do not make use of this functionality. Note that the optimality criteria uses discrete sensitivities and in the
implementation we thus use the product of ν and the volume of the design variables, see figure 2.

Figure 2: The continuous (left) and discrete (right) sensitivity is illustrated for a 2D heat conduction problem.
In the numerical representation the continous sensitivity is equal to the discrete sensitivity normalized with the
volumes of the individual design variables. The figure shows element wise constant design variables, but we use
nodal design variables.

We use an exponential continuation strategy in the penalization parameter P. The idea is to continuously
transition from a convex problem with a non-discrete optimal design variable field to a highly non-convex problem
with a discrete optimal design.

Pi = min
(

3
2i
N ,3
)

in 2D

Pi = min
(

4
2i
N ,4
)

in 3D

In other words, we use the first half of the total number of iterations, N, for the continuation.
We compute the functional,

ND =
∫

Ω

4ρ(1−ρ)∂Ω

/∫
Ω

∂Ω (9)

to quantify the non-discreteness of the design variable field [20], i.e. 100 % corresponds to ρ = 0.5 everywhere,
while 0 % is a perfect 0-1 design. Note, however, that the use of a nodal representation for the design variable
makes very low ND values difficult.

6. Anisotropic Mesh Adaptation

We use the implementation of anisotropic mesh adaptation given in [17], which applies the continuous mesh
framework [21] and thus takes a metric field stored at the nodes as input. The metric field, M defines a map from
real to metric space, where the ideal element has unit edge lengths, see figure 3. The metric thus describes the
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Figure 3: The figure shows how the metric, M , maps a perfect element between real and metric space.

optimal mesh in a continuous sense and we choose it such that the interpolation error of the continuous sensitivity,
ν , is minimized [22]

M =
1
η

det
(
|H|

ν

)− 1
2γ+3 |H|

ν

, where (10)

|H|
ν

= abs
(
H(ν)

)
.

γ is the norm of the interpolation error to minimize, η is a scaling factor, H computes the Hessian, det computes the
determinant and abs computes the absolute value of a tensor by taking the absolute value of its eigenvalues. Our
implementation represents the sensitivity (7) with continuous linear polynomials, so we apply a derivative recovery
technique twice to get a nodal representation of the Hessian and we use Galerkin projections for this purpose, see
the fem tri2xy and metric pnorm functions.

We apply the four local mesh operations sketched in figure 4. They generate elements with uniform density
and good quality as measured in metric space [23], see the elem qual function.

Figure 4: Four local mesh operations are sketched. All operations except coarsening are restricted to only
increase the worst local element quality. Only edge swapping is drawn in 3D. Note that we do not apply
face swapping, also known as 2-to-3 swapping. The operations are implemented in the MATLAB functions
adapt rm nd, adapt flipedg, adapt add nd, adapt add nd3D and adapt mv nd, all of which are called from
the adapt mesh function.

Curved boundaries can be represented using a signed distance function and this works well in 2D and for
convex geometries in 3D. However, concave 3D geometries are not robust, because one cannot know, if a boundary
vertex is on the correct boundary, when it is added or moved. This would require a distance function for every
geometrical entity, which would require substantial effort from the user. Therefore we resort to a polyhedral
geometry representation in 3D.

The following pseudo code sketches the methodology

[tri,xy,rho,P] = initialize();
simpF = ((3+do3D))ˆ(2./itertotal);
for ii=1:itertotal
rhof = fvm filter(tri,xy,rho,Lmin);
T = fem heat(tri,xy,rhof);
dOdrho = -P*(1.-kmin)*rhof.ˆ(P-1).* fem sq grad(tri,xy,T);
nu = fem filter(tri,xy,dOdrho,Lmin);
if ii < itertotal
M = metric pnorm(nu,eta);
[tri,xy,rho,nu] = adapt mesh(tri,xy,rho,nu,M);
[I,dem,demN] = elem inv(tri,xy);
end; %i.e. fix mesh in last iteration
nu = nu.*demN; %discrete sensitivity
rho = optC(rho, nu, demN./sum(demN), Tvol);
export vtk(tri,xy,rho,nu,T);
P = P * simpF; %exponential continuation
end;
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The mesh is thus adapted after the continuous sensitivity has been calculated, but before it is used in the optimizer.
We have found that it is critical to apply the correct technique to transfer the design variables and the continuous
sensitivity between meshes, so we defined a parameter, I, related to this: It is possible to apply the technology used
to maintain a nodal representation of the metric during the inner iterations of the mesh adaptation (I = 0). This
means that interpolation is used for refinement, while the nodal values are unaffected by smoothing. It turns out that
is much better to apply exact interpolation (I = 1), but MATLAB does not support interpolation on unstructured
simplex meshes. We thus extended the functionality of the mesh adaptation, so that it returns a map from every
node in the new mesh to an element in the old mesh. This map can be maintained during the mesh adaptation by
exploiting that, we can guess an old element close to the new node position during the smoothing and refinement
operations. If the guess is not correct, it is possible to iterate towards the correct element as illustrated in figure 5.
This functionality is available through the MATLAB function elem find, which makes use of the interpolation
function elem interp.

Figure 5: The figure shows the procedure to find the dashed element containing a certain coordinate, when an
initial guess is available. The lines show that the center of mass of the element can be combined with its vertices
such that the domain is divided into three subdomains (four subdomains in 3D). Depending on the subdomain in
which the coordinate lies, the guess is then moved to one of the neighboring elements.

6. Setup
We consider the 2D and 3D geometries sketched in figure 6. For the 3D case we impose Dirichlet boundary
conditions on ρ̃ and ν , because we want to be able to make a design that only connects to the boundary where
T = 0.

Figure 6: The setup for the 2D and 3D heat conduction problems are sketched with the Dirichlet boundary condi-
tions in blue. The corresponding MATLAB functions are mesh pizza and mesh cake.

Equations (2) and (3) can be non-dimensionalized by introducing the dimensionless temperature, T̃

0 = κ̃∇̃
2T̃ + Q̃, κ̃ = κ̃min +(1− κ̃min) ρ̃

P where

T̃ =
κmax

R2Qchar
T and κ̃min =

κmin

κmax

that is to say that R, κmax and Qchar are taken to be a characteristic length scale, thermal conductivity and heating,
respectively. We show results for different values of η , Volfrac, Lmin and κmin, but fix

Q̃ = 1, γ = 2, r1 = 0.1R, θ = π/5 in 2D
Q̃ = 1, γ = 2, r1 = 0.7R,

rw = 0.9R, z1 = 0.9R, r2 = 1.6R in 3D

The published MATLAB function, top 5000, takes the following input

#1 η , the scaling factor for the metric field in equation (10).
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#2 Lmin/R, the filter length in equations (4) and (8).
#3 Volfrac, the volume fraction of allowed material.
#4 a boolean variable for controlling the problem dimensionality, true for 3D.
#5 z1/R, geometric parameter for the 3D problem.
#6 rw/R, geometric parameter for the 3D problem.
#7 r1/R, geometric parameter.
#8 r2/R, geometric parameter for the 3D problem.
#9 hi/R, initial mesh size.

#10 N, the total number of iterations.
#11 κ̃min, the thermal conductance for ρ̃ = 0.
#12 θ , geometric parameter.
#13 a string specifying the name of the output directory.
#14 boolean argument, I, for enabling exact interpolation between meshes.
#15 an optional argument limiting the change of design variables between iterations.
#16 optional boolean input for disabling adaptivity.

No η L̃min Volfrac 3D z̃1 r̃w r̃1 r̃2 h̃i N κ̃min θ I
1 NA 0.005 0.5 no 0.1 1/600 300 10−3 π/5 1
2 0.004 0.005 0.5 no 0.1 0.05 212 10−3 π/5 0
3 0.004 0.005 0.5 no 0.1 0.05 212 10−3 π/5 1
4 0.002 0.005 0.5 no 0.1 0.05 300 10−3 π/5 1
5 0.001 0.005 0.5 no 0.1 0.05 424 10−3 π/5 1
6 NA 0.07 0.1 yes 0.75 0.7 0.5 1.5 0.025 400 10−3 π/4 1
7 0.8 0.07 0.1 yes 0.75 0.7 0.5 1.5 0.1 200 10−3 π/4 0
8 0.8 0.07 0.1 yes 0.75 0.7 0.5 1.5 0.1 200 10−3 π/4 1
9 0.4 0.07 0.1 yes 0.75 0.7 0.5 1.5 0.1 283 10−3 π/4 1

10 0.2 0.07 0.1 yes 0.75 0.7 0.5 1.5 0.1 400 10−3 π/4 1
11 0.4 0.07 0.1 yes 0.75 0.7 0.5 1.5 0.1 283 2 ·10−4 π/4 1
12 0.4 0.07 0.2 yes 0.75 0.7 0.5 1.5 0.1 283 10−3 π/4 1
13 0.2 0.007 0.1 yes 0.75 0.7 0.5 1.5 0.1 400 10−3 π/8 1

Table 1: All of the investigated parameter combinations are listed.

Table 1 lists all tested parameter combinations.

7. Results and Discussion
The design variables, sensitivity and temperature are all exported to XML VTK format during the optimization
using the export vtk binary function. The final 3D designs are exported to STL format using the export stl

function, which extracts the surface of the volume where 0.5 ≤ ρ . The optimization results are plotted with a
title containing the number of iterations, i, the objective function, the number of nodes, total computational time
in hours† and the non-discreteness measure given in equation (9). Note that we use the default direct solver of
MATLAB for all of the linear systems and never apply multi-threading.

The 2D optimizations are shown in figure 7 and the objective functions are plotted in figure 8 (left). Adaptivity
does not seem to affect the number of branches, but the optimization somehow progresses such that better designs
are found. The objective function converges from above, but the effect of the adaptivity is larger than the error due
to spatial discretization errors. The non-discreteness measure, ND, is significantly lower for the fixed mesh, but
this discrepancy seems to decrease with mesh refinement.

Figure 9 and 8 (right) show the designs and objective functions for the 3D optimizations with η = 0.8, η = 0.4
and η = 0.2. The result of the corresponding optimization with a fixed mesh is shown to the left in figure 11. The
results are aligned with the 2D results, except the adaptive simulations are even more superior due to the possibility
of stretching elements in 2 rather than 1 dimension. Note that the relative magnitude of the oscillations in figure 8
(right) are significantly smaller than in [16], which might be attributed to the consistent formulation. This can also
explain that we are able to decrease the non-discreteness with mesh refinement, something not seen in [16]. The
objective function tends to plateau faster for the adaptive optimization compared to the optimization with a fixed
mesh, which is possibly due to fast convergence on the coarser intermediate meshes associated with the adaptive
optimizations.

†on a Intel Xeon E5-2680 (2.80 GHz).
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Figure 7: The 2D optimizations without and with adaptivity (No 1, 3, 4, 5) give rise to different designs, but the
adaptive approach takes less time and gives a better objective function. The characteristic edge length for the fixed
mesh is Lmin/3.

Figure 8: The graph shows the evolution of the objective functions for the 2D and 3D optimizations (left and right,
respectively). The adaptive computations give rise to significantly better designs than the computations with a
fixed uniform mesh (No 1 and 6).

The design variables and sensitivities can be transferred between meshes using a fast heuristic approach (I = 0),
but this leads to a rough design with a bad objective function as shown in figure 10. However, the actual design is
similar in 2D, and in 3D it is identical if one considers the reflection over the insulating boundary.

We show the effect of changing κ̃min to the right in figure 11, while the effect of changing Volfrac and L̃min is
shown in figure 12. They all result in more branching compared to figure 9.

Finally, the pie chart in figure 13 shows that the adaptive simulations are superior despite the fact that the
adaptation takes 90 % of the computational time. This is consistent with with the 30 % used for filtering and
solving a linear elasticity problem in [16]. The number could probably be reduced by an order of magnitude using
a C++ implementation [15].
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Figure 9: The result of three optimizations (No 8, 9 and 10) with η = 0.8, η = 0.4 and η = 0.2.

Figure 10: The result of optimizing with approximate interpolation (No 2 and 7) is shown.

Figure 11: Optimization No 6 (left) with a fixed mesh gives a unique design with a rough surface. The characteristic
edge length of the mesh is Lmin/2.8. The optimization with κ̃min = 2 ·10−4 (No 11, right) results in somewhat more
branching than κ̃min = 1 ·10−3 (see figure 9).

8. Conclusion
We have accelerated 2D/3D optimization of heat conduction using anisotropic mesh adaptation. Comparison to
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Figure 12: The result of optimization No 12 with Volfrac=0.2 is shown to the left. Setting L̃min = 7 ·10−3 (No 13).
Results in more branching and a lower ND value compared to L̃min = 7 ·10−2 (see figure 9).

Figure 13: The pie charts shows that the mesh adaptation and the related metric computation take up more than
90 % of the total computational time for optimization No 10, which has 18,713 nodes on average. The optimality
criteria and various file I/O takes 0.3 % of the computational time.

optimization with fixed meshes indicate that the mesh adaptation is a significant advantage, even if it takes up 90
% up of the computational time with the published MATLAB implementation.

A consistent formulation was applied and this reduced the amplitude of the oscillations in the objective through-
out the optimization as compared to the state-of-the-art. The implementation required interpolation of the design
variables and the sensitivities between meshes and this was handled as part of the local mesh operations.

Although the MATLAB implementation contains some 5123 statements, the bulk of them are related to the
mesh adaptation and only 53 are used for solving the heat conduction problem, so it it will require little program-
ming to apply the methodology for other applications.
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11. Appendix
Equation (1) can be reformulated by multiplying with a Lagrange multiplier, λ ,

0 =
∫

Ω

λ [∇ · (−κ∇T )−Q]dΩ

=
∫

Ω

∇λ ·κ∇T dΩ−
∫

Ω

QλdΩ+
∫

∂Ω

λ (

qbnd︷ ︸︸ ︷
κ∇T · n̂)ds. (11)

We now consider a variation in the design variable, δρ , which gives rise to a variation in the filtered design variable,
δ ρ̃ and thus a variation in equation (11). Defining λ to be orthogonal to this variation gives

0 =
∫

Ω

∇λ ·
[

∂κ

∂ ρ̃
∇T +κ

∂∇T
∂ ρ̃

]
δ ρ̃dΩ+

∫
∂Ω

λ

(
∂qbnd

∂ ρ̃
· n̂
)

δ ρ̃ds. (12)

By subtracting equation (12) from the variation of equation (6), we arrive at the variation of the objective function,

δφ =
∫

Ω

[
∂κ

∂ ρ̃
(∇T )2 +2κ∇T · ∂∇T

∂ ρ̃

]
δ ρ̃dΩ−

∫
Ω

∇λ ·
[

∂κ

∂ ρ̃
∇T +κ

∂∇T
∂ ρ̃

]
δ ρ̃dΩ

−
∫

∂Ω

λ

(
∂qbnd

∂ ρ̃
· n̂
)

δ ρ̃ds

=
∫

Ω

∂∇T
∂ ρ̃

[2κ∇T −κ∇λ ]δ ρ̃dΩ+
∫

Ω

∂κ

∂ ρ̃
∇T [∇T −∇λ ]δ ρ̃dΩ

−
∫

∂Ω

λ

(
∂qbnd

∂ ρ̃
· n̂
)

δ ρ̃ds, (13)

so if we set

λ = 2T,

the first integral in equation (13) drops out. The last term also drops out, because λ = 0 holds at the Dirichlet
boundary and otherwise we have qbnd = 0. We thus arrive at

δφ = −
∫

Ω

∂κ

∂ ρ̃
(∇T )2

δ ρ̃dΩ,

which we can easily relate to the variation in the design variable using the chain-rule

δφ = −
∫

Ω

∂κ

∂ ρ̃
(∇T )2 ∂ ρ̃

∂ρ
δρdΩ (14)

We now introduce another Lagrange multiplier, ν , and multiply it with equation (4)

0 =
∫

Ω

ν
(
L2

min∇
2
ρ̃ +ρ− ρ̃

)
dΩ

= −
∫

Ω

∇ν ·L2
min∇ρ̃dΩ+

∫
Ω

ν(ρ− ρ̃)dΩ+
∫

∂Ω

ν(

0︷ ︸︸ ︷
∇ρ̃ · n̂)ds

=
∫

Ω

ρ̃(L2
min∇

2
ν)dΩ+

∫
Ω

ν(ρ− ρ̃)dΩ+
∫

∂Ω

ρ̃(∇ν · n̂)ds. (15)

Defining ν to be orthogonal with respect to variations in the design variable yields

0 =
∫

Ω

∂ ρ̃

∂ρ

(
L2

min∇
2
ν−ν

)
δρdΩ+

∫
Ω

νδρdΩ+
∫

∂Ω

∂ ρ̃

∂ρ
(∇ν · n̂)δρds (16)
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Adding equations (14) and (16) gives

δφ = −
∫

Ω

∂κ

∂ ρ̃
(∇T )2 ∂ ρ̃

∂ρ
δρdΩ+

∫
Ω

∂ ρ̃

∂ρ

(
L2

min∇
2
ν−ν

)
∂ρdΩ+

∫
Ω

νδρdΩ

+
∫

∂Ω

∂ ρ̃

∂ρ
(∇ν · n̂)δρds

=
∫

Ω

∂ ρ̃

∂ρ

[
L2

min∇
2
ν− ∂κ

∂ ρ̃
(∇T )2−ν

]
δρdΩ+

∫
Ω

νδρdΩ+
∫

∂Ω

∂ ρ̃

∂ρ
(∇ν · n̂)δρds,

so the variation in the objective function becomes

δφ =
∫

Ω

νδρdΩ, where (17)

ν = L2
min∇

2
ν− ∂κ

∂ ρ̃
(∇T )2 and n̂ ·∇ν = 0 on ∂Ω.
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