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Abstract

The full three-dimensional stress state of 172 individual bulk grains in austenitic stainless steel 316L 
at 0.1 and 1% sample elongation has been determined with sufficient accuracy to allow comparison 
with the theoretical Bishop-Hill stress states for plastically deforming grains as well as calculation 
of the resolved shear stresses on the individual slip systems. At 0.1%, the resolved shear stresses 
exhibit quite large variations between grains of similar orientation. When averaging over similarly 
oriented grains, the resolved shear stresses correspond to the Schmid factors for uniaxial tension. At 
1%, only about half of the grains were close to a Bishop-Hill stress state. The stress state of the other 
half of the grains was closer to the applied uniaxial stress, in between Bishop-Hill states, or in some 
cases none of these. The orientation dependence of the assigned stress states deviate somewhat from 
the theoretical expectation. These deviations are found to originate from a larger tensile stress 
component than in the theoretical Bishop-Hill stress states and to be associated also with deviations 
from axisymmetric plastic strain. This conclusion was supported by finite-element crystal plasticity 
simulations. 

Keywords
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1 Introduction

The evolution of deformation textures in metals has a large impact on the properties of the metal, in 
particular mechanical anisotropy [1–3]. Thus, texture optimization is an important industrial field, 
and even small texture variations between batches may have large consequences. The ability to 
predict the texture evolution and the associated properties has therefore been the goal of much 
research. For this purpose, polycrystal plasticity models of increasing complexity have been proposed 
and evaluated. These models differ in the basic assumptions about grain interactions. Increasingly 
complex and detailed interactions have been included in the modelling. The classical Taylor/Bishop-
Hill model [4,5] from the first half of the twentieth century assumed that all grains deform with the 
same strain. Later, relaxed constraints models [6,7] have been developed to allow for fluctuations in 
certain strain components, physically motivated by elongated grain shapes. Also self-consistent 
models [8,9], which take the interaction between all grains of a certain orientation and a matrix 
representing the average behaviour of all other grains in the sample into account, have been derived. 
It is common to these models that their input and output are in the form of discretised bulk textures, 
which only give the volume fraction of material with specific crystallographic orientations. Although 
many of these models are quite successful at the level of bulk textures, they do not take the real three-
dimensional grain structure into account.

With the advent of finite-element-based [10–12] and Fourier-transformation-based [13] crystal 
plasticity, interactions between large ensembles of grains with different orientations, sizes and shapes 
can be modelled in more detail. While texture predictions may still be refined, the influence of local 
heterogeneities in the deforming grain structure on the nucleation and propagation of damage and 
eventually fracture also receives attention [14–16]. For the aforementioned purposes, studies of 
individual grains are necessary, and therefore more information on the three-dimensional grain 
structure is desired. 

By means of synchrotron radiation and three-dimensional X-ray diffraction (3DXRD) microscopy 
[17], three-dimensional maps of the grain structure can be obtained.  Each grain in such a map may 
be characterized with respect to e.g. crystallographic orientation, size and position as well as mean 
elastic strain tensor. As the technique is non-destructive, the evolution of these parameters during e.g. 
a tensile test may be monitored [15,18–23]. Comparison of the experimental grain structure evolution 
with model predictions is important both for validating the models and as inspiration for model 
improvement.

A fundamental issue in every crystal plasticity model is the prediction of the active slip systems in 
each grain, i.e. the crystallographic planes and directions in which dislocation glide leads to a 
permanent shape change of the crystal. The 3DXRD technique is not yet capable of monitoring 
gliding dislocations in each grain of a polycrystal, although progress in this direction is rapid [24]. 
The lattice rotation associated with the plastic deformation may, however, be monitored and 
employed to deduce the active slip systems. This is an indirect method, and unfortunately, the lattice 
rotations do not map uniquely to the active slip systems for a number of reasons. A major obstacle is 
that the local plastic strain tensor is not determined by the diffraction (but may be monitored in 
parallel by tomographic techniques [25]). The fact that not even the number of active slip systems 
can be taken as a known quantity further complicates the analysis. 

According to the classical models by Taylor and Bishop-Hill, five linearly independent slip systems 
are in general needed to obtain an arbitrary strain. Activation of a slip system requires that it is 
critically stressed, i.e. that the shear stress resolved on the slip system exceeds a threshold value. In 
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face-centred-cubic metals, there will always be either six or eight slip systems that are critically 
stressed under the arbitrary strain requirement. A total of 28 so-called Bishop-Hill stress states with 
six or eight critically stressed systems exist, but due to symmetry this number may be restricted to 
five. In uniaxial tension, grains with all five stress states are expected, depending on the 
crystallographic direction of the tensile axis. By contrast to the Taylor/Bishop-Hill model, relaxed 
constraint models, self-consistent models and finite-element-based crystal plasticity models often 
predict fewer than five active slip systems in a grain because these models do not assume that all 
grains deform with the same plastic strain increment. 

A direct way of investigating which slip systems may be active in each grain is to investigate the 
stress state of the grain. From experimentally measured elastic strain tensors of individual grains by 
3DXRD, the mean stress state (Type II stress [26]) may be calculated by means of the single crystal 
elastic constants. Subsequent calculation of the resolved shear stresses (RSS) on individual slip 
systems is then possible. 

The aim of the present paper is to employ 3DXRD microscopy to determine the resolved shear 
stresses – and thus the potentially active slip systems – in a face-centred cubic metal under tensile 
loading at 0.1% deformation (presumably in the elasto-plastic regime) and 1% deformation (well into 
the plastic regime). While all grains in the sample are analysed, special focus is on grains of five 
specific orientations. These are selected to compare the experimental data with the five theoretical 
Bishop-Hill stress states. Finally the experimentally determined stress states are compared to 
predictions by finite-element-based crystal plasticity modelling with the experimentally investigated 
grain structure as input.

The material selected for this study of RSS in face-centred cubic metals is an austenitic stainless steel. 
This material is preferred over other classical representatives of the face-centred cubic metals, like 
copper and aluminium, because of the significantly larger elastic strains, defined by the ratio between 
the yield stress and elastic modulus. The elastic strains are therefore easier to measure accurately, 
meaning also an improved accuracy of the determined RSS-values. In addition, from an application 
point of view austenitic stainless steels are widely used because of their high formability, mechanical 
strength and good corrosion resistance.

2 Experimental 

The sample material is a fully recrystallized austenitic 316L stainless-steel, with an average grain 
diameter of 70 µm. A tensile sample with a cross-section of 0.7 x 0.7 mm2 and a gauge length of 8 
mm was produced by electric discharge machining.

The 3DXRD experiment was conducted at Cornell High Energy Synchrotron Source (CHESS) at 
beamline F2. A schematic of the setup is included in Figure 1b. The detector was a GE Revolution 
41RT [27], with a pixel size of 200 µm x 200 µm distanced 700 mm from the sample. The sample 
was illuminated with a box beam defined by a 0.10 mm vertical by 2.0 mm horizontal slit. The energy 
of the beam was 56.618 keV. The load frame RAMS2 (Rotation and Axial Motion System, 2nd build) 
[28] was used to load the sample in uniaxial tension while simultaneously allowing illumination of 
the sample over a rotation range of 360° in  with a sampling interval of 0.25°. In total five layers 
along the vertical 3-direction were scanned. The exposure time was 0.5 s per image, leading to a total 
scan time of 12 minutes per 0.10 mm section.
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The loading history of the sample was recorded using a digital image correlation (DIC) system [29] 
and a load cell. The stress-strain curve in Figure 1 presents the maximum stress reading after each 
loading step. Relaxation of the mechanical system was observed, but steady state was reached within 
a few minutes, i.e. before any 3DXRD data were recorded. At 1% deformation, the maximum tensile 
stress was 237 MPa, which after a few minutes had dropped to 199 MPa. After several hours the value 
was 197 MPa. The diffraction data was obtained for several load steps up to 5%. At 0.1% deformation 
the 3DXRD measured volume weighted elastic strain along the tensile axis is 0.097±0.003%. This 
indicates that elastic deformation prevails in most grains. At 1% deformation, the elastic tensile strain 
is about 10% of the total tensile strain.

3 3DXRD data analysis

For the reconstruction of the diffraction data, the FABLE software package was used [30]. The initial 
indexing of the diffraction spots to individual grains was conducted with GrainSpotter [31] for the 
undeformed state of the sample. The centre of mass (CMS) positions, orientations, relative volumes 
and elastic strains of individual grains at all load steps were fitted using FitAllB [32]. 

The reconstruction and fitting of the data is performed one layer at a time. In order to have a coherent 
map corresponding to the illuminated volume, the reconstructed layers must be merged into one map. 
This is done by comparing centre of mass and orientation of each grain segment in the neighbouring 
layers. Segments were merged into 3D grains if the distance between CMS was smaller than 100 µm 
for 0%-0.1% deformation and 120 µm for 1%, and at the same time the misorientation should be 
smaller than 0.2° and 0.7°, respectively. The strain and stress components of the merged grains are 
then obtained as the volume weighted average strain and stress components for each part of the grain. 
Details on the number of grains and indexed spots are listed in Table 1.

For each grain, the type II stress tensor was calculated based on the fitted elastic strains using the 
elastic constants:  = 206 MPa,  = 133 MPa, and = 119 MPa [33]. Error bars and covariance 𝑐11 𝑐12 𝑐44
matrices on these parameters are estimated by the FitAllB program, see Table 1. The volume-
weighted stress along the tensile axis is 174 MPa at 0.1% elongation and 205 MPa at 1%. These 
numbers agree well with the corresponding stress data from the load cell of 167 and 197 MPa, 
respectively, after relaxation. The mean error bars on the determined stress components are smaller 
than 10% of the stress along the tensile axis for deformation up to 1%. At 3% deformation the error 
bars increase substantially due to smearing of the diffraction spots caused by intragranular orientation 
spread. 

The resolved shear stresses for the twelve slip systems of the {111}<110> family listed in Bishop-
Hill notation in Table 2 were determined from the full stress tensor for each grain. Error bars on all 
resolved shear stress components have been derived based on the covariance matrices from FitAllB 
and the relevant coordinate transformations. The mean error bars of the RSS at 0.1% and 1% 
deformation are 16 and 20 MPa, respectively. In order to compare the set of critically stressed slip 
systems in all the grains, the same variant of the 24 symmetrically equivalent crystallographic 
orientations was selected for all grains, namely the one with the tensile axis lying in the stereographic 
triangle spanned by [100]-[110]-[111]. In this triangle, slip system –b2 is expected to be the primary 
system. 

Surface grains were excluded from the analysis to avoid relaxation effects at the free surface or 
residual stresses induced by the sample preparation. These grains were identified from the previously 
published 3D grain map constructed based on the near-field data [34]. A grain was classified as a 



ACCEPTED MANUSCRIPT

5

surface grain if 20% or more of its volume was within 10 µm of the free sample surface. In addition, 
all grains touching more than one sample surface were excluded, irrespective of their volume. It was 
verified by comparison with the other grains that the grains with less than 20% of the volume close 
to the surface did not exhibit extreme stress states. This is attributed to the measurement of the mean 
stress state of the grain (type II). After exclusion of 116 surface grains and further exclusion of 69 
grains with relative error bars larger than 50%, 172 grains are included in the analysis.

4 RESULTS

4.1 General characterisation of stress states
Figure 2 shows the grain-resolved elastic strain and stress along the tensile axis (3-axis) at both 0.1 
and 1% deformation. It is seen that both strain and stress show substantial variations between grains. 
In general, however, the strain is highest and the stress lowest near [100]. Both the elastic strain and 
stress values increase with the sample elongation as expected. The stress/strain partitioning between 
grains from 0.1% deformation to 1% is qualitatively the same. This is in agreement with the fact that 
[100] is the elastically most compliant orientation and also the plastically softest. 

Figure 3 presents three different parameters that are often employed to characterize a stress state, i.e. 
the coaxiality [15,35], the triaxiality [14,15] and the Lode angle [36]. The coaxiality is the angle 
between the uniaxial tensile stress applied to the entire sample and the measured stress, which is 
calculated for each grain from the elastic strain. Both are represented as the six-dimensional stress 
vectors [11 22  33  12  13  23 ]:

Equation 1𝑐𝑜𝑎𝑥𝑖𝑎𝑙𝑖𝑡𝑦 = 𝑎𝑐𝑜𝑠(  𝜎𝑎𝑝𝑝𝑙𝑖𝑒𝑑 ∙ 𝜎𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

|𝜎𝑎𝑝𝑝𝑙𝑖𝑒𝑑||𝜎𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑|)
The triaxiality and the Lode angle are defined based on invariants to the stress tensor, , and the 
deviatoric stress tensor, ’:

𝐼1 = 𝑡𝑟(𝜎)

𝐽2 =
1
6[(𝜎'11 ‒ 𝜎'22)2 + (𝜎'11 ‒ 𝜎'33)2 + (𝜎'22 ‒ 𝜎'33)2] + (𝜎'12

2 + 𝜎'13
2 + 𝜎'23

2)

  Equation 2𝐽3 = 𝑑𝑒𝑡(𝜎')

The triaxiality is defined as the ratio between the hydrostatic pressure and the von Mises stress, i.e.

.          Equation 3                                     𝑡𝑟𝑖𝑎𝑥𝑖𝑎𝑙𝑖𝑡𝑦 =
𝐼1

3 3𝐽2

The Lode angle is a measure of the magnitude of the intermediate principal stress component 
compared to the major and minor components. It may be defined in different ways and the following 
form is employed here:
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   Equation 4𝐿𝑜𝑑𝑒 = 𝑎𝑠𝑖𝑛(𝐽3

2(3
𝐽2

)1.5) 3

For uniaxial stress, the coaxialty is 0, the triaxiality 1/3 and the Lode angle /60.52. 

At 0.1% elongation, the macroscopically applied uniaxial and measured grain-resolved stresses are 
in general not coaxial, as evidenced by the mean coaxiality value of 18°. Furthermore, no particular 
orientation dependence is observed in Figure 3a). At 1% the mean coaxiality has decreased to 16° 
and an orientation dependence can now be discerned in Figure 3b). The coaxiality angle has decreased 
substantially near [100], increased near [110] and in the middle of the triangle, whereas it has the 
same relatively low value near [111] as for 0.1%. 

At 0.1% elongation, the triaxiality is high near [100] and low near [110], see Figure 3c). About half 
of the grains are within 1.5 error bar from the value of 1/3 for uniaxial tension. These grains are spread 
out over the entire triangle. When looking at the Figure 3d) for 1% elongation, the general picture is 
the same, except that the triaxiality near [100] in general approaches 1/3, whereas the tendency for 
triaxialities significantly lower than 1/3 has increased a little near [110].

The Lode angle has the highest values near the [100]-[111] line at 0.1% elongation and the lowest 
close to [110], see Figure 3e). The orientation dependence becomes even more pronounced at 1%.  
As seen in Figure 3f) values close to 0.52 indicating a uniaxial principal stress state are found near 
[100] and [111], whereas lower values are observed at the middle of the [100]-[111] line. The lowest 
values approaching 0 are observed near [110]. This value corresponds to a plane stress or shear 
condition.  

In summary, the investigated parameters indicate a fairly uniaxial stress state in many grains near 
[100] and [111]. By contrast, grains near [110] exhibit higher coaxiality angles, lower triaxiality and 
also lower Lode parameters, all of which reveal pronounced deviations from the macroscale uniaxial 
stress state.

4.2 Detailed analysis of selected grain orientations
In order to investigate the stress states in more detail, grains within 10° of [100], [110] and [111] and 
5 of [321] and [19 5 1] were selected for closer analysis. The positions and expected Bishop-Hill 
stress states of the five orientations are illustrated in Figure 4. Their Schmid factors in uniaxial tension 
are listed in Table 3. Table 4 lists the critically stressed slip systems in the Bishop-Hill stress states. 
For the [110], [111] and [100] orientations, 4, 6 and 8 slip systems have the same Schmid factor, 
respectively. For [111] and [100] these also coincide with the systems of the expected Bishop-Hill 
stress states. The [321] orientation has the largest ratio between the Schmid factors of the most 
stressed primary system and the second most stressed one. In addition, [321] is close to the theoretical 
borderlines between three Bishop-Hill states. Finally, [19 5 1] is investigated as representative for the 
last Bishop-Hill stress state. 

In the following, the measured RSS, including error bars, for all slip systems in a grain are presented 
in a histogram. In order to present the data in a condensed, yet representative manner, histograms for 
three grains are shown for each orientation. These three grains are selected to illustrate the variations 
among the grains in each orientation range. In addition, a histogram presenting the RSS for each slip 
system averaged over all grains in the selected orientation range near the ideal orientation are 
included. RSS-values for both 0.1 and 1% strain are presented. The Bishop-Hill systems are marked 
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in colour in the histograms. A lower bound on the critical RSS at yield is determined to be 72 MPa 
as the ratio between 0.2 in the stress-strain curve in Figure 1 and the Taylor factor of 2.97 calculated 
by the standard Taylor/Bishop-Hill model. In order to accurately simulate the stress-strain curve in 
the finite-element crystal plasticity software Warp3D (see Figure 1 and section 5.3), a critical RSS at 
yield of 85 MPa was employed. This corresponds to a ratio between 0.2 and the critical RSS of 2.5. 
Using the same ratio to estimate the critical RSS from the macroscopic stress of 230 MPa at 1% 
deformation gives 92 MPa. For reference, the estimated critical RSS is marked by a horizontal line 
in each histogram.

Figure 5 shows RSS for the selected 22 grains close to [100]. At 0.1% deformation, the variations 
between the grains are quite large. Grains A and B represent the majority of the grains by having high 
RSS-values on the eight slip systems proposed by both Schmid and Bishop-Hill. However, the RSS-
values are not the same for all systems. Grain C has a different configuration with only a few highly 
stressed systems. The mean configuration for the 22 grains studied closely matches the corresponding 
mean Schmid factors. When plastically deformed at 1%, the difference between the systems has 
levelled out in grains A and C. These two grains come close to the expected Bishop-Hill stress state 
(-BH2) where the eight slip systems are almost equally highly stressed within the error bars, while 
the remaining systems have a negligible RSS. This is the general case as demonstrated by the mean 
values for all grains. Grain B represents the few grains with less than eight critically stressed systems. 

Seven grains within 4-10 of [111] were characterised. This deviation makes the distribution of 
Schmid factors much less symmetrical than for the ideal [111]. Interestingly, the mean measured 
RSS-values at 0.1% deformation, presented in Figure 6, closely match the mean distribution of 
Schmid factors. Yet, the three selected grains exhibit fairly large variations. In particular, grains E 
and F have higher shear stress values resolved on the a-family of slip systems (i.e. on the (111) slip 
plane), than on the c-systems. After 1% deformation, the RSS for half of the grains are high for all 
six systems expected, as exemplified by grain D. Grains E and F only have five highly stressed 
systems. On average, however, all seven investigated grains have six highly stressed systems and six 
systems with vanishing RSS, in agreement with the expected Bishop-Hill stress state (BH28). 

Figure 7 shows the RSS values for the 19 selected grains within 10° of [110]. In this orientation, four 
systems have high Schmid factors, while the expected Bishop-Hill stress state (BH6) has eight 
critically stressed systems. At 0.1% deformation, grains G and I have resolved shear stresses 
corresponding to the Schmid factors, which is also the mean result for the 19 grains. In grain H, only 
two systems have high RSS-values, six intermediate values and four systems are practically 
unstressed. After 1% deformation, grain H has reached the expected Bishop-Hill state with eight 
critically stressed systems. This stress state was found for a third of the grains. Grain G is the only 
grain in which the resolved shear stresses still correspond to the Schmid factors with only four high 
values. Grain I has resolved shear stresses that lie in between grains G and H, i.e. a stress state in 
between the Schmid factors and the expected Bishop-Hill state. Grain I is representative for the 
majority of the grains, meaning that on average, the 19 grains have four critically stressed systems 
corresponding to the Schmid factors but substantial RSS-values also on the four other systems in the 
expected Bishop-Hill state.

Figure 8 shows the RSS-values for the 26 grains oriented within 5° of [321]. The majority of these 
grains have orientations expected to have the same Bishop-Hill stress state as [110] oriented grains 
(BH6). However, grains expected to be in the two neighbouring stress states, BH17 and BH28, are 
also included. The three grains selected are all in the region expected to be in BH6. At 0.1% 
deformation, grain J has six highly stressed slip systems which correspond to the BH17 stress state. 
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Grain K has resolved shear stresses in close agreement with its Schmid factors. Grain L shows no 
agreement with any Bishop-Hill stress state or the Schmid factors. The mean resolved shear stresses, 
however, agree with the Schmid factors, when considering the error bars. At 1% deformation, grain 
J remains in BH17, grain K has changed to BH28 as expected for grains near [111], whereas grain L 
changed into BH6, expected for grains near [110]. The closest stress state for 13 of the grains is BH17, 
which is expected near the [100]-[111] line. According to the present data, however, it extends much 
further into the triangle than expected and dominates near [321] as also evidenced by the average 
RSS-values. The expected BH6 state is only found for 3 grains, while the BH28 state is found in 3 
grains. In addition, 4 grains lie between BH17 and BH28 or BH17 and BH6, whereas the stress states 
of 4 grains did not resemble any Bishop-Hill state. 

In Figure 9 the RSS-values for the grains within 5 of [19 5 1] are presented. None of the eight grains 
of this orientation are in a Bishop-Hill stress state, neither at 0.1% nor 1% deformation. At 0.1%, 
most grains have high RSS-values on –a2 and –b2, as also evidenced by the average RSS-values. The 
RSS-values of the other systems exhibit fairly large variations between the grains. Systems –a2 and 
–b2 are also those with the highest Schmid factors (>0.47), but five other systems have Schmid factors 
in the range 0.27-0.38 (see Table 3). Detailed inspection of the measured RSS-values at 1% 
deformation identifies only a single grain within 5 of [19 5 1] as being close to the -BH12 state 
expected from the orientation (grain M). Four of the eight grains are closer to the Bishop-Hill stress 
state found near [100] (e.g. grain N) and the remaining three, as exemplified by grain O, do not 
resemble any of the Bishop-Hill stress states (not even when considering all of the 28 possible states). 
On average the RSS-values at 1% resemble the average Schmid factors.

4.3 Bishop-Hill stress states
The analysis of individual grans in the previous section was conducted by visual inspection of the 
histograms of the RSS. In the present section, a qualitative comparison with the theoretical Bishop-
Hill stress states is carried out, encompassing the entire ensemble of 172 grains. For a grain to be in 
one of the theoretical Bishop-Hill stress states, all critically stressed systems in the Bishop-Hill stress 
state, RSSBH, must have identical high measured RSS-values and the RSS of the remaining systems, 
RSSR, must be vanishing. When comparing the experimentally measured RSS-values to the 
theoretical Bishop-Hill stress states, the experimental uncertainty must be considered. As a practical 
quantitative criterion, a threshold based on the mean error bar of the measured RSS in the grain, 
designated Kerr (K is a constant), was employed to determine the Bishop-Hill stress state. A Bishop-
Hill stress state is assigned to the grain if the following holds:

𝑚𝑎𝑥{𝑅𝑆𝑆𝐵𝐻} ‒ 𝑚𝑖𝑛{𝑅𝑆𝑆𝐵𝐻} < 𝐾 ∙ 𝑒𝑟𝑟

                                            Equation 5𝑚𝑖𝑛{𝑅𝑆𝑆𝐵𝐻} > 𝑚𝑎𝑥{𝑅𝑆𝑆𝑅}

𝑚𝑎𝑥{𝑅𝑆𝑆𝑅} < 𝐾 ∙ 𝑒𝑟𝑟

Physically, an increase in K corresponds to allowing larger variations between the critically stressed 
slip systems as well as larger values of the inactive system. To make a meaningful comparison, the 
minimum value of K is set to 2. Considering that the error bar on the resolved shear stress averaged 
over all systems in all grains is 20 MPa, compared to the expected critical resolved shear stress of 92 
MPa, a K-value of 3 is deemed the largest meaningful threshold. For K equal to 2, 51 of the 172 
grains (i.e. 30%) are in a Bishop-Hill stress state at 1% deformation. For K equal to 3, this number 
increases to 90 grains (52%). As a validation of the method it was verified that no grain was assigned 
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to two Bishop-Hill stress states for the same value of K. In addition, the grains determined to be in a 
Bishop-Hill state for K=2 are with very few exceptions found to be in the same state using K=3. 

The assignment of Bishop-Hill stress states for K=3 and 1% deformation is displayed in Figure 10, 
where also the theoretical subdivision from Figure 4 is included. The grains identified as being in a 
Bishop-Hill stress state are marked with circles, colour coded according to the determined Bishop-
Hill stress state. Crosses mark grains not in a Bishop-Hill stress state. The Bishop-Hill stress states 
are in particular found near [100], [110], [111] and at the centre of the stereographic triangle (near 
[321]). It is noteworthy that only three grains are found to be in the –BH12 state. 

By comparison with the theoretical orientation dependence in Figure 4 (corresponding to the 
background colour in Figure 10), it is seen that the experimental range of BH17 (grey colour) extends 
much further into the triangle than expected and covers a large part of the theoretical BH6 region. 
This represents a substantial change in the systems that may be candidates for slip activity. Not only 
is the number of critically stressed slip systems in BH6 reduced from 8 to 6 by removal of the systems 
–c1 and c2. In addition, systems a1 and d2 in BH6 are replaced with a3 and d3 in BH17. 

The experimental extension of –BH12 (orange colour) in Figure 10 is somewhat hard to determine as 
the only three grains found in this stress state more or less span the theoretical orientation range. 
However, it seems clear that –BH2 (red colour) dominates in most of this region. The change in slip 
systems from –BH12 to –BH2 is that –c1 and –d1 are replaced by –c2 and –d2. In fact the –BH2 
stress state closely resembles the distribution of high Schmid factors for uniaxial tension for the [19 
5 1] orientation.

5 Discussion

5.1 Accuracy of measurements
To employ the classification of Bishop-Hill stress states described in Equation 5, it is required that 
the error bars on the experimentally determined resolved shear stresses can be derived, and that these 
are less than approximately 20 MPa, considering that  = 85 MPa at 0.1% deformation. In the 𝜏𝐶𝑅𝑆𝑆
applied refinement program, FitAllB, the error estimation is based on assuming equal and diagonal 
covariance matrices for all observations (reflections) assigned to a specific grain, which has proven 
to work well for both simulations and experimental data [32], while other refinement codes work by 
propagating the experimental errors on individual reflections [37]. As can be seen from Table 1 and 
Figure 5-Figure 9, the stress error bars for the current experimental data are in fact within the desired 
range up to 1% elongation, while at 3% elongation the mean error bars on the tensile stress are four 
times higher and thus too large for meaningful comparison with Bishop-Hill stress states.

Previous 3DXRD experiments on elastically deformed IF steel to a stress of 60 MPa [32] and 1.4% 
plastically deformed copper [38] were performed with limited rotation ranges (2120) because of 
the geometry of the load frame. This resulted in asymmetric error bars in the stress components 
normal to the tensile axis, twice and three times the error bars in the tensile direction, respectively. 
This effect is also shown for relative percent errors in fitted stretch tensors based on simulated data 
for rotation ranges of 60 and 120, while it is much less pronounced for a 180 rotation range [39]. 
The 360 illumination of the sample performed in the present experiment eliminates this asymmetry, 
and the two components normal to the tensile axis both have the value listed in Table 1. In addition, 
the error bars of the normal stress components are only 50% larger than for the tensile stress, 
presumably because of the more than 200 reflections assigned to each grain. Despite the obvious 
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advantages of the 360 illumination allowed by the RAMS2 load frame [28] it should be mentioned 
that resolved shear stresses on individual twinning and slip systems in hexagonal close packed metals 
(Mg, Ti and Zr deformed to a maximum of 2.8%) have successfully been measured using limited-
range 3DXRD in the past [40–44]. 

5.2 Stress states of the grains
At 0.1% deformation in the elastic regime the resolved shear stresses vary considerably from grain to 
grain, even for grains of similar orientation. However, when averaging over similarly oriented grains 
the resolved shear stresses are close to the theoretical Schmid factors for uniaxial tension. 

At 1% deformation, the resolved shear stresses come closer to the Bishop-Hill states and the similarity 
between similarly oriented grains increases. However, a Bishop-Hill stress state can only be assigned 
to at most half of the grains. Nevertheless, the comparison between the theoretical and experimentally 
determined Bishop-Hill stress states unambiguously reveals that the predicted orientation dependence 
of the Bishop-Hill stress states is incorrect. Both BH17 and –BH2 extend much further into the 
triangle than predicted, whereas the regions with the BH6 and –BH12 stress states are much smaller. 

The Bishop-Hill stress states correspond to the vertices of the single crystal yield surface. As the Lode 
angle describes the principal stress values, the Lode angle for a theoretical Bishop-Hill stress state 
becomes invariant to the crystallographic grain orientation and is therefore constant throughout a 
Bishop-Hill stress state. The two theoretical Bishop-Hill stress states near [100] and [111] (-BH2 and 
BH28) both have a Lode angle of 0.52, corresponding to uniaxial tension. The Lode angle for BH17 
at the middle of the [100]-[111] line is 0.2 and the two remaining Bishop-Hill stress states (BH6 and 
-BH12) near [110] and [19 5 1] have Lode angles of 0, corresponding to plane stress. 

When comparing these theoretical values to the experimental Lode angles for 1% elongation (in 
Figure 3f), good agreement is found: The highest Lode angles close to 0.52 are observed near [100] 
and [111] and the lowest values approaching 0 occur near [110]. Intermediate values are found at the 
middle of the [100]-[111] line. It is also clear that the experimentally determined Lode angles in the 
upper left part of the theoretical BH6 state are higher than those in the lower right corner in the 
immediate vicinity of [110]. This agrees with the conclusion that BH17 extends into the theoretical 
region of BH6. The same conclusion applies to the left part of the theoretical –BH12 stress state, 
where the experimental stress state is close to –BH2.

The Lode angles are consistently found to be close to or higher than the theoretical value for the 
Bishop-Hill stress state. As a high Lode angle indicates a stress state with a strong uniaxial tensile 
component, it must be concluded that the effect of the applied uniaxial stress on individual grains is 
stronger than expected by the Bishop-Hill model. This is in fact also observed for the grains of near 
[110] orientation, which have very low Lode angles, approaching the value for plane stress. The mean 
resolved shear stresses for the 19 grains within 10° of [110] have significantly higher resolved shear 
stresses on the four systems with the highest Schmid factors in Table 3 than on the four other critically 
stressed systems of the BH6 stress state. 

In summary, the stress states at 1% deformation, i.e. in the plastic regime, exhibit an overall 
orientation dependence, which deviates somewhat from the orientation dependence of the theoretical 
Bishop-Hill states. Where the experimental stress state differs significantly from a Bishop-Hill state, 
the resolved shear stresses often correlate with the grain orientation by resembling the Schmid factors 
in uniaxial tension or by lying in between those of two neighbouring Bishop-Hill states. Examples of 
stress states that could not be categorized within this framework were, however, also observed. 
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The general grain orientation dependence of the stress state, and therefore the potentially active slip 
systems, agrees well with the overall observation of orientation dependent lattice rotations in tensile 
deformed aluminium [45] and interstitial-free steel [46]. Also dislocation structures in deformed 
grains of aluminium, copper and nickel [47–51] and hot-deformed austenite grains [52,53] exhibit 
grain orientation dependence, even to small grain sizes [54]. The coupling between the grain 
orientation dependent dislocation structures and the slip systems has further been confirmed by 
analysis of the Burgers vectors of the dislocations in the dislocation boundaries [55–58]. A recent 
analysis of the differences in rotation and intragranular orientation spread for similarly oriented grains 
in an interstitial-free steel also concluded that, despite inter- and intragranular variations in the plastic 
strain, the dominant slip systems in the similarly oriented grains were the same [46,59].

5.3 Comparison to finite-element crystal plasticity simulations
The three-dimensional arrangement of the grains investigated above was previously mapped out by 
3DXRD using a near-field detector [34]. A grain map without voids was obtained by a 3D 
generalization of GrainSweeper [60] with a low completeness. The map may be inaccurate with 
respect to the presence of small annealing twins, which are difficult to detect. It has, however, 
previously been demonstrated that the Type II stresses in twinned grains do not correlate [34].

A regular grid of cubic voxels was constructed from the map [61]. The microstructure was thereafter 
meshed into 67  69  50 cubic 8-noded elements by Neper [62]. The side length of each element is 
10 m, which is 4 times coarser than the experimental grain structure from the near-field map.

Isotropic hardening was implemented through the Voce law:

                                                    Equation 6𝜏 = 𝜏𝐶𝑅𝑆𝑆 + 𝜏𝑤

and

                                                  Equation 7𝜏𝑤 = 𝜃0(1 ‒
𝜏𝑤

𝜏𝑣)𝑚∑
𝑠𝛾𝑠

where s sums over the slip systems. The quantities  and  are the initial critical resolved shear 𝜏𝐶𝑅𝑆𝑆 𝜏𝑤
stress of each slip system and the stress contribution from work-hardening, respectively. The work-
hardening depends on the shear, , on the slip systems in each grain. The parameters  , m and  in 𝛾 𝜏𝑣 𝜃0
Equation 7 were set to reproduce the experimental stress-strain curve in Figure 1 and are listed in 
Table 5. The elastic parameters in the modelling were set to match the single crystal elastic constants 
employed to calculate the stress tensor from the 3DXRD data.

A tensile experiment in displacement control was simulated to 1% deformation using the Warp3D 
finite-element crystal plasticity code [63], while enforcing planarity of the top and bottom of the 
meshed volume. To avoid rigid body motion, a corner node at the bottom was fixed in the (1,2)-plane 
perpendicular to the tensile 3-axis and the 1-coordinate of another corner node in the same plane was 
fixed. In the simulations, the initial stress state of the grains was ignored. No attempt was made to 
account for the interaction with grains lying above or below the reconstructed volume. 

Figure 11 presents the simulation results in the form of the tensile elastic strain and the tensile stress. 
Figure 12 presents the corresponding coaxiality, triaxiality and Lode angle. The general orientation 
dependence and the values of the investigated parameters agree with the experimental data in Figure 
2 and Figure 3. In summary, the mean coaxiality is less than 20°, high triaxiality is observed near 
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[100], and Lode angles near the [100]-[111] line are high. Although not shown, neither the 
experimental data nor the simulation results reveals any particular orientation dependence of the 
hydrostatic pressure or grain size. 

In spite of the good overall agreement, one-to-one correspondence was not obtained. In particular 
larger than predicted variations between similarly oriented grains were observed experimentally. 
Similar effects were also observed in a recent simulation study [35] of a titanium alloy conducted in 
the elastic regime. The initial stress states were not grain orientation dependent. However, there is a 
tendency that the grains, which exhibit large strains and stresses in the undeformed state, are also the 
grains with the highest values at 0.1 and 1% elongation. The experimental uncertainties do not fully 
explain this and an effect of the initial residual stress on the subsequent behaviour, as concluded in 
[35], can definitely not be ruled out. Attempts to take the residual stress into account in the modelling 
are in progress along the lines of [64].

The present data agree with the titanium alloy experiment in [35] by having very high coaxiality 
angles (present mean of 93°) in the undeformed state, which decrease substantially as soon as elastic 
deformation is applied. The present data extends into the plastic regime, revealing that the coaxiality 
near [110] increases again. This agrees with the lower Lode angles for these orientations, showing 
that the stress state deviates substantially from the uniaxial tensile stress applied.

The present material is highly elastically anisotropic and the ratio between the calculated Young’s 
modulus along the stiffest and most compliant directions is 3. At 0.1% elongation, the elastic 
anisotropy is responsible for the grain orientation dependence of the strain and stress data. The 
elastically most compliant direction is [100] and this direction therefore exhibits the largest tensile 
elastic strains and the smallest stresses. The [111] direction is the elastically stiffest and consequently 
exhibits the smallest tensile elastic strains and largest stresses. This is the origin of the grain 
orientation dependence of the triaxiality. According to the simulations, only a few grains have yielded 
at 0.1%. The grains near [100] are the last to yield, although they are also the plastically softest. This 
is in agreement with a systematic study of the elasto-plastic transition in materials with different 
elastic anisotropy [65].

The Bishop-Hill stress states of the simulated grains at 1% elongation were determined in the same 
way as for the experimental data, using three times the mean experimental error bar of 20 MPa to 
define the threshold in Equation 5. The result is displayed in Figure 13. The fraction of grains assigned 
to a Bishop-Hill stress state is 87%, i.e. substantially larger than the 50% for the experimental data. 
The predicted orientation dependence of the simulated Bishop-Hill stress states agrees well with the 
experimental data in Figure 10. This also includes extension of BH17 into the upper left part of the 
BH6 region and of –BH2 into –BH12.

The simulated slip system activity in the 21 grains near [321], where BH17 is observed instead of the 
theoretically expected BH6, were analysed in more detail. It should be noted that according to the 
simulations, all grains are predicted to have slip on at least 5 systems, but the number of dominant 
active systems per grain is 1-4. Considering only the average slip activity for simplicity, the active 
slip systems carry the following shear, , in units of 10-2 at 1% elongation:

𝛾𝑏2 = 1;𝛾𝑏1 = 0.4;𝛾𝑎2 = 𝛾𝑑1 = 0.3;𝛾𝑑3 = 0.1;𝛾𝑎3 = 0.03;𝛾𝑐2 = 0.01

This means that the four systems, which are common to BH6 and BH17, are the most active. System 
d3 is only critically stressed in BH17 and the activities of the two remaining systems, of which one 
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belongs to BH6 and the other to BH17, are negligible. This agrees with the finding of BH17 in the 
majority of these grains. Interestingly, axisymmetric tensile plastic strain cannot be obtained for these 
grain orientations in BH17. However, plastic strains which deviate a little from axial symmetry are 
possible. Using a reference orientation with [321] as the tensile 3-axis and [2-30] as the 1-axis, 
contractions along the 1- and 2-axes of -0.4 and -0.6 times the tensile strain, respectively, are possible 
in BH17. This gives a Taylor factor of 2.91, which should be compared with the value 3.15 obtained 
for axisymmetric tension in BH6. For further comparison, the simulated mean slip in the reference 
orientation introduces fairly small shear strains and contractions of -0.3 and -0.7 along the 1- and 2- 
axes. The corresponding Taylor factor of 2.19 indicates a significant reduction in the plastic work. It 
should be noted that the experimentally observed grains near [321] investigated here have their 1- 
and 2- axes randomly distributed around the tensile axis, i.e. the finding of smaller contraction along 
the 1-axis for the selected reference orientation does not indicate that the entire sample exhibits this 
contraction. In fact the simulations with Warp3D for the entire sample gives a larger contraction along 
the 1-axis than along the 2-axis.

Similar arguments hold for the extension of –BH2 into the left part of –BH12. The simulated average 
slip in units of  10-2  at 1% elongation for the 15 grains theoretically expected to be in –BH12 but 
found to be in –BH2 is:

𝛾𝑏2 = 0.7;𝛾𝑎2 = 𝛾𝑑3 = 0.4;𝛾𝑎3 = 0.2;𝛾𝑏3 = 0.07;𝛾𝑐3 = 0.05;𝛾𝑐2 = 𝛾𝑑1 = 0.02;𝛾𝑏1 = 0.01

The six most active systems are critically stressed in both –BH2 and –BH12. Of the remaining 
systems with negligible shears, one belongs to –BH2, another to –BH12 and the third to none of these 
stress states. The plastic strain obtained for a reference orientation with the tensile 3-axis along [25 5 
1] and the 1-axis along [5 -25 0] corresponds to contractions along the 1- and 2-axes of -0.42 and -
0.58 times the tensile strain, respectively. The shear components are small in comparison. 
Axisymmetric plastic strain is not possible in –BH2. However, with contractions along the 1- and 2-
axes of -0.44 and -0.56, tensile deformation in –BH2 is possible. This deviation from axisymmetric 
deformation reduces the Taylor factor from 2.40 to 2.31. Again, the Taylor factor corresponding to 
the mean simulated slip in the 15 grains is significantly lower (1.89). 

6 Conclusions

The stress state and resolved shear stresses in tensile deformed austenitic stainless steel (316L) have 
been determined experimentally and compared to the expected Bishop-Hill stress states for uniaxial 
tension at 0.1% and 1% deformation. 

 The experimental set-up with a stable stress rig allowing 360 illumination of the sample 
enables sufficiently small error bars on the resolved shear stresses to allow meaningful 
interpretation of the data.

 At 0.1%, the resolved shear stresses exhibit quite large variations between grains of similar 
orientation. When averaging over similarly oriented grains, the resolved shear stresses 
correspond to the Schmid factors for uniaxial tension.

 At 1%, the closest Bishop-Hill stress state was quantitatively determined for about half of the 
grains. The stress state of the other half of the grains was qualitatively categorized as being 
closer to the applied uniaxial stress, in between Bishop-Hill states, or in some cases none of 
these.
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 The orientation dependence of assigned Bishop-Hill stress states resembles the theoretical 
expectation with two exceptions:

 BH17 (near the [100]-[111] line) extends further into the stereographic triangle 
where BH6 is expected.

 –BH2 (near [100]) extends into –BH12. The latter state was only identified in 
a few grains. 

 The two exceptions are attributed to a larger effect of the applied uniaxial tensile stress than 
predicted by the Bishop-Hill model. 

 Finite-element crystal plasticity simulations qualitatively reproduce the experimental stress 
states, including the deviations from the theoretical orientation dependence of the Bishop-Hill 
stress states. The simulations show that these deviations are also associated with deviations 
from axisymmetric tensile plastic strain and lowering of the plastic work. Agreement at the 
level of individual grains was, however, not obtained.
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Tables

Table 1. Results from the indexing and stress analysis of the diffraction data. The table lists quantities 
averaged over the entire set of grains (after merging of the five illuminated layers).

Volume 
weighted 
error bars

Grain-resolved error barsDefor-
mation 
[%]

No. 
of 
grains

Spots 
per 
grain

Volume 
weighted 
tensile 
stress 
(33) 
[MPa]

Volume 
weighted 
tensile 
strain 
(33) 

[10-4]

33 
[MPa]

33 

[10-

4]

33 
[MPa]

(11+22)/2 
[MPa]

(12+13+23)/3

[MPa]

0 357 209 10 -0.02 14 0.3 14 21 8

0.1 357 209 174 9.6 14 0.3 14 21 8

1 345 206 205 11.7 15 0.4 15 22 9

3 315 179 247 14.0 59 1.4 59 86 33

Table 2. Slip systems in Bishop-Hill notation

Plane (111) (111) (111) (111)

Direction

Notation

   [011] [101] [110]

  a1       a2      a3

[011] [101] [110]

   b1      b2     b3

[011] [101] [110]

   c1      c2      c3

[011] [101] [110]

   d1      d2     d3
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Table 3. Schmid factors in uniaxial tension for the five orientations selected for detailed analysis.
Slip systemsOrientation

a1 a2 a3 b1 b2 b3 c1 c2 c3 d1 d2 d3

[100] 0.00  -0.41    0.41 0.00  -0.41    0.41  0.00   -0.41    0.41  0.00  -0.41    0.41

[110] 0.41  -0.41    0.00 0.41  -0.41   0.00  0.00    0.00    0.00  0.00   0.00    0.00

[321] 0.17  -0.35   0.17 0.35  -0.47   0.12  0.00    0.00    0.00 -0.17 -0.12    0.29

[19 5 1] 0.11  -0.47   0.37 0.15  -0.49   0.34 -0.05   0.27   0.33 -0.09 -0.28    0.38

[111] 0.00    0.00    0.00 0.27  -0.27   0.00  0.00    0.27  -0.27 -0.27  0.00    0.27

Table 4. Critically stressed slip systems in the five Bishop-Hill stress states expected in the 
stereographic triangle in Figure 3.

Stress state Critically stressed slip systems

-BH2 -a2, a3, -b2, b3, -c2, c3, -d2, d3

BH6 a1, -a2, b1, -b2, -c1, c2, -d1, d2

-BH12 -a2, a3, -b2, b3, -c1, c3, -d1, d3

BH17 -a2, a3, b1, -b2, -d1, d3

BH28 b1, -b2, c2, -c3, -d1, d3
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Table 5. Parameters used in the Warp3D simulations. 

m 5.0

 𝜃0 720 MPa

 𝜏𝐶𝑅𝑆𝑆 85 MPa

 𝜏𝑣 130 MPa
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Figure captions

Figure 1.  a) Experimental stress-strain curve for the uniaxial tensile test of the sample and simulated 
curve using Warp3D (see section 5.3 for simulation details). b) Schematic of the 3DXRD and tensile 
setup.

Figure 2. Tensile strain a)-b) and stress c)-d) components along the tensile axes of all individual grains 
at 0.1% and 1% deformation.

Figure 3. Characteristics of the stress state of all individual grains at 0.1% and 1% deformation: a)-b) 
coaxiality, c)-d) triaxiality, and e)-f) Lode angle

Figure 4. Orientation dependence of the five Bishop-Hill stress states and the five orientations 
selected for detailed analysis. 

Figure 5. RSS-values for three selected grains and the average for 22 grains near [100]. The critically 
stressed slip systems in the expected Bishop-Hill state (-BH2) are marked in red.

Figure 6. RSS-values for three selected grains and the average for 7 grains near [111]. The critically 
stressed slip systems in the expected Bishop-Hill state (BH28) are marked in blue.

Figure 7. RSS-values for three selected grains and the average for 19 grains near [110]. The critically 
stressed slip systems in the expected Bishop-Hill state (BH6) are marked in green.

Figure 8. RSS-values for three selected grains and the average for 26 grains near [321]. The three 
selected grains represent three different Bishop-Hill stress states (BH17, BH28 and BH6), and the 
critically stressed systems are marked by corresponding colours (grey, blue and green). 

Figure 9. RSS-values for three selected grains and the average for 8 grains near [19 5 1]. The critically 
stressed slip systems in the expected Bishop-Hill state (-BH12) are marked in orange. The red colour 
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for grain N marks the systems of –BH2 and the dark colour for grain O indicates that the highly 
stressed systems do not match any Bishop-Hill state.

Figure 10. Experimentally observed orientation dependence of the Bishop-Hill stress states. The black 
lines indicate the experimentally determined subdivision of the stereographic triangle. The coloured 
background illustrate the theoretical orientation dependence. Crosses mark grains not in a Bishop-
Hill state at 1% deformation, whereas coloured circles mark grains identified as being in a Bishop-
Hill state. 

Figure 11. Predictions from using the finite-element crystal plasticity code Warp3D. Tensile strain 
a)-b) and stress c)-d) components along the tensile axes of all individual grains at 0.1% and 1% 
deformation for comparison with the experimental data in Figure 2. 

Figure 12. Predictions from using the finite-element crystal plasticity code Warp3D. a)-b) coaxiality, 
c)-d) triaxiality, and e)-f) Lode angle for 0.1% and 1% deformation. For comparison with the 
experimental quantities in Figure 3.

Figure 13. Bishop-Hill states assigned based on the CPFEM simulations for comparison with Figure 
10.
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