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Abstract – We discuss electromagnetic fields and optical forces acting on microspheres made
of extremely anisotropic medium. We propose an energy-based criterion for choosing an appro-
priate solution of Maxwell’s equations inside the sphere when two solutions are singular at the
center. We investigate the material parameters of a lossy hyperbolic-metamaterial sphere that
can be pulled by a nonparaxial, gradientless Bessel beam.

I. INTRODUCTION

Light-matter interaction in classical physics can be described using the Mie scattering theory [1]. The scattered
electromagnetic field is employed for calculating optical forces acting on a micro-object. These forces stem from
the excitation of multipole moments in the object. For example, the dynamics of small particles is known to be
controlled solely by the dipole moments [2]. Generally, an optical force can be divided into a gradient force, caused
by the intensity gradient and employed in conventional optical tweezers, and a non-conservative force, which exists
in homogeneous fields and can be called the radiation-pressure force. It was shown previously that the ”pressure”
can be negative: the non-conservative force can attract an isotropic spherical particle towards the light source
owing to the interaction of multipoles excited by a non-paraxial light beam [3–6]. For example, particles can be
attracted by a non-diffracting Bessel beam in which there is no intensity gradient in the direction of propagation,
i.e. the gradient force equals zero in this direction [3,4].

In this paper we study the pulling forces acting on anisotropic spheres. The most interesting case includes mi-
crospheres made of a hyperbolic metamaterial (HMM) [7]. It is expected that strong enhancement of the photonic
density of states in HMMs, which opens up numerous potential applications in subwavelength imaging, lithogra-
phy, and quantum photonics, would also result in strong modification of the pulling force effect for HMM spheres.

II. SPHERICAL WAVES IN INDEFINITE MEDIA : ENERGY-BASED CRITERION

Let a nonmagnetic spherical particle of radiusR be characterized by a dielectric permittivity tensor

ε = εrer ⊗ er + εt(eθ ⊗ eθ + eϕ ⊗ eϕ), (1)

whereer, eθ, andeϕ are the basis vectors in spherical coordinates,(a⊗b)ij = aibj is a dyad. Radialεr = ε′r+iε′′r
and transverseεt = ε′t +iε′′t permittivities are complex numbers. Whenε′tε

′
r < 0, the anisotropic medium is called

indefinite, and can be realized in hyperbolic metamaterials [7].
An incident monochromatic electromagnetic wave with angular frequencyω induces electromagnetic field in-

side the spherical particle. Bessel functions at small arguments (near the center of the spherer = 0) can be
approximated by power-law functions, therefore, the electric field of two independent solutions with the smallest
angular momentum numberl = 1 is estimated as

E(1) ∼ jν−1/2(
√

εtk0r)
r

∼ rν− 3
2 , E(2) ∼ yν−1/2(

√
εtk0r)

r
∼ r−ν− 3

2 , where ν =
√

l(l + 1)
εt

εr
+

1
4
, (2)

jm andym are the spherical Bessel function of the first and second kind, respectively, andk0 is the wavenumber
in vacuum. We notice that forRe(ν) < 3/2 the electric fields for both solutionsE(1) andE(2) at the center
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of a spherical particle become infinite. In the case of a transparent medium with realεt andεr, the condition
Re(ν) = ν =

√
2εt/εr + 1/4 < 3/2 holds true for anisotropic materials withεt/εr < 1. This includes all

hyperbolic metamaterials, which are characterized byεtεr < 0.
Since both solutions of the Maxwell equations are singular at the center, we need a criterion for choosing the

appropriate one. We claim that the physically correct solution should comply with the finiteness of the electromag-
netic energy stored inside the sphere: ∫

sphere

|E|2dV < ∞. (3)

By substituting the first solution in (2) into Eq. (3) we derive

∫ R

0

|E(1)|2r2dr ∼
∫ R

0

r2Re(ν)−1dr. (4)

If Re(ν) > 0, the integral always results in the finite energy inside the sphere. IfRe(ν) < 0, we should choose the
second solutionE(2). The intermediate caseRe(ν) = 0 corresponds to the anisotropic medium withIm(εt/εr) =
0 andRe(εt/εr) + 1/8 < 0 and results in the logarithmically divergent integral. However,Re(ν) = 0 is a very
restrictive condition that cannot be realized in practice. For example, lossless medium is an idealization; realistic
passive transparent media have the permittivitiesεt + iδt andεr + iδr, whereδt,r > 0 is a small quantity. Thus,
the appropriate solutions inside anisotropic spherical particles should ensure finite energy according to Eq. (3).

III. PULLING FORCES FORHYPERBOLIC-METAMATERIAL SPHERES

We consider a spherical particle (bead) in the dipole approximation. Its electric and magnetic polarizabilities
are expressed in terms of the Mie coefficientsa1 andb1 as

αe =
3ia1

2k3
0

, αm =
3ib1

2k3
0

; αe,m =
α

(0)
e,m/k3

0

1− 2iα(0)
e,m/3

, α(0)
e =

ε2 − ν/2− 1/4
ε2 + ν + 1/2

(k0R)3, α(0)
m = 0. (5)

The last expression forαe,m is a simplification in the Rayleigh approximation, when the size parameterk0R ¿ 1
(the bead radius is much less than the wavelength). Note thatαm does not vanish for larger bead sizes and can be
described by the second formula in Eqs. (5).

The time-averaged optical force in the field without an intensity gradient in the propagation directionz, {E(r),H(r)} =
eiβk0z{E(x, y),H(x, y)}, is written in the dipole approximation as [2]

Fz =
k0β

2
(
Im(αe)|E|2 + Im(αm)|H|2)− k4

0

3
Re[αeα

∗
m(E×H∗)z], (6)

whereE andH are the incident fields at the center of the spherical beadr = 0, andβ = kz/k0 is the dimensionless
longitudinal wavenumber. For Rayleigh particlesαm = 0 and the sign of the forceFz = (k0β/2)Im(αe)|E|2
depends on the sign ofIm(αe). Therefore, passive beads are always pushed and gain spheres are always pulled by
the incident light.

Polarizabilities (5) and the optical force (6) in the dipole approximation can be used quite solidly for the size
parameters of the spherek0R ∼ 1. In Fig. 1 one observes the results for anisotropic spheres in the field of a
nonparaxial Bessel beam characterized by the order numberm, cone angleα [see the inset in Fig. 1(a)], and
amplitudes of the TE- and TM-polarized Bessel beamsc1 andc2 (see the details of the definition of nonparaxial
Bessel beams in [4, 8]). The dipole approximation accurately predicts the sign of the optical force (Fz < 0 for
pulling) as shown in Fig. 1(a).

It turns out that the backward or pulling optical force (Fz < 0) appears only forε′t > 0. Therefore, pulling is
realized only for one type of HMMs, namely, forε′t > 0 andε′r < 0. There is a range ofε′t near 8 where the force
is pulling for anyε′r, as seen in Fig. 1(a). The maximum negative force|Fz| does not correspond to the isotropic
medium caseεr = εt, but is shifted towards larger values ofε′r. Thus, the particle anisotropy is indeed found
to enhance the pulling force effect. However, it can be seen that the strongest pulling is observed for strongly
anisotropic media withε′r > ε′t > 0 rather than for HMMs.

Remembering that a composite HMM is constructed as a stack of alternating spherical metallic and dielectric
layers, we should be ready to account for significant values of losses. However, Fig. 1(b) demonstrates that large
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Fig. 1: (a) Pulling optical forceFzk
2
0 < 0 calculated in dipole approximation vs. real parts of the dielectric

permittivitiesε′r andε′t (Bessel beam’s orderm = 1, loss parameterε′′r,t = 1). The force calculated using the Mie
theory (see the curve in the upper right corner) confirms the correctness of the dipole approximation. (b) Optical
forceFzk

2
0 as a function of the loss parameterε′′r,t (black curves:m = 1, ε′r = −10, ε′t = 8; red curves:m = −1,

ε′r = 2, ε′t = 15). Parameters are: size parameterk0R = 1, cone angleα = 80◦, amplitudesc1 = 1 andc2 = i.

loss parameterε′′r,t can be tolerated: the optical force remains pulling untilε′′r,t ≈ 2 for the Bessel beam order
m = 1 and untilε′′r,t ≈ 1 for m = −1. We see that the optical force depends onε′′r rater weakly, so the pulling
effect is not destroyed for significantε′′r .

IV. CONCLUSION

We have analyzed the fields in the vicinity of the center of anisotropic spherical particles and discussed the
criterion for choosing the physically appropriate solution. We have revealed that only one type of HMM (ε′t > 0
and ε′r < 0) can be used for making microspheres that are pulled by gradientless beams, and that pulling is
preserved even if material losses are significant.
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