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The paper presents a topology optimization based method for designing acoustic focusing devices,

capable of tailoring the sound emission pattern of one or several sources, across a chosen frequency

band. The method is demonstrated numerically considering devices optimized for directional sound

emission in two dimensions and is experimentally validated using three dimensional prints of the

optimized designs. The emitted fields exhibit a level difference of at least 15 dB on axis relative to

the off-axis directions, over frequency bands of approximately an octave. It is demonstrated to be

possible to design focusing devices of dimensions comparable to the acoustic wavelength, a fre-

quency range which is typically problematic, as well as devices operating at higher frequencies.

The classical parabolic reflector is used as a benchmark. The devices designed using the proposed

method are shown to outperform the latter in terms of directivity and maximum side-lobe level

over nearly an octave band. A set of frequencies are considered simultaneously in the design formu-

lation and performance robustness toward uniform spatial production errors in the designed devices

is assured by including perturbations of the geometry in the design formulation.
VC 2016 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4967370]

[MRB] Pages: 3862–3873

I. INTRODUCTION

This paper proposes a method for designing directional

sound emission devices, operating under free field condi-

tions, based on the gradient based optimization technique of

topology optimization.1 Cases of devices optimized to func-

tion in different frequency regions are provided along with

the experimental validation of several devices. The agree-

ment between the predicted performance and the experimen-

tal measurements underline the effectiveness of the model

and method.

In acoustics, it is often of interest to generate direction-

ally focused sound fields, i.e., sound fields where the waves

are emitted in a specific direction, and the acoustic energy is

spatially confined. The problem is of fundamental interest

for sound field reproduction purposes,2–4 acoustic measure-

ments,5 long range emission,6,7 noise control, and others.8

However acoustic perturbations will in the general case not

result in a directional and spatially confined sound field. The

problem is thus of relevance both for sound emission prob-

lems, and the reciprocal problem of acoustic reception/sens-

ing,9 mostly concerned with enhancing the directional

sensitivity of a measurement system.

The most common and perhaps most intuitive focusing

device is the parabolic reflector,7,10,11 which is based on

basic geometrical considerations that are valid when

assuming ray propagation. Nonetheless, these considerations

do not contemplate the actual wave behavior of sound waves

observed at low frequencies, and fail to account for funda-

mental phenomena such as scattering and diffraction. As a

result, these devices are effective at high frequencies and

perform quite well in a wide frequency sense, but their effec-

tive directionality is compromised, particularly at low fre-

quencies. A fundamentally different alternative is the use of

active systems, where the phase reproduction via an array of

loudspeakers can be used to achieve the wanted directivity.

This requires the introduction of additional sources, which

can give rise to unwanted artifacts due to constructive inter-

ference between the sources.12

Extensive work, which served as inspiration for the pre-

sent work, has treated the shape and/or topology optimiza-

tion of an acoustic horn, for improved transmission among

other goals.13,14 Other work, D€uring et al.15 treating the

application of topology optimization to the problem of local

pressure reduction also served as a basis for this work. Other

works of interest concerning the application of topology

optimization to problems in acoustics, focused on limiting

sound emission include, Du and Olhoff16 and Kook et al.17

The proposed method allows for designing focusing

devices that use multiple sources, in order to maximize the

total power output of the device, without relying on active

cancellation of the emitted fields, but rather on the focusing

of the total energy emitted. The devices are designed using

density based topology optimization, assuming free-field

propagation (in two-dimensions) governed by the Helmholtza)Electronic mail: raelch@mek.dtu.dk
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equation with suitable boundary conditions. The design

problem is formulated as a minimization problem. The

objective function being the difference, in a suitable mea-

sure, between the pressure field emitted by on or more

acoustic sources and a prescribed target pressure field. A

continuous design field, used to control the material distribu-

tion, is introduced. The objective function is minimized over

the design field for a set of frequencies in a prescribed fre-

quency band simultaneously (contrary to the earlier studies

for interior acoustic problems in Christiansen et al.18,19

where single frequency problems were considered). The

design field is subject to a double filtering and projection

strategy.18 This is done, in part to decrease the sensitivity of

the device toward uniform geometric perturbations, which

might be encountered in production, and in part as the

method result in designs consisting nearly purely of solid

and air as the direct output from the design process, hereby

limiting the need for postprocessing. The use of the continu-

ous design field allows for the application of the mathemati-

cal programming based optimization algorithm GCMMA,20

to solve the minimization problem.

The method works by modifying the material distribu-

tion constituting the device. The final material distribution

acts as a number of rigid surfaces disturbing, guiding and

reflecting the pressure field, giving rise to changes in the

acoustic path lengths inside the device, shaping interference

patterns, as well as controlling the direction of propagation

of the pressure field. This ultimately results in the emission

of an approximation of the desired field.

Although the present work only considers a two-

dimensional (2D) problem the proposed design formulation can

be extended to cylindrically symmetric problems by consider-

ing the appropriate partial differential equation (PDE),21 as well

as full 3D problems, however with a significant increase in the

computational efforts in solving the PDE-problem.

II. THE DESIGN PROCEDURE

The goal of the design procedure is to create devices

capable of shaping the pressure field emitted by a number of

point-like sources inside the device to approximate a speci-

fied target pressure field. The cases studied in the paper

address the design of devices emitting locally plane wave-

fronts in the near field, resulting in directional far field emis-

sion. However, the proposed method can be used to design

devices which generate other specific pressure fields as well.

A. The model problem

An exterior acoustic model problem is used as the basis

for the design problem. It is defined on the domain, X � R2,

sketched in Fig. 1. X is truncated by the curve dX, along

which a far field matching condition is imposed to approxi-

mate the Sommerfeld radiation condition. Two sub-domains

are defined on X. These are the design domain, Xd: the sub-

domain containing the directional sound emission device

under design and the target domain, Xop: the sub-domain on

which the objective function to be minimized is defined.

Finally a collection of i 2N point-like sources, denoted dPi,

are distributed in Xd and modeled using a Neumann

boundary condition allowing for an arbitrary shape and size

of the sources if desired. The system is modeled using the

Helmholtz equation and boundary conditions,

r � ðqðxÞ�1rpðxÞÞ þ x2jðxÞ�1pðxÞ ¼ 0; x 2 X; (1)

lim
jrj!1

ffiffiffiffiffi
jrj

p
� @p rð Þ

@jrj � i

ffiffiffi
q
j

r
xp rð Þ

 !
¼ 0; x 2 dX; (2)

n � rp ¼ �iqxU; x 2 dP: (3)

Here x and r denote the spatial dependence in Cartesian and

Polar coordinates, respectively, and n denotes the normal vec-

tor; i is the imaginary unit, p denotes the pressure field,

x¼ 2pf is the angular frequency and f is the frequency. U is

the vibrational velocity of the source. q(x) and j(x) are the

density and bulk modulus, respectively, taking values of

either solid material or fluid medium (air). The introduction

of a solid material in Xd would in the general case require a

modification of the model problem to account for waves

exited in the solid. However, in the present case, the choice of

materials result in an impedance difference of more than three

orders of magnitude between solid and air regions. Hence any

waves excited in the solid will not perturb the pressure field in

the air significantly and vise versa. This assertion has been

validated using a full elasto-acoustic model in COMSOL

Multiphysics 5.2 a and through the experiments presented in

the paper, (see also Christiansen et al.19).

B. The design problem

The design problem is formulated as a PDE-constrained

optimization problem, for which the following objective

function to be minimized is defined,

U ¼ cs

ð
ðjpj2 � jptargetj2Þ2dXop � 0: (4)

FIG. 1. Model problem sketch. X: Truncated Domain. dX: Truncation

boundary. Xop: Optimization domain. Xd: Design domain. dPi: Point-like

sources. h¼ 0� and h¼ 90�: Denote the angular convention.
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Here ptarget describes the desired pattern of the sound pres-

sure field emitted by the device and cs is a scaling parameter

chosen to improve the convergence of the design process.

U¼ 0 corresponds to a perfect match in pressure level

between p and ptarget everywhere in Xop.

For all cases treated in this paper the target field, ptarget,

is chosen to be a localized plane wave, pEPW, truncated by a

Gaussian envelope, originating in and traveling away from

Xd. For this choice of ptarget, minimizing U in Eq. (4), may

be thought of as maximizing the energy in the main lobe in

front of the device while minimizing side lobe levels.

pEPW ¼ Ae�ð½ðx�xwÞ�d̂�=dwÞ2 e�ixðx�dÞHððx� xwÞ � dÞ; (5)

d ¼ cosðhþ p=2Þ
�sinðhþ p=2Þ

� �
; xw ¼

xw

yw

� �
: (6)

Here A is the wave amplitude, d controls the propagation

direction, d̂ denotes the transpose of d, xw is the position of

the center of the wave, dw controls the width of the envelope

and H(�) denotes the Heaviside projection function. Note the

untraditional angular convention illustrated in Fig. 1.

The amplitude of pEPW is selected by equating the

power contained in pEPW to the power emitted from all sour-

ces placed in Xd, denoted Ps, and solving for A. The sound

power emitted from a collection of time harmonic acoustic

sources is calculated as,12

Ps ¼
ð

S

n � I dS ¼
ð

S

n � 1

2
< p u�ð Þ

� �
dS; (7)

where S denotes the surface, n is the surface normal, I is the

time averaged sound intensity, p is the pressure, u is the par-

ticle velocity, < denote the real part and (�)* denotes the

complex conjugate.

The objective function, U, is minimized by introducing

an optimized design in Xd consisting of a distribution of

solid material placed in an air background. The distribution

of the solid material is controlled by an auxiliary field n(x)

used to interpolate the material parameters, q and j between

solid and air as,

q�1 ¼ q�1
air þ nðq�1

solid � q�1
air Þ ; (8)

j�1 ¼ j�1
air þ nðj�1

solid � j�1
air Þ: (9)

A detailed description of the optimization problem

solved to minimize (4), the discretization of the design field,

n, into a piecewise constant field of a finite number of design

variables and the techniques used to regularize the design

field, minimize the need for postprocessing and assure geo-

metric robustness toward prescribed variations in the design

is provided in Appendix A.

C. The design domain

The design domain Xd, is further divided into three sub-

domains, denoted; the designable Xd;d, the empty Xd;e, and

the filled Xd;f , sub-domain. Xd;d is the freely designable part

of Xd, where material can be introduced and removed during

the design procedure. Xd;e and Xd;f are fixed to be empty of

and filled with solid material, respectively. In the numerical

studies presented in the following, two configurations for Xd

are considered. These are illustrated in Fig. 2(a) and Fig.

2(b), respectively. Here, Xd;d is colored light gray while Xd;f

is marked using dark gray and Xd;e is colored white. The first

configuration seen in Fig. 2(a), henceforth denoted C1, con-

sists of a fixed sub-domain with one edge shaped as a para-

bolic reflector with the acoustic source placed in its focal

point and a fixed shielding in front of the point source. The

boundary of the reflector is defined by e1 through e4 in (10),

e1 : y ¼ 0:8

w
x2 � 0:25w; e2 : y ¼ �0:25w;

e3 : x ¼ �0:5w; e4 : x ¼ 0:5w: (10)

The second configuration seen in Fig. 2(b) and denoted

C2, consists of the fixed sub-domain along three of the four

edges of Xd to help guide the sound and three point like

FIG. 2. Configurations of the design sub-domain, Xd. Filled sub-domain:

Xd;f . Empty sub-domain: Xd;e. Designable sub-domain: Xd;d. Domain width:

w. Domain height: h. (a) Single source configuration, denoted C1, with fixed

parabolic reflector and shielding plate. (b) Three source configuration,

denoted C2, with fixed box along three of four edges.
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sources distributed inside Xd. For both configurations the

origin is taken to be the center of Xd.

Through experimentation it was found that restricting

Xd;d in front of the acoustic source(s) to an equiangular trian-

gular grid, with grid size dG and circular inclusions of radius

rG, as illustrated by the light gray circles in Fig. 2, improved

the reliability of the design procedure. The restriction makes

it impossible for a large region of intermediate material/air to

form in front of the source during the design process, which at

the later stages of the design process risks turning into a block

of solid material, as the projection strength in the continuation

approach increases, effectively blocking the pressure field

emitted from the device. (See Appendix A 2 regarding the

continuation approach.) For both cases a circular region of

radius rP around each acoustic source is fixed as air, i.e.,

belonging to Xd;e. A number of additional parameters are

used to define the different regions of Xd as seen from Fig. 2.

III. IMPLEMENTATION AND PARAMETER CHOICES

An implementation of the design procedure was written

using MATLAB R2013a. A hybrid wave based and finite element

method (hybrid WBM-FEM),22,23 was used to discretize the

model equations. Xd was discretized with the FEM using first

order bi-linear finite elements. XnXd was discretized using the

WBM. An impedance coupling was used to connect the FEM

and WBM domains, described in chapter 7 of Pluymers.23 The

Sommerfeld radiation condition was approximated using the

proposal in chapter 6 of Pluymers.23 COMSOL Multiphysics

5.2 a was used to validate the hybrid WBM-FEM solver. All

numerical performance results presented in the following, was

obtained using an acoustic model in COMSOL Multiphysics

5.2 a on thresholded versions of the optimized devices.

The devices considered in the following have been

designed using the parameter values provided in Table I. A

total of 300	 150¼ 45 000 quadrilateral first order finite ele-

ments are used to discretize Xd, matching the resolution of

the 3D-printer used to produce the devices used in the exper-

imental validation.

IV. EXPERIMENTAL SETUP

No design or design methodology can be fully trusted

before it has been experimentally validated. With this in mind

a two-dimensional anechoic chamber is built in order to pro-

vide a two-dimensional free-field space in which to test the

designs. A schematic of the experimental setup is provided in

Fig. 3(a) and a picture of the setup in Fig. 3(b) including a test

specimen and the flush mounted microphone. The dimensions

of the chamber and specifications regarding the components as

well as relevant material parameters may be found in Table II

in Appendix B. The chamber is constructed using a PVC plate

as a bottom-plate, with wooden strips at its edges, and an

acrylic plate as a top-plate, resting on the wooden strips. Open

cell absorbing foam strips of 0.13 m width, made from mela-

mine resin [Basotec (BASF, Germany)], with 6.5 cm deep

wedges cut into them, are placed along the wooden strips. The

limited height of the chamber ensures that only a two dimen-

sional sound field can propagate in the chamber below the cut-

off frequency, fcutoff 
28.5 kHz (assuming a speed of sound of

csound ¼ 343 m=s). The source used is a 6 in. loudspeaker con-

nected to a funnel and a wave guide which is connected to a

hole in the specimen under test, effectively acting as an

approximate point source. A circular hole is drilled in the cen-

ter of the top-plate allowing for the flush mounting of an 1
8

in.

microphone [Br€uel and Kjær (Naerum, Denmark)]. The micro-

phone is connected to the data acquisition system, a NEXUS

pre-amplifier and a PULSE analyzer manufactured by Br€uel

and Kjær (Naerum, Denmark), and a computer for data acqui-

sition. The measurements are performed as follows. A test

specimen is placed in the chamber and the wave guide

attached appropriately. The source is driven with pseudoran-

dom noise bandlimited to 6.4 kHz. The flush mounted micro-

phone is scanned manually along the measurement points: a

half circle of radius rc¼ 0.22 m 6 10�3 m, centered at the hole

in the test specimen. The pressure field is recorded using the

microphone with 1 Hz spectral resolution and 20 averages.

The angular resolution of the scanning is 2.5� from h¼ 0� to

h¼ 180�. The uncertainty in the microphone placement is esti-

mated to 
1 mm in both spatial directions.

A reference measurement on a test specimen without a

design (i.e., a point source in the empty chamber) is per-

formed for calibration purposes and to investigate the field in

the cavity. For frequencies, f> 4.8 kHz (w=k � 1:4), a maxi-

mal variation in the pressure of 2 dB sound pressure level

TABLE I. Parameters used in the design problems.

Domain: (Fig. 1)

Simulation domain, X: [–1.25, 1.25]w	 [–1.25, 1.25]w.

Design domain, Xd: [–0.5, 0.5]w	 [–0.25, 0.25]w.

Optimization domain, Xop: XnXd.

Design: (Fig. 2)

Design width and height: w¼ 0.1 m, h¼ 0.5 w¼ 0.05 m.

Triangular grid restriction: rG¼ 0.01w, dG¼ 0.05w.

Case C1: [Fig. 2(a)]

dP ¼ h0; 0:0625wi.
rPf
¼ 0:05w; rPb

¼ 0:1w.

we¼ 2rP¼ 0.1w.

Initial field value in Xd;d: niniðxÞ ¼ 0:2; x 2 Xd;d.

Case C2: [Fig. 2(b)]

dP1 ¼ h�0:3125w;�0:0875wi
dP2 ¼ h0; 0i

dP3 ¼ h0:1875w;�0:05wi.
rPi
¼ 0:1w; i 2 f1; 2; 3g.
wf¼ hf¼ 0.03w.

Initial field value in Xd;d: niniðxÞ ¼ 0:0; x 2 Xd;d.

Target field: [Eq. (5)]

Envelope width: dw¼ 0.75w.

Wave center position: xw ¼ h0; 0i.
Propagation direction: d ¼ h0; 1i.
Optimization: (Appendix A)

Projection strength: (A7) bini¼ 2.

Projection levels: (A7) g1 ¼ 0:5; g2 2 f0:3; 0:7g
Filter radius: (A5) R1¼ 0.02w.

Volume constraint: (A2) V¼ 0.25.

Discretization: 300 finite elements per w.

Material parameters:

Density, [kg/m3]: (8) (qsolid, qair)¼ (2643, 1.204).

Bulk modulus, [N/m2]: (9) (jsolid, jair)¼ (142	 103, 687	 108).
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(SPL) as a function of angle (h 2 [0�, 180�]) is observed. For

3.4 kHz< f< 4.8 kHz a maximal variation in pressure of 3 dB

SPL is observed and for f< 3.4 kHz a maximal variation of

6 dB SPL is observed. The background noise in the chamber

is measured at h¼ 0� across the full frequency spectrum con-

sidered. On the basis of the measurement a lower limit on all

subsequent measurements is defined to be 3 dB SPL above the

background. All measured data points below this limit are

removed, and for the visualization of the results replaced with

dark gray [e.g., see Fig. 8(k)].

V. RESULTS

Two measures are used to evaluate the devices. The first

is the far field sound pressure as a function of angle, h, rela-

tive to the far field sound pressure at h¼ 0�,

Pm h; fð Þ ¼ 20 log10

jpfar h; fð Þj
jpfar h ¼ 0o; fð Þj

� �
: (11)

The far field pressure, pfar (h, f), is approximated using

the Kirchoff-Helmholtz integral equation, e.g., see Appendix

A.2 of Bai et al.9 The second measure is the far field sound

pressure on axis (h¼ 0�) relative to the far field of a mono-

pole radiating identical power into free space,

DLdB fð Þ ¼ 20 log10

jpfar h ¼ 0o; fð Þj
jpmonopole;far fð Þj

 !
: (12)

A. Reference: The parabolic reflector

The parabolic reflector is a well known and frequently

used design for directional emission/reception in both

acoustics and electromagnetics. Assuming ray based propaga-

tion for the sound field and using geometric arguments it is

easy to show that the parabola is an optimal solution for

converting the field impinging on it from a point source

placed at its focal point to a localized near-plane wave, as

illustrated in Fig. 4(a). However, the fact that the ray-based

model is only strictly valid for f ! 1 and disregard funda-

mental wave propagation phenomena, opens a potential for

design improvement. Another obvious limitation of the reflec-

tor is that it is ill-suited if several sources are considered.

A parabolic reflector of width w, described by the

equations in (10), with a shielding in front of the source

identical to the one for C1 in Sec. II C, is considered as a

reference, Rp. Figure 4(b) shows the design field for Rp

with a source at its focal point (dP ¼ h0; 0:0625wi), illus-

trated by a red circle. Figure 4(c) shows the calculation of

Pm(h, f) for the parabolic reflector, Rp. It is observed that

for w=k < 1:5 the directivity of Rp is poor and that for

1:1 < w=k < 1:5 the side lobes and main lobe are seen to

have equal value of Pm.

B. A low frequency device

As a first example of applying the proposed method,

consider the problem of designing a device, with a width

approximately equal to the wavelength in the frequency

range where the device is designed to operate. This design

problem is denoted D1. The central frequency of operation,

fc;D1
, is chosen to correspond to the wavelength k1 
 0.89 w,

and a DfD1
¼ 50% frequency band centered at fc;D1

is consid-

ered. The design process is executed using i¼ 9 equidistant

frequency values in f 2 ½fc;D1
� 0:5DfD1

; fc;D1
þ 0:5DfD1

� and

j¼ 2 projection levels, g2 2 f0:3; 0:7g.
Figure 5 shows a convergence plot for the design pro-

cess for D1, using a total of 333 design iterations. It

presents Ui,j as a function of design iteration number for

all, i � j¼ 18 realizations. The maximum value of U across

the 18 realizations for each design iteration is marked with

FIG. 3. (Color online) (a) Schematic of the experimental setup including the chosen angular convention (h¼ 0� in front of the test specimen). (b) Picture of

the anechoic chamber, [A] the microphone, [B] a test specimen, [C] the PVC base plate under the acrylic scanning plate and [D] the absorbing foam and

wooden strips.
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a black square. It is observed that the active objective func-

tion value, maxi;jðUÞ, changes several times during the opti-

mization. The iteration numbers at which the b-value for

the projection scheme increased are indicated in the figure

using gray vertical lines. Jumps in the objective value are

observed at semi-regular intervals. The jumps coincide

with increases in the b-value for the projection operation in

all but one case. These jumps are to be expected since

increasing the b-value, i.e., steeper projection, causes an

abrupt change in the design which in turn affects the objec-

tive value.

1. Design

The final design field,
~̂̂~nðgjÞ; j 2 f1; 2g, for the two pro-

jection levels used in the optimization, are presented in gray

scale in Figs. 6(a) and 6(b), respectively. Black indicates

solid material and white indicates air and a red circle is

included to illustrate the position of the point-like source. As

is the point of applying the robust approach small variations

are observed around each design feature for the designs in

Figs. 6(a) and 6(b), showing that the design has indeed been

optimized to function under a small uniform geometric vari-

ation. The output of the design procedure is seen to consist

almost exclusively of solid and air regions. A postprocessing

step is performed on the design in Fig. 6(b), where the small-

est features removed as seen in Fig. 6(c). The effect of the

feature removal on the sound field was found to have negli-

gible impact on the designs performance, while in turn

improving producibility.

2. Numerical performance

Figures 7(a) and 7(b) show the performance measure

Pmðh; f � w=kÞ Eq. (11), for the postprocessed design in

Fig. 6(c) for the design problem, D1, and for the reference

parabolic reflector, Rp, respectively. The frequency interval

FIG. 4. (Color online) (a) Ray-based

model for pressure field emitted by

point source placed in front of a para-

bolic reflector. (b) Design field for ref-

erence parabolic reflector RP. (c)

Performance measure Pm(h, f) for Rp

measured in dB. The first axis indicate

the parabola width w, relative to the

wavelength in air, k.

FIG. 5. (Color online) (Crosses) Normalized objection function value as a

function of design iteration, n, for the i � j¼ 18 realizations. (Black squares)

maxi;jðUÞ at each iteration. (Gray vertical lines) b-increments. Snapshots of

the filtered design field at the iterations n 2 f20; 50; 110; 190g are included

to illustrate the design evolution.
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for which D1 was optimized is marked by white vertical lines

and a green bar in both figures. From Fig. 7(a) it is seen that

in the frequency interval for which D1 was optimized, the

main lobe (centered at h¼ 0�) contains most of the emitted

sound. In fact the pressure in the main lobe is more than

15 dB higher than in the rest of the angular interval. In con-

trast when considering the result for the reference reflector

in Fig. 7(b), it is seen that the pressure in the main lobe is

similar to the pressure in the side lobe (centered at h 
 75�),
and that the reflector generally emits a higher sound pressure

in all directions outside of the main lobe (jhj > 35o). Hence

across the interval of optimization the optimized design

clearly outperforms the reflector in terms of directivity.

The increase in DLdB, Eq. (12), is shown in Fig. 7(c)

for D1 (blue circles) and Rp (black squares). The optimiza-

tion interval is highlighted using vertical lines. It is seen

that the optimized design, D1 emits a higher sound pressure

than the reference, Rp, across the full optimization interval.

The increase in sound pressure ranges from 5 to 10 dB. In

addition the variations in the pressure level are smaller.

Variations of 
 3 dB, are observed for D1 compared to


 6 dB for Rp.

C. Considering higher frequencies

Two additional design problems, denoted D2 and D3,

are considered to demonstrate the effectiveness of the pro-

posed method over a wider frequency range. The central fre-

quencies for D2 and D3 are denoted fc;D2
and fc;D3

, and

correspond to the wavelengths, k2 
 0.54 w and k3 
 0.38

w, respectively. Frequency bands of DfD2
¼ 50% and DfD3

¼ 30% centered at fc;D2
and fc;D3

are considered. Like for D1,

the design processes are executed using i¼ 9 equidistant fre-

quency values and j¼ 2 projection levels.

1. Designs

Postprocessed versions of the design fields for the devi-

ces obtained for the design problems D1, D2, and D3 are pre-

sented in Figs. 8(a)–8(c). Test specimens used in the

experimental investigation of the devices, were manufac-

tured in ABS plastic using 3D-printing, based on extruded

versions of the postprocessed design fields. Images of the

3D-printed specimens are provided in Figs. 8(d)–8(f). The

specimens consist of a base plate with the extruded device

on top. The base plate has the dimensions of the hole in the

PVC base plate in the experimental chamber, see Fig. 3(b),

while the extruded device is printed with an precision of

0.2 mm (the resolution of the 3D-printer).

2. Numerical performance

The directivity measure, Pm, for the three devices

obtained for the design problems D1, D2, and D3 is pre-

sented in Figs. 8(g)–8(i). Vertical white lines and green

FIG. 6. (Color online) Design field,
~̂~̂n.

(a) Design field projected at g2¼ 0.7.

(b) Design field projected at g2¼ 0.3.

(c) Postprocessed design field pro-

jected at g2¼ 0.3 using Heaviside pro-

jection. Black corresponds to solid

material and white corresponds to air.

FIG. 7. (Color online) (a)–(b) Performance measure, Pm(h, f), for (a) the

optimized design, D1, (b) the reference reflector, Rp. The vertical white lines

and green bars denotes the boundaries of the frequency interval considered

in the design problem D1. (c) DLdB for (blue circles) D1 and (black squares)

Rp. Vertical red lines denotes the boundaries of the frequency interval con-

sidered in the design problem D1.
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bars are used to indicate the frequency interval across

which the devices are designed to operate. For all three

cases it is seen that, in these frequency intervals, the main

lobe contains most of the emitted energy. Comparing across

the three cases it is seen that both the fraction of the energy

in the main lobe and the directivity increase from design D1

to design D2 and again from design D2 to design D3. All

three devices outperform the reference parabolic reflector

FIG. 8. (Color online) (a)–(c) Post processed design field for Di, (a) i¼ 1, (b) i¼ 2, (c) i¼ 3. (d)–(f) 3D-printed test specimen for Di, (d) i¼ 1, (e) i¼ 2, (f)

i¼ 3. (g)–(i) Pm(h, f) calculated for the postprocessed design field for Di, (g) i¼ 1, (h) i¼ 2, (i) i¼ 3. (j)–(l) Experimentally measured pressure at r 

0.22 m, scaled by the on axis measured pressure (h¼ 0) in dB, for the test specimens for Di, (j) i¼ 1, (k) i¼ 2, (l) i¼ 3. For (g)–(l) white lines and green

bars illustrate the boundaries of the frequency bands considered in the design problems. (m)–(o) DLdB calculated for Rp (black squares) and the postpro-

cessed design field for Di, (m) i¼ 1, (n) i¼ 2, (o) i¼ 3 (blue circles). Vertical red lines illustrate the boundaries of the frequency bands considered in the

design problems.
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with respect to directivity as seen by comparing with Fig.

4(c). The performance increase is most evident for design

D1 and design D3 since the reflector already performs well

in the frequency interval where design D2 is optimized to

operate. An important and obvious observation is that the

directivity for all three devices deteriorate significantly out-

side the frequency range where they are optimized to oper-

ate, limiting the devices to be used inside the considered

frequency ranges.

Figures 8(m)–8(o) present DLdB for the designs D1–D3.

The frequency intervals for which the devices are designed

to operate are highlighted using vertical lines. Considering

these intervals, it is seen that DLdB varies less for the three

designs than it does for the reference, Rp. Furthermore it is

seen that DLdB increases with frequency, in agreement with

the increasing directivity observed in Figs. 8(g)–8(i).

Outside the frequency intervals, where the devices were

designed to operate, DLdB is seen to decrease and/or vary

rapidly for all three designs.

VI. EXPERIMENTAL VALIDATION

The magnitude of the pressure field was measured

experimentally, across f � w=k 2 ½0:8; 3:15� and h 2 [0�,
180�], for each of the three test specimens in Figs. 8(d)–8(f),

using the procedure described in Sec. IV. The results of the

measurements are reported in Figs. 8(j)–8(l) using the mea-

sure Pm from (11), with the far field pressure, jpfarj, replaced

by the measured pressure, jpmeasj.
Consider first the experimental results on their own.

Oscillations in the measured pressure, as a function of both h
and w=k, are clearly observed for w=k < 1:4 and are

observed to decrease with increasing frequency. This obser-

vation is in agreement with the findings from the reference

measurement discussed in Sec. IV. That is, the damping

material along the edges of the chamber is observed to have

poorer absorption characteristics in the lower frequency

range. It is further observed that in regions with low values

of Pm, the limit of 3 dB above background noise is reached

for all three designs.

A remarkable agreement is found when comparing sim-

ulations and experiments. Consider here the measured data

in Figs. 8(j)–8(l) and the numerical data in Figs. 8(g)–8(i).

Note that the range of the data is identical, i.e., going from

–24 dB to 6 dB. The major features and variations observed

in the numerical data are also found in the experimental

data. That is, agreement is found in the magnitude and width

of the main lobe, as well as in the distribution of low and

high values of Pm in the parameter domain, for all three

designs. The largest deviations are found for w=k < 1:4 and

are, as mentioned in the previous paragraph, believed to

stem from the poor absorption characteristics of the damping

material in the lower frequency range. That is, the disagree-

ment stems from experimental errors due to reflections from

the boundaries.

A. Multiple source device

As a final demonstration of the generality of the pro-

posed method, consider the problem of designing a device

for directional sound emission which contain three point-like

sources placed asymmetrically inside Xd as sketched in Fig.

2(b). This design problem is denoted D4. The central fre-

quency for D4, denoted fc;D4
, corresponds to the wavelength

k4 
 0.625 w. A frequency band DfD4
¼ 40% centered

around fc;D4
is considered. The design process is executed

using i¼ 9 equidistant frequency values and j¼ 2 projection

levels.

The postprocessed design for D4 is presented in Fig.

9(a) with black being solid material and white being air. As

for the illustrations of the design fields for the devices

D1–D3 red circles are used to denote the position of the

sources.

Figure 9(b) shows Pm, obtained numerically for D4 in

the intervals h 2 [–180�, 180�] and w=k 2 ½0:8; 3:15�. The

asymmetry of the problem is clearly observed in the figure.

The interval for which D4 is optimized is marked by white

vertical lines and a green bar. In this frequency interval, the

main lobe is seen to contain most of the emitted energy. A

sudden increase in Pm is observed at w=k 
 1:6. This value

corresponds to a frequency not considered in the optimiza-

tion, suggesting that including more frequency values in the

optimization would remove the jump. Just as for the designs

obtained for D1–D3 it is observed that in several regions out-

side the interval for which D4 was optimized to function its

performance drops below that of the reference reflector, Rp.

FIG. 9. (Color online) (a) Post processed design field for the device obtained

in the design problem D4 including red circles denoting the position of the

point like sources. (b) Pm(h, f) for the device obtained in the design problem

D4, including vertical white lines and a green ar to illustrate the boundaries

of the frequency interval considered in the design problem.
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VII. CONCLUSIONS

In summary, the paper has presented a topology opti-

mization based design method for creating acoustic focus-

ing devices exhibiting high directivity and emission

efficiency in unbounded domains, considering a set of fre-

quencies in the design process. The method is demonstrated

in 2D using the parabolic reflector design as a reference. It

is shown that the method is capable of designing devices

functioning across broad frequency bands, at wavelengths

comparable to the device dimensions, a frequency range

which is typically problematic. An experimental approach

and setup for validating the optimized devices is presented.

Three designed devices were 3D-printed and their perfor-

mance investigated using the experimental setup. The mea-

sured and numerical data show remarkable agreement,

supporting the “real world” applicability of the method

(barring implementing a 2D circular symmetrical or 3D

version of the code). While the majority of the considered

cases focused on the parabolic like reflector, the method is

not restricted to this case. This was demonstrated by con-

sidering an alternate configuration with three point sources

scattered asymmetrically inside the design domain. Other

configurations and more complex near fields may be con-

sidered with the method by simple modifications of the tar-

get field and/or design domain.

As a final remark it is noted that relatively small

changes in the choice of model parameters have been found

to result in large changes in the geometry of devices

obtained using the proposed method. In all cases the changes

in device geometry have been found to have limited effects

on the performance of the device however and are thus not

deemed problematic. The reason behind the observed sensi-

tivity toward parameter choices is believed to be the nature

of the design problem, having a vast design space, coupled

with the nature of the acoustic problem. The finding is in

agreement with the conclusion reached in Wadbro and

Berggren14 regarding the underdeterminedness of a problem

with similar characteristics considered there. A number of

comments and guidelines intended to help in using the pro-

posed method are included in Appendix C.
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APPENDIX A: DESIGN PROCEDURE DETAILS

1. Design problem

The design problem is formulated as a min/max prob-

lem, where maximum value of U½pðfi; g2;jÞ�, see Eq. (4), for

i 2 f1; 2; :::;N f g frequencies and j 2 f1; 2; :::;N g2
g projec-

tion levels, is minimized over n(x). That is, over the distribu-

tion of solid material in Xd;d. Two constraints are

considered. The first is that p must be a solution to the model

equations, Eqs. (1)–(3). The second is a volume constraint,

imposed on the double filtered field, see Eq. (A2).

min
n

max
fi;g2;j

�
U

�
p

�
x;

~̂̂~nðg2;jÞ; fi
�
; ptargetðx; fiÞ

��
; (A1)

s:t:
1ð
dXd

ð
max
g2;j

~̂̂~n g2;jð Þ

� �
dXd � V; V 2�0;1�: (A2)

The min/max problem, Eqs. (A1) and (A2) is recast to

the bound formulation proposed in Svanberg20 and solved

using The Globally Convergent Method of Moving
Asymptotes (GCMMA),20,24 with a maximum of three inner

iterations per design iteration.

The following stopping criterion is used for the design

procedure,

b1 > 80 � max
m21;2;:::;5

jUn � Un�mj
jUnj

< 10�2; (A3)

where Un is the objective value at the nth iteration. To

improve the convergence of the design procedure the prob-

lem is non-dimensionalized and the following rescaling and

normalization is applied for q, j, and x,

q̂; ĵð Þ ¼
1; 1ð Þ for air

qsolid

qair

;
jsolid

jair

� �
for solid

; x̂ ¼ x
c
:

8><
>: (A4)

2. The design field

During the design process, the design itself is modeled

as a distribution of solid material in an air background within

Xd. The auxiliary design field, n, controls the distribution by

interpolating the inverse material parameters, q�1 and j�1

between solid material (n¼ 1) and air (n¼ 0). The introduc-

tion of n allows for a mix of solid material and air to exist at

each point in space during the intermediate stages of the

design process. This mix is gradually removed by applying a

projection scheme with a continuation approach on the pro-

jection strength as part of the design process.25,26 The

bounds on n are defined as: nðxÞ 2 ½0; 1� 8 x 2 Xd;d; nðxÞ
¼ 0 8 x 2 XnðXdnXd;eÞ; nðxÞ ¼ 18 x 2 Xd;f .

The proposed design method allows for designing devi-

ces which perform robustly under geometric perturbations,

like what might occur during production, installation or use.

For the considered cases only near-uniform geometric per-

turbations are included,27 where the size of all features in the
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design device is varied in a near-identical manner. However

non-uniform spatial perturbations of the designs can also be

considered.28 The robustness is assured by using a double fil-

tering technique,18 consists of applying a smoothing

operator,29,30

~n xið Þ ¼

ð
Xd

w xi � xjð Þn xjð Þdxjð
Xd

w xi � xjð Þdxj

; (A5)

wðxÞ ¼
R� jxj 8 jxj � R � x 2 Xd

0 otherwise;

(
(A6)

where R is a filter radius, followed by a projection

operator,27

n̂ nð Þ ¼ tanh bgð Þ þ tanh b n� gð Þð Þ
tanh bgð Þ þ tanh b 1� gð Þð Þ ; (A7)

where g is the projection level and b is the projection

strength, to n twice.

The double filter requires two filter radii, R1¼ 2R2 as

well as two projection strengths b1¼ 2b2 and two projection

levels g1, g2. A continuation scheme on the projection

strength is applied on b1 with b1¼ bini as the initial value

and this value is then increased by a factor of 1.2 every 50

design iterations or when the objective function value

changes by less than 1% over 5 consecutive iterations. This

procedure is continued until b1� 80 is reached. At this value

for b1 the distribution of solid material and air resulting from

the design process is close to being discrete throughout Xd,

limiting the need for a postprocessing step. The application

of the double filter on n means that the interpolation of q–1

and j–1 in Eq. (A8) is performed using the doubly filtered

field as,

q�1 ¼ q�1
air þ

~̂̂~nðq�1
solid � q�1

air Þ ;

j�1 ¼ j�1
air þ

~̂̂~nðj�1
solid � j�1

air Þ: (A8)

For the software implementation, the doubly filtered

auxiliary field is discretized into a piecewise constant field

consisting of N e discrete design variables coinciding with

the finite element discretization of Xd. The sensitivities of

the objective function with respect to the design variables,

dU=dnj; j 2 f1; 2; :::;N eg, needed for solving the optimiza-

tion problem using GCMMA, are calculated using adjoint

sensitivity analysis.31

APPENDIX B: EXPERIMENTAL SETUP DATA

See Table II.

APPENDIX C: COMMENTS AND GUIDELINES

During the development and testing of the proposed

method it was found that special care should be exercised

regarding the points listed below.

(1) The energy contained in ptarget must be equal to the

energy emitted by the sources to obtain a high transmis-

sion of energy from the device. For example, if more

energy is emitted from the sources than are present in

ptarget it is impossible to achieve full transmission of the

energy from the sources into ptarget.

(2) Select a correct scaling of optimization parameters.

Tuning may be needed to assure smooth convergence for

the problem.

(3) The frequency bandwidth for which the device should

operate and the size of the geometric perturbations are

important to the convergence behavior of the design pro-

cedure, as well as for the performance of the final designs.

For example, if an overly wide frequency band is consid-

ered the resulting design may perform poorly and/or the

optimization algorithm may have problems converging.
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