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Baryons are described by a Hamiltonian on an intrinsic U(3) Lie group configuration space with
electroweak degrees of freedom originating in specific Bloch wave factors. By opening the Bloch
degrees of freedom pairwise via a U(2) Higgs mechanism, the strong and electroweak energy
scales become related to yield the Higgs mass 125.085+/-0.017 GeV and the usual gauge boson
masses. From the same Hamiltonian we derive both the relative neutron to proton mass ratio and
the N and Delta mass spectra. All compare rather well with the experimental values.
We predict neutral flavour baryon singlets to be sought for in negative pions scattering on protons
−
or in photoproduction on neutrons and in invariant mass like Σ+
c (2455)D from various decays
above the open charm threshold, e.g. at 4499, 4652 and 4723 MeV. The fundamental predictions
are based on just one length scale and the fine structure coupling. The interpretation is to consider
baryons as entire entities kinematically excited from laboratory space by three impact momentum generators, three rotation generators and three Runge-Lenz generators to internalize as nine
degrees of freedom covering colour, spin and flavour.
Quark and gluon fields come about when the intrinsic structure is projected back into laboratory
space depending on which exterior derivative one is taking. With such derivatives on the measurescaled wavefunction, we derived approximate parton distribution functions for the u and d valence
quarks of the proton that compare well with established experimental analysis.
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Introduction

2π π
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m H c2 = √
Λ= √
me c2 = 125.085 ± 0.017 GeV.
α
α(m
)
α
2
2
W
e

(1)

This is based on a Higgs mechanism and in excellent agreement with the result mH c2 = 125.09 ±
0.24 GeV from the merged experiments. In (1) Λ is a strong interaction scale. The fine structure
coupling α in the first fraction is to be evaluated at bosonic energies whereas the α in the second
fraction is to be evaluated at electronic energies, where αe = e2 /(4πε0 h̄c) = 1/137.035999074(44)
[13]. Elsewhere we gave the electroweak energy scale and masses of the gauge bosons. We further
derived accurate expressions for the electron to neutron mass ratio, the relative neutron to proton mass shift, the neutral flavour baryon mass spectrum and approximate u and d quark parton
distribution functions for the proton [14, 12].

Baryon colour and flavour from a common configuration space
We used a reinterpreted Kogut-Susskind intrinsic [14] Hamiltonian with a lattice-inspired potential (Manton) [18]


h̄c
1
1
2
HΨ(u) =
− ∆ + Tr χ Ψ(u) = E Ψ(u)
(2)
a
2
2
for baryon mass spectra on the Lie group U(3). Next we exploited paired Bloch degrees of freedom
[19] to correlate the strong and electroweak energy scales by matching the Higgs field potential to
the colour angle potential 12 Tr χ 2 [12], see fig. 2. We use u = eiχ = eαk Tk ∈ U(3) as an intrinsic
2
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In the electroweak sector of the standard model, the recent combination [1] of the Higgs mass
determinations among the experimental groups ATLAS and CMS calls for accurate theoretical
predictions to match the increased statistics expected when the results from LHC Run 2 at CERN
will start to be released.
In the strong sector, the quark flavour model has a missing resonance problem since it predicts
many more baryon πN-resonances than observed [2, 3, 4]. The quark colour model (QCD) has
a confinement problem to construct hadrons analytically from quarks and gluons. We are aware
of the successes of QCD in pertubative domains [5, 6] and in lattice gauge theory [7, 8, 9, 10].
Nevertheless we want to stress the two first mentioned issues. The latter, the confinement problem,
motivated a radical approach which solves the former as a by-product. We construct the dynamics
in a compact, intrinsic space. The spectroscopy can live there and manifest itself in real space
as different mass resonances. The compactness means that the potential is periodic in parameter
space. This opens for Bloch degrees of freedom. We will have confinement per construction and
will see quarks and gluons by projection from the compact configuration space to the laboratory
space. In general terms the idea is that a hamiltonian description is the more natural framework for
spectroscopy and the lagrangian description more suitable for scattering phenomena, see e.g. [11].
In these proceedings we briefly sketch the correlation between strong and electroweak interactions for baryons leading to (1) and we give a value for α(mW ) from its established value α(mZ ).
Figure 1 shows major results which include the result for the Higgs mass [12]
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configuration variable1 for baryon colour dynamics with flavour degrees of freedom hidden in
the Laplacian, see below. The configuration space U(3) with its nine generators Tk and with nine
dynamical variables αk ∈ R is the natural choice for the nine degrees of freedom that can be excited
kinematically from laboratory space R3 . The potential 12 Tr χ 2 , as well as the Laplacian ∆, can be
parametrized by a polar decomposition [21] to yield for integer n
1
1
Tr χ 2 = w(θ1 ) + w(θ2 ) + w(θ3 ), with w(θ ) = (θ − n · 2π)2 , θ ∈ [(2n − 1)π, (2n + 1)π] (3)
2
2
where θ j are dynamic torodial angles from the three eigenvalues eiθ j of the configuration variable
u and the trace folds out in periodic parametric potentials, see fig. 2. The Laplacian is [21, 23]


3
3
3
Kk2 + Mk2
1 ∂ 2 ∂
1
∆= ∑ 2
J
− ∑
,
where
J
=
2
sin
(θ
−
θ
)
. (4)
i
j
∏
∂ θ j i< j,k6=i, j 8 sin2 21 (θi − θ j )
2
i< j
j=1 J ∂ θ j
The scale Λ = h̄c/a is given via a space projection xi = aθi where the length scale a is matched
to the classical electron radius re by πa = re = e2 /(4πε0 me c2 ) [14]. The toroidal generators T j =
−i ∂∂θ j correspond to parametric momenta with standard commutators
p j = −ih̄

1 ∂
h̄
= Tj ,
a ∂θj
a

[p j , aθi ] = −ih̄δi j .

(5)

To solve the intrinsic Schrödinger equation (2) for stationary baryonic states we factorized the
wavefunction [14] into a toroidal part τ and an off-torus part ϒ to match the polar decomposition
1 For

a general discussion of group elements as elementary physical variables see ref. [20].

3
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Figure 1: Left: Neutral flavour baryon mass spectrum adopted from [12]. The boxes indicate the uncertainty
in peak value for all observed four star N and ∆ resonances [13]. The lines are approximate predictions [12].
Middle: Higgs mass gaussians for comparison of the combined results of the ATLAS and CMS Collaborations [1] (dashed, red) with the present theoretical prediction based on a U(2) Higgs mechanism correlated
to a U(3) configuration space for intrinsic baryon dynamics (dotted, green) [12]. The curve widths represent
the uncertainties in peak determinations, not resonance widths [15, 16]. Right: Approximate parton distribution functions for u and d valence quarks of the proton [14]. For comparison is shown an insert for 10 GeV2
adapted from the particle data group with other parton distributions erased [17].
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in (4)
Ψ(u) = τ(θ1 , θ2 , θ3 )ϒ(α4 , α5 , α6 , α7 , α8 , α9 ),

(6)

where the six αk s trace out the off-toroidal degrees of freedom. The parton distribution functions
[14] in fig. 1 were generated by space projections of the toroidal part R = Jτ of the measurescaled wavefunction Φ = JΨ via the exterior derivative [24] dR = ψ j dθ j . The differential form
coefficients ψ j are interpreted as quark field colour components.
In the coordinate representation [25] we have [14] e. g.
K1 = aθ2 p3 − aθ3 p2 = h̄λ7 and M1 /h̄ = θ2 θ3 +

a2
p2 p3 = λ6 .
h̄2

(7)

The λk s are Gell-Mann generators. The Kk s and the Mk s commute as
[Mk , Ml ] = [Kk , Kl ] = −ih̄εklm Km .

(8)

The sign for the K-commutators signifies body fixed coordinates for intrinsic spin as in nuclear
physics [26]. From the Casimir operator C1 = λk λk one gets [14, 12] by repeated use of (5) the
Okubo structure [27, 28]


2
0
0
0 1 2
K(K + 1) + M = a + b y + c
y − i(i + 1)
(9)
4
for the nominator in the second term in (4) which contains the baryon flavour structure. Here a0 , b0
and c0 are constants and y and i are hypercharge and isopin respectively.
4
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Figure 2: Left and right: Reduced zone schemes [19] for Bloch wave numbers for the neutron state (left) and
the proton state (right) [12]. Middle: Higgs potential (solid, blue) matching the Manton-inspired potential
[18] (dashed, red) and the Wilson-inspired potential [22] (dotted, green). The Manton and Wilson inspired
potentials yield the same value for the Higgs mass and the electroweak energy scale whereas only the Manton
inspired potential gives a satisfactory reproduction of the baryon spectrum [12].

Ole L. Trinhammer

Accurate Higgs and Baryon Mass Spectra from U(3)

Strong electroweak correlation for a Higgs field
We match the intrinsic colour phase angle θ and the Higgs field by correlating the energies in
a balancing trailing Ansatz Λθ = αφ and fit the potential VH of the Higgs field φ with the troughs
√
n = ±1 neighbouring to the generic one at n = 0. This gave us the weak energy scale v = 2φ0
[12] from a 2π shift of θ , see fig. 2, with the fit
1
1
1
1
1 1
2π
VH (φ ) = δ 2 − µ 2 (φ † φ ) + λ 2 (φ † φ )2 ; δ 2 = φ02 , µ 2 = , λ 2 =
Λ. (10)
, φ0 =
2
2
4
8
2
2 φ0
α

Two component Higgs to open U(2) Bloch degrees of freedom
For the 2π-shift in Fig. 2 to occur, spontaneous period doublings are needed in the toroidal part
R = Jτ of the measure-scaled wavefunction. Since the labelling of θ j is arbitrary, τ is symmetric
in these, and since J is antisymmetric, R can be expanded on Slater determinants
b pqr = εi jk b p (θi )bq (θ j )br (θk ),

(11)

where p, q, r are natural number labels for orthogonal solutions to the one-dimensional Schödinger
equation


1 ∂2
−
+ w(θ ) b p (θ ) = e p b p (θ ).
(12)
2 ∂θ2
These Slater determinants require paired period doublings in order to cancel the denominator in
the second term of the Laplacian (4). Thus the Higgs field to absorb the phase changes must be a
two-component complex structure in which case we can expand e.g. on [12]


θ +θ
θ1 − θ2
irθ3 i(p+q) 1 2 2
(13)
; g pqr = eipθ1 eiqθ2 eirθ3
2i sin (p − q)
g pqr − gqpr = e e
2
even for half odd-integer p, q. For integer p, q, r eq. (2) can be solved with exact integrals by a
Rayleigh-Ritz method to give, e.g. the dimensionless ground state En = En /Λ which yields
me
α(mn ) 1
=
= 1/1838. · · ·
mn
π En

(14)

b pqr = εi jk cos(pθi ) cos(qθ j ) cos(rθk ),

(15)

In particular the base
gives rise to scarce singlets [12] of which especially the ones at 4228 MeV and 4499 MeV around
the open charm threshold at 4324 MeV are intriguing in the light of the recent LHCb charged
pentaquark observations in that area [30]. For half odd-integer p, q we have not found a proper
selection rule for the base (13) that would make the Rayleigh-Ritz method viable. The spectrum
in fig. 1 is an approximation based on (12) but now allowing for 4π periodicity. This leads to
a diminished ground state Ep = e01 + e02 + e3 that gives the relative neutron to proton mass shift
(En −Ep )/Ep = 0.13847 % which compares rather well with the value (mn −mp )/mp = 0.137842 %
calculated from the masses that are known experimentally with eight significant digits [13].
5
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From this follows mH c2 = √12 φ0 giving (1). The present v differs from the standard model value
√
vSM by a factor Vud involving the u-d element of the Cabibbo-Kobayashi-Maskawa quark flavour
√
mixing matrix [29], thus vSM = v Vud = 246.85 GeV [12] .
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Effective fine structure coupling at W boson energies and the resulting Higgs mass
We estimate the effective fine structure coupling at W boson energies from its known value at
Z boson energies based on available analytical expressions. In general at energy scale µ we have
the total correction ∆α defined by
αe
.
(16)
α(µ) =
1 − ∆α
The best known α near mW is the modified minimal subtraction value at mZ [31]
(17)

−1
−1
We estimate αMS
(mW ) based on αMS
(mZ ) by translating between renormalization schemes. From
the Particle Data Group [31] we have with known constants a0 , a1 and a2


 2
αe
mZ
αs (mZ )
7
αs2 (mZ )
(18)
a2 .
∆αMS (mZ ) − ∆α(mZ ) =
+
a0 − ln
a1 +
π
4
π
π2
m2W

For the effect of scale changes in the strong coupling constant αs we use Schwartz [32]. For the
radiative corrections we use [33]
 2 

1
3π/4
mZ
−1
−1
αrad (mZ ) − αrad (mW ) = − ln
/ 1 − −1
= −0.02725...
(19)
3π
m2W
αe + 3π/4
For lepton and hadron loop corrections we use expressions from Jegerlehner [12, 34]. We
update the quark masses to mu,d,s,c,b,t = 0.023, 0.048, 0.095, 1.275, 4.18, 173.21 GeV [35] as a gen(5)
eralization of Jegerlehner’s ∆αhad and use αs = 0.120 [31]. With the lepton masses me,µ,τ =
0.510998928, 105.6583715, 1776.82 MeV [36] and the updated quark masses we can find


∆α(mW )−∆α(mZ ) = ∆αlep (mW ) − ∆αlep (mZ ) +[∆αhad (mW ) − ∆αhad (mZ )]+[∆αrad (mW ) − ∆αrad (mZ )]
(20)
to yield −0.001300728595 (saving redundant digits for later round off). Then we have
∆α(mW ) = ∆α(mZ ) + [∆α(mW ) − ∆α(mZ )] = 0.05790868410.

(21)

From (21) we can return to the modified minimal subtraction scheme by use of (18) for mW to get
∆αMS (mW ) = ∆α(mW ) + [∆αMS (mW ) − ∆α(mW )] = 0.06610069472

(22)

which yields αMS (mW ) = 1/127.9778244 in (16) to be used for the Higgs mass in (1). To get an
estimate on the uncertainties in the Higgs mass result (1) we have done calculations with and without the top quark included (nf = 6, respectively nf = 5), compared with the Jegerlehner quark mass
parameters and done calculations with two different values of the strong coupling constant at the
Z-scale, namely αs (mZ ) = 0.120 and αs (mZ ) = 0.1184 respectively. The uncertainty on αMS (mZ )
is stated in (17) and represents the largest contribution. Thus the calculated Higgs mass can be
formulated as mH c2 = 125.085 ± 0.014(αZ ) ± 0.0066(nf ) ± 0.0063(αs ) ± 0.0003(mquark ) GeV. In
fig. 1 we compare this with the recent combined result mH c2 = 125.09±0.21(stat.)±0.11(scale)±
0.02(other) ± 0.01(theory) GeV from the CMS and ATLAS collaborations [1].
6
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−1
αMS
(mZ ) = 127.940 ± 0.014.

Ole L. Trinhammer

Accurate Higgs and Baryon Mass Spectra from U(3)

Conclusion

Acknowledgments
We thank Jeppe Dyre, Peter H. Hansen, Anders Andersen, Jakob Bohr and Tomas Bohr for
advice. We thank Jørgen Beck Hansen, Jørn Dines Hansen, Torben Amtrup, Vladimir Kopeliovich
Svend Bjørnholm and Bo-Sture Skagerstam for lending ear. We thank Holger Bech Nielsen for
helpful discussions.

References
[1] ATLAS and CMS Collaborations, Phys. Rev. Lett. 114, 191803 (2015). ArXiv: 1503.07589v1
[hep-ex] 26 Mar 2015.
[2] E. Klempt and J. M. Richard, Rev. Mod. Phys. 82(2), 1095, (2010).
[3] R. A. Arndt et al., Phys. Rev. C74, 045205 (2006).
[4] K. Nakamura et al. (Particle Data Group), J. Phys. G: Nucl. Part. Phys 37 (7A), 075021 (2010), p.189.
[5] See ref. [4] pp. 202.
[6] R. J. Holt and C. D. Roberts, Rev. Mod. Phys 82(4), 2991-3044, (2010).
[7] A. Bazavov et al., Rev. Mod. Phys. 82(2), 1349-1417 (2010).
[8] C. Alexandrou, R. Baron, J. Carbonell, V. Drach, P. Guichon, K. Jansen, T. Korzec and O. Pène, Phys.
Rev. D80 (2009), 114503. ArXiv: 0910.2419v1 [hep-lat] (2009).
[9] Sz. Borsanyi et al., Science Magazine 347 (Issue 6229), (2015), 1452-1455.
[10] R. Horsley et al., arXiv:1508.06401v1 [hep-lat], 25 Aug. 2015.
[11] S. J. Brodsky, H.-C. Pauli and S. S. Pincky, Phys. Rep. 301, 299-486 (1998), p. 303.

7

PoS(EPS-HEP2015)097

The agreement is excellent between the calculated Higgs mass mH c2 = 125.085 ± 0.017 GeV based on fine structure constants evaluated at electronic and W -bosonic energies - and the combined
experimental result for Higgs production in proton-proton collisions with decays either H → γγ or
H → ZZ → 4l from the groups ATLAS and CMS at CERN, mH c2 = 125.09 ± 0.24 GeV. Our
estimate of αMS (mW ) is to be confirmed by thorough renormalization group evolution. The above
agreement on the Higgs mass raises the question of whether - as expected in the present work all experimental pp-channels for Higgs particle resonances should give the same result. Since new
planned experiments at the LHC Run 2 are expected to give accurate values of the Higgs mass
according to higher statistics, it is crucial (for us) to see if our prediction continues to coincide with
the experimental value, i.e. to see whether the type of production channel and particle decay is
decisive for the experimental Higgs mass value.
In the baryon sector, we predict neutral charge, neutral flavour singlets in invariant mass spec−
tra of Σ+
c (2455)D above the open charm threshold, e.g. at 4499, 4652 and 4723 MeV. Such
singlets are particular for the present model. The singlets should also be visible in negative pions
scattering on protons.

Ole L. Trinhammer

Accurate Higgs and Baryon Mass Spectra from U(3)

[12] O. L. Trinhammer, H. G. Bohr and M. S. Jensen, Int. J. Mod. Phys., A30 (14), (2015), 1550078.
ArXiv: 1503.00620v2 [physics.gen-ph] 7 Dec 2014.
[13] K. A. Olive et al. (Particle Data Group), Chin. Phys., C38(9), (2014), 090001.
[14] O. L. Trinhammer, Eur. Phys. Lett. 102 (2013) 42002. ArXiv:1303.5283v2 [physics.gen-ph] 1 May
2014.
[15] F. Caola and K. Melnikov, Phys. Rev. D88 (2013) 054024. ArXiv: 1307.4935v3 [hep-ph].
[16] See ref. [13], p. 147.

[18] N. S. Manton, Phys. Lett. B96, 328-330 (1980).
[19] N. W. Ashcroft and N. D. Mermin, Solid State Physics, (Holt, Rinehart and Winston, New York
1976), p. 160.
[20] A. Bohr and O. Ulfbeck, Rev. Mod. Phys. 67(1), 1-35, (1995),
[21] O. L. Trinhammer and G. Olafsson, arXiv:9901002v2 [math-ph].
[22] K. G. Wilson, Phys. Rev. D10, 2445 (1974).
[23] H. Weyl, The Classical Groups - Their Invariants and Representations, 2nd ed. (Princeton University
Press 1997), p. 197.
[24] W. Guillemin and A. Pollack, Differential Topology, (Prentice-Hall, New Jersey, USA 1974), p.163.
[25] L. I. Schiff, Quantum Mechanics, 3rd ed., (McGraw-Hill, 1955/1968), p. 210.
[26] A. Bohr and B. R. Mottelson, Nuclear Structure, Vol. 1., (W. A. Benjamin, New York, Amsterdam
1969), p. 87.
[27] S. Okubo, Prog. Theor. Phys. 27(5), 949-966, (1962).
[28] S. Gasiorowicz, Elementary Particle Physics (Wiley and Sons, New York, 1966), p.287.
[29] J. Beringer et al. (Particle Data Group), Phys. Rev. D86, (2012), 010001, p. 157.
[30] R. Aaij et al. (LHCb Collaboration), Phys. Rev. Lett. 115, (2015), 072001. ArXiv: 1507.03414v2
[hep-ex].
[31] See ref. [13] p. 140.
[32] M. D. Schwartz, Quantum Field Theory and the Standard Model, (Cambridge University Press,
Cambridge, UK 2014), p. 528.
[33] S. Weinberg, The Quantum Theory of Fields - Modern Applications, Vol. II, (Cambridge University
Press 1995/2012), pp. 126 and 158.
[34] F. Jegerlehner, Nucl. Phys. Proc. Suppl. C51 (1996), 131-141. ArXiv:hep-ph/960684v1.
[35] See ref. [13], p.33.
[36] See ref. [13], p.30.

8

PoS(EPS-HEP2015)097

[17] S. Eidelman et al. (Particle Data Group), Phys. Lett. B592, (2004).

