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Plume dilution and transverse mixing can be considerably enhanced by helical flow occurring in three-
dimensional heterogeneous anisotropic porous media. In this study, we perform tracer experiments in a fully three-
dimensional flow-through chamber to investigate the effects of helical flow on plume spiraling and deformation, as
well as on its dilution. Porous media were packed in angled stripes of materials with different grain sizes to create
blocks with macroscopically anisotropic hydraulic conductivity, which caused helical flows. Steady-state transport
experiments were carried out by continuously injecting dye tracers at different inlet ports. High-resolution
measurements of concentration and flow rates were performed at 49 outlet ports. These measurements allowed
quantifying the spreading and dilution of the solute plumes at the outlet cross section. Direct evidence of plume
spiraling and visual proof of helical flow was obtained by freezing and slicing the porous media at different cross
sections and observing the dye-tracer distribution. We simulated flow and transport to interpret our experimental
observations and investigate the effects of helical flow on mixing-controlled reactive transport. The simulation
results were evaluated using metrics of reactive mixing such as the critical dilution index and the length of
continuously injected steady-state plumes. The results show considerable reaction enhancement, quantified by
the remarkable decrease of reactive plume lengths (up to four times) in helical flows compared to analogous
scenarios in uniform flows.

DOI: 10.1103/PhysRevE.94.013113

I. INTRODUCTION

Mixing of reactants is fundamental for the occurrence
of chemical and biological reactions both in natural and in
engineered flows [1–4]. In turbulent flows, such as in many ex-
amples of atmospheric and surface-water flows as well as in en-
gineered systems like mixers, mixing is comparably strong and
reaction rates are often controlled by reaction kinetics [5]. By
contrast, in creeping flows occurring in porous media such as
aquifers, oil reservoirs, and packed bed reactors, slow diffusive
processes determine the rate of mixing and, hence, reactions
may be controlled by insufficient mixing [6,7]. Microfluidics
experiments [8–11] and pore-scale simulations [6,12–17] have
emphasized the controlling role of pore-scale physics on
conservative and reactive transport. The effects of pore-scale
processes do not vanish and affect solute transport and
mixing in porous media also at larger scales [18,19]. Physical
heterogeneity of porous formations is a key feature that has
been recognized to control the extent of mixing in geologic
media. In such systems, the interplay between mixing and
reactive processes has been extensively investigated by means
of numerical simulations and theoretical analysis [20–25]. A
feature of porous media that has received considerably less
attention than heterogeneity in the study of mixing processes
is anisotropy. Anisotropic structures can result in flow fields
with complex topology, nonzero helicity density, and entailing
whirling streamlines [26–28]. Modeling studies have started
to address the link between the complexity of steady-state
flows in three-dimensional anisotropic domains and the

*Corresponding author: masro@env.dtu.dk

deformation, stretching, folding of solute plumes [29–31]
and, ultimately, plume dilution and mixing [32].

The current study aims at extending and deepening the
findings presented in a recent Letter [33], which showed first
experimental evidence of the occurrence of helical flow in
porous media. We present results of laboratory flow-through
experiments providing visual proof of helical flow in heteroge-
neous anisotropic porous media. Color-tracer distributions of
steady-state plumes examined in different cross sections of the
domain show the effects of whirling streamlines and their im-
pact on plume deformation. We also investigate the influence of
grain sizes and the effects of different tracer-injection positions
on plume dilution. Finally, we use a numerical flow and trans-
port model, validated with the results of the conservative-tracer
laboratory experiments, to explore the effects of helical flow
on reactive transport. We consider a mixing-controlled reactive
transport scenario in which a continuously injected reactant
plume undergoes an instantaneous complete bimolecular
reaction. The critical dilution index, the effective dispersion
coefficients, and the length of reactive plumes are the metrics
selected to quantify the reaction enhancement due to helical
flow.

II. MATERIAL AND METHODS

A. Flow-through experiments

Laboratory flow-through experiments were carried out
in a three-dimensional flow-through chamber with inner
dimensions of 30 cm×7.7 cm×10 cm [Fig. 1(a)]. The chamber
is made of acrylic glass and has 25 equally spaced (1.54 cm
spacing) injection ports at the inlet and 49 equally spaced
(1.1 cm spacing) extraction ports at the outlet. Syringe needles
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FIG. 1. (a) Photograph of the experimental setup with marked layers. (b) Inner heterogeneous anisotropic structure of the porous medium,
built with high and low hydraulic conductivity angled stripes, and streamlines traced from the central injection port.

piercing rubber septa were used to inject and extract water at
the inlet and outlet ports. High-precision peristaltic pumps with
24 channels (Ismatec, Glattbrugg, Switzerland) were used to
establish steady-state flow conditions during the experimental
runs. Two sets of experiments were carried out using different
types of glass beads (Sigmund Lindner, Warmensteinach,
Germany) arranged to create heterogeneous anisotropic porous
media in the flow-through chamber. In the first series of
experiments, fine materials with grain sizes of 0.4–0.6 mm
(indicated as FF) and 1.5–2.0 mm (indicated as FC) were
used for the construction of low and high conductivity stripes,
respectively. In the second series of experiments, coarser
materials with the grain sizes of 0.6–0.9 mm (indicated as
CF) and 2.4–2.9 mm (indicated as CC) were used to pack the
heterogeneous anisotropic medium. The ratio of the average
grain size between fine and coarse materials in the two setups is
identical (i.e., 3.5). In each experiment, the two types of glass
beads were packed in alternating angled stripes in two distinct
layers [layer 1 and layer 2 in Fig. 1(a)] to achieve a simplified
representation of herringbone cross-stratification, observed in
subsurface sedimentary depositional environments [34]. In
layer 3, finer glass beads (FF or CF) were homogeneously
packed. Such a layer is necessary to facilitate maintaining
water-saturated conditions in the coarser porous medium in
layers 1 and 2. The thickness of layers 1 and 2 was 3.08
cm, whereas layer 3 had a thickness of 1.54 cm. We consider
unconfined conditions in this work, that is, no sealing at the
top of the filling was applied. To prevent capillary rise to the
surface, dry coarse glass beads were placed on top of layer 3,
maintaining an unsaturated zone. The porosity of the porous
media was determined gravimetrically and a value of 0.4 was
found for all types of glass beads used in the experiments. The
hydraulic conductivity was calculated according to the grain
size [35]. The porous media built for the flow-through exper-
iments have a spatially heterogeneous and macroscopically
anisotropic hydraulic conductivity distribution, which is a key
feature to generate helical flow.

All experiments were performed at an average flow velocity
of 3 m/day. After establishing steady-state flow conditions, a
tracer solution of sodium fluorescein (CAS 518-47-8) with
a concentration of 15 mg/l was injected through a single

injection port, while tracer-free water was injected through all
other ports. To ensure the achievement of steady-state transport
conditions, we flushed eight pore volumes before starting
sampling. Samples were collected at the 49 (7 × 7 array)
extraction ports at the outlet and the concentrations of the
collected samples were measured using a UV fluorescence
spectrometer (Perkin Elmer LS-3B). The flow rate at each
extraction port was determined by weighting the collected
samples at specific time intervals.

A second color tracer (New Coccine, CAS 2611-82-7) was
used in an experiment aimed at visualizing the cross-sectional
concentration distributions at different distances within the
flow-through system. This experiment was conducted in the
porous medium made of FF and FC glass beads, and New
Coccine was selected as tracer since its red color was easier
to distinguish from the color of the glass beads compared to
fluorescein. To enable visual inspection of the tracer plume
at different cross sections, the porous medium was frozen at
−20 °C and sliced at distances of 11, 15, 24, and 29 cm from
the inlet. Photographs of the different cross sections were
taken to visualize the spatial distribution of the color-tracer
concentration.

B. Flow and transport modeling

Flow and transport simulations were performed to (i)
interpret the experimental observations; (ii) compute metrics
of plume spreading and dilution and compare the model results
with the experimental findings; and (iii) extend the analysis to
study the impact of helical flow on mixing-controlled reactive
transport.

We used the scheme proposed by [32] to solve flow and
transport in three-dimensional anisotropic porous media with
the same geometry, boundary conditions, as well as arrange-
ment of hydraulic conductivity zones as in the experimental
setup.

Steady-state flow was calculated according to the continuity
equation and Darcy’s law:

∇ · [q(x)] = ∇ · [−K(x)∇φ(x)] = 0, (1)
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FIG. 2. Effect of the complex flow field on plume deformation at different longitudinal distances of the domain. Simulated patterns of
streamlines injected from (a) a centered injection and (b) a noncentered injection, corresponding to the experiment using New Coccine as tracer
(Fig. 3).

where q [LT −1] denotes the specific discharge vector, x [L]
is the vector of spatial coordinates, K [LT −1] is the hydraulic
conductivity tensor (here considered locally isotropic as the
stripes of different materials are spatially resolved), and φ [L]
is the hydraulic head. Equation (1) was solved considering
constant-flux boundary conditions at the injection and extrac-
tion ports and no-flow boundary conditions at the other sides
of the flow-through chamber. The complex flow field within
the heterogeneous anisotropic porous medium is shown by the
streamlines traced from the central injection port to the outlet
[Fig. 1(b)], using a particle tracking scheme based on Pollock’s
semianalytical method [36]. The computed streamlines are
helical curves in the three-dimensional porous medium,
twisting along the travel distance. Streamlines originating from
the same injection port may evolve quite differently inside
the porous medium, thus causing considerable deformation
of an injected solute plume. Such effects can be visualized
by plotting how the cross section of a plume in the y-z
planes is deformed as a function of distance x. We do this
by tracking 2500 streamlines originating from a given source
zone at the inlet. Figure 2(a) illustrates the effects of the
complex flow field on the plume shape at selected cross
sections for a centered and symmetric injection zone (i.e.,
central inlet port in the experimental setup). The injected
plume is displaced, stretched, and squeezed according to the
pattern of the streamlines injected through the source zone.
It is evident that diverging streamlines can even cause the
splitting of the plume. Figure 2(b) shows the case where the
plume is injected at a noncentral inlet port corresponding to
the experiment using New Coccine as tracer. The experimental
results and the transport simulations will be discussed in the
next sections; however, the visualization of the streamlines

patterns at different cross sections is illustrative to isolate
the impact of the complex helical flow on the dynamics
of plume deformation (i.e., purely advective effects, without
diffusive/dispersive mass transfer processes).

The governing equation for the conservative transport
problem is the steady-state advection-dispersion equation:

v · ∇c − ∇ · (D∇c) = 0, (2)

where v = q/θ [LT −1] is the average linear velocity vector,
θ [−] is the porosity, c [ML−3] is the concentration, and D
[L2T −1] is the hydrodynamic dispersion tensor.

The transport equation [Eq. (2)] was solved considering
constant concentrations at the inlet boundary (15 mg/l for
the tracer-injection port and 0 mg/l for the other ports
where clean water was injected). For continuously injected
plumes, under steady-state conditions, the key dispersion term
is the one in the transverse direction, whereas longitudinal
dispersion can be neglected [37]. It is therefore important to
provide an accurate description of the transverse dispersion
coefficient. We considered the nonlinear compound-specific
parameterization of [38]:

Dt = Dp + Daq

(
Pe2

Pe + 2 + 4δ2

)β

(3)

taking into account the dependence of mechanical dispersion
on the aqueous diffusivity of the transported solute, which
stems from incomplete mixing at the pore scale [39–41]. Here
Dp ≈ Daqθ [L2T −1] denotes the pore diffusion coefficient,
Daq [L2T −1] is the aqueous diffusion coefficient, Pe =
vd/Daq [−] is the grain Péclet number, v [LT −1] is the
absolute value of the velocity vector v, d [L] is the average
grain size, δ [−] is the ratio between the length of a pore
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channel and its hydraulic radius, and β [−] is an empirical
exponent that accounts for the degree of incomplete mixing
within the pore channels. The parameters reported by [42] (i.e.,
β = 0.5 and δ = 5.37) were used in this study.

III. METRICS OF CONSERVATIVE
AND REACTIVE MIXING

A. Quantification of plume spreading and dilution

The metrics selected to evaluate the outcomes of the
conservative-tracer experiments are the low-order moments
of the concentration distribution and the flux-related dilution
index.

Second central spatial moments are useful to characterize
the spreading of solute plumes. For the steady-state tracer
experiments with continuous injection, the moments in the
transverse horizontal and vertical directions are informative of
the concentration distribution at a given cross section and were
calculated at the outlet of the flow-through setup:

M2C,h =
∫ wtot

0 (y − M1,h)2chdy∫ wtot

0 chdy
, (4)

M2C,v =
∫ htot

0 (z − M1,v)2cvdz∫ htot

0 cvdz
, (5)

where wtot [L] and htot [L] are the total width and height of the
three-dimensional domain, M1,h [L] and M1,v [L] are the first
spatial moment in horizontal and vertical directions, defined
as:

M1,h =
∫ wtot

0 ychdy∫ wtot

0 chdy
, (6)

M1,v =
∫ htot

0 zcvdz∫ htot

0 cvdz
, (7)

and ch = ∫ htot

0 cdz/htot and cv = ∫ wtot

0 cdy/wtot represent the
average concentration along the vertical and horizontal direc-
tions, respectively.

The flux-related dilution index, EQ [L3T −1], is a useful
metric to quantify plume dilution and is defined as [43]:

EQ(x) = exp

{
−

∫
�

[pQ(x,y,z) ln pQ(x,y,z)]qx(x,y,z)dA

}
,

(8)

where � is the cross section perpendicular to the longitudinal
direction x, pQ = c/

∫
�

cqxdA [T L−3] is the flux-weighted
probability density function of the solute mass, and qx [LT −1]
is the specific discharge in the main flow direction. The
flux-related dilution index is a metric based on the Shannon
entropy and was derived following the volumetric dilution
index E [L3] [44], which was proposed to capture the increase
of volume of fluid occupied by the solute during transient
transport of a solute cloud. EQ is a volumetric flow rate and
quantifies the distribution of the solute mass flux over the water
flux along the travel distance. Even though the logarithm of
a dimensional property (pQ) appears in Eq. (8), the equation
is dimensionally correct and represents the limit of a discrete

exponential of the plume’s entropy in which the arguments
of exponents and logarithms are dimensionless [44]. In our
experiments, we determined the flux-related dilution index
in a discrete form using the concentrations and flow rates
measured at the inlet and the outlet ports. The difference
between the outlet and inlet values of the flux-related dilution
index directly quantifies the extent of plume dilution due to
lateral mass exchange in the flow-through setup.

B. Quantification of reactive mixing

Numerical simulations are used to investigate the effects
of helical flow on reactive transport. We consider the same
flow-through domain used in the experiments and a simple
mixing-controlled instantaneous bimolecular reaction of the
form A + B → C. Species A is the plume injected in one
port, while species B is the reactant present in the ambient
water and introduced in all other ports. Assuming the same
aqueous diffusion coefficient for both reactants, a virtual
conservative compound X [−] (denoted as mixing ratio) can
be considered to model the reactive transport problem [45,46].
The mixing ratio is defined as the volumetric fraction of the
injected solution in the mixture and can be used to map the
concentration of reactants and products of an instantaneous
bimolecular reaction according to the procedure described by
Cirpka and Valocchi [46]. In our study, the concentration of
X is unity at the injection port of A and it is 0 in the ambient
water. We define the critical mixing ratio according to [46] as
Xcrit = camb

B /(camb
B + cin

A ), where camb
B is the concentration of

species B in the inlet ambient water and cin
A is the concentration

of species A at the central injection port through which the
reactive plume is injected in the flow-through domain. At
locations where X = Xcrit, the concentrations of both reactants
are zero.

In uniform three-dimensional, laterally unbounded flow, the
mixing ratio satisfies the analytical solution for conservative
transport of solute plumes continuously injected by a square
source [47]:

X(x,y,z) = 1

4

{
erf

[
y + Y

/
2

2
√

Dtx/v

]
− erf

[
y − Y

/
2

2
√

Dtx/v

]}

×
{

erf

[
z + Z

/
2

2
√

Dtx/v

]
− erf

[
z − Z

/
2

2
√

Dtx/v

]}
, (9)

where erf(·) is the error function, and Y [L] and Z [L]
denote the source width and the source thickness, which are
identical (i.e., 1.54 cm) in our study. The end of the plume is
defined as the point where species A is completely consumed
by the reaction, i.e., where the mixing ratio equals Xcrit.
Thus, the plume length, L [L], is defined as the minimal
distance from the source at which X � Xcrit within the entire
cross section orthogonal to the average flow direction. The
length of a reactive plume is a useful metric to quantify the
effects of mixing on reactive transport. For a three-dimensional
homogeneous isotropic domain, the plume length of reactant
A can be derived from Eq. (9) following the procedure outlined
in Appendix A and reads as:

L = vY 2

16Dt [erf−1(
√

Xcrit)]
2 , (10)
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where erf−1(·) is the inverse error function. No analytical
solution exists for the concentration distribution in the case
of helical flow in heterogeneous anisotropic porous media.
However, for transport in such domains we can define an
effective dispersion coefficient, considering a homogeneous
isotropic equivalent system with the same solute mass flux
at the inlet and the same plume length observed in the
heterogeneous anisotropic case. Therefore, Dt,eff [L2T −1] is a
useful metric of mixing enhancement in reactive transport and
can be obtained from Eq. (10) as:

Dt,eff = vY 2

16L[erf−1(
√

Xcrit)]
2 . (11)

Considering the effect of heterogeneity and anisotropy of
the porous media on mixing, Dt,eff is larger than the local
transverse dispersion coefficient.

Finally, as the metric of reactive transport, we also con-
sider the critical dilution index (CDI). This measure was
introduced for the analysis of mixing-controlled reactions
in two-dimensional porous media [48] and quantifies the
amount of mixing required for the complete degradation
of a reactive plume undergoing an instantaneous complete
bimolecular reaction. The value of the critical dilution index
can be computed from the flux-related dilution index of a
conservative-tracer plume at the distance L, where L is the
length of the reactive plume considering the same flow field
and the same mass flux as in the case of conservative transport.
For three-dimensional transport, the critical dilution index and
its first-order approximation are described in Appendix B. The

analytical expression reads as:

CDI = EQ(L) = EQ(0)

Xcrit
exp(1). (12)

IV. RESULTS AND DISCUSSION

A. Conservative transport

Figure 3 refers to the flow-through experiment conducted
using New Coccine as color tracer and shows the concentration
distribution at different cross sections after slicing the frozen
porous medium containing the three-dimensional (3D) steady-
state tracer plume. The operations of slicing and freezing,
as well as the impossibility to stop diffusion, caused some
disturbance of the color dye plume. Therefore, the results
for the New Coccine plume should be interpreted only
qualitatively. The upper plots [Fig. 3(a)] are photographs
showing the location and spatial distribution of the tracer
plume in cross sections at different longitudinal distances.
For visual comparison, Fig. 3(a) also shows contour lines of
simulated tracer concentrations. The same distributions are
shown as color maps in Fig. 3(b). The simulated concentration
values are normalized by the concentration at the source.
The simulated concentrations qualitatively agree with the
experimental results, demonstrating the capability of the model
to predict the main features of flow and transport in the
heterogeneous anisotropic domain and to reproduce the plume
location, shape, and concentration distribution observed in the
experiments. Both the experimental and modeling results show
the importance of local transverse dispersion. In comparison

FIG. 3. Plume distribution at different cross sections. (a) Enhanced photographs showing the location and distribution of the New Coccine
plume. Contour lines of simulated normalized concentrations are added to the photographs for direct comparison. (b) Concentration maps at
the given longitudinal distances computed with the numerical model.
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to the simulated purely advective plume deformation shown in
Fig. 2(b), the concentration distributions affected by transverse
dispersion are much smoother and exhibit fewer fine-scale
features. The flow field in our experimental setup causes the
plume position to deviate from the tracer-injection points (red
crosses), and leads to the deformation of the material surface
of the plume. Lateral mass exchange by transverse hydrody-
namic dispersion attenuates sharp concentration gradients and
significantly affects the concentration distribution.

The experiment conducted using New Coccine as dye tracer
aimed at visualizing the complex distribution and deformation
of the steady-state plume inside the 3D flow-through setup.
A series of experiments using fluorescein were performed
in the fine (using FF and FC grain sizes to build the
angled stripes with different hydraulic conductivity) and the
coarse (CF and CC grain sizes) heterogeneous anisotropic
porous media, to quantitatively estimate the effect of the
flow field on mixing of a conservative tracer. Normalized
concentration distributions of fluorescein at the outlet of the
flow-through system were measured at high resolution at
the 49 outlet ports and interpolated using two-dimensional
monotonicity-preserving cubic interpolation as implemented
in MATLAB. These concentration measurements, together with
the measurement of the flow rates at the different channels,
provided the basis for the quantitative evaluation of transverse
plume spreading and dilution in the flow-through setup.
Figure 4 shows the experimental and numerical results of two
experiments performed in the fine (FF and FC) and coarse (CF
and CC) porous media. In these experiments, the central inlet
port was selected as the tracer-injection port (red crosses in
Fig. 4). Maps of the experimental and simulated concentration

distributions at the outlet are shown in Figs. 4(a) and 4(b) for
the experiment in the fine porous medium and in Figs. 4(d)
and 4(c) for the experiment carried out in the coarse porous
medium. In both cases the measured and simulated results
show good agreement concerning the location and the spatial
distribution of the tracer as well as its peak concentration.
Comparing the two experiments, the peak concentration of the
plume at the outlet is higher for the setup packed with fine
materials, indicating less transverse mixing in comparison
to the case packed with coarse materials. Yet the position
and the shape of the two plumes are similar. This confirms that
the absolute values of the two grain sizes influence the degree
of plume dilution (as expected from the parameterization of
the transverse dispersion coefficient and from the dependence
of the flux-related dilution index on transverse dispersion),
but they do not affect the structure of the flow field and
hence the shape of the steady-state plume if the ratio of grain
sizes and thus the anisotropy ratio of the upscaled hydraulic
conductivity are identical. Figures 3(c) and 3(f) compare the
concentrations at the outlet ports between experimental and
numerical results for the two setups. The experimental error
ε [−] was estimated using the reduced χ2 test [49], i.e.,
χ2 = (1/nports)

∑nports

i=1 [(cmeas
i − csim

i )2/ε2], such that χ2 equals
to unity. Here nports [−] denotes the number of outlet ports
(49 in our setup), cmeas

i [−] is the measured normalized
concentration at port i, and csim

i [−] is the corresponding
simulated value. The normalized error is plotted as dashed lines
in Figs. 4(c) and 4(f). The error is smaller for the experiments
packed with fine materials (grain size of 0.4–0.6 mm and
1.5–2.0 mm) than for the case with coarse materials (grain
size of 0.6–0.9 mm and 2.4–2.9 mm). This may be related

FIG. 4. Experimental and modeling results showing the normalized concentration distributions at the outlet of the heterogeneous anisotropic
porous media packed with fine (grain size of 0.4–0.6 mm and 1.5–2.0 mm) and coarse (grain size of 0.6–0.9 mm and 2.4–2.9 mm) materials.
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FIG. 5. Experimental and model results of the plume’s second
central moments in the vertical and horizontal transverse directions at
the outlet of the flow-through setup packed with fine (F) and coarse (C)
media and using the central inlet port (3-3; Fig. 4) and the neighboring
one (3-2) as the tracer-injection ports.

to the accuracy in the construction of the angled stripes in
the two setups. In fact, we observed that the grain size CF
can intrude into CC better than FF into FC, thus creating more
irregular boundaries between the different stripes for the coarse
porous medium. Also the number of grain diameters per stripe
is higher for finer grains. Therefore, the coarse experimental
setup deviates more from the idealized representation in the
numerical model, in which sharp interfaces separate the stripes
with different, uniform hydraulic conductivity.

Metrics of plume spreading and dilution, such as the
second central moment and the flux-related dilution index, are
calculated for the two cases (denoted as F3-3 and C3-3) shown
in Fig. 4, as well as for analogous experiments performed
in the same fine and coarse porous media but injecting the
tracer from a neighboring injection port, denoted as F3-2 and
C3-2, respectively. Figure 5 shows the second central moments
computed from the concentration measurements and the
simulation outputs at the outlet of the flow-through setup in the
four different experiments. In both porous media, differences
in plume spreading were observed when changing the plume
injection port since the injected solute was transported along
different streamlines. More important differences are observed
between the two porous media; in fact, both the horizontal
and vertical second central spatial moments indicate larger
spreading in the coarse porous medium. The small difference
of the second central moments between the experimental
data and the model results shown in Fig. 5 indicates that
the numerical model is able to predict the spreading of the
steady-state plumes observed in the experiments.

Plume dilution was analyzed computing the flux-related
dilution index [Eq. (8)] from the measured concentrations
and flow rates in the flow-through experiments and from the
outcomes of the transport simulations. The results for the four
experiments are reported in Fig. 6. Not only the spreading but
also the dilution of the plume is stronger in the heterogeneous
anisotropic medium packed with coarse materials. This finding
is consistent with the observations of peak concentrations
illustrated in Fig. 4. Furthermore, the good agreement of
the flux-related dilution index based on the experimental and
the model results confirms the capability of the numerical

FIG. 6. Experimental and modeling results of the flux-related
dilution index at the outlet of the flow-through system packed with
fine (F) and coarse (C) materials using the central inlet port (3-3) and
the neighboring one (3-2) as the tracer-injection ports.

model to accurately capture the flow and transport mechanisms
controlling plume dilution.

B. Reactive transport

Mixing-controlled reactive transport was simulated for
the four cases corresponding to the fine and coarse porous
media and the injection conditions experimentally tested for
conservative transport (Fig. 5). Three different critical mixing
ratios, i.e., 0.8, 0.5, and 0.25, representing different ratios
of the inflow concentrations of the reactants A and B for
identical stoichiometry of an instantaneous reaction, were
selected for each reactive transport scenario. As an example,
the red plume in Fig. 7 shows the development of the computed
reactive plume with the critical mixing ratio of 0.5 in the
heterogeneous anisotropic porous medium packed with fine
materials (FF and FC grain sizes). In this case, we simulated
that the central inlet port was used to inject the plume reactant
A, whereas reactant B was continuously injected from the

FIG. 7. Mixing-controlled reactive plumes (Xcrit = 0.5) com-
puted in a heterogeneous anisotropic porous medium and in a
homogenous setup. Identical mass flux of reactant A was injected
at the inlet in both setups.
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TABLE I. Metrics of reactive mixing (i.e., effective dispersion coefficient, plume length, and critical dilution index) computed for three
values of Xcrit and for the four different heterogeneous anisotropic cases.

Case F3-3 F3-2 C3-3 C3-2

Xcrit [−] 0.8 0.5 0.25 0.8 0.5 0.25 0.8 0.5 0.25 0.8 0.5 0.25
Dt,eff × 10−8 [m2 s−1] 0.54 0.73 0.87 0.61 0.78 0.78 0.62 0.91 1.13 0.64 0.93 0.89
L [cm] 7.3 12.9 26.5 6.5 12.1 29.7 6.1 9.9 19.3 5.9 9.7 24.5
Lhom [cm] 14.5 34.4 83.7 14.5 34.4 83.7 14.4 34.0 82.7 14.4 34.0 82.7
CDI × 10−7 [m3 s−1] 0.11 0.18 0.33 0.09 0.17 0.34 0.10 0.17 0.31 0.09 0.15 0.34
CDItheor × 10−7 [m3 s−1] 0.11 0.18 0.36 0.11 0.18 0.36 0.11 0.17 0.35 0.11 0.17 0.35

surrounding inlet ports. The plume bends and spirals along
the travel distance, and it disappears before reaching half the
length of the domain. Figure 7 also shows a blue plume,
which is the analogous reactive plume in a homogeneous
porous medium. The simulation of the homogeneous porous
medium was performed in a uniform hydraulic conductivity
field (K = 10−2 m/s, corresponding to a grain size of 1 mm).
Notice that, although the injected mass fluxes of the reactants
in the two porous media are the same, the plumes differ in
shape and length. In particular, in the homogeneous setup the
reactive plume remains straight and reaches the outlet of the
domain.

Table I summarizes the values of the selected metrics of
reactive mixing computed (numerically or analytically) for
the four cases of transport in heterogeneous anisotropic media
and in the homogeneous domain. In all setups, the values
of the reactive plume length vary considerably for different
critical mixing ratios (Xcrit). The steady-state reactive plumes
are longer for smaller critical mixing ratios, corresponding
to the relative higher concentration of reactant A at the
inlet. In the range of considered Xcrit, the plumes in the
heterogeneous anisotropic media range from 5.9 to 29.7 cm.
For any given critical mixing ratio, the reactive plume length
is shorter in the coarse porous medium (cases C3-3 and C3-2),
consistently to the dilution observed for the conservative
plumes (Fig. 6). Remarkable differences can be appreciated
by comparing the results in the heterogeneous media with
the plume length in the homogeneous domain. The latter is
computed analytically according to Eq. (10). For all considered
scenarios, the plume length in the heterogeneous anisotropic
media is always less than half the length computed for
the homogeneous case. Expressing the results as relative
differences, the average reduction of the plume lengths in the
heterogeneous cases is by factors of 1.25, 2.11, and 2.41 for the
critical mixing ratios of 0.8, 0.5, and 0.25, respectively. This
clearly indicates a strong enhancement of mixing by the helical
flow created in the heterogeneous anisotropic porous media. In
fact, the complex flow fields with whirling streamlines induce
significant deformation of the material surface of the plume
causing an increased interfacial area and enhancing lateral
mass exchange and, thus, the overall degradation rate.

The effective dispersion coefficients were computed ac-
cording to Eq. (11) and the values of Dt,eff are always larger
than the local Dt since the effects of heterogeneity and
anisotropy are factored in the computation of the effective
transverse dispersion coefficient. For instance, the local Dt val-
ues at 3 m/day considering Xcrit = 0.5 are 0.16 × 10−8 m2/s,
0.41 × 10−8 m2/s, 0.22 × 10−8 m2/s, and 0.54 × 10−8 m2/s

for the grain sizes FF, FC, CF, and CC, respectively, and thus
are smaller than the corresponding Dt,eff reported in Table I.
Similarly to the computed reactive plume lengths, the values
of Dt,eff show a more effective reaction enhancement in the
heterogeneous media packed with coarser grains (C3-3 and
C3-2).

The CDI is computed using the numerical simulations
results, while its first-order approximation (CDItheor) is com-
puted by Eq. (12). The values of CDI and CDItheor are also
reported in Table I. For each scenario, the critical dilution index
increases with decreasing mixing ratio, showing the same trend
as the reactive plume length. However, for any given critical
mixing ratio, the CDI values hardly vary for the four cases.
These results show that the mixing required for the complete
degradation of a plume reacting with a solute in the ambient
water is unique and independent of the anisotropy and the
heterogeneity of the porous media. The CDItheo computed
according to Eq. (12) shows a good approximation of the
critical dilution index computed using the numerical model
(mean normalized difference of 12%, 5%, and 7% for the
critical mixing ratio of 0.8, 0.5 and 0.25, respectively).

V. CONCLUSIONS

In this study, we provided experimental observations
of plume development in three-dimensional heterogeneous
anisotropic porous media under helical flow conditions.
Numerical simulations as well as metrics of transverse
plume spreading, dilution, and reactive mixing were applied
to interpret the experimental results. The outcomes of the
investigation show the important effects of helical flow on
plume dilution and reactive mixing in porous media. The
link between complex three-dimensional flow features and
transport processes in porous media, including the dynamics
of plume deformation and mixing, is an area of broad interest
for many disciplines but still largely unexplored. This might
be caused by the difficulty in performing 3D experiments
in complex flow-through setups and by the computational
challenges in simulating transverse mixing in complex 3D
flow fields. The current study contributes to overcoming these
difficulties and may facilitate future investigations of solute
transport in complex heterogeneous anisotropic porous media.
The latter may evolve in different directions and concern
both engineered (e.g., packed bed reactors and mixers) and
natural systems (e.g., aquifers and oil reservoirs). For instance,
the current understanding of contaminant plume evolution
in aquifer systems will greatly benefit from high-resolution
investigation taking into account three-dimensional features
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of flow and transport processes occurring in complex 3D
sedimentary structures.
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APPENDIX A: LENGTH OF A REACTIVE PLUME IN A 3D
HOMOGENEOUS ISOTROPIC POROUS MEDIUM

In this Appendix, we derive the formula to compute the
length of a steady-state reactive plume in a three-dimensional
homogeneous isotropic porous medium. We consider a contin-
uous injection from a square source and the analytical solution
for the 3D steady-state distribution of a conservative tracer
[Eq. (9)]:

X(x,y,z) = 1

4

{
erf

[
y + Y

/
2

2
√

Dtx/v

]
− erf

[
y − Y

/
2

2
√
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{

erf
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z + Z

/
2
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√
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− erf
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/
2

2
√

Dtx/v

]}
. (A1)

At the end of the plume, the mixing ratio reached its
critical value X = Xcrit at the central point (i.e., y = z = 0)
and Eq. (A1) simplifies to:

Xcrit =
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⎩erf
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Since the source of the plume is square (Y = Z), Eq. (A2)
can be further simplified to:

Xcrit =
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(A3)

We can then solve for the length L of the reactive plume:

L = vY 2

16Dt [erf−1(
√

Xcrit)]
2 . (A4)

APPENDIX B: ANALYTICAL EXPRESSION OF THE
CRITICAL DILUTION INDEX FOR A PLUME IN A 3D

HOMOGENEOUS ISOTROPIC POROUS MEDIUM

In the following, we derive an expression for the critical
dilution index (CDI) in a three-dimensional homogeneous

system. The CDI quantifies the mass flux dilution necessary
to completely degrade a mixing-controlled reactive plume
emitted from a continuous source and provides a direct link
between conservative and reactive transport. For a square
source (Y = Z) in a three-dimensional system as considered
in this study, inverse dynamic Péclet numbers in the transverse
vertical and transverse horizontal directions can be defined
as [50]:

εy = εz = nxDt

qxY 2
. (B1)

Considering the longitudinal distance at which the plume
is completely degraded (x = L) and inserting Eq. (B1) into
Eq. (10), we obtain:

εy = εz = 1

16[erf−1(
√

Xcrit)]
2 . (B2)

Taking the first-order approximation for the Taylor ex-
pression of the inverse error function, i.e., erf−1(

√
Xcrit) ≈

1
2

√
πXcrit, Eq. (B2) becomes:

εy = εz = 1

4πXcrit
. (B3)

The semianalytical expression of the flux-related dilution
index for a conservative tracer in a 3D homogeneous setup
reads as [50]:

EQ(εy,εz)

= YZqx

(
1 −

√
4πεy

4πεy + 1 + f (εy)
+ √

4π exp(1)εy

)

×
(

1 −
√

4πεz

4πεz + 1 + f (εz)
+

√
4π exp (1)εz

)
. (B4)

For the common of sufficiently long plumes (i.e., Xcrit is
small), the second term in both parentheses in Eq. (B4) tends
to be 1. Therefore, the terms in the parentheses are simplified
to

√
4π exp(1)εy and

√
4π exp(1)εz, respectively. By inserting

the inverse dynamic Péclet numbers, calculated according to
Eq. (B3), into Eq. (B4), we obtain:

EQ(L) = YZqx

exp (1)

Xcrit
. (B5)

Noting that YZqx is the flow rate through the source area
and, thus, the flux-related dilution index at the inlet, the critical
dilution index can be expressed as

EQ(L) = EQ(0)

Xcrit
exp (1). (B6)
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