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Summary (English)

Rotor-bearing systems are key components in a variety of industrial equipment,
as turbines, compressors, pumps etc. They are often subjected to strict requirements
with respect to cost of energy and stability. Solutions that meet the requirements often
involve: low friction between rotor and bearing, high damping of lateral vibrations and
high load-carrying capacity. Gas bearings and passive magnetic bearings are examples
with very low friction. However, both examples also have a drawback with respect to
very low damping and therefore prone to instability. To increase damping it is relevant
to use passive adaptive control through smart materials. Shape Memory Alloys (SMAs)
are interesting candidates in that relation, because of their highly temperature sensitive
stiffness and mechanical hysteresis, which can be used for damping purposes.

The thesis focuses on three main aspects related to the feasibility of integrating
SMAs into rotor-bearing systems. The first one involves modelling of the constitutive
relations of the metals with emphasis on stabilized cyclic behaviour under controlled
temperature conditions. Two well-established phenomenological thermo-mechanical
models are employed, and modifications are made to two subparts dealing with the
evolution of phase transformations. By using the modifications, it is possible to repro-
duce experimental observations with higher accuracy. Uncertainty analysis of material
parameters is a general theme of the thesis in order to ensure physical validity and
identifiability, and to call attention to the inherent uncertainties of model predictions.

The second aspect concerns design and modelling of machine elements made
from SMAs. Different actuation principles of SMAs are covered, and pseudoelastic
elements in pre-tension are found to have the most promising properties. Different
element geometries are investigated with focus on helical springs. Several spring
models are presented, which use different levels of approximations to the mechanical
stress state. The models are compared to experimental results covering different levels
of temperature, deformation and loading rate. Generally, there is a good agreement
between model predictions and experimental results.

The last aspect involves dynamical systems integrated with SMAs to ensure passive
adaptive control and damping enhancement. The main system consists of a rigid rotor
supported by passive magnetic bearings. A holistic and multidisciplinary approach is
used for modelling the system, linking the nonlinear SMA spring, the weakly nonlinear
passive magnetic bearings, and the dynamic interaction between the rotor and bearing
housings. Theoretical and experimental results show that it is possible to reduce rotor
vibrations significantly by changing resonance frequencies through temperature control.
At the same time, mode shapes are also controllable, and large vibrations are limited
and reduced by hysteretic damping of the SMAs.





Resumé (Dansk)

Rotor-leje-systemer er nøglekomponenter i meget industriel udstyr, så som turbiner,
kompressorer og pumper. De er ofte underlagt høje krav med hensyn til energiomkost-
ninger og stabilitet. Løsninger, som efterkommer kravene, findes ofte i: lav friktion
mellem rotor og leje, høj dæmpning af laterale vibrationer og høj lastkapacitet. Gasle-
jer og passive magnetiske lejer er eksempler med meget lav friktion. Tilgengæld har
begge eksempler også en ulempe i forhold til lav dæmpning og derfor tilbøjelighed til
instabilitet. For at øge dæmpningen kan passiv adaptiv regulering ved brug af smarte
materialer være relevant. I den forbindelse er formhukommelsesmetaller (FHM’er)
interessante kandidater, fordi deres stivhed er yderst temperatursensitiv, og fordi de
udviser mekanisk hysterese, som kan bruges til dæmpning.

Denne afhandling fokuserer på tre aspekter omkring muligheden for at integrere
FHM’er i rotor-leje-systemer. Det første omhandler modellering af metallernes kon-
stitutive forhold med vægt på stabiliseret cyklisk mekanisk deformation underlagt
temperaturstyring. To veletablerede fænomenologiske termomekaniske modeller er
taget i brug, og modifikationer er lavet på to delelementer omkring faseoverganges ud-
vikling. Modifikationerne gør det muligt at genskabe eksperimentelle observationer med
højere nøjagtighed. Usikkerhedsanalyse af materialeparametre er et gennemgående
tema i afhandlingen med henblik på at sikre fysisk validitet og identificerbarhed og for
at gøre opmærksom på modelforudsigelsers uundgåelige usikkerhed.

Det andet aspekt omhandler design og modellering af maskinelementer lavet af
FHM’er. Forskellige brugsprincipper af FHM’erne gennemgås, og det er vist at for-
spændte pseudoelastiske elementer har de mest lovende egenskaber. Diverse element-
geometrier granskes, mens fokus er på spiralfjedre. Flere fjedermodeller præsenteres,
som bruger forskellige niveauer af tilnærmelser til den mekaniske spændingstilstand.
Modellerne sammenlignes med eksperimentelle resultater, hvor forskellige niveauer
af temperatur, deformation og lasthastighed tages i betragtning. Der er generelt god
overensstemmelse mellem modellerne og eksperimenterne.

Det sidste aspekt handler om to dynamiske systemer, hvor FHM-fjedre er integrerede
for at sikre passiv adaptiv regulerbarhed og øget dæmpning. Det primære system består
af en stiv rotor understøttet af passive magnetiske lejer. En holistisk og multidisciplinær
tilgang i systemets model, der forbinder de ikke-lineære FHM-fjedre, de passive mag-
netiske lejer, som er svagt ikke-lineære, og den dynamiske interaktion mellem rotor og
lejehuse. Teoretiske og eksperimentelle resultater viser, at det er muligt at mindske
rotorvibrationer markant ved at ændre resonansfrekvenserne gennem temperaturreg-
ulering. Samtidig er egensvingningsformer også styrbare, og store vibrationer bliver
klart mindsket ved dæmpning gennem FHM’ernes hysterese.
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Chapter 1

Introduction

Rotors are found everywhere in the energy and transport industries, from wind
and water turbines to compressors and jet engines. The purpose of the rotor shaft in
turbomachinery is to transfer energy from one end to the other: for example from an
engine to an impeller in a pump, or from a turbine to an electric generator. In order
to make the energy transfer possible, the shaft has to be supported by bearings. Since
turbomachinery usually involves heavy rotors and/or high speeds and because the
industry wants to keep the Cost Of Energy (COE) low, bearings are subjected to strong
requirements:

• Low friction between the shaft and bearing. The shaft needs to rotate easily
to maximize the energy transfer and keep the COE low.

• High level of damping. Rotors inherently contain imperfections (e.g. imbalance)
and surroundings can perturb the system, which lead to vibrations that have to
be attenuated through sources of damping. This is often contradicting with low
friction thus defining a trade-off. Damping is especially important when crossing
critical speeds (resonances). It may also define the maximum operational speed
which is encountered because of vibration instability.

• High load carrying capacity. Large machines require bearings with high yield
force and stiffness. In general, high stiffness also contributes to vibration attenu-
ation.

Many types of bearings in turbomachinery comply with the requirements to different
extent. Gas and passive magnetic bearings are two types that show excellent properties
in relation to friction. However, both types suffer from low damping.

Improvement of bearings can either be obtained through passive means, e.g. opti-
mization of geometries, materials or surface roughness, by active control, e.g. active
magnetic bearings or active injection of lubricant, or by a combination of the two,
i.e. passive adaptive control or semi-active control. The passive approach has been
used since the dawn of turbomachinery and the potential of significant improvement
is small. On the other hand, the active and semi-active approaches are technological
leaps in their early phases, and are thus promising candidates for future solutions. The
active approach may require large energy consumptions for its actuators thus increasing
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COE. Passive adaptive control uses actuators to adapt system characteristics on-line for
improving the performance. But since the adaptation happens slowly relative to the
operational speed, the cost may be reduced.

To facilitate active or semi-active control, it is relevant to look into smart materials,
because they can be used for compact sensors and actuators. The smart materials
family consists of materials with unusual properties that bind several scientific fields,
e.g. mechanics, electronics, thermodynamics and photonics. Piezoelectric Ceramics
(PCs, e.g. lead zirconate titanate) are a popular example showing a strong coupling
between the mechanical and electric fields. Because of that, they are used for in-ear loud
speakers for example. Other examples of smart materials are: Piezoelectric Polymers
(PPs, e.g. polyvinylidene fluoride), Shape Memory Alloys (SMAs, e.g. Ni-Ti alloys),
Giant Magnetostrictive Materials (GMMs, e.g. Terfenol-D) and Ferromagnetic Shape
Memory Alloys (FSMAs, e.g. Ni-Mn-Ga alloys).

In many aspects PCs and GMMs exhibit the same mechanical properties in the sense
of actuation. However, GMMs are bulkier, use more energy and need cooling systems.
PCs are well established in academia as well as in industry, and their use and properties
are very promising. PPs are assumed to be difficult to combine with rotating systems
due to large temperature dependencies, tendencies to creep and low stiffness. SMAs
stand out in relation to high maximum strain and stress resulting in an incredibly high
energy density, which is an important figure of merit for actuators. They also exhibit
mechanical hysteresis, which may be used for damping purposes. On the other hand,
their bandwidth is low because they are actuated thermally. FSMAs have promising
capabilities because they exhibit similar properties combined with significantly higher
bandwidth compared to the usual SMAs. However, the material is still immature in the
sense that availability and variation of material geometries are very limited.

SMAs are thus a very promising candidate for passive adaptive control of rotor-
bearing systems. The performance in relation to damping and system adaptability of
gas or passive magnetic bearings may be improved significantly due to the temperature
dependent stiffness and the mechanical hysteresis. This is also because temperature
control may be based on freely available exhaust gasses, making the solution cost
efficient and clean. But before SMAs can be implemented in industry, the feasibility has
to be confirmed, which requires a deep understanding of the material behaviour and
their capabilities and limitations. At the same time, it is also necessary to design the
SMA machine element and adjust the rotor-bearing system at hand in order to utilize
the full potential of the SMAs. The aim of this thesis is to treat these aspects through
mathematical modelling of SMAs, machine elements made from them, the rotor-bearing
system and its dynamics. We also assess the model prediction uncertainties to provide
robust estimates of material performance. In addition to the theoretical work, the SMAs
are characterised based on experimental tensile tests exploiting material uncertainties.
The ideas regarding passive adaptive control are also tested on a dedicated test-rig with
a vertical rigid shaft supported by two passive magnetic bearings.

1.1 State of the Art

The focus of the thesis is at SMAs (modelling, characterization and use in dynam-
ical systems), but aspects related to passive magnetic bearings are also treated. The
following sections contain literature surveys of the two fields.
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Shape Memory Alloys

The name of shape memory alloys is based on their ability to return to, or to “re-
member”, their original shape by heating up the material after an apparently permanent
deformation. This is only one of their variety of remarkable characteristics, and one of
the reasons why they have been widely investigated in the last decades. Besides their
large recoverable strains (up to around 8%), they exhibit pseudoelasticity, hysteretic
behaviour and a strong thermo-mechanical coupling. These effects are caused by phase
transformations between austenitic and martensitic crystallographic phases that are
stable at different conditions of stress and temperature. At low temperature it is also
possible to observe reorientations between different variants of martensite as a con-
sequence of changes in the stress state, and the reorientations also contribute to the
unique properties of SMAs.

The major breakthrough of SMAs was due to the work by Buehler et al. (1963),
when members of the United States Naval Ordnance Laboratory developed and com-
mercialized nickel-titanium alloys under the trade name Nitinol. The Ni-Ti alloys are
widely used today because of their superior characteristics compared to other alloy
compositions in terms of corrosion resistance and stability throughout their lifetime for
example. Applications vary from different fields of human knowledge, for example civil
engineering (Alam et al. 2008; Casciati and Hamdaoui 2008; Janke et al. 2005; Ozbu-
lut et al. 2011), aerospace (Lagoudas and Hartl 2007; Song et al. 2007), biomedical
(Machado and Savi 2003), and also very recently rotating machinery (Ma et al. 2014,
2015).

In civil engineering, SMAs can be used for seismic isolation via damping, active
vibration control and pre-stressing or post-tensioning of buildings and bridges (Janke et
al. 2005; Ozbulut et al. 2011). It is possible to construct SMA reinforced concrete bridges
that can detect and repair damage, and adapt to changes in the loading conditions
(Alam et al. 2008). There is also focus on retrofitting heritage structures (Casciati
and Hamdaoui 2008). Aerospace applications involve tailoring inlet geometries and
orientation of various propulsion systems, morphing of aerofoils and support of inflatable
structures for example (Lagoudas and Hartl 2007; Song et al. 2007). Because Ni-Ti
based SMAs are biocompatible, SMAs have been used in the medical field for self-
expanding stents, for spinal vertebra spacers, and in surgical instruments among other
applications (Machado and Savi 2003). In the field of rotating machines, very recently
the design, manufacturing and testing of rotor supports made from entangled SMA
wire elements that are able to provide adaptable stiffness and damping characteristics
have been pursued (Ma et al. 2014, 2015).

General Behaviour and Modelling

Even though the Ni-Ti alloys have been known for more than four decades, devel-
opment of SMA models are still underway because of the complex material behaviour.
Generally, the constitutive models can be split into two different approaches: micro-
mechanical models and phenomenological models (Lagoudas 2008). The phenomeno-
logical approach is most suitable for engineering purposes, because the models are based
on experimental conclusions of macroscopic behaviour. They are usually formulated in
terms of the second law of thermodynamics. To characterize SMAs, the phenomeno-
logical models are often compared against tensile tests of either single thread wires or
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dog bones, i.e. in one dimension. This is carried out at high temperature, so that the
austenitic phase is stable at zero stress and the material transforms to martensite when
stressed. A reverse transformation happens when the stress is released, which results in
(close to) zero residual strain and therefore pseudoelastic behaviour. Another choice is
to use isobaric tests, where the stress level is constant, but the temperature is varied so
that the SMA undergoes transformations between austenite and martensite (Lagoudas
2008).

The phenomena related to pseudoelastic SMAs during tensile testing are:

PS1 transformation induced plasticity resulting in a training process and life time
changes of the SMA,

PS2 rate-dependency due to latent heat of phase transformations,

PS3 description of transformation kinetics (hardening) determining the evolution of
the phase fraction, and

PS4 modelling of minor loops/sub-loops in the stress-strain-temperature fields

In several model frameworks these four phenomena are individual components, and
therefore they can be used or altered individually as necessary. For example, the model
by Brinson (1993) is rate-independent (cf. PS2) but it could be made rate-dependent
by coupling an additional equation to the governing equation (Kadkhodaei et al. 2007;
Prahlad and Chopra 2003).

Miyazaki et al. (1986) found that cyclic loading of a virgin SMA wire is not stable in
the sense that plastic strains accumulate during the initial loading cycles during phase
transformations (PS1). However the behaviour stabilizes and Miyazaki et al. concluded
that faster stabilization of the SMA specimen could be achieved, if it is subjected to
appropriate thermo-mechanical treatment (e.g. annealing and precipitation hardening)
prior to the loading. Alloy composition and loading history (mechanical and thermal)
were also found to influence the training period. Since 1986, stabilization of a diverse
range of alloy compositions, loading histories and types of machine elements have
been reported. Stabilization has generally been achieved after 20-400 loading cycles
(Kawaguchi et al. 1991; Morin et al. 2011; Sakuma and Suzuki 2007; Strnadel et al.
1995; Tobushi et al. 1992; Wolons et al. 1998). However, far larger training times,
in the order of 1000 cycles, has also been observed (Bo and Lagoudas 1999b). The
training aspect has been included in several SMA models (Bo and Lagoudas 1999b;
Lexcellent and Bourbon 1996; Malecot et al. 2006; Morin et al. 2011; Ren et al. 2007).
Fatigue is a topic related to transformation induced plasticity, which was shown also to
be a relevant aspect at high amplitude cyclic loading (Miyazaki et al. 1999).

Shaw and Kyriakides (1995) highlighted the consequences of the phase transfor-
mations in SMAs being endo- and exothermic reactions (PS2). Since the mechanical
properties of SMAs are highly temperature dependent, Shaw and Kyriakides showed
that the latent heat influenced the mechanical behaviour of virgin SMA wires when
strain rates were high and when the level of heat exchange with the surroundings
(either air or liquid) was low. This aspect was also clearly shown in experiments by
Malecot et al. (2006), Matsuzaki et al. (2001) and Morin et al. (2011) on trained SMA
wires, where the temperature evolution during cyclic loading is investigated. Malecot
et al. (2006) reported a 35 ◦C increase of the average temperature during a cycle after
approximately 80 cycles with a cycling speed of 5 Hz. Therefore, the SMA temperature
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may increase significantly, and it may take many cycles before the behaviour stabilises.
The effect of latent heat has been included in several models, e.g. Kadkhodaei et al.
(2007), Lagoudas et al. (2012), Malecot et al. (2006), Morin et al. (2011) and Prahlad
and Chopra (2003). Pathak et al. (2010) established the convective heat transfer coeffi-
cient for SMA wires using different wire diameters, surrounding media and convective
conditions (free/forced).

In the early stages of SMA modelling, Tanaka et al. (1986) suggested that an
exponential function could be used to describe the transformation kinetics, i.e. the
behaviour during phase transformations (PS3). Later, also a cosine function (Brinson
1993; Liang and Rogers 1990), a second order polynomial function (Boyd and Lagoudas
1996) and a power function (Lagoudas 2008; Lagoudas et al. 2012) have been used.
The power function, named the smooth hardening function, ensures smooth transitions
between elastic and phase transformation regions and its curvature can be controlled
by two parameters, which makes the it versatile. Use of the function resulted in better
agreement with experiments (Lagoudas et al. 2012), but a perfect match was still not
achieved. Studies have shown that the major differences between several constitutive
models lie in different formulations of the kinetic laws (Brinson and Huang 1996;
Lagoudas 2008; Prahlad and Chopra 2001). This means that there might be potential
to increase the resemblance to experiments by developing such a function.

When the thermal or mechanical load changes direction prior to a complete phase
transformation, sub-loops or minor loops occur, as has been treated by Bekker and
Brinson (1998) for example (PS4). Not all models address this phenomenon directly.
Bo and Lagoudas (1999c) discussed different (simple and complex) techniques for
modelling sub-loops. The relatively simple Duhem-Madelung approach is used in the
Brinson model (Bekker and Brinson 1998; Brinson 1993; Brinson and Huang 1996).

SMAs may also exhibit anisotropy or tension-compression asymmetry, which can
be relevant aspects in multi-axial loading or bending for example. The origin of the
asymmetry is connected to the low symmetry of the martensitic phase and its variants
(Patoor et al. 1995). The topic has been investigated experimentally, e.g. by Gall et al.
(1999), and Chatziathanasiou et al. (2015) introduced a new transformation criterion for
constitutive models to include the effects of tension-compression asymmetry and texture-
induced anisotropy. The aspects have been included in several model frameworks in
different ways: for example Brocca et al. (2002) to the model by Brinson and co-workers,
Mehrabi et al. (2014) to the model by Lagoudas and co-workers and Paiva et al. (2005)
to their own model.

The thermo-mechanical properties of SMAs are nonlinear. Nevertheless, it is conve-
nient to quantify the cyclic behaviour of SMA machine elements in one dimension in
terms of the complex modulus, which is a linearised property. It comprises the storage
modulus (a measure of average stiffness) and the loss modulus (energy dissipated
during a loading cycle). The approach has been adapted by many authors to easier
quantify the cyclic SMA behaviour depending on loading amplitude, loading rate, ambi-
ent temperature, and in some cases also pre-tension and convective conditions. This
includes Gandhi and Wolons (1999), He et al. (2010), Malecot et al. (2006), Piedboeuf
et al. (1998) and Wolons et al. (1998) on SMA wires, Holanda et al. (2014) on SMA
helical springs and Ma et al. (2014) on their proposed SMA metal mesh bearing. He
et al. (2010) and Piedboeuf et al. (1998) reported that the energy dissipation has an
optimum in terms of loading frequency. Gandhi and Wolons (1999) and Wolons et al.
(1998) mentioned that the energy dissipation (per unit volume) of SMAs is up to 20
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times higher than that of elastomers, which are usually used for energy dissipation.
The complex modulus can be used when predicting the behaviour of dynamical systems
involving SMAs. However it may be risky, because rich dynamics can be lost resulting
in a faulty analysis if using the complex modulus approach (Krack and Böttcher 2014).

Uncertainties

In the framework of reliable design of machine components and accurate predictions,
uncertainties in SMA behaviour have to be quantified. However, to our knowledge there
are only very few works related to uncertainty quantification of SMAs and they are all
very recent: Oehler et al. (2012) determined the sensitivity of the optimal location of
SMA flexures on variable geometry chevrons as a consequence of uncertain material
and geometry parameters. Crews and Smith (2014) evaluated the uncertainties of
estimated heat transfer parameters of an SMA bending actuator using the Bayesian
framework (a Markov chain Monte Carlo method). The uncertainty analysis was carried
out in order to establish a robust controller for the bending actuator (Crews et al. 2013).
Oliveira et al. (2014) carried out an uncertainty analysis related to a tensile test of a
pseudoelastic SMA wire in order to evaluate if modelling predictions were within the
uncertainty range of the experimental data.

Machine Elements

Even though SMAs are characterized typically in the shape of wires or dog bones,
they are also used in a variety of other shapes and compositions depending on the
application. For example this includes helical springs and Belleville washers (e.g.
Speicher et al. 2009), strips on composite sleeve-rings (e.g. Żak et al. 2003), flexures
on variable geometry chevrons (Oehler et al. 2012), tendons in concrete elements (e.g.
Alam et al. 2008) and metal mesh for rotor support (Ertas et al. 2009; Ma et al. 2014,
2015).

The metal mesh dampers seem very promising from the viewpoint of rotating
machines. Ertas et al. (2009) compared metal mesh dampers made from SMAs and
copper and found that the damping characteristics of the SMA elements were superior
when vibration amplitudes were larger than 8µm. Similar SMA mesh washers or
SMA metal rubber were investigated by Ma et al. (2014). The stiffness and damping
properties were determined to be functions of the environmental temperature, excitation
amplitude and frequency, and found the loss factor to be up to 0.5.

The helical spring is another promising SMA element because it enables more design
possibilities than e.g. the SMA wire or bar while keeping simplicity. The design criteria
are usually related to stiffness, actuation force, length (deformation) and direction
(tension/compression), which can be used to determine the spring dimensions, namely
wire diameter, spring diameter, number of coils and potentially also the initial pitch
angle. Because of the material nonlinearities, it is not straightforward to model the
behaviour of SMA helical springs. Geometrical nonlinearities may also be introduced
(Savi et al. 2015) because SMAs can withstand large strains, which means that large
spring pitch angles are possible. This is very clear in some of the force-deflection tests
performed by Sakuma and Suzuki (2007) and Savi et al. (2015), where the martensitic
stiffness appears higher than the austenitic stiffness, whereas it is known that the elastic
modulus of austenite is higher than that of martensite. Also small spring indices (ratio
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between spring and wire radii) result in geometrical nonlinearities (Mirzaeifar et al.
2011). Several authors proposed equivalent one-dimensional models (Aguiar et al.
2010; An et al. 2012; Liang and Rogers 1993), where An et al. (2012) also accounted
geometrical nonlinearities to some extent. Generally the one-dimensional models are
able to represent well the behaviour observed experimentally. However, some model
parameters might have to attain physically unsound values. Finite Element (FE) models
have also been employed successfully and some are also compared to experimental
results (Lagoudas et al. 2012; Mirzaeifar et al. 2011; Savi et al. 2015). From the FE
analyses, it is evident that the cross-sectional strain and stress distributions are very
complex. However, Mirzaeifar et al. (2011) also used two simpler models, and they
concluded that these models perform acceptable when comparing to experiments.

Dynamical Systems

Liang and Rogers (1993) highlighted different capabilities and uses of SMAs in
dynamical systems:

LR1 The transformation between martensite and austenite may result in high levels
of strain (up to around 8 %) and they can be induced by temperature variations.
Therefore, SMAs could be used for thermo-mechanical actuators (push, pull, twist,
grip etc.).

LR2 SMAs have different stiffness or elastic moduli at low and high temperature
because of the differences between the martensitic and austenitic phases. This
can be used for altering resonance frequencies.

LR3 The transformations, when induced by stress variations in the high temperature
state, exhibit large amounts of hysteresis, which could be used for damping
purposes.

LR4 Martensitic reorientations, which are induced by stress variations in the low
temperature state, exhibit similar hysteretic characteristics and could therefore
be used for damping.

It should be noted that the hysteretic properties of the martensitic reorientations (LR4)
happens relatively close to the stress free state, whereas the transformations (LR3)
happen at an elevated stress state. This means that very similar characteristics of the
LR4 principle can be achieved by using pre-tension or pre-compression in the LR3 case.
Machine elements made from SMAs could utilize one or several of the four different
principles. Numerous investigations of SMAs in dynamical systems have been carried
out and reported since the 1980s. Many of them are based on theoretical and numerical
results, while experimental investigations with clear results are under-represented. In
the literature a variety of actual uses of SMAs and mechanical solutions are reported.
Some researchers aim for pragmatic engineering purposes, while others seek complex
dynamic behaviour.

As the first, Nagaya et al. (1987) suggested to use SMAs in rotating systems. They
made use of the actuation principle (LR1). An on/off SMA actuator was coupled to a
stiffness adding device in order to change the critical speeds. In that way the critical
speeds could be avoided during run-up or run-down. Nie and Yan (2000) validated
the idea experimentally, and they highlighted the impossibility of avoiding exciting the
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eigenmode in question unless the change in stiffness is abrupt. An appropriate level of
damping is required because abrupt stiffness changes are difficult (if not impossible)
to realise. The actuation principle was also used by Lees et al. (2007), where SMA
actuators changed the pre-tension of a nonlinear elastomer bearing support. Thereby
the critical speeds depended on the SMA temperature. Even though the three above-
mentioned works utilize the actuation principle (LR1), the end result is adaptable
critical speeds, which also could be used directly through principle LR2.

Rotor-bearing systems with stiffness switching capabilities (LR2) have been reported
in different forms, either using composite sleeve-rings with embedded SMA strips (Inman
et al. 2006; Żak et al. 2003) or SMA springs (Borges et al. 2013; Gupta et al. 2009;
He et al. 2007a,b). Typically on/off control of the SMA temperature is used, but e.g.
Borges et al. (2013) used continuous control. It is necessary to have relatively compliant
bearings in order to be able to make the system adaptable (Żak et al. 2003). Push-pull
SMA mechanisms can be used to perform ‘antagonistic action’ in order to increase
the bandwidth of the actuator that is limited by the rate of convection (Inman et al.
2006). This is a general obstacle in SMA actuation. He et al. (2007a,b) proposed a self-
optimizing bearing support based on SMA springs. By using the principle of a vibration
absorber they calculated and adjusted the stiffness in order to set the rotor-bearing
close to the anti-resonance configuration. Gupta et al. (2009) made a similar theoretical
and experimental analysis on a rotor supported by SMA springs in both ends.

The combination of active use of stiffness switching together with the hysteretic
properties (LR2 with LR3 or LR4) is more rare. An odd example of combined stiffness
switching and hysteresis is an investigation of the simultaneous use of SMA elements
and magneto-rheological (MR) dampers in rotor vibration control (Aravindhan and
Gupta 2010). MR damping is hysteretic and therefore it is comparable to the hysteretic
damping of the SMA phase transformations. The switching start point in time and
switching duration times during a run-up were investigated along with different amounts
of MR damping. Aravindhan and Gupta concluded that stiffness switching (with realistic
switching durations) does not reduce the level of vibration when passing through a
critical speed as long as the MR damping is sufficiently high. Aguiar et al. (2013)
investigated generic dynamical systems with SMA supports having one or two degrees-
of-freedom. It was highlighted that the hysteretic properties vanish at high temperature,
which establishes a trade-off between conducive stiffness changes and loss of damping.
Ma et al. (2015) incorporated their earlier developed SMA metal rubber (Ma et al.
2014) as a support in a rotor-bearing test-rig. They were able to adjust both critical
speeds and mode shapes by using either cold or hot conditions, and they obtained
modal damping ratios up to 0.1. The system behaved close to linearly. By adjusting the
temperature during run-up, it was possible to mitigate vibrations when crossing the
first critical speed. However, the maximum amplitude was close to that of the static
cold case. This is again an example showing that it is unavoidable to cross the critical
speeds somehow because stiffness switching is not instantaneous.

A completely different approach is to use SMAs in backup-bearings because of
their hysteretic damping properties (LR3). This idea has been exemplified in form of
discontinuous supports of one or two degrees-of-freedom systems. Numerical results of
one degree-of-freedom systems have shown that using SMA supports may lead to more
desirable dynamic content (less complex and lower vibration amplitudes) compared
to cases with elastic supports (Santos and Savi 2009; Sitnikova et al. 2010). However,
the dynamic response complexity actually increases in some cases meaning that SMAs
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are not always beneficial in terms of vibration reduction in such systems (Sitnikova
et al. 2010). Based on the numerical work of Sitnikova et al. (2010), Sitnikova et al.
(2012) continued the investigation experimentally and neatly confirmed periodic, quasi-
periodic and chaotic behaviours and validated their model. Silva et al. (2013) made
a similar numerical investigation of a non-smooth SMA system using a Jeffcott rotor
model with two degrees-of-freedom.

There are numerous investigations of generic one degree-of-freedom systems with
pseudoelastic SMA suspensions carried out numerically based on different SMA models
(Bernardini and Rega 2005, 2011a,b; Machado et al. 2009; Savi et al. 2011; Savi et al.
2008). In the equilibria of the systems the SMA is stress-free. This means that the
SMA element undergoes both tension and compression during vibration. The resulting
dynamic behaviours are very complex showing period-multiple orbits, quasi-periodic
and chaotic motion, and co-existing attractors. From an engineering point of view such
dynamic behaviour is likely undesirable, and it might be avoided by pre-stressing the
SMA element and lowering the excitation. It should also be mentioned that not all the
studies take into account the yield limit of the SMA. Therefore, the operating range of
the material in terms of stress might be exceeded.

Most of the works mentioned above that involve stiffness switching rely on open-loop
control, meaning that the SMA temperature is set manually by an operator. Preferably,
the loop should be closed so that a control algorithm would use sensors to determine
the optimum temperature. This approach constitutes semi-active or passive adaptive
control. Active control is not possible in systems operating at frequencies above a couple
of hertz, because this would require extremely fast heating and cooling of the SMA
elements and therefore high levels of thermal energy generation and transfer. However,
the bandwidth of SMA actuators may be improved slightly by using antagonistic action
as mentioned before (Inman et al. 2006). The passive adaptive approach may involve
unusual control objectives. For example, Williams et al. (2002) proposed a proportional-
integral controller, whose objective is based on the relatively oscillatory phase between
the primary and secondary masses for an adaptively tuned vibration absorber. They
controlled the stiffness of SMA elements through heating by the Joule effect. There
are only a few other examples of closed-loop control using SMAs: Dhanalakshmi et al.
(2010) used active temperature controlled SMA wires as actuators to dampen vibrations
of a cantilevered beam. Borges et al. (2013) made experiments on a rotor-bearing
test-rig with SMA support, where the SMA temperature (and therefore stiffness) was
actively controlled by a fuzzy controller using the acceleration of the disc as input.
Finally, Crews et al. (2013) established a robust controller for a bending actuator as
mentioned before.

Passive Magnetic Bearings

Magnetic levitation in relation to rotordynamics has been focus of research carried
out by many authors in the last six decades – in the form of passive (Hamler et al.
2004; Yonnet 1978, 1981), hybrid (Bonisoli and Vigliani 2007; Mukhopadhyay et al.
2000; Samanta and Hirani 2008) as well as active (Schweitzer and Maslen 2009)
bearings. Magnetic bearings present extraordinary characteristics in terms of (low)
friction, especially passive superconducting bearings (Werfel et al. 2012). The load
carrying capacity of such bearings has been significantly improved in last three decades
due to the rapid development of magnetic materials (Werfel et al. 2012). Nevertheless,
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due to the lack of damping and tendency to instability (Bassani and Ciulli 2005; Bassani
2007), rotor-bearing dynamics have been frequently investigated by many authors
under gyroscopic stabilization (Genta et al. 1999), stator housing damping (Becker
1985; Imlach 2002; Post 2001; Tecza and Rao 1996), unbalance disturbance (Půst
2004) and evidently via active control techniques (Schweitzer and Maslen 2009).

Magnetic bearings inherently exhibit nonlinear forces, which may be relevant for
analysis depending on the working range. For example, Mukhopadhyay et al. (1999)
determined the force components of a non-symmetric, horizontal, axially-aligned pas-
sive magnetic bearing. The forces were found nonlinear, but the following analysis
was carried out considering small rotor motions, i.e. linear. Půst (2004) investigated
numerically the dynamic behaviour of an unbalanced rotor supported by passive mag-
netic bearings. The theoretical analysis involved the weak nonlinearity of the magnetic
bearings as well as the non-centred equilibrium position due to the weight of the rotor,
resulting in slight differences in vertical and horizontal stiffness. Půst and Kozánek
(2005) continued the work and emphasised on the strongly nonlinear dynamics due to
rotor impacts with the retainer bearings.

Less common in the literature are contributions to the problem of magnetic anisotropy
or non-uniform magnetization of permanent magnets in bearings (Inoue et al. 2009;
Ohji et al. 2000) and its influence on lateral and axial dynamics of rotor-bearing systems
(Inoue et al. 2009). Magnetic anisotropy occurs when a magnetic material exhibits
directionally dependent magnetic properties. From the stator point of view, anisotropy
results in a non-symmetric magnetic field and therefore a complex force field in the
bearing. Also, if the rotor magnets are anisotropic, the magnetic forces on the rotor
become dependent on its rotational angle (Inoue et al. 2009). Ohji et al. (2000) de-
scribed magnetic non-uniformity of an axially aligned permanent magnetic bearing.
The non-uniformity was claimed to be caused by ageing and the issue was solved
by enclosing the stator magnets by stainless steel plates to slightly change the flux
distribution. Inoue et al. (2009) made an extensive numerical study of anisotropies
in passive magnetic bearings described as multiple-periodic components of the shaft
rotation as well as periodic patterns in the magnetic field generated by the stator magnet.
The study involved the nonlinear magnetic stiffness of a repulsive passive magnetic
bearing, and therefore the anisotropies of the inner and the outer magnet rings resulted
in nonlinear parametric excitations. Some numerical results were validated against
experimental data. It clarifies the effects of each magnetic anisotropy pattern on the
occurrences of various resonance phenomena theoretically and experimentally. Amano
et al. (2013) investigated a flexible rotor with magnetic non-uniformity supported by
superconducting bearings. It was found that the bearing stiffness was clearly nonlinear
and that anisotropy resulted in excitation of high-order modes. Yubisui et al. (2013)
continued the work, and showed both numerically and experimentally that it is possi-
ble to ease crossing of critical speeds by changing both linear and nonlinear stiffness
characteristics.

Several configurations of passive magnetic bearings have been proposed in the
literature and the majority relies in the form of rings (Bonisoli and Vigliani 2007; Hamler
et al. 2004; Mukhopadhyay et al. 2000; Půst 2004; Samanta and Hirani 2008; Yonnet
1978, 1981). The concept of a passive magnetic bearing built by axially-magnetized
cylinder magnets is just one of the several possible bearing configurations. The concept
does not rely on magnetized rings but on circumferentially-distributed cylinder magnets
interacting with the rotor magnet. One major advantage of using cylinder magnets
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is the possibility of producing a bearing with asymmetrical main stiffness, which can
be beneficial in terms of stability. The concept, advantages and disadvantages were
thoroughly described by Andersen et al. (2013).

1.2 Overview of the Appended Publications and Their Original
Contributions

The main contribution of this thesis may be found in the nine appended publications,
which have been carried out throughout the period of the project. The contributions of
each publication to the goal of the project and to the state of the art in the field are
highlighted below. They are sorted with respect to topic and do not follow chronological
order.

In the framework of precise modelling and prediction of the one dimensional
pseudoelastic behaviour of SMAs, Enemark and Santos (2015) (Publication P1, page
97, journal paper) focuses on the transformation hardening behaviour in mechanical
cycling and thereby on the formulation of the kinetic law. The function formulation is
important because varying stiffness and high level of hysteresis are attractive capabilities
in mechanical cycling of SMAs in relation to vibration suppression. These effects are
strongly affected by the choice of the kinetic law, together with the implementation of
a sub-loop function. The main original contribution of this paper can be found in the
combination of a new kinetic law for constitutive modelling of SMAs and the use of
a rigorous approach for parameter estimation and quantitative measures of goodness
and performance, which enables a strong and fair foundation for comparing different
models. The aim is to ensure better resemblance to experiments thus decreasing model
prediction uncertainties. The kinetic law is incorporated in the constitutive framework
by Lagoudas et al. (2012), and the original and modified models are compared with
experimental tensile tests. An earlier version of the proposed kinetic law (though
incorporated in the constitutive model by Brinson (1993)) is presented in P4. A more
detailed sub-loop function is developed in P2 and is also based on an earlier version in
P4.

Enemark et al. (2016) (Publication P2, page 113, journal paper) investigate the
behaviour of SMA helical springs under cyclic mechanical loading with the aim of
exploring and characterizing their hysteretic damping and variable stiffness to be used in
dynamical systems. As highlighted in the literature survey, it has been shown that simple
one dimensional models are able to properly represent the behaviour of SMA helical
springs. However, to our understanding it requires that some parameters have to attain
physically unsound values to counteract model deficiencies, which was also concluded
earlier in P4 (see below). Additionally, the behaviour under investigation only contains
partial phase transformations (sub-loops) and not complete phase transformations,
which motivates the implementation of a proper sub-loop function to the modified
model in P1. The original contribution of this publication has several aspects: (a)
constitutive modelling: an elaborate sub-loop function is included in the modified
model presented in P1 in order to better describe the behaviour during sub-looping;
(b) helical spring modelling: a 2D SMA helical spring model is established taking into
account geometrical nonlinearities; (c) experimental verification: the model is validated
and model parameters are determined by comparison to experimental results; and



12 1 Introduction

(d) uncertainty analysis: the model uncertainty is evaluated to give robust estimates
of model parameters and their uncertainties. The presented spring model aims for
simplicity to aid transparency and to maintain computational efficiency compared to
FE models.

With respect to the incorporation of SMAs in dynamical systems, Enemark et al.
(2015b) (Publication P3, page 135, journal paper) investigate experimentally the nonlin-
ear dynamics of a single degree-of-freedom oscillator with SMA springs. Two different
types of SMA helical springs are employed: a pseudoelastic, where the austenitic phase
is stable at room temperature; and a shape memory, where the martensitic phase is sta-
ble at room temperature. The main goal is to perform a qualitative analysis of dynamical
systems with two types of SMAs with special emphasis on temperature dependencies
during free and forced vibrations, which also constitutes the original contribution of
this work. Capabilities, limitations and differences between the two approaches are
highlighted. In the light of this work, which was carried out in the beginning of the
PhD project, we decided to continue with pseudoelastic SMAs as opposed to SMAs with
shape memory effect.

To obtain further insight into the system described above, Enemark et al. (2014)
(Publication P4, page 159, journal paper) compare the experimental observations of
the pseudoelastic system with results obtained through mathematical modelling of the
SMA, the helical spring and the specific dynamical system. The goal of this research is
to explain and predict the behaviour of the dynamical system, and through that also to
demonstrate the dynamic capabilities of pseudoelastic SMAs. The original contribution
lies in modifications to the SMA constitutive models and the direct comparison between
theory and experiment of dynamical systems with SMAs, which is rare in the literature.
The Brinson model (Bekker and Brinson 1998; Brinson 1993; Brinson and Huang
1996) is employed to describe the thermo-mechanical behaviour of the SMA spring and
modifications are made to the sub-loop and hardening functions. The modifications were
later refined to contain more concise mathematical expressions (P1, P2), and they were
adopted to the constitutive framework by Lagoudas et al. (2012), but the qualitative
characteristics are the same. The spring model is simple: it is one dimensional and
does not take into account geometrical nonlinearities or the effect of latent heat on the
loading rate. One problem arose from this research, namely that some parameters of
the simple one dimensional spring model attained physically unsound values. This was
thought to be due to the model simplicity. The model was improved and reported later
in P2.

Alves et al. (2015) (Publication P5, page 177, conference paper) make an initial
investigation of the dynamic behaviour of a flexible rotor supported by a pseudoelastic
SMA wire mechanism through a ball bearing. The study is theoretical and it is based on
the Brinson model with modifications to the hardening function to describe the SMAs,
modelling of the wire mechanism and description of the flexible rotor-bearing system
via the FE method. The contribution is original in the sense that such an numerical
analysis of a SMA suspended flexible rotor is unique to our knowledge. Also the type of
SMA machine element is new. It should however be emphasised that the investigation
is preliminary and has to be confirmed by experimental results. The lead author, M. T. S.
Alves, continued working on this specific test-rig as a part of his PhD studies. However,
we chose to focus on another test-rig, as seen from the two following publications.
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Enemark et al. (2015a) (Publication P6, page 189, conference paper) investigate
experimentally the use of pseudoelastic SMA helical springs in a dedicated rotor-bearing
test-rig with passive magnetic bearings that are flexibly mounted by the SMAs. Both
stiffness switching and hysteretic damping are exploited. The goal is to enhance the
performance in terms of vibration reduction of the rotor while maintaining the low
friction of the passive magnetic bearing. We also want to ensure system adaptability,
meaning that the system is able to change its dynamic behaviour depending on the SMA
temperature. This work is original because both temperature induced stiffness changes
and hysteretic damping capabilities are utilized; because cold, hot and intermediate
SMA temperature states are facilitated; and because the rotor and bearing housings
interact dynamically, which has an interesting and useful impact on the dynamic be-
haviour. In the investigations found in the literature, both theoretical and experimental,
combined utilization of stiffness switching and hysteresis are rare, likewise is continuous
temperature control opposed to on/off control, and rotor-bearing housing interactions
are usually considered rigid.

The paper by Enemark and Santos (2016b) (Publication P7, page 201, journal
paper) is a direct continuation of P6, and it also uses results obtained in P2 and P9 (see
below). Because of a few unclear results in P6, we decided to modify some components
of the test-rig (namely adding/removing masses) before carrying out experiments for P7
thus making use of a holistic design approach. The investigation is based on theoretical
modelling of SMA springs (P2), nonlinear magnetic bearings and multibody dynamics
(P9), and the results are compared to experiments carried out at the dedicated test-rig.
The originality of the work lies in the close interplay between theoretical prediction and
experimental observations that is rare in this field, and especially rare for rotor-bearing
systems with SMAs. A holistic approach is used in order to adequately describe the
overall system dynamic behaviour. The resulting multiphysics model links magnetism,
constitutive relations of the SMA material and multibody dynamics. The new test-rig
design also clearly shows the potentials of making the critical speeds as well as mode
shapes adaptable.

Initial investigations of the test-rig used for P6 and P7 without SMA springs attached
showed several unintended but very interesting phenomena related to the passive
magnetic bearings that needed further attention. This discovery lead to a conference
paper (P8) and later a more detailed journal paper (P9), which both were produces
before P6 and P7. Enemark and Santos (2014) (Publication P8, page 229, conference
paper) investigate the impacts of two aspects related to passive magnetic bearings:
a) non-uniformity (anisotropy) of magnetic fields related to the rotor magnets and b)
weak nonlinearity of magnetic forces describing the rotor-bearing interaction. The main
original contributions of this paper is the theoretical and experimental investigations
focusing on the consequences of and interplay between these two aspects related to the
rotor-bearing housing dynamics. The theoretical modelling deals with characterization
of the non-uniform magnetic field and the nonlinear equations of motion for describing
the shaft tilt and bearing housing lateral dynamics. The solution of the equations of
motion involves application of a perturbation method, namely the method of harmonic
balance, as well as continuation techniques, namely pseudo-arclength continuation.
The experimental part of the work is performed at the dedicated test-rig, and the
experimental results are used to tune/determine some system parameters and more
importantly to validate the theoretical model.
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Enemark and Santos (2016a) (Publication P9, page 241, journal paper) continue and
extend the work above. The main original contribution of this paper is the quantification,
evaluation and validation of the nonlinear dynamic behaviour of a vertical, rigid rotor
interacting with a flexible foundation by means of passive magnetic bearings using
a multiphysics approach. Through careful modelling it is justified that the nonlinear
behaviour originates from a combination of non-uniform (anisotropic) magnetic fields
and weakly nonlinear magnetic forces. Critical system parameters are characterized by
comparing to experimental calibration data sets, and the model is then compared to
experimental validation data sets. The combination of significant magnetic anisotropy
and nonlinearity together with a strong interplay between theory and experiment is
unique to our knowledge. The mathematical modelling covers: a) determination of the
magnetic fields in the magnetic bearing of a dedicated test-rig resulting in nonlinear
magnetic forces, b) establishment of the nonlinear equations of motion describing shaft
and bearing housing lateral dynamics (foundation dynamics) coupled via the magnetic
forces, c) reduction of equations of motion only including relevant terms, d) solution of
the nonlinear equations of motion in the frequency domain using the method of finite
difference and continuation techniques. In this respect, more complex dynamic content
can be explored compared to the method used in P8. The experimental investigations
deal with: a) characterization of the magnetic non-uniformity of the shaft magnets
resulting in a magnetic eccentricity description, b) determination of eccentricities and
imbalance forces and c) validation of the overall theoretically predicted nonlinear
behaviour of the system. The inclusion of validation data sets is also an extension
compared to P8.

1.3 Outline

The main part of the thesis consists of the nine appended papers starting from
page 97 denoted P1 to P9. The following chapters contain a summary of the thesis
highlighting the background for the chosen strategies and the main ideas, theoretical
and experimental methodologies and results. The summary may therefore be used as
an introduction to the papers linking the different research areas of the PhD project.

Chapter 2 focuses on SMAs as a material, and describes the two different constitutive
models that are employed in the papers. Two modifications are provided. Finally, an
original and a modified model are compared to experimental tensile tests to determine
their accuracy. Material parameters and their uncertainties are also determined.

Chapter 3 treats SMA machine element design and applications. There is a focus on
different possible actuation principles and choice of element geometry and mechanisms.
In particular, SMA helical springs are accurately modelled, and model predictions
are compared to experimental tests. Material parameters and their uncertainties are
determined.

Chapter 4 deals with the use of SMAs in relation to dynamical systems. Namely,
two different systems are investigated: a single degree-of-freedom system and a rotor-
bearing system with passive magnetic bearings. The nonlinear forces related to the
passive magnetic bearings are modelled. Theoretical and experimental results show
how SMAs can be used for passive adaptive control and for enhancing damping. Also a
uncertainty and sensitivity analysis of the model predictions is presented.

Chapter 5 contains conclusions and future aspects.



Chapter 2

Shape Memory Alloy Modelling

This chapter treats Shape Memory Alloys (SMAs) as a material. Some of their
unusual effects are highlighted, and two well-established phenomenological models
are presented to describe their thermo-mechanical behaviour. Two modifications to the
models are proposed in order to reproduce better the behaviour observed experimentally.
Finally, model predictions are compared against experimental results of tensile tests of
SMA wires to validate the models and to justify the modifications.

2.1 Fundamentals

Shape Memory Alloys are among the smart materials, and they exhibit extraordinary
characteristics compared to common metals: They have a strong thermo-mechanical
coupling, they can withstand large deformations and they display significant hysteresis.

At low temperatures, namely below the martensitic finish temperature M f , SMAs are
in a martensitic crystallographic phase. The specific temperature, as well as the values of
the other three phase transformation temperatures, depends on alloy composition and
treatment. The stress-strain relationship is approximately linear defined by the elastic
modulus of martensite until a certain stress limit, cf. Fig. 2.1(a). If the stress exceeds this
limit, the material undergoes a reorientation from one martensitic variant to another.
The reorientation results in a high level of strain, and another elastic region is observed
if the SMA is stressed further, after the reorientation has finished. Complete unloading
results in a large residual strain, because reverse reorientation is not directly possible.
However, if the specimen is compressed subsequently, another reorientation occurs,
which also results in a high level of strain. This means that cyclic tension-compression
leads to successive reorientations between different variants of martensite. The overall
behaviour is governed by hysteresis and strong variation of the stiffness. In order to
obtain this behaviour, it is necessary to use both tension and compression. Otherwise
the relationship is (close to) linear after one martensitic reorientation. The specimen
has to be heated up and then cooled down in order to remove the residual strain in the
stress-free condition, and thus “remember” the original shape.

At high temperatures, above the austenitic finish temperature A f , SMAs are stable in
an austenitic crystallographic phase, see Fig. 2.1(b). The elastic modulus of this phase
is higher than that of martensite. If a specimen is stressed, linear elastic behaviour is
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Figure 2.1: General thermo-mechanical behaviour of SMAs at (a) low, (b) high and (c) varying
temperature. Strain is ε, σ is stress and T is temperature.

observed at first. At a certain limit, a phase transformation to a variant of martensite
happens. This is referred to as the forward transformation. Like for the reorientations,
the phase transformation results in large amounts of strain at the expense of small
changes in stress. After a full phase transformation to martensite, linear elastic behaviour
is observed. During unloading, a reverse transformation to austenite takes place but
at a lower level of stress than the forward transformation. In its unloaded condition,
the specimen has fully recovered. This results in a hysteresis loop and the behaviour
is generally pseudoelastic or superelastic. The location of the hysteresis loop in the
strain-stress plane depends on the SMA temperature: the loop moves upwards in stress
if the temperature increases. The overall behaviour is similar in compression.

Transformations between austenite and martensite can also be obtained by changing
the temperature between the transformation temperatures M f and A f , cf. Fig. 2.1(c).
This phenomenon can be used for actuation, because the transformations may lead
to large strains if the level of stress is sufficiently high. Below M f and above A f , the
behaviours are governed by usual linear thermal expansion. But this effect is small
compared to the phase transformation strains that result in a significant contraction
as a consequence of heating. The temperature cycles are also characterised by strong
hysteresis.
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The phase transformations are associated with latent heat, because they are exo- and
endothermic processes. This means that mechanical deformation may lead to significant
temperature changes, which again affect the mechanical behaviour because of the strong
thermo-mechanical coupling of SMAs. This phenomenon can be modelled by coupling
the energy equation (the first law of thermodynamics) to the constitutive equations
describing the thermo-mechanical relations. Transformation induced plasticity occurs
during the initial transformation cycles that an SMA specimen is subjected to (Miyazaki
et al. 1986). Because plastic strains accumulate during this period, the cycles are not
stabilized, and the general behaviour has slow quantitative changes. The initial cycles
may be referred to as a training period. The behaviour stabilizes after around 20-400
cycles in most cases (Kawaguchi et al. 1991; Morin et al. 2011; Sakuma and Suzuki
2007; Strnadel et al. 1995; Tobushi et al. 1992; Wolons et al. 1998), but also training
periods in the order of 1000 cycles have been reported (Bo and Lagoudas 1999b).

2.2 Models

Two different constitutive modelling frameworks for describing the thermo-mecha-
nical behaviour of SMAs have been adopted throughout the work, namely the model
by Brinson and co-workers (originally Brinson 1993) and the model by Lagoudas and
co-workers (latest Lagoudas et al. 2012). The focus is on the stabilized pseudoelastic
behaviour highlighted in Fig. 2.1(b). The quantitative changes during the training
period are neglected, in the sense that only fully trained specimens are considered. The
limitation to pseudoelasticity is reflected differently in the two models. The Brinson
model is widely used, which might be because it has a relatively simple and transparent
formulation. However, the model is originally provided in one spatial dimension and
it is not formulated together with the energy equation. However, there are ways to
expand to three dimensions (Brocca et al. 2002) and to include the energy equation
(Prahlad and Chopra 2003), but the simplicity of the model is lost to some degree
in both cases. The numerical implementation of the model is relatively easy in its
simplest form, in which strain is found from known stress and temperature paths.
The framework provided by Lagoudas and co-workers (Lagoudas et al. 2012) is very
general, it is in three dimensions and comes directly together with the energy equation,
since it is rigorously formulated in terms of the Clausius-Planck inequality, which is a
reformulation of the second law of thermodynamics often used in continuum mechanics.
Because of its generality it is also more abstract and it requires an elaborate numerical
implementation.

To match better the behaviour observed experimentally and thus increase model
predictability, the models are not used in their original forms but have been subjected to
modifications/additions of the hardening functions (i.e. the kinetic laws) and sub-loop
functions. The functions are based on Bézier curves, and they are therefore called the
Bézier hardening and Bézier sub-loop functions. Aside from the hardening and sub-loop
functions, the two models produce very similar results in one dimension. However, they
are formulated differently with respect to the martensitic volume fraction, which is an
internal variable. The hardening function related to the Brinson model is the inverse
of that of the Lagoudas model and likewise for the sub-loop functions. The following
sections revise the governing equations of the two models, and the proposed hardening
function and sub-loop functions are presented and explained.
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The Lagoudas Model

The model developed by Lagoudas and co-workers has been presented in different
stages and forms since the mid 1990s. The behaviour of polycrystalline SMAs was first
treated in the series of four papers with the main title “Thermomechanical modeling
of polycrystalline SMAs under cyclic loading” (Bo and Lagoudas 1999a,b,c; Lagoudas
and Bo 1999). An easier introduction is provided in the book by Lagoudas (2008).
The version of the model used in this work is the one presented by Lagoudas et al.
(2012) that has small changes compared to the others. The smooth hardening function
is adapted fully in Lagoudas et al. (2012) for the first time for example.

The model is tailored for the specific use in this work. Irrelevant and minor effects
are neglected to keep the model as simple as possible, while maintaining sufficien-
cy. Namely, it is assumed that the thermal expansion (α) is negligible compared to
the phase transformation strain, that the difference in specific heat capacity (cp) in
martensite and austenite is negligible, and that the maximum transformation strain
(H) is constant. The latter assumption is valid, when considering only pseudoelastic
behaviour (Lagoudas et al. 2012). A unified thermal expansion for martensite and
austenite is included in the equations below for completeness. The governing equations
of the simplified model are

ε = Sσ +α(T − T0) + εt , (2.1)

ε̇t = Λξ̇, (2.2)

where ε is the strain tensor, σ is the stress tensor, α is the thermal expansion tensor,
T0 and T are the initial and current temperatures respectively, εt is the transformation
strain tensor and ξ is the martensitic volume fraction satisfying 0 ≤ ξ ≤ 1. The
transformation tensor Λ and the compliance tensor S are defined as follows,

S= SA+ (SM − SA)ξ= SA+∆Sξ, (2.3)

Λ=











Λ f =
3
2 H
σ′

σ̄
, ξ̇ > 0,

Λr =
1

ξ̃
ε̃t , ξ̇ < 0.

(2.4)

The compliance tensor S is given by a mixture of the (linear) compliance tensors of
martensite (SM ) and austenite (SA). The forward transformation tensor Λ f depends
on the maximum transformation strain H, the deviatoric stress tensor σ′ and the von
Mises stress σ̄. The tilde (ε̃t , ξ̃) in the expression for the reverse transformation tensor
Λr indicates that the values should be taken at the latest point in time, when a change
in phase transformation direction has been encountered, i.e. a turning point.

Two transformation functions for the forward, Φ f , and the reverse transformation,
Φr , respectively, are defined as follows

Φ f = (1− D)Λ>f σ +
1
2
σ>∆Sσ +ρ∆s0T −ρ∆u0 − h f (s f (ξ,ξ0))− Y, (2.5a)

Φr = −(1+ D)Λ>r σ −
1
2
σ>∆Sσ −ρ∆s0T +ρ∆u0 + hr(sr(ξ,ξ0))− Y. (2.5b)

The functions h f and hr are the forward and reverse hardening functions and together
with the sub-loop functions s f (forward) and sr (reverse), they control the evolution
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of the martensitic volume fraction during transformation. The parameter ξ0 is related
to ξ and the sub-loop function, and it only changes its value at turning points. The
hardening functions have the following relation to the Bézier hardening function h:

h f (x) = a1 h(x)|na=n f
1 ,nb=n f

2
+ a3, hr(x) = a2 h(x)|na=nr

1,nb=nr
2
− a3. (2.6)

The parameters in Eqs. (2.5) and (2.6) are related to usual SMA parameters in the
following way:

ρ∆s0 = −
2CM CAH
CM + CA

,

D =
CM − CA

CM + CA
,

a1 = −ρ∆s0(Ms −M f ),

a2 = −ρ∆s0(A f − As),

a3 = −
1

20
a1(3n f

1 − 3n f
2 + 5) +

1
20

a2(3nr
1 − 3nr

2 + 5),

Y =
1
2
ρ∆s0(Ms − A f )− a3,

ρ∆u0 =
1
2
ρ∆s0(Ms + A f ).

Here ρ is the mass density; Ms and M f are the start and finish temperatures of the
(forward) martensite transformation at zero stress; As and A f are the start and finish
temperatures of the (reverse) austenitic transformation at zero stress; CA and CM are the
slopes of the austenite and martensite transformation surfaces in the temperature-stress
diagram at zero stress; and n f

1 , n f
2 , nr

1 and nr
2 are curvature controlling parameters

related to the hardening functions. The expression for a3 depends on the hardening
function, and the stated expression is therefore specific for the Bézier hardening function.

At all times, the transformation functions should fulfil the two Kuhn-Tucker condi-
tions

ξ̇≥ 0, Φ f ≤ 0, Φ f ξ̇= 0, (2.7a)

ξ̇≤ 0, Φr ≤ 0, Φr ξ̇= 0. (2.7b)

These conditions control whether or not phase transformations take place. The con-
ditions state that no phase transformations happen, i.e. ξ̇ = 0, as long as both Φ f
and Φr are below zero. If on the other hand for example Φ f becomes positive after a
thermo-elastic prediction, it implies that a forward transformation has to occur (i.e.
ξ̇ > 0), and a correction is made so that Φ f becomes zero. It should be noticed that Φ f
may attain a positive value if ξ= 1, because forward transformation is not admissible.
Similarly, Φr may be positive if ξ= 0.

The following expressions, using matrix and vector notation, can be used for imple-
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mentation of the model in three dimensions:
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(i = A, M), (2.9)

where σ̄ =
q

1
2 (σ11 −σ22)2 +

1
2 (σ22 −σ33)2 +

1
2 (σ33 −σ11)2 + 3(σ2

12 +σ
2
23 +σ

2
33), ν

is Poisson’s ratio and α̂ is the coefficient of linear thermal expansion. Reduced order
models are obtained by setting all irrelevant variables to zero. Note that the engineering
shear strain measure is used in the expressions above (e.g. γ12 = 2ε12). Note also that
this model formulation assumes isotropic properties of the SMA. The model is formulated
using engineering stress and strain, which is only valid for small deformations and
rotations. Large deformations and rotation may be adopted as described by Hartl and
Lagoudas (2009), but this has not been done in this work.

The Energy Equation

The model can be coupled to the energy equation to include the influence of latent
heat due to phase transformations as described by Lagoudas et al. 2012. In this case,
the material temperature T is not an independent variable, but it is determined from
the energy equation. For this application, it is assumed that the temperature is uniform
and that heat transfer is governed by convection. This means that the collected energy
transfer is assumed to have the form −ĥ A

V (T − T∞), where ĥ is the specific heat transfer
coefficient, A

V is the ratio between surface area and volume, and T∞ is the environmental
temperature. The resulting energy equation is

Tα>σ̇ +ρcp Ṫ +χξ̇+ ĥ
A
V
(T − T∞) = 0, (2.10)

where cp is the specific heat capacity and

χ =

¨

−Λ>f σ −
1
2σ
>∆Sσ +ρ∆u0 + h f (s f (ξ,ξ0)) , ξ̇ > 0,

−Λ>r σ −
1
2σ
>∆Sσ +ρ∆u0 + hr(sr(ξ,ξ0)) , ξ̇ < 0.

Numerical Implementation

The numerical implementation of the original model is thoroughly described by
Lagoudas et al. 2012. In each time step a controlled change is made to the strain
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and temperature1. A thermo-elastic prediction is made, by initially assuming that
the martensitic volume fraction is constant. Both Φ f and Φr are calculated, and it is
tested if the Kuhn-Tucker conditions are satisfied, i.e. Φ f ≤ 0 and Φr ≤ 0. If not, a
transformation correction is made using a return mapping algorithm, which includes
consecutive Newton steps in σ and ξ, until the relevant transformation function equals
zero. Steps in εt are based on a relaxation of a Taylor series expansion with respect to
σ and ξ.

By default, the temperature is considered known a priori. There are two options if
instead the temperature should be governed by the energy equation. Either the energy
equation is solved simultaneously with the governing equation using an implicit Euler
scheme, which is done in Publication P2. Alternatively the energy equation can be
solved externally, e.g. by a Runge-Kutta algorithm, such that the temperature is known
(or predicted) in each time step.

The complexity of the numerical implementation increases, if the sub-loop func-
tionality is incorporated. This is thoroughly described in P2. The complexity increases
because it is necessary to determine the possibility of a turning point in each time step.
At a turning point, ξ0 changes value. The transformation functions depend on ξ0, and
they determine whether or not transformations take place, and therefore also if there
is a turning point. This means that the problem is somehow circular and does not
have a unique solution by default. The uniqueness is obtained by adding rules. The
main point is: If a transformation took place in the former time step, then transfor-
mation in the same direction is preferred in the current time step. In other words, it
is initially assumed that the current time step is not a turning point. Therefore, only
the transformation function and the Kuhn-Tucker condition related to the preferred
direction is investigated at first after the thermo-elastic prediction. If this shows that
the transformation does indeed happen (i.e. Φ > 0), then the usual transformation
correction is made. If on the other hand this is not the case, then there is a turning
point, ξ0 has to be calculated, and the opposite transformation is now the preferred
direction.

At a turning point, the variable ξ0 is calculated in such a way that the transformation
function of the new preferred direction becomes equal to zero, or as close to but less
than zero as possible, i.e. maximize Φ with respect to ξ0 such that Φ≤ 0. This ensures
continuity (and uniqueness). The optimization, which is actually just calculations
because the hardening and sub-loop functions are invertible, is based on the former
time step and therefore all state variables are known; it is only ξ0 related to the new
direction that is unknown. The relevant expression for Φ, Eq. (2.5), is set to zero and
ξ0 is isolated using the inverse hardening function, Eq. (2.12) and the inverse sub-loop
function with respect to ξ0, Eq. (2.16).

The detection of turning points is trivial in one dimension with constant temperature.
In this case a turning point occurs whenever ε̇ (or σ̇) changes sign.

The Brinson Model

The constitutive model by Brinson (Bekker and Brinson 1998; Brinson 1993; Brinson
and Huang 1996) describes one-dimensional tensile behaviour of SMAs. Here, the
pseudoelastic behaviour is of interest, and therefore the original model is simplified ne-

1It is also possible to make explicit changes in stress instead of strain; the method is very similar.
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glecting twinned martensite. Twinned martensite is only formed when the temperature
is below the martensitic start temperature Ms. The standard thermo-elastic expansion
term is neglected, since its influence is at least an order of magnitude lower than the
effects from the phase transformations. However, it is included in the expressions below
for completeness. The reduced governing equation is:

ε =
1
E
(σ+Θ(T − T0)) +Hξ, (2.11)

where σ is tensile stress, ε is normal strain, Θ is related to the coefficient of thermal
expansion, H is the residual strain caused by phase transformation, and ξ is the marten-
sitic volume fraction. Note that the original Brinson model has ξ = ξT +ξS representing
both twinned and detwinned martensite. Since this description is restricted to high
temperature behaviour (T ≥ A f ), ξ is the volume fraction of detwinned martensite, i.e.
ξT = 0. The elastic modulus of the mixture is E = EA+ ξ(EM − EA), where EM and EA
are the elastic moduli of martensite and austenite respectively.

The volume fraction of detwinned martensite is defined as function of temperature
T and stress σ. In this regard, the following must hold:

• Forward transformation: If σ̇− CAṪ > 0 and σms ≤ σ ≤ σmf then

ξ= s−1
f

 

h−1

�

σ−σms

σmf −σms

��

�

�

�

na=n f
1 ,nb=n f

2

,ξ0

!

.

• Reverse transformation: If σ̇− CM Ṫ < 0 and σa f ≤ σ ≤ σas then

ξ= s−1
r

 

h−1

�

σ−σa f

σas −σa f

��

�

�

�

na=nr
1,nb=nr

2

,ξ0

!

.

• Otherwise ξ̇= 0.

• Also, ξ= 1 if σ ≥ σmf , and ξ= 0 if σ ≤ σa f .

The function h−1 is the inverse Bézier hardening function, which is presented below. In
the original Brinson model, this function is a cosine function. The functions s−1

f and

s−1
r are the inverse Bézier sub-loop functions with respect to ξ also presented below.

These functions are linear functions in the original Brinson model. The boundaries in
the simplified stress-temperature phase diagram are

σms = CM (T −Ms), σmf = CM (T −M f ),

σas = CA(T − As), σa f = CA(T − A f ).

The temperatures Ms and M f are the start and finish transformation temperatures
for the forward transformation, and As and A f are the austenitic counterparts. These
temperatures refer to a stress-free state. The slopes of the austenite and martensite
formation boundaries in the temperature-stress phase diagram are denoted CA and CM .
The variable ξ0 is related to ξ and the sub-loop function and it only changes value,
when a turning point is encountered in a similar manner as for the Lagoudas model.
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The Brinson model is used in Publication P4. In these investigations the model is
not coupled to the energy equation, which simplifies implementation and calculation
considerably. However, this means that temperature variations due to the mechanical
deformation as well as the exo- and endothermic properties of the phase transformations
(latent heat) are not taken into account. It is therefore assumed that these energy
contributions are small compared to the present dissipation mechanisms, i.e. heat
conduction, radiation and free and forced convection. Prahlad and Chopra (2003)
showed a method to couple the energy equation to the Brinson model. However, the
resulting behaviour does not seem to represent the behaviour that we have observed
experimentally.

In P4 the Brinson model is used in a shear formulation, which is possible simply
by substituting σ by τ, ε by γ and E by G in all mathematical expressions, where τ is
shear strain, γ shear strain and G the shear modulus. However, this means that H, CA
and CM are stated in shear terms, and have to be scaled by a factor 1p

3
to be comparable

to the usual parameters. It is important to highlight that the parameters in P4 are not
subjected to this scaling.

Considerations Regarding Numerical Implementation

The model structure is such that ε can be found explicitly as a function of σ and T ,
because ξ is an explicit function of σ and T . However, the inverse problem is usually of
interest, for example in relation to dynamics or FE analysis. This means that iterative
procedures have to be used, and it is suggested to use a Newton-Raphson method
between steps in strain. This requires the use of the derivatives of strain ε(σ, T ) with
respect both to stress and temperature. The issue of turning points also arises, when
stress is found as function of strain, and this requires an elaborate implementation in
the general case. In constant temperature conditions, turning points can be detected
simply by changes in the sign of ε̇. More information can be found in P4.

Bézier Hardening Function

The proposed hardening function is designated by a cubic Bézier curve with cur-
vature controlling parameters to increase model predictability. The function and its
earlier stages are described and used in the majority of the papers that form the basis
of the thesis. The function is inspired by the ‘smooth hardening function’ used in the
original Lagoudas model (Lagoudas et al. 2012). The ‘smooth hardening function’ also
has curvature controlling parameters. The Bézier hardening was first implemented in
the Brinson model (P4), but was later adopted to the Lagoudas model (P1).

A hardening function, in its pure form, is a function defined in the interval [0,1]
with h(0) = 0 and h(1) = 1. It has to be strictly monotonically increasing, i.e. injective.
In order to obtain smooth transitions between thermo-elastic and phase transformation
regions it is also necessary to have vertical tangents at the boundaries, i.e. h′(0)→∞
for x → 0+ and h′(1)→∞ for x → 1−. However, this results in numerical problems if
used together with the Lagoudas model, and therefore a relaxation should be made.

The cubic Bézier curve is formed by four points

P1 =
§

0
0

ª

, P2 =
§

δ
na

ª

, P3 =
§

1−δ
1− nb

ª

, P4 =
§

1
1

ª

,
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where the constants na and nb are curvature controlling parameters in the interval
(0,1), and δ� 1 is an auxiliary parameter used for numerical implementation of the
Lagoudas model. In this work δ = 10−4 is used. For the Brinson model, it is possible to
set δ = 0. The resulting parametric representation is

§

Hx(t)
H y(t)

ª

=

�

−2(1− 3δ)t3 + 3(1− 3δ)t2 + 3δt

(3na + 3nb − 2)t3 + 3(1− 2na − nb)t2 + 3na t

�

, t ∈ [0,1].

The hardening function is the y-component of the curve:

h(x) =
�

H y(t) |Hx(t) = x ∧ t ∈ [0, 1]
	

, x ∈ [0,1].

Here x represents the volume fraction of martensite and it is calculated using the
sub-loop functions described in the next section.

For the Brinson model, the inverse hardening function is used, which is defined by

h−1(y) =
�

Hx(t) |H y(t) = y ∧ t ∈ [0, 1]
	

, y ∈ [0,1].

Evaluation of h and h−1 requires solving third order polynomials, and both of them
have unique solutions in their definition intervals. They can be solved either using
different trigonometric formulas depending on the values of na and nb or they can be
solved using a simple Newton-Raphson scheme with bounds. The latter approach seems
to be slightly slower computationally. Since the forward and reverse transformations
may evolve differently, the curvature controlling parameter set (na, nb) is substituted
by (n f

1 , n f
2 ) in forward transformation and by (nr

1, nr
2) in reverse transformation. When

turning points are encountered, i.e. ξ̇ becomes zero or changes sign, the Lagoudas
model also uses the inverse function (h−1) and the Brinson model uses the forward
function (h). In this regard it should be highlighted that the independent variable (y
or x respectively) should be saturated to the interval [0,1] before inserted into the
function.

In comparison, the original hardening function of the Brinson model (subscript B)
and the Lagoudas model (subscript L) are

hB(x) =
1
π

cos−1(1− 2y), (2.12)

hL(x) =
1
2
(1+ xna − (1− x)nb) . (2.13)

The ‘smooth hardening function’ has two curvature controlling parameters for each
direction of transformation. This means that the pair (na, nb) related to Eq. (2.13) is
denoted (n1, n2) in relation to forward transformation and (n3, n4) for reverse. The
‘smooth hardening function’, hL , is depicted in Fig. 2.2(a) for different value pairs of
(na, nb). Similarly the Bézier hardening, h, is depicted in Fig. 2.2(b). Both hardening
functions are clearly adaptable. They can represent straight lines if their parameters
attain one of their boundary values (0.99 for hL and 0.01 for h). If the values of the
Bézier parameters increase, the curvature (often denoted κ) becomes larger, and the
behaviour is very smooth even if na = nb = 0.99. Starting from the straight line of the
‘smooth hardening function’, the curvature increases if the parameter values decrease.
However in the interval x ∈ [0.2, 0.8], the curve is approximately linear no matter the
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Figure 2.2: Comparison of the (a) smooth hardening and (b) Bézier hardening functions.

ε (mm/m)

0 10 20 30 40 50

σ
(G

P
a
)

0

0.1

0.2

0.3

0.4

0.5
n1 = 0.99, n2 = 0.99, n3 = 0.99, n4 = 0.99
n1 = 0.01, n2 = 0.01, n3 = 0.01, n4 = 0.01
n1 = 0.30, n2 = 0.60, n3 = 0.70, n4 = 0.40

(a)

ε (mm/m)

0 10 20 30 40 50

σ
(G

P
a
)

0

0.1

0.2

0.3

0.4

0.5

n
f

1 = 0.01, nf

2 = 0.01, nr
1 = 0.01, nr

2 = 0.01

n
f

1 = 0.99, nf

2 = 0.99, nr
1 = 0.99, nr

2 = 0.99

n
f

1 = 0.60, nf

2 = 0.30, nr
1 = 0.40, nr

2 = 0.70

(b)

Figure 2.3: Comparison of the (a) smooth hardening and (b) Bézier hardening functions in one
dimensional tension using the Lagoudas model with generic parameter values.

values of na and nb. Also, the curve almost coincides with the lines x = 0, x = 1 and
y = 1

2 , if na and nb approaches zero resulting in non-smooth behaviour. This can also
be a problem, because the boundaries between the elastic and transformation regions
become blurred.

The hardening functions are used in conjunction with the Lagoudas model in Fig.
2.3 showing one-dimensional tensile behaviour of a pseudoelastic SMA. Generally,
the use of curvature controlling parameters results is highly variable behaviour during
transformation for both functions. The aspect of the blurred boundaries of the elastic and
transformation regions are clear in Fig. 2.3(a). The onset of the forward transformation
is at (ε,σ) = (5.1 mm/m, 0.26 GPa) in all cases. However, if n f

1 = 0.01, the appearing
onset is shifted to (ε,σ) = (6.4 mm/m, 0.31 GPa). The appearing boundaries therefore
strongly depend on the values of the curvature parameters. This may result in difficulties
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in uniquely identifying the transformation temperature because they become tightly
coupled to the curvature controlling parameters.

The cosine function is almost identical to the Bézier hardening for na = nb = 0.36.
Since the curvature of the cosine function is fixed, it lacks versatility.

Bézier Sub-Loop Functions

Sub-loops (or minor loops) are hysteresis loops that involve incomplete phase
transformations, meaning that they are enclosed by the major hysteresis loop ranging
from a complete austenitic state to a complete martensitic state. If SMAs are used for
dynamic purposes, transformations are often incomplete. In the case of incomplete
transformation, the transition from a thermo-elastic region to a transformation surface
is non-smooth if the used model does not have a sub-loop function even though the
chosen kinetic law has smooth boundaries. The Brinson model has linear sub-loop
functions implemented by default, but the Lagoudas model does not have sub-loop
functions. However, Bo and Lagoudas (1999c) studied the smoothness and curvature
of sub-loops and proposed a ‘Thermomechanical Preisach Model’ for improving the
agreement with experimental data. The Thermomechanical Preisach Model is complex
compared to the procedure used in the Brinson model, which Bo and Lagoudas also refer
to as the Duhem-Madelung model. The Duhem-Madelung model was first introduced
to SMA modelling by Ivshin and Pence (1994). Even though the Duhem-Madelung
model is simple, it is still able to reproduce the main features of sub-loops (Bekker and
Brinson 1997).

Besides ensuring smooth transitions between elastic and transformation regions
during sub-looping, a sub-loop function with a curvature controlling parameter can also
alter the size and shape of the sub-loops. This means that the level of hysteresis and
the average stiffness may be controlled. Our investigations related to helical springs
(P2, P4) show that model accuracy is increased significantly by using a more complex
sub-loop function compared to the Duhem-Madelung model.

The sub-loop function depends on the martensitic volume fraction ξ and an auxiliary
variable ξ0, representing ξ at a turning point. We define two sub-loop functions, one
for each direction of transformation. They are constructed in such a way that they
are genuine sub-loops. This means that a sub-loop is not allowed to cross the outer
hysteresis loop and other sub-loops in the same transformation direction. This ensures
uniqueness related to traceability.

In forward transformation, the sub-loop function s f (ξ,ξ0) has to fulfil s f (ξ0,ξ0) = 0
and s f (1,ξ0) = 1 for ξ ∈ [ξ0, 1] and ξ0 ∈ [0,1). The function has to be injective in
ξ and ξ0. It is not allowed to cross s(ξ,ξ0) = ξ in order to maintain uniqueness. A
quadratic Bézier curve is proposed, and it is defined by the three consecutive points

P5 =
§

ξ0
0

ª

, P6 =
§

1
1− ξ0

ª

+
1
2
(p+ 1)

�§

ξ0
ξ0

ª

−
§

1
1− ξ0

ª�

, P7 =
§

1
1

ª

,

where the constant p ∈ (−1, 1) is a sub-loop controlling parameter. The end points are
trivial, and P6 is constructed in such a way that the width of the sub-loop increases
with increasing value of p. For p = 0, the curve becomes a straight line and therefore
coincides with the Duhem-Madelung model used in the Brinson model. The resulting
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Bézier curve is
§

S f x(t)
S f y(t)

ª

=

�

(1− ξ0)pt2 + (1− ξ0)(1− p)t + ξ0

(1− 2ξ0)pt2 + (1+ 2ξ0p− p)t

�

, t ∈ [0,1].

The actual sub-loop function for forward transformation (which is used in the Lagoudas
model) is then

s f (ξ,ξ0) =
�

S f y(t) |S f x(t) = ξ∧ t ∈ [0, 1]
	

, ξ ∈ [ξ0, 1] , ξ0 ∈ [0, 1). (2.14)

The inverse sub-loop function with respect to ξ, which is used in the Brinson model, is

s−1
f (y,ξ0) =

�

S f x(t) |S f y(t) = y ∧ t ∈ [0,1]
	

, y ∈ [0, 1] , ξ0 ∈ [0,1).

In order to evaluate s f and s−1
f , it is necessary to solve second order polynomials to

determine t. The solutions are unique in the definition interval t ∈ [0, 1].
Similarly, the sub-loop function during reverse transformation, sr(ξ,ξ0), is an

injective function in ξ and ξ0 with the boundaries sr(0,ξ0) = 0 and sr(ξ0,ξ0) = 1 for
ξ ∈ [0,ξ0] and ξ0 ∈ (0,1]. It is not allowed to cross s(ξ,ξ0) = ξ in order to maintain
uniqueness. The proposed quadratic Bézier function is defined by the successive points

P8 =
§

0
0

ª

, P9 =
§

0
1− ξ0

ª

+
1
2
(p+ 1)

�§

ξ0
ξ0

ª

−
§

0
1− ξ0

ª�

, P10 =
§

ξ0
1

ª

,

which result in the curve
§

Sr x(t)
Sr y(t)

ª

=

�

−ξ0pt2 + ξ0(1+ p)t
(1− 2ξ0)pt2 + (1+ 2ξ0p− p)t

�

, t ∈ [0, 1].

It is suggested to use the same value of p for forward and reverse transformations. The
sub-loop function for reverse transformation becomes

sr(ξ,ξ0) =
�

Sr y(t) |Sr x(t) = ξ∧ t ∈ [0,1]
	

, ξ ∈ [0,ξ0] , ξ0 ∈ (0,1]. (2.15)

The inverse function with respect to ξ is

s−1
r (y,ξ0) =

�

Sr x(t) |Sr y(t) = y ∧ t ∈ [0,1]
	

, y ∈ [0,1] , ξ0 ∈ (0, 1].

Evaluation of sr and its inverse also requires solving second order polynomials, and the
solutions are unique in the definition intervals.

In turning points, it is necessary to be able to determine ξ0 from the current (and
known) values of ξ and s f or sr depending on direction. The function expressions are

ξ
f
0 (s f ,ξ) =

¨
�

ξ0 |S f x(t) = ξ∧ S f y(t) = s f ∧ t ∈ [0,1]
	

, s f ∈ [0,ξ),ξ ∈ [0,1),
0 , s f ∈ [ξ, 1],ξ ∈ [0,1),

(2.16a)

ξr
0(sr ,ξ) =

¨

1 , sr ∈ [0,ξ],ξ ∈ (0, 1],
�

ξ0 |Sr x(t) = ξ∧ Sr y(t) = sr ∧ t ∈ [0,1]
	

, sr ∈ (ξ, 1],ξ ∈ (0,1].
(2.16b)
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Figure 2.4: Examples of the (a) forward and (b) reverse Bézier sub-loop functions. The sub-loop
functions used in the original Brinson model are the ones corresponding to p = 0.

Both functions have unique solutions, but require solving third order polynomials in t.
This is obtained by combining the two equations that have to be solved with respect to
ξ0 and t. The polynomials can be solved either using different trigonometric formulas
depending on the value of p or they can be solved using a simple Newton-Raphson
scheme with bounds.

Graphical examples of the sub-loop functions are shown in Fig. 2.4. For p = 0, the
functions are straight lines and they replicate the Duhem-Madelung model. If p is close
to its upper bound, the functions follows the line s(ξ,ξ0) = ξ closely, and this line
corresponds to the major loop. This is because the major loop has ξ0 = 0 for forward
transformation and ξ0 = 1 for reverse transformation. This implies that the sub-loop
moves towards the outer loop faster resulting in loops with larger area and higher
average stiffness. If p is less than zero, the curve is further away from s(ξ,ξ0) = ξ,
which results in loops with smaller area and lower average stiffness. Figure 2.5 shows
examples of pseudoelastic behaviour with the sub-loop model implemented in the
Lagoudas model. A large p value corresponds to larger loops that moves towards the
outer loop, whereas a negative p gives loops with lower average stiffness and area. If
on the other hand, the sub-loop model is not implemented the behaviour within the
outer loop is completely linear elastic. This also means that the transitions between the
linear elastic regions and the transformation regions become non-smooth. The use of
the sub-loop model is further justified in Section 3.4 about modelling of SMA helical
springs.

2.3 Parameter Estimation and Uncertainties in 1D

To investigate the influence of the hardening function formulation on the model
accuracy, the Lagoudas model in two configurations is compared against experimental
tensile tests of pseudoelastic SMA wires. The first model configuration is the original
using the ‘smooth hardening function’, and the other is a modification that uses the
Bézier hardening together with the Duhem-Madelung model (i.e. the Bézier sub-loop
functions with p = 0). The tensile tests are performed in quasi-static conditions,
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Figure 2.5: Behaviour during sub-looping with and without the Bézier sub-loop functions
implemented in the Lagoudas model (also using the Bézier hardening function). Two examples
are provided with the sub-loop functions with different values of the controlling parameter p.

which means that the influence of latent heat of the phase transformation on the SMA
temperature is negligible. This approach is taken to maintain focus on the influence
of the hardening function. The comparisons of the two model configurations and
the experimental results are carried out using a rigorous approach and quantitative
measures in order to make the comparisons fair. Both measurement uncertainties and
confidence intervals of model parameters and model predictions are explored. The
results in this section are highlights from P1.

Experimental Framework

The SMA wires used for characterisation have a nickel-titanium ratio of 56:44. The
wires have been annealed and straightened by the manufacturer and they have a light
oxide finish. Their cross-section is circular. Tensile tests of the SMA wires are carried out
using a tensile machine by clamping an SMA wire between two grips, cf. Fig. 2.6. The
environmental temperature is controlled by having a small heat chamber surrounding
the wire. The air in the heat chamber is heated by a modified heat gun, whose power
input is controlled by a microcontroller that measures the heat chamber air temperature
continuously with thermocouples. This way, the air temperature is held constant within
±0.5 ◦C in a range from 30 ◦C to 70 ◦C. The heat gun supplies approximately 6.5 L s−1

of air to the heat chamber. This high flow of air increases convection from the wire,
which helps to maintain isothermal conditions.

Measurement uncertainty analyses of stress and strain measurements are carried
out according to the guide published by the Joint Committee for Guides in Metrology
(JCGM 2008) to verify the reliability of the measurements.

Theoretical Framework

The original Lagoudas model, using the ‘smooth hardening function’, and the
modified model, using the Bézier hardening function and the Duhem-Madelung sub-
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Figure 2.6: Test-rig for tensile testing of PE SMA wires.
It consists of (1) a load cell, (2) an upper grip and (3)
a lower grip for fixing the SMA wire. The SMA wire
is surrounded by (4) a heat chamber, which has an
inlet for hot air from a (5) modified heat gun. The
temperature is measured using a thermocouple and a
(6) micro-controller, which controls the power input
to the heat gun.

loop model, are modelled as described in Section 2.2. The energy equation is not
coupled to the models in this investigation. It is assumed that the level of convection is
high enough to counteract the latent heat of the transformation and thus keep the SMA
temperature constant. This assumption is verified in P1.

Model predictions are fitted against calibration tensile tests at different temperatures
using the method of Maximum Likelihood Estimation (MLE). The objective is to minimise
the following cost function

L̂(θ) =
∑

i

�

yi(x i)− fi(x i ,θ)
ui

�2

, (2.17)

where yi are measurements for given inputs x i , fi are model predictions for given inputs
x i and model parameters θ, and the standard uncertainties of the measurements are ui .
In this context, the input is strain and the measured output is stress. Minimisation of
L̂ is a nonlinear least squares problem, which can be solved by well-established and
efficient algorithms. In this study the Matlab Optimization Toolbox is used.

To allow comparison of the model performances, the goodness of fit has to be
quantified. Here the normalized residual standard deviation σ̃ based on a calibration
data sets is used, which is proportional to the square root of the cost function value
L̂. The (non-normalized) residual standard deviations σ̂c and σ̂v are also provided for
comparison to the calibration and validation data sets respectively. Linear estimates of
the variance-covariance matrix and the 95 % confidence levels of the model parameters
are determined. Finally, the width of the 95 % confidence intervals of model predictions
(using linear theory) are explored and compared to validation data sets of tensile tests at
other temperatures. The mean half width of the 95 % confidence intervals in prediction
is denoted up,95%.
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Results

Differential scanning calorimetry (DSC) shows that the phase transformation tem-
peratures are approximately As = 4 ◦C, A f = 25 ◦C, Ms = 20 ◦C and M f = −3 ◦C. It
should be noted that the values obtained via DSC are not always appropriate depending
on the chosen hardening function (Lagoudas et al. 2012). Shifts in the order of ±8
◦C are expected and reasonable. The temperature-stress phase diagram also becomes
simplified, when H is considered a constant instead of a function of the stress state. This
means that the phase transformation temperatures used in the model not necessarily
reflects the values achieved by DSC (Meraghni et al. 2014). This is however not a
problem if the model is only used in the pseudoelastic region, i.e. A f is the minimum
operational temperature.

The two model configurations are calibrated against tensile tests performed at 30, 50
and 60 ◦C. To ensure complete pseudoelasticity at all the operation temperatures of the
tensile tests, A f is enforced an upper boundary of 30 ◦C. The temperature Ms has to be
lower than A f , and it is given an upper boundary of 25 ◦C to ensure a reasonable margin.

The curvature parameters (n1, n2, n3, n4, n f
1 , n f

2 , nr
1, nr

2) have the boundaries (0,1)
by design. For numerical implementation the interval [0.01, 0.99] is used. The upper
boundaries for A f and Ms are encountered during fitting for both model configurations.
Therefore, the parameters are fixed at the boundaries and they are considered without
uncertainty. For the modified model also n f

2 and nr
2 encounter their upper boundaries,

and therefore they are also fixed.
The 30 ◦C and 50 ◦C calibration data sets and the two model fits are shown in Fig.

2.7. The properties of the model fits, e.g. the cost function values, are shown in Tab. 2.1.
The maximum likelihood estimates of the model parameters and their uncertainties are
shown in Tab. 2.2. The model parameter correlation matrices are illustrated in Fig. 2.9.
Related to the prediction, the two models are compared against a validation data set
performed at 40 ◦C, which is shown in Fig. 2.8.

Discussion

The experimental tests show consistent results, leading to low standard uncertain-
ties up to 9 MPa, which is small compared to the full scale of 800 MPa. The strain
measurements have relative uncertainties in the order of 0.1 %. The pseudoelastic
behaviour is clear, and the transitions are smooth as can be seen in Fig. 2.7.

Generally, both the original and modified model configurations are in good agree-
ment with the experimental tensile tests, as shown by the relatively small deviations
both in calibrations, Fig. 2.7, and in validation, Fig. 2.8. However, the normalized
standard deviations σ̃ (Table 2.1) are much larger than unity for both models. This is
related to the non-normalized residual standard deviations (21.4 MPa for the original
model and 15.7 MPa for the modified model respectively) that are much larger than
the measurement uncertainties (up to 9 MPa).

The correlations between the parameter estimates illustrated in Fig. 2.9 show that
some parameters in both configurations are highly correlated. The highest absolute
correlations are 97 % between As and n4 for the original model and 97 % between H
and EM for the modified model, which are significant. The high correlation results in
relatively large parameter uncertainties ranging from ±9 % to ±683 % for the original
model and from ±8 % to ±49 % for the modified model, cf. Tab. 2.2. This means that
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Figure 2.7: Running average of stress vs. strain measurements of two calibration data sets, the
model calibrations and their stress residuals.
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Figure 2.8: Validation of (a) the original and (b) the modified model. The prediction, the 95 %
confidence level, experimental results and stress residuals are shown.

Table 2.1: Parameters showing goodness of the fits of the two model configurations.

Model L̂ σ̃ σ̂c σ̂v up,95%

(103) (MPa) (MPa) (MPa)

Original 22.4 9.52 21.4 26.2 26.1
Modified 9.3 6.15 14.8 20.3 17.6
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Table 2.2: Model parameter value estimates and 95 % confidence intervals (CI) for (a) the
constitutive model presented by Lagoudas et al. 2012 and (b) the modified model with Duhem-
Madelung sub-loop and Bézier hardening.

(a)

Param. Estimate 95 % CI (%)

H 37.6 mm m−1 ±9
EA 43.1 GPa ±18
EM 24.4 GPa ±13
CA 9.5 MPa (◦C)−1 ±12
CM 12.6 MPa (◦C)−1 ±17
As −4.6 ◦C ±683
A f 30.0 ◦C (fixed)
Ms 25.0 ◦C (fixed)
M f −21.5 ◦C ±141
n1 0.22 ±132
n2 0.23 ±292
n3 0.29 ±140
n4 0.23 ±417

(b)

Param. Estimate 95 % CI (%)

H 40.2 mm m−1 ±8
EA 43.6 GPa ±13
EM 26.4 GPa ±13
CA 9.0 MPa (◦C)−1 ±9
CM 11.8 MPa (◦C)−1 ±13
As −19.5 ◦C ±49
A f 30.0 ◦C (fixed)
Ms 25.0 ◦C (fixed)
M f −39.2 ◦C ±27
n f

1 0.68 ±17
n f

2 1.00 (fixed)
nr

1 0.59 ±20
nr

2 1.00 (fixed)
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Figure 2.9: Illustration of parameter estimate correlation for the (a) original and (b) modified
Lagoudas model.
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the parameters can not be uniquely identified using these experiments alone. Notice
that estimates of the confidence intervals violate parameter boundaries in some cases
for the original model. For example, the lower boundaries of the confidence intervals
of n1, n2, n3 and n4 of the original model are below the physical boundary at zero. This
indicates that the linear covariance estimate does not completely suffice. However, they
still give a good indication of the order of magnitude of the uncertainties. The very
large uncertainties are caused by a tight coupling to the transformation temperatures,
which is a drawback of the smooth hardening formulation.

The parameter uncertainties are combined with the correlation matrix in prediction
which means that the large uncertainties are cancelled out to some degree. As may
be seen in the model validations, Fig. 2.8, the 95 % confidence intervals are relatively
narrow for both model configurations. The mean half width of the confidence intervals
(up,95%, Tab. 2.1) are 26.1 MPa and 17.6 MPa for the original and modified models
respectively when neglecting the contribution from the measurement uncertainty. In
both cases this seems satisfactory compared to the full scale of 800 MPa, but the
modified model provides an improvement of 33 %. For both model configurations
the 95 % confidence intervals in prediction only cover around 80 % of the validation
measurements. This indicates that the confidence intervals of the model parameters
are underestimated, which might be caused by the linear approach when establishing
the uncertainties.

Based on the model predictions in Figs. 2.7 and 2.8 it can be concluded that the
Bézier hardening produces a more curved stress-strain relation compared to the original
smooth hardening, which shows an almost linear behaviour in the middle of phase
transformations. This qualitative improvement is also reflected in the normalized
residual standard deviation (35 % reduction) and in the narrower parameter and
prediction confidence intervals, which are quantitative measures. The inclusion of the
Duhem-Madelung sub-loop model only slightly affects the result.

For both model configurations, the parameter estimates of As and M f are not com-
pletely in agreement with the DSC results. Boundaries on these parameters could be
enforced during fitting in order to ensure better resemblance, but this would consider-
ably worsen the goodness of the fits. The focus of this study is on mechanical cycling of
trained pseudoelastic SMA wires, and in this framework the models and their param-
eters suffice as the results have shown. If the SMA wires are to be mainly thermally
loaded or loaded in temperatures below A f , the values of the model parameters may
have to be reconsidered. In such conditions it might also be necessary (and important)
to consider H as a function of the level of stress.



Chapter 3

Application of SMAs to Machine
Element Design

Having established appropriate models to describe the thermo-mechanical behaviour
of the SMA material, four different machine element designs with SMAs are investigated
here. Shape Memory Alloys have a lot of potential uses, however, in order to actually
achieve the desired behaviour, the dimensioning of the SMA machine element is vital.
Accurate mathematical modelling and reliable predictions are also necessities. Different
important aspects regarding the design phase of SMA machine elements are highlighted
in this chapter. Deeper comparative analyses of the potential uses of the pseudoelastic
and shape memory properties are provided. Four types of machine element geometries
are covered highlighting the importance of proper dimensioning. The helical spring, as
a type of machine element, is of special interest. A spring model is presented taking
into account geometrical stiffening effects that are found to be significant. Finally, the
model is validated against experimental results.

3.1 General Design Considerations

Design of SMA machine elements is crucial for achieving the desired behaviour
when integrating SMAs in dynamical systems and machines in general. It is not possible
to make use of hysteretic damping of an SMA element if it is not subjected to a suffi-
ciently high level of strains for example. Similarly, it is not possible to use the varying
stiffness of SMA elements to change resonance frequencies, if the phase transformation
temperatures are outside the working range. There are several aspects to cover when
designing SMA machine elements:

Actuation Principle As mentioned in Section 1.1 there are basically four different
ways of using SMAs in dynamical systems (Liang and Rogers 1993): a) as an actuator
controlled via temperature, b) as a stiffness switching element controlled via tempera-
ture, c) as a hysteretic element due to transformations and d) as a hysteretic element
due to martensitic reorientations. Based on our initial studies made in P3, we decided to
use a combination of stiffness switching and hysteretic damping due to transformations.



36 3 Application of SMAs to Machine Element Design

The following section, 3.2, outlines different SMA uses and the reasoning behind that
choice.

Alloy Composition Nickel-Titanium alloys are popular, because of their excellent
corrosion resistance, biocompatibility, large recoverable strains and stable cyclic be-
haviour for example (Ozbulut et al. 2011). On the other hand, they are expensive. The
relatively inexpensive copper-based alloys are therefore also popular especially in civil
engineering, even though they do not have the same capabilities as the Ni-Ti alloys
(Ozbulut et al. 2011). The composition of the constituents in the alloys is also important,
because their ratio highly influences the phase transformation temperatures (Lagoudas
2008). The alloy composition should therefore be chosen based on the application, the
actuation principle and the environmental conditions. We use Ni-Ti alloys in form of
wires for all experiments. In most of the investigations (P1, P2, P5, P6, P7) the SMA
wires come from the same manufacturer, and their Ni-Ti ratio is 56:44. The as-received
wires have been annealed and straightened and have a light oxide finish. In P2, P6 and
P7 the wires have been given a new memory shape in form of helical springs with the
use of heat treatments. The spring preparation is explained in detail in P2. The Ni-Ti
ratio is unknown for the remaining investigations on SMAs (P3, P4).

Temperature Control Approach Two of the four actuation principles require control
of the SMA element temperature. This can be realised in several ways. Heating via the
Joule effect is a very simple approach if the SMA element can be electrically insulated.
This was the approach in our first experiments, P3 and P4. However, it is difficult to
determine the actual temperature of the element even with the use of thermocouples.
This is because the temperature may vary significantly throughout the cross-section
of the element and because a thermocouple may conduct heat and thus measure a
too low temperature. The electrical resistance and the heat capacity of SMAs depend
on their temperature, and elaborate control of the heat generating electric power is
therefore required. Because of these challenges we decided to use small heat chambers
to surround the SMA elements in later experiments (P1, P2, P6, P7). The temperature
of the inlet air to the chambers is controlled via modified heat guns and thermocouples.
In this way the air temperature is held constant within ±0.5 ◦C. The volume flow of air
is relatively high (≈ 6.5 L s−1), which results in a considerable heat transfer process
led by forced convection. Because the phase transformations of SMAs are exo- and
endothermic processes, it is necessary to have a high level of convection to keep the
temperature relatively constant.

Geometry The geometry of the SMA machine element determines the relation be-
tween the global force and deformation of the element and the local stress and strain
fields of the material. These relations are important because the element forces, stiffness
and deformations have to match the dynamical system at hand in such a way that the
desired behaviour is actually achieved. If the stresses are too high, plasticity occurs
for example. These aspects are treated in Section 3.3. SMA machine elements in the
form of helical springs are used in several of the papers of the thesis. Section 3.4 covers
precise modelling of such springs taking into account non-uniform strain and stress
distributions and geometrical stiffening.
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Adaptation of System The system, into which the SMA element is integrated, also has
to be designed or adapted simultaneously with the machine element itself. For example
if the SMA element works as an actuator it is important to position and attach the
element in such a way that actuation is achieved in the desired direction and magnitude.
An example of such an investigation is provided by Oehler et al. (2012), where the
location of an SMA strip on a morphing aerostructure is optimized with respect to
several criteria. If the SMA element is for stiffness switching, it has to be placed in a
way that it experiences high relative movement, so its changing stiffness has an actual
impact on the dynamic behaviour. In the rotor-bearing test-rig used in P6 and P7, SMA
springs are attached between the foundation and one of two bearing housings. A tight
coupling is ensured between the movement of the two bearing housings, and they are
only supported to the foundation by flexible beams with relatively low stiffness besides
the SMAs. At the same time, there is also a strong coupling between the movement of
the bearing housings and the tilt of the rotor. This means that the SMAs have a high
impact on the support of the bearing housings that are coupled to the rotor, and it is
therefore possible to intentionally change and improve the overall system dynamics.

3.2 Actuation Principles: Pseudoelasticity and Shape Memory

Different principles and uses of SMAs as machine elements are treated here in
the form of examples of force-displacement tests of helical springs. Two springs are
presented: one pseudoelastic and one having shape memory. The pseudoelastic spring
has its phase transformation temperatures below room temperature, and the shape
memory spring above, cf. Fig. 2.1. They are heated using the Joule effect, but the
temperature is not directly measured but estimated. The results presented here are
from P3.

Pseudoelastic Spring

The experimental force-displacement relationship regarding the pseudoelastic spring
is shown in Fig. 3.1. In the beginning of the process at room temperature, Fig. 3.1(a),
the spring is in the austenitic phase. The transformation into detwinned martensite
starts around point A. The reverse transformation to austenite starts around point C on
the path from point B. The spring does not reach a complete phase transformation to
detwinned martensite.

The spring is subjected to large displacements, reaching more than four times the
original size. Therefore, complex stress distributions can be induced, causing non-
homogeneous phase transformations. The slopes of the curves a and b in Fig. 3.1(a)
reveal that the austenitic phase a has a slope of approximately 20 N m−1 while slope b is
around 31 N m−1. Here, the spring consists of both austenite and detwinned martensite.
The stiffness is proportional to the shear modulus when the spring is only subjected
to shear stress and no phase transformation happens (Aguiar et al. 2010). However
at large strains in the spring, normal stresses may be induced resulting in a stiffening
effect (Wahl 1944). This explains why stiffness b is higher than stiffness a even though
the austenitic shear modulus is higher than the martensitic.

During phase transformation (forward A–B, and reverse C–D) the slopes are 10
N m−1. This means that the average stiffness can vary from 10 N m−1 during phase
transformations to 31 N m−1 in some elastic phases, a factor of three, for the same spring
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Figure 3.1: Measured force-displacement relationship of pseudoelastic helical spring at (a) room
temperature and at (b) elevated temperatures achieved via the Joule effect. The displacement
path in (a) follows the sequence: O–A–B–C–O–A–B–C–D–E–D–O. Tangents to the curve in (a) are
also shown to highlight the variation of the tangential stiffness.

at room temperature. Dissipation due to hysteresis is another important characteristic
of the spring. When the spring is subjected to different amounts of electric current the
temperature rises. The increase in temperature induces the hysteresis loop to move to
a higher level of force as can be observed in Fig. 3.1(b). The austenitic slope of the
three heated springs are almost equal, the only difference is the force at which the
phase transformation starts. When the electric current is 1.0 A, there is almost no phase
transformation taking place, and the force-displacement behaviour is almost linear. The
hysteretic effect is also smaller at the two other heated cases. This indicates that not
only the average stiffness but also the dissipation effect is altered, when the temperature
is altered. The force of the spring is approximately doubled at 1.0 A compared to 0 A,
cf. Fig. 3.1(b). This change can be used for actuation. Notice that the spring should be
pre-tensioned to e.g. 200 mm in order to achieve a considerable change in force and
thus actuation.

Shape Memory Spring

The shape memory spring does not restore its initial length if subjected to an
appropriate level of force without a subsequent heat treatment. It is not possible to
compress the spring. Because of this, the tests with this spring are carried out differently
than the ones made with the pseudoelastic spring. Results of the force-displacement
behaviour of the shape memory spring obtained in room temperature are shown in
Fig. 3.2(a). After the spring is released at point C, E or G, the spring is heated in order
to get back to the original configuration (point O). The reorientation of martensite in
the spring starts around point A at 4 N. The twinned martensitic slope (O–A) is 67 N
m−1. During the reorientation (A–F), the slope is 24 N m−1. The initial slope during
unloading B–C is 160 N m−1, and D–E is 210 N m−1. For increasing tension, C–B, E–D
and G–F, the slopes are almost constant and the same for all three, approximately 100 N
m−1. From these results the stiffness of the shape memory spring at room temperature
is expected to vary within an interval of 100 to 210 N m−1 (a factor of 2) or more as
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Figure 3.2: Measured force-displacement relationship of shape memory helical spring at (a) room
temperature and at (b) elevated temperatures achieved via the Joule effect. The displacement
path of one-fourth of the experiment follows the sequence O–A–B–C–B–C–B–C.

long as the pre-tension is higher than 60 mm. During reorientation the stiffness is much
lower, 24 N m−1, but since this is a one-way effect, it can only be obtained in the first
loading cycle and not repeatedly.

At higher temperatures the initial stiffness increases because of transformation to
austenite. Also the reorientations/transformations start at increasing stress levels, cf.
Fig. 3.2(b). The slopes during reorientation or transformation are almost the same for
the three curves. In the heated cases there are also transformations back to austenite,
and in the 1.0 A case, the spring is almost completely in the austenitic phase at the
start, which results in almost no residual strain. For this spring there are also large
differences in the force at low and high temperature. This can be used for actuation.
For example, a displacement of 100 mm can be achieved at a constant force of 6 N by
changing between 0 A and 1.0 A. This is considerably higher than for the pseudoelastic
spring in relative terms, as an effect of the very low stiffness during reorientation.

Even though there are small amounts of visible hysteresis (e.g. between B–C), the
effect is not as pronounced as for the pseudoelastic spring. It can also be problematic
that the reorientation is a one-way effect because the spring may become loose, and
therefore it does not support the structure. On the other hand, it is possible to move the
operating range considerably in terms of displacement relative to the elastic stiffness
compared to the pseudoelastic spring.

Based on this simple analysis of the mechanical behaviour of the two types of
springs (together with their use in a single degree-of-freedom system presented in
P3), we decided to continue to work with pseudoelastic specimens in pre-tension. The
main reason is that the hysteretic transformations are reversible without a change of
temperature. The hysteresis can be used for damping. It is also possible to achieve
hysteresis by continuous reorientations of a shape memory element switching between
tension and compression. But a mechanism like that is difficult to realise in practice. The
experiments show that both the force and the tangential stiffness of the pseudoelastic
spring depend on the temperature, and it is therefore possible to make the stiffness
adaptable. This is only true if the spring is subjected to pre-tension. The idea is therefore



40 3 Application of SMAs to Machine Element Design

L0
f

u

(a)

f

u

2R 2r

(b)

ϕp

L

xp

f

x

(c)

L x

y

L

1

2

3

4

fx

f y

(d)

Figure 3.3: Four simple machine elements: (a) a wire (or bar), (b) a helical spring, (c) a three
point wire mechanism and (d) a five point wire mechanism.

to combine two of the four actuation principles, i.e. stiffness switching and hysteretic
damping.

3.3 Element Geometry

It is important to choose a suitable geometry and dimensions of the machine element
in order to achieve the desired behaviour. Four different examples of simple machine
elements are analysed, cf. Fig. 3.3. The feasibility of the concepts is investigated with
the aim of matching simple criteria related to the dynamical systems used in P5, P6
and P7. It is also shown that the geometry can be used to convert some properties to
others, namely force to stiffness. Two main criteria are provided as an example: 1) it is
desired that hysteretic damping can be achieved at vibration amplitudes in the range of
a few millimetres and 2) the maximum stiffness of the element should be around 2 N
mm−1. Depending on the application, other types of criteria can be used, for example
related to actuation force and stroke or to the yield limit. Criterion 1 can be quantified
by relating a global deformation of u = 2 mm to a local (representative) normal or
shear strain of the material of ε ≈ 10 mm m−1 or γ≈ 10 mm m−1 respectively1. Since
SMAs are nonlinear, the stiffness is not constant. The tangential stiffness during the
elastic austenitic phase can be used as an estimate of the maximum stiffness. However,
geometrical nonlinear effects may result in stiffening as shown in the former section,
and therefore the austenitic stiffness is not necessarily a conservative estimate.

1Shear and normal strains do not scale identically as indicated here. However, the idea is only to provide
approximative measures to roughly determine the size of the machine element.
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Wire

A wire (or bar), Fig. 3.3(a), is a very simple and popular machine element for
actuation in one direction. The relations between the local (engineering normal) stress
σ and (engineering normal) strain ε and the global force f and deformation u are

f = Aσ, ε =
1
L0

u,

where A is the initial cross-section area and L0 is the initial length. The tangential
stiffness is

d f
d u
=

A
L0

∂ σ

∂ ε
.

This means that there are two parameters to tune in order to achieve the desired
behaviour. In order to fulfil criterion 1, then L0 ≈

2 mm
10 mm m−1 = 200 mm. Using

max( ∂ σ∂ ε )≈ EA ≈ 40 GPa from Section 2.3, criterion 2 results in A
L0
≈ 2 N mm−1

40 GPa = 50·10−9

m. Assuming the cross-section is circular, its diameter has to be 2r = 0.11 mm. The
resulting machine element is very slender and difficult to handle. It may also be hard
to clamp the ends of the wire without breaking it.

Helical Spring

The helical spring or the coil spring, Fig. 3.3(b), is another popular SMA machine
element. One of its benefits is that it can provide very large actuation strokes as shown
in Section 3.2. The stress-strain fields in the cross-section of a helical spring are more
complex than in the wire, in which the stress and strains are uniform and uniaxial.
Precise modelling of SMA helical springs is treated in Section 3.4. If it is assumed that
the pitch angle of the coils is small and that stresses and strains are small to moderate,
then the following equations hold, relating spring force f and deformation u with
representative shear stress τ∗ and shear strain γ∗ in the wire cross-section (P2, P4):

f =
2πr3

3R
τ∗ =

2
3

A
C
τ∗, γ∗ =

3r
8πNR2

u=
3
4

1
L0C

u. (3.1)

The wire cross-section is assumed to be circular with radius r. The number of coils is
N , the coil radius is R and C = R

r is the spring index. Compared to the corresponding
equations for the wire, these expressions contain an additional factor, the spring index,
which can be chosen in order to accommodate the needs. It should be noted that L0 is
the length of the spring wire and not the spring itself, which can be very short depending
on the initial pitch angle. The spring stiffness is

d f
d u
=

r4

4NR3

∂ τ∗

∂ γ∗
=

1
2

A
C2 L0

∂ τ∗

∂ γ∗
.

The maximum value of ∂ τ∗

∂ γ∗ is the austenitic shear modulus GA =
EA

2(1+ν) ≈ 15 GPa.
Because GA < EA and C > 1, the stiffness of a spring is significantly less than that of a
wire having the same dimensions. The two criteria can be achieved in different ways,
because there are three tunable parameters. We have used r = 0.28 mm (because of
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commercial availability), R = 1.28 mm (resulting in an inner radius of 1 mm) and N = 6.
This gives an approximate maximum stiffness of 1.8 N mm−1 and 3 mm deformation
for 10 mm m−1 shear strain. This machine element is easier to handle compared to
the wire. Like for the wire, it may also be easy to adjust the length (the number of
coils) and thereby change both deformation to strain ratio and stiffness. The force is
unaffected.

Three Point Wire Mechanism

In P5 another approach is used for mitigating the issues related to the dimensions
of the wire as a machine element. The proposed solution consists of a wire set in a
pre-tensioned three point configuration as shown in Fig. 3.3(c). The global-to-local
relations are:

f = 2Aσ
xp + x

Æ

L2 + (xp + x)2
, ε =

Æ

L2 + (xp + x)2 − L0

L0
,

where L is the half length between the attachment points and xp is a pre-tension length.
The tangential stiffness and strain in relation to deformation are

d f
d x

�

�

�

�

x=0

=
�

∂ f
∂ σ

∂ σ

∂ ε

∂ ε

∂ x
+
∂ f
∂ x

�

x=0
= 2

A
L0

 

∂ σ

∂ ε
sin2ϕp +σ

L0
q

L2 + x2
p

cos2ϕp

!

,

dε
d x

�

�

�

�

x=0

=
sinϕp

L0
.

where the pre-tension angle ϕp is defined as indicated in Fig. 3.3(c). The stiffness
is a mixture of the longitudinal tangential stiffness and the longitudinal force of the
SMA wire depending on the pre-tension angle ϕp due to geometrical stiffening. This
effect can be very useful in relation to temperature control. This is because the force
of SMAs during transformation increases considerably with temperature in general.
Since the stiffness of the element is a combination of the SMA stiffness and force,
the change becomes more significant and the adaptability improves. Concerning the
two criteria, the tangential stiffness and the deformation for a given change in strain
relative to that of a bar are plotted in Fig. 3.4. The pre-tension strain is set to εp = 30
mm m−1, the stress ranges from 0.2 GPa (cold) to 0.6 GPa (hot) and the tangential
stiffness ranges from 4 GPa (transformation) to 40 GPa (elastic), cf. Section 2.3. It
should be noted that if ϕp = 8◦, then it is only possible to obtain a change in strain
up to ∆ε = −10 mm m−1 before the top angle reaches zero. Pre-tension angles less
than ϕp ≈ 8◦ are therefore not recommended. The results in Fig. 3.4 show that it is
possible to obtain a stiffness reduction of up to around 80 % relative to a straight wire
with same dimensions (A, L0) depending on the pre-tension angle and temperature.
However, the cost is that the deformation to strain ratio is several times larger than for
a wire, specifically a factor (sinϕp)−1. At the same time, it should be noted that the
geometrical stiffening effect is nonlinear, and especially if the angle ϕ approaches zero
this becomes dominant. In P5 the dimensions ϕp = 12◦, L = 80 mm and 2r = 0.25 mm
are used with a pre-tension strain of εp = 3 mm m−1 such that L0 =

L
(1+εp) cosϕp

= 79.4
mm. Regarding the dimensioning criteria this results in a maximum stiffness around
2.8 N mm−1 and a deformation to strain ratio of 4 mm to 10 mm m−1.
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Figure 3.4: Relative (a) tangential stiffness and (b) deformation for given change in strain of
a three point wire mechanism compared to a straight wire. The relative tangential stiffness
depends on the temperature and stress (in addition to the pre-tension angle), which is the reason
for the broad line.

Five Point Wire Mechanism

Another very similar configuration is the five point configuration depicted in Fig.
3.3(d). The main difference from this configuration and the three point configuration
is that it works in two directions, x and y . The global-to-local relations are

fx j
=

x − x j

L j
Aσ j , f y j

=
y − y j

L j
Aσ j , ε j =

L j − L0

L0
,

where L j =
Æ

(x − x j)2 + (y − y j)2 is the length of the wire no. j = 1 . . . 4 cf. Fig. 3.3(d),
and (x1, y1) = (L, 0), (x2, y2) = (0, L), (x3, y3) = (−L, 0) and (x4, y4) = (0,−L) are the
locations of the attachment points. Note that the length L does not equal the initial
wire length L0, if the wires are in pre-tension. Taylor series expansions with respect to
deformation x and y of the summed forces and the strains are

fx =
4
∑

j=1

fx j
≈ 2

A
L0

�

∂ σ

∂ ε
+

L0

L
σ

�

x , (3.2)

f y =
4
∑

j=1

f y j
≈ 2

A
L0

�

∂ σ

∂ ε
+

L0

L
σ

�

y, (3.3)

ε j ≈
L − L0

L0
−

1
L0

sign(x j)x −
1
L0

sign(y j)y. (3.4)

Compared to two straight wires, there is an additional stiffness in the x-direction of
2 A

Lσ that comes from the wires attached in the y-direction. This is similar for f y . There
is no linear cross-coupling stiffness. The value of the stress σ directly depends on the
level of pre-tension and temperature. It is estimated that the σ-term can add up to
around 20 % to the overall stiffness depending on the conditions. The adaptable helical
springs are combined with the interesting stiffening effect of the five point configuration
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Figure 3.5: Best fit to the experimental force-displacement test at room temperature of the
Brinson model using (a) the standard cosine hardening function and linear sub-loop, (b) Bézier
hardening and linear sub-loop and (c) Bézier hardening and cubic sub-loop. The cubic sub-loop
is very similar to the Bézier sub-loop.

in P6 and P7. The design of such a configuration therefore both involves the spring in
itself (r, R and N) and the level of pre-tension (L and L0), and the pre-tension has a
direct influence on the linear stiffness of the mechanism.

3.4 Helical Springs: Modelling and Validation

This section deals with more precise modelling of helical springs as a type of
machine element. First it is shown that the Bézier hardening and sub-loop functions
help increasing resemblance between theoretical predictions and experimental results. It
is highlighted that the simple helical model presented in Section 3.3 may be insufficient.
Based on this analysis, a more elaborate spring model is presented taking into account
both shear and bending of the spring wire. An averaging technique is used to simplify
the complex stress state in the spring cross-section. The simplification is later justified
by comparing to more precise approaches. The model is compared to experiments
performed at a dedicated test-bench and the material parameters and their uncertainties
are determined.

Introduction

The Brinson model with modifications to the hardening and sub-loop functions is
fitted against the experimental force-displacement tests of the pseudoelastic helical
spring mentioned in Section 3.2. This was carried out in P4. The spring model, i.e. the
model that relates the constitutive equations to the global spring behaviour, is simple
and based on Eq. (3.1). Figure 3.5(c) shows the model fit together with the results from
the experiment performed at room temperature. There is almost a perfect match. Part
of the reason for the good model performance can be found in the proposed hardening
and sub-loop functions. This is clear when comparing to Figs. 3.5(a) and 3.5(b), in
which the modifications are removed one by one. The performances of these fits are
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Table 3.1: Parameters of best fit using the Brinson model with Bézier hardening and cubic
sub-loop. The cubic sub-loop is very similar to the Bézier sub-loop.

H GA GM As A f Ms M f

31.1 mm m−1 16.8 GPa 47.6 GPa −39.1 ◦C 22.9 ◦C 20.0 ◦C −32.3 ◦C

CA CM n f
1 n f

2 nr
1 nr

2 p
5.55 MPa K−1 6.18 MPa K−1 0.286 0.001 0.166 0.280 1.00

visibly worse, especially in relation to the inner loop. The slope and width of the inner
loop is only matched if both the Bézier hardening and the sub-loop functions are used.

Despite the outstanding match, there are some problems related to the obtained
model parameters, which are shown in Tab. 3.1. The model is fitted against the
experimental results using nonlinear least squares tools, which means that the match is
optimal in some manner, but that the values of the parameters are not set manually.
For this reason it is possible to obtain parameters with physically unsound values. For
example, GM is approximately three times the values of GA even though it is known that
GA is higher than GM in reality. This problem is caused by geometrical nonlinearities
and can only be solved using a more elaborate spring model. The values of As and
M f are also significantly lower than the values obtained via differential scanning
calorimetry (DSC). More importantly, As is smaller (more negative) than M f , which
means that the martensitic and austenitic phase transformation zones actually cross at
low temperatures. This is unrealistic. However, the problem does not have an impact at
temperatures above around 25 ◦C where the model is used, because the transformation
zones are in the right order there.

These shortcomings are critical from a design point of view, because it is not possible
to properly estimate model parameters prior to testing with the model at hand. Conse-
quently, model predictions would be inaccurate. Additionally, based on similar simple
force-displacement experiments reported in P6, it is evident that the loading rate of the
SMA springs have a clear impact on the resulting behaviour. This cannot be handled
directly using the standard Brinson model. In order to address these issues, we decided
to improve the spring model and to use the constitutive framework by Lagoudas and
co-workers. The considerations leading to the present spring model is based on long
known kinematic equations of helical springs (Wahl 1944) combined with averaging
principles to address the material nonlinearities. The underlying SMA model is two
dimensional and it is coupled to the energy equation to address loading rate sensitivity.
The combined model together with its justification and experimental validation, which
are described in the next sections, are highlights from P2.

Modelling

The SMA spring is a helix with initial coil radius R0, assumed constant wire radius
r, initial height h0, initial pitch angle α0, N number of windings, and wire length
L =

q

h2
0 + (2πNR0)2, cf. Fig. 3.6. It is assumed that the spring is restricted from rotating

and that the wire length L is constant, which results in the condition R cosα0 = R0 cosα,
where R and α denote the coil radius and pitch angle of the deformed spring respectively.
This relation is used to simplify the expressions below. The initial and deformed pitch
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Figure 3.6: Schematic of spring, highlighting initial and deformed dimensions and the spring
force F , based on the torsional moment MT and the bending moment MB . The torsion results in
the shear strains γ in the wire cross-section, and the bending results in the normal strains ε.

angles are given by

α0 = arctan
�

h0

2πNR0

�

, α= arcsin
�u

L
+ sinα0

�

,

where u is the spring elongation. The shear and normal strain distributions in the wire
cross-section are (Wahl 1944)

γ(a) =
a
R0

cosα0(sinα− sinα0), ε(y) =
y

R0
cosα0(cosα0 − cosα), (3.5)

where a ∈ [0, r] is a radial coordinate, and y ∈ [−r, r] is a Cartesian coordinate
perpendicular to the spring centre axis. The shear strain γ is symmetric around the
wire centre axis and the normal strain is symmetric around the x-axis, cf. Fig. 3.7. The
strain distributions are illustrated in Fig. 3.6.

The tensile spring force F comes from the torsional moment MT and the bending
moment MB in the spring, cf. Fig. 3.6:

F =
cosα0

R0
(MT +MB tanα), (3.6)

MT =

∫ r

0

∫ π

−π
τ(ε(ϕ, a))a2 dϕ d a, (3.7)

MB =

∫ r

0

∫ π

−π
σ(ε(ϕ, a))a2 sinϕ dϕ d a. (3.8)

Here ϕ is the angular coordinate corresponding to the radial coordinate a, cf. Fig. 3.7.
Note the geometrical stiffening effect on F due to the tanα factor. The model therefore
takes into account both shear and bending of the spring wire, i.e. two dimensions.

It is not straightforward to evaluate the integrals in the expressions for the moments
above, because the martensitic volume fraction varies through the wire cross-section
and because shear and normal stresses are coupled. Nevertheless, the martensitic
volume fraction is assumed constant throughout the cross-section, which is also the
basis of the equivalent 1D models found in the literature, including Aguiar et al. (2010),
An et al. (2012) and Liang and Rogers (1993) and also in P4. Under shear behaviour,
the constitutive equation, Eq. (2.1), reads τ= G(γ− γt), and from Eq. (3.5) we have
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Figure 3.7: Illustration of different approaches
to integrate the SMA behaviour in the wire cross-
section. The 2S approach uses the four blue star
points to represent the SMA behaviour in the
cross-section; the similar 2C approach instead
uses the two circumference points (red solid cir-
cles); and the 2L approach integrates numerically
the behaviour along the yellow thick dashed line
and extrapolates to the whole cross-section.

that γ(a) = a
r γ(r). The shear modulus G and the transformation shear strain γt are

assumed constant in the cross-section. By evaluating the integral in Eq. (3.7), the
torsional moment becomes

MT =
2
3
πr3G

�

3
4
γ(r)− γt

�

=
2
3
πr3G(γ∗ − γt) =

2
3
πr3τ∗.

Here γ∗ ≡ 3
4γ(r) = γ

�

3
4 r
�

is defined in order to use the governing equation and further
define τ∗ ≡ G(γ∗ − γt). This means that the location a∗ = 3

4 r is representative for
determining an equivalent constant martensitic volume fraction.

A similar approach can be made for the normal strain and stresses, where ε(y) =
y
r ε(r) and σ = E(ε − sign(ε)εt) from Eq. (2.1)2. The elastic modulus E and the
transformation normal strain εt are assumed constant in the cross-section. The bending
moment, Eq. (3.8) becomes

MB =
4
3

r3E
�

3π
16
ε(r)− εt

�

=
4
3

r3E (ε∗ − εt) =
4
3

r3σ∗.

This results in ε∗ ≡ 3π
16 ε(r) = ε

�

3π
16 r

�

, σ∗ ≡ E(ε∗ − εt) and y∗ ≡ 3π
16 r. The resulting

force, Eq. (3.6), becomes

F =
2
3

r3

R0
cosα0(πτ

∗ + 2σ∗ tanα). (3.9)

To determine the spring force for a given deflection u, firstly the representative strain
tensor ε∗ = {ε∗,γ∗}> = {ε( 3π

16 r),γ( 3
4 r)}> is determined using Eq. (3.5). Then the

representative stress tensor σ∗ = {σ∗,τ∗}> is determined using the SMA model and
the representative strain. Finally, the force is calculated using Eq. (3.9).

Justification of Modelling Approach

In order to justify the approach for modelling the SMA helical spring, some compar-
isons to other approaches are provided. The different approaches are illustrated in Fig.
3.7 and they are:

2The reason for the sign(ε) in the expression of σ is to ensure tension/compression symmetry, when εt
is assumed to be a constant.
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Figure 3.8: Force displacement relationship for different model approaches when using the same
spring and material properties. (a) one dimensional models (shear only), (b) two dimensional
models (shear and bending), and (c) comparison between one and two dimensional models using
the star points (S) to represent the behaviour in the wire cross-section. S stands for star points, C
for circumference points, L for line and P for plane, which refer to the integration method over
the wire cross-section.

2S Both shear and normal strains are taken into account, and the four star points
represented by a∗ = 3

4 r and y∗ = 3π
16 r are used to govern the SMA behaviour.

2C Both shear and normal strains are taken into account, and the two circumference
points represented by a∗ = r and y∗ = r are used to govern the SMA behaviour.

2L shear and normal stresses are evaluated at integration points along a line from
the wire cross-section centre to the circumference at maximum normal strain as
shown in Fig. 3.7. The stresses are then extrapolated to the whole cross-section
and integrated numerically to evaluate the moments.

2P shear and normal stresses are evaluated at integration points spread out the
entire wire cross-section plane, and the moments in Eqs. (3.7) and (3.8) are
evaluated numerically. This is the most accurate model approach, but also the
most computationally expensive.

Using the same notation, the approaches 1S, 1C, 1L are also included, where normal
strains (and therefore also normal stresses) are neglected, i.e. one dimension. The 1L
and 1P approaches gives identical results, and therefore 1P is omitted. Simulated force-
displacement tests are shown in Fig. 3.8 for isothermal conditions. Generic material
and geometric properties are used.

From Fig. 3.8, it is evident that 1S and 2S perform very acceptable when deflections
are of a moderate level (here less than 16 mm) when comparing to the more precise 1L
and 2P models. However, at large deformations the errors become pronounced. On the
other hand, the transformation surfaces are misplaced in the 1C and 2C approaches
resulting in significant errors. There are also clear discrepancies between the 1S and 2S
approaches as shown in Fig. 3.8(c) even for relatively small deflections indicating that
bending of the spring is an important aspect. The results for the 2L and 2P approaches
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Figure 3.9: Tensile test-bench. (A) SMA spring, (B) linear ball bearings holding the piston arm,
(C) crank wheel that controls the deflection amplitude, (D) slider that determines the pre-tension
length, (E) brushless DC motor controlling speed, (F) motor controller, (G) encoder measuring
crank wheel angle and speed, (H) force transducer measuring spring force, (I) heat gun inlet and
thermocouple, (J) heat chamber (shown without its lid), (K) heat wall and arm.

are very similar for all levels of deflection. The chosen values of the elastic moduli for
martensite and austenite are 30 GPa and 40 GPa respectively. Even so, the 2D models
predict that the spring stiffness is highest if the SMA is in the martensitic phase. This is
caused by geometric nonlinearities, which has also been observed in experiments, e.g.
Sakuma and Suzuki (2007), Savi et al. (2015) and P4.

From this example, it is clear that it is possible to significantly increase the pre-
dictability by using the star points instead of the circumference points and the 2D model
instead of the 1D model. The 2L and 2P models are computationally more demanding
than the 2S model and the difference is small if the spring is subjected to moderate
deflections.

It is possible to almost identically replicate the 2P results using even the 1C model,
if the model parameter values are changed. However, it should be emphasised that
many model parameters then would have to obtain physically unsound values. It is
therefore not possible to give reliable predictions, if these unrealistic values are not
known a priori.

Tensile Test-Bench

A test-bench has been designed in order to perform careful tensile tests of the SMA
springs, and through that validate the SMA helical spring model. The test-bench is
shown in Fig. 3.9. One end of the SMA spring is attached to a force transducer to
measure the spring force. The other end of the spring is attached to a crank mechanism.
Both the pre-tension length (slider position) and deflection amplitude (crank radius)
can be controlled. The angular position of the crank wheel is measured using an encoder,
and this measurement is used to calculate the displacement of the piston arm holding
the spring. A motor and its controller uses a feedback loop to control the speed of the
crank wheel in the range from 0.01 Hz to 20 Hz. The SMA spring is surrounded by a
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heat chamber in order to control the environmental temperature. The chamber has
an inlet for a modified heat gun blowing approximately 6.5 L s−1 of air. The electric
power to the gun heater is controlled, and together with a thermocouple and a feedback
control loop, it is possible to maintain a constant environmental temperature within
±0.3 ◦C. Since the force transducer is temperature sensitive, a heat wall and a long arm
is used to hinder heat conduction to the sensor.

Approach for Experimental Validation

The aim is to characterize the stabilized behaviour of the springs. A thermo-
mechanical training process is therefore used before the actual experiments. In each
experiment, it is also ensured that the temperature has settled in a way that the process
is cyclic. Tensile tests are performed at different loading rates, amplitudes and envi-
ronmental temperatures. The 2S spring model, i.e. the 2D model using the star points
for governing the SMA behaviour, is fitted against the experiments to obtain the SMA
material parameters. The underlying SMA model is the Lagoudas model with Bézier
hardening and sub-loop functions. The energy equation is coupled to the model in
order to capture potential rate dependency. This means that two additional parameters,
i.e. the volume specific heat capacity ρcp and the convection coefficient ĥ have to be
determined.

Some parameters are subjected to bounds during fitting. The four transformation
temperatures are allowed to vary within ±10 ◦C from the values obtained via DSC. The
DSC values are only approximate measures, because the choice of hardening function
may change the proper value and because the transformation temperatures may change
as a consequence of the shape-setting heat treatment and the training process (Gloanec
et al. 2013; Lagoudas et al. 2012). The two parameters n f

2 and nr
2 determine the

curvatures of the end of the forward transformation and the beginning of the reverse
transformation respectively and they are not represented by the experiments, because
the experiments only contain sub-loops and not full loops between pure austenite and
pure martensite. They are therefore fixed to 0.36, because the curve then closely follows
the cosine hardening function (Brinson 1993). Also, Poisson’s ratio ν= 0.33 is fixed,
because it is not identifiable from the experiments. Notice that the solution of some
parameters might depend on the values of the fixed parameters, so in this regard the
solution is not unique.

The Bayesian framework is used to estimate the model parameters and their un-
certainties based on the comparison to experiments. This basically means that the
parameters are not considered as scalars but as probability distributions (which can
be characterised by mean and variance for example). Namely, we use a Markov chain
Monte Carlo method (MCMC) and an adaptive Metropolis algorithm to determine the
statistical properties of the model parameters (Gelman et al. 2014). The method is
based on Monte Carlo simulations of the model with parameter sets (samples) drawn
from a specific probability distribution. Based on the goodness of fit, each sample is
either accepted or rejected. The end result is a collection of accepted samples that repre-
sents the probability distributions of the parameters well. This method is more precise
than the linear approach used in Section 2.3, but it is significantly more demanding
computationally. Parameters that encounter their bounds during fitting or are fixed are
not subjected to uncertainty analysis.
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Figure 3.10: Cyclic tensile tests at different environmental temperatures T∞. Calibration data
set (circles) and 2S model predictions (lines) of stable deflection cycles. For a given deflection,
the force is measured and the force and temperature are predicted. The temperature loops are
clockwise in the 0.1 and 1.3 Hz cases and counter clockwise in the 10.0 Hz cases.

Results and Discussion

Previous DSC tests showed that the phase transformation temperatures are As = 4
◦C, A f = 25 ◦C, Ms = 20 ◦C and M f = −3 ◦C of the as-received material.

The tensile tests used for calibrating the model are shown in Fig. 3.10 together with
the model fits. The model is able to capture the behaviour very well in all tests. The
residual standard deviation is 0.24 N. Compared to the maximum measured force of 17
N, the standard deviation is less than 2 %. For the tests with large amplitudes, there is
a clear difference in the width and average stiffness of the loops due to the different
loading rates. The reason for the different behaviour is found in the temperature evolu-
tion of the spring, also shown in Fig. 3.10. The temperature increases during loading
(exothermic process), and it decreases during unloading (endothermic process). At low
loading rates the temperature varies within ±5 ◦C of the environmental temperature,
and at high rates it is around ±10 ◦C. In all cases the mean temperature during the
loading cycle differs only slightly from the environmental temperature.

The hysteresis loops can be characterized by three properties: average stiffness,
damping capacity (hysteresis) and mean force. Based on these experiments, the stiff-
ness increases significantly with temperature and also secondarily with loading rate.
The damping capacity decreases with both temperature and loading rate. The mean
force strongly increases with temperature, but is only slightly affected by loading rate.
The dependencies of the loading amplitude on the three properties is weak and non-
monotonic in all cases. These tendencies are more thoroughly covered in P2, based on
the formulation of the complex modulus that quantifies stiffness and damping.

The impact of the latent heat on the temperature of the spring is larger than first
anticipated. However, the results reported in P2 also showed that the sensitivity to
loading rate saturates at some point between 4 Hz and 10 Hz for the given springs.
At these rates, the temperature evolution is primarily adiabatic, meaning that there is
almost no heat exchange with the surroundings.
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Table 3.2: Determined model parameters using ordinary least squares (OLS) for the 2S model,
and the parameter distribution mean and confidence intervals using Marco chain Monte Carlo.
The confidence intervals are highlighted in terms of the 5th and 95th percentiles.

OLS Mean 5th perc. 95th perc.

H (mm m−1) 14.6 14.6 14.2 15.0
EA (GPa) 36.8 36.8 36.5 37.0
EM (GPa) 30.9 30.8 29.9 31.8
ν (-) 0.33 (fixed)
CA (MPa K−1) 10.6 10.6 10.3 10.9
CM (MPa K−1) 11.1 11.2 10.7 11.6
As (◦C) −6.0 (lower bound)
A f (◦C) 35.0 (upper bound)
Ms (◦C) 30.0 (upper bound)
M f (◦C) −13.0 (lower bound)
n f

1 (-) 0.71 0.70 0.65 0.76
n f

2 (-) 0.36 (fixed)
nr

1 (-) 0.72 0.72 0.68 0.76
nr

2 (-) 0.36 (fixed)
p (-) 0.99 (upper bound)
ρcp (MJ m−3 K−1) 2.63 2.63 2.42 2.85
ĥ (kW m−2 K−1) 0.37 0.37 0.33 0.42

An important point of the model fit is the values of the determined material pa-
rameters. They are highlighted in Tab. 3.2. The phase transformation temperatures
have encountered their boundaries, but they are still highly probable. The sub-loop
parameter p has also encountered its upper boundary. This clearly shows the need of
a more elaborate sub-loop function than the Duhem-Madelung model (equivalent to
p = 0), and it therefore justifies the implementation of the Bézier sub-loop functions.
The elastic modulus of martensite is lower than that of austenite with a statistically
significant margin as it should be. This justifies the implementation of the 2D model that
covers the geometrical stiffening effect. It could be expected that it would be difficult
to precisely determine the values of ρcp and ĥ because of the model complexity and
because the actual spring temperature is not measured. However, the parameters have
limited bounds (less than ±12 % of the mean values), and they are highly probable
based on a comparison to values found in the literature (Lagoudas et al. 2012; Pathak
et al. 2010; Zanotti et al. 2012). This means that the combined spring and SMA model is
able to accurately predict the behaviour of an SMA spring while maintaining physically
sound parameter values.

The uncertainties of the material parameters are expressed in Tab. 3.2 as mean values
and the boundaries of the central 90 % confidence intervals. The accepted parameter
samples are also shown in Fig. 3.11 as histograms and pairwise correlations. The analysis
shows that all uncertain parameters have relative uncertainties less than ±12 %. The
mean of the parameter distributions are very close to the optimum obtained via ordinary
least squares fitting. Most parameter distributions are close to symmetric and also close
to Gaussian. Only a few distributions are slightly skew and most distributions have
non-Gaussian tails. Finally, some parameters are highly correlated, e.g. EM with H by
86 %, EM with CM by −92 % and n f

1 with CM by −86 %. Despite high correlations, the
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Figure 3.11: Accepted MCMC samples with the 2S model. Histograms are shown in the
diagonal, and the off-diagonal plots are scatter plots showing the pairwise correlations. The
linear correlation coefficients are highlighted in the corner of each plot.

uncertainties are bounded because of small nonlinearities of the model with respect to
the parameters. Other parameters, e.g. ĥ, ρcp and EA, are only correlated to a small
extent with other parameters (absolute maximum of 52 %).





Chapter 4

Dynamical Systems with SMAs

The utility of SMAs in dynamical systems is highlighted in this chapter. Basically
two different systems are treated – a generic single degree-of-freedom system and a
rotor-bearing system having four degrees-of-freedom. Two different shape memory
alloy capabilities are used in parallel, namely the temperature dependent stiffness prop-
erties for changing the general dynamic behaviour, i.e. passive adaptive control, and
the hysteretic damping properties of the phase transformations for reducing vibrations
directly. The SMA is used in the form of helical springs in both systems. The investi-
gations are based on theoretical modelling of system components and their dynamic
interaction using a holistic (multiphysics) approach. The results are validated against
experimental tests performed at two different dedicated test-rigs.

An additional dynamical system is treated in Publication P5. The system consists of
a rigid disc attached on a flexible shaft, which is supported by ball bearings suspended
by SMA wires. This investigation is only theoretical, and it is left out of the thesis
summary.

4.1 Single Degree-of-Freedom System

A basic understanding of the usability of SMAs in dynamical systems can be obtained
by investigating a single degree-of-freedom system like the one shown in Fig. 4.1. The
set-up is generic, and it is therefore the idea that the observed behaviour of this system
can be transferred to other dynamical systems with SMAs to some extent. The results
of this section are highlights from P4.

Experimental Test-Rig

The experimental set-up is a single degree-of-freedom SMA oscillator that consists
of a cart (mass) connected to a linear spring and an SMA spring, cf. Fig. 4.1. The other
end of the linear spring is connected to a DC motor that provides a harmonic excitation.
The SMA helical spring is pseudoelastic, meaning that the austenitic phase is stable at
room temperature. The experimental set-up is monitored by two rotary motion sensors:
one for measuring the excitation displacement ue and one for the cart movement x . A
force sensor is also employed to monitor the SMA spring force, Fs. A power supply is
coupled to the ends of the SMA spring in order to promote heating by the Joule effect.
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(a)

x

FeFs

F f

ueG H J L A

(b)

Figure 4.1: Experimental set-up; picture (a) and schematics (b). (A) oscillator, (B) rotary motion
sensor for measuring the excitation displacement ue, (C) power supply to oscillator, (D) receiver
connected to sensors and computer, (E) power supply for heating the SMA spring, (F) blower for
cooling the SMA spring, (G) force sensor for measuring the SMA spring force, (H) pseudoelastic
SMA spring, (I) rotary motion sensor for measuring the displacement of the cart x , (J) cart with
masses, (K) horizontal slide, (L) linear spring. Nylon threads connect the oscillator, springs, cart
and force sensor. The pseudoelastic spring force is Fs, Fe is the linear elastic spring force, and F f

is the friction force from the wheels of the cart.

The pre-tension level of the SMA spring is defined by the length of the thread between
the cart and the linear spring.

Modelling

The constitutive model for the SMA is based on the Brinson model with a simplified
phase diagram focusing on pseudoelastic behaviour. The energy equation is not included,
which means that the effect of latent heat is neglected. Modifications are made to the
hardening function and sub-loop functions. The modified functions are early versions
of the Bézier hardening and Bézier sub-loop functions presented in Section 2.2, and
their properties are very similar to the final versions. The hardening function consists
of two consecutive quadratic Bézier curves instead of a single cubic curve. The sub-loop
functions consist of cubic polynomials in ξ that are piecewise in ξ0.

The spring model is simple only taking into account shear strain and stresses, cf. Eq.
(3.1).

The equations of motion for the system is set up using Newton II. Forces from the
linear spring, the SMA spring and a combination of viscous damping and Coulomb
friction are taken into account. The damping terms come from other dissipative mecha-
nisms than the SMA spring, e.g. air resistance and friction related to the cart wheels.
Since one end of the linear spring is attached at the oscillator, this force also includes
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Figure 4.2: State space of free vibrations with different initial conditions at (a-b) room tempera-
ture and (c-d) high temperature (1.0 A, approx. 80 ◦C). (a) and (c) are experimental results,
and (b) and (d) are theoretical.

an excitation term if the oscillator is rotating.
The equations of motion are solved using the Runge-Kutta-Fehlberg algorithm,

which is the adaptive version of the Runge-Kutta 45 method. In P4 it is suggested to
make a change of state variables, because internal iterations related to the Brinson
model then are avoided. This result in a reduction of approximately 10 % of the overall
computation time.

Results and Discussion

First, the system is investigated in free vibration, i.e. ue = 0. The system is released
from different start positions and the trajectory of the cart (x) is captured. This is
carried out both at room temperature and at approximately 80 ◦C defined by 1.0 A
electric current through the SMA spring. The theoretical and experimental results are
shown in Fig. 4.2 in form of state space plots. There is good agreement between theory
and experiment both at low and high temperature. At room temperature the trajectory
is characterized by high level of dissipation due to hysteresis – there are only a few
oscillations before the cart rests. The equilibrium position is not constant but depends
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Figure 4.3: (a) Experimental and (b) theoretical change in equilibrium position due to tempera-
ture variations with three different initial conditions. The system starts at room temperature at
position ◦; during heating of the spring the cart moves to Ï; and it reverts to × during cooling.

on the initial position and initial level of martensitic phase fraction. This is not several
co-existing equilibria, but a single moving equilibrium. At high temperature, hysteretic
damping is barely present, which results in multiple oscillation before rest. There is
no transformations to martensite; the SMA spring remains in its austenitic phase, and
therefore it behaves close to linearly. Consequently, the equilibrium is constant and it is
at significantly lower x-values than at room temperature. This is because the spring
force increases with temperature.

In the next experiment, the system is kept at rest at room temperature at different
initial positions defined by the martensitic phase fraction. The SMA spring is then
heated by 1.0 A and subsequently cooled again. The experimental and theoretical cart
motions are shown in Fig. 4.3. Again, the results show good resemblance between
theory and experiment. During heating (and also cooling) the motion is not smooth
but happens in a jagged fashion. The motion is defined by a competition between the
increasing force from the SMA spring and the inertia of the cart. It is important to
notice that the positions of the rest point at 80 ◦C (Ï in Fig. 4.3) and the rest point after
cooling (× in Fig. 4.3) are independent of the initial position. It is therefore possible to
“tare” the system and return to a zero position or equilibrium by subsequent heating
and cooling.

Application Examples

Two examples are shown in Fig. 4.4 highlighting potential applications of SMA
suspension in dynamical systems for vibration attenuation through temperature control.
The system is subjected to harmonic excitation, i.e. ue = Asin(ωt), where A and ω
are the excitation amplitude and frequency respectively and t is time. In the first
case, Figs. 4.4(a) and 4.4(b), the forcing frequency is close to the resonance frequency
of the system at room temperature, namely ω = 0.8 Hz. As a result, the vibration
amplitude is high, and it is limited by hysteretic damping by the SMA spring. By heating
the SMA spring by 1.0 A, its temperature, force and average stiffness increase. The
increasing force means that the equilibrium moves to the left (lower x-values). The
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Figure 4.4: Temperature control during forced vibrations at two different forcing conditions:
around 0.8 Hz and around 1.2 Hz. (a) and (c) are experiments, and (b) and (d) are simulations.
The cold conditions are at room temperature, the hot at approximately 80 ◦C defined by 1.0 A
current through the spring.

average stiffness more than doubles and this means that the resonance frequency moves
away from the oscillation frequency. Consequently, the vibration reduces. At high
temperature, there are no phase transformations and therefore no hysteretic damping.
This means that the vibration reduction is solely due to the beneficial change in stiffness
and not because of the hysteresis, which is lost at high temperature.

In the second example, Figs. 4.4(c) and 4.4(d), the system is excited just above
its resonance frequency at high temperature (1.0 A, approx. 80 ◦C). In experiment
this is at ω= 1.2 Hz, and in simulation it is at ω= 1.1 Hz. The SMA spring stiffness
is slightly underestimated by the model at high temperatures, and this is why two
marginally different frequencies have been chosen. The vibration amplitude is high, but
because the spring is hot, there is no hysteretic damping. Actually, it is not possible to
excite the system at its resonance at high temperature without having impact behaviour.
This is because the SMA spring works in tension only so that the threads connecting
the system elements become loose during the oscillation cycle, if the amplitude is
too high. If the temperature is reduced, the SMA spring force and average stiffness
decrease. This means that the cart moves to the right and that the vibration amplitude
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reduces considerably, because the resonance frequency moves away from the oscillation
frequency. Even though hysteretic damping is possible at low temperatures, this is not
clear. This is because the vibration amplitude is low, and hysteresis only takes place
at relatively high vibration amplitudes. The vibration reduction is not caused by the
increasing hysteresis but a change in average stiffness.

These results show that the stiffness switching of the SMA spring is the main
contributor to changes of the dynamic behaviour and significant vibration reductions
during constant harmonic excitation. Hysteresis is only present at low temperatures
and high vibration amplitudes, where it strongly contributes to dissipation of energy.
Hysteresis can be used to limit large vibrations but does not define optimal conditions.
The temperature dependent spring force may be used to change the equilibrium of the
system, or to “tare” it, to return to a zero position. The change in equilibrium position
may happen in a non-smooth fashion because of a competition between inertia and
increasing SMA spring force.

4.2 Rotor-Bearing System

The focus of the PhD thesis is on the feasibility of integrating SMAs into low-damped
rotor-bearing systems in order to ensure adaptable dynamics and damping enhance-
ment. For this reason, a rotor-bearing test-rig has been designed and manufactured. It
has passive magnetic bearings that exhibit low friction and low damping by default. The
main idea is that integration of SMA springs can make the system dynamics adaptable,
i.e. change critical speeds on-line and enhance damping. This section covers the ideas
behind and the structure of the rotor-bearing test-rig used in the investigations; mod-
elling and analysis of the passive magnetic bearings that exhibit magnetic anisotropy
and nonlinear forces; modelling of the system dynamics; and experimental and theoret-
ical results highlighting smart applications and uses of the SMAs. The rotor-bearing
test-rig is the foundation for four publications: P8 and P9, which focus on the passive
magnetic bearings, and P6 and P7, which focus on the SMA interaction.

Experimental Test-Rig

The test-rig consists of a vertical rigid shaft driven by a motor at its bottom and with
a disc on top. It may be seen in Fig. 4.5. The collected shaft and disc (or rotor) is able
to tilt around the two horizontal axes (two degrees-of-freedom), because of a flexible
coupling connection to the motor. The coupling is therefore treated as a pivot point.
Two passive magnetic bearings support the rotor in the two lateral directions. They
are characterized by promoting low friction, which is beneficial in terms of low Cost
Of Energy (COE). However, their major disadvantage is that the level of damping is
also very low, which may result in high vibrations, rotor-bearing impacts and instability.
The two bearing housings are supported by flexible steel beams thus allowing lateral
(horizontal) motion. This means that two degrees-of-freedom are added to the system
(four in total). To counteract the lack of damping, the upper bearing housing is also
suspended by a total of four pseudoelastic SMA helical springs in pre-tension in the
two lateral directions. Small heat chambers enclose the SMA springs to control their
environmental temperature. The system is designed in such a way that there is a
tight coupling between rotor and bearing housing motion. This holistic approach was
taken selecting bearing housing masses, steel beam stiffness and other elements based
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(a) (b)

Figure 4.5: Test-rig: (a) fundamental part and (b) spring attachment system. (A) Disc on top of
shaft; (B) upper and (C) lower passive magnetic bearings supported by (D) flexible beams; (E)
SMA spring attachment point at the upper bearing; at the bottom of the shaft is attached a (F)
flexible coupling and then a (G) DC motor. An (H) encoder measures the rotor rotation and (I)
proximity sensors measure the rotor tilt angles. (J) SMA and (K) steel springs attached in (L)
variable pre-tension mechanism. A (M) heat chamber can surround the springs fed with hot air
from a (N) heat gun. The temperature is measured using (O) thermocouples. (P) Accelerometers
measure the upper bearing motion. The global coordinate system X Y Z is also highlighted.

on mode shape analysis. Because several of the properties of the components were
uncertain at first, this was an iterative process. As results of the tight coupling and the
temperature control, the SMA springs are able to affect the whole system dynamics to a
large extent and therefore also reduce rotor vibrations through passive adaptive control
and damping enhancement as the main goal.

Equivalent steel springs can be integrated in the test-rig instead of the SMA springs
in order to quantify the effects of using the SMA springs. The steel spring system
configuration therefore acts as a benchmark, to which the experimental and theoretical
results of the SMA spring configuration are compared.

It is possible to adjust the level of mass imbalance by inserting screw bolts in the
disc. Two proximitor sensors measure the rotor tilt in the two lateral directions close to
the bottom of the shaft. The rotor tilt is quantified in terms of the two tilting angles α
and β around the Y and −X axes respectively, cf. the coordinate system in Fig. 4.5. An
encoder measures the rotor angle θ and angular velocity ω = θ̇ and this signal is used
to control the voltage to the DC motor, thus keeping the angular velocity at a desired
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level. Two accelerometers are attached to the upper bearing housing to measure its
motion in the two horizontal directions, i.e. ẍ and ÿ. Because of the structure of the
flexible steel beams connecting the bearing housings, the lower bearing housing is
able to move synchronously with the upper bearing housing in the X -direction and it
is unable to move in the Y -direction. This means that the horizontal coordinates of
the lower bearing housing are (x , 0). The motion of the lower bearing housing is not
measured because of the geometrical constraints.

The SMA springs are enclosed by heat chambers, into which modified heat guns
blow hot air. The temperature of the air is controlled by the power to the heat elements,
and the air temperature is measured using thermocouples. It is possible to maintain
constant temperatures within ±0.3 ◦C. The four heat chambers are controlled in pairs
by one heat gun each. For this reason, TA denotes the temperature of the heat chambers
at the X and Y faces of the upper bearing housing, whereas TB is the temperature at
the −X and −Y faces.

Much work has been put in being able to measure the SMA and steel spring forces
acting on the upper bearing housing. Force sensors are integrated into the square
structure surrounding the bearing housing seen in Fig. 4.5(b). By using linear ball
bearings, the forces are decoupled into X and Y components. After replacing faulty force
sensors from Measurement Specialties with sensors from HBM (the S2M model), we
found out that the inertia and the stiffness of the structure and also friction in the linear
bearings affected the measurements. Subsequently, the structure was stiffened several
times. Finally, we also found out that the stiffness of the sensors themselves is relatively
low. By perturbing the structure with a shaker, we tried to establish approximate transfer
functions between the measured (contaminated) force and the actual (true) spring force.
However, the relationship is weakly nonlinear. The results of the force measurements
(raw and filtered) have been analysed together with the other measurements, but the
results do not seem legitimate or trustworthy. The force measurements are left out for
this reason, both here and in the publications.

Passive Magnetic Bearings

The lower bearing housing is depicted in Fig. 4.6. The principles of the upper bearing
is the same. Each magnetic bearing consists of 20 cylindrical permanent magnets. The
magnets are 20 mm high and have a diameter of 10 mm, and they are located in a
circular pattern around the shaft at the centre. The magnets are magnetized in their
axial (vertical) direction. Inside the shaft and next to each bearing there is a single
similar cylinder magnet. Because all magnets have their magnetic north in the same
direction, the bearings are repulsive. The magnets are made from neodymium.

The magnetic forces are determined through the magnetic flux density B, which is
related to the magnetic potential A by B=∇×A. The magnetic potential at a spatial
position P(x , y, z) produced by a magnet is determined by (Cheng 1983):

A(x , y, z) =
µ0

4π

∫

V

∇×Ma

R̂
d V +

µ0

4π

∫

A

Ma × n

R̂
d A, (4.1)

where µ0 = 4π · 10−7 H m−1 is the vacuum permeability, V and A are the volume and
surface area of the magnet respectively, R̂ is the distance from d V or d A to P, n is
the unit normal vector of d A, and Ma = {0,0, Ma}> is the magnetization vector with
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Figure 4.6: Passive magnetic bearing. (a) The cylindrical bearing magnets are visible in the lower
bearing housing made from acrylic. (b) Visualization of bearing magnets (dash-dotted circles)
and the magnetic flux density in the vertical direction Bz at the centre plane of the magnets.

a magnetization constant of Ma = 935 kA m−1 (Andersen et al. 2013). It should be
noted that ∇×Ma = 0, for which reason the first integral disappears in this context.
The most significant component, i.e. Bz , of the predicted magnetic flux density inside
the bearings is depicted in Fig. 4.6(b).

The magnetic force fm, acting on a magnet as a result of an external magnetic flux
density Be, is determined by (Cheng 1983)

fm =

∫

A

(Ma × n)×Be d A, (4.2)

where A is the surface area of the magnet upon which the force acts. The magnetic force
field is determined by evaluating Eqs. (4.1) and (4.2) numerically. Each shaft magnet
can potentially be misaligned in the vertical direction compared to the appertaining
bearing housing. This misalignment is denoted zm.

The resulting magnetic force field is found to be symmetric around the vertical
Z-axis within 99.8 % even though the distribution of magnets is only π

5 periodic. This
means that the stiffness in X and Y directions are identical and that there are no linear
cross coupling terms. The forces are also weakly nonlinear. Polynomial fits of the forces
show that they are appropriately approximated in the three spatial directions X Y Z by

fm =







−kx − κx(x2 + y2)
−k y − κy(x2 + y2)

fz







. (4.3)

The radial (horizontal) linear stiffness coefficient is k, the radial cubic stiffness coefficient
is κ, and fz is a constant force in the axial (vertical) direction caused by vertical
misalignment. Both k and κ are greater than zero implying linear stability in the
horizontal directions and a nonlinear stiffening effect. There is a significant nonlinear
coupling between the orthogonal directions X and Y via the magnetic forces, Eq. (4.3).
It should be noticed that fz is positively proportional to the vertical misalignment zm
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Figure 4.7: Permanent cylinder magnet with
magnetization Ma. Magnetic eccentricity (e,
ϕe) from geometrical centre of magnet. The
magnetic field at point P at distance a and
angle ϕ from geometrical centre and â and ϕ̂
from magnetic centre.

Figure 4.8: Set-up for measuring the flux den-
sity around a shaft magnet. A passive cylinder
magnet (A) inside a sleeve (B); Hall sensor (C);
vertical high precision vernier calliper (D).

meaning that the equilibrium zm = 0 is unstable in the vertical direction. However, the
shaft is held in its axial direction by the coupling at its bottom, which is very stiff in
the axial direction and therefore ensures the overall stability. In P8 and P9 additional
nonlinear quadratic and quartic terms are added to the z component of fm. However,
these terms are small compared to the other terms, which is justified in the papers, and
they are therefore neglected in the following paper P7.

Magnetic Anisotropy

Preliminary experiments at the test-rig showed that the static equilibrium of the
shaft depends on the angle of rotation of the shaft. For this reason, the magnetic flux
densities of the two shaft magnets are investigated. If the magnetic flux density is
non-uniform, the static equilibrium and the dynamics are affected, because it acts as
linear (harmonic) forcing and nonlinear parametric forcing (Inoue et al. 2009). This is
reported in P8 and P9.

To investigate the non-uniformity of the shaft magnets, the Z component of magnetic
flux density Bz is measured at different angular and radial positions P(ϕ, a) at the centre
plane of the magnets, cf. Fig. 4.7. The set-up is shown in Fig. 4.8. The magnets are
inserted into a sleeve so that they can rotate around their axis to specified angles. The
flux density Bz is measured using a Hall sensor. The distance between the magnet and
the Hall sensor can be varied and it is measured using a high precision vernier calliper.

The measured flux density is shown in Figs. 4.9 and 4.10 (left) for the upper shaft
magnet. The results are similar for the lower shaft magnet, but they are not shown here.
In Fig. 4.9 it is clear that the measured flux density is not only a function of the radial
position a. From Fig. 4.10 (left) the flux density is clearly dependent on the angular
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Figure 4.9: Measured magnetic flux density
as function of a−1 and of â−1 for all values of
ϕ or ϕ̂ for the upper shaft magnet; and the
polynomial fit to Bz(â) cf. Eq. (4.4).
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Figure 4.10: Contour lines of measured mag-
netic field around the geometrical centre (left)
and the calculated magnetic centre (right) of
the upper shaft magnet, c.f. Fig. 4.7.

position; therefore it is non-uniform. The non-uniformity appears sinusoidal, which
means that it is possible to describe it as an eccentricity as illustrated in Fig. 4.7. The
idea is to determine a magnetic centre axis defined by the eccentricity distance e to the
geometrical centre axis. To fully determine the position of this axis an angle ϕe is also
required. The angular and radial positions are denoted (ϕ̂, â) relative to the magnetic
centre. The magnetic centre is found by specifying that the flux density should be a
function of the radial position only, i.e. Bz = Bz(â). The function is assumed to have
the relatively simple form of

Bz(â) = c0 + c1â−1 + c2â−2 + . . .+ c5â−5, (4.4)

which is based on the flux density usually being a function of the inverse of some power
of the radial position (Cheng 1983). The resulting polynomial fit is shown in Fig. 4.9.
For a given eccentricity set (e,ϕe), Bz(â) is fitted to the measurements. The eccentricity
(e,ϕe) is found by minimizing the residual standard deviation with use of nonlinear
regression tools (Optimization Toolbox from Matlab). The eccentricities are estimated
by this method to be e1 = 205 µm and e2 = 206 µm for the lower and upper shaft
magnet respectively. The magnetic flux density around the found magnetic centre is
depicted in Figs. 4.9 and 4.10 (right) for the upper shaft magnet. The residuals relative
to the polynomial fit are clearly smaller with respect to the corrected centre as shown
in Fig. 4.9. In Fig. 4.10 (right) the contour lines are almost horizontal meaning that
the flux density is independent of the angular position around the magnetic centre as
required.

The shaft contains geometrical tolerances in the order of 100 µm. This means that
the resulting eccentricities related to the shaft magnets when inserted in the shaft are
vector sums of magnetic and geometrical eccentricities.

Inoue et al. (2009) showed that significant non-uniformity of the bearings also
has an important impact on the dynamic behaviour. However, in these investigations
bearing non-uniformities are neglected, because the summed non-uniformity of the 20
magnets establishing the magnetic bearings is considered small. Comparison between
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experimental and theoretical results shows that the assumption is satisfied.

System Modelling

The equations of motion are established using Newton II and Euler’s equation for
describing the lateral motion of the bearing housings and the tilt of the collected shaft
and disc (rotor) about the pivot point at the bottom of the shaft (designated by the
flexible coupling (F) in Fig. 4.5). This is thoroughly described in P9 for the system
without SMA and steel springs and in P7 for the system configurations with the springs.
By assuming that the rotor tilt angles are small, i.e. α,β � 1, the equations of motion
are appropriately approximated by

Mẍ(t) + (C+ωG)ẋ(t) +Kx(t) = fl(t) + fnl(t,x) + fs(x, T∞), (4.5)

where x= {α,β , x , y}> is the state vector, and α and β are rotor tilt angles and (x , y)
are the horizontal coordinates of the upper bearing housing. The lower bearing housing
has the coordinates (x , 0). For small tilt angles, α tilt is parallel to x and β tilt is parallel
to y . The diagonal mass matrix M contains the transversal inertia of the rotor and the
masses of the bearing housings. The symmetric stiffness matrix K includes all linear
stiffness components coming from the flexible couple, the flexible steel beams, the
magnetic bearings and the gravitational pull of the rotor. The damping matrix C is
assumed to be a linear combination of the mass and stiffness matrices. The gyroscopic
matrix G includes the polar inertia of the rotor.

At the right hand side of Eq. (4.5) are three vectors. The first, fl(t), is linear excitation
forces and it is related to mass imbalance of the rotor and combined geometrical and
magnetic eccentricities of the shaft magnets. The mass imbalance forces are proportional
to the angular velocity squared, ω2. The forces are harmonic in time with frequency
ω. The nonlinear parts of the forces related to the magnetic bearings are collected
in fnl(t,x), and they depend on the relative positions between the shaft magnets and
the bearings (cubic terms). The eccentricities related to the shaft magnets are found
in the expressions of the relative positions, which means that the vector is also time
dependent and includes weak parametric forcing. These forces are also harmonic in
time with frequency ω. Forces related to the SMA or steel springs are collected in
fs(x, T∞). These forces depend on the position of the upper bearing housing and also
the environmental temperature of the springs.

At zero rotational speed, the system consists of two decoupled subsystems in theory.
This means that α and x are coupled, and that β and y are coupled. The two subsystems
therefore also have two eigenfrequencies and eigenmodes each that are independent of
the other subsystem. However, the gyroscopic terms (that appear when ω 6= 0) result
in a slight coupling between the two subsystems. The magnetic forces additionally
provide slight nonlinear coupling.

Solution Methodologies

By transforming the equations of motion, Eq. (4.5), into first order ordinary differ-
ential equations, they are solved using the Runge-Kutta-Fehlberg algorithm. The SMA
temperature also evolves over time. However, this dependence is calculated internally
in the SMA model using the implicit Euler method.
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It is also possible to solve the equations of motion in the frequency domain by use of
perturbation methods. For the system without SMAs, the method of harmonic balancing
is used in P8, and the method of finite difference is used in P9. In the first method,
it is assumed that the system response during steady state oscillations only contains
the fundamental harmonic ω, which comes from imbalance and eccentricity excitation.
This means that only weak nonlinearities are explored and more complex dynamics,
e.g. period-multiples, are lost. In the second method, the only assumption made is
that the solution is periodic with the same periodicity as the forcing. This means that
higher harmonics are allowed and explored. However, it is justified experimentally
and theoretically in P9 that the superharmonic content is several order of magnitude
smaller than the fundamental harmonic. The simpler method of harmonic balance is
therefore completely sufficient.

The method of harmonic balance is also adopted in P7, in which the SMA spring
are integrated into the test-rig. The state vector is substituted using complex numbers:

x(t) =
1
2

�

zeiωt +z̄e−iωt
�

,

where z =
�

zα, zβ , zx , zy

	>
is a complex representation of the steady state response

amplitude and phase, i is the imaginary unit and z̄ denotes the complex conjugate
of z. The reformulation of the equations of motion results in the following system of
equations

F(z,ω) =
�

−ω2M+ iω(C+ωG) +K+Ks(|z|,ω, T∞)
�

z− zl(ω)− znl(z) = 0. (4.6)

Here zl represents the linear forcing terms, and znl includes a third order approximation
of fundamental harmonic of the nonlinear forces related to the magnetic bearings. The
contribution from the SMA springs is represented by the term Ks(|z|,ω, T∞)z, where
|z| denotes the modulus of z. This formulation is based on the complex modulus or
complex stiffness, Ks, of the SMA springs. The real part of the complex modulus is
called the storage modulus, ks, and it is a measure of stiffness. The imaginary part
is called the loss modulus, and it is a measure of the energy lost during a period of
oscillation. The ratio between the loss and storage moduli is called the loss factor, η,
and it is without dimensions. The loss factor is related to the damping factor ζ by
η = 2 ω

ωn
ζ, where ωn is the natural frequency. Assuming that the deformation of the

spring around its pre-tensioned length hp can be described by

u(t) =
1
2

�

z eiωt +z̄ e−iωt
�

,

then its force can be approximated by

Fs(t) =
1
2

�

Ksz eiωt +K̄s z̄ e−iωt
�

+ Fs0,

where |z| and arg(z) are the amplitude and phase respectively of the harmonic response
and Fs0 is the mean force during a cycle due to pre-tension. Both Ks and Fs0 are
functions of the pre-tensioned length hp, the response amplitude |z|, the environmental
temperature T∞ and the frequency ω. The stiffness matrix Ks includes Ks and Fs0 for
the four springs in the same way as in Eqs. (3.2) and (3.3) as a consequence of the
pre-tension and the five point configuration.
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Figure 4.11: Complex modulus and pre-tension force of SMA spring depending on deflection
amplitude A = |z| and frequency ω and ambient temperature T∞. The pre-tension length is
constant. The values are calculated using the spring model.

The complex modulus and the mean force are calculated using the spring model
described in Section 3.4, and ks, η and Fs0 are shown in Fig. 4.11. All three quantities
strongly depend on the ambient temperature, and ks and Fs0 increase with temperature
whereas η decreases. From 30 ◦C to 70 ◦C there is close to a factor of two in difference
for all three quantities. The dependencies on frequency are weaker but similar: ks
and Fs0 increase with frequency whereas η decreases. The dependencies on deflection
amplitude are also weak compared to the temperature dependencies and they are
non-monotonic. For example, η has optimal conditions in terms of amplitude.

By using the method of harmonic balance (or the method of finite difference), the
equations of motion are transformed into a set of algebraic equations, Eq. (4.6), that
have to be solved for an interval of the forcing frequency ω. This is carried out using
the method of pseudo-arclength continuation. The method and its numerical algorithm
is described by Nayfeh and Balachandran (1995). With this method, it is possible to
cross bifurcations (such as a saddle-node bifurcation) appropriately and thus explore
unstable steady states, because the parameter sweep (here in ω) is controlled by the
algorithm and may be non-monotonic.

From the viewpoint of analysis of the dynamic behaviour, it is convenient to linearise
and rewrite the equations of motion, Eq. (4.5), using the eigenstructure of the system.
The resulting equation is

v̇(t) = Λ̃v(t) +
�

M̃Ṽ
�−1

z̃l(ω)e
iωt . (4.7)

Here v(t) represent the modal state vector, Λ̃ is a diagonal matrix containing the



4.2 Rotor-Bearing System 69

α
en
v
el
o
p
e
(d
eg
)

-0.8

-0.4

0

0.4

0.8

Time (s)
6 8 10 12 14 16 18 20 22

β
en
v
el
o
p
e
(d
eg
)

-0.8

-0.4

0

0.4

0.8

(a)
α

en
v
el
o
p
e
(d
eg
)

-0.8

-0.4

0

0.4

0.8

Time (s)
6 8 10 12 14 16 18 20 22

β
en
v
el
o
p
e
(d
eg
)

-0.8

-0.4

0

0.4

0.8

(b)

Steel 30◦C SMA 30◦C SMA 50◦C SMA 70◦C

Figure 4.12: Experimental (a) and theoretical (b) ramp up from 0 Hz to 20 Hz in 25 s with
constant acceleration using different system conditions.

eigenvalues, Ṽ contains the eigenvectors, M̃ represents the mass matrix, and z̃l(ω)
represents the linear forcing vector. The eigenvalues and eigenvectors, i.e. Λ̃ and Ṽ,
strongly depend on the environmental temperature of the SMA springs.

Results and Discussion

Results of ramp-ups and steady state frequency responses are presented below for
the two system configurations using either steel or SMA springs. The configuration with
steel springs is investigated at room temperature, and tests of the SMA configuration
are carried out at 30 ◦C, 50 ◦C and 70 ◦C to explore the influence of temperature. The
results are highlights from the investigations made in P6 and P7.

Ramp-Ups

The rotor is accelerated from rest to ω = 20 Hz in 25 s with constant angular
acceleration. The envelope of the rotor vibrations along time are obtained from the
time signals. The results, experimental and theoretical, are shown in Fig. 4.12 for four
different system conditions.

From the experimental results, Fig. 4.12(a), it is clear that the system crosses four
resonances resulting in four vibration peaks. The peak amplitudes and positions in time
(corresponding to frequencies) depend on the system configuration and temperature.
Also, the four peak amplitudes are of the same order of magnitude. This property
is due to the designed relation between the masses and the stiffnesses of the system
components, which determines the (linear) mode shapes. This design has been chosen
in order to make the four resonances equally important in terms of vibration reduction
and also equally sensitive to the adaptive properties of the SMA springs. The high
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Figure 4.13: Peak of the kinetic energy during a rotor rotation along time during the ramp-ups
shown in Fig. 4.12 obtained experimentally (a) and by simulation (b).

sensitivity also means that just small errors in terms of spring stiffness result in relatively
large discrepancies when comparing the model prediction with the experimental results.

The SMA configuration at 30 ◦C has lower peak amplitudes crossing all four reso-
nances compared to the steel configuration. The SMA configuration at 70 ◦C also gives
lower peaks than the steel configuration in three of the resonances. The hysteresis of
the SMAs therefore contributes significantly to the damping. It is interesting to notice
that when crossing the first two resonances, the 30 ◦C SMA configuration performs best
in terms of vibration attenuation of the rotor, whereas the 70 ◦C configuration performs
best at the two next resonances. The relation is the same in simulations, see Fig. 4.12(b).
Generally, SMAs exhibit the highest damping properties at low temperatures, which is
also reflected in the loss factor shown in Fig. 4.11. Therefore, a lower peak amplitude
at 70 ◦C seems surprising. The reason for this behaviour is found by inspecting the
linearised equations of motion in modal coordinates, Eq. (4.7). A change in Ks will
affect the eigenstructure, i.e. both natural frequencies Λ̃ and mode shapes Ṽ. This
means that there is a change of the point in time at which the peak amplitudes are
reached, and it also means that there is a redistribution of the kinetic energy among
the system components. Finally, a change in the mode shapes also affects how the
disturbances (i.e. mass imbalance and eccentricities) influence the different modes
themselves, which is seen from the last term in Eq. (4.7). A stiffness change causes
some modes to become more sensitive or compliant to the given disturbance, and others
the opposite. The effects of the change in stiffness is illustrated in Fig. 4.13, where the
peak of the kinetic energies during a rotation cycle of the rotor and bearing housings
are plotted against time for the 30 ◦C and 70 ◦C SMA conditions. The relation between
the energies of the bearings and rotor clearly change when the temperature changes.
This corresponds to a change in mode shapes. Focusing at the two first resonances,
the energies of the rotor and bearings obtained experimentally are almost identical at
30 ◦C. At 70 ◦C the kinetic energy of the rotor is significantly larger than that of the
bearings. Also the sum of the kinetic energies at 70 ◦C are significantly larger than at 30
◦C because the first two modes have become more sensitive to the disturbances at high
temperatures. Oppositely, the two high modes are less sensitive to the disturbances
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Figure 4.14: Experimentally obtained amplitude of the fundamental harmonic response at
different constant rotational frequencies.

at 70 ◦C compared to the 30 ◦C case. The kinetic energies obtained via simulation
show the same behaviour. Note that the energies of the first two modes are slightly
underestimated and that the energies of the last two modes are overestimated which is
because the average SMA stiffness is underestimated in general.

Steady State Responses

The system is kept at a constant rotational frequency and the responses in terms
of rotor and bearing housing vibration amplitude and phase are captured, when a
steady state is reached. A small change is made to the frequency and the procedure is
repeated. The analysis is performed in the frequency range from ω= 1 Hz to ω= 20
Hz, wherein the interesting system dynamics take place. Both an up-sweep and a
down-sweep are performed in order to explore jumps between co-existing stable states.
The experimental results in the frequency ranges close to resonances may be seen in
Fig. 4.14 for the steel configuration at room temperature and for the SMA configuration
at 30 ◦C, 50 ◦C and 70 ◦C.

For the SMA configuration, the two first resonances (around 7 and 8 Hz) are
characterized by slightly asymmetric resonance peaks bending towards the left because
of softening. The softening behaviour is confirmed by the storage modulus that decreases
with amplitude, cf. Fig. 4.11.

The two highest resonances (around 13 Hz) are almost coinciding and they are
characterized by stiffening in all system conditions. In the steel configuration and in
the 50 ◦C and 70 ◦C SMA cases, it is possible to observe co-existing states and jump
phenomena. Since the stiffening is found both with and without SMAs, it is evident that
the SMAs are not responsible for this behaviour. The effect is caused by the magnetic
bearings that are weakly nonlinear with stiffening. The influence of the magnetic
bearing stiffening is particularly significant in the two highest resonances, because of
counter-phase motion between the rotor and bearing housings resulting in large relative
vibration amplitudes.



72 4 Dynamical Systems with SMAs

α
(d
eg
)

10−1

100

Rotational frequency ω (Hz)

β
(d
eg
)

10−1

100

6 7 8 9 12 13 14 15

x
(m

)

10−4

10−3

Rotational frequency ω (Hz)

y
(m

)

10−4

10−3

6 7 8 9 12 13 14 15

Steel 25◦C SMA 30◦C SMA 50◦C SMA 70◦C

Figure 4.15: Frequency responses of the rotor obtained using pseudo-arclength continuation
of the approximative equations of motion in frequency domain giving the amplitude of the
fundamental harmonic content for different rotational frequencies. Dotted lines indicate unstable
branches.

The peak amplitudes of the steel configurations are larger than those of the SMA
configuration in all resonances and temperatures. Actually, rotor-bearing impacts occur
if we try to sweep up across the two highest resonances in the steel case. The four
resonance frequencies increase with temperature using the SMA configuration. The first
three increase by 0.5 Hz and the fourth increase by 0.3 Hz comparing 70 ◦C to 30 ◦C,
which correspond to 7 %, 6 %, 4 % and 2 % respectively. The peak vibration amplitudes
also increase with temperature at the first two critical speeds for all states (both rotor
and bearings). However, at the two next critical speeds the peak amplitudes of the
rotor (α and β) decrease with temperature, whereas the situation is the opposite for
the bearing housings (x and y). The rotor peak amplitudes at the two first resonances
are reduced by 43 % and 54 % respectively by decreasing the temperature from 70 ◦C
to 30 ◦C. For the third and fourth resonances the peaks are reduced by 17 % and 9 %
respectively by increasing the temperature from 30 ◦C to 70 ◦C. The observations are in
agreement with the ramp-up results presented in the former section.

The frequency responses are also obtained theoretically with the use of the approx-
imative model, Eq. (4.6). The results may be seen in Fig. 4.15. The resemblance to
the experimental results is good. The two first resonances are characterized by light
softening and the two highest by stiffening. The steel configurations exhibit the highest
peak amplitudes. The peak amplitudes of the two first resonances increase with SMA
temperature for all states, but it is a mixture at the two highest resonances. By using
the continuation technique, it is also possible to discover the unstable branches when
crossing the saddle-node bifurcations close to the third and fourth resonances. It is
confirmed that the stiffening effect characterizing the two highest resonances com-
pletely vanish, if the nonlinearity of the magnetic bearings is omitted in the model. The
magnetic nonlinearity is therefore the only cause for the right bending of the third and
fourth resonance peaks. Comparison between time simulations and the results obtained



4.2 Rotor-Bearing System 73

via continuation show a complete match. This means that the approximations related
to the harmonic content and the use of the complex modulus are appropriate.

Application Examples

It is evident that the SMA configuration of the system is adaptable through tem-
perature control based on the presented experimental and theoretical results. Here,
examples are presented related to open loop control of the temperature with the aim
of reducing rotor vibrations. Figure 4.16 show three cases, in which the rotational
speed is kept constant at different levels. Both experimental and theoretical results are
shown. It should be noted that in order to illustrate the same qualitative behaviour,
the theoretical operational speeds are altered slightly compared to the experimental
speeds, because the resonance frequencies differ slightly between the experiments and
the model.

In the first case, Figs. 4.16(a) (experiment) and 4.16(b) (simulation), the operational
speed is close to the second critical speed at 70 ◦C. Instead of changing the operational
speed, it is possible to move away the critical speed by decreasing the temperature of
the SMA springs. At t = 200 s, when the SMA environmental temperature is close to
30 ◦C, the vibration amplitude is reduced approximately 75 % in the β -direction of the
experiments. The α-direction is only affected to a small extent. The theoretical results
show the same tendency. Both the initial and final vibration amplitudes are smaller
compared to the experiments, and the reduction is around 95 %.

The second case, Figs. 4.16(c) (experiment) and 4.16(d) (simulation), starts just
below the second critical speed at 70 ◦C. In this case, the critical speed moves closer
to the rotational speed when decreasing the SMA temperature to 50 ◦C thus resulting
in vibration amplification in the β-direction. However, vibrations in the α-direction
are reduced. By further reducing the SMA temperature to 30 ◦C, the second critical
speed moves away from the operational speed and vibrations in β reduce. Therefore,
the overall vibrations are reduced if taking both α and β into account. The theoretical
results are very similar. This example also shows the potential of crossing a critical
speed by a change in temperature instead of ramping up. This approach has been
proposed by several authors (Aravindhan and Gupta 2010; Gupta et al. 2009; He et al.
2007a,b; Ma et al. 2015; Nagaya et al. 1987; Nie and Yan 2000). The idea is to “jump”
directly from high temperature (70 ◦C) to low temperature (30 ◦C) and thus avoid
exciting the mode that is crossed. However, it is not possible to jump instantaneously
because the changes in temperature are slow (in the order of 10 s) as may be seen
from the experimental results, and it is inevitable to avoid exciting the mode as a result.
It is therefore important to have considerable dissipation in the system, in order to
reduce the peak amplitude when crossing the critical speed and to attenuate subsequent
transients.

The decrease of SMA stiffness due to the temperature fall in the case shown in
4.16(d) is clearly visible when plotting the SMA forces against the bearing housing
displacement, Fig. 4.17(a). Only at 50 ◦C it is possible to observe small amounts of
hysteresis. The hysteresis is therefore not present in the optimal conditions, in which
the vibrations are small. The hysteresis is only useful for limiting large vibrations.

The angular velocity of the rotor is close to the fourth critical speed at 30 ◦C in
Figs. 4.16(e) (experiment) and 4.16(f) (simulation). Here, vibrations are large in α.
In order to reduce the vibrations the temperature can be increased. However, this



74 4 Dynamical Systems with SMAs

T
em

p
.
(◦
C
)

30

50

70
ω = 8.6 Hz TA

TB

Time (s)

0 20 40 60 80 100 120 140 160 180 200

E
n
v
el
.
(d
eg
)

-0.6

-0.3

0

0.3

0.6
α

β

(a)

T
em

p
.
(◦
C
)

30

50

70
ω = 8.3 Hz

Time (s)

0 20 40 60 80 100 120 140 160 180 200

E
n
v
el
.
(d
eg
)

-0.4

-0.2

0

0.2

0.4
α

β

(b)

T
em

p
.
(◦
C
)

30

50

70
ω = 8.3 Hz TA

TB

Time (s)

0 20 40 60 80 100 120 140 160 180 200

E
n
v
el
.
(d
eg
)

-0.4

-0.2

0

0.2

0.4
α

β

(c)

T
em

p
.
(◦
C
)

30

50

70
ω = 7.6 Hz

Time (s)

0 20 40 60 80 100 120 140 160 180 200

E
n
v
el
.
(d
eg
)

-0.4

-0.2

0

0.2

0.4
α

β

(d)

T
em

p
.
(◦
C
)

30

50

70
ω = 13.5 Hz

TA

TB

Time (s)

0 50 100 150 200 250

E
n
v
el
.
(d
eg
)

-0.6
-0.4
-0.2

0
0.2
0.4
0.6

α

β

(e)

T
em

p
.
(◦
C
)

30

50

70
ω = 13.3 Hz

Time (s)

0 50 100 150 200 250

E
n
v
el
.
(d
eg
)

-1

-0.5

0

0.5

1
α

β

(f)

Figure 4.16: Examples of applications related to temperature control of SMAs in the rotor-
bearing systems at constant rotational speeds. There are three pairs consisting of experimental
results (a), (c) and (e) followed by numerical simulations (b), (d) and (f). Environmental
temperatures are plotted together with the envelope of rotor vibrations. In experiments TA

denotes the temperatures of the heat chambers located at the positive X and Y faces of the upper
bearing, and TB for the negative X and Y faces. In simulations the temperatures are equal.
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Figure 4.17: Simulated SMA forces against bearing housing displacement during steady state
conditions. (a) corresponds to Fig. 4.16(d), in which the temperature decrease over time, and
(b) corresponds to Fig. 4.16(f), in which the temperature increase over time.

means that the third critical speed related to the β-direction comes closer. In order to
reduce the overall vibrations, an intermediate state close to 50 ◦C could therefore be
understood as an optimum. This highlights that it may be useful to have a continuous
temperature interval at disposal and not only “cold” and “hot” conditions in order to
obtain optimal conditions. This can also be used in order to tune anti-resonances close
to the operational speed, which is shown in P6.

The simulated SMA forces against the bearing housing displacement are shown
in Fig. 4.17(b) related to the case in Figs. 4.16(e) and 4.16(f). The SMA stiffness
clearly increases with temperature in both x and y. There is significant hysteresis in
the x-direction at 30 ◦C, where vibrations are large. On the other hand, the vibration
amplitudes of α and x are smallest at 70 ◦C, at which there is no hysteresis in the
x-direction.

For the ramp-ups of the system with different SMA temperatures we concluded
that the smallest peak amplitudes are obtained at 30 ◦C when crossing the first two
critical speeds and at 70 ◦C when crossing the third and fourth critical speeds. In order
to reduce the overall vibrations during a ramp-up, it is therefore necessary to change
the SMA temperature during the process. This aspect is shown in Figs. 4.18(a) and
4.18(b) for experiments and simulation respectively. Here a case, where the temperature
dynamic, is compared to two cases, in which the SMA environment temperature is
statically 30 ◦C and 70 ◦C respectively. For the dynamic case, the temperature is 30 ◦C
when crossing the first two resonances, and the response is therefore close to the static
30 ◦C case. Around t = 20 s the reference of the temperature controller is set to 70 ◦C.
When the system crosses the third and fourth critical speeds the system has changed
its properties, and the response therefore follows the static 70 ◦C case. In this way the
overall vibrations are minimized.

As shown in Figs. 4.16(c) and 4.16(d), it is also possible to pause during a ramp-
up just before a resonance and then cross it by a temperature change and afterwards
continue ramping. However, this approach is not useful in terms of vibration attenuation
for this system: Even though the environmental temperature of the heat chamber is
altered instantaneously, the SMA springs still uses around five seconds to drop from 70
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Figure 4.18: Experimental (a) and theoretical (b) ramp ups from 0 Hz to 20 Hz in 50 s with
constant acceleration using either constant (blue and yellow) or time varying (red) SMA environ-
ment temperatures. The heat chamber temperatures and the envelope of the rotor vibrations are
shown.

◦C to 30 ◦C because of their heat capacity, which can be predicted by the model. The
shift in temperature is therefore not instantaneous and transients have time to build up.
Secondly, the implications of using a temperature shift would mean that the resonance
is encountered at an intermediate temperature. As shown before, it is best to cross a
resonance at either the lowest and highest temperature, and not at an intermediate
temperature, depending on the resonance in question. Finally, because the system
resonances are closely spaced in pairs and because the temperature controller does
not control the SMA springs individually but together, it is complex to determine an
optimal temperature path.

Uncertainty and Sensitivity Analysis

In the preceding sections, model predictions are compared to experimental results
and the model is found to represent the observations well. All qualitative characteristics
are reproduced. However, a quantitative assessment of the model performance has not
been carried out. From where do the discrepancies originate? To answer this question,
we need to know the magnitude of the uncertainty of the model prediction itself. It is
also interesting to identify the parameters that have a large impact on the response,
and how it is possible to reduce the uncertainty of the prediction.

A case study is presented in this section. The general idea is to show potential
uses of uncertainty and sensitivity analysis related to SMA systems, which can be very
relevant in the framework of reliability of model predictions. The study is based on
a ramp-up at 30 ◦C equal to the one in Fig. 4.12. This time uncertainties related to
the SMA springs are included in the model predictions to evaluate the influence on
the behaviour. Specifically, the confidence intervals of the rotor vibration peaks when
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crossing the first four modes of the system are of interest. From the analysis it is
also determined, if the uncertainties related to the material parameters are the sole
reason for the discrepancies between the nominal predictions and the experimental
observations. Finally, sensitivity analysis is used to determine which parameter have a
large impact on the uncertainty of the prediction.

Methods

Uncertainty analysis is carried out using the Monte Carlo technique, i.e. to use
sampling of the parameters to represent their uncertainties and then propagate the
parameter sets through the model. The uncertainty is then based on the statistical
properties (e.g. mean and confidence intervals) of the collection of model predictions.

Latin Hypercube sampling (Helton and Davis 2003; Mckay et al. 2000) is used
to represent the probability distributions of the uncertain parameters. Namely, 1000
samples are used to obtain a sufficiently precise estimate of the uncertainties. Latin
Hybercube sampling is superior to usual random sampling, because Latin Hybercube
samples are more evenly distributed (though still random) and do not contain clusters.
It is therefore possible to get a better estimate of the model uncertainty having the
same amount of samples.

In Section 3.4, the material parameter uncertainties related to the SMA springs were
determined. However, the conditions in these experiments in terms of training process
of springs and heat convection for example are marginally different. Other uncertainty
relations are used for this reason. The nominal parameter values are the same, because
it is the best estimate. The SMA material parameters are assumed to have uniform
distributions with the following properties: H, EA, EM , CA, CM and ρcp contain relative
uncertainties of ±10 %. The transformation temperatures (As, A f , Ms and M f ) contain

±5 ◦C uncertainty. The hardening controlling parameters (n f
1 , n f

2 , nr
1 and nr

2) have
±0.1 uncertainty. The sub-loop controlling parameter p is uniformly distributed in
[0.79, 0.99], since 0.99 is its upper (numerical) boundary and also its nominal value, cf.
Tab. 3.2. The heat transfer coefficient is considered especially uncertain, because the
conditions have changed between characterization and employment. For this reason
a relative uncertainty of ±50 % is set on ĥ. Besides the material parameters, it is
also assumed that the initial spring length h0, the pre-tensioned length hp and the
environmental temperature T∞ are uncertain with ±0.5 mm, ±0.5 mm and ±0.5 ◦C
respectively. They are also uniformly distributed. The levels of uncertainty on the
parameters are estimates based on knowledge of the material, former tests and the
test-rig.

With the given parameter uncertainties there is a possibility that As is below M f
for example, which is physically unsound. This is related to the sequence of the
transformation boundaries in the temperature-stress diagram, which may be violated.
In order to avoid this situation, 90 % correlation is enforced between As and M f ,
between A f and Ms and between CA and CM . Even so, still around 3 % of the parameter
samples have to be rejected. The correlation is induced by the rank-based method
presented by Iman and Conover (1982). The algorithm for this is borrowed from Sin
et al. (2009).

Sensitivity analysis is based on the set of model prediction, obtained from the Monte
Carlo simulations, and simple meta-modelling. Namely, it is assumed that there is a
linear relation between the model parameters θ j and a specific quantity fi of the model
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predictions:
fi − µ̂ fi

σ̂ fi

=
∑

j

β j

θ j − µ̂θ j

σ̂θ j

or f̃i =
∑

j

β j θ̃ j ,

where µ̂x and σ̂x indicate the mean and standard deviation of x . In statistics, β j

are called standardized coefficients. The value of β2
j can be used for quantifying

the sensitivity of the output fi with respect to parameter θ j . If the meta-model fits
perfectly (i.e. the coefficient of determination R2 equals unity) and if the parameters
are uncorrelated then

∑

j β
2
j = 1. However, because some parameters are correlated in

this case, it may be faulty to use the values of β2
j directly as a sensitivity measure and

the sum is no longer equal to unity. Instead, we use (Li et al. 2010)

S j =
Cov(β j θ̃ j , f̃i)

σ̂2
f̃ j

.

It applies that
∑

j S j = 1, if the meta-model fits perfectly, but S j may be negative. In
this case, the absolute value can be used for ranking the parameters with respect to
sensitivity.

The response of the system during ramp-up at 30 ◦C is calculated for the 1000 sets
of parameters. The sensitivities of peak amplitudes associated with the four modes are
analysed. Also the envelopes of the rotor vibrations along time are of interest, and they
are obtained by the Hilbert transform1. Estimates of the averaged storage modulus
ks and loss factor η associated with the collected SMA spring force F in the x- and
y-directions during a time interval t ∈ [t0, t1] are also determined. For the x-direction,
then

ks = −

∫ x̂(t1)
x̂(t0)

Fx d x̂
∫ x(t1)

x(t0)
x̂ d x

, η=

∫ x(t1)
x(t0)

Fx d x
∫ x̂(t1)

x̂(t0)
Fx d x̂

,

where z(t) = x(t) + i x̂(t) is the ‘analytic signal’ obtained by the Hilbert transform of
x(t). The procedure is the same for the y-direction. These expressions are only valid,
if the cross coupling is negligible.

Results

The envelope of rotor vibrations during ramp-up from stand still to a rotational
speed of 25 Hz is illustrated in Fig. 4.19. The 1000 Monte Carlo simulations, their
mean and central 95 % confidence level are shown. Compared to the results presented
in Fig. 4.12, these are more robust estimates of the peak amplitudes when crossing the
four critical speeds taking into account the uncertainties related to the SMA parameters.
Even though many parameters have large uncertainties, the response is relatively well-
defined. No qualitative changes of the general dynamics are observed. This also means
that the system is robust towards uncertainties related to the SMAs.

Nevertheless, it should be mentioned that most of the response related to the
experimental ramp-up, Fig. 4.12(a), does not lie within the 95 % confidence bounds.

1The Hilbert transform of a signal in discrete time is made with the function hilbert in Matlab.
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Figure 4.19: Uncertainty of upper half of the envelope of rotor vibrations during ramp-up from
0 Hz to 20 Hz in 25 s with constant acceleration with T∞ = 30 ◦C.

It is therefore possible to conclude that the discrepancies are not directly related to
the general uncertainties of the parameters, but has to be found elsewhere. Possible
reasons are:

• Only uncertainties related to the SMAs are included. In reality, all system compo-
nents contain uncertainties. These uncertainties are considered small compared
to the SMAs, but this has not been investigated further. This means that the
discrepancies might be caused by uncertainties in the other system components
that are not accounted for.

• The SMA springs employed in the test-rig were subjected to a thermo-mechanical
training process different from the springs used for characterisation. Through the
work related to characterize the springs, it was evident that the specific training
process has a large impact on the stabilized behaviour. Specifically, the relaxed
length of the spring increases and the level of forces decreases during training,
which results in underestimation of the stiffness, primarily the transversal stiffness.

• The springs are clamped in the test-rig in a way similar to clamped-clamped
conditions on a beam. As a consequence, the springs are not only subjected to a
uniaxial pull but also to bending at their ends. This results in additional transversal
stiffness, which is estimated and accounted for in P7 based on equivalent beam
properties and Timoshenko beam theory. However, this approximation is assuming
small pitch angles and linear elastic material properties. Because none of these
assumptions are satisfied in the case of the SMA springs, the result may be
subjected to errors. In the case of the steel springs (used as benchmark) the
correction gives good results, which is primarily because the two assumptions
are satisfied.

• The SMA spring model is characterized based on vibration amplitudes larger than
2 mm. However, in these experiments the amplitudes are around 1 mm. Model
predictions are therefore based on the general validity of the model structure and
on extrapolations. This aspect may also be subjected to uncertainties.
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Table 4.1: Statistical properties and sensitivities of the peak amplitudes when crossing the four
modes during ramp-up and the average complex modulus with respect to the uncertain spring
parameters. Also the coefficient of determination R2 is provided for each meta-model. The five
highest absolute sensitivities are highlighted in bold.

Max. vib. amplitude when crossing mode Av. c. modulus

1st, α (◦) 2nd, β (◦) 3rd, β (◦) 4th, α (◦) ks (N mm−1) η (%)

Statistical properties
Mean 0.39 0.14 0.69 0.62 2.8 3.2
2.5 % perc. 0.32 0.11 0.58 0.53 2.4 0.8
97.5 % perc. 0.44 0.18 0.81 0.72 3.3 6.1

Goodness of fit of meta-model
R2 0.97 0.99 0.98 0.98 0.99 0.95

Sensitivities, S j

H 0.01 0.01 0.02 0.02 0.02 0.01
EA 0.04 0.02 0.01 0.01 0.00 0.03
EM 0.00 0.13 0.03 0.03 0.13 0.00
CA 0.24 0.06 0.02 0.01 −0.05 0.18
CM −0.07 0.31 0.04 0.06 0.33 −0.07
As 0.37 −0.00 0.16 0.13 −0.09 0.33
A f −0.02 −0.01 −0.04 −0.04 −0.03 −0.03
Ms 0.06 0.03 0.13 0.13 0.08 0.09
M f −0.13 0.25 −0.03 −0.01 0.26 −0.13
n f

1 0.10 0.06 0.23 0.24 0.15 0.15
n f

2 0.01 0.08 0.08 0.09 0.11 0.03
nr

1 0.05 0.02 0.09 0.10 0.04 0.06
nr

2 0.23 0.00 0.19 0.18 0.02 0.23
p 0.02 0.00 0.02 0.02 0.00 0.03
ρcp 0.01 0.01 0.00 0.00 0.00 0.01
ĥ 0.00 0.00 0.00 0.00 0.00 0.00
h0 0.01 0.00 0.02 0.01 0.00 0.01
hp 0.02 0.01 0.01 0.00 0.00 0.02
T∞ 0.00 0.00 0.00 0.00 0.00 0.00

It should however be mentioned that the model captures very well the overall qualitative
behaviour.

The statistical properties of the response amplitudes when crossing the four modes
are found in Tab. 4.1. The half width of the confidence intervals of the maximum
vibration amplitudes are up to 0.12◦, which is around 15 % of the absolute maximum
vibration amplitude. Also the coefficient of determination, R2, of the meta-models and
the sensitivities with respect to the spring parameters are provided in Tab. 4.1. Because
all R2 are close to unity, the variance of the uncertain output is well described by the
simple meta-models. The five largest absolute sensitivities are highlighted in bold in
the table. Since the most important parameters vary from mode to mode, it is easier to
determine which parameters are insignificant to the uncertainty of the output. Those
are the material parameters H, EA, p, ρcp, ĥ and partly also A f , the spring parameters
h0 and hp and the environmental temperature T∞.
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Figure 4.20: Histograms of the average complex modulus as a consequence of the uncertain
SMA spring parameters.

The uncertainties of the remaining parameters, i.e. EM , CA, CM , As, Ms, M f , n f
1 , n f

2 ,
nr

1, nr
2, have a medium to high impact on the uncertainty of the response. To minimize

the uncertainty of the prediction it is therefore important to reduce the uncertainty of
these parameters.

It is interesting that the heat transfer coefficient ĥ is insignificant to the output even
though it has a relative uncertainty of ±50 %. The reason is the conditions of the springs
are close to adiabatic for all the values of ĥ. In order to increase its importance (and also
increase the damping), the convection should be at least an order of magnitude higher.
The springs should be submerged in a liquid (oil or water) to satisfy such conditions.

The mounting of the four SMA springs in the test-rig are not completely precise and
consistent. This gives rise to uncertainties related to h0 and hp. However, their sensitivity
measures are low, which indicates that the imperfect mounting is not important for the
resulting behaviour.

It should be emphasised that the temperature is very influential as has been shown
in the former sections, even though its sensitivity measure S is low. The low sensitivity
is a consequence of the relatively low estimated uncertainty of the temperature, i.e.
±0.5 ◦C. If on the other hand, the uncertainty is ±5 ◦C, the sensitivity (and the output
uncertainty) are significantly higher.

It is also interesting that EA is less important than EM and A f is less important
than the other transformation temperatures. We would expect them to have similar
importance. Most likely it is related to the level of pre-tension, which defines where
the majority of the sub-loops take place in the outer hysteresis loop.

Average Complex Modulus Also the statistical properties and the sensitivities of the
average complex modulus during the period of the ramp-up are shown in Tab. 4.1.
Histograms of the storage modulus, ks, and loss factor, η, are shown in Fig. 4.20. Since
the springs are attached in the same way in the x and y-directions, the average complex
moduli are almost identical in the two directions. The mean of the two complex moduli
is used here. Notice that the stated complex modulus corresponds to the collected SMA
spring forces, and takes into account both longitudinal and transversal forces. The loss
factor ranges from around 1 % to 6 %, which is relatively low compared to the nominal
values provided in Fig. 4.11 going up to around 10 % at 30 ◦C. This is because the
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Table 4.2: Sensitivity S j of the peak amplitude with respect to the average complex modulus
when crossing the four modes during ramp-up. Also the coefficient of determination, R2 is
indicated for each meta-model/mode.

Max. vib. ampl. when crossing mode

1st, α 2nd, β 3rd, β 4th, α

Goodness of fit of meta-model
R2 0.99 0.99 0.99 0.99

Sensitivities, S j

ks −0.01 0.95 0.28 0.34
η 1.01 0.04 0.71 0.66

vibration amplitudes are low. The springs are therefore not designed perfectly for the
job. The uncertainty of the loss modulus is large. It ranges from 25 % to 191 % relative
to the mean value. This has a large impact on the 1st, 3rd and 4th modes, cf. Tab. 4.2.
It is therefore important to have the proper material properties to ensure sufficient
damping.

The sensitivities of the complex modulus closely follow the ones related to the
maximum vibration amplitudes when crossing the four modes. It is the same parameters
that are insignificant. This indicates that there is a close relation between the maximum
amplitudes and the average complex modulus. This is confirmed in Tab. 4.2, which
shows the sensitivities of the maximum amplitudes with respect to the storage modulus
and loss factor using the linear meta-model approach. The coefficient of determination
is very close to unity, which means that there is a linear relationship between the average
complex modulus and the maximum amplitudes. However, the complex modulus is
obtained via the model, and it is therefore not possible to predict the dynamic behaviour
directly from the average complex modulus. However, it confirms that the dependencies
of the SMA forces on the vibration amplitude and frequency are small. The dependency
on temperature is however large. This was also concluded from Fig. 4.11.



Chapter 5

Conclusions and Future Aspects

Integration of SMA machine elements into low-damped rotor-bearing systems is
investigated in order to enhance damping and to allow passive adaptive control of
the environmental temperature of the SMAs. A multiphysics approach is used for
modelling the constitutive behaviour of SMAs, SMA machine element mechanisms,
passive magnetic bearing forces and rotor-bearing dynamics. Model predictions are
compared and validated against experimental findings carried out at dedicated test-rigs.
Both theoretical and experimental results are subjected to uncertainty analysis in order
to quantify the trustworthiness, accuracy and performance of models and measurements
with respect to certain criteria.

The constitutive models describing the intricate thermo-mechanical behaviour of
SMAs are based on the frameworks by Brinson and co-workers and by Lagoudas and co-
workers and they are numerically implemented in either one or two spatial dimensions.
The models are modified and extended with respect to the kinetic laws (hardening
functions) and the sub-loop behaviour using Bézier curves. The proposed Bézier hard-
ening function exhibits smooth behaviour and has curvature controlling parameters. It
differs from the established ‘smooth hardening function’ by exhibiting more well-defined
boundaries between elastic and transformation regions and by having wider curves.
The proposed Bézier sub-loop functions ensure smooth behaviour during minor loops,
and the average stiffness and amount of hysteresis can be controlled by a parameter.
Inclusion of the sub-loop functions requires an addition to the established numerical
algorithm to detect turning points. The energy equation is also coupled to the modified
Lagoudas model in order to explore rate dependency.

Model performance and quality, in relation to resemblance to experiments, are
quantified using rigorous approaches based on maximum likelihood estimation of
relevant material parameters. Using this approach as a basis, the uncertainties of the
material parameters are determined using an approximate linear method and a more
elaborate approach based on the Bayesian framework, namely the Markov chain Monte
Carlo technique. We concluded that the model accuracy is improved significantly with
the use of the proposed hardening and sub-loop functions. At the same time, most
material parameters are well-defined having relatively low uncertainties. However few
parameters, also related to the original model, encounter their physical or predefined
boundaries or have large uncertainties, both of which are related to identifiability and
insufficient experimental foundation. Namely, it is necessary to include other types of
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experiments to uniquely identify the remaining parameters.
Different actuation principles and machine elements are explored. Based on in-

vestigations of SMA springs that exhibit either pseudoelastic or shape memory effects,
we concluded that the pseudoelastic principle is the most promising for the intended
uses. This is because a pseudoelastic element in pre-tension (or pre-compression)
exhibits variable force and stiffness and significant mechanical hysteresis depending on
its temperature. We highlight that helical springs, as an example of a machine element,
have more design options than a straight wire, namely the spring index in addition
to the wire length and cross-section area. They are therefore easier to adapt to the
systems at hand. Using different mechanisms, it is also possible to achieve interesting
geometrical stiffening effects, which increases adaptability.

Kinematic relations reveal that helical springs involve geometrical stiffening effects
due to bending of the spring wire. This becomes relevant if the springs are subjected to
large (local and global) deformations. A two dimensional model is required to capture
this behaviour adequately. The stress distribution in the wire cross-section is complex
due to material nonlinearities. However, a single point in the cross-section together with
the use of averaging techniques is able to adequately represent the global behaviour in
terms of the force-deflection relationship. We believe that the same methodology can
be used for other geometries or in relation to FE modelling to increase computation
efficiency. We also raise attention to the problem of choosing the maximum strain and
stress in the wire cross-section to govern the SMA behaviour, because it may substantially
misplace the transformation surfaces.

Tensile tests of pseudoelastic helical springs show that their behaviour (in terms
of the complex modulus and mean force) clearly depends on loading amplitude and
loading rate, due to the latent heat of phase transformations, in addition to the strong
temperature dependency. The developed two dimensional spring model is fitted against
the experimental data resulting in low deviations while maintaining physically sound
material parameter values. It is even possible to accurately estimate parameters related
heat capacity and convection.

The dynamic behaviour of a generic single degree-of-freedom system with pseudo-
elastic springs is investigated experimentally and theoretically. It is highlighted that
hysteretic damping is only available at low temperature combined with large vibration
amplitudes. Stiffness switching obtained through temperature control has a large im-
pact on the dynamic behaviour and can be used to reduce vibrations significantly at
constant harmonic excitation. This effect is achieved by moving away the resonance
conditions from the operation point. Damping effects obtained via hysteresis do not
define optimal conditions in terms of vibration attenuation but limit large vibrations.
The temperature dependent SMA stiffness and force can also be used to adjust the
equilibrium position.

To complete the work, a rotor-bearing system having four degrees-of-freedom (rotor
tilt and bearing housing lateral motion) is investigated theoretically and experimentally.
The upper bearing housing is suspended by four helical springs made from either steel
or a pseudoelastic SMA. Large extents of the system have linear characteristics, but the
contactless bearings composed by permanent magnets exhibit weak nonlinearities in
terms of stiffening and the SMA springs behave weakly nonlinearly depending on strain
rate and temperature. The combination of the linearly behaving parts and the weak
nonlinearities governs the system dynamics. Because the dynamics is weakly nonlinear,
the contributions of the SMAs to the global dynamics can be approached by using the
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complex modulus, quantifying the storage and loss moduli (stiffness and hysteretic
damping) as functions of the environmental temperature (strong dependency) and also
vibration frequency and amplitude (weaker dependencies). This enables the use of
perturbation methods and continuation techniques to solve the equations of motion in
the frequency domain.

It is clear that it is not only possible to control the resonance frequencies (critical
speeds) but also the mode shapes of the rotor-bearing system. This means that the
distribution of energy among the rotor and bearing housings is affected. The sensitivities
to disturbances (e.g. imbalance) of the different modes are also influenced. For these
reasons, the rotor peak amplitudes actually decrease with temperature when crossing
the third and fourth modes even though the hysteresis diminishes. In order to achieve
this kind of behaviour, a holistic approach is required during the design phase, meaning
that the SMA machine elements and the rest of the system components (i.e. masses and
stiffnesses) are simultaneously treated. Rotor vibrations is attenuated during constant
rotational speed by controlling the SMA temperature, and the optimal temperature
depends on the operational conditions. Large vibration attenuations are primarily
caused by changes in the resonance frequencies, which move relative to the operational
frequency. The consequent changes in mode shapes, mode sensitivity and damping
capacity due to hysteresis are only secondary factors. Again, the hysteresis only works at
high vibration amplitudes and therefore limits large vibrations and do not define optimal
conditions. However it should be emphasised that hysteresis is the main damping factor,
which means that rotor vibrations are reduced significantly during run-up for example
if SMAs are used instead of steel springs.

In the literature it has been proposed to switch the stiffness from high to low right
before passing a critical speed during ramp-up in order to simply avoid it. However, this
approach is not feasible for the investigated rotor-bearing system because the stiffness
switching is not instantaneous but slow. The critical speed is crossed in almost the same
rate during ramp-up as if the temperature is held constant, so transients have time to
build up. The actual crossing is also going to happen at an intermediate temperature,
which is undesirable. This is because the distribution of the mechanic energy among
the rotor and bearing housings (defining the mode shapes) is beneficial from the rotor
point of view at either low or high temperature, and not at an intermediate temperature,
depending on the critical speed in question.

In conclusion, it is feasible to use SMAs for adaptable control of low-damped rotor-
bearing systems. The developed models are able to predict the behaviour observed
experimentally, and they can therefore be used in the design phase of future SMA
suspensions. It is also possible to transfer the conclusions regarding actuation principles
and mode shape design and the use of uncertainty and sensitivity quantification, which
are all important aspects, if SMAs are to be integrated into industrial machinery.

5.1 Future Aspects

There are still steps to be taken in order to confirm the feasibility of SMAs to
be used in turbomachinery. One aspect is that the investigated systems have generic
characteristics with some properties being of different magnitude compared to industrial
machinery. Rotor vibrations are in the order of millimetres or centimetres in the
investigated test-rigs, whereas it is in the order of a few micrometres in industrial
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machinery. For this reason it is necessary to look into other machine element geometries
and mechanisms. It might be possible to use the ideas behind squeeze film dampers
using SMAs instead the fluid. Analysis of such a solution, which may involve complex
shapes, would most likely require FE modelling. This can be based on the developed
modification of the Lagoudas model. In this relation, it should however be noted that
simple SMA models are already included in some commercial software (e.g. ANSYS
used by Savi et al. 2015), and that FE analysis using the original Lagoudas model is
described by Lagoudas et al. (2012).

One major obstacle of SMAs is related to their life time. Especially during the
first 100-1000 loading cycles of their life time, the quantitative properties may change
significantly. This means the elements must be trained before use or the system at hand
has to be robust towards changes. Failure due to fatigue is also very probable, if the
SMA element is subjected to large strains and stresses during thousands of loading
cycles. This is important because hysteretic damping requires stresses and strains of a
certain level. Also stress concentrations can lead to failure. These problems may be
solved by careful machine element design. Another possibility is that material scientists
develop alloy compositions with superior properties.

The applications of SMAs in dynamical system shown in this thesis relies on control
of temperature. The temperature is set manually by an operator based on knowledge
of the system at hand. Preferably, the system should be self-adaptive, which means
that the control loop should be closed. Vibration sensors would be sending data to a
computer at which a controller is implemented that sets the temperature of the SMAs
according to the operational conditions. Since the changes of the SMA properties are
several orders of magnitude slower than the dynamics of the system, and because the
contribution from the SMAs take place as parametric forcing, it is not possible to use
convectional linear control design methodologies to our knowledge. Williams et al.
(2002) proposed a method for a single degree-of-freedom system for example, but there
is still work to be done in this relation.
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Abstract
A kinetic law for constitutive modelling of shape memory alloys is proposed in order to increase model predictability in
comparison with experimental data. The proposed law is based on cubic Bézier curves and contains curvature control-
ling parameters. The kinetic law and also the Duhem–Madelung sub-loop model are implemented in a state-of-the-art
constitutive model based on the framework by Lagoudas and coworkers. The original and modified models are fitted to
consistent experimental results from mechanical cyclic loading under isothermal conditions (0–800 MPa, 30–70 �C) of a
trained pseudoelastic shape memory alloy wire. Quantitative measures of goodness of fit show that both models per-
form well, but use of the modified model results in 31% reduction of the residual standard deviation compared with the
original model (21.4 versus 14.8 MPa) in model calibration and 23% in model validation. The proposed kinetic law there-
fore ensures higher predictability.

Keywords
Shape memory alloys, material characterisation, parameter estimation, measurement uncertainty, transformation
kinetics

Introduction

The thermomechanical properties of shape memory
alloys (SMAs) are remarkable in the sense that they
exhibit large recoverable strain (up to around 8%),
have significant hysteresis capabilities and show strong
coupling between the thermal and mechanical fields.
They have been thoroughly investigated in the last few
decades in order to be able to use and characterise their
capabilities. Because Ni–Ti-based SMAs are biocompa-
tible, SMAs have been used in the medical field for
self-expanding stents, for spinal vertebra spacers, and
in surgical instruments among other applications
(Machado and Savi, 2003). In the field of aerospace
engineering, SMAs have been used to tailor inlet geo-
metries and orientation of various propulsion systems,
for morphing of aerofoils, to support inflatable struc-
tures (Lagoudas and Hartl, 2007), for example.

During the last few decades SMA modelling has
evolved and today models take into account several
levels of the SMA phenomena. An overview of models
and their capabilities was given by Lagoudas (2008).
The phenomena related to pseudoelastic (PE) SMAs
are: (a) transformation-induced plasticity resulting in a

training process of the SMA wire; (b) rate dependency
due to latent heat of phase transformations; (c) descrip-
tion of transformation kinetics (hardening) determining
the evolution of the phase fraction and (d) modelling of
minor loops/sub-loops in the stress–strain–temperature
fields. In several model frameworks these four phenom-
ena are individual components, and therefore they can
be used or altered individually as necessary.

Miyazaki et al. (1986) found that cyclic loading of a
virgin SMA wire is not stable in the sense that plastic
strains accumulate during the initial loading cycles dur-
ing phase transformations. However the behaviour sta-
bilises and Miyazaki et al. concluded that faster
stabilisation of the SMA specimen could be achieved, if
it is subjected to appropriate thermomechanical
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treatment (e.g. annealing and precipitation hardening)
prior to the loading. Alloy composition and the loading
history (mechanical and thermal) were also found to
influence the training period. Since 1986, a diverse
range of alloy compositions and loading histories have
been reported, and generally stabilisation has been
achieved in 20–100 loading cycles (Kawaguchi et al.,
1991; Strnadel et al., 1995). However, a study by Bo
and Lagoudas (1999a) showed far larger training times,
in the order of 1000 cycles. The training aspect has
been included in several SMA models (Bo and
Lagoudas, 1999a; Lexcellent and Bourbon, 1996;
Malecot et al., 2006; Morin et al., 2011; Ren et al.,
2007). Fatigue is a topic related to transformation
induced plasticity, which was shown also to be a rele-
vant aspect at high-amplitude cyclic loading (Miyazaki
et al., 1999).

Shaw and Kyriakides (1995) highlighted the conse-
quences of the phase transformations in SMAs being
endothermic and exothermic reactions. Since the
mechanical properties of SMAs are highly temperature
dependent, Shaw and Kyriakides showed that the
latent heat influenced the mechanical behaviour of vir-
gin SMA wires when strain rates were high and when
the level of heat exchange with the surroundings (either
air or liquid) was low. This aspect was also clearly
shown in experiments by Matsuzaki et al. (2001) and
Morin et al. (2011) on trained PE SMA wires. The
effect of latent heat has been included in several mod-
els, e.g. Prahlad and Chopra (2003), Malecot et al.
(2006), Kadkhodaei et al. (2007), Morin et al. (2011)
and Lagoudas et al. (2012).

In the early stages of SMA modelling, Tanaka et al.
(1986) suggested that an exponential function could be
used to describe the transformation kinetics, i.e. the
behaviour during phase transformations. Later, Liang
and Rogers (1990) proposed a cosine function instead,
which ensured smooth transitions at the boundaries
between thermoelastic and phase transformation
regions. The cosine function was later adopted by
Brinson (1993). Boyd and Lagoudas (1996) used a
second-order polynomial hardening, which gave
smooth transitions only in thermal loading, and later a
smooth hardening function was suggested for the same
model framework (Lagoudas, 2008; Lagoudas et al.,
2012). This smooth hardening ensured smooth transi-
tions. The curvature of the hardening function can be
controlled by two parameters, which makes the harden-
ing versatile. Because of the smooth transitions and
curvature controlling parameters, better agreement
with experiments was achieved. However, a perfect
match between model and experiments was still not
achieved. Enemark et al. (2014) suggested to use a
kinetic law based on two successive quadratic Bézier
curves in relation to helical SMA springs in a one-
degree-of-freedom system. The kinetic law was imple-
mented in the model framework by Brinson (1993) and

additionally a sub-loop model was proposed. Studies
have shown that the major differences between several
constitutive models lie in different formulations of the
kinetic laws (Brinson and Huang, 1996; Lagoudas,
2008; Prahlad and Chopra, 2001).

When thermal or mechanical load changes prior to a
complete phase transformation, sub-loops or minor
loops occur, as has been reported, e.g. by Paskal’ and
Monasevich (1981). Not all models address this phe-
nomenon. Bo and Lagoudas (1999b) discussed different
(simple and complex) techniques for modelling sub-
loops. In the Brinson model (Brinson, 1993; Brinson
and Huang, 1996) the relatively simple Duhem–
Madelung approach is used.

In this framework this paper deals with precise mod-
elling and prediction of the one-dimensional (1D) pseu-
doelastic behaviour of SMAs, focusing on their
transformation hardening behaviour in mechanical
cycling and thereby on the formulation of the kinetic
law. The formulation of the kinetic law is important
because varying stiffness and high level of hysteresis
are attractive capabilities in mechanical cycling of
SMAs primarily in relation to vibration suppression.
These effects are strongly affected by the choice of the
kinetic law, together with the implementation of a sub-
loop function, which is why these functions are the
focus of this work. Other SMA phenomena, e.g. related
to rate dependency, stabilisation, dependence of train-
ing process, etc., are neglected in order to maintain
focus, and therefore they are circumvented in experi-
ments as far as possible. In cases where it is difficult to
completely circumvent an effect, it is made sure that
the effect does not change between or during experi-
ments. The qualitative behaviour and phenomena of
1D PE SMAs, and therefore also the choice and formu-
lation of the kinetic law, have been intensively investi-
gated and described in the literature throughout the
last 30 years, as shown above, and it is still an ongoing
topic. Nevertheless, deviations from experimental
results are still present, which in some cases is due to
the formulation of the kinetic law alone. For example,
the transitions between thermoelastic regions and
transformation regions in the experimental results
obtained by Morin et al. (2011) were very smooth,
whereas many kinetic laws (including the one used in
the model by Morin et al. (2011)) have non-smooth
transitions. Such non-smooth transitions significantly
increase the uncertainty of prediction at the beginning
and end of each transformation and would most likely
significantly overestimate the level of hysteresis. Even
though there are several kinetic laws with smooth tran-
sitions (e.g. Brinson, 1993; Lagoudas et al., 2012), there
are still substantial discrepancies between experiments
and model predictions.

The main original contribution of this paper can be
found in the combination of a new kinetic law for con-
stitutive modelling of SMAs and the use of a rigorous
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approach for parameter estimation and quantitative
measures of goodness and performance, aiming at
ensuring better resemblance to experiments. It is diffi-
cult to compare two models if parameter tuning is car-
ried out by hand and results are only based on
qualitative assessments. In this work rigorous
approaches are used in order to perform quantitative
analyses, which supports the qualitative assessments.
This ensures a more reliable and fair comparison in
model performances. The proposed law, which is based
on a cubic Bézier curve, is versatile in the sense that it
is applicable to different constitutive models. In this
paper it is applied to the model presented by Lagoudas
et al. (2012). Compared with the quadratic Bézier
kinetic law presented by Enemark et al. (2014) that was
implemented in the model framework by Brinson
(1993), the cubic Bézier kinetic law presented here
ensures genuine smoothness (infinitely differentiability)
and it is implemented in the model framework by
Lagoudas et al. (2012). In addition, this paper focuses
on the improved performance of the predictability
caused by the kinetic law based on quantitative mea-
sures, which was not treated by Enemark et al. (2014).
The modified model and the original Lagoudas model
are compared with experimental results for the quasi-
static mechanical cyclic loading of a trained PE SMA
wire at different constant temperatures. The models are
fitted with the use of nonlinear least squares regression
tools. The experimental results are evaluated in terms
of uncertainty intervals to give quantitative measures
of the quality of the experiments. The performance of
the original and modified models are also evaluated
using quantitative measures of goodness of fit.

Methods

The PE SMA wires used for characterisation are manu-
factured by Small Parts. The wires have been annealed
and straightened and have a light oxide finish. They
have circular cross-section with a diameter of 0.559 mm
(0.022 inches) according to the manufacturer. The
nickel–titanium ratio is 56:44. In order to obtain an
indication of the transformation temperatures of the
material, a differential scanning calorimetry test is car-
ried out using a DSC 200 F3 Maia apparatus.

Tensile tests

Tensile tests are carried out using an INSTRON 6022
Universal Testing System with a 10 kN load cell by
clamping an SMA wire between two grips, cf. Figure 1.
The active part of the SMA wire has a length of approx-
imately 80 mm. Deformation of the wire is measured
by the testing machines position gauge. Since SMAs
have a strong thermomechanical coupling, it is impor-
tant to control the temperature of the wire. The tem-
perature is controlled by having a small heat chamber

surrounding the wire. The air in the heat chamber is
heated by a modified heat gun, whose power input is
controlled by an Arduino UNO microcontroller that
measures the heat chamber air temperature continu-
ously with Type K thermocouples. This way the air
temperature is held constant within 60.5 �C in a range
from 30 to 70 �C. The heat gun supplies approximately
400 L min21 of air to the heat chamber. This high flow
of air increases convection from the wire, which helps
to maintain isothermal conditions.

For a virgin SMA wire, a training process is carried
out. Tests with different strain rates are also performed
to quantify for any rate dependency due to latent heat.

Measurement uncertainties

Measurement uncertainty analyses of stress and strain
measurements are carried out according to the guide
published by the Bureau International des Poids et
Mesures (JCGM, 2010).

Figure 1. Test-rig for tensile testing of PE SMA wires. It
consists of (1) a load cell, (2) an upper grip and (3) a lower grip
for fixing the SMA wire. The SMA wire is surrounded by (4) a
heat chamber, which has an inlet for hot air from (5) a modified
heat gun. The temperature is measured using a thermocouple
and (6) a micro-controller, and the micro-controller controls
the power input to the heat gun.
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The combined standard uncertainty of a running
average of engineering strain ue in a number of loading
cycles is calculated as the propagation of the uncer-
tainty in position measurement ux of the tensile
machine cross head and the uncertainty of the initial
length uL of the SMA wire:

u2
e =

∂e
∂x

� �2

u2
x +

∂e
∂L

� �2

u2
L =

1

L2
u2

x +
e2

L2
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L

Similarly, the combined standard uncertainty of the
running average of engineering stress us in a number of
loading cycles is calculated from the uncertainties of
measurement of force uF and wire diameter ud:

u2
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F +
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Here x is position, L is initial length, F is force, d is
diameter, e = x/L is engineering strain and
s=F= p

4
d2

� �
is engineering stress. All four measure-

ments (position x, initial length L, force F and dia-
meter d) contain uncertainties in terms of bias,
resolution and reproducibility.

There are two types of standard uncertainty evalua-
tion of measurements. Type A evaluation is based on
statistical measures, where the standard uncertainty u
would be the standard deviation s of a pool of measure-
ments. Type B evaluation is based on scientific judge-
ment of available information, e.g. data sheets. Since
such information may not be available in the form of
standard deviations, the standard variance u2 is calcu-
lated by u2 = a2/k, where a is half the width of the
uncertainty interval and the value of k depends on the
assumed distribution, e.g. k = 3 corresponds to a uni-
form distribution. The standard variance of the mean
of n measurements is taken to be u2

m = u2=n, which
applies to both type A and B evaluation. However,
uncertainties related to bias cannot be reduced by
repeated measurements.

Constitutive modelling for PE SMAs

Studies have shown that several models describing the
1D tensile behaviour of SMAs are closely related and
mainly distinguished by their formulation of hardening
behaviour (Brinson and Huang, 1996; Lagoudas, 2008;
Prahlad and Chopra, 2001). For this reason, the pro-
posed kinetic law could be applied to several models
and would still produce similar results. We choose to
implement the kinetic law in the model proposed by
Lagoudas et al. (2012), since this model is considered
to be a state-of-the-art model. It is based on the frame-
work set up by Boyd and Lagoudas (1996). The model
uses a kinetic law with controllable curvature, called

the smooth hardening function, which is similar to the
law proposed in this paper. This ensures a fair compari-
son in model performances.

The focus of this work is primarily on the hardening
behaviour during mechanical loading cycles and secon-
darily on the sub-loop behaviour. For this reason,
other SMA effects (such as plasticity, thermal cycling,
high strain rate, etc.) are circumvented as far as possi-
ble. This means that modelling can be simplified and
the number of parameters reduced. Linear thermal
expansion is neglected in modelling, since transforma-
tion induced strains are an order of magnitude larger in
SMAs. The self-heating and self-cooling effect (latent
heat) is considered negligible because the SMA wires
are thin and because the wires are subjected to a high
level of forced convection and relatively low strain
rates. Sufficient thermomechanical training of the wires
is used in order to circumvent any effects of phase
transformation-induced plasticity.

Constitutive model by Lagoudas et al. (2012). The governing
equations of the 1D model by Lagoudas et al. (2012)
are

e= Ss + et

S = SA + j(SM � SA)= SA + jDS

_et =H _j

where S, SM =E�1
M and SA =E�1

A are the current, mar-
tensitic and austenitic compliances, et is phase transfor-
mation induced strain and H is the maximum
transformation strain. It is assumed that the maximum
transformation strain H is independent of the level of
stress (which is sufficient in the pseudoelastic case, cf.
Lagoudas et al. (2012)), and that the heat capacities of
martensite and austenite are identical. The detwinned
martensite volume fraction j is controlled by the ther-
modynamic forces Ff for transformation from auste-
nite to martensite (forward) and Fr for transformation
from martensite to austenite (reverse), and the forces
are derived from a Gibbs free energy formulation:

Ff =(1� D)Hs +
1

2
DSs2 + rDs0T

�rDu0 � ff (j)� Y

ð1Þ

Fr =�(1+D)Hs � 1

2
DSs2 � rDs0T

+ rDu0 + fr(j)� Y

ð2Þ

where T is temperature, r is density, D is a model para-
meter, Ds0 and Du0 are martensitic–austenitic differ-
ences in zero state entropy and internal energy
respectively, and Y describes the transformation yield
surface. The kinetic law, called the smooth hardening
function, has different formulations in forward and
reverse transformations:
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ff (j)=
1

2
a1 1+ jn1 � (1� j)n2ð Þ+ a3 ð3Þ

fr(j)=
1

2
a2 1+ jn3 � (1� j)n4ð Þ � a3 ð4Þ

where the parameters ni for i = 1, 2, 3, 4 are curvature
controlling parameters in the interval (0;1] and a1, a2
and a3 are model parameters. The thermodynamics
forces should satisfy the following Kuhn–Tucker
conditions

_j � 0, Ff � 0, Ff
_j = 0

_j� 0, Fr � 0, Fr
_j = 0

ð5Þ

at all times. The model parameters are related to the
temperature–stress phase diagram in the following way:

rDs0 = � 2CM CAH

CM +CA

rDu0 =
1

2
rDs0(Ms +Af )

Y =
1

2
rDs0(Ms � Af )� a3

a1 = � rDs0(Ms �Mf )

a2 = � rDs0(Af � As)

D=
CM � CA

CM +CA

where Ms and Mf are the start and finish temperatures
of the forward transformation (to martensite) at zero
stress, respectively, and As and Af are the start and fin-
ish temperatures of the reverse transformation at zero
stress. Note that a3 cancels out in the expressions for Ff

and Fr, and therefore it is irrelevant to the implementa-
tion. The transformation boundaries of this constitutive
model are not straight lines in the temperature–stress
phase diagram, and therefore CM and CA denote the
slope of the boundaries at zero stress only.

The model contains 13 parameters:

u= SA = 1=EA, SM = 1=EM ,H ,CM ,CA,f

Ms,Mf ,As,Af , n1, n2, n3, n4g

The model is numerically implemented as described by
Lagoudas et al. (2012).

Bézier hardening and introduction of sub-loop function. A
kinetic law using a cubic Bézier curve is proposed.
Similar to the smooth hardening function, Equations
(3) and (4), the proposed law includes parameters to
control the curvature. The smooth hardening function
ensures smooth transitions from a thermoelastic state
to a phase transformation state because the tangents at
the boundaries (j = 0 and j = 1) are vertical. As
Lagoudas et al. (2012) noted, vertical tangents causes
numerical problems for the smooth hardening function

and therefore a numerical relaxation is performed. A
similar approach is taken in the construction of the
Bézier hardening.

The aim is to substitute the function f (x)=
1
2
ð1+ xna � (1� x)nbÞ; x 2 [0;1], which is the inner part

of the hardening functions (3) and (4). The function f is
characterised by f(0) = 0, f(1) = 1 and by vertical tan-
gents at the boundaries 0 and 1. The proposed kinetic
law g has the same properties and it is designated by
the cubic Bézier curve B(s) = (Bx(s), By(s)) defined by
the points (0, 0), (d, na), (1 2 d, 1 2 nb) and (1, 1),
where d� 1 is a parameter used to avoid the numerical
problems mentioned above. The resulting curve is

B(s)=
�2(1� 3d)s3 + 3(1� 3d)s2 + 3ds

(3na + 3nb � 2)s3

+ 3(1� 2na � nb)s
2 + 3nas

8<
:

9=
; ð6Þ

The relation between the Bézier curve and the proposed
hardening function is

gðxÞ ¼ fByðsÞjBxðsÞ ¼ x ^ s 2 ½0; 1�g; x 2 ½0; 1� ð7Þ

This means that the cubic equation Bx(s) = x has to
be solved when evaluating the function g. The equation
has three real roots (for d\ 1

3
), but only one root is in

the interval [0;1] as required. This unique solution is
given by

s= 1
2
�

ffiffiffiffiffiffiffiffi
1�d

1�3d

q
3 cos 1

3
arccos 1�2x

1�d

ffiffiffiffiffiffiffiffi
1�3d
1�d

qh i
+ p

3

� �
It is suggested that different curvature parameters na
and nb are used for forward and reverse transforma-
tions. The parameters n

f
1 and n

f
2 therefore substitute na

and nb when describing the curvature of the forward
transformation, and nr

1 and nr
2 for the reverse transfor-

mation. The parameter d has to be chosen small in
order to let the tangents at the boundaries be close to
vertical, resulting in smooth transitions. A value of
d = 1024 is chosen in this work. The actual hardening
functions, substituting (3) and (4), are

gf (j)= a1 g(j)
			
na¼n

f

1
, nb¼n

f

2

+ a3 ð8Þ

gr(j)= a2 g(j)
			
na¼nr

1
, nb¼nr

2

� a3 ð9Þ

The model parameters a1 and a2 are unchanged, but
the value of a3 is different, and it is found from the
equation

Z 1

0

gf (j)dj+

Z 0

1

gr(j)dj = 0

related to the requirement that the Gibbs free energy
has to return to its initial value after a transformation
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cycle (Lagoudas et al., 2012). The requirement results
in

a3 = � a1

20
(3n

f
1 � 3n

f
2 + 5)+

a2

20
(3nr

1 � 3nr
2 + 5)

but the value of a3 is not necessary for implementation
as mentioned before.

Sub-loops are hysteresis loops that involve incom-
plete phase transformations, meaning that they are
enclosed by the major hysteresis loop ranging from a
complete martensitic state to a complete austenitic
state. In the case of incomplete transformation, the
transition from a thermoelastic region to a transforma-
tion surface is non-smooth even though the chosen
kinetic law has smooth boundaries in the general model
framework presented by Lagoudas and coworkers.
However, Bo and Lagoudas (1999b) studied the
smoothness and curvature of sub-loops and proposed a
‘‘thermomechanical Preisach model’’ for improving the
agreement with experimental data. The thermomecha-
nical Preisach model is complex compared with the
procedure used in the model by Brinson (1993) and
Bekker and Brinson (1997) for example, which Bo and
Lagoudas also refer to as the Duhem–Madelung
model. The Duhem–Madelung model was first intro-
duced to SMA modelling by Ivshin and Pence (1994).
Even though the Duhem–Madelung model is simple, it
is still able to reproduce the main features of sub-loops
(Bekker and Brinson, 1997).

To implement the Duhem–Madelung model, addi-
tional equations must be added to describe the transfor-
mation kinetics:

Ff : gf (rf ) where rf =
j � j0

1� j0

ð10Þ

Fr : gr(rr) where rr =
j

j0

ð11Þ

where j0 describes the loading history, and gf(rf) substi-
tutes ff(j) in Equation (1) and gr(rr) substitutes fr(j) in
Equation (2). When _j changes sign or becomes zero (a
turn), the value of j0 is updated. If _j becomes zero in a
turn, j0 is given the current value of j. If _j becomes
non-zero in a turn, the value of j0 has to be found
such that the Kuhn–Tucker conditions are satisfied.
By default this is an inverse problem. However, it may
be solved the following way: in the turn itself e, s, T
are constant and known, which means that the equa-
tion Fd = 0 can be solved for gd(rd) depending on,
whether the new direction (subscript d) is forward
(subscript f) or reverse (subscript r). The inverse func-
tion g21(y) of g(x) in Equation (7) can be determined.
This is shown in Algorithm 1. This means that rd can
be found, and because j is also known at the turn, j0
can be calculated using either Equation (10) or (11).

The modified model, including the Bézier kinetic law
and the Duhem–Madelung sub-loop function, contains
13 model parameters:

u= SA = 1=EA, SM = 1=EM ,H ,CM ,CA,f

Ms,Mf ,As,Af , n
f
1, n

f
2, nr

1, nr
2g

Model regression

When performing an experiment, measurements
y = (y1, y2, ., yn) are taken for varying input x = (x1,
x2, ., xn), where n is the number of variations of x and
the number of measurements. The input variable x is
assumed to be without uncertainty, while the measure-
ments contain uncertainties. In this work strain e is con-
sidered as an input containing negligible uncertainty,
whereas stress s is output. A model prediction f(x, u) of
the output is made by using a constitutive model so that
fi = f(xi, u), and the predictions f = (f1, f2, ., fn)
depend on the values of model parameters u = (u1, u2,
., up), where p is the number of parameters.

By minimising the cost function (Seber and Wild, 2003)

L(u)= (y� f)>V�1(y� f)

the maximum likelihood parameters u* for the model
can be found. Here V is the variance–covariance matrix
describing measurement uncertainties having a Normal

Algorithm 1. An algorithm for the inverse function
g�1ðyÞ ¼ fBxðsÞjByðsÞ ¼ y ^ s 2 ½0; 1�g; y 2 ½0; 1� related to
Equation (6)

a 3(na + nb) 2 2;
b 3(1 2 2na 2 nb);
c 3n1;
if a 6¼ 0 then

p 3ac�b2

3a2 ;

q 2b3�9abc�27a2y
27a3 ;

if p . 0 then

s �2
ffiffi
p
3

q
sinh 1

3 arcsinh 3q
2p

ffiffi
3
p

qh i� �
� b

3a ;

else if 4p3 + 27q2 < 0 then
i 0;
while s . 1 _ s \ 0 do

s 2
ffiffiffiffiffi
�p
3

q
cos 1

3 arccos 3q
2p

ffiffiffiffiffi
�3
p

qh i
� 2p

3 i
� �

� b
3a ;

i iþ 1;
end while

else

s �2sign(q)
ffiffiffiffiffi
�p
3

q
cosh 1

3 arccosh �3jqj
2p

ffiffiffiffiffi
�3
p

qh i� �
� b

3a ;
end if

end if b6¼ 0 then

s �c+
ffiffiffiffiffiffiffiffiffiffiffiffi
c2 + 4by
p

2b ;
else

s y
c ;

end if
g21(y) 22(1 2 3d)s3 + 3(1 2 3d)s2 + 3ds;
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distribution. For diagonal V with elements �s2
i , the cost

function is reduced to

L(u)=
Xm

i= 1

yi � fi

�si

� �2

ð12Þ

In this work the standard deviations �si of the stress are
approximated by usi

by using the measurement uncer-
tainty analysis as described in the Measurement
Uncertainties section. The residual is ei = yi 2 fi, and
~ei =(yi � fi)=usi

denotes the normalised residual.
Minimisation of L is a nonlinear least-squares prob-

lem, which can be solved by well-established and efficient
algorithms. In this study the Matlab Optimization
Toolbox function lsqnonlin is used. The function uses a
trust-region-reflective algorithm to solve the problem; the
minimisation is performed iteratively, where a step in u is
made within a trust region along a direction, which is a
linear combination of the steepest descendent direction
and a Gauss–Newton step. As described in the Results
section some parameters are subjected to bounds, which
the trust-region-reflective algorithm is able to handle.

The normalised residual standard deviation is esti-
mated by (Seber and Wild, 2003)

ŝ2 =
L(u�)

n� p

The variance–covariance matrix of model parameters,
describing model parameter uncertainties, caused by the
uncertainty in the measurements and by the uncertainty
of the fit can be approximated by (Seber and Wild, 2003)

C=Cov(u)= ŝ2(J>u V
�1Ju)

�1

where Ju = ∂f/∂u* is the Jacobian matrix. The
Jacobian is approximated numerically by central differ-
ence. Finally the estimated value ûi of the ith parameter
is denoted by the maximum likelihood parameter value
u�i and a 100(1 2 a)% confidence interval (Seber and
Wild, 2003):

ûi = u�i 6ta=2
n�p

ffiffiffiffiffiffi
Cii

p
where ta=2

n�p denotes the Student-t inverse cumulative dis-
tribution function (CDF) with n 2 p degrees of free-
dom, and Cii is the ith diagonal element of C.

As the results will show, the normalised residual vec-
tor ee contains significant autocorrelation, which causes
a drastic underestimation of the parameter uncertain-
ties. If ~n denotes the number of independent measure-
ments, ŝ2, C and ûi should be scales accordingly:

~s2’
~n

n

n� p

~n� p
ŝ2

eC’
n� p

~n� p
C

~ui’u�i 6t
a=2
~n�p

ffiffiffiffiffiffi
~Cii

q

in order to counteract for the reduced number of
degrees of freedom. This is deduced from the fact that
L} n and J>u V

�1Ju}n.
The variance describing the uncertainty of a series of

model predictions f = (f1, f2, ., fn) (after model cali-
bration) is determined by

Vf = Ju
~CJ
>
u +V ð13Þ

The 100(1 2 a)% confidence interval of the ith predic-
tion is determined by

f̂i = fi6ta=2
n�p

ffiffiffiffiffiffi
Vfii

p
where Vfii is the ith diagonal element of Vf.

In order to assess the model performances the values
of L (when minimised), the residual standard deviation
sc and the normalised standard deviation ~s are used as
measures of goodness of fit based on the model calibra-
tion data sets. Not all data sets are used for model cali-
bration, and therefore model predictions are also
compared against the remaining data sets used for vali-
dation. In validation important statistics are the valida-
tion standard deviation sv between the prediction and
the measurements, and the mean value of the extended
standard uncertainty of the prediction up,95% describing
the 95% confidence interval.

Results

A DSC test showed that the phase transformation tem-
peratures are approximately As = 4 �C, Af = 25 �C,
Ms = 20 �C and Mf = 23 �C and that the latent heat
is approximately 2 J g21 for both forward and reverse
transformation. The phase transformation tempera-
tures are determined by constructing tangent lines to
the DSC curve, which is the common approach.
Lagoudas et al. (2012) fitted their model to a DSC
curve of an untrained SMA wire using both the linear
hardening and the smooth hardening functions. In
order to increase the fidelity of the theoretical DSC
curve when using the smooth hardening function, they
showed that the phase transformation temperatures
should be shifted up to 8 �C from the standard values.
The Ms and Af temperatures were increased and the As

and Mf temperatures were decreased. Similar shifts in
the values of the transformation temperatures are
expected in this investigation since the smooth harden-
ing function is used and because the proposed kinetic
law has similar properties to the smooth hardening.

Tensile tests and measurement uncertainties

A training process was performed on two SMA wires
(called wire I and wire II) as 50 successive loading cycles
in the interval from 0 to 200 N (equivalent to 0 and
800 MPa) at room temperature. Twenty additional
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cycles were carried out at 70 �C. After this treatment
the thermomechanical behaviour had stabilised.

The actual tests used for model calibration consist
of 20 successive loading cycles (from 0 to 200 N) per-
formed after the training process of wire I at 30, 50 and
60 �C with a strain rate of 0.010 s21. Similar tests at 40
and 70 �C for wire I and at 30 �C for wire II comprise
the validation experimental data sets. In all experiments
the first two of the 20 cycles are discarded, because they
are outliers containing transient behaviour related to
the tensile machine. The results of the measured force
F for wire I and the prescribed elongation x can be
seen in Figure 2. From the figure, it may be seen that
the tensile test at 70 �C (wire I) do not reach full for-
ward and reverse transformations but sub-loops.
Since the main focus is on the hardening function and
not the sub-loop function in this study, the test at
70 �C is used as a validation data set and not as a cali-
bration data set.

Additional tests were carried out using strain rates
of 0.002–0.016 s21 to determine the sensitivity to strain
rate. Because of the high level of forced convection
from the heat guns, the results are similar, which indi-
cate that these levels of strain rate do not have a crucial
impact on the stress-strain relations. To justify the

findings related to rate dependency, the following sim-
ple equation that approximates the temperature beha-
viour during forward transformation is inspected:

mcp
_T =

Lam

Dt
� hA(T � TA)

where m = 0.13 g is the wire mass, cp’ 840 J kg21

K21, T is temperature, La’ 2 J g21 is the latent
heat, Dt’ 6 s is the time it takes to perform a full for-
ward transformation using a strain rate of 0.010 s21,
h’ 500 W m22 K21 is the approximate specific forced
convection (Pathak et al., 2010), A = 140 mm2 is the
surface area and TA is the ambient temperature. By
using the stated values, the limiting value of T 2 TA is
0.6 �C. A temperature increase of the order of 0.6 �C
during loading (and similarly a decrease of 0.6 �C dur-
ing unloading) is very acceptable.

Uncertainty contributions to strain and stress may
be seen in Tables 1 and 2. The combined standard
uncertainty of strain is calculated to be approximately
0.1% of the strain, and therefore the uncertainty can be
neglected. Reproducibility of force measurements (cf.
Table 2) is based on standard deviation of the measure-
ments in the 18 loading cycles, using a running average.
These values varies from 0.3 to 9 N with the highest
standard deviation being observed at high tempera-
tures. The combined standard uncertainty of the run-
ning average stress is in the range of 2–9 MPa. The
running average and expanded uncertainty with a con-
fidence interval of 95% of the calibration data sets
(and the model fits) may be seen in Figure 3.

Regressions and goodness of fits of constitutive
models

The Lagoudas model, as presented by Lagoudas et al.
(2012), and the modified model, using a proposed
Bézier hardening and Duhem–Madelung sub-loops, are
fitted against the experimental calibration data sets. In
order to ensure complete pseudoelasticity at all of the
operation temperatures, Af has an upper boundary of
30 �C, which is the lowest operation temperature. The
Ms temperature has to be lower than Af, and it is given
an upper boundary of 25 �C to ensure a reasonable
margin. The curvature parameters (i.e. n1, n2, n3, n4, n

f
1,

n
f
2, nr

1, nr
2) have the boundaries (0;1) by design. For

numerical implementation [0.001; 0.999] are used.
Initially the optimisations were carried out without the
parameter boundaries enforced. However, the upper
boundaries for Af and Ms were encountered for both
model configurations. Therefore, the parameters are
fixed at the boundaries, they are not considered uncer-
tain, and the degrees of freedom are reduced. For the
modified model also n

f
2 and nr

2 encountered their upper
boundaries and therefore they are also fixed.
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Figure 2. Measured force and elongation of the PE SMA wire I
in 18 loading cycles at constant temperatures.
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The optimisations are carried out using 250 random
starting points within reasonable ranges of the para-
meters, e.g. EA 2 [30; 50] GPa. For both model config-
urations the majority of the 250 optimisation runs
(around 249) converge to a solution. For the original
Lagoudas model, around 240 optimisation runs converge
to the same value of the cost function within 1026%,
and this solution is also stable if another 250 optimisa-
tions are carried out. The rest of the solutions are within
60.2% of the same cost function value, but they are not
stable if another 250 optimisations are made. Because
these solutions are not stable and because the suboptimal
solution is stable and still optimal within 0.2%, the sub-
optimal solution is chosen. For the modified model all of
the converged solutions has the same value of the cost
function within 1026%. The solution is therefore most
likely optimal and unique.

The model calibrations for the two model configura-
tions are shown in Figure 3. The properties of the
model fits, e.g. the cost function values, are shown in
Table 3. The properties for the modified model only
using the Bézier hardening function and not the
Duhem–Madelung sub-loop function are also shown in
Table 3 in order to justify that the main contribution
comes from change in the hardening function. The
maximum likelihood estimates of the model parameters
and their uncertainties are shown in Tables 4 and 5.
The model parameter correlation matrices are illu-
strated in Figures 7 and 8. For the modified model an
estimate of the residual autocorrelation is shown in
Figure 6. A maximum of 10% correlation is achieved
using n=~n’11. A similar analysis leads to n=~n’9 for
the original model. Model validations are shown in

Figures 4 and 5, where model predictions are compared
against tensile tests at 30 �C for wire II and at 40 and
70 �C for wire I.

Discussion

The experimental tests show consistent results, leading
to low standard uncertainties up to 9 MPa, which can
be compared with the full scale of 800 MPa. The pseu-
doelastic behaviour is clear, and the transitions are
smooth as can be seen in Figure 2. The test at 70 �C
(wire I) shows relatively larger measurement uncertain-
ties, which is caused by high uncertainty related to the
reproducibility of the force measurement, as can be seen
in Figure 2. This may be caused by incomplete thermo-
mechanical training and therefore transformation-
induced plasticity.

In general, both the original and modified Lagoudas
models are in good agreement with the experimental
results from tensile tests, as shown by the relatively
small deviations both in calibrations, Figure 3, and in
validation, Figures 4 and 5. However, the normalised
standard deviations ~s (Table 3) are much larger than
unity for both models. This is related to the non-
normalised residual standard deviations (21.4 MPa for
the original model and 15.7 MPa for the modified
model) that are much larger than the measurement
uncertainties (up to 9 MPa).

The correlations between the parameter estimates
illustrated in Figures 7 and 8 show that some para-
meters in both models are highly correlated. The abso-
lute highest correlations are 97% between As and n4
for the original model and 97% between H and EM for

Table 1. Uncertainty contributions to running average of strain in 18 cycles, cf. the Measurements uncertainties section.

Measure Note Type a k n

x Bias (clamping, estimated) B 0.1 mm 3 1
Resolution (tensile machine, data sheet) B 0.005 mm 3 18
Reproducibility (tensile machine, calculated std.) A 0.1 mm 18

L Bias (clamping, estimated) B 0.1 mm 3 1
Resolution (tensile machine, data sheet) B 0.005 mm 3 18
Reproducibility (wire mounting, estimate) B 0.1 mm 3 18

Table 2. Uncertainty contributions to running average of stress in 18 cycles, cf. the Measurements uncertainties section.

Measure Note Type a k n

F Bias (z-point, zero recovery, estimated) B 0.5 N 3 1
Bias (linearity, data sheet) B 0.25 % 3 1
Bias (hysteresis, unloading only, data sheet) B 0.2 N 3 1
Resolution (load cell, data sheet) B 0.05 N 3 18
Reproducibility (tensile machine, temp. fluctuations, calc. std.) A ’1.5 N 18

d Bias (micrometer, data sheet) B 0.4 mm 3 1
Resolution (micrometer, data sheet) B 0.5 mm 3 7
Reproducibility (std. from 7 measurements) A 2 mm 7
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the modified model, which are significant numbers.
Together with the low number of independent measure-
ments, the high correlation results in relatively large
parameter uncertainties ranging from 69% to 6683%
for the original model and from 68% to 649% for
the modified model, cf. Tables 4 and 5. This means
that the parameters cannot be uniquely identified only
using these experiments. Alternatively, additional and

different kinds of experiments have to be performed to
minimise the correlations. Otherwise identifiability
analysis (e.g. Brun et al., 2001) can be used to choose
an identifiable subset of parameters. The rest of the
parameters should then be assigned values from the lit-
erature. Note that estimates of the confidence intervals
violate parameter boundaries in some cases for the
original model. For example, the lower boundaries of

St
re

ss
(M

Pa
)

0

200

400

600

800

Calibration, Wire I, T = 30 °C

Experiment
Lagoudas 2012
Modified model

Strain (mm/m)
0 10 20 30 40 50 60 70

R
es

.
(M

Pa
)

-50

0

50

St
re

ss
(M

Pa
)

0

200

400

600

800

Calibration, Wire I, T = 50 °C

Strain (mm/m)
0 10 20 30 40 50 60 70

R
es

.
(M

Pa
)

-60

0

60

St
re

ss
(M

Pa
)

0

200

400

600

800

Calibration, Wire I, T = 60 °C

Strain (mm/m)
0 10 20 30 40 50 60 70

R
es

.
(M

Pa
)

-80

0

80

Figure 3. Running average of stress versus strain measurements of the calibration data sets, the model calibrations and the
calibration stress residuals.

Table 3. Parameters showing goodness of the fits (cf. the Model regression section) of A the original Lagoudas model, B the
modified model with Duhem–Madelung sub-loop and Bézier hardening and C the modified model including the Bézier hardening
alone.

Model n=~n L (103) ~s sc (MPa) sv (MPa) up,95% (MPa)

A 9 22.4 9.52 21.4 26.2 26.1
B 11 9.3 6.15 14.8 20.3 17.6
C 12 10.8 6.91 15.7 22.6 21.5
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the confidence intervals of n1, n2, n3 and n4 of the origi-
nal model are below the physical boundary at zero.
This indicates that the linear covariance estimate not
completely suffices. However, they still give a good
indication of the order of magnitude of the uncertain-
ties. When combining the parameter uncertainties with
the correlation matrix as happens in prediction the
large uncertainties are cancelled out to some degree. As
may be seen in the model validations, Figures 4 and 5,
the 95% confidence intervals are relative narrow for
both model configurations. The mean half width of the
95% confidence intervals (up,95%, Table 3) are 26.1 and
17.6 MPa for the original and modified models respec-
tively when neglecting the contribution from the mea-
surement uncertainty cf. Equation (13). In both cases
this seems satisfactory compared with the full scale of
800 MPa, but using the modified model results in an
improvement of 33%. For both model configurations

the 95% prediction confidence intervals only covers
around 80% of the validation measurements. This
indicates that the confidence intervals of the model
parameters are underestimated, which might be
caused by the linear approach when establishing the
uncertainties or by the reduced number of indepen-
dent measurements.

Based on the model fits in Figures 3, 4 and 5 it can
be concluded that the proposed kinetic law produces a
more curved stress–strain relation compared with the
original smooth hardening, which shows an almost lin-
ear behaviour in the middle of phase transformations.
This qualitative improvement is also reflected in the
normalised residual standard deviation (35% improve-
ment) and in the narrower parameter and prediction
confidence intervals, which are quantitative measures.
The implementation of the Duhem–Madelung sub-loop
model only slightly affects the result. This is because
both models predict complete phase transformations in
the 30–50 �C cases and because the phase transforma-
tion is almost complete in the 60 �C case. Only these
data sets from wire I are used for model calibration,
and therefore they solely affect the values of the cost
function L and the normalised residual standard devia-
tion ~s (Table 3). Only the 70 �C case contains signifi-
cant incomplete phase transformation, meaning that
the effect of the sub-loop function is important, which
is clear in the validation cases, cf. Figures 4 and 5.
Because significant incomplete phase transformation is
only present at the validation data set, it means that
the main contributor to the reduction of the normalised
residual is the Bézier hardening approach. This is also
confirmed when inspecting the performance of the fit
of the modified model when omitting the sub-loop
function as shown in Table 3. The normalised residual
standard deviation is only 12% higher than for the full
modified model and still 27% lower than for the origi-
nal model.

Because of the Duhem–Madelung sub-loop model in
the modified model, the first part of the reverse trans-
formation in the 70 �C case is modelled well. However,
the original model assumes a linear-elastic relationship
until the transformation surface is encountered result-
ing in a non-smooth transition and larger discrepancies,
as can be seen in Figure 3. Both models differ from the
experimental data in the lower part of the reverse trans-
formation at 70 �C. This could be improved slightly by
using more complex sub-loop functions.

For both model configurations the parameter esti-
mates of As and Mf are not completely in agreement
with the DSC results. Boundaries on these parameters
could be enforced during fitting in order to ensure bet-
ter resemblance, but this would considerably worsen
the goodness of the fits. As stressed in the introduction,
the focus of this study is on quasi-static mechanical
cycling of trained pseudoelastic SMA wires, and in this
framework the models and their parameters suffice as

Table 4. Model parameter value estimates and 95% confidence
intervals, and properties of the model fit for the constitutive
model presented by Lagoudas et al. (2012).

Parameter Estimate Confidence interval (%)

H 37.6 mm m21 69
EA 43.1 GPa 618
EM 24.4 GPa 613
CA 9.5 MPa ( �C)21 612
CM 12.6 MPa ( �C)21 617
As 24.6 �C 6683
Af 30.0 �C (fixed)
Ms 25.0 �C (fixed)
Mf 221.5 �C 6141
n1 0.22 6132
n2 0.23 6292
n3 0.29 6140
n4 0.23 6417

Table 5. Model parameter value estimates and 95% confidence
intervals for the modified model with Duhem–Madelung sub-
loop and Bézier hardening.

Parameter Estimate Confidence interval (%)

H 40.2 mm m21 68
EA 43.6 GPa 613
EM 26.4 GPa 613
CA 9.0 MPa ( �C)21 69
CM 11.8 MPa ( �C)21 613
As 219.5 �C 649
Af 30.0 �C (fixed)
Ms 25.0 �C (fixed)
Mf 239.2 �C 627

nf
1

0.68 617

nf
2

1.00 (fixed)

nr
1 0.59 620

nr
2 1.00 (fixed)
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the results have shown. This does not necessarily mean
that the values of the parameters have to obey general
considerations regarding SMA modelling. However, if
the SMA wires are to be mainly thermally loaded or
are to perform more complex thermomechanical load-
ing, the values of the model parameters may have to be
reconsidered.

The formulation of the proposed kinetic law is general,
so it could be implemented in a diverse range of existing
models and would thereby improve the overall predictabil-
ity. This is possible because the different elements of SMA
models (such as transformation induced plasticity, latent
heat and sub-loops) usually are independent.

Conclusion

Experimental results for the cyclic loading of a trained
PE SMA wire in isothermal conditions showed clearly

smooth thermomechanical relations, and thus required
a constitutive model with smooth transformation
kinetic law in order to ensure adequate predictability.
The experimental results showed that the transitions
between thermoelastic and phase transformation
regions were especially smooth, which not all kinetic
laws in the literature can reproduce.

Two kinetic laws, namely the established smooth
hardening function and the proposed cubic Bézier
hardening, were investigated, and both were implemen-
ted in the constitutive model proposed by Lagoudas
et al. (2012). Both kinetic laws ensured smooth transi-
tions and they both have curvature controlling para-
meters, which make them versatile. For the modified
model, the Duhem–Madelung sub-loop model was also
implemented in order to capture sub-loop behaviour
more exactly. The unique curvature of the proposed
kinetic law designated by Bézier curves led to improved
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Figure 4. Validation of the model presented by Lagoudas et al. (2012), where the prediction and its 95% confidence interval against
the experimental results are shown together with the stress residuals.
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resemblance to experiments. This qualitative assess-
ment was based on a reduction of the residual standard
deviation of 35% when comparing with the original
model and hardening function during model calibra-
tion. The reduction of standard deviation also led to
narrower 95% confidence intervals of the model para-
meters for the modified model: they were up to 649%
of the estimated value of the parameters versus 6683%
for the original model. The relatively broad confidence
intervals for both models were coupled to high level of
parameter correlation, which was up to 97%. For this
reason some model parameters were not uniquely iden-
tifiable. The prediction confidence interval of the
mechanical stress was reduced by 33% when using the
modified model, so the modified model made more
accurate predictions. This was validated against other

data sets of similar experiments, where the residual
standard deviation was 23% lower when using the
modified model.

Since the models were only compared against quasi-
static mechanical loading tests and not e.g. thermal
cycles, the found parameters may not be globally appli-
cable, but the approach could easily be expanded. The
quantitative measures used in this work significantly
improve the reliability of the qualitative assessment
that the proposed kinetic law better reproduces the
curved behaviour of phase transformations. The rigor-
ous methodology used for the quantitative assessment
is versatile and can be applied to other cases, where
model performances have to be compared. Such cases
could include more complex thermomechanical load-
ings, different strain rates, plasticity, etc.
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Figure 5. Validation of the modified Lagoudas model using the Duhem–Madelung sub-loop function and the Bézier hardening
function showing the prediction and its 95% confidence interval against experimental results together with the stress residuals.
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The proposed Bézier hardening was formulated in a
general fashion, making implementation in other con-
stitutive models possible and easy.
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Abstract
The thermo-mechanical behaviour of pseudoelastic shape memory alloy helical springs is of concern discussing
stabilised and cyclic responses. Constitutive description of the shape memory alloy is based on the framework
developed by Lagoudas and co-workers incorporating two modifications related to hardening and sub-loop functions
designated by Bézier curves. The spring model takes into account both bending and torsion of the spring wire, thus
representing geometrical non-linearities. Simplified models are explored showing that a single point in the wire cross
section is enough to represent the global spring behaviour in spite of complex stress-strain distributions. Experiments
are carried out considering different deflection amplitudes, frequencies and ambient temperatures, which influence
the spring behaviour to different extents. The model is fitted against a calibration data set resulting in 1.3 % residual
standard deviation relative to the full range force. Compared to the validation data set, the errors are below 10 % relative
to the full range of the complex modulus. Uncertainty analysis of the model parameters using a Markov chain Monte
Carlo technique shows low to high parameter correlation, and the relative uncertainties are less than ±12 %. Both the
heat capacity and the convection coefficient are clearly identifiable from the performed experiments.

Keywords
Shape memory alloys, helical springs, constitutive modelling, experiment, parameter estimation, parameter uncertainty,
complex modulus

Introduction
A high level of attention has been given to shape memory
alloys (SMAs) because of their extraordinary characteristics
especially in terms of mechanical hysteresis, variable
stiffness and strong thermo-mechanical coupling. Seismic
applications are an example where Speicher et al. (2009)
designed a device based on an SMA helical spring for
retrofitting buildings. In the field of rotating machines,
Enemark et al. (2015) showed from an experimental
approach significant vibration suppression and adaptable
critical speeds by using SMA helical springs as foundation
in a rotor-bearing system; and Ma et al. (2014) described
the design, manufacturing and testing of a rotor support
made from entangled SMA wire elements able to provide
adaptable stiffness and damping characteristics.

Plastic strains accumulate during the initial loading cycles
of SMAs. Therefore a thermo-mechanical training process
is required to get repeatable and stabilised behaviour. The
transient training period comprises a number of loading
cycles in the order of 100-400 depending on the material,
its thermal treatment (shape setting) and the mechanical
loading (Tobushi et al. 1992; Wolons et al. 1998; Sakuma
and Suzuki 2007; Morin et al. 2011). When the SMA
element is stabilised, the dissipation capability as well as
the average stiffness during a loading cycle depend on the
loading amplitude, the ambient temperature and the loading
rate. The martensitic phase transformation is non-diffusive,
which means it is inherently rate-independent. Nevertheless,
the loading rate affects the response due to a balance
between exo- and endothermic characteristics of the phase

transformations (latent heat) and the heat transfer associated
with the process. This aspect was first investigated by Shaw
and Kyriakides (1995) on virgin pseudoelastic SMA wires
in different media resulting in distinct convective conditions.
Later, He and Sun (2010); Morin et al. (2011); Malecot
et al. (2006) investigated the temperature evolution during
cycling loading. Also Sameallah et al. (2015) investigated
the evolution of the mechanical behaviour during cyclic
loading of SMA wires, but did not measure the temperature.
Pathak et al. (2010) established the convective heat transfer
coefficient for SMA wires using different wire diameters,
surrounding media and convective conditions (free/forced).
Malecot et al. (2006) reported a 35 ◦C increase of the average
temperature during a cycle after approximately 80 cycles
with a loading rate of 5 Hz. Therefore, the SMA temperature
may increase significantly, and it may take many cycles
before the behaviour stabilises.

For dynamic purposes, it is convenient to quantify the
SMA behaviour in terms of the complex modulus, which
comprises the storage modulus (a measure of average
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stiffness) and the loss modulus (energy dissipated during a
loading cycle). The complex modulus approach has been
adopted by many authors to quantify the cyclic SMA
behaviour depending on loading amplitude, loading rate,
ambient temperature, and in some cases also pre-tension
and convective conditions. This includes Piedboeuf et al.
(1998); Wolons et al. (1998); Gandhi and Wolons (1999);
Malecot et al. (2006); He et al. (2010) on SMA wires,
Holanda et al. (2014) on SMA helical springs and Ma
et al. (2014) on their proposed SMA metal rubber bearing.
Piedboeuf et al. (1998) and He et al. (2010) reported that
the energy dissipation has an optimum in terms of loading
frequency caused by a balance between the latent heat and
the convective properties. Wolons et al. (1998) and Gandhi
and Wolons (1999) mentioned that the energy dissipation
(per unit volume) of SMAs is up to 20 times higher than that
of elastomers, which are usually used for energy dissipation.

The helical spring is a promising SMA element because
it enables more design possibilities than a wire or bar
for example. The design criteria are usually related to
stiffness, actuation force, length (deformation) and direction
(tension/compression), which can be used to determine the
spring dimensions, namely wire diameter, spring diameter,
number of coils and potentially also the initial pitch angle.
There is a diverse range of possible applications of SMA
helical springs. Liang and Rogers (1993) highlighted four
different conceptual uses of them in vibration control related
to the internal friction of martensite, the hysteresis of phase
transformations, the stiffness difference of martensite and
austenite, and the principle of temperature actuation. Borges
et al. (2013) used SMA springs together with a fuzzy
controller to reduce vibrations of a rotor-bearing system
when crossing a critical speed. Han et al. (2006) strengthened
a slender structure towards buckling using an SMA spring.
Thermal actuation of SMA springs have been used for a
wireless earth-like micro robot (Kim et al. 2006) and for a
propulsion system for a micro-robotic fish (Cho et al. 2008).
de Sousa and De Marqui Jr (2014) modelled and investigated
numerically the aero-elastic behaviour of a typical aerofoil
integrated with SMA springs. Aguiar et al. (2010) and An
et al. (2012) provide good overviews over SMA helical
spring applications. Because the material is non-linear, it is
not straightforward to model the behaviour of SMA helical
springs. Geometrical non-linearities may also be introduced
(Enemark et al. 2014; Savi et al. 2015) because SMAs
can withstand large strains. This is very clear in some of
the force-deflection tests performed by Sakuma and Suzuki
(2007) and Savi et al. (2015), where the martensitic stiffness
appears higher than the austenitic stiffness. Several authors
proposed equivalent one-dimensional models (Liang and
Rogers 1993; Aguiar et al. 2010; An et al. 2012; Enemark
et al. 2014), where An et al. (2012) also accounted some
geometrical non-linearities. Generally the one-dimensional
models are able to represent experimental behaviour well.
Moreover, finite element models have been successfully
implemented and the cross sectional strain and stress
distributions have been found very complex (Mirzaeifar et al.
2011; Lagoudas et al. 2012; Saleeb et al. 2013; Savi et al.
2015). Mirzaeifar et al. (2011) and Savi et al. (2015) were
able to directly reproduce experimental results and Saleeb
et al. (2013) took into account the training process in their

model. Mirzaeifar et al. (2011) also used two simpler models,
and they concluded that these models perform acceptably in
comparison with experiments.

In the framework of reliable design of machine
components and accurate predictions, uncertainties in SMA
behaviour have to be quantified. However, to our knowledge
there are only very few works related to uncertainty
quantification of SMAs: Oehler et al. (2012) determined
the sensitivity of the optimal location of SMA flexures
on variable geometry chevrons as a consequence of
uncertain material and geometry parameters. Crews and
Smith (2014) evaluated the uncertainties of estimated
heat transfer parameters of an SMA bending actuator
using the Bayesian framework (a Markov chain Monte
Carlo method). The uncertainty analysis was carried out
to establish a robust controller for the bending actuator
(Crews et al. 2013). Oliveira et al. (2014) carried out an
uncertainty analysis related to tensile tests of a pseudoelastic
SMA wire to evaluate if modelling predictions were
within the uncertainty range of the experimental data. For
similar experiments, Enemark and Santos (2015) determined
model parameters and their uncertainties using Maximum
Likelihood Estimation.

In this regard, the original contribution of this paper has
several aspects: (a) constitutive modelling: modifications
to the existing SMA constitutive model by Lagoudas
et al. (2012) to better describe the hardening and sub-loop
behaviour relevant to springs, (b) helical spring modelling:
a 2D SMA helical spring model is established taking
into account geometrical non-linearities, (c) experimental
verification: experimental tests are developed and compared
with numerical simulations, (d) uncertainty analysis: the
model uncertainty is evaluated to give robust estimates of
model parameters and their uncertainties. The proposed
SMA spring model is fitted to and validated against
experimental cyclic tensile tests highlighting the stabilised
behaviour of SMA helical springs. Deflection amplitude,
frequency and ambient temperature are varied, while the
pre-tension length is kept constant. The behaviour under
investigation only contains partial phase transformations
(sub-loops) and not complete phase transformations, which
motivates the implementation of a sub-loop function to
the existing model by Lagoudas et al. (2012). Simple
1D models are able to properly represent the behaviour
of SMA helical springs as highlighted in the presented
literature review. However, to our understanding it requires
that some parameters have to attain non-physical values
to counteract model deficiencies (Enemark et al. 2014).
Here, the presented spring model accounts for material and
geometrical non-linearities using a rigorous approach and it
still maintains simplicity to aid transparency and to maintain
computational efficiency compared to finite element models.
A study is carried out highlighting different modelling
approaches and their usability covering 1D and 2D models
and different levels of approximations of the complex stress
distributions in the spring wire cross section. A Markov chain
Monte Carlo method is used to quantify model parameter
uncertainties after fitting the model to the experimental
results.
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Experimental framework
This section covers the method for SMA spring fabrication
and the test-bench for performing tensile tests.

Spring dimensioning
A helical spring has basically three dimensioning param-
eters, namely wire diameter, helix or coil diameter and
number of windings. The parameters should be chosen based
on the application, but since SMA springs are highly non-
linear, this may not be a simple task. In this work, two
simple equations are used to dimension the spring based
on requirements related to actuation length and stiffness
magnitude. It is assumed that the spring is pseudoelastic,
which means that the austenitic phase is stable at room
temperature if the spring is not stressed. Follador et al. (2012)
also describe dimensioning of SMA springs.

Assuming the spring pitch angle is small, the maximum
shear strain of the wire cross section (i.e. at the
circumference) γ(c) is related to the spring deflection u by

γ(c) =
c

2πNr2
0

u =
1

l
u (1)

where c is the wire radius, r0 is the helix radius and N is
the number of windings. A schematic of the spring may be
seen in Fig. 1. For dimensioning it is further assumed that the
shear stress is given by τ = GAγ, where GA is the austenitic
shear modulus. This is only satisfied when stresses are small
such that the material is elastic. The relation between spring
force F and spring deflection u becomes

F =
πc3

2r0
τ(c) =

GAc
4

4Nr3
0

u = kAu (2)

Requirements on the length measure l and the stiffness
measure kA can be used to determine the geometric
properties. The stiffness kA can be considered an upper
bound for the tangential stiffness of the spring, since the
tangential stiffness during phase transformation is usually
significantly lower than the austenitic, elastic stiffness.

Fabrication of SMA helical spring
The fabrication and the shape setting of SMA helical springs
is described by several authors (Tobushi et al. 1992; Sakuma
and Suzuki 2007; Liu et al. 2008; Follador et al. 2012; Savi
et al. 2015). Elahinia et al. (2012) described shape setting
in relation to medical applications. The production of the
springs used in this work is greatly inspired by these articles.

The SMA wires have been annealed and straightened and
have a light oxide finish according to the manufacturer. A
steel fixture, Fig. 2a, is used to wind up the SMA wire on
a cylinder having a diameter of 4 mm. To set the shape, the
wire and the fixture are heated in a pre-heated oven at 500
◦C for 18 minutes, and quenched in water afterwards. The
spring is then wound further onto a 2 mm cylinder and fixed,
and the shape setting is repeated. The reason for using a two
step procedure is to avoid significant plastic deformation that
would happen if the wire was wound directly onto the 2 mm
cylinder (Elahinia et al. 2012). The finished spring may be
seen in Fig. 2b, where it is also wound onto its two grips
which are used for attaching the spring in the tensile test-
bench.

F

MT

MB

F

MT

MB
α0

2r0
2c

2c
2r

α

h0 u

γ ǫ

Figure 1. Schematic of spring, highlighting initial and deformed
dimensions and the spring force F , based on the torsional
moment MT and the bending moment MB . The torsion results
in the shear strains γ in the wire cross section, and the bending
results in the normal strains ε.

Tensile test-bench
A test-bench, Fig. 3, has been designed to perform tensile
tests of the SMA springs. One end of the SMA spring is
attached to a strain gauge based force transducer (S2M/100N
from HBM) to measure the spring force. The other end of the
spring is attached to a crank mechanism. Both the pre-tension
length (slider position) and deflection amplitude (crank
radius) can be controlled. The angular position of the crank
wheel is measured using an encoder (HEDS-9140#A00
and HEDS-5140#A13 from Avago Technologies), and this
measurement is used to calculate the displacement of the
piston arm holding the spring. A motor (3268G024BX4 from
Faulhaber) and its controller use a feedback loop to control
the speed of the crank wheel in the range from 0.01 Hz to
20 Hz. The SMA spring is surrounded by a heat chamber to
facilitate control of the ambient temperature. There is an inlet
for a modified heat gun blowing approximately 6.5 L s−1 of
heated air. The electric power to the gun heater is controlled,
and together with a thermocouple (type T) and a feedback
control loop, it is possible to maintain a constant ambient
temperature within ±0.3 ◦C. Since the force transducer is
temperature sensitive, a heat wall and a long arm is used to
hinder heat conduction to the sensor.

Constitutive SMA model
The thermo-mechanical behaviour of the SMA is described
by the model presented by Lagoudas et al. (2012). In
order to increase resemblance to experiments, two related
modifications are used, namely a modification to the
hardening function and the inclusion of sub-loop functions.
Both modifications are described in the sections below.

The stress-strain fields in the helical spring can be
approximated to be two-dimensional containing one normal
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(a) (b)

Figure 2. Spring fabrication. (a) SMA wire fixture used to keep the wire as a helical spring with inner diameter of 4 mm during
shape setting. (b) SMA wire after second shape setting having an inner diameter of 2 mm (top) and SMA spring in its grips used
when performing tensile tests after releasing it from the fixture (bottom).

Figure 3. Tensile test-bench. (A) SMA spring, (B) linear ball bearings holding the piston arm, (C) crank wheel controlling the
deflection amplitude, (D) slider determining the pre-tension length, (E) brushless DC motor controlling speed, (F) motor controller,
(G) encoder measuring crank wheel angle and speed, (H) force transducer measuring spring force, (I) heat gun inlet and
thermocouple, (J) heat chamber (shown without its lid), (K) heat wall and arm.

and shear components. The strain vector is ε = {ε, γ}>,
where ε and γ are the normal strain and the engineering shear
strain respectively, and the stress vector is σ = {σ, τ}>,
where σ and τ are the normal and shear stresses respectively.
The symbol > denotes the transpose. Vector and matrix
notation is used in this paper opposed to tensor notation. The
governing equations of the model are

ε = Sσ + εt (3)

ε̇t = Λξ̇ (4)

where parameters are defined as follows,

S = SA + (SM − SA)ξ = SA + ∆Sξ ,

Si =
1

Ei

[
1 0
0 2(1 + ν)

]
(i = A,M)

Λ =


Λf =

H√
σ2 + 3τ2

{
σ

3τ

}
ξ̇ > 0

Λr =
1

ξ̃
ε̃t ξ̇ < 0

(5)

The linear thermal expansion is omitted because it is
negligible compared to the phase transformation strain εt.
The compliance tensor (here matrix) is denoted S and it
is a linear combination of the compliances of austenite
and martensite, SA and SM . The compliance matrices are
composed by the elastic moduli Ei of martensite (subscript
M ) and austenite (subscript A) and by Poisson’s ratio ν.
The martensitic volume fraction is denoted ξ, and it fulfils
0 ≤ ξ ≤ 1. The phase transformation direction tensor (here
vector) is Λ. The forward phase transformation direction
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tensor, Λf , depends on the maximum transformation strain
H , which is considered constant in this investigation.
The tilde (ε̃t, ξ̃) in the expression of the reverse phase
transformation direction tensor, Λr, indicates that the value
should be taken at the latest point in time, where a change
in phase transformation direction was encountered, i.e. a
turning point.

Two transformation functions, describing forward (Φf )
and the reverse (Φr) transformations, are defined as follows

Φf = (1−D)Λ>f σ +
1

2
σ>∆Sσ + ρ∆s0T

− ρ∆u0 − ff (ζf (ξ, ξ0))− Y (6a)

Φr = −(1 +D)Λ>r σ −
1

2
σ>∆Sσ − ρ∆s0T

+ ρ∆u0 + fr(ζr(ξ, ξ0))− Y (6b)

It is assumed that the difference in specific heat capacity
between martensite and austenite is negligible. This is a
common engineering assumption (Lagoudas et al. 2012).
The constants Y and D are related to the location of
the transformation surfaces in the temperature-stress plane.
The mass density is ρ, and ∆s0 and ∆u0 are differences
between austenite and martensite in the specific entropy
and the specific internal energy at the reference state.
The temperature is denoted T and the functions ff and
fr are called hardening functions and together with the
sub-loop functions ζf and ζr, they control the evolution
of the martensitic volume fraction during transformation.
These functions are modifications to the original model. The
parameters in the preceding equations are related to common
SMA parameters in the following way:

ρ∆s0 = −2CMCAH

CM + CA

D =
CM − CA
CM + CA

a1 = −ρ∆s0(Ms −Mf )

a2 = −ρ∆s0(Af −As)

a3 = − 1

20
a1(3nf1 − 3nf2 + 5)

+
1

20
a2(3nr1 − 3nr2 + 5)

Y =
1

2
ρ∆s0(Ms −Af )− a3

ρ∆u0 =
1

2
ρ∆s0(Ms +Af )

(7)

Here Ms and Mf are the start and finish temperatures of
the martensitic (forward) transformation; As and Af are
the start and finish temperatures of the austenitic (reverse)
transformation; CA and CM are the slopes of the austenite
and martensite transformation surfaces in the temperature-
stress diagram at zero stress∗; and the parameters a1,
a2, a3, nf1 , nf2 , nr1 and nr2 are related to the hardening
functions described in the ‘Hardening function’ section.
The expression for a3 is specific for the Bézier hardening
function (Enemark and Santos 2015), but the remaining
constants in Eqn. (7) are identical to the expressions in the
original model (Lagoudas et al. 2012).

At all times the transformation functions should fulfil the
two Kuhn-Tucker conditions

ξ̇ ≥ 0, Φf ≤ 0, Φf ξ̇ = 0 (8a)

ξ̇ ≤ 0, Φr ≤ 0, Φr ξ̇ = 0 (8b)

These conditions control whether or not phase transforma-
tions take place.

The energy equation
The SMA model can be coupled to the energy equation
to explore the influence of latent heat due to phase
transformations as described by Lagoudas et al. (2012). In
this case, the material temperature T is not an independent
variable, but it is determined via the energy equation.
Disregarding the effect of linear thermal expansion and
the differences in heat capacity between martensite and
austenite, the reduced energy equation reads:

ρcpṪ + χξ̇ = ρr̃ − div(q)

where cp is the specific heat capacity, r̃ is the rate of internal
heat generation, q is heat flux and the function χ is given by

χ = −Λ>d σ −
1

2
σ>∆Sσ + ρ∆u0 + fd(ζd(ξ, ξ0))

where subscript d indicates the forward (subscript f ) or the
reverse (subscript r) component depending on the sign of ξ̇.

It is assumed that the SMA spring temperature is uniform
and that the heat conduction through the spring fixtures is
negligible and much smaller than the heat convection. This
assumption is reasonable because the interfaces between
the spring and the spring fixtures are small, and because
the spring fixtures are completely enclosed in the heat
chambers and therefore have the same temperature as the
surrounding air. The collected energy transfer, i.e. ρr̃ −
div(q), is therefore assumed to have the form −ĥAV (T −
T∞), where ĥ is the specific heat transfer coefficient, A

V is
the ratio between surface area and volume of the spring wire,
and T∞ is the ambient temperature. In the case of a helical
spring, the surface area to volume ratio is A

V = 2πcL
πc2L = 2

c ,
where L is the spring wire length and c is the wire radius.
The energy equation is rearranged:

E = ρcpṪ + χξ̇ + ĥ
2

c
(T − T∞) = 0 (9)

Hardening function
In this work, the cubic Bézier hardening function is used,
which was first presented by Enemark and Santos (2015).
The function is inspired by the smooth hardening function
used in the original model (Lagoudas et al. 2012). Enemark
and Santos (2015) showed that the cubic Bézier hardening
resulted in better resemblance to experiments of tensile tests
of SMA wires.

∗The transformation surfaces are not straight lines in the temperature-stress
plane in the model by Lagoudas and co-workers, and therefore the values of
CA and CM are specific for zero stress.
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The hardening function is designated by the cubic Bézier
curve{

B1(s)
B2(s)

}
={
−2(1− 3δ)s3 + 3(1− 3δ)s2 + 3δs

(3na + 3nb − 2)s3 + 3(1− 2na − nb)s2 + 3nas

}

for s ∈ [0, 1], and where na, nb ∈ (0, 1) are curvature
controlling parameters and δ � 1 is an auxiliary variable
used for numerical implementation. In this work δ = 10−4 is
used. The forward and reverse hardening functions are given
by

ff (ζf ) = a1 f(ζf ) + a3 fr(ζr) = a2 f(ζr)− a3 (10)

where a1, a2 and a3 are constants cf. Eqn. (7), and

f(ζ) = {B2(s) |B1(s) = ζ ∧ s ∈ [0, 1]} ; ζ ∈ [0, 1]

and ζ depends on the volume fraction of martensite ξ, and
it is calculated using the sub-loop functions described in
the next section. The equation B1(s) = ζ is a third order
polynomial in s and the unique solution in the definition
interval is

s = 1
2 −

√
1−δ
1−3δ cos

(
1
3 arccos

[
1−2ζ
1−δ

√
1−3δ
1−δ

]
+ π

3

)
Since the forward and reverse transformations may evolve
differently, the curvature controlling parameter set (na, nb)

is substituted by (nf1 , n
f
2 ) in forward transformation and by

(nr1, n
r
2) in reverse transformation. The inverse hardening

function is

ζ = f−1(f̃) =
0 for f̃ < 0

{B1(s) |B2(s) = ỹ ∧ s ∈ [0, 1]} for 0 ≤ f̃ ≤ 1

1 for 1 < f̃

(11)

where

f̃ =



1
a1

[
(1−D)Λ>f σ + 1

2σ
>∆Sσ

+ ρ∆s0T − ρ∆u0 − Y − a3

]
for ξ̇ > 0

1
a2

[
(1 +D)Λ>r σ + 1

2σ
>∆Sσ

+ ρ∆s0T − ρ∆u0 + Y + a3] for ξ̇ < 0

(12)

The expression of f̃ is determined by equating the
transformation function to zero in Eqns. (6) and then
isolating the hardening function value. The inverse hardening
function is used to determine the variable ζ if ξ̇ changes
sign, which is necessary in the numerical implementation.
For further information about the cubic Bézier hardening and
its inverse function f−1, the reader is referred to Enemark
and Santos (2015).

Sub-loop function
In order to better capture the behaviour of sub-loops or
minor loops, it is necessary to introduce sub-loop functions
to the constitutive model. The purpose of these functions is

to alter the position of the transformation surfaces depending
on where in the stress-temperature plane ξ̇ changes sign or
becomes zero at the latest point in time (a turning point).
This way the initialisation of phase transformation becomes
smooth in the case of incomplete transformations (as long as
the hardening function also has smooth transitions), which is
not the case if sub-loop functions are not used. The Brinson
model (Brinson 1993) has sub-loop capability implemented
by default, but this is not the case for the model by Lagoudas
and coworkers (Lagoudas et al. 2012). However, the sub-
loop behaviour was investigated and implemented in various
ways by Bo and Lagoudas (1999) in an earlier version of the
same model. This work uses sub-loop functions similar to
the ones proposed by Enemark et al. (2014), which consist of
polynomials. Enemark et al. modified the sub-loop function
in the Brinson model to better capture the experimental
behaviour of an SMA spring. The reader is referred to
Enemark et al. (2014) and Enemark and Santos (2015) for
additional information on this family of sub-loop functions.

The sub-loop function determines the variable ζ according
to the direction of transformation depending on the
martensitic volume fraction ξ and an auxiliary variable ξ0,
which is related to ξ at the latest turning point.

In forward transformation, ζ increases monotonically in
the interval [0, 1] as a function of ξ ∈ [ξ0, 1]. A simple
sub-loop function uses a linear relationship, but in order
to control the sub-loop behaviour, more advanced functions
have to be used. Here, a quadratic Bézier curve is proposed,
and it is defined by the three consecutive points

Q1 =

{
ξ0
0

}
Q2 =

{
1

1− ξ0

}
+

1

2
(p+ 1)

({
ξ0
ξ0

}
−
{

1
1− ξ0

})
Q3 =

{
1
1

}
where p ∈ (−1, 1) is a sub-loop controlling parameter. The
end points are trivial, but Q2 is constructed in such a way
that the width of the sub-loop increases with increasing p.
For p = 0, the curve becomes a straight line. The resulting
Bézier curve is{

Cf1(s)
Cf2(s)

}
= (1− s)2Q1 + 2(1− s)sQ2 + s2Q3

=

{
(1− ξ0)ps2 + (1− ξ0)(1− p)s+ ξ0

(1− 2ξ0)ps2 + (1 + 2ξ0p− p)s

}

for s ∈ [0, 1]. The actual sub-loop function for forward
transformation is

ζf (ξ, ξ0) = {Cf2(s) |Cf1(s) = ξ ∧ s ∈ [0, 1]} ;

ξ ∈ [ξ0, 1] , ξ0 ∈ [0, 1) (13)

It is necessary to solve a second order polynomial to
determine s and evaluate ζf . The solution is unique in the
definition interval s ∈ [0, 1].

Similarly, the sub-loop function during reverse transfor-
mation is a monotonically increasing function in the interval
[0, 1] for ξ ∈ [0, ξ0]. The proposed quadratic Bézier function
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is defined by the successive points

Q4 =

{
0
0

}
Q5 =

{
0

1− ξ0

}
+

1

2
(p+ 1)

({
ξ0
ξ0

}
−
{

0
1− ξ0

})
Q6 =

{
ξ0
1

}
which result in the curve{

Cr1(s)
Cr2(s)

}
= (1− s)2Q4 + 2(1− s)sQ5 + s2Q6

=

{
−ξ0ps2 + ξ0(1 + p)s

(1− 2ξ0)ps2 + (1 + 2ξ0p− p)s

}

for s ∈ [0, 1]. The sub-loop function for reverse transforma-
tion becomes

ζr(ξ, ξ0) = {Cr2(s) |Cr1(s) = ξ ∧ s ∈ [0, 1]} ;

ξ ∈ [0, ξ0] , ξ0 ∈ (0, 1] (14)

Evaluation of ζr also requires solution of a second order
polynomial, and the solution is unique in the definition
interval.

The inverse with respect to ξ0 of the sub-loop functions
have to be used in turning points. For forward and reverse
transformations they are

ξf0 (ζf , ξ) =


0 for ζf ∈ [ξ, 1], ξ ∈ [0, 1)

{ξ0 |Cf1(s) = ξ ∧ Cf2(s) = ζf ∧ s ∈ [0, 1]}
for ζf ∈ [0, ξ), ξ ∈ [0, 1)

(15a)

ξr0(ζr, ξ) =


1 for ζr ∈ [0, ξ], ξ ∈ (0, 1]

{ξ0 |Cr1(s) = ξ ∧ Cr2(s) = ζr ∧ s ∈ [0, 1]}
for ζr ∈ (ξ, 1], ξ ∈ (0, 1]

(15b)

Both inverse functions have unique solutions, but solution of
third order polynomials in s is required, see Algorithms 1
and 2.

Numerical implementation
The numerical solution closely follows the one provided by
Lagoudas et al. (2012). There are two additions, which are
described in the following sections. The implementation is
independent of the number of spatial dimensions, i.e. 1D, 2D
or 3D.

Coupled constitutive and energy equations In every time
step n, the strain εn is considered known, and the constitutive
equation (3) and the energy equation (9) are solved
simultaneously in two steps. Also the variable ξ0 is known
and constant as long as ξ̇ does not change sign, and this
issue is treated in the next section. The energy equation (9)
is written in a backward Euler sense, i.e.

E = ρcp
Tn − Tn−1

∆t
+ χn

ξn − ξn−1

∆t
+ ĥ

2

c
(Tn − T∞) = 0

(16)

Algorithm 1. Algorithm for the inverse function given in Eqn.
(15a).

if ζf = 0 then
ξ0 ← ξ;

else if ζf ≥ ξ then
ξ0 ← 0;

else if p 6= 0 then
p1 ← p(1 + ζf − 2ξ)− 1;
p2 ← 1

3
− p1

p2
;

p3 ←
p1+3ζf

3p2
− 2

27
;

s← 1
3

+ 2
√

p2
3

cos
[
1
3

arccos
(

3p3
2p2

√
3
p2

)
+ π

3

]
;

ξ0 ←
ξ−ζf

(1−ps)(1−s) ;

else
ξ0 ←

ξ−ζf
1−ζf

;

end if

Algorithm 2. Algorithm for the inverse function given in Eqn.
(15b).

if ζr = 1 then
ξ0 ← ξ;

else if ζr ≤ ξ then
ξ0 ← 1;

else if p 6= 0 then
p1 ← p(2ξ − ζr)− 1;
p2 ← 1

3
− p1

p2
;

p3 ← p1−3ζr+3
3p2

− 2
27

;

s← 2
3
− 2
√

p2
3

cos
[
1
3

arccos
(

3p3
2p2

√
3
p2

)
+ π

3

]
;

ξ0 ← 1 + ξ−ζr
1−(1+ps)(1−s) ;

else
ξ0 ← ξ

ζr
;

end if

where ∆t = tn − tn−1 is the time difference between the
time steps.

The first step is a thermo-elastic prediction, where it is
assumed that ξ̇ = 0 resulting in ξn = ξn−1 and εtn = εtn−1

.
This means that it is straightforward to calculate σn and Tn
from Eqns. (3) and (16).

Subsequently it is tested, if the Kuhn-Tucker conditions
(8) are satisfied. If they are not, a phase transformation is
taking place and a transformation correction step has to be
made to σ, T and ξ. This is done iteratively using a return
mapping algorithm, which basically is consecutive Newton
steps, because E has to be zero at all times and Φ has to be
zero during transformation:

Φ + ∂σΦ∆σ + ∂ξΦ∆ξ + ∂TΦ∆T = 0 (17a)
E + ∂σE∆σ + ∂ξE∆ξ + ∂TE∆T = 0 (17b)

S∆σ + (∆Sσ + Λ)∆ξ = 0 (17c)

where ∂yx denotes the partial derivative of x with respect to
y. Equation (17c) comes from Eqn. (3), where ∆ε = 0 in the
correction step. The iterative step in ξ is found by solving the
system of equations:

∆ξ = (E ∂TΦ− Φ ∂TE) /
[
∂TE ∂ξΦ− ∂ξE ∂TΦ +

(∂σE ∂TΦ− ∂TE ∂σΦ)S−1(∆Sσ + Λ)
]

(18)
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This means that ξ is updated by ξ(i+1)
n ← ξ

(i)
n + ∆ξ, where

i denotes the iteration. The boundaries 0 ≤ ξ ≤ 1 have
to be enforced when updating ξ. Next, σ, T , Φ and E
are updated, and iterations continue until convergence. It
should be noted that the Kuhn-Tucker conditions specify
that the transformation functions always should be below
or equal to zero only in the case that transformation in
the appertaining direction is admissible and the relevant
transformation function is defined. For example, this means
that the computed value of Φf will exceed zero when ξ
becomes one. Therefore iterations during the forward phase
transformation correction should be stopped if ξ persistently
encounters its upper boundary, even though |Φf | does not
meet its tolerances. This is similar in reverse transformation
for ξ = 0.

Turning point The aspect of turning points, i.e. when ξ̇
changes sign, is two-parted: detecting a possible turning
point, and updating and calculation of ξ0 in the case of a
turning point. The value of ξ0 is constant (and known) as
long as the sign of ξ̇ is constant.

The parameter ξ0 enters into the expression of Φ. The
value of Φ determines whether or not a transformation is
taking place and it therefore determines the sign of ξ̇. This
means that it is somewhat a circular problem to determine, if
there is a turning point. However, this is solved by setting up
some rules:

1. The transformation indicator dn at time step n is
defined by

dn ≡


sign(ξn − ξn−1) if ξn 6= ξn−1

1 else if ξn = 0

−1 else if ξn = 1

−dn−1 otherwise

Forward transformation corresponds to dn = 1, and
reverse to dn = −1.

2. Initially, the preferred direction of transformation d̃n
between time step n− 1 and n is given by

d̃n ≡


1 if ξn−1 = 0

−1 else if ξn−1 = 1

dn−1 otherwise

3. If d̃n 6= dn−1, then there is a turning point in time step
n− 1 and ξ0 has to be calculated at time step n.

4. If the Kuhn Tucker condition corresponding to the
preferred direction of transformation d̃n at time step
n is satisfied after the thermo-elastic prediction, a
turning point takes place at time step n− 1. In this
case, d̃n ← −dn−1 and ξ0 has to be calculated at time
step n.

For example, if a forward transformation takes place
between time step n− 2 and n− 1, Φf is calculated at first
in time step n. Note that Φr is not defined before ξ0 is
calculated, and therefore Φr is not calculated. Then it should
be checked if the Kuhn-Tucker condition related to forward
transformation, Eqn. (8a), is violated in time step n. If so,
it is not a turning point, the transformation continues in the
same direction and ξ0 is unchanged. If on the other hand the

Kuhn-Tucker condition is satisfied, there is a turning point
at time step n− 1, ξ0 has to be calculated, and now reverse
transformation is the preferred direction of transformation.
If there is no phase transformation taking place, dn changes
sign and ξ0 is calculated in each time step. When ξn−1 = 0
or ξn−1 = 1, the situation is trivial, because then only one
transformation direction is admissible and furthermore ξ0 =
ξn−1.

If time step n− 1 is a turning point (which is detected in
time step n), the transformation surface of the new preferred
direction is moved to the temperature-stress state at time
step n if possible. This means that Φd = 0 has to be solved
for ξ0 for the values of σ, T and ξ at time step n− 1
using the new preferred direction. If there is no solution,
then ξ0 becomes ξn−1. This special case is included by the
expressions of the inverse functions, Eqns. (11), (12) and
(15). Note that the procedure of detecting a turning point
and resetting ξ0 is not a correction to the former time step.
It is a way to ensure continuity at time step n. By moving
the transformation surface, smooth transitions are ensured,
because the hardening function is smooth at the boundaries,
ζ = 0 and ζ = 1. From time step n− 1 all state variables
are known, and therefore it is possible to determine f̃ =
fd(ζd) using the values of σn−1 and Tn−1 using Eqn. (12).
Then the inverse hardening function, Eqn. (11), is used for
determining ζd. Finally ξ0 is found using the inverse sub-
loop function in Eqn. (15) by inserting ζd and ξn−1.

The overall numerical implementation is summed up in
Algorithm 3.

Helical spring model
As mentioned in the introduction, there exist a variety of
model approaches for SMA helical springs in the literature.
Equivalent 1D models generally provide acceptable perfor-
mance (Aguiar et al. 2010; An et al. 2012; Enemark et al.
2014), and they are advantageous because of their simplicity.
The idea behind the 1D models is to choose a point in
the spring wire cross section to govern the SMA behaviour
and then extrapolate to obtain the global spring behaviour.
Therefore, also formulas relating the spring deformation to
the representative SMA strain, and the spring force to the
representative SMA stress are needed. The disadvantage
of most presented 1D models is that they do not take
into account large global deformations (large pitch angles)
resulting in geometrical stiffening. If the pitch angle is
large, bending of the spring wire becomes significant (Wahl
1944), and therefore the stress and strain states become two-
dimensional. An et al. (2012) also considered large pitch
angles of SMA springs but made an equivalent 1D model
based on several simplifying assumptions.

A 2D model is presented here, in which a single point
in the cross section is used to govern the SMA behaviour,
as described above. If the spring index (ratio between
coil and wire radii) is small, there is another phenomenon
taking place, i.e. distortion of the otherwise symmetric strain
distribution in the wire cross section, because the spring wire
is equivalent to a curved bar. This effect was taken into
account for an SMA spring by Mirzaeifar et al. (2011), but
it was concluded that it did not have a significant impact on
the force-deflection relationship. For linear elastic springs,
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Algorithm 3. Algorithm for using the constitutive model by
Lagoudas et al. (2012) coupled to the energy equation and with
the Bézier hardening function and sub-loop function.

1. Load ξn−1, ξ0n−1 , εn−1, εtn−1 , Tn−1 and dn−1 from the
former time step and εn from the current time step.

2. Make a thermo-elastic prediction:

(a) ξn ← ξn−1, ξ0n ← ξ0n−1 , εtn ← εtn−1 .
(b) Calculate σn (3) and Tn (16).

3. If ξn = 0 then d̃n ← 1, else if ξn = 1 then d̃n ← −1,
otherwise d̃n ← dn−1.

4. Calculate ζd (13, 14), fd (10), Λd (5) and Φd (6) using
d = d̃n.

5. If both Φd < 0 and −d̃n is admissible† do (turning point):
(a) d̃n ← −dn−1 and calculate σn−1 (3).
(b) For time step n− 1, calculate Λd (5), f̃ (12), ζd = ζ

(11) and ξ0 (15) using d = d̃n, σn−1 and Tn−1.
(c) For time step n, recalculate ζd (13, 14), fd (10), Λd

(5) and Φd (6) using d = d̃n and the new value of ξ0.

6. dn ← d̃n.
7. If Φd > 0 do (transformation correction):

(a) Calculate the derivatives of Φd and Ed with respect to
ξn, Tn and σn.

(b) Calculate ∆ξ (18) and enforce its boundaries. Update
ξ
(i)
n ← ∆ξ + ξ

(i−1)
n and ε(i)tn ← Λ

(i−1)
d ∆ξ + ε

(i−1)
tn

.
(c) Calculate Tn (16), and σn (3).
(d) Calculate ζd (13, 14), fd (10), Λd (5), Φd (6) and Ed

(16).
(e) If both |Φd| < tol1 and |Ed| < tol2 the solution has

converged. Otherwise go to item 7a.

† d̃n = 1 is admissible if ξn < 1, and d̃n = −1 is admissible if
ξn > 0.

Wahl (1944) showed that the error of the force-deflection
relationship is less than 3 % when not correcting for the
distortion for spring indexes as low as 2.7. Also end effects
are not considered in this model, and in practise they have
been avoided (to a high extent) by the type of spring grip.

The SMA spring is a helix with initial coil radius
r0, assumed constant wire radius c, initial height h0, N
number of windings, and assumed constant length L =√
h2

0 + (2πNr0)2, see Fig. 1. The initial pitch angle is

then α0 = arctan
(

h0

2πNr0

)
. It is assumed that the spring is

restricted from rotating, which results in the condition

r

r0
=

cosα

cosα0

where r and α denote the coil radius and pitch angle of
the deformed spring respectively. This relation is used to
simplify the expressions below. The deformed pitch angle is
given by

α = arcsin
( u
L

+ sinα0

)
where u is the spring elongation. The shear and normal strain
distributions in the wire cross section are (Wahl 1944)

γ(a) = a

(
sinα cosα

r
− sinα0 cosα0

r0

)
=

a

r0
cosα0(sinα− sinα0) (19)

ε(y) = y

(
cos2 α0

r0
− cos2 α

r

)
=

y

r0
cosα0(cosα0 − cosα) (20)

where a ∈ [0, c] is a radial coordinate, and y ∈ [−c, c] is a
Cartesian coordinate perpendicular to the spring centre axis.
These strain expressions are symmetric, and the distortion
due to the fact that the spring wire is a curved bar is not
considered as mentioned above. The strain distributions are
illustrated in Fig. 1.

The tensile spring force F comes from the torsional
moment MT and the bending moment MB in the spring, cf.
Fig. 1:

F = MT
cosα

r
+MB

sinα

r

=
cosα0

r0
(MT +MB tanα) (21)

MT =

∫ c

0

∫ π

−π
τ(ε(θ, a))a2 d θ d a (22)

MB =

∫ c

0

∫ π

−π
σ(ε(θ, a))a2 sin θ d θ d a (23)

Here θ is the angular coordinate corresponding to the radial
coordinate a. Note the geometrical stiffening effect on F due
to the tanα factor.

It is not straightforward to evaluate the integrals in the
expressions of the moments above, because the martensitic
volume fraction varies through the wire cross sections and
it couples the shear and normal stresses. Nevertheless, a
constant martensitic volume fraction throughout the cross
section is approximated, which is also the basis of the
equivalent 1D models found in literature, including Liang
and Rogers (1993); Aguiar et al. (2010); An et al. (2012);
Enemark et al. (2014). This approximation is justified in
the next section. Under shear behaviour, the constitutive
equation reads τ = G(γ − γt) (Eqn. (3)). From Eqn. (19)
we have that γ(a) = a

c γ(c). The shear modulus G and the
transformation shear strain γt are assumed constant in the
cross section. By evaluating the integral in Eqn. (22), the
torsional moment becomes

MT =
2

3
πc3G

(
3

4
γ(c)− γt

)
=

2

3
πc3G(γ∗ − γt) =

2

3
πc3τ∗

Here γ∗ ≡ 3
4γ(c) = γ

(
3
4c
)

is defined in order to use the
governing equation and further define τ∗ ≡ G(γ∗ − γt).
This means that the location a∗ = 3

4c is representative
for determining an equivalent constant martensitic volume
fraction. To our understanding, the maximum shear strain
and stress, corresponding to a point at the circumference
(a∗ = c), is used to govern the SMA behaviour in the most
equivalent 1D models found in literature. The difference is
significant as will be shown in the following section.

A similar approach is made for the normal strain and
stresses, where ε(y) = y

c ε(c) and σ = E(ε− sign(ε)εt)
(Eqn. (3))†. The elastic modulus E and the transformation

†The reason for the sign(ε) in the expression of σ is to ensure
tension/compression symmetry, when εt is assumed to be a constant.
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normal strain εt are assumed constant in the cross section.
The bending moment becomes

MB =
4

3
c3E

(
3π

16
ε(c)− εt

)
=

4

3
c3E (ε∗ − εt) =

4

3
c3σ∗

This results in ε∗ ≡ 3π
16 ε(c) = ε

(
3π
16 c
)
, σ∗ ≡ E(ε∗ − εt)

and y∗ ≡ 3π
16 c.

The resulting force, Eqn. (21), becomes

F =
2

3

c3

r0
cosα0(πτ∗ + 2σ∗ tanα) (24)

To determine the spring force at a given deflection u,
firstly the representative strain tensor ε∗ = {ε∗, γ∗}> =
{ε( 3π

16 c), γ( 3
4c)}

> is determined using Eqns. (19) and (20).
Then the representative stress tensor σ∗ = {σ∗, τ∗}> is
determined using the SMA model and ε∗. Finally the force
is calculated using Eqn. (24).

Justification of modelling approach
In order to justify the approach for modelling the SMA
helical spring, some comparisons to other approaches are
provided. The different approaches are illustrated in Fig. 4
and they are:

2S The 2D model using the star point: both shear and
normal strains are taken into account, and the four
points represented by a∗ = 3

4c and y∗ = 3π
16 c are used

to govern the SMA behaviour.
2C The 2D model using the point of maximum strain (the

circumference point): both shear and normal strains
are taken into account, and the two points represented
by a∗ = c and y∗ = c are used to govern the SMA
behaviour.

2L The 2D model using line integration: shear and normal
stresses are evaluated at integration points along a line
from the wire cross section centre to the circumference
at maximum normal strain as shown in Fig. 4. The
stresses are then extrapolated to the whole cross
section and integrated numerically to evaluate the
moments:

MT,line = 2π

∫ c

0

τ(ε(y))y2 d y

MB,line = 4

∫ c

0

σ(ε(y))y
√
c2 − y2 d y

In this case the shear stress is simplified to be
independent of the angular position θ like the shear
strain, and the normal stress is simplified to be
independent of the horizontal position x like the
normal strain. The stresses σ and τ are coupled due to
the constitutive model and the two-dimensional strain
field.

2P The 2D model using plane integration: shear and
normal stresses are evaluated at integration points
spread out over the entire wire cross section, and
the moments in Eqns. (22) and (23) are evaluated
numerically. This is the most accurate model approach,
but also the most computationally demanding.

y∗

a∗
c

x

y

a
θ

Figure 4. Illustration of different approaches to integrate the
SMA behaviour in the wire cross section. The 2S approach
uses the four star points to represent the SMA behaviour in the
cross section, the similar 2C approach instead uses the two
circumference points (solid circles), and the 2L approach
integrates numerically the behaviour along the thick dashed line
and extrapolates to the whole cross section.

Using the same notation, the approaches 1S, 1C, 1L are also
included, where normal strains (and therefore also normal
stresses) are neglected. The 1L and 1P approaches give
identical results, and 1P is therefore omitted. Simulated
force-displacement tests are shown in Fig. 5 for isothermal
conditions. Generic SMA material properties are used, and
the geometrical properties of the spring are given in Tab.
1. From Fig. 5 it is evident that 1S and 2S perform very
acceptably if deflections are of a moderate level (here
less than 16 mm) when comparing to the precise 1L
and 2P models. At large deformations the errors become
pronounced. On the other hand, the transformation surfaces
are misplaced in the 1C and 2C approaches resulting in
significant errors. There are also clear discrepancies between
the 1S and 2S approaches as shown in Fig. 5c even for
relatively small deflections indicating that bending of the
spring is an important aspect. The results for the 2L and
2P approaches are very similar for all levels of deflection.
The chosen values of the elastic moduli for martensite and
austenite are 30 GPa and 40 GPa respectively. Even so,
the 2D models predict that the spring stiffness is highest
when the SMA is in the martensitic phase. This is caused by
geometric non-linearities, which have also been observed in
experiments (Sakuma and Suzuki 2007; Enemark et al. 2014;
Savi et al. 2015).

From this example, it is clear that it is possible to
significantly increase the predictability by using the star
points instead of the circumference points and the 2D model
instead of the 1D model. The 2L model and especially the 2P
model are considerably heavier computationally than the 2S
model and the difference is small if the spring is subjected
to moderate deflections. Also, if the SMA model is coupled
to the energy equation the 2L and 2P approaches become
significantly more complicated, because a heat conduction
terms have to be added, which connect the integration points
in the cross section.

It is possible to almost identically replicate the 2P model
results using even the 1C model, if the model parameter
values are changed. In this regard it should be emphasised
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Figure 5. Force displacement relationship for different model approaches when using the same spring and material properties.
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Figure 6. Normal, shear and von Mises stresses in a quarter of the cross section for a deflection of 12 mm. The intervals between
the contour lines are 25 MPa.

that many model parameters would obtain unrealistic values,
and it is therefore not possible to give reliable predictions,
if the unrealistic values are not known a priori. Using
the 2S model, only H and EM have to be changed to
increase predictability at large deformations, i.e. up to a 40
% decrease from their initial values in this case. But as long
as deformations are moderate, parameter tuning of this level
should not be necessary.

The importance of including the normal stress and the
coupling between the two directions is also illustrated in Fig.
6. Here the normal, shear and von Mises stresses are shown
in a quarter of the cross section for a deflection of 12 mm.
The results are based on the 2P model. The magnitude of
the normal stresses are comparable to the shear stresses. It
is also clear that the normal stress varies with the horizontal
x coordinate, even though the normal strain is independent
of x. Similarly, the shear stress is not symmetric around
the cross section centre even though the shear strain is.
This is because of the coupling of the stresses, σ and τ ,
in the transformation functions, Φf and Φr. Nevertheless,
the 2L model results are almost identical to the 2P results
in Fig. 5, so the approximation that the stress distributions
have same symmetric properties as the strains can indeed

be used without significant loss of accuracy. The tension-
torsion coupling of SMAs is more throroughly investigated
by Lagoudas et al. (2012) and Mehrabi et al. (2014) for
example.

Complex modulus representation

In order to use SMAs in dynamic systems, it is convenient
to explore the dynamic properties in terms of the complex
modulus. There exist several ways to quantify the complex
modulus from either experiments or simulations (Piedboeuf
et al. 1998; Gandhi and Wolons 1999; Malecot et al. 2006;
Holanda et al. 2014), and they result in slightly different
values. The method used here is very similar to the one
presented by Gandhi and Wolons (1999), but here the
complex modulus is evaluated in terms of forces instead
of stresses. This means the storage modulus, here K, is a
measure of average stiffness (measured in N m−1) during a
loading cycle. The loss factor is called η, and it is equivalent
to linear viscous damping b by η = bω

K , where ω is the
frequency of oscillation. The loss modulus equals Kη, and
the actual complex modulus is K(1 + jη), where j is the
imaginary unit. The storage modulus and the loss factor are
determined by assuming that the response of the dynamic
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system, in which the SMA spring is the active element, is
harmonic: x(t) = x0 +A sin(ωt+ φ), where x0 denotes the
pre-tension length, A is the amplitude and φ is the phase.
A response x̂(t) is defined by being equal to x(t), but
delayed by a phase angle of 90◦, i.e. x̂(t) = x0 +A sin(ωt−
π
2 + φ) = x0 −A cos(ωt+ φ). The size of the equivalent
force from the SMA element has the form F̃ = F0 +K(x−
x0) + bẋ = F0 +K(x− x0)−Kη(x̂− x0), similar to a
combined linear spring and a viscous or hysteretic damper
plus a pre-tension force F0. It is possible to extract the
complex modulus by the two following integrals

I1 =

∮
F dx =

∫ π/ω

−π/ω
Fẋd t ≈

∫ π/ω

−π/ω
F̃ ẋd t = πA2Kη

I2 =

∮
F d x̂ =

∫ π/ω

−π/ω
F ˙̂xd t ≈

∫ π/ω

−π/ω
F̃ ˙̂xd t = πA2K

The integral
∮
F dx is the amount of energy dissipated

during a cycle. Subsequently the storage modulus and the
loss factor are:

K =
I2
πA2

η =
I1
I2

The pre-tension force F0 is determined by

ω

2π

∫ π/ω

−π/ω
F d t ≈ ω

2π

∫ π/ω

−π/ω
F̃ d t = F0

Model parameter estimation and uncertainty
quantification
The Bayesian framework is used to estimate the model
parameters and their uncertainties based on comparison with
experiments. This basically means that the parameters are not
considered as scalars but as probability distributions (which
can be characterised by mean and variance for example).
Namely, we use a Markov chain Monte Carlo method
(MCMC) and an adaptive Metropolis algorithm to determine
the statistical properties of the model parameters (Gelman
et al. 2014).

The basis of the Bayesian approach is Bayes’ rule

P (θ|y) =
P (θ)P (y|θ)∫
P (θ)P (y|θ) dθ

which uses a prior (known) distribution of the model
parameters θ, P (θ), and a sampling distribution P (y|θ)
(being the probability of getting observation y given θ) to
determine the posterior distribution P (θ|y). The posterior
distribution, being the distribution of the parameters θ given
the observations y, is what we search. However it is not
possible to evaluate this expression analytically when having
complex models with many parameters, and this is why
Markov chain simulations are used.

The residual r is the difference between the experimental
results y and the model predictions f that depend on θ. If it is
assumed that the residual vector is normally distributed with
zero mean and zero autocorrelation, we have

P (y|θ) =
1√

2πŝ2
exp

(
−RSS(θ)

2ŝ2

)

where ŝ is the residual standard deviation and RSS(θ) =
r>r = (y − f(θ))>(y − f(θ)) is the residual sum of
squares. In order to maximise the likelihood P (y|θ), the
residual sum of squares has to be minimised. Therefore
the MCMC procedure can be initialised by determining
the prior distribution of θ using an ordinary least squares
(OLS) estimate. This is carried out with the lsqnonlin
function in the Matlab Optimization Toolbox that uses
a trust-region-reflective algorithm. Next, the measurement
standard deviation is estimated by

ŝ2 ≈ RSS(θ∗)
nm − np

(25)

where θ∗ denotes the OLS estimate of θ, nm is the number
of measurements and np is the number of parameters. The
covariance matrix of θ∗ is estimated by

Σ ≈ ŝ2
(
J(θ∗)>J(θ∗)

)−1
(26)

where J is the Jacobian of f with respect to θ, which can be
estimated by central difference.

The Metropolis algorithm is as follows (Gelman et al.
2014): Initially a random sample θ0 is drawn from
the distribution N(θ∗, C2Σ) being a multivariate normal
distribution with mean θ∗ and covariance C2Σ, where
C ≈ 2.4n

− 1
2

p is the coverage factor. For every iteration i,
another sample θ̂ is drawn from the jumping distribution
N(θi−1, C

2Σ) and the likelihood ratio

R =
P (y|θ̂)

P (y|θi−1)
= exp

(
−RSS(θ̂)− RSS(θi−1)

2ŝ2

)
is calculated. The current sample is only conditionally
accepted:

θi =

{
θ̂ with probability min(R, 1)

θi−1 otherwise

This means that the sample is always accepted when the
likelihood has increased since the last sample, but it may also
be accepted with a non-zero probability if the likelihood has
decreased. Iterations continue until the sample distribution
becomes stationary. Then the initial samples (the warm up)
are rejected and the remaining samples as a whole represents
the posterior distribution of θ.

In order to speed up convergence, a simple adaptation is
added to the algorithm (Haario et al. 2001; Gelman et al.
2014): For every n0’th iteration i0, where n0 � 1, the
covariance matrix of the jumping distribution is updated to
be proportional to the posterior covariance estimated from
the former simulations:

C2Σ← C2 cov(θi0−1,θi0−2, . . . ,θ0)

There are several criteria that should be fulfilled to
ensure that the samples actually do represent the posterior
distribution well (Gelman et al. 2014). The in-between and
within variances of multiple independent Markov chains
show if the chains are similar and has converged. Also, the
acceptance ratio should be around 0.23 when having more
than 5 parameters (Gelman et al. 2014). If the acceptance
ratio is too low, C2 should be decreased and vice versa.
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Table 1. Geometrical properties of SMA spring.

c (mm) r0 (mm) h0 (mm) N (-)

0.28 1.28 7.0 6

If the residual contains significant autocorrelation, i.e. the
number of actually independent measurements is reduced,
both ŝ2 and Σ become underestimated. To counteract this,
Eqns. (25) and (26) can be substituted accordingly (Enemark
and Santos 2015):

s̃2 ≈ ñm
nm

RSS(θ∗)
ñm − np

(27)

Σ̃ ≈ s̃2nm
ñm

(
J(θ∗)>J(θ∗)

)−1
(28)

where ñm is the number of independent measurements
ensuring a residual with insignificant autocorrelation.

Results and discussion

Experiments
In regard to spring dimensioning, we want to explore
and utilise the non-linearities of the SMA spring, when
displacements are in the order of a few millimetres (∆u ≈ 2
mm). This can be specified by l = ∆u

∆γ(c) = 2 mm
1 % (Eqn. (1)),

because phase transformations are expected when ∆γ(c) ≈
1 %. The maximum stiffness is required to be kA = 2 N
mm−1. In order to determine the three parameters fully,
it requires a third criterion. In this context, this criterion
relates to the availability of specific wire diameters at the
market (e.g. Memry Corporation, Amazon, Nitinol Devices
& Components, Inc. and Johnson Matthey, Inc.).

The chosen spring dimensions are provided in Tab. 1. They
are based on GA ≈ 15 GPa (Enemark and Santos 2015), the
values of l and kA, Eqns. (1) and (2), and the available spring
diameters at the market.

The SMA springs are thermo-mechanically trained to get
stabilised behaviour. The training consists of approximately
100 loading cycles using an amplitude of A = 7.9 mm, a
frequency of ω = 0.5 Hz and an ambient temperature of
T∞ = 30 ◦C. Then around 100 cycles follow at T∞ = 70 ◦C.
We found that it is important to explore the entire thermo-
mechanical field during the training to avoid further training
during the actual experiments. The choice of the minimum
temperature (30 ◦C) is based on the capabilities of the heat
gun. At temperatures closer to the room temperature (25
◦C), the heat gun is not able to keep a constant temperature.
The choice of the highest temperature (70 ◦C) is made
so that the spring is almost linearly elastic even for large
deflections. A maximum amplitude ofA = 7.9 mm is chosen
because the spring easily breaks at higher amplitudes if
combined with the high temperature. After the training the
spring has permanently elongated approximately 2.5 mm as
a consequence of transformation induced plastic strains.

The characterisation of the spring consists of experimen-
tally obtained stable loading cycles at different ambient tem-
peratures (T∞ being 30, 50 or 70 ◦C), excitation amplitudes
(A being 2.4, 3.3, 4.4, 5.8 and 6.9 mm) and frequencies (ω
being 0.1, 0.3, 1.3, 4.0 and 10.0 Hz). The pre-tension length
x0 = 6.5 mm is kept constant. We found that the spring

breaks after relatively few cycles (in the order of hundreds)
if using A > 5.8 mm. For this reason, A = 7.9 mm is only
used during training, and A = 6.9 mm is only used with
slow speeds. Each experiment, of the 3 · 5 · 5 = 75 different
combinations, is performed a total of nine times using five
different spring specimens to explore the uncertainties. Some
experiments are discarded as outliers because of insufficient
training.

Figure 7 shows 11 tests, which are used to calibrate the
model. The size of the hysteresis loops and the tangential
stiffness depend on both ambient temperature and oscillation
frequency. The tangential stiffness during transformation is
only slightly lower than during the thermo-elastic state. For
SMA wires the tangential stiffness during transformation is
usually at least an order of magnitude lower than the pure
austenitic or martensitic states (see e.g. Enemark and Santos
(2015)).

To get a better overview of the characteristic properties,
the storage modulus K, the loss factor η and the pre-tension
force F0 are calculated from all experimental results, and
they are shown in Fig. 8. They are represented by a mean
value and an estimate of the 90 % confidence interval based
on the calculated standard deviation and the Student’s t-
distribution using the appropriate number of degrees of
freedom.

The storage modulus K depends on the ambient
temperature to great extent, whereas the dependencies on
frequency and amplitude are more moderate even though
the dependencies are clear, cf. Fig. 8. The storage modulus
increases with ambient temperature and frequency, whereas
the dependency on amplitude is non-monotonic and coupled
to the temperature.

The loss factor η also greatly depends on temperature and
frequency, and it monotonically decreases with both. The
dependency on amplitude is insignificant. The values of K
and η seem to saturate with increasing frequency: Changes
in their values are similar from 0.1 Hz to 0.3 Hz and from
4.0 Hz to 10 Hz.

The mean pre-tension force F0 greatly depends on
temperature, and the dependencies on frequency and
amplitude are insignificant. Malecot et al. (2006) and He
and Sun (2010) showed that the mean pre-tension force
significantly increases with the excitation frequency caused
by high temperature rises, which is a consequence of the
latent heat of phase transformations and the lack of heat
transfer to the surroundings. However in this case, the level
of forced convection is so high that the mean temperature and
therefore also the mean force during a cycle does not increase
significantly. Piedboeuf et al. (1998) and Gandhi and Wolons
(1999) showed strong amplitude dependent behaviour on
SMA wires, whereas the amplitude dependencies of K, η
and F0 are insignificant in these experiments performed on
springs. The reason is that the tangential stiffness during
transformation is only slightly lower than in the thermo-
elastic regions for the springs (maximum a factor of 4),
which again is caused by the bending in addition to torsion
of the spring wire and the otherwise complex stress and
strain fields. Oppositely, the tangential stiffness during
transformation for straight wires is usually considerably
lower than in the thermo-elastic regions. In some conditions
the the tangential stiffness is even zero or slightly negative
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(Piedboeuf et al. 1998). Because there is a direct connection
between the storage modulus and the tangential stiffness
and because the loading cycles both include thermo-elastic
and transformation regions, it results in a large amplitude
dependency for the straight wires.

There are clear discrepancies between the experimental
results highlighted by the confidence intervals. These
discrepancies reflect the differences between the spring

specimens, i.e. material imperfections and geometrical
inaccuracies. Also small differences in training has an
impact, and the characteristics change slightly during the
lifetimes of the springs after the training process. This means
that they never reach a perfectly stabilised state, but the
changes are small and happen slowly.
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Model fitting
The 2S model is fitted using OLS to the calibration data set
highlighted in Fig. 7, where the geometrical properties of
the spring are fixed, and they are shown in Tab. 1. A former
differential scanning calorimetry (DSC) test showed that the
phase transformation temperatures are As = 4 ◦C, Af =
25 ◦C, Ms = 20 ◦C and Mf = −3 ◦C of the as-received
material (Enemark and Santos 2015). These temperatures
are determined using tangential fits. However, when smooth
hardening functions are used, the phase transformation
temperatures used in the model can be altered to improve
agreement between model predictions and experiments. This
is exemplified by Lagoudas et al. (2012), where the phase
transformation temperatures are changed up to 8 ◦C to
increase resemblance to a DSC curve. Also, the phase
transformation temperatures may change as a consequence
of the shape-setting heat treatment and the training process
(Gloanec et al. 2013). Using these arguments, the phase
transformation temperatures are allowed to change ±10 ◦C
from their DSC values when fitting the model. Since the
experiments only contain partial transformations and not full
transformations, it is not possible to uniquely identify all
model parameters. The two parameters nf2 and nr2 determine
the curvatures of the end of the forward transformation
and the beginning of the reverse transformation respectively
and they are not represented by the experiments. They are
therefore fixed to be 0.36, making the curvature follow
closely the cosine hardening function used by Brinson
(1993), who has made a widely used constitutive model.
Also, Poisson’s ratio ν = 0.33 is fixed, because it is
not identifiable from the experiments. When fixing some
parameters, the solution of other parameters might depend
on the chosen fix points, so in this relation the solution is not
unique.

In the OLS solution, Tab. 2, the phase transformation
temperatures encounter their enforced boundaries. Also p
encounters the upper boundary of its definition interval
(−1, 1), which is set to 0.99 in the numerical implementa-
tion. The model predictions and the calibration data set are
compared in Fig. 7 and the resemblance is high. The residual
standard deviation is s̃ = 0.24 N, where nm/ñm = 9 is used
to counteract the level of autocorrelation. Figure 7 also shows
the spring temperature during the loading cycle, which forms
a closed orbit confirming stabilised behaviour. The tempera-
ture primarily increases during loading and decreases during
unloading, because the forward transformation is exothermic
and the reverse transformation is endothermic. However,
because of the convection forces the temperature towards
the ambient temperature, the temperature rate changes sign
before the loading changes direction in each cycle. The maxi-
mum temperature depends on both frequency and amplitude.
The mean temperature during a cycle is within ±5 ◦C of the
surroundings in all cases, which is because of the high level
of convection.

To validate the model, model predictions and the
remaining experiments are also compared. This is shown
in terms of the complex modulus in Fig. 8. The model
predictions follow closely the experimental results both
in terms of qualitative behaviour and in terms of low
(quantitative) error. For K, the residual standard deviation
(between model and mean of experiments) is 0.043 N mm−1,

which can be compared with the mean standard deviation
of the experiments of 0.023 N mm−1. For η the numbers
are 0.021 compared with 0.012, and for F0 it is 0.14 N
compared with 0.24 N. The model errors are very acceptable
even though they cannot be explained by the measurement
uncertainties entirely. The model errors are small compared
to the full scale of the variables (K: 3.4 %, η: 8.3 % and F0:
1.4 %).

Literature values of some of the model parameters
are provided in Tab. 3. The determined value of H is
substantially lower than expected. The value is low because
H not only determines the maximum transformation strain
but also the tangential stiffness during transformation. A
higher value of H would therefore result in too low stiffness
during transformation. This can either be compensated by
decreasing the values of Mf and As or by letting H be
a function of the von Mises stress (Lagoudas et al. 2012).
However, because only tests in the pseudoelastic region and
the DSC test are available, it would not be possible to give
a qualified estimate of the expression of H and it would
not be reasonable to ignore the DSC results. The remaining
parameters obtain reasonable values. It should be noted that
the SMA wires used in this study are from the same company
and has the same diameter as the wires used by Enemark and
Santos (2015).

The OLS parameters of the 1S model (where only shear
is taken into account) is also shown in Tab. 2. The same
requirements regarding parameter boundaries are enforced
as for the 2S model. Many of the model parameters are very
similar. However, the value of EM and EA are almost equal,
whereas they clearly differ in the 2S model. It is well-known
that EA is substantially higher than EM as the 2S model
predicts. The value ofEM has to attain a non-physically high
value to counteract the deficiency regarding the geometrical
non-linearities of the 1S model. These model parameters can
therefore validate that the 2S model captures the physical
behaviour of the spring to a higher extent compared with
the “standard” 1S model. On the other hand, the residual
standard deviations of the two models are s̃1S = 0.26 N and
s̃2S = 0.24 N respectively, meaning that they perform almost
equally well.

Parameter uncertainties
MCMC is used to determine the uncertainties of the
parameters of the 2S model. The parameters that are
fixed or have encountered their boundaries during OLS are
considered fixed without uncertainties. This is necessary
because otherwise the MCMC would find another optimum
that does not satisfy the constraints. Four chains of each
15000 samples are used, and the initial 7500 samples are
removed before analysing the result. For every n0 = 500
samples until the 7500th sample, the covariance matrix of
the jumping distribution is updated. Only the calibration data
set is used for determining the parameter uncertainties. The
uncertainty analysis reflects the stability and the “width”
of the optimum determined by OLS, but not necessarily
the observed discrepancies between the different springs
used in experiments. The resulting samples representing the
parameter distributions are highlighted in terms of mean
and 5th and 95th percentiles in Tab. 2, and they are shown
as histograms and pairwise correlation plots in Fig. 9. The
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Table 2. Determined model parameters using OLS for both the 1S and 2S models, and the parameter distribution mean and
confidence intervals using MCMC for the 2S model. The confidence intervals are highlighted in terms of the 5th and 95th
percentiles. The obtained residual standard deviations for the OLS fits are s̃1S = 0.26 N and s̃2S = 0.24 N respectively (corrected
for autocorrelation).

Model 1S 2S

OLS OLS Mean 5th perc. 95th perc.

H (mm m−1) 13.8 14.6 14.6 14.2 15.0
EA (GPa) 38.5 36.8 36.8 36.5 37.0
EM (GPa) 37.7 30.9 30.8 29.9 31.8
ν (-) 0.33 0.33 (fixed)
CA (MPa K−1) 10.4 10.6 10.6 10.3 10.9
CM (MPa K−1) 11.8 11.1 11.2 10.7 11.6
As (◦C) −6.0 −6.0 (lower bound)
Af (◦C) 35.0 35.0 (upper bound)
Ms (◦C) 30.0 30.0 (upper bound)
Mf (◦C) −13.0 −13.0 (lower bound)
nf1 (-) 0.58 0.71 0.70 0.65 0.76
nf2 (-) 0.36 0.36 (fixed)
nr1 (-) 0.74 0.72 0.72 0.68 0.76
nr2 (-) 0.36 0.36 (fixed)
p (-) 0.99 0.99 (upper bound)
ρcp (MJ m−3 K−1) 2.59 2.63 2.63 2.42 2.85
ĥ (kW m−2 K−1) 0.34 0.37 0.37 0.33 0.42

Table 3. Some values of comparable model parameters found in the literature.

Parameter OLS value Ref. value Reference

H (mm m−1) 14.6 33, 40 Lagoudas et al. (2012), Enemark and Santos (2015)
EA (GPa) 36.8 33, 44 Lagoudas et al. (2012), Enemark and Santos (2015)
EM (GPa) 30.9 23, 26 Lagoudas et al. (2012), Enemark and Santos (2015)
CA (MPa K−1) 10.6 9 Enemark and Santos (2015)
CM (MPa K−1) 11.1 12 Enemark and Santos (2015)
ρcp (MJ m−3 K−1) 2.63 2.5 to 2.6, 3.2 Lagoudas et al. (2012), Zanotti et al. (2012) (ρ ≈ 6500 kg m−3)
ĥ (kW m−2 K−1) 0.37 0.1 to 0.4 Pathak et al. (2010) (straight wire, air velocity: 0 to 3.2 m s−1)

parameters are well-defined, having uncertainties less than
±12 % (5th and 95th percentiles compared with mean), and
the means are either identical to or very close to the OLS
estimates. The distributions are close to symmetric and also
close to Gaussian. However the tails of the distributions are
non-Gaussian, and especially ĥ is slightly skew. Therefore
the uncertainties found using the MCMC method differs
from the initial linear estimate given in Eqn. (28). Some
parameters are highly correlated, e.g. H with EM , EM with
CM and CM with nf1 . This means that they are difficult to
isolate from each other with the given experiments. However,
because of the non-linearities in the model with respect
to the parameters, the uncertainties become limited. The
parameters EA, ρcp and ĥ have low correlations with all
other parameters. Therefore they are clearly identifiable.
However, it should be highlighted that they might depend on
the values of the fixed parameters.

Optimal damping conditions
Inspired by Piedboeuf et al. (1998) and He et al. (2010), who
reported that the loss factor has a maximum with respect
to frequency for constant convective conditions, additional
experiments are carried out for frequencies lower than 0.1
Hz with another sixth spring. The results are shown in Fig.
10. Compared to the experiments performed using springs 1
to 5 at 0.1 Hz and 0.3 Hz, the results from spring 6 lie within
the confidence interval. Indeed, the experimental results

confirm that there exists an optimal frequency regarding the
loss factor. It is at 0.08 Hz giving η = 0.21 for the given
conditions for spring 6. It should be emphasised that the
specific optimum depends on the convective conditions (He
et al. 2010). At the same time, the storage modulus decreases
significantly at low frequencies, while the pre-tension force
is almost constant. The model is also able to predict this
behaviour even though it is only calibrated for frequencies
higher than 0.1 Hz. The predicted optimal condition is η =
0.25 at ω = 0.9 Hz. It is possible to explain why there exists
an optimal frequency by the model. From the temperature
loops (temperature as function of deflection) in Fig. 11,
the difference in spring temperature during loading and
unloading is largest at 0.08 Hz. This means that the force
increases during loading and decreases during unloading
compared to the isothermal situation, which finally results
in a hysteresis loop with a larger area. At lower frequencies
(illustrated using 0.01 Hz) the spring temperature is almost
constant due to the convection, which results in a narrow
and flat temperature loop. At higher frequencies (illustrated
using 0.30 Hz) the temperature loop becomes inclined and
narrower again, because the convection is not strong enough
to dissipate the thermal energy resulting from the exothermic
loading process before the endothermic unloading process
occurs. At even higher frequencies, close to adiabatic
conditions, the area of the temperature loop becomes zero,
as may be seen in the 1.3 Hz and 10.0 Hz cases in Fig. 7.
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Figure 9. Accepted MCMC samples with the 2S model. Histograms are shown in the diagonal, and the off-diagonal plots are
scatter plots showing the pairwise correlations. The linear correlation coefficients are highlighted in the corner of each plot.

Table 4. DSC results based on the mean of two experiments.
Uncertainty related to reproducibility is approximately ±1 ◦C
and uncertainty related to bias is approximately ±1 ◦C.

As (◦C) Af (◦C) Ms (◦C) Mf (◦C)

Wire, batch 1 4 25 20 −3
Wire, batch 2 −2 24 18 −6
Spring 21 33 25 13

Additional DSC tests

After characterisation, additional DSC analyses were carried
out using a second batch of the as-received SMA wire
and a piece of the SMA spring after the shape-setting
treatment. The results are shown in Tab. 4 together with the
reference test (Wire, batch 1) that is used for characterisation.
From Gloanec et al. (2013) (and others) it is known
that heat treatments may significantly change the phase
transformation temperature, which is the motivation for
carrying out the additional tests. Also, it is interesting to
determine if the temperatures are stable across different
batches.

From the results, Tab. 4, the transformation temperatures
differ slightly (up to 6± 2 ◦C) between the wire batches,
but it would not have a crucial impact if one or the other
was used as basis for the characterisation. However, the
temperatures change considerably (up to 17± 2 ◦C relatively
to wire batch 1) as a consequence of the shape-setting heat
treatment. If using these temperatures as a reference for the
characterisation, it has a large impact on the rest of the model
parameters, and equally important, the model fit notably
worsen.

The methodology of the characterisation is based
on information available in the literature and from
manufacturers. For this reason we chose to use the DSC
results of the wire and not the spring, because this would
be the values that would be available from the manufacturer.
Again it should be emphasised that the phase transformation
temperatures may also change as a consequence of the
training process that the springs are subjected to after the
heat-treatment. For example, Gloanec et al. showed that the
phase transformation temperature values differed up to 15
◦C comparing an untested sample with a sample subjected to
3324 loading cycles.
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Conclusion

Through justification of the modelling approach it is shown
that it is possible to use a single point (the star point) in the
wire cross section to represent the global behaviour of the
spring despite strong material non-linearities and complex
stress-strain fields in the cross section. This is valid for
moderate deflections. We also raise attention to the problem
of choosing the maximum strain and stress in the cross
section (at the circumference) to govern the SMA behaviour,
because it may substantially misplace the transformation

surfaces. At the same time it is shown that normal strains
and stresses are important if the global spring deformation
is large, and therefore these components should be included
forming a 2D spring model.

Experiments show that the storage modulus K (stiffness),
the loss modulus η (hysteresis) and the mean pre-tension
force F0 greatly depend on temperature. The high relative
to low temperature values (70 ◦C relative to 30 ◦C) are up to
170 % for K, up to 40 % for η, and up to 190 % for F0. To
a smaller extent, K and η also depend on frequency, and less
on the deflection amplitude. The largest changes in K and η
are in the low frequency range (below 1.0 Hz), whereas they
saturate at higher frequencies (up to 10 Hz). There is no clear
dependency of F0 on either frequency nor amplitude.

The 2D star point model with modified hardening and sub-
loop behaviour is fitted to a calibration data set based on
available information about the transformation temperatures.
The residual standard deviation is 0.24 N, which can
be compared to the maximum obtained force of 17 N
(i.e. 1.4 %). All the model parameters attain physically
sound values as a consequence of the model structure.
Therefore, the model is able to explain the experimental
behaviour. The proposed sub-loop functions have a sub-loop
controlling parameter p ∈ (−1, 1), which attain a value of
0.99 reflecting that the sub-loops are considerably wider and
have a higher stiffness than predicted by the simple Duhem-
Madelung sub-loop function corresponding to p = 0. The
elastic stiffness during the mixed phase is equal to that of the
pure austenitic phase. However, the value of the martensitic
modulus is lower than the austenitic modulus when using
the two-dimensional model, which is physically sound. The
appearing change of stiffness is caused by bending of the
spring in addition to torsion resulting in a geometrical
stiffening effect, which the model is able to capture. The
1D model does not capture this behaviour, but by choosing a
(slightly unrealistic) high value of the martensitic modulus,
the 1D and 2D models performs almost equally well.

The observed frequency dependency is due to the
latent heat of phase transformations that alters the spring
temperature up to around ±10 ◦C from the ambient
temperature. This is captured by the model, because the
constitutive equation is coupled to the energy equation taking
into account the latent heat and the convective conditions.
It is shown that the damping factor has an optimum with
respect to frequency for the specific convective conditions.
The optimum is a due to an interaction between the
heat capacity, heat convection and the latent heat of the
transformations that results in large temperature differences
during loading and unloading. The model and the validation
data sets are compared showing that the model errors
are comparable in size with the experimental uncertainties
evaluated from nine repetitions of the same experiments
using five different spring specimens. Even though the
experiments are relatively complex, it is possible to identify
both the heat capacity and the convection coefficient
independently of all other uncertain model parameters,
which is based on their low correlation coefficients to other
parameters. All parameters have relative uncertainties less
than ±12 %, which is due to the diversity of experiments
and because the model non-linearities limit the uncertainties,
where parameter correlations are high.
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A differential scanning calorimetry analysis showed that
the phase transformation temperatures change up to 17 ◦C as
a consequence of the shape-setting treatment. However, since
the model calibration is based on available information from
the literature and suppliers and because the training process
most likely would change the temperatures again, it was
chosen to use the initial values based on the as-received wire.
This reinforces the need of linking the constitutive models to
uncertainty analysis to assure reliable predictions of SMA
properties in the context of machine element design.
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Abstract.  The use of shape memory alloys (SMAs) in dynamical systems has an increasing importance in 
engineering especially due to their capacity to provide vibration reductions. In this regard, experimental tests 
are essential in order to show all potentialities of this kind of systems. In this work, SMA springs are 
incorporated in a dynamical system that consists of a one degree of freedom oscillator connected to a linear 
spring and a mass, which is also connected to the SMA spring. Two types of springs are investigated 
defining two distinct systems: a pseudoelastic and a shape memory system. The characterisation of the 
springs is evaluated by considering differential calorimetry scanning tests and also force-displacement tests 
at different temperatures. Free and forced vibration experiments are made in order to investigate the 
dynamical behaviour of the systems. For both systems, it is observed the capability of changing the 
equilibrium position due to phase transformations leading to hysteretic behaviour, or due to temperature 
changes which also induce phase transformations and therefore, change in stiffness. Both situations are 
investigated by promoting temperature changes and also pre-tension of the springs. This article shows 
several experimental tests that allow one to obtain a general comprehension of the dynamical behaviour of 
SMA systems. Results show the general thermo-mechanical behaviour of SMA dynamical systems and the 
obtained conclusions can be applied in distinct situations as in rotor-bearing systems. 
 

Keywords:  shape memory alloys; dynamic systems; stiffness changes; phase transformation; experimental 

tests 

 
 
1. Introduction 
 

Smart materials present a coupling between different fields, e.g., mechanical, electrical and 

magnetic, and because of that, they are of great interest in several engineering applications. This 

kind of coupling provides special behaviours, properties and capabilities compared to conventional 

materials. Systems built with smart materials have adaptive behaviour that may change with 

environmental modifications. Shape memory alloys (SMAs) belong to the smart materials family 

and the driving force of the remarkable properties is their phase transformations that can be 
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induced either by stress or temperature fields.  

Several researches are dedicated to characterise, model and explore potential applications of 

SMAs. In general, one should say that applications can vary from different fields of human 

knowledge including civil engineering, aerospace, robotics, biomedical, oil and energy industries. 

Machado and Savi (2003), Paiva and Savi (2006) and Lagoudas (2008) presented a general 

overview of SMA applications.  

Concerning dynamical applications, SMAs have been used for different purposes. Vibration 

reduction is one of these possibilities where phase transformations can be exploited in order to 

confer adaptive characteristics to the system. In brief, it is possible to say that hysteretic behaviour 

together with stiffness changes due to temperature variations can confer system changes that alter 

dynamical responses in a desirable way. Adaptive vibration absorbers are one of the possibilities 

related to this kind of application (Savi et al. 2011, Williams et al. 2002). Lees et al. (2007) 

included SMA wires in a rotor-bearing system and changed their stiffness with temperature 

variations which enhanced the performance when passing through critical speeds. This approach 

has been suggested several times in literature since Nagaya et al. (1987). Dhanalakshmi et al. 

(2010) used active temperature controlled SMA wires as actuators to dampen vibrations of a 

cantilevered beam, and the investigation was carried out both theoretically and experimentally. In 

civil engineering SMAs are used for mitigating earthquakes on e.g., heritage structures and strayed 

bridges (Casciati and Hamdaoui 2008, Torra et al. 2009, Alam et al. 2008, Ozbulut et al. 2011). 

The SMAs are mostly only exposed to a few cycles (order of 100). Nevertheless, the evolution of 

e.g., the dissipative capabilities over the lifetime is of concern (Torra et al. 2009, Casciati and 

Marzi 2010). It is well-known that SMAs have a relatively short lifetime in terms of cycles 

especially when subjected to large deformations, where the lifetime is in the order of 10
3
 cycles, 

where also the dissipative characteristics of the SMAs change drastically. In these investigations 

the lifetime aspects of the smart springs have not been considered. Another interesting application 

of SMA dynamics is related to its use in impact systems. The main idea is to exploit the high 

dissipation capacity of SMAs in order to dissipate energy. Dos Santos and Savi (2009) and 

Sitnikova et al. (2010) discussed one degree of freedom oscillators with a discontinuous support 

built with an SMA element. This idea is useful in dynamical rotor systems where impacts between 

the shaft and the bearing are common. Silva et al. (2013) investigated this phenomenon 

numerically, where the discontinuous rotor support included SMA elements. 

Dynamical response of SMA systems is very complex presenting periodic, quasi-periodic and 

chaotic behaviours. Literature presented several research efforts dealing with the complex 

non-linear dynamics of SMA systems. Some examples of this profusion can be found in the 

following references: Savi et al. (2008), Machado et al. (2009), Bernardini and Rega (2005), Savi 

and Pacheco (2002a, b), Machado and Savi (2003). Nevertheless, there is a lack of experimental 

work related to SMA dynamical systems. Aguiar et al. (2013) investigated an experimental SMA 

system excited with a shaker showing the idea of vibration reduction. Sitnikova et al. (2012) 

continued the work on a discontinuous SMA support experimentally, and confirmed periodic, 

quasi-periodic and chaotic behaviours.  

SMAs are also used as actuators for controlling geometries, e.g., the size of the intake for a jet 

engine Song et al. (2011). Here a machine element solution involving SMAs was chosen, because 

it is simpler and more compact than conventional solutions.  

The objective of this research effort is to investigate the non-linear dynamics of a one degree of 

freedom SMA oscillator, both in free and forced modes. The dynamical system consists of a cart 

with a mass connected to a linear spring and an SMA spring in pre-tension. The system is excited 
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by a DC motor and variables are monitored by motion sensors. Two different types of SMA helical 

springs are employed: a pseudoelastic, where the austenitic phase is stable at room temperature; 

and a shape memory, where the martensitic phase is stable at room temperature.  

Experiments are split into three parts: characterisation of the SMA springs; free vibration tests; 

and forced vibration tests. The influence of temperature variations are of special interest and the 

main goal is to perform a qualitative analysis of the SMA dynamical behaviour. The influence of 

temperature in SMA is well quantified in literature for either quasi-static temperature, stress or 

strain conditions (Lagoudas 2008, Ozbulut et al. 2011). However, in this work stress, strain and 

temperature changes are simultaneous and the dynamic responses are under investigation, and this 

is not well documented in literature. The original contribution of this work is the experimental 

observation of several dynamical behaviours related to SMA systems; especially the thorough 

investigation of the moving equilibrium position as consequence of changing initial martensitic 

volume fraction and temperature condition. The investigations are aimed towards application of 

SMAs in dynamical systems such as in rotor-bearing systems to obtain changing critical speeds, to 

obtain a self-alignment mechanism, or as elements in a secondary support bearings for reducing 

the severity of impacts or whirl. Before designing such systems, a general understanding of the 

SMAs‟ dynamical behaviour is necessary. 

 

 

2. Shape memory alloy experimental system 
 

Shape memory alloys are characterised by several thermo-mechanical behaviours that include 

pseudoelasticity, shape memory effect, phase transformation due to temperature variations, among 

others. Many alloys may present these effects however, the Nickel-Titanium alloys combine these 

effects with good mechanical properties being widely employed in engineering applications. Phase 

transformations induced either by stress or temperature are the driving force for the unique 

properties of SMAs. For a basic understanding of SMAs, the reader is referred to e.g., Paiva and 

Savi (2006), Lagoudas (2008), Aguiar et al. (2010), Ozbulut et al. (2011). 

 

2.1 Experimental set-up 
 

The experimental set-up is a one degree of freedom SMA oscillator that consists of a cart with 

a mass connected to a linear spring and an SMA spring. The system is excited by a 12 V DC motor 

and variables are monitored by motion sensors. Two different types of SMA helical springs are 

employed: a pseudoelastic (PE), where the austenitic phase is stable at room temperature; and a 

shape memory effect (SM), where the martensitic phase is stable at room temperature. Fig. 1 

presents a system picture while a sketch of the system components is shown in Fig. 2. The 

experimental set-up is monitored by two rotary motion sensors (PASCO encoder CI-6538 with 

1440 orifices and a precision of 0.25°): one for measuring the time depending input displacement x 

and one for the cart movement y. A force sensor is also employed to monitor the SMA spring force 

at point C, see Fig. 2. A power supply is coupled to the ends of the SMA spring in order to 

promote heating by Joule effect. Since the system response is highly temperature dependent, 

changes in electrical current induce different system behaviours. The temperature in itself is not 

measured, but since there is a direct relationship between electrical power and temperature it is 

possible to infer the temperature changes. Moreover, a DC motor is employed to provide 

sinusoidal excitation to the system. Nylon thread is used for connecting the different elements. The 
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thread is several orders of magnitude stiffer than the smart and linear springs. Different values of 

masses are used in the two systems. This variation is adopted in order to choose proper values of 

resonance conditions. Geometric properties of the SMA springs, the properties of the other system 

components as well as characteristic quantities of the systems are shown in Table 1. 

This SMA oscillator may be considered as an archetypal model of a general SMA system. The 

scaling factor is an important issue to be addressed to convert system responses of this archetypal 

model and a real system. One of the essential issues related to that is the rate dependent behaviour. 

Although the martensitic phase transformation is rate independent, SMA systems have rate 

dependent behaviour due to thermal aspects. Therefore, environmental convection can 

dramatically change in larger systems, altering the thermo-mechanical aspects of the SMA. 

Nevertheless, the archetypal model describes the qualitative behaviour of SMA systems, providing 

useful results. 

 

 

 

Fig. 1 Experimental set-up. (A) PASCO oscillator, (B) PASCO rotary motion sensor for measuring the 

input displacement, (C) power supply to oscillator, (D) PASCO receiver connected to sensors and 

computer, (E) power supply for heating the PE or SM spring, (F) blower for cooling the PE or SM 

spring, (G) PASCO force sensor for measuring the spring force, (H) SM or PE spring, (I) PASCO 

rotary motion sensor for measuring the displacement of the cart, (J) PASCO cart with masses, (K) 

PASCO horizontal slide, (L) linear spring. Between the oscillator, springs, cart and force sensor 

nylon threads connect the elements 

 

 

 

Fig. 2 Sketch of mechanical components in the experimental set-up. To the left is an oscillator (brown, 1) 

pulling a thread (red, 2). The linear spring (green, 3) is connected to the cart (yellow, 4). On the 

right side of the cart is the smart spring, either the PE or SM spring (orange, 5). The displacement 

of the oscillating part of the thread, the input x, is measured at point A. The displacement of the 

cart, the output y, is measured at point B. At point C the thread force is measured, equalling the 

smart spring force. FSMA is the smart spring force, FE is the linear elastic spring force, and FF is the 

friction force from the wheels of the cart 
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Table 1 Data of experimental set-ups as well as characteristic quantities 

*) For pre-tension of smart spring more than 60 mm 

System PE SM 

Smart spring   

Wire diameter d [mm] 0.50 0.70 

Coil diameter D [mm] 5.6 6.4 

Initial length l0 [mm] 65 19 

Number of coils N 36 21 

Initial stiffness k0 [N/m] 20 200* 

Cart   

Mass m [g] 770 1270 

Linear steel spring   

Stiffness kl [N/m] 3.2 6.7 

Characteristic quantities (besides l0 and k0) 

Spring force F0 = k0l0 [N] 1.3 1.3 

Frequency 1

02
1

0 )(  mkk l
 [Hz] 0.87 2.03 

 

 

Note that simple models can help the scaling factor regarding helical springs. Aguiar et al. 

(2010) described the thermo-mechanical response of helical springs and these results can be 

employed to design systems in different scales. 

 

 

3. Pseudoelastic system 
 

This section presents results related to the PE system where a pseudoelastic spring is employed. 

Initially, the spring characterisation is presented. Afterwards, free and forced vibrations are 

investigated.  

 

3.1 Spring characterisation 
 

This section presents the characterisation of the PE spring used in the experimental set-up. This 

is done by using a DSC test and also by considering force-displacement curves. Fig. 3 and Table 2 

present results of the DSC test, showing the amount of heat per mass necessary to maintain a 

constant temperature rate during either heating or cooling for a small SMA specimen. At a peak or 

valley, phase transformations happen. The beginning and finish temperatures of a transformation is 

defined as the temperature, where the steepest tangent during transformation and the tangent 
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before/after the transformation intersect. An example of the tangential fit is seen in the Fig. 3 in the 

heating process. This definition is used because the beginning and finish of the transformations are 

smooth as can be seen in the DSC results in the figure. Note that, at room temperature (25°C) the 

PE spring is stable at the austenitic state since the austenitic finish temperature Af is lower than 

this. 

The force-displacement curves of the PE spring are now focused on. This experimental test is 

done by uncoupling the linear spring of the oscillator from the system shown in Fig. 2 and a 

chosen displacement path is induced to the cart. The movement of the cart and the PE spring force 

are both measured. Experimental tests are done in different temperatures by inducing distinct 

values of electric current. Results are shown in Fig. 4. The movement in Fig. 4(a) (room 

temperature) follows the sequence: O–A–B–C–O–A–B–C–D–E–D–E–D–O referring to the letters 

in the figure. At the beginning of the process the spring in the austenitic phase. The transformation 

into detwinned martensite starts around point A. The reverse transformation to austenite starts 

around point C on the path from point B. It should be noted that point A is at a lower force than 

point C. It indicates that forward and reverse transformations from austenite to detwinned 

martensite are overlapping in the temperature-stress phase plane. It is important to note that the 

system does not reach a complete phase transformation to detwinned martensite. 

It is important to highlight that this spring is subjected to large displacements, reaching more 

than four times the original length. Therefore, complex stress distributions can be induced, causing 

non-homogeneous phase transformations. The slopes of the curves a and b in Fig. 4(a) reveal that 

austenitic phase a has a slope of approximately 20 N/m (k0) while slope b is around 31 N/m (1.6k0), 

and here the spring consists of both austenite and detwinned martensite. The stiffness is 

proportional to the shear modulus, when the spring is only subjected to shear stress and no phase 

transformation happens (Aguiar et al. 2010). However, at large strains in the spring normal stresses 

may be induced resulting in a stiffening effect (Phillips and Costello 1972). This explains why the 

stiffness b is higher than stiffness a even though the austenitic shear modulus (and also Young‟s 

modulus) is higher than the martensitic. 

 

 

 

Fig. 3 The resulting graph from a DSC test for the PEspring 
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Table 2 Transformation temperatures forthe PE spring extracted from theDSC test 

Mf  [°C] 9.5 

Ms  [°C] 15.3 

As  [°C] 16.4 

Af  [°C] 21.7 

 

 

During phase transformation (forward A–B, and reverse C–D) the slopes are 10 N/m (0.5k0). 

This means that the average stiffness can vary from 10 N/m during phase transformations to 31 

N/m in some elastic phases, which is a factor of three, for the same spring at room temperature. 

The dissipation due to hysteresis is another important characteristic of the PE spring. Note that the 

increase of displacement tends to be related to the increase of dissipation due to larger hysteresis 

loop. When the spring is subjected to different amounts of electric current the temperature rises. 

Basically, four values of electric current are considered: 0, 0.4, 0.6 and 1 A. It is roughly estimated 

that 1.0 A is equivalent to 80°C. The increase in temperature induces the movement in force of the 

hysteresis loop as can be observed in Fig. 4(b). The austenitic slope of the three heated springs are 

almost equal, the difference lies in at what force the phase transformation starts. When the electric 

current is 1.0 A, there is almost no phase transformation taking place, and the force-displacement 

behaviour is almost linear. The hysteretic effect is also smaller at the two other heated cases. This 

indicates that not only the average stiffness but also the dissipation effect is changed when 

temperature is altered. 

 

3.2 Free vibration 
 
The free vibration analysis considers the set-up shown in Fig. 1 by implying that the DC motor 

is turned off. Temperature influence is investigated during the tests. 

 

 

  
(a) (b) 

Fig. 4 Force-displacement behaviour of the PE spring 
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3.2.1 Constant temperature 
Initially, let us consider constant temperature tests. Our analysis starts by assuming a test that is 

done at room temperature. An equilibrium position is a point in y, where the sum of forces acting 

on the cart vanishes. Therefore, it should be a proper balance between the elastic spring force FE 

and the SMA spring force, FSMA=FPE, namely FE=FPE. Fig. 5 shows the force-displacement curves 

for both springs of this system. The places where the two different lines intersect establish a proper 

balance between the spring forces, representing equilibrium positions. Note that the lines are 

crossing four times, but one could imagine an infinite number of possibilities along the 

dash-dotted line, for values of y smaller than approximately 25 mm in this case, since this is the 

maximum force considered for the PE spring. It should be pointed out that there is only one 

equilibrium point at any instant in time or cart position, but the equilibrium is able to move along 

the line. 

Free vibration tests are done by releasing the cart from a range of positions, measuring the 

displacement and the PE force until the cart is at rest. Both the linear spring and the PE spring are 

attached to the cart.  

This test is done by considering three levels of pre-tension. The definition of this value is done 

by changing the length of the thread between the linear spring and the cart. Furthermore, a test is 

done with the PE spring heated with 1.0 A of electric current.  

In Fig. 6 seven of the tests for a single pre-stress level at room temperature are shown, 

highlighting the starting and terminal points. The position of the equilibrium point is determined 

by the initial position and the amount of detwinned martensite as initial condition.  

The time series in Fig. 7 shows that the vibration amplitudes decay rapidly within a few 

seconds. The decay in amplitude in the last 4-5 cycles has an exponential form, where the 

oscillations are small. The exponential function was fitted from the experimental data. In the last 

4-5 cycles the dissipation is not caused by hysteretic effects from the PE spring, but rather other 

dissipative mechanisms in the system. Because of the exponential decay characteristic these effects 

are equivalent to viscous dissipation. Nevertheless, in the first 2 cycles the dissipation is larger, as 

it can be seen in the marked circles, which indicates that the hysteretic phase transformations also 

take place in addition to the other dissipative effects. From Fig. 7 it is also possible to conclude 

that the system oscillation period in the first couple of cycles is around 25% larger than in the last 

cycles, i.e., 1.3 s and 1.0 s respectively. This indicates an increase in stiffness as consequence of a 

decrease in oscillation amplitude and therefore deformation of the spring. This is in good 

agreement with the other experiments showing that the average stiffness is smaller in loops with 

phase transformations than in loops without. 

The starting and terminal points of each test are now highlighted in Fig. 8. For the three values 

of pre-stresses, the starting point is varied in a range of 170 mm (2.6l0), and this gives a variation 

of 30 mm (0.5l0) to the equilibrium point positions. It is seen that if the starting point is far away 

from the equilibrium point (high distance from the starting point to the red stippled line) the 

equilibrium point is almost constant for the two low levels of pre-stresses. On the other hand, as 

the distance decreases the y-value of the equilibrium point increases. A high y-value corresponds to 

a low level of martensite. These results show that the equilibrium position depends on both the 

starting position and the amount of martensitic phase induced by the pre-stress level. 

Results of the high temperature test are shown in Fig. 9. It is seen that the PE spring force is 

almost linear indicating that phase transformations are not occurring even though the 

displacements are large. As a consequence, there is a smaller amount of dissipation. Due to the 

linear behaviour of the PE spring, the equilibrium position is almost constant. Furthermore, the 
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equilibrium position has a larger value (y=80 mm) when compared with the low temperature 

results (y∈[−25;50] mm) because of the higher average PE stiffness (36 N/m=1.8k0). This change 

due to temperature will be further investigated in the following sections. 

 

 

 

Fig. 5 Illustration of the range of equilibrium positions for the system with the PE spring. The arrows 

indicate the loading nature of the loop 

 

 

Fig. 6 PE spring force of seven free vibration tests with a pre-stress level of 2.3N 

 

 

Fig. 7 Free vibration test with the PE spring at a pre-stress level of 2.3 N (1.8F0) 
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Fig. 8 The variation of the equilibrium position for the system with the PE spring and three levels of 

pre-stress. The starting point and terminal point are equal along the dotted line 

 

 

Fig. 9  Force and state space of the free vibration tests with the PE spring heated with 1.0A and a 

pre-stress level of 2.1N 

 

 

Fig. 10 The equilibrium position is change due to temperature changes. The three different experiments 

start at ○, go to ▽and end at × 
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3.2.2 Varying temperature 
This section deals with tests where the cart is released at one of its equilibrium positions, 

evaluating the influence of temperature changes. After a heating process, the spring is cooled down 

again simply by natural convection. An indicative time constant for the heating process is 7 s, 

whereas for the cooling it is 15 s. The test is done with three different starting positions. Results 

are shown in Fig. 10. By heating the PE spring in tension, phase transformation to austenite is 

taking place. The equilibrium position at this state is independent of the starting point, as the 

triangles are placed on top of each other. The movement to the new equilibrium position happens 

in a jagged fashion and it is not smooth. This is believed to be caused by the nature of the phase 

transformations. When the springs are cooled down, the cart moves backwards, but only to a 

minimum amount of detwinned martensite, which is also independent of the starting point. This 

motion is very slow, due to the slow cooling process. Again the movement is not smooth. These 

results show that it is possible to get to the same position, a zero position, no matter what prior 

activity the spring has been exposed to simply by heating and cooling the spring. Note that the 

distance between the equilibrium positions are larger compared with the initial length of the spring, 

see Table 1. The PE spring force is higher at ▽(2.7 N = 2.1F0) than at × (2.4 N = 1.8F0) even 

though the spring is more elongated at ×. 

 
3.3 Forced vibration 
 
After the free vibration analysis, the system is now forced by the DC motor rotating a lever 

pulling a thread, see Fig. 2. The input is therefore a displacement against time. The difference in 

input and output displacements determines the actuation force from the linear spring. Different 

forcing parameters, such as frequency and displacement amplitude, and temperature are treated. 

Initially, a frequency response is performed and later the effects of changing temperature is 

analysed. 

 
3.3.1 Frequency sweeps at constant temperature 
The frequency response analysis is done by considering the system steady state response for a 

specific frequency. This analysis is done by two different ways: the first one starts the oscillations 

at different frequencies. After the steady state is reached, the system is stopped and then a new 

frequency is analysed. The second approach considers a sweep test around the resonant condition. 

The forcing amplitude is set to be as high as physically possible in order to get as much as 

possible from the non-linearity of the SMA spring. There is a slight difference in the two 

experiments that are made, where the input amplitudes are 61 mm (0.94l0) and 69 mm (1.06l0) 

respectively, as seen in Fig. 11(a). This means that the amplitude of the forcing in the two 

experiments differ from each other. This results in different output amplitudes, a maximum of 55 

mm (0.85l0) and 68 mm (1.05l0) respectively. However the qualitative behaviours in the two 

experiments are identical, the resonance frequency has not changed, which means that the 

difference in forcing amplitude is unimportant.  

Fig. 11(a) presents the frequency response. This analysis points to a resonance frequency 

around 0.8 Hz (0.92ω0) being associated with a non-symmetric peak. For frequencies just below 

the resonance the change in amplitude is very steep, which could indicate a jump in amplitude, and 

therefore coexisting attractors. Nevertheless, analysis of an up-sweep and down-sweep, shown in 

Fig. 11(b), does not show any sign of jumps in amplitude. Coexisting attractors have been 

observed experimentally in other SMA dynamical systems (Sitnikova et al. 2012). However, in 
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this case the hysteretic damping is too large, primarily because of pre-tension, to see such 

phenomena. 

At this point, different sets of parameters are of concern. Fig. 12 shows the PE spring force and 

state space for three oscillator frequencies: below, at and above the resonance condition. The 

average stiffness of the PE spring is 24 N/m (1.2k0) away from resonance and 18 N/m (0.9k0) at 

resonance. It is important to observe that the system response during resonance is related to high 

amount of dissipation due to hysteresis. The equilibrium position changes within 5 mm (0.08l0) 

with varying frequencies, which is in agreement with the movement of the equilibrium point 

investigated earlier. 

 

 

  
(a) (b) 

Fig. 11 Frequency responses for the dynamical system with the PE spring 

 

 

 

  
(a) (b) 

Fig. 12 State space and PE spring force at several oscillator frequencies (below, at, and above resonance 

condition).The black crosses in (a) are Poincaré sections 
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3.3.2 Varying temperature 
At this point, forced vibrations with temperature variations are investigated. This analysis is of 

special interest in terms of vibration reduction. The tests consider heating and cooling processes, 

defining two different conditions: hot and cold. Two forcing frequencies are evaluated. The 

analysis starts at room temperature (cold). After the steady state is reached the spring is heated 

(hot). When the new steady state is reached, the SMA spring is cooled to room temperature (cold). 

Results for these tests are shown in Fig. 13. The first frequency is very close to (and below) the 

resonance condition. The amplitude is 61 mm (0.94l0) and the average stiffness is 17 N/m (0.85k0). 

When the temperature is increased, the cart moves 61 mm (0.94l0) to the right, the amplitude is 

decreased to 10 mm (0.15l0) and the stiffness is increased to 37 N/m (1.9k0). It is also worth 

mentioning that even though there is a lot of dissipation due to hysteresis in the low temperature 

case and none in the high temperature case the amplitude is lower in high temperature. Therefore, 

the change in amplitude is not a consequence of the change in dissipation that is counteracting, but 

due to the change in stiffness. The resonance frequency of the system is simply increased by 

heating the spring. 

In the second case, the situation is the opposite. At low temperature the amplitude is 14 mm 

(0.22l0) with an average stiffness of 24 N/m (1.2k0). There is almost no hysteresis. When changing 

to high temperature the cart moves 63 mm (0.97l0) to the right, the amplitude is increased to 47 

mm (0.72l0) and the stiffness is increased to 36 N/m (1.8k0). The resonance frequency has moved 

closer. When the spring again becomes cold, the cart comes into the same steady state as before 

but oscillating around another point. The explanation for this is the same as for the similar free 

vibration results in Section 3.2.2. In cold condition the equilibrium is able to move almost 

arbitrarily and after the heating and cooling process, the system finds an equilibrium with the 

smallest possible martensite volume fraction in the PE spring. 

 

 

4. Shape memory system 
 

This section deals with the analysis of the SM system where a spring with shape memory effect 

is attached to the experimental set-up. The same analysis of the PE system is carried out, 

presenting a spring characterisation and then free and forced vibration investigations. 

 

4.1 Spring characterisation 
 
In order to characterise the SM spring, a DSC test is made. The results are presented in Fig. 14 

and Table 3, showing the amount of heat per mass necessary to heat or cool the alloy with a 

constant temperature rate in time. At room temperature (25°C) the SM spring is in martensitic state 

since Mf is greater than room temperature. 

The SM spring does not restore its initial length if subjected to an appropriate level of force 

without a heat treatment. Because of this, the SM system test is done differently from the one 

made for the PE system. Results of the force-displacement behaviour of the SM spring obtained in 

room temperature are shown in Fig. 15(a). The displacement path of one-fourth of the experiment 

follows the sequence O–A–B–C–B–C–B–C. After this, the spring is heated in order to get back 

to the original configuration. The test is repeated using a path with a new maximum displacement. 
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(a) (b) 

Fig. 13 Steady states at different temperatures for forced vibration of the system with the PE spring. It is 

heated with 1.0A. The plus signs indicate the respective equilibrium positions 

 

 

 

Fig. 14 The resulting graph from a DSC test for the SM spring 
 

 

 
Table 3 Transformation temperatures for the SM spring extracted from the DSC test 

Mf  [°C] 37.4 

Ms  [°C] 42.4 

As  [°C] 41.6 

Af  [°C] 47.4 
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The reorientation of the martensite in the spring starts around point A at 4 N (3.1F0). The 

twinned martensite slope (O–A) is 67 N/m (0.34k0). During the reorientation (A–F), the slope is 

24 N/m (0.12k0). The initial slope B–C is 160 N/m (0.80k0), and the D–E slope is 210 N/m (1.1k0). 

The difference in stiffness is the very same for F–G. For increasing tension, C–B, E–D and G–F, 

the slopes are almost constant and the same for the three, approximately 100 N/m (0.50k0). This 

behaviour is consistent with the PE spring. 

From these results the stiffness of the SM spring at room temperature is expected to vary within 

an interval of 100 to 210 N/m (a factor of two) or more as long as the pre-tension is higher than 60 

mm (3.2l0). 

In higher temperatures, as seen in Fig. 15(b), the initial stiffness is increasing. This means that 

the austenitic shear modulus is higher than the one for twinned martensite. Also the 

transformations start at increasing stress levels. The slopes during transformations are almost the 

same for the three curves. Also in the heated cases, there are transformations back to twinned 

martensite/austenite, and in the 1.0 A case the spring is almost completely in the austenitic phase at 

the start, which results in almost no residual strain. A current of 1.0 A is estimated to be equivalent 

system set-up requires that the threads connecting the springs and the mass are in tension in all 

states, otherwise impact behaviour will influence the results. If the forcing is too high in this 

system, the threads become loose in some situations. Therefore the input amplitude is kept at an 

appropriately low level. E.g. at a pre-tension level of 3 N (2.3F0) and a residual strain of 130 mm 

(6.8l0) of the SM spring, cf. the midpoint of D–E in Fig. 15a, amplitudes cannot exceed 

approximately 25 mm (1.3l0), because the SM spring then will reach point E, which is a 

tension-free state. Compared to the PE system, this means, that this system is much more restricted 

and only small forcing amplitudes where almost no phase transformation happens are possible. 

 

4.2 Free vibration 
 
Free vibration analysis is now in focus. The analysis is split into two parts: constant 

temperature and varying temperature. 

 

 

  
(a) (b) 

Fig. 15 Force-displacement behaviour of the SM spring 
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4.2.1 Constant temperature 
The analysis of the SM system is done by considering three different pre-stress levels at room 

temperature. The analysis of equilibrium points considers the „equilibrium line‟ shown in Fig. 16, 

defined from the forces at the elastic spring FE and SMA spring FSMA = FSM, when FSM = FE. The 

exact level of FE is determined by the level of pre-stress. 

The SM spring force and the state space for a pre-stress level of 2.9 N (2.2F0) for the free 

vibration tests are shown in Fig. 17. Results are quite different from the PE system. Only the tests 

that start at y = 50 mm and y = 60 mm get through a phase transformation. For lower starting 

points the SM force slope is almost constant (approximately 195 N/m = 0.98k0), which is in 

agreement with the idea of identical stiffness for twinned and for detwinned martensite. Also these 

tests show that the cart is attracted to different equilibrium positions that are determined by the 

amount of detwinned martensite in the SM spring. Because of the lower amount of phase 

transformation, the dissipation levels are low.  

Fig. 18 presents the equilibrium positions plotted as function of the starting points for three 

levels of pre-stress. To the left of the dashed line, the tendency is almost parallel to that line. This 

is because the average SM stiffness is constant as shown just before and that almost no phase 

transformation is taking place. This means that it is possible to change the equilibrium position 

more with the SM spring than with the PE spring using the initial stiffness as reference, and even 

more if it is seen relative to the maximum possible amplitudes. 

 

4.2.2 Varying temperature 
At this moment, temperature variations are of concern. In these tests, the cart is released at one 

of its equilibrium positions. Then the temperature is changed and the cart is moving due to the 

change in stiffness and also due to phase transformations in the SM spring. After heating, the 

spring is cooled down. A forced convection process is adopted employing a blower for the cooling 

process, see Fig. 1. 

 

 

 

 

Fig. 16 Example of the range of equilibrium positions for the dynamical system with the SM spring 
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Fig. 17 SM spring force of seven free vibration tests with a pre-stress level of 2.9 N (2.2F0) 

 

 

Fig. 18 Variation of equilibrium position for the SM system and 3 pre-stress levels. The starting point and 

terminal points are equal along the dashed line 

 

 

Fig. 19 The equilibrium position is changed due to temperature changes. The three different experiments 

start at ○, go to ▽ and end at × 
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In Fig. 19 results are shown of the system at rest changing equilibrium position due to 

temperature variations. An indicative time constant for the heating process is 5 s, whereas for the 

cooling it is 7 s. Under these conditions, the SM system has similar behaviour when compared to 

the PE system. By heating the spring, it transforms into austenite and the residual strains due to 

phase transformation into detwinned martensite disappear. Likewise, the movement happens in a 

jagged fashion because of abrupt compliance due to phase transformation. The equilibrium 

position at this state is independent of the starting point. Therefore, Fig. 19 shows the triangles are 

placed on top of each other. When the spring is cooled down again the cart moves backwards, in a 

similar jagged fashion, but only to a minimum amount of detwinned martensite, which is also 

independent of the starting point. It is also important to observe that the state spaces for the three 

experiments are almost identical from the end of the heating process and during the cooling 

process for both types of springs. Note that the distance between the equilibrium positions are 

large compared to the initial length of the spring, see Table 1. The SM force is 3.9 N (3.0F0) at ▽ 

and 3.5 N (2.7F0) at ×, which means that even though the spring is more elongated at × the spring 

force is less; this is the same as for the PE spring. 

 
4.3 Forced vibration 
 
Forced vibration analysis is now in focus by considering a sinusoidal excitation provided by a 

DC motor. Basically, it is presented the frequency sweeps analysis performed at constant 

temperature and then it is discussed the influence of temperature variations in system dynamics. 

 
4.3.1 Frequency sweeps at constant temperature 
The frequency analysis of the SM system is developed at room temperature. Fig. 20(a) presents 

the results and here it is seen that the resonance frequency is around 1.8 Hz (0.89ω0). The average 

stiffness of the spring is 200 N/m (k0), which lie within the interval from 100 to 210 N/m obtained 

in Section 4.1. At the frequency sweep at room temperature, Fig. 20(b), the behaviour is identical 

to the PE spring. As seen the amplitude is marginally smaller on the up-sweep. This can be 

explained by the differences in initial conditions of detwinned martensite volume fraction that 

changes during the sweep. No amplitude jumps are detected like for the PE system. The SM 

system behaves close to linear as long as no phase transformations occur, and therefore it shows a 

close-to linear frequency response.  

Fig. 21 shows the state space and force-displacement curves for three different situations: 

below, at and above the resonance. These results are similar to a linear system due to the low level 

of dissipation because almost no phase transformations are taking place. However, the average 

stiffness is decreased approximately 12% at the resonance. 

 

4.3.2 Varying temperature 
The analysis of forced vibration subjected to temperature variations is now in focus. Basically, 

two different frequencies are treated by considering a heating-cooling process. The system starts at 

a cold state, is heated and then cooled again. Force-displacement curves are presented in Fig. 22, 

showing three steady states: cold, hot and cold. The main difference between the two cases is that 

the system does not present great amounts of hysteresis, and the point around where the cart 

oscillates changes a lot more when compared to the amplitudes and stiffness. 
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(a) (b) 

Fig. 20 Frequency responses for the dynamical system with the SM spring 

 

 

  
(a) (b) 

Fig. 21 State space and SM spring force at several oscillator frequencies (below, at, and above resonance 

condition). The black crosses are Poincaré sections 

 

 

  
(a) (b) 

Fig. 22 Steady state at different temperatures for forced vibration of the system with the SM spring. It is 

heated with 2.0A 
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At the low frequency, the average stiffness starts at 180 N/m (0.9k0) and the amplitude is 12 

mm (0.63l0). There is a small amount of hysteresis. After heating the stiffness is increased to 220 

N/m (1.1k0) and the amplitude is decreased to 5 mm (0.26l0). The point around where the cart 

oscillates has shifted 110 mm (5.8l0). When the spring is cooled down again the cart settles at a 

marginally higher amplitude of 13 mm (0.68l0) at higher y-values. Note that the force almost 

becomes zero in the cold cases. 

At the high frequency, the oscillations start at higher y-values, since it is possible with these 

low amplitudes. The amplitude is increased slightly, from 3 mm (0.16l0) to 4 mm (0.21l0), when 

the spring is heated because of the change in average stiffness, from 200 (k0) to 230 N/m (1.2k0). 

 

 

5. Conclusions 
 

The non-linear dynamical response of SMA systems is investigated. The oscillator is composed 

by a cart connected to an elastic spring and to an SMA spring. A DC motor provides an external 

excitation to the system. Two distinct SMA springs are considered, defining two oscillators: 

pseudoelastic and shape memory.  

Both of the dynamical systems are highly temperature dependent presenting a response defined 

by a competition between stiffness change and hysteretic behaviour. In general, pseudoelastic and 

shape memory systems have the capability to change the equilibrium positions due to temperature 

variations and large perturbations. In room temperature the pseudoelastic system can change the 

equilibrium position 50% of the initial length of the pseudoelastic spring, while it is 370% for the 

shape memory system. Changing from room temperature to a hot conditions the numbers are 

higher, namely 100% and 580% respectively. The changes in equilibrium positions for both 

systems happen in a jagged fashion because of abrupt compliance due to phase transformation.  

The pseudoelastic system allows the use of high vibration amplitudes (e.g., 350% of initial 

spring length), dissipating great amounts of energy due to hysteretic response. This also means that 

the average stiffness of the spring decreases 25% at high vibration amplitudes, which result in a 

non-symmetric resonance peak in the frequency response. On the contrary, the shape memory 

system is restricted to low vibration amplitudes (130% of initial spring length), because of a 

requirement of remaining tension in the spring, which might be lost because of irreversible phase 

transformations at room temperature.  

Temperature induced changes are essential in dynamical behaviour of SMA systems but has 

frequency constraints. For the pseudoelastic system it has been shown that an increase in 

temperature in the order of 50°C (estimated) is able to reduce vibration amplitudes up to 84% as 

consequence of a 120% increase in average stiffness of the spring at certain forcing conditions. For 

the shape memory system the average stiffness increases 20% resulting in a 58% decrease in 

vibration amplitudes in certain conditions.  

SMAs have restrictions to be employed for active control because of generally slow 

temperature rates, but are strongly recommended for passive adaptive applications. Results show 

that changes in stiffness by temperature variations is effective to alter resonance conditions. 

Moreover, there is an extra change related to hysteretic response that is more effective at high 

amplitudes. Both behaviours establish a competition in order to define the system response. 
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Abstract
In this work, a helical spring made from a pseudoelastic shape memory alloy was embedded in a
dynamic system also composed of a mass, a linear spring and an excitation system. The
mechanical behaviour of shape memory alloys is highly complex, involving hysteresis, which
leads to damping capabilities and varying stiffness. Besides, these properties depend on the
temperature and pretension conditions. Because of these capabilities, shape memory alloys are
interesting in relation to engineering design of dynamic systems. A theoretical model based on a
modification of the 1D Brinson model was established. Basically, the hardening and the sub-loop
behaviour were altered. The model parameters were extracted from force–displacement tests of
the spring at different constant temperatures as well as from differential scanning calorimetry.
Model predictions were compared with experimental results of free and forced vibrations of the
system setup under different temperature conditions. The experiments give a thorough insight
into dynamic systems involving pseudoelastic shape memory alloys. Comparison between
experimental results and the proposed model shows that the model is able to explain and predict
the overall nonlinear behaviour of the system.

Keywords: dynamical systems, shape memory alloys, model validation

(Some figures may appear in colour only in the online journal)

1. Introduction

Shape memory alloys (SMAs) belong to the smart materials
family and present remarkable thermo-mechanical behaviour.
This behaviour includes large recoverable strains, pseudoe-
lasticity, and hysteretic behaviour, among others. These
effects are caused by phase transformations between auste-
nitic and martensitic phases that are stable at different con-
ditions of stress and temperature.

These capabilities have drawn increasing attention in the
field of engineering design, and nowadays SMAs are found in
several applications, e.g., as fibres in composite material
structures for adjusting natural frequencies or shape, or for
reducing vibrations (Cartmell et al 2012); in civil engineering
for seismic isolation and energy dissipation (of cultural

heritage structures); and employed as sensors, actuators, and
tendons in concrete members (Janke et al 2005).

To be able to use SMAs for complex tasks in industrial
applications, reliable models must be established, and this is
still a concern in academia. Paiva and Savi (2006), Lagoudas
(2008) presented a general overview related to SMA
modelling.

The capabilities of SMAs in relation to dynamic systems
have been investigated in distinct publications. Machado et al
(2009), Savi et al (2011) and Bernardini and Rega
(2011a, 2011b) investigated one degree of freedom systems
with SMA suspensions numerically. In these setups, both
tension and compression of the SMA elements were allowed,
and the dynamic behaviours were complex, showing period-
multiple orbits, quasi-periodic and chaotic motion, and
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coexisting attractors. Williams et al (2002) used the stiffness
differences between austenite and martensite to produce an
adaptive tuned vibration absorber by controlling the tem-
perature of the SMA elements. The same principle was
employed by Nagaya et al (1987) for passing through critical
speeds in rotor-bearing systems.

Non-smooth oscillators with SMA supports have been
investigated numerically by dos Santos and Savi (2009). Silva
et al (2013) made a similar numerical analysis on a non-
smooth rotor-bearing system, showing improved behaviour
compared with an elastic support. Again, both tension and
compression in the SMA element were allowed.

Experimental investigations of SMA systems are less
common. Aguiar et al (2013) investigated SMA oscillator
dynamics considering one and two degrees of freedom sys-
tems excited by a shaker. Different aspects of system
dynamics were treated. Enemark et al (2014) presented an
experimental investigation related to a one degree of freedom
oscillator with harmonic excitation. Concerning non-smooth
systems, a comparison between experiments and modelling
was made by Sitnikova et al (2012) in the same field, where
the resulting dynamic responses had complex nonlinear
characteristics. Pretensioned pseudoelastic SMA elements
were used.

The thermo-mechanical behaviour of helical springs is of
special interest in the dynamical study of SMA systems.

Studies of helical springs made from SMAs are found in
literature. These studies have revealed that the stress and
strain distributions in the springs can be complex (Mirzaeifar
et al 2011, Lagoudas et al 2012). This is due to small spring
indices and large pitch angles combined with large spring
deformations. Several attempts at using simple equivalent
one-dimensional models have been made, still with good
resemblance to experiments (Aguiar et al 2010, Mirzaeifar
et al 2011, An et al 2012).

This paper deals with a comparison between theory and
experiments related to a pseudoelastic SMA system. The
experimental test rig used in this work was a one degree of
freedom system consisting of a mass connected to a linear
spring and a pseudoelastic SMA spring. Both springs were in
pretension. The linear spring was connected to a DC motor
that provided a harmonic excitation to the system. The SMA
was used as an active element in the system and not as an
external actuator, and therefore the system behaviour greatly
depended on the properties of the SMA. Different operating
conditions could be induced by a change in the temperature or
a change in the level of pretension of the SMA spring. Only
passive control of the system dynamics has been treated. The
SMA spring was pseudoelastic, meaning that phase trans-
formation induced during loading is completely recovered
during unloading. Such a spring exhibits hysteretic behaviour

Figure 1. Test rig; picture (a) and schematics (b). (a): (A) PASCO oscillator, (B) PASCO rotary motion sensor for measuring excitation
displacement, (C) power supply to oscillator, (D) PASCO receiver connected to sensors and computer, (E) power supply for heating the PE
spring, (F) blower for cooling the PE spring, (G) PASCO force sensor for measuring the PE spring force, (H) PE spring, (I) PASCO rotary
motion sensor for measuring the displacement of the cart, (J) PASCO cart with masses, (K) PASCO horizontal slide, (L) linear spring.
Between the oscillator, springs, cart, and force sensor, nylon threads connect the elements. (b): Sketch of mechanical components to the right
is an oscillator (brown) pulling a thread (red). The linear spring (green) is connected to the cart (yellow). On the left side of the cart is the
pseudoelastic spring (orange). The displacement of the excitation x is measured at point A. The displacement of the cart y is measured at a
separate thread connected to the cart. At point B the thread force is measured, equalling the pseudoelastic spring force. The pseudoelastic
spring force is Fp, Fe is the linear elastic spring force and Ff is the friction force from the wheels of the cart.
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as well as changing stiffness, and both these elements greatly
affect system dynamics.

The goal of this research is to explain and predict the
behaviour of a one degree of freedom dynamical system
involving a pseudoelastic shape memory alloy (PE SMA)
spring, and through that also to show the dynamical cap-
abilities of such a smart material. It shows the feasibility of
applying SMAs as dissipation elements and shows the
potential for their adaptive behaviour to temperature, which
can be controlled. Brinsonʼs model (Brinson 1993, Brinson
and Huang 1996, Bekker and Brinson 1998) was employed to
describe the thermo-mechanical behaviour of the SMA
spring, and two novel changes ensure better resemblance to
experiments. Furthermore, direct comparison between theory
and experiment is rare in this field, and in particular the
investigations of equilibrium position changes due to tem-
perature alterations are interesting.

The outline of this paper is as follows. Initially, a
description of the experimental setup is presented. Theoretical
modelling follows, showing the Brinson model and the pro-
posed changes to it; then the helical spring model is discussed
followed by the equations of motion of the dynamic system.
Characterisation of the pseudoelastic spring is shown, and this
is used in the analyses of the dynamic system in free and
forced vibration for constant and varying temperatures.

2. Experimental setup

The experimental setup is a one degree of freedom SMA
oscillator that consists of a cart with a mass connected to a
linear spring and an SMA spring. The other end of the linear
spring is connected to a 12 V DC motor that provides a
harmonic excitation. The SMA helical spring is pseudoelastic,
where the austenitic phase is stable at room temperature.
Figure 1(a) presents a system picture, whrereas a sketch of the

system components is shown in figure 1(b). The experimental
setup is monitored by two rotary motion sensors (PASCO
encoder CI-6538 with 1,440 orifices and a precision of 0.25°):
one for measuring the excitation displacement x and one for
the cart movement y. A force sensor is also employed to
monitor the SMA spring force. A power supply is coupled to
the ends of the SMA spring to promote heating by the Joule
effect. Because system response is highly temperature
dependent, changes in electrical current induce different
system behaviours. The pretension level of the SMA spring is
defined by the length of the thread between the cart and the
linear spring. Geometric properties of the SMA spring, the
properties of the system components, and characteristic
quantities of the system are shown in table 1.

The SMA helical spring is manufactured from an SMA
wire with the aid of a device that defines the shape and clamps
the spring ends. Afterwards, it is necessary to promote a heat
treatment that induces recrystallization, defining the spring
form as the natural one. This treatment depends on the size of
the spring. Here a Ni-Ti wire is employed and the heat
treatment is done by heating the spring to 500 °C for 30
minutes and, after that, cooling it in a water medium.

The SMA temperature is not directly measured. Because
there is a direct relation between electrical power and the
temperature of SMA wires Furst and Seelecke 2012, electric
current is used to evaluate temperature. It is known that the
electrical resistances are different for austenite and martensite.
Here we are interested in constant temperature conditions,
represented by constant applied electrical current. Due to the
resistance changes associated with phase transformations, the
electrical power also changes. Therefore, there are tempera-
ture fluctuations. However these temperature fluctuations are
considered to be small and are therefore ignored. In the
analysis presented in this paper, an almost (but not com-
pletely) linear relationship between electrical current and
temperature is assumed due to changing resistance. Most of
the measurements in this work are performed only either at
room temperature or under such hot conditions that the SMA
spring consists of pure austenite. The minimum and max-
imum values are stated in table 1.

3. Theoretical modelling

The modelling of the dynamic system is split into three parts:
(a) the one-dimensional Brinson model for describing the
pseudoelastic shape memory alloy; (b) modelling of a helical
spring; (c) equations of motions for the dynamic system. Two
modifications to the Brinson model are proposed to get better
resemblance with experiments.

3.1. Constitutive equations—Brinsonʼs model

The constitutive model by Brinson Brinson 1993, Brinson
and Huang 1996, Bekker and Brinson 1998 describes the one-
dimensional tensile behaviour of shape memory alloys. Here
we are interested in pseudoelastic behaviour, and therefore,
the original model is simplified, neglecting twinned

Table 1. Data of the experimental setup as well as characteristic
quantities. *Depending on the day the experiment was performed.

Pseudoelastic SMA spring
Wire diameter (mm) 0.50
Coil diameter (mm) 5.6
Initial length of spring l0 (mm) 65
Number of coils 36

Cart
Mass m (g) 770

Linear elastic steel spring

Stiffness kl (
−N m 1) 3.25

Characteristic quantities (besides l0)

Initial stiffness of SMA spring k0 ( −N m 1) 20

Frequency ω = +π
−( )k k ml0

1
2 0

1 (Hz) 0.87

Assumed current-temperature relation
No current, 0 A 23 to 25 °C*
High current, 1.1 A 80 °C
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martensite. Twinned martensite is formed only when the
temperature is below the martensitic start temperature Ms,
which is below the lowest operational temperature (i.e., room
temperature) for the current material; cf table 3. The stress
state in the spring loaded by axial force is pure shear for small
deflection (Budynas et al 2008). Although the Brinson model
was originally proposed to describe tension-compression
behaviour, SMAs have qualitatively similar characteristics in
shear, and therefore the model can be employed for this aim.
Hence, converting the model for high-temperature shear
representation, the following constitutive equation describes
the SMA behaviour.

τ γ γ ξ= −( )G , (1)
L

where τ is the shear stress, γ is the shear strain, and ξ is the
martensitic volume fraction. Note that in the original Brinson
model ξ ξ ξ= +T S represents both twinned and detwinned
martensite. Here, because the description is restricted to high-
temperature behaviour, ξ is the volume fraction of detwinned
martensite, i.e., ξ = 0T .

Besides, ξ= + −G G G G( )A M A , where GM and GA are the
shear moduli of martensite and austenite respectively, and γ

L
is

the residual shear strain caused by phase transformation. Note
that the usual thermoelastic expansion term is neglected in
equation (1) because its influence is at least an order of mag-
nitude lower than the effects from the phase transformations.
Moreover, this model does not take into account temperature
changes in the material due to mechanical deformation as well
as the exo- and endothermic properties of the phase transfor-
mations. Other models that are rate-dependent do take this into
account, e.g., Lagoudas et al (2012), Monteiro et al (2009).

The volume fraction of detwinned martensite evolution is
defined as a function of temperature T and stress τ . In this
regard, the forward transformation (from austenite to det-
winned martensite) is given by:

• If τ̇ − ˙ >C T 0A and τ τ τ⩽ ⩽ms mf then

τ π
τ τ

τ τ
= −

−
−

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟f T( , )

1

2

1

2
cos (2)

M
ms

mf ms

ξ ξ ξ τ= + −( )f T1 ( , ) (3)
M0 0

The reverse transformation (from detwinned martensite
to austenite) is described by:

• If τ̇ − ˙ <C T 0M and τ τ τ⩽ ⩽af as then

τ π
τ τ
τ τ

= −
−
−

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟f T( , )

1

2

1

2
cos (4)

A

af

as af

ξ ξ τ= f T( , ) (5)
A0

• Otherwise, ξ̇ = 0.
• Furthermore, ξ = 1 if τ τ> mf , and ξ = 0 if τ τ< af .

The boundaries in the simplified stress-temperature phase
diagram are

τ τ

τ τ

= − = −

= − = −

( )
( )

( )
( )

C T M C T M

C T A C T A

,

, .
(6)

ms M s mf M f

as A s af A f

The temperatures Ms and Mf are the start and finish

transformation temperatures for the forward transformation,
and As and Af are the austenitic counterparts. These tem-

peratures refer to a stress-free state. Furthermore, CA and CM

denote the slopes of the austenite and martensite formation
boundaries in the temperature-stress phase diagram.

It should be observed that ξ also depends on the constant
ξ0 that represents the value of ξ at the start of phase trans-
formation. Note that ξ0 is associated with previous phase
transformations that occurred during load history. The value
of ξ0 changes whenever either τ̇ − ˙C TA or τ̇ − ˙C TM changes
sign. A far more thorough explanation is given by Bekker and
Brinson (1998).

The functions for f
M

and f
A
, equations (2) and (4), are

hardening functions, and the functions for ξ, equations (3) and
(5), control the sub-loop behaviour. For both of these types of
functions, modifications are proposed in the next section.

This model is constructed in such a way that γ can be
found explicitly as a function of τ and T, because ξ is an
explicit function of τ and T. However, when using such
models in dynamic problems, the inverse problem is usually
of interest. Hence, it is important to evaluate stress τ as a
function of deformation γ . This means that iterative proce-
dures have to be used, and it is suggested to use a Newton-
Raphson iteration procedure between steps in strain. This
requires the use of the derivatives of strain γ τ T( , ) with
respect both to stress and temperature (keeping the other
variable constant). They are easily found by differentiation of
the governing equation (1):

γ
τ

τ γ ξ
τ

∂
∂

= +
−

+ ∂
∂

⎛
⎝⎜

⎞
⎠⎟G

G G

G

1
, (7)A M

L2

γ τ γ ξ∂
∂

=
−

+ ∂
∂

⎛
⎝⎜

⎞
⎠⎟T

G G

G T
. (8)A M

L2

The differentials ξ
τ

∂
∂

and ξ∂
∂T

are piecewise functions, found by

differentiation of the hardening functions and sub-loop
functions equations (2)-(5).

3.2. Modified hardening and sub-loop functions

The cosine hardening functions f
A
and f

M
are smooth because

of their differentiability in addition to continuity and also
because of their horizontal tangents at the boundaries. Hor-
izontal tangents are necessary to get smooth transitions
between the thermoelastic regions and phase transformation
regions. However, the level of smoothness cannot be con-
trolled. When comparing with experiments, greater simila-
rities can be achieved by using other smooth functions, where
the smoothness at each boundary can be controlled
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individually. Initially Liang and Rogers (1990) proposed to
use cosine functions for describing the hardening kinetics,
and later the functions were adapted by Brinson (1993). The
choice of a cosine hardening function was empirically based,
and therefore other types of functions are equally valid. A
novel smooth hardening function is presented, and it is
inspired by a smooth hardening function presented by
Lagoudas et al (2012).

Due to the complex shear stress-strain distributions in the
helical springs, the Brinson model does not reproduce all
aspects of the thermo-mechanical behaviour of the springs.
An alteration of sub-loop functions, which initially are linear
functions in f

A
or f

M
respectively, provides a better resem-

blance with experimental data. This means that the proposed
alternative sub-loop functions counteract the consequence of
the simple model and its assumptions for the mechanical
model of the helical spring used in this paper. An illustration
of the existing and proposed hardening and sub-loop func-
tions is shown in figure 2.

3.2.1. Hardening function. The proposed function consists of
two successive quadratic Bézier curves =sB ( )i s sB B( ( ), ( ) )x

i
y
i

for i = 1, 2, which replaces the existing function

π= −f x x( ) cos ( )1

2

1

2
for ∈x [0; 1] (equations (2) and (4)).

The choice of Bézier curves is taken because it is easy to
control smoothness. Two successive quadratic curves are
chosen instead of a single cubic curve because of simpler
mathematical expressions. A minor advantage of the cubic
curve is that it is infinitely differentiable ( ∞C ), whereas the
two successive quadratic curves are only able to ensure one-
time differentiability in addition to continuity (C1). The Bézier
curves are used to shape the hardening function:

=
= ⩽ ⩽

= < ⩽

⎧
⎨⎪
⎩⎪

{ }
{ }

f x
s s x x a

s s x a x

B B

B B
( )

( ) ( ) for 0

( ) ( ) for 1
(9)

y x

y x

1 1

2 2

The first curve sB ( )1 is defined by the three points (0, 0),

n( , 0)1 , and a b( , ). The second curve sB ( )2 is defined by the
three points (1, 1), − n(1 , 1)2 , and a b( , ). This means that the
curves start at the boundaries for s = 0 and meet for s = 1. The
two curves are oriented oppositely to get simpler mathema-
tical expressions. The result is the same. The point a b( , ) is

determined such that ∣ = − ∣= =s sB B(d /d ) (d /d ) ,s s
1

1
2

1 which
ensures one-time differentiability.

Figure 2. Hardening and sub-loop functions in the forward and reverse transformations. The stress (τ) is input to the hardening function,
whose output ( f

M
or f

A
) is input to the sub-loop function, whose output is ξ. The solid lines are the cosine hardening function and the linear

sub-loop functions as in the Brinson model. The dashed lines are examples of the proposed smooth hardening functions and cubic sub-loop
functions.
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The smoothness is controlled by the two non-negative
parameters n1 and n2, which have to fulfil ⩽ + ⩽n n0 11 2 .
The expressions for the Bézier curves become:

=
− +

=
+ − − +

− +

⎧
⎨⎪
⎩⎪

⎫
⎬⎪
⎭⎪

⎧
⎨⎪
⎩⎪

⎫
⎬⎪
⎭⎪

( )

( )

s
a n s n s

s

s
a n s n s

s

B

B

( )
2 2

1

2

,

( )
2 1 2 1

1

2
1

, (10)

1
1

2
1

2

2
2

2
2

2

where = − +( )a n n 11

2 1 2 . The variable s is substituted such

that the first coordinate x becomes the independent variable
and the second coordinate y becomes the dependent variable.
The final expression for the hardening function is as follows:

=

=
− + + −

−
⩽ ⩽

−

=
− − + − −

+ −
< ⩽

⎧

⎨

⎪⎪⎪⎪

⎩

⎪⎪⎪⎪
⎛
⎝⎜

⎞
⎠⎟

f x

s s
n n a n x

a n
x a

s

s

n n a n x

a n
a x

( )

1

2
where

( 2 )

2
for 0

1
1

2
where

2 1 (1 )

2 1
for 1

(11)

2 1 1
2

1

1

2

2 2
2

2

2

Special cases exist for s if − = ∧ ⩽ ⩽a n x a2 0 01 and
+ − = ∧ < ⩽a n a x2 1 0 12 because of singularities in

equation (11). In these cases, =s x

n2 1
and = −s x

n

1

2 2
respectively

from equation (10).
It is suggested that different sets of smoothing parameters

n n( , )1 2 be used for the forward and reverse transformations.
For this reason, the smoothing parameters for the forward
transformation are denoted n n( , )f f

1 2 , and for the reverse
transformation they are denoted n n( , )r r

1 2 .
An example of the smooth hardening function is seen in

figure 3(a), where it is compared with the existing cosine
hardening function.

3.3. Sub-loop function

A sub-loop function is proposed in order to alter the height
and thereby the average stiffness and the enclosed area of the
sub-loops. The area of the sub-loops determines the dissipa-
tion characteristics. Therefore, the linear sub-loop functions
(equations (3) and (5)) are replaced by cubic counterparts that
have to fulfil certain conditions in order to get reasonable
behaviour.

For the forward transformation, the original sub-loop
function is ξ ξ= + −g x x( ) (1 )

0 0 0 for ∈x [0; 1]. The pro-

posed sub-loop function g has the same boundary values:
ξ=g (0) 0 and =g (1) 1. Furthermore, it is monotone and

fulfils | < |ξ ξg x g x( ) ( )a b
0 0

for any ξ ξ<a b
0 0 and any ∈x [0; 1].

A cubic function satisfying this is

ξ ξ= + − − −( )g x x px x q x( ) 1 (1 ) ( ), (12)0 0

where q x( ) is a piecewise function in ξ0:

ξ ξ

ξ ξ ξ

ξ ξ

=

− ⩽ ⩽

− − + < ⩽

− + < ⩽

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

( )

( )

q x

x

x x

x

( )

(2 ) for 0
1

3

1 (1 ) for
1

3

2

3

1 (1 ) for
2

3
1 .

(13)

0 0

0 0 0

0 0

The parameter ∈ −⎡⎣ ⎤⎦p ; 11

2
controls the sub-loop

characteristics.
For the reverse transformation, a cubic function that

satisfies similar requirements is:

ξ= + −h x x px x q x( ) (1 ) ( ) . (14)0

Note that both g x( ) and h x( ) are equal to the linear sub-loop
functions for the parameter p = 0. It is suggested to use the
same value of p for both forward and reverse transformation.
An example of the effect of changing the sub-loop functions
is seen in figure 3(b). By using <p 0 the average stiffness
and the sub-loop area decrease. For >p 0 the stiffness and
area increase. In this regard, an increase is wanted in order to

Figure 3. Differences in the stress–strain behaviour between the original and the proposed hardening and sub-loop functions. Hardening
functions. (a): for the smooth function, the choice of parameters is =n 0.45f

1 (forward start), =n 0.35f
2 (forward end), =n 0.2r

1 (reverse end),
=n 0.4r

2 (reverse start). Subloop functions. (b): for >p 0 the hysteresis area increases compared with the linear case; for <p 0 it decreases.
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get better resemblance with experiments. As seen later, p has
been chosen to be equal to unity.

3.4. Helical spring model

Aguiar et al (2010) discussed the modelling of SMA helical
springs, showing that it is sufficient to assume a linear shear
strain distribution and a constant phase transformation in the
wire cross section. The relation between the elongation of the
spring y and the shear strain in the periphery γ

r
is

γ
π

= r

NR
y

2
. (15)

r 2

Here r is the wire radius, N the number of coils, and R the
radius of the spring. The strain distribution is linear, γ γ= a

r r

for ∈a r[0; ]. The relation between the spring force F and
the shear stress τ is

∫π τ=F
R

a a a
2

( ) d (16)
r

0

2

Because τ is a nonlinear function in γ , this integral cannot be
solved directly. Nevertheless, it is possible to obtain good

results by assuming that ξ ξ= ˜ is constant throughout the
cross section, which combined with the governing
equation (1) yields

∫π γ γ ξ π γ γ ξ= − ˜ = − ˜⎜ ⎟
⎛
⎝

⎞
⎠ ( )F

R
G

a

r
a a

r

R
G

2
d

2

3
(17)

r

r L r L
0

2
3

3

4

Moreover, an equivalent constant strain γ γ˜ =
r

3

4
is chosen

such that an equivalent constant stress τ γ γ ξ˜ = ˜ − ˜G ( )
L

fulfils

the governing equation and

π τ= ˜F
r

R

2

3
. (18)

3

Substituting γ̃ into equation (15), it becomes

γ
π

˜ = r

NR
y

3

8
. (19)

2

By using equations (18) and (19) together with the governing
equation (1), the relation between elongation y and spring
force F can be found.

3.5. Equation of motion and its solution

The equation of motion for the cart is obtained by Newtonʼs
Second Law (see figure 1(b)):

ξ¨ = − + ˙ +( ) ( )my F y T F y F x y, , ( , ), (20)p f e0

The linear spring force is = − +F k x y x( )e l 0 , where kl is the
linear spring stiffness and x0 is a length measure of constant

pretension. This means that the pretension x0 is not related to
the stiffness and length of the PE spring but to the linear
spring. The excitation x is either zero (for free vibrations) or
sinusoidal (forced vibrations): πω ϕ= +x t A t( ) sin (2 ). The
system dissipation, different from hysteretic behaviour, can be

described by μ˙ = − ˙ − ˙πF y mg cy dy( ) arctan ( )f
2 , where c is a

numerically aiding constant and g is the gravitational con-
stant. This is a continuous approximation to dynamic Cou-
lomb friction, with friction coefficient μ combined with
viscous damping with the damping factor d. The chosen
values used for describing these dissipative effects are seen
table 2. The PE spring force F y( )p is determined as described

in the preceding sections (in which it is denoted F).

3.5.1. Standard approach for numerical solution. The Runge-
Kutta-Fehlberg method is used to solve the equation of
motion (20) in a state space formulation by defining a second
state ≡ ˙z y. At each time step, the vector y z( , ) is supplied and
the derivatives are found:

ξ= ( )F F y T, , (inverse problem) (21)p p 0

˙ =y z (22)

μ
π

˙ = − −

− + − + )

(z
m

F mg cz

dz k x y x

1 2
arctan ( )

( ) . (23)

p

l 0

As mentioned in section 3.1, the PE force Fp has to be found by

iterative procedures.

Table 2. Properties for dissipation due to friction and viscous
damping used for numerical simulation.

μ c g d

× −2.1 10 3 −10 s m3 1 −9.81 N kg 1 −0.11 N s m 1

Figure 4. The resulting graph from a DSC test. The red lines indicate
the method of determining the transformation temperatures.

Table 3. Transformation temperatures for the PE spring extracted
from the DSC test.

As Af Ms Mf

16.2 °C 21.9 °C 15.5 °C 9.3 °C
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3.5.2. Particular approach for numerical solution. The
iterative procedure of the Brinson model can be avoided by
changing the state variables so that the displacement y is
found from Fp instead, because it is an explicit function. The

displacement is substituted with the PE force as a state

variable, which means that each time step ( )F z,p is supplied

and the derivatives are determined:

ξ= ( )y y F T, , (explicit relation) (24)p 0

γ
τ

τ

γ
γ

˙ = ∂˜
∂˜

∂˜
∂

× ∂
∂˜

− ˙ ∂˜
∂

−

−

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

F
F

z
y

T
T

(explicit relation) (25)

p
p

1

1

μ
π

˙ = − − − + − +⎜ ⎟⎛
⎝

⎞
⎠z

m
F mg cz dz k x y x

1 2
arctan ( ) ( ) . (26)p l 0

The expression for Ḟp is found from the velocity:

γ
γ
τ

τ γ

γ
γ
τ

τ γ

= = ∂
∂˜

∂˜
∂˜

∂˜
∂

+ ∂˜
∂

= ∂
∂˜

∂˜
∂˜

∂˜
∂

˙ + ∂˜
∂

˙

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

z
y

t

y

F

F

t T

T

t

y

F
F

T
T

d

d

d

d

d

d

, (27)

p

p

p
p

where γ
τ

∂˜
∂˜
, γ∂˜

∂T
, τ∂˜

∂Fp
, and

γ
∂
∂˜
y are found from equations (7), (8), (18),

and (19) respectively. These state equations are solved using
the Runge-Kutta-Fehlberg algorithm.

This particular approach makes inner iterations of the
Brinson model unnecessary, which leads to less numerical
computation. Note that γ

τ
∂˜
∂˜

and γ∂˜
∂T

also have to be calculated
when performing inner iterations. Simulations have shown
that this approach saves approximately 10% of the overall
computation time.

4. Characterization of pseudoelastic spring

This section presents the characterisation of the PE spring
used in the experimental setup. This is done by using a DSC
test and also by considering force-displacement curves.
Figure 4 and table 3 present results of the DSC test, showing
the amount of heat necessary to maintain a constant tem-
perature rate (positive or negative) of a specimen of the SMA.
At a peak or valley, phase transformations happen. Note that
at room temperature (≈ °25 C), the PE spring is stable at the
austenitic state because Af is lower than room temperature.

The transformation temperatures are determined by the
intersection between the tangent at the absolute highest slope
and the tangent at the start or end of the transformation area.
This is indicated in figure 4 by the red lines.

The force-displacement experimental test of the PE
spring is done by uncoupling the oscillator and the linear
spring from the cart in the system shown in figure 1(b), and a
chosen displacement path is induced to the cart. Experimental
tests are done at different temperatures by inducing distinct
(and constant) values of electric current. It is estimated that
the temperature is 80 °C when applying 1.1 A. Moreover, a
linear relationship between current and the temperature rela-
tive to room temperature is initially assumed. Small dis-
crepancies from this linear model are used in order to get
slightly better resemblance between the model and the
experiments for the overall temperature range. The assumed
current-temperature relation is shown in figure 5. This is
consistent with the considerations in section 2.

Results of the force-displacement tests and the model fit
are shown in figure 6. The model parameters have been
determined by nonlinear least square regression of the model
prediction to the experimental results. There is a very good
resemblance. Only at high temperatures is the model unable
to match the experimental curve. This will be reflected in the
comparisons throughout this paper. The model parameters
used, which are the same for all temperatures, are shown in
table 4 .

Figure 7 presents a comparison between experimental
data with Brinsonʼs model with different hardening and sub-
loop functions. Tests are performed at 25 °C. Note that the
outer loop is matched very well in all three cases. For the
original Brinson model, figure 7(a), there is a small linear
region at the beginning of the reverse transformation that is
not seen in experiment. Moreover, to get good resemblance at
the outer loop the residual strain γ

L
has be given a high value

(4.99%) so that the cosine hardening behaviour does not
interfere at that point. This is again determined by a least
square regression scheme that minimized the difference
between model predictions and experimental results. On the
other hand, this means that the sub-loop behaviour is not
captured well. When smooth hardening is introduced
(figure 7(b)), the outer loop becomes smoother and the resi-
dual strain is reduced to 3.11%, which results in better
resemblance in the inner loops. Both average stiffness and
hysteresis area of the sub-loops are matched even better when
the cubic sub-loop function is also introduced (figure 7(c)).

Figure 5. Relationship between electrical current through the PE
spring and the assumed temperature.
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It is important to highlight that the PE spring is subjected
to large deformations, reaching more than four times the
original length. Therefore, complex stress distributions can be
induced, causing non-homogeneous phase transformations
(Phillips and Costello 1972, Mirzaeifar et al 2011, Lagoudas

et al 2012). At the spring wire cross section centre, the stress
is always (close to) zero, even though the spring is highly
loaded globally (Aguiar et al 2010). This means that mar-
tensite is not induced by stress (i.e., detwinned martensite) at
the cross section centre, and therefore the spring material

Figure 6. Experimental force–displacement results for the pseudoelastic spring compared with the Brinson model with smooth hardening and
cubic sub-loop. The relationship between electrical current and temperature is estimated.

Table 4. Parameters used in the spring model using the Brinson model with smooth hardening and cubic sub-loop.

γ
L

GA GM As Af Ms Mf

3.11% 16.8 GPa 47.6 GPa −39.1 °C 22.9 °C 20.0 °C −32.3 °C

CA CM n f
1 n f

2
n r

1 n r
2 p

5.55 MPa °C−1 6.18 MPa °C−1 0.286 0.001 0.166 0.280 1.00
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cannot reach a complete detwinned martensitic state
throughout the wire cross section. For the same reason, and
because the spring model uses an assumption of constant
material properties in the wire cross section, the chosen phase
transformation temperatures in the model are not the same as
found by the DSC. Furthermore, the model is restricted to
displacements below approximately 300 mm ( l4.6 0) and
temperatures from 23 °C to 80 °C because of the choice of
parameters.

Inspection of the force-displacement behaviour at room
temperature reveals that the initial stiffness at room tem-

perature ( = −k 20 N m0
1) is lower than the tangential stiffness

of the mixture (≈ =− k31 N m 1.61
0). This is also reflected in

the material parameters, where >G GM A (table 4). It is well
known that the stiffness of martensite is lower than the
stiffness of austenite, but these results show the opposite. This
incongruence is believed to be caused by large deformations.
For large strains in the spring, normal stresses may be
induced, resulting in a stiffening effect (Phillips and Cost-
ello 1972, Mirzaeifar et al 2011, Lagoudas et al 2012). This
means that the apparent martensitic stiffness is higher than the
actual martensitic stiffness. The stiffening effect due to the
geometry is also the reason why the stiffness in the high-
temperature condition is higher in experiment

=− k(34 N m 1.7 )1
0 than in model prediction

=− k(29 N m 1.4 )1
0 . The geometric stiffening effect is not

incorporated in the model. During transformation, the stiff-
ness is lower ( =− k10 N m 0.51

0) than the initial stiffness.
This means that the stiffness changes up to a factor of three

−(10 N m 1 to −34 N m )1 between different conditions of stress
and temperature; cf figure 6.

The dissipation due to hysteresis is an important char-
acteristic of the PE spring. Note that the increase of dis-
placement tends to be related to the increase of dissipation
due to the larger hysteresis loops. Furthermore, for increasing
temperature, the hysteresis loops are smaller, indicating less
dissipative capabilities. The average stiffness and the hyster-
esis are coupled properties.

5. Free vibrations

The free vibration analysis considers the setup shown in
figure 1(a) by implying that the DC motor is turned off.
Temperature influence is investigated during the tests, con-
sidering two cases: constant and varying temperatures.

An equilibrium position is a point in y where the sum of
forces acting on the cart vanishes. Therefore, it should be a
proper balance between the elastic spring force Fe and the PE

Figure 7. Best fit of the Brinson model with and without modifications to the experimental force–displacement test at 25 °C. (a) Cosine
hardening and linear sub-loop; (b) Bézier hardening and linear sub-loop; (c) Bézier hardening and cubic sub-loop.

Figure 8. Illustration of the range of equilibrium positions for the
dynamic system. The level of pre-tension here is =x 9000 mm
(equivalent to =y l2.3

0 0 in the sense of =k y k xl0 0 0). For a given
position y the PE spring contains the minimum possible amount of
martensite at the topmost loading branch in the force–displacement
diagram, indicated by the red dashed line.
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spring force Fp, namely =F Fe p. Figure 8 shows the force-

displacement curves for both springs of this system. The
intersections between the blue and green lines establish a
proper balance between the spring forces, representing equi-
librium positions. Note that the lines are crossing four times,
but one could imagine an infinite number of possibilities

along the green line, which can be called the ‘equilibrium
line’, for values of y larger than approximately140 mm in this
case, because this is the maximum force considered for the PE
spring. It should be pointed out that there is only one equi-
librium point at any instant in time and cart position, but the
equilibrium is able to move along the line. The vertical

Figure 9. Experimental results (a, b) and numerical simulations (c, d) for force and state space of free vibration with seven different initial
conditions indicated by different line colours. The level of pretension is ≈x 8700 mm ( l2.2 0) in the experiments but =x 9000 mm ( l2.3 0) in
the numerical simulations. The specified temperature is T = 23 °C in the simulations.

Figure 10. The equilibrium changes both as a function of the initial point and the level of pretension. Here it is illustrated both by experiments
(a) and by simulation (b) modelling. The dashed black line indicates identical initial position and equilibrium. For the theoretical results
T= 23 °C is used.
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position of the green line is determined by the amount of
pretension x0.

5.1. Constant temperature

Free vibration tests are done by releasing the cart from a
range of positions, measuring the displacement and the PE

force until the cart is at rest. Both the linear and the PE

spring are attached to the cart. At the initial position of each
test, it is ensured that the PE spring produce the highest
possible force for the given position y, as indicated in

figure 8. This is done in order to maintain comparability
between the tests.

Figure 11. Force and state space for three free vibration tests, both experimentally (a, b) and theoretically (c, d), using different initial
positions. In the experiment the PE spring is heated by 1.0 A and the pretension level is approximately 715 mm ( l1.8 0). The simulation
temperature is T = 80 °C, and the level of pretension is =x 6700 mm ( l1.7 0).

Figure 12. Experimentally obtained (a) and simulated (b) equilibrium position changes due to temperature variations, shown here by three
tests (distinct colours) using different initial positions. The initial positions are indicated by ○; during heating of the PE spring, the cart
moves to ▿; and it reverses to × during cooling of the spring. In experiments x0≈ 900mm (2.3l0), in modelling x0 = 905mm (2.3l0)
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The first test is done by considering three levels of pre-
tension in room temperature. The pretension level is defined
by the length of the thread between the linear spring and the
cart, which can be changed. Furthermore, a test is done with
the PE spring heated with 1.0 A of electric current.

In figure 9, seven of the tests for a single pretension level at
room temperature are shown, highlighting the initial positions
(black circles) and their respective resting points/equilibria
(black plus signs). The state space plot shows that there is a
great amount of energy dissipation due to the hysteresis and
other dissipation mechanisms in the system. Experimental tests
(figures 9(a) and (b)) are followed by numerical simulations
(figures 9(c) and (d)). Generally, there is good agreement with
the experimental tests. All qualitative properties are reproduced.
However, the stiffness of the PE spring is higher in the simu-
lations. This is probably caused by temperature variations
during tests. Thermo-mechanical couplings may drastically
affect tests, depending on frequency (Monteiro et al 2009), and
this is not considered in simulations.

The initial and resting positions for each of the three tests
using different pretension levels are highlighted in figure 10.
For the three values of pretensions, the starting point is varied
in a range of 170 mm ( l2.6 0), and this gives a variation of
30 mm ( l0.5 0) to the equilibrium positions in the experimental
tests. It is seen that if the starting point is far away from the
equilibrium point (long distance from the starting point to the
black dashed line), the equilibrium point is almost constant
for the two low levels of pretensions. This is also the case for
the simulations. Only close to the black dashed line does the
equilibrium depend on the starting position. These results
show that the equilibrium position depends on the starting
position, the initial amount of martensitic phase, and the
pretension level. The discrepancies between experimental
results and theoretical predictions in figure 10 are the same as
for figure 9. Small differences in stiffness and hysteresis
between model and experiment have large impact on the
resting position.

Experimental and theoretical results of the high-tem-
perature test are shown in figure 11. From the experiments, it
is seen that the PE spring force is almost linear, indicating that
phase transformations are not occurring, even though the
displacements are large. As a consequence, there is a smaller
amount of energy dissipation as shown in the state space
behaviour. The dissipation is now primarily due to dissipation
effects different from hysteretic behaviour, and the level of
dissipation is matched very well in the simulations. Due to the
linear behaviour of the PE spring, the equilibrium position is
almost constant. Furthermore, the equilibrium position has a
smaller y-value when compared with the low temperature
results because of the higher average PE stiffness

=− k(36 N m 1.8 )1
0 . This change due to temperature will be

further investigated in the following sections.

5.2. Varying temperature

This section deals with tests where the cart initially rests at
one of its equilibrium positions in room temperature,

evaluating the influence of temperature changes. The PE
spring is heated, causing the cart to move, and then the spring
is cooled down by forced convection with the use of an air
blower. Again, this causes the cart to move. The test is per-
formed three times with distinct initial conditions without
changing the level of pretension. Experimental and numerical
results are shown in figure 12. By heating the PE spring in
tension, phase transformation to a fully austenitic state takes
place. The equilibrium position at this state is independent of
the starting point (the ▿ symbols in figure 12). When the
spring is cooled down, the cart moves backwards, but only to
a minimum amount of detwinned martensite, which is also
independent of the starting point. These results show that it is
possible to get to the same position, a zero position, no matter
what prior activity the spring has been exposed to, simply by
heating and cooling the spring, if the heat treatment happens
quasi-statically so that inertia effects are low. This zero
position lies on the line of maximum possible PE force;
cf figure 8. Note that the distance between the equilibrium
positions is large compared with the initial length of the
spring; see table 1.

The temperature paths induced into the spring in simu-
lation are defined as follows:

= ° + ° − °

× − −( ){ }
T tHeating: ( ) 23 C (80 C 23 C)

1 exp (28)t

6.5 s

= ° + ° − °

× − −( ){ }
T tCooling: ( ) 80 C (23 C 80 C)

1 exp (29)t

15 s

For the heating, the spring starts at 23 °C and ends at 80 °C
through a first-order low-pass filter with a time constant of
6.5 s. For the cooling, the temperatures are opposite, and the
spring changes as through a similar filter with a time constant
of 15 s. First-order low-pass filtered temperature changes are
related to heating and cooling of a material with constant
thermal properties (heat capacity and thermal conductivity)
subjected to constant heat and collected radiation and con-
vection being proportional to the temperature relative to room
temperature. The filter constants are chosen such that the
overall speed matches the experiments. The cooling process is
significantly slower than the heating process.

The simulations are in good agreement with the experi-
mental results. The jagging behaviour is captured well. By
numerical simulation, it can be shown that this behaviour is
solely due to the phase transformations, and it is not caused
by other dissipation forces, e.g., the Coulomb friction. Note
that the equilibrium positions at the hot state are different in
simulation and experiments (y = 92 mm and y = 80 mm
respectively). This is because the simulated stiffness of the
austenite is lower than the measured stiffness as seen before
in figure 6. The difference is therefore expected.

6. Forced vibrations

Forced vibration is now of concern when considering that the
system is excited by a DC motor rotating a lever, which pulls

13

Smart Mater. Struct. 23 (2014) 085018 S Enemark et al

172 Publication P4



a thread (see figure 1(b)). Initially, a frequency response is
performed, and later the effects of changing temperature are
analysed.

6.1. Constant temperature

The frequency response analysis is done by considering the
system steady state responses for specific forcing frequencies.
This analysis is done by inducing oscillations at different
frequencies. After the steady state is reached and the reading
has been performed, the system is stopped and then a new
frequency is analysed.

Figure 13 presents the experimental and modelled fre-
quency response. The experimental analysis points to a
resonance frequency around 0.8 Hz ( ω0.92 0), being asso-
ciated with a non-symmetric peak, which is well reproduced
in simulation. The lower side of the resonance peak is steeper
in experiments than in simulation.

Figure 14 shows the PE spring force and the state space
for three oscillator frequencies: below, at, and above the

resonance condition. It is important to observe that the system
response at resonance is related to the great amount of energy
dissipation due to hysteresis. In the experiments, the equili-
brium point changes within 5 mm ( l0.08 0) with varying fre-
quencies, which is in agreement with the movement of the
equilibrium point investigated earlier. This is, however not
reproduced in simulation, where the centre of oscillations is
constant. Again, the simulated oscillation amplitudes are
higher than measured right below resonance, i.e., at 0.7 Hz.

In experiments, the change in amplitude from measure-
ment to measurement is large just below resonance
ω ∈( [7.5; 8]Hz). This could indicate a bifurcation, where
the dynamic state jumps from one attractor to another. As
mentioned in the Introduction, such behaviour has been
detected in SMA dynamic systems before and has been
reported in the literature (e.g., Sitnikova et al (2012)).
Nevertheless, coexisting attractors have not been detected
based on several tests of frequency sweeps around the reso-
nance peak both experimentally and numerically.

Figure 13. Experimentally obtained (a) and numerically simulated (b) frequency responses. The excitation amplitude is A = 61 mm ( l0.9 0),
and in the numerical simulations, the pre-tension is =x 6300 mm l(1.6 )0 and the temperature is = °T 23 C. In experiments, the quantities are
estimated to be the same.

Figure 14. State space and PE spring force at several oscillator frequencies in experiment (a) and numerical simulation (b). In the numerical
simulations, the pre-tension is =x 6300 mm l(1.6 )0 , and the temperature is = °T 23 C. In experiments, the quantities are estimated to be
the same.
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6.2. Varying temperature

At this point, forced vibrations with temperature variations
are investigated. This analysis is of special interest in terms of
vibration reduction. Tests consider heating and cooling pro-
cesses, defining two different conditions: hot and cold. Two
forcing frequencies are evaluated.

The first case starts at room temperature close to a
resonance condition. After the steady state is reached, the
spring is heated, and this condition is held constant until a
new steady state is reached. Results for this test and the
related simulation are shown in figures 15(a) and (b). At room
temperature, the peak-to-peak amplitude is 122 mm ( l1.88 0)

and the average stiffness is −17 N m 1 ( k0.85 0) in experiments.
When the temperature is increased, the cart moves 61 mm

l(0.94 )0 to the left, the peak-to-peak amplitude is decreased to

20 mm ( l0.15 0), and the stiffness is increased to −37 N m 1

k(1.9 )0 . Because of the increasing stiffness due to the rising
temperature, the system resonance frequency increases and
moves away from the excitation frequency. This means, that it
is beneficial in terms of vibration reduction to heat the PE
spring to increase the stiffness at this forcing condition at
room temperature. However, it is important to highlight that

when heating the spring to increase the stiffness, the dis-
sipative characteristics due to hysteresis are sacrificed. Phase
transformations cannot occur in large scale at high tempera-
tures. This case highlights the trade-off between a beneficial
stiffness increase and an unfavourable hysteresis decrease.
The same qualitative behaviour is seen in simulation. The
quantitative properties are, however, slightly different; e.g.,
the stiffness at high temperature and the distance between the
equilibrium positions due to the temperature change. This is
primarily because the force-displacement relationship of the
spring in the hot condition is not captured perfectly; the
stiffness is too low; cf figure 6.

In the second case, seen in figures 15(c) and (d), the
system is started in a hot condition around its resonance
frequency and later is cooled down to room temperature. At
high temperature, the peak-to-peak amplitude is 94 mm

l(1.44 )0 and the stiffness is −36 N m 1 ( k1.8 0). No significant
hysteresis occurs at this temperature, even though the
amplitudes are large. When cold, the peak-to-peak amplitude
is reduced to 28 mm ( l0.44 0), with an average stiffness of

−24 N m 1 ( k1.2 0) in experiments. Still, the amount of hyster-
esis is negligible, and this time the reason is the low vibration
amplitudes. This means that in this case, both stiffness and

Figure 15. Experimental and simulated forced steady state responses. (a) and (c) Experiments at ω = 0.8Hz and ω = 1.2Hz, respectively; (b)
and (d) simulations at ω= 0.8Hz and ω= 1.2Hz, respectively. In experiments, the spring is heated by a 1.0 A current. In simulation, the
temperature changes between = °T 23 C and = °T 80 C; the pre-tension is =x 670 mm0 ( l1.7 0). The excitation amplitude is in both cases
A = 61 mm ( l0.9 0).
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hysteresis changes are beneficial, even though the major
improvements are due to the stiffness changes alone, and the
increase in hysteresis is insignificant. Note, however, that the
change in stiffness is less than it is in the first case because the
amplitude in the cold case is smaller, which gives a higher
average stiffness. In simulation the behaviour is similar.
However, because the high temperature stiffness is lower than
in experiments, an excitation frequency of 1.1 Hz has been
chosen instead of 1.2 Hz to get closer to the resonance
condition.

For the two cases, it is concluded that a shift in tem-
perature causes changes in both stiffness and hysteresis. Gen-
erally the stiffness is the most dominant factor in terms of
system dynamics. Furthermore, there is a trade-off; a beneficial
stiffness change might cause unfavourable loss of hysteresis,
which appears only at low temperatures and high amplitudes.

7. Vibration reduction—theoretical model
application

The theoretical model presented has been shown to be
appropriate to match experimental data related to pseudoe-
lastic SMA systems with high accuracy. Results presented in
sections 4, 5, and 6 reinforce this argument, and therefore, it
can be applied to investigate situations related to vibration
reduction. In this regard, two numerical investigations are
carried out, evaluating the influence of pretension and tem-
perature changes. Figure 16 shows results related to frequency
response analysis for different levels of pretension and tem-
peratures. Note that the pretension level does not influence the
resonance frequency but has a significant influence on energy
dissipation because it promotes changes in hysteresis. On the
other hand, the temperature of the SMA element has a sig-
nificant influence on the resonance condition due to stiffness
change. Note that the resonance frequency is changed 20%
relative to the cold case. Both situations can be employed for
vibration reduction purposes.

The change in resonance frequency can be exploited to
avoid critical situations. For instance, it is possible to pass

through critical speeds reducing transient vibration ampli-
tudes with the use of active temperature variations. Never-
theless, there is a trade-off between stiffness and hysteretic
changes, in the sense that the level of energy dissipation is
also changed by temperature variations; cf figure 15. At
55 °C, there is a region around resonance (ω ∈ [0.96; 1.03]
Hz), where the energy dissipation capabilities are so low that
the vibration amplitude becomes higher than the pretension of
the PE spring, causing the spring and the connecting threads
to become loose (not in tension) at certain instants in the
oscillation cycle. This state of motion involves unwanted
complex dynamic behaviour. This means that high-tempera-
ture conditions are useful and safe only when the excitation
frequency is far away from the resonance frequency.

8. Conclusions

Experimental and theoretical analyses are carried out for a one
degree of freedom oscillator with a pseudoelastic SMA ele-
ment. The system investigation shows complex nonlinear
behaviour due to the intricate thermo-mechanical relations of
the pseudoelastic shape memory alloy spring. Brinsonʼs
model is employed for the thermo-mechanical description of
the SMA spring, and two modifications have been presented:
hardening and sub-loop functions. These modifications allow
very good agreement with experimental data obtained either
for quasi-static or dynamical situations. Equilibrium positions
are investigated, showing that they strongly depend on the
initial condition of the cart (position, velocity, and martensitic
volume fraction) at room temperature. The equilibrium posi-
tion varies up to 50% of the initial SMA spring length.
Moreover, it significantly depends on the temperature, where
variations are up to 150%. By heating the pseudoelastic
spring when the cart is in equilibrium, the cart starts moving
in a jagged fashion, which is caused by a competition
between compliance (due to a forward phase transformation)
and stiffening (due to temperature increase). Similar beha-
viour can be achieved when cooling the spring. Pretension of
the SMA spring is investigated, showing its influence on

Figure 16. Theoretical frequency response functions of the system under different conditions. (a) Different levels of pre-tension. The
temperature is = °T 25 C. (b) Distinct temperatures. The pre-tension is =x 8000 mm l(2.0 )0 .

16

Smart Mater. Struct. 23 (2014) 085018 S Enemark et al

Publication P4 175



energy dissipation induction and hysteretic behaviour
(vibration amplitudes reduced 50% at resonance for high-
level compared with low-level pretension). Temperature
variations are also investigated, showing the possibility of
inducing stiffness change due to phase transformation asso-
ciated with temperature variations. At high temperatures, the
spring behaves linearly elastically, which means that the
spring consists of pure austenite. Essentially, it is important to
point out the trade-off between both aspects, stiffness and
hysteresis, in order to define system dynamics. Strong
vibration reduction can be achieved using SMA elements.
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Abstract: In the present contribution, a theoretical modelof a test rig containing a flexible rotor is simulated considering
pseudoelastic SMA (Shape Memory Alloy) wires connected to abearing in order to dissipate energy and consequently
reduce vibration. SMAs have characteristics of shape memory and superelasticity depending on the thermo-mechanical
state. Thus its stiffness can vary, especially in the pseudoelastic region, where this variation takes place accordingto a
hysteretic cycle denoting energy dissipation whenever theloading magnitude is sufficient to induce this transformation.
Thus the dynamics of rotor and SMA wires are coupled. The chosen constitutive model that governs the SMA behaviour
is a modified version of the model by Brinson for the one-dimensional case. Both transient and steady-state tests are
numerically simulated. The first one, a run-up test, is performed only at room temperature. In the second, the unbalanced
rotor runs at the first critical speed and two cases are considered: i) room temperature; ii) time-varying temperature.
The results from these evaluations show that SMA can be an interesting alternative for vibration control in rotating
machinery.

Keywords: rotordynamics, shape memory alloys, dynamic systems, smart rotors, vibration control

NOMENCLATURE

A = wire cross-sectional area, m2

L = half SMA wire length, m
LS = shaft length, m
Lp = wire elongation, m
DS = shaft diameter, m
Dd = disc diameter, m
Dsma = wire diameter, m
E = Young’s modulus, MPa
F = wire axial force, N
Fsma = effective SMA wire force, N
As = austenite start transf. temp.,oC
Af = austenite finish transf. temp.,oC
CA = slope of the austenite formation
boundary, MPa/oC
CM = slope of the martensite formation
boundary, MPa/oC
Ms = martensite start transf. temp.,oC

Mf = martensite finish transf. temp.,oC
kb1x = horiz. bearing #1 stiff., N/m
kb2x = horiz. bearing #2 stiff., N/m
kb1z = vertical bearing #1 stiff., N/m
kb2z = vertical bearing #2 stiff., N/m
mb1 = bearing #1 mass, kg
mb2 = bearing #2 mass, kg
md = disc mass, kg
mu = unbalanced mass, g
e = eccentricity, mm

Greek Symbols
θ = angle between wire and the yz-
plane, deg
ǫ = wire strain, dimensionless
σ = wire stress, MPa
ξ = mart. vol. fraction, dimensionless

Subscripts
b2 = relative to the bearing #2
1 = relative to the positive x-axis side
2 = relative to the negative x-axis side
d = relative to the disc
p = relative to pretension
tw = twinned martensite
dw = detwinned martensite
u = unbalance
up = upper part

Acronyms
DOF = degrees of freedom
FEM = finite elements method
PE = pseudoelastic
SMA = shape memory alloy
WES = wire elongation system

INTRODUCTION

The use of smart materials with the intention of mitigating vibration in rotating machines has been increasingly in-
vestigated by researchers in the last decades. However, there is a category of material still less explored for this purpose
known as SMAs (Shape Memory Alloys), which defines a new direction in the field of vibration control. SMAs have
characteristics of shape memory and superelasticity depending on the thermo-mechanical state. Thus its stiffness can
vary, especially in the pseudoelastic region, where this variation takes place according to a hysteretic cycle denoting en-
ergy dissipation, once the crystallographic structure migrates from austenite to martensite (and vice-versa) whenever the
loading magnitude is sufficient to induce this transformation.

These capabilities of SMAs with respect to rotating machines have been investigated in various publications. Nagaya
et al. (1987) are some of the pioneers in using this family of materials applied to vibration control of rotors. They used
SMA springs to change the bearing support stiffness by heating or cooling the material. Heet al. (2007a,b) proposed
a self-optimizing support system where SMA springs were used do construct a bearing pedestal. In addition, by using
the principle of dynamic vibration absorber they calculated and changed the stiffness of this pedestal in order to set the
rotor-bearing close to the anti-resonance configuration. Leeset al. (2007) applied SMA to a bearing pedestal by means
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of a winding of wires to change its stiffness through the Joule effect. Atepor, L. (2008) applied SMA elements integrated
within glass epoxy composite plates and shells resulting inthe design of a novel smart bearing based on the principle of
antagonistic action. Zhuet al. (2009) developed and applied a model based on multivariate statistical analysis to vibration
control of rotor system with SMA. Silvaet al. (2013) investigated the behaviour of a rotordynamic nonsmooth SMA
system using a Jeffcott rotor model with two DOFs. The focus of that contribution relied on a comparison between the
rotor responses with linear elastic and a SMA support and thedependence on temperature. It is noteworthy that both
compression and tension of the SMA element were allowed.

In the present paper, PE wires of SMA are used to construct an elongation system to be connected to a bearing in
order to dissipate rotor vibration energy. Thus, the stiffness of wire elongation system, or WES, can be controlled by
heating/cooling system and consequently the vibration level is attenuated.

The paper is organized as follows. The first section presentsthe test rig and the SMA wire elongation system and its
characteristics. The second section presents all steps fortheoretical modeling, such as: the SMA constitutive equations
for Brinson’s model, the wire elongation system modeling, the flexible rotor modeling and finally the equations of motion.
In the third section all results and discussions are presented and the conclusions are outlined in the last section.

THE TEST RIG

Figure 1(a) depicts a panoramic view of the test rig and the main parts of the system are highlighted. Basically, it is
encompassed by a flexible rotor-bearing and a heating and elongation devices. The WES, where the wires are anchored, is
encapsulated by a heating chamber to keep the temperature ofthe air from the heat gun under control. The main physical
properties related to the rotor-bearing system are shown inthe Tab. 1. Figure 1(b) illustrates schematically how the
bearing #2 is connected to the WES, besides illustrating thegeometry in order to define some basic parameters for the
problem formulation as follows. Thus,a = xp is the pretension applied to the wires,b = b′ = L is the relaxed SMA
wire length,c = L + Lp is the pretensioned SMA wire length whereLp is its elongation. Atxb2 = 0, there exists an
equilibrium, due to the fact that the pretensioned wires pull equally in opposite directions. It is important to emphasize
that this SMA elongation system only acts on the bearing #2 along thex-axis. It should be noted that in the end the wires
work as a nonlinear spring. The SMA wires are made of nickel and titanium, whose total length and diameter are160 mm
and0.25 mm, respectively. All these predefined parameters will be used later in the modeling of the WES.

Figure 1 – (a) Test rig and (b) Schematic of WES (just the upper /right side due to the symmetry)

Table 1 – Physical Characteristics of Rotor-Bearing System and Unbalance

Rotor Bearing Unbalance
LS DS md Dd kb1x kb1z mb1 kb2x kb2z mb2 mu e
[mm] [mm] [kg] [mm] [N/m] [N/m] [kg] [N/m] [N/m] [kg] [g] [mm]
478.0 6.0 0.860 120.0 5.90 · 105 4.20 · 108 0.140 1.46 · 104 1.23 · 108 0.392 3.0 53.0

THEORETICAL MODELING

The modeling of the dynamic system requires three steps. First, the one-dimensional Brinson model is used for
describing the PE SMA wires. Second, the WES is modeled. Finally, the flexible rotor model is used to couple the entire
system so that the equations of motion can be solved. An improvement on the approach proposed by Enemarket al.
(2014) will be used on the Brinson’s model by means of one modification.
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Constitutive equations according to Brinson’s Model

The behaviour of SMA for the one-dimensional case is described by the constitutive models proposed by Brinson
(1993), Brinson and Huang (1996) and Bekker and Brinson (1998). In this paper the focus is on the pseudoelastic
behaviour of the material. Thus, we can neglect the twinned martensite because the lowest operational temperature (room
temperature) is higher than the martensitic start temperatureMs for the material used in the WES, as can be seen in Tab.
2. So, by considering the characteristic temperatures of SMA and the operational temperature range, the constitutive
equation that governs its behaviour is given by

σ = E(ǫ − ǫLξ) (1)

whereσ is the axial stress,ǫ is the strain andξ is de martensite volume fraction. According to the originalBrinson’s model
both the twinned and detwinned martensite can coexist, in other words,ξ = ξtw + ξdw. However, as mentioned before,
the volume fraction is reduce toξ = ξdw. Furthermore,E = EA + ξ(EM − EA), whereEM andEA are, respectively,
the Young’s moduli of martensite and austenite, andǫL is the residual strain due to phase transformation. It is important
to mention that in the context of this paper, some terms are not taken into account such as thermoelastic expansion and
any change in the material due to mechanical deformation (Enemarket al., 2014).

During the forward transformation the evolution of the martensite volume fractionξ is governed by

xf =
σ − σms

σmf − σms

(2)

ff = f(xf ) (3)

ξ = ξ0 + (1− ξ0)ff (4)

For the reverse transformation it is

xr =
σ − σaf

σas − σaf

(5)

fr = f(xr) (6)

ξ = ξ0fr (7)

whereff andfr are so-called hardening functions. The mandatory requirement for this function is that the horizontal
tangents at the boundaries ensure smooth transition between linearly elastic regions and transformation regions, as can be
seen in Fig. 2. Thus, the proposal is to use a cubic Bézier curve having curvature controlling parameters instead of one
based on cosine, as originally considered in the Brinson’s model. The cubic Bézier curve ensures genuine smoothness
(infinitely differentiability), which the two consecutiveBézier curves do not, as done previously by Enemarket al. (2014).
The Bézier curveB is designated by the points(0, 0), (n1, 0), (1 − n2, 1) and (1, 1), which result in the following
parametric representation:

B(s) =

{
Bx(s)
By(s)

}

=

{
(3n1 + 3n2 − 2)s3 − 3(2n1 + n2 − 1)s2 + 3n1s

−2s3 + 3s2

}

(8)

The parametersn1, n2 ∈ (0; 1) control the curvature of the function, and their specific values can be determined by
comparison to experiments. Therefore(nf

1
, nf

2
) and(nr

1
, nr

2
) denote the curvature controlling parameters for the forward

and reverse transformations respectively. The proposed hardening functiong is described by

g(x) = {By(s)|Bx(s) = x} , for x ∈ [0; 1] (9)

The cubic equationBx(s) = x can be solved forx ∈ [0; 1]with use of trigonometric functions and the curves representing
the hardening functions used in the present paper is shown inFig. 2.

For more details regarding the mathematical development, please see Bekker and Brinson (1998).

All these thermo-mechanical properties related to the SMA wire used in the present paper can be found in the Tab. 2.

Table 2 – Parameters used in the wire model using the Brinson m odel with smooth hardening

ǫL EA EM As Af Ms Mf CA CM nf
1

nf
2

nr
1 nr

2

[%] [GPa] [GPa] [oC] [oC] [oC] [oC]
[
MPa
oC

] [
MPa
oC

]

4.08 42.9 27.1 -25.3 30.0 25.0 -49.1 8.03 9.32 0.737 0.999 0.580 0.998
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Figure 2 – Hardening functions in the forward and reverse tra nsformations

Wire Elongation System Modeling

Based on the geometry illustrated in Fig. 1(b), some basic parameters defined previously and the definition of strain
asǫ = (c′ − b′)/b′, one obtains

ǫ1 =

√

(L+ Lp)2 + x2 + 2xxp − L

L
(10)

It is important to emphasize that in the Eq. (10) the strain isa function of the displacementx and the pretensionxp.

Regarding to the forces exerted by SMA wires, due to the symmetry (upper and lower parts) it is necessary to duplicate
and projectFup = σ1A on thex-axis. By using the geometrical relationships in Fig.1(b) one obtains

F1 =
∑

Fx1 = 2Fup

sin θ1
︷ ︸︸ ︷
(
a′

c′

)

⇒ F1 = 2σ1A

(

xp + x
√
(L+ Lp)2 + x2 + 2xxp

)

(11)

where the forceF1 pulls the bearing #2 to the right (side 1). Analogously, the force that pulls it to the left (side 2) is given
by

F2 = 2σ2A

(

xp − x
√
(L+ Lp)2 + x2 − 2xxp

)

(12)

Thus, the total force applied by WES to the bearing #2 isFsma = F1 + F2. In both sides, asF1(σ1) andF2(σ2) the
both stresses must be calculated before by using Brinson’s model.

Here, by using of formulation for the modified Brinson’s model besides the geometry of the WES, two graphs were
generated. The first one, links martensite volume fractionξ with a pretension given byxp and the respective strainǫ
and the second one, in a redundant way, does the same but with pretensionθp(xp). As previously established, the goal
is to provide only a tension region in the mechanical loadinghistory. In order to guarantee this condition a value for
the pretensionxp has been chosen such thatξ0 = 50%. As depicted in Fig. 3 these values arexp = 17.1 mm and
θp = 12 deg besides the strainǫ0 = 3%. Also the hysteresis effect is only significant at high levelof pretension.
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Figure 3 – Martensite fraction due to pretension: (a) with re spect to ǫ(xp) and (b) with respect to ǫ(θ(xp))

Publication P5 181



M. T. S. Alves, S. Enemark, V. Steffen Jr, I. F. Santos

All these parameters are essential to initialize the computational code responsible to simulate the dynamics of the test
rig.

Flexible Rotor Modeling

The dynamic response of the considered mechanical system can be modeled by using variational mechanics equa-
tions as based on the Hamilton’s principle. For this aim, thestrain energy of the shaft and the kinetic energies of the
shaft and discs are calculated. An extension of Hamilton’s principle makes it possible to include the effect of energy
dissipation. The parameters of the bearings are consideredin the model by using the principle of the virtual work. For
computation purposes, the FEM is used to discretize the structure so that the calculated energies are concentrated at the
nodal points. Shape functions are used to connect the nodal points. The model obtained as described above is represented
mathematically by the set of differential equations (Lalanne and Ferraris, 1997) given by Eq. (13).

Mẍ+ (C+ ωG) ẋ+Kx = F (13)

wherex is the vector of generalized displacements;M, K, C andG are the well known matrices of inertia, stiffness,
damping (that may include proportional damping) and gyroscopic effects. In addition,F represents all external forces
whereFu andFsma are due to the unbalance and to the PE SMA wires action, respectively. The FEM considers 4 DOFs
per node, namely two displacements (along the directionsx andz) and two rotations (around the axesx andz), respec-
tively. The magnitude of unbalance force is given byfux = mueΩ

2 cos(Ωt) alongx-axis andfuz = mueΩ
2 sin(Ωt)

alongz-axis. The model was discretized by using 13 nodes as shown inthe Fig. 4(b). For this model, the structural
damping obtained from the actual test rig is1.5%. The bearing #1 is located at the node #1, the bearing #2, where the
SMA wires are connected, is placed at the node #12 and the discis placed at the node #10. Figure 5 illustrates the first
three mode shapes with their respective natural frequencies for the rotor without the WES applied to.

Figure 4 – (a) schematic of test rig and (b) schematic of discr etization of the rotor

Mode #1 → ωnd = 16.0 Hz
Mode #2 → ωnd = 23.8 Hz Mode #3 → ωnd = 40.1 Hz

Figure 5 – First three mode shapes for the rotor test rig witho ut SMA wires. Disc and bearings highlighted in blue
and red, respectively

Numerical Solution

In this paper, the equations of motion, Eq. (13), are writtenin state space formulation to be solved by using Runge-
Kutta-Fehlberg method. In this sense, by definingy = {x ẋ}T the system is turned into first-order problem, as follows

[
0 M

M 0

]

︸ ︷︷ ︸

M̃

{
ẋ

ẍ

}

+

[
K C

0 −M

]

︸ ︷︷ ︸

K̃

{
x

ẋ

}

+ ω

[
0 G

0 0

]

︸ ︷︷ ︸

G̃

{
x

ẋ

}

=

{
F

0

}

︸ ︷︷ ︸

f̃

(14)
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whereM̃, K̃ andG̃ are the new mass, stiffness and gyroscopic effect matrices and f̃ the new external force. It should be
notified that the parcel ofF due toFsma is the solution of an inverse problem where the Eq. (11) and Eq. (12) are solved
and then updated into Eq. (14) at each time step, as shown schematically in Fig. 6.

Figure 6 – Flowchart of the inverse problem

Thus, the redefined system is given by

M̃ẏ + K̃y + ωG̃y = f̃ (15)

However, it is necessary an additional step to write it in a more appropriate fashion for numerical implementation
purposes. Therefore, from the eigenvalue problem forω = 0, yields

VΛV−1 = −M̃−1K̃ (16)

whereΛ is a diagonal matrix containing the eigenvalues (which all are complex conjugated pairs), andV contains the
eigenvectors. This is used to transform Eq. (15) into:

ż = Λz− ω

G̃0

︷ ︸︸ ︷

(M̃V)−1G̃V z+

f̃0
︷ ︸︸ ︷

(M̃V)−1f (17)

wherey = Vz. In order to truncate the model, the highest modes corresponding to certain elements ofz are assumed
negligible.

RESULTS AND DISCUSSIONS

Simulated results comparing the dynamic responses with andwithout SMA applied to the test rig are presented in
this section. For each numerical experiment that has been carried out a set of graphs are generated in a single figure in
order to facilitate a global analysis, such as: i) run-up at room temperature, ii) running at the first critical speed at a room
temperature, iii) running at the first critical speed with varying temperature and iv) unbalance responses in the frequency
domain for several temperatures.

Run-up at room temperature

At first glance in both Fig. 7(c) and Fig. 7(e) it is possible tonotice a relationship between the displacement of
bearing #2 and the amount of dissipated energy by WES that appears when they are acting on the system working as
a damper. In other words, if the displacementxb2 is not large enough to induce transformation the curve representing
the dissipated energy time response tends to be parallel with the horizontal axis; otherwise, its slope tends to increase as
shown. Naturally, if a certain amount of energy from the vibration of the rotor is drained through WES, a reduction in the
disc displacements is expected, as illustrated in the Fig. 7(d) and Fig. 7(f) and for the disc orbit shown in Fig. 7(g). Also,
it should be observed that there is another interesting correspondence between the SMA hysteretic cycle depicted in Fig.
7(h) and the dissipated energy shown in Fig. 7(e). Based on this comparison, it is possible to identify in time domain
where the hysteresis occurs, i. e. energy dissipation, takes place more intensively. Furthermore, in order to clarify how the
energy is dissipated during the simulation, the hystereticcycle is split into four quartiles of time. Thus, it becomes easier
to understand how the energy is dissipated over time, as detailed by Fig. 10. By analysing Fig. 7(c) it can be noticed
that WES adds some stiffness to the bearing such that the firstand third natural frequencies are increased by4% and3%,
respectively. The second one, whose mode shape is shown by Fig. 5, is not affected because WES only acts along the
x-axis. Therefore, the reduction rates for the disc displacements for the third natural frequency are41% along thex-axis
and38% along thez-axis. It is worth mentioning that although the WES acts onlyalong thex-axis the reduction on the
z-axis is significant due to coupled vibration in the orthogonal direction due to the gyroscopic effect (Adams Jr, 2001).
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Figure 8 – SMA Hysteretic cycle split into quartiles of the ti me simulation

Running at the first critical speed and at room temperature

Similarly to the previous case, Fig. 9(c) and Fig. 9(e) provehow the amount of dissipated energy depends on the
displacement measured at the bearing #2. However, as the rotor operates exactly at its first critical speed, this energy
increases while it is operating because in the resonance thedisplacement is quite large, which promotes phase transforma-
tion at high level. Moreover, still evaluating the last two figures, it was noted that it took around two seconds to dissipate
energy enough to stabilize the rotor, which also can be confirmed by the horizontal disc displacement shown in Fig. 9(d),
once the mode shape for this case is predominantly in the horizontal plane, as shown in Fig. 5.

Another valuable information lies in the fact that the hysteresis seems to vanish in the last two quartiles, however it
still takes place but more concentrated on its contour (justnote its thickness), as shown in the Fig. 10, which means an
elastic behaviour with lower intensity phase transformation. Here, as mentioned previously, it is easier to identify the
difference between the frequencies with and without SMA by analysing the Fig. 9(a). So, in this test configuration, the
reduction rates for the disc displacements are64% alongx-axis and30% alongz-axis.
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Figure 10 – SMA Hysteretic cycle split into quartiles of the t ime simulation

Running at the first critical speed and varying temperature

The configuration for this test is the same as the previous one, except for the varying temperature as shown in the
Fig. 11(b). Analogously to the previous case, the vibrationlevel was reduced but in a peculiar way in the time domain.
According to Bekker and Brinson (1998), the tangential stiffness∂σ/∂ǫ is dependent on the thermo-mechanical state.
Thus, unlike the previous cases where only the temperature is constant, note that all time histories in this case are split in
two parts of interest: from10 to 20 seconds and from20 to 30 seconds. In the first part the temperature increases linearly,
where the phase transformation is enhanced by the heating. Generally, the higher the temperature the stiffer the SMA. Just
for confirmation,EA is approximately60% higher thanEM , as shown in Tab. 2. On the other hand, in the second part
the temperature is kept constant and the all the displacements start decreasing until stabilization is achieved as illustrated
in Fig. 11(c), Fig. 11(d) and Fig. 11(f). For the energy, the slope decreases as can be seen in the Fig. 11(e). However, a
question is raised: why do the displacements decrease if theWES becomes stiffer? As the rotor operates at its first critical
speed, this behaviour takes place because, in the first part,the WES stiffness increases over time, which means that the
natural frequency also increases. In other words, the difference between the natural frequency and the given operational
frequency becomes larger. In addition, by increasing the temperature the SMA tends to behave more linearly elastically
and no transformation occurs. This fact is clearly confirmedby the comparison between the two last quartiles in Fig. 10
and Fig. 12, where the loop is noticeably tighter when the temperature increases. Therefore, in this last test configuration,
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the reduction rates for the disc displacements are76% along thex-axis and75% along thez-axis, respectively.
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Figure 12 – SMA Hysteretic cycle split into quartiles of the t ime simulation

Unbalance responses in the frequency domain for several tem peratures

Both Fig. 13(a) and Fig. 13(b) illustrate an assessment where for each temperature an unbalance response was
simulated. It should be observed that the peaks when the WES is not working are higher than the others. With WES, the
peaks diminish as the temperature increases due to the same reason discussed in the previous subsection, except for the
second natural frequency (Mode #2) where the WES is not effective and the peaks increase in the horizontal response due
to gyroscopic effect, as shown in the Fig. 13(a). On the otherhand, for the vertical response shown in the Fig. 13(b) the
peaks for the third natural frequency decrease more smoothly than in the horizontal response and for the second natural
frequency the peaks are changed however do not decrease as the temperature increases. In the waterfall plots shown in
Fig. 13(c) and Fig. 13(d), it is possible to note that all natural frequencies increase if the temperature increases except for
the (Mode #2) as aforementioned. Still looking at the two last figures, in their first layers, are depicted clearly how the
natural frequencies are shifted when WES acts. Another interesting analysis is related to the temperature range to achieve
a reasonable reduction of the vibration level, where the results suggest that it is necessary to spend a lot of energy to heat
the wire to obtain an acceptable reduction.
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Figure 13 – (a) Amplitude of xd(Ω), (b) Amplitude of zd(Ω) both with respect to temperature (without SMA and with
SMA highlighted with markers in red and black edges with gray fill, respectively), (c) unbalance response for the

horizontal disc displacement - xd(Ω) and (d) unbalance response for the vertical disc displaceme nt zd(Ω)

CONCLUSIONS

Numerical simulations have been carried out for a rotor-bearing test rig with an elongation system where a PE SMA
wire is the active element. In this sense, a modified Brinson’s model was used to describe the SMA behaviour when
subjected to a thermo-mechanical loading. For all tests investigated, the results show clearly that the higher the vibration
the larger the damping provided by the SMA. Specifically in the test with varying temperature, an interesting point was
detected in terms of “spring” where the higher the temperature the more linearly elastically the spring tends to behave.
However, if the SMA is purely formed by austenite the behaviour is completely linearly elastic. In a very concise way, it
should be emphasized that the dynamic problem must be carefully evaluated according to two perspectives, namely the
hysteresis and the stiffness. Only after this, it is possible to find a trade-off allowing the system to be defined. Thus,
the SMA is really effective to reduce quite high level of vibration. Another remarkable point is that, even at the room
temperature, i. e. without energy consumption to heat the wire, the vibration reduction rates were quite important. Finally,
based on these conclusions the results suggested that SMA applied to rotating machines can be an interesting alternative
for passive control, in full compliance with the so-calledeco-rotors(or smart rotors energy savers).
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Abstract: Rotor-bearing systems have critical speeds and to pass through them is an ongoing challenge in the field of
mechanical engineering. The incorporation of shape memory alloys in rotating systems has an increasing importance
to improve system performance and to avoid potential damaging situations when passing through critical speeds. In
this work, the feasibility of applying shape memory alloys to a rotating system is experimentally investigated. Shape
memory alloys can change their stiffness with temperature variations and thus they may change system dynamics. Shape
memory alloys also exhibit hysteretic stress-strain relations which may be utilized for damping purposes. These ideas
are tested in this study on a dedicated test-rig, consisting of a rigid shaft and disc held vertically by passive magnetic
bearings, where the damping is low. The bearing housings is flexibly supported by shape memory alloy helical springs,
and because of high dynamic coupling between shaft and bearing housing, the shape memory alloy springs are able
to reduce vibration in the shaft. The shape memory alloy springs are characterized by force-displacement tests in
different temperatures. Transients of step perturbations and mass imbalance responses of the rotor-bearing system at
different temperatures and excitation frequencies are carried out to determine the dynamic behaviour of the system.
The behaviour and the performance in terms of vibration reduction and system adaptability are compared against a
benchmark configuration comprised by the same system having steel springs instead of shape memory alloy springs.
The experimental results clearly show that the stiffness changes and hysteretic behaviour of the shape memory alloys
springs alter system dynamics both in terms of critical speeds and mode shapes. Vibration peaks could be reduced up to
47 % during ramp-up tests compared to the system configuration with steel springs and the two first critical frequencies
could be altered up to 7 % by temperature changes.

Keywords: Shape memory alloys, rotor-bearing systems, dynamics, experiments, hysteretic damping

INTRODUCTION

Shape memory alloys (SMAs) show a variety of remarkable characteristics, which is why they have been widely
investigated in the last decades. They have been used in civil engineering for seismic isolation (Janke et al., 2005) and for
aerospace applications for customising inlet geometries of propulsion systems (Lagoudas and Hartl, 2007) for example.
In rotating systems, the purpose of bearings is typically three-parted: to have low friction so energy losses are reduced, to
reduce vibrations of the shaft and to have sufficient load capacity. In some bearings, e.g. air bearings and passive magnetic
bearings, the friction is low compared to conventional bearings, but the damping capabilities are limited. Incorporation of
SMAs might be able to change this.

Liang and Rogers (1993) highlighted strategies of using SMAs in vibration attenuation: (1) SMAs have different stiff-
ness in low and high temperature because of transformation between martensitic and austenitic crystallographic phases,
and the stiffness change can be used to alter system resonance frequencies; (2) the transformation between martensite
and austenite may induce high levels of strain (up to 8 %), and therefore SMAs could be used as an actuator; (3) further-
more the transformations (either induced by temperature or stress variations) exhibit large amounts of hysteresis, which
could be used for damping purposes; (4) finally since the martensitic phase exists in different variants, similar hysteretic
characteristics are found when the material undergoes martensitic reorientations as a consequence of stress variations.

The idea of incorporating SMAs in rotor-bearing systems was first suggested by Nagaya et al. (1987), who proposed
a stiffening changing device for the bearing housings based on an SMA actuator. By changing the stiffness, the system
resonance frequencies were altered, and by changing between the two system configurations the critical speed could be
avoided during run-up or run-down scenarios. The investigations were primarily theoretical, but some experimental results
were also presented, and the idea was found feasible.

Nie and Yan (2000) showed similar experimental results and highlighted that the change in stiffness must be abrupt in
order to avoid exciting eigenmodes with low damping, which potentially could be equally undesirable as passing through
a critical speed. An abrupt stiffness change is almost impossible and therefore appropriate damping is also required.
Aravindhan and Gupta (2010) investigated the simultaneous use of SMA stiffness switching elements and magneto-

190 Publication P6



SMAs applied to improve rotor-bearing system dynamics

rheological (MR) dampers in rotor vibration control. The switching start point in time and switching duration times
during a run-up were investigated along with different amounts of MR damping. They concluded that stiffness switching
(with realistic switching durations) does not reduce the level of vibration when passing through a critical speed as long as
the MR damping is sufficiently high. MR damping is hysteretic and therefore it is comparable to the hysteretic damping
of the SMA phase transformations.

Żak et al. (2003) and Inman et al. (2006) described a bearing housing design consisting of a composite sleeve-ring
with SMA strips attached to control eigenfrequencies and mode shapes of a rotor-bearing system. They found out that
simple supports (as opposed to clamped boundary conditions) and highly compliant sleeve-ring give highest adaptability.
In the latest configuration additional SMA strips were inserted opposite to the others to perform ‘antagonistic action’, i.e.
when cooling one SMA element the opposite element is heated in order to improve the actuator bandwidth (Inman et al.,
2006). The same group, Lees et al. (2007), also suggested to use SMA wires as a preload mechanism of an elastomer
bearing, whose restoring forces were non-linear so that the bearing stiffness depended on the preload and therefore the
SMA temperature. The findings of this group were summarised by Cartmell et al. (2012).

He et al. (2007a,b) also investigated the subject theoretically and experimentally on a shaft with a disc supported at
both ends; at one end the bearing housing was supported by SMA springs. An algorithm was proposed to determine
the optimal stiffness (and thereby temperature) of the SMA depending on the rotational frequency in terms of vibration
attenuation of the disc. Gupta et al. (2009) made a similar theoretical and experimental analysis on a rotor with disc
supported by SMA springs in both ends. Also Borges et al. (2013) made experiments on a similar test-rig, where the
SMA temperature (and therefore stiffness) was actively controlled by a fuzzy controller using the acceleration of the disc
as input.

To the authors’ knowledge the third and fourth strategies proposed by Liang and Rogers (1993), i.e. using the hysteretic
effects in SMAs to dissipate energy, has not yet been experimentally employed in rotor-bearing systems. Aguiar et al.
(2013) investigated generic 1 and 2 degrees-of-freedom systems with SMA support to illustrate the capabilities of SMAs
in terms of hysteretic damping and temperature dependent stiffness. Another experimental study was made by Enemark
et al. (2014) with the same aim on a 1 degree-of-freedom system, where also the transient behaviour and moving equilibria
were investigated on SMA springs exhibiting pseudoelasticity and shape memory effect. In both studies it was highlighted
that the hysteretic properties vanish in high temperature, which establish a trade off between conducive stiffness changes
and loss of damping.

In this work, both stiffness changes caused by temperature variations and the hysteretic damping characteristics of
pseudoelastic SMA springs are exploited in a dedicated rotor-bearing test-rig having passive magnetic bearings. The
bearing housings are flexibly supported by SMA helical springs. By having high coupling between rotor and bearing
housing dynamics, it is possible to dissipate vibration energy through the bearing housings. The goal is to enhance
the performance of the system dynamics primarily in terms of vibration reduction of the rotor and system adaptability,
associated with the system being able to change dynamic characteristics as a consequence of the SMA environment
temperature. A benchmark system configuration is used, where steel springs having similar linear stiffness substitute the
SMA springs in order to evaluate the performance change. This work is original in the sense that both temperature induced
stiffness changes and hysteretic damping capabilities are utilized. Cold, hot and intermediate SMA temperature states are
investigated. Because the passive magnetic bearings and the SMAs have similar stiffnesses, the rotor-bearing interaction
become an important design aspect. In the investigations found in the literature, both theoretical and experimental, the
rotor-bearing interactions have been considered rigid.

EXPERIMENTAL PROCEDURES

The experimental rotor-bearing test-rig designed for this work may be seen in Fig. 1 (picture and schematics) together
with the reference system XY Z. The rotor-bearing system consists of a vertical rigid shaft, and at its upper end a disc is
attached. The disc facilitates adjustable mass imbalance. The bottom of the shaft is connected to a DC motor through a
flexible coupling, and thereby the shaft and disc are able to tilt around the X and Y axes. The shaft is supported by two
passive magnetic bearings having positive horizontal stiffness. The magnetic bearing housings are themselves flexibly
supported by means of clamped-clamped steel beams: The upper bearing housing is connected to the lower bearing
housing by beams only compliant in the Y direction; The lower bearing housing is connected to the ground by beams only
compliant in the X direction. This means that the two bearings move synchronously in the X direction and that the upper
bearing only moves in the Y direction relative to the lower bearing. The upper bearing could be supported additionally
by either SMA helical springs or steel helical springs in both horizontal directions in both sides (four springs in total)
defining different system configurations. A system involving two heat guns, two thermocouples and a heat chamber for
each of the four springs facilitates control of the SMA (or steel) spring environment temperature. Designating the four
spring positions North (N), East (E), South (S) and West (W), the heat chamber temperatures are controlled in pairs; N
and W together and S and E together.

Rotor tilt (in X and Y ), rotor angular position (around Z), upper bearing housing acceleration (in X and Y ) and SMA
springs/steel spring forces (in X and Y ) were measured. However, because of inertia effects in the force decoupling
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Figure 1: Picture (a) and schematics (b) of smart rotor-bearing test-rig. (a) show the disc on the rigid shaft (A), upper
(B) and lower (C) passive magnetic bearings, SMA (D) or steel (E) springs, flexible beams (F) for supporting the bearing
housings, a flexible coupling (G) at the shaft end, a DC motor (H), a structure (I) for decoupling SMA or steel spring forces,
one of two force transducers (J) for measuring SMA or steel spring forces, two proximitor sensors (K) for measuring shaft
tilt, one of two accelerometers (L) for measuring bearing motion, an encoder (M) for measuring rotor angular position and
velocity, heat gun nozzle (N) and heat chamber (O) for temperature control using measurements from thermocouples (P)
in heat chamber. In (b) the light grey disc and shaft are supported by the blue lower and upper passive magnetic bearings.
The bearings are supported by the purple flexible beams. Upper bearing housing is also connected through SMA or steel
springs to a fixed part.

structure (Fig. 1(a) part I), the force measurements were not representative for the SMA forces. Therefore, the force
measurements have been omitted in this work.

Characterization of the SMA helical springs consists of force-displacement tests at different environment temperatures.
Similar experiments were performed on the steel springs. The experimental characterization of the rotor-bearing system
in different configurations (spring type and environment temperature) comprises:

1. Transient responses as consequence of step perturbations on the rotor disc at different spring environment temper-
atures. This gives information on free vibration period and damping capabilities.

2. Rotor mass imbalance responses at different excitation frequencies and spring environment temperatures resulting
in experimental steady state imbalance response relations.

3. Rotor mass imbalance ramp-up tests in different spring environment temperatures highlighting vibration peaks and
transient behaviour.

4. System applications showing the potential of introducing control of the SMA environment temperature to facilitate
stiffness switching strategies.

Performance of the system in its different configurations is evaluated in terms of level of vibration reduction (peak re-
sponse), dissipation of energy (duration of transient vibrations) of the rotor and also system adaptability.

RESULTS & DISCUSSION

In this section the experimental results are presented and analysed.
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Figure 2: Force-displacement tests of (b) steel spring and (a) SMA helical spring in different temperatures.

Spring characterizations

Force-displacement relationships of the SMA springs and steel springs may be seen in Fig. 2. The results show that
the steel spring is a clear linear force-displacement relationship for displacements above approximately 3.5 mm (relative
to the relaxed state), where there is a slight bend. The environment temperature does not affect the stiffness significantly;
the steel spring stiffness is 1.46 N/mm at 25 ◦C and 1.43 N/mm at 70 ◦C resulting in a relative difference of 2 %. Lastly,
the steel spring does not show any hysteretic properties.

The force-displacement relationship of the SMA spring (Fig. 2(b)) is more complicated; the results show clearly
pseudoelastic properties involving significant hysteresis, changing stiffness and a strong thermomechanical coupling. The
SMA spring was exposed to two excitation levels of approximately 8 mm and 12 mm for every temperature. The results
consist of five successive loading cycles for each excitation level and temperature. At 30 ◦C the stiffness varies between
approximately 0.4 N/mm to 2.0 N/mm depending on the level and direction of load. The stiffness is calculated using the
tangential inclination of the curve. At 70 ◦C the stiffness is generally higher, namely between approximately 0.8 N/mm
and 3.7 N/mm. The initial stiffness (reflecting the austenitic state) is 1.6 N/mm at 30 ◦C, whereas it is approximately
3.7 N/mm at all other temperatures. This could indicate that the spring is not in a fully austenitic state in the relaxed
state at 30 ◦C. After the turning points in the large loop (reflecting a mixture of austenite and martensite) the stiffness is
almost independent of the temperature; it is approximately 1.7 N/mm. The area of the hysteresis loop is largest at room
temperature. However, it is still present at high temperatures, meaning that hysteretic damping should be available also in
these conditions.

The steel and SMA springs have similar stiffnesses meaning that when employed in the rotor-bearing test-rig, the
responses should be comparable. If the stiffnesses had been significantly different, the system mode shapes would change,
making it impossible to compare peak amplitudes. When employed in the test-rig the pretension levels were approximately
5 mm for the steel springs and 3 mm for the SMA springs.

System transient dynamics

After inserting either four SMA or steel springs in the test-rig highlighted in Fig. 1, transient responses of the rotor
were captured, after releasing the rotor at an initial tilt angle. Only the lowest critical speed is excited this way. The
test was carried out three times for different SMA environment temperatures. A typical response is shown in Fig. 3(a)
highlighting vibration period (detected from zero crossing) and the vibration envelope.

Rotor vibration envelopes are shown in Fig. 3(b) for different system configurations. Only the results of the X
direction are shown. In this coordinate system, where the vertical axis is logarithmic, viscous damping would result in a
straight line having a slope proportional to the damping factor. The slope of envelope for the steel configuration is close
to linear indicating viscous damping. The lines of the SMA configurations are not linear but close to piecewise linear
having a bend at approximately 2 seconds. In the initial seconds, where the vibration amplitudes are large, the slopes
are higher (in absolute sense) showing high level of damping due to the hysteretic phase transformations. After t = 2
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Figure 3: Transient behaviour of rotor. (a) Example of transient response highlighting the evolution of the vibration enve-
lope and vibration period. Evolution of (b) vibration envelope and (c) vibration period over time at different temperatures
for the SMA spring and for the steel spring in room temperature.

s, the slopes decrease because the hysteretic phase transformations does not take place at low amplitudes. Based on the
slopes of the lines the damping is much higher in the SMA systems in general compared to the steel configuration. The
initial slope of the 30 ◦C and 70 ◦C SMA configurations are 8 and 4 times higher than for the steel system respectively.
The low amplitude slopes are almost independent of the SMA temperature, and they are 2.5 times higher than the steel
configuration slope.

The vibration period as function of time is highlighted in Fig. 3(c). The steel configuration shows an almost constant
vibration period of approximately 140 ms (7.1 Hz). On the other hand, the vibration period of the SMA system con-
figurations changes drastically in the initial seconds, where the vibration amplitudes are high. The decrease in vibration
period is largest in the lower temperature configurations. Moreover, the vibration period is generally slightly lower in
high temperatures. This means that the SMA exhibits lower stiffness at high amplitudes and low temperatures, which is
in agreement with the force-displacement tests presented in the former section. After a couple of seconds the vibration
period only slowly decreases indicating less hysteretic behaviour. This means that the system critical speeds depend both
on the excitation level and the temperature in the SMA configuration making the system response nonlinear. The results
of vibration envelope and period in the Y direction are similar to the results of the X direction and are not shown here.

Imbalance responses

By exciting the system using mass imbalance at the rotor disc at different constant frequencies, steady state responses
were determined. These are shown in Fig. 4 for both the rotor (rx, ry) and the upper bearing housing (bx, by). The lower
bearing has coordinates (bx, 0). The plot shows the amplitude of the synchronous component of the response obtained
over a 5 second sample. Generally, measurements were taken with intervals of 0.5 Hz in rotor angular velocity and with
intervals of 0.1 Hz around resonances. The results comprises up and down frequency sweeps to check for consistency.

The system is a 4 degrees-of-freedom system (in the frequency range of interest), and therefore 4 critical speed are
present in Fig. 4. Movements in the X and Y planes are almost uncoupled, meaning that the first and third critical speeds
are only detected in rx and bx and the second and fourth critical speeds only in ry and by . The first and second modes
consist of in-phase motion of rotor and bearing, whereas the third and fourth modes comprise counter-phase motion. In
some conditions the damping capabilities are so low that rotor-bearing impacts occur during resonance. This is seen in
all resonances for the steel system and in the first and second resonance of the 70 ◦C SMA system. The resonance peaks
using the SMA system configurations are non-symmetric indicating nonlinearities in the system. This means that the
critical speeds depend on the excitation level.

Frequencies and vibration amplitudes of the rotor in the four critical speeds are shown in Tab. 1. The amplitude in
first and second modes are an order of magnitude larger than in third and fourth. Also the frequency of the third and
fourth modes are more sensitive to the SMA temperature. It should be noticed that the resonance amplitude of the fourth
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Figure 4: Amplitude of steady state imbalance responses. Crosses (×) indicate conditions with rotor-bearing impacts
caused by insufficient damping.

mode actually decreases with increasing SMA temperature even though the level of hysteretic damping decreases with
increasing temperature. This clearly indicates that not only the level of damping but also the construction of mode shapes
is an important design strategy when using SMAs in rotor vibration control of this system. A further reduction of the
vibration amplitude in first and second modes could be accomplished by having better damping properties of the SMAs.
However, in case of too high damping, significant changes towards weak dynamic coupling between rotor and bearing
housing would result in an increase of rotor vibrations and an inefficient use of the SMA elements. Efficient use of SMA
springs or other damping mechanisms in connection to flexible suspension of bearing housing requires strong coupling
between the rotor and bearing housing movements.

At some critical speeds there are discrepancies between the up and down sweeps when using the SMA configurations.
This is clear at the third critical speed using the 70 ◦C SMA configuration for example. This means that there are co-
existing steady states, which is typical for systems with nonlinear stiffness and low level of damping. However in this
system the damping is relatively high. The co-existing states are caused by the latent heat of the phase transformations
which means that the actual SMA temperature could be higher than the environment giving the SMA other stiffness and
damping characteristics. Approaching the critical speed from the left (sweep up), where the amplitudes are small, the
latent heat effect would not be as predominant as when approaching from the right (sweep down), where the amplitudes
are higher. This means that the actual SMA temperature is higher when approaching from the right giving two different
system conditions. It would not be possible to jump between the two co-existing states in a chaotic manner because this
would require fast temperature changes. It also means that the states are actually not co-existing if the SMA temperature
is considered as a state variable. The discrepancies could have been avoided by having better convective conditions
(increasing forced convection or changing environment medium).

Ramp-up tests are shown in Fig. 5 for the bearing and rotor in the X direction. The results in the Y direction are
similar. The vibration envelopes are based on three tests in each system configuration. The peak vibration amplitudes
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Table 1: Frequency and amplitude of the rotor at the four critical speeds using different system configurations (type of
spring and temperature). A dash (–) indicates that the amplitude was so high that rotor-bearing impacts occurred during
testing.

rx Frequency Amplitude
(Hz) (10−3 rad)

Conf. \ Crit. sp. 1st 3rd 1st 3rd

Steel 25 ◦C ≈ 7.2 ≈ 15.4 – –
SMA 30 ◦C 6.8 14.7 21 3.8
SMA 50 ◦C 7.1 15.2 43 3.8
SMA 70 ◦C ≈ 7.3 15.6 – 3.8

ry Frequency Amplitude
(Hz) (10−3 rad)

Conf. \ Crit. sp. 2nd 4th 2nd 4th

Steel 25 ◦C ≈ 8.0 ≈ 16.3 – –
SMA 30 ◦C 7.5 15.7 20 2.8
SMA 50 ◦C 7.7 16.9 30 2.5
SMA 70 ◦C ≈ 8.1 18.2 – 2.3
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Figure 5: Envelope of rotor mass imbalance response in X direction of ramp-up from 0 Hz to 25 Hz with a constant
angular acceleration of 0.75 Hz/s (t = 0 s corresponds to 0 Hz and t = 30 s corresponds to 22.5 Hz).

of the rotor during ramp-up are highlighted in Tab. 2 for both the X and Y directions. There are two steel spring
configurations, namely 25 ◦C and 70 ◦C. The ramp-up tests show almost identical results for the two configurations; the
slight discrepancies are due to the fact that the 70 ◦C steel spring is slightly less stiff. The peak amplitude and transients
are similar in the two configurations indicating same level of damping.

For the SMA configurations the peak amplitudes are considerably lower and the duration of the transients are con-
siderably shorter because of higher damping. The duration of the transients are similar among the SMA configurations
indicating similar levels of damping. However, the peak amplitude of the rotor associated with the first excited mode is
lowest at low temperatures, which indicates higher level of damping but also a more effective mode shape in terms of
rotor-bearing coupling. It is opposite for the bearing. However in the third mode (second peak at t = 21 s) the peak
amplitude of the rotor is lower at higher temperatures. Again it is opposite for the bearing. This indicates that the mode
shapes are more effective in terms of coupling from the rotor point of view in high temperatures in the third and fourth
critical speeds, where the they counteract the lower level of hysteretic damping. These observations are in agreement with
the conclusions drawn above based on the steady state responses.

Application cases

In this section five different cases are presented highlighting the opportunities of using SMAs to control rotor vibra-
tions. The first three cases are associated with Fig. 6. The first case, highlighted in Fig. 6(a), shows the vibrations in rx
due to rotor mass imbalance at 6.8 Hz at 30 ◦C. This is exactly at the first critical speed, cf. Tab. 1. By changing the
SMA environment temperature to 70 ◦C, the vibrations in rx are reduced by 78 %, because the critical speed moves away
from the excitation frequency. Figure 6(b) shows the vibrations in ry at 8.0 Hz, which is slightly below the second critical
speed of 8.1 Hz. By reducing the temperature the critical speed crosses the excitation frequency (it is possible to see a
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Table 2: Peak vibration amplitude of the rotor during ramp-up crossing the four critical speeds using different system
configurations (type of spring and temperature).

rx Amplitude
(10−3 rad)

Conf. \ Crit. sp. 1st 3rd

Steel 25 ◦C 32 12
Steel 70 ◦C 30 11
SMA 30 ◦C 17 4
SMA 50 ◦C 20 3
SMA 70 ◦C 24 3

ry Amplitude
(10−3 rad)

Conf. \ Crit. sp. 2nd 4th

Steel 25 ◦C 32 14
Steel 70 ◦C 32 13
SMA 30 ◦C 19 3
SMA 50 ◦C 24 3
SMA 70 ◦C 29 4
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Figure 6: Changes in rotor imbalance response as consequence of heat chamber temperature variations. The rotational
frequencies are (a) 6.8 Hz, (b) 8.0 Hz and (c) 15 Hz.

vibration peak at t = 15 s) and then moves away resulting in a vibration reduction of 49 %. It ia also possible to utilize
anti-resonances as shown in Fig. 6(c). Here the excitation frequency is 15 Hz and the SMA environment temperature is
40 ◦C. By changing the temperature to 50 ◦C the rotor enters an anti-resonance condition, cf. Fig. 4, and the vibrations
are reduced by 64 %. The anti-resonance frequency moves away from the excitation frequency when the temperature is
increased further to 70 ◦C resulting in larger vibrations.

With the goal of reducing vibrations in the rotor during ramp-up it is beneficial to keep a low temperature when crossing
the first and second critical frequencies and a high temperature when crossing the third and fourth critical frequencies,
cf. Fig. 5(a). Therefore a test was performed where the environment temperature was altered after crossing the first and
second critical frequency during a ramp-up. The results are shown in Fig. 7(a), and they are compared to the 30 ◦C
and 70 ◦C static temperature configurations. The vibration envelope of the dynamic temperature case follows the 30 ◦C
configuration at the first critical speed and the 70 ◦C configuration at the third critical speed, and thereby the vibrations
are minimized in the whole range.

In this system, the highest rotor vibration peaks are associated with the first and second critical speeds, and they should
therefore be in focus in terms of vibration attenuation during ramp-up. The usual approach described in the literature for
vibration attenuation during ramp-up using SMAs involves changing the resonance frequency from a higher value (high
SMA temperature) than the excitation frequency to a lower value (low SMA temperature) while slowly ramping up, cf.
Nagaya et al. (1987); Nie and Yan (2000); He et al. (2007a,b); Gupta et al. (2009); Aravindhan and Gupta (2010). The
idea is that the critical speed is crossed at a faster rate compared to a simple ramp-up in constant temperature conditions,
meaning that transients have shorter time to build up. An example of this strategy is shown in Fig. 7(b). The first critical
speed is crossed while the temperature decreases from 50 ◦C towards 30 ◦C. However, compared to the ramp-up in 30
◦C, the vibration peak is larger, as may be seen in the zoomed in section to the left. In the first and second critical speeds
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Figure 7: Transient responses in rx of ramp-up tests using either constant temperature at 30 ◦C or 70 ◦C or time varying
(dynamic) temperature.

the coupling of rotor-bearing housing movements and the damping characteristics are highest in lowest temperature (30
◦C). Therefore it is not desirable to let the actual crossing happen at an intermediate temperature, which is necessary in
the switching strategy, even though the crossing would happen slightly faster. If however the temperature switching could
happen faster, it could have been beneficial, cf. Aravindhan and Gupta (2010), because transients then would have had
a shorter time span to build up. Finally, the frequencies of the first and the second critical speeds are very close in this
system. This means that stiffness switching scheduling would require the system to switch temperature rapidly several
times, which is infeasible in this system.

CONCLUSION

In this work the effect of using SMAs to control vibrations of an experimental rotor-bearing test-rig was investigated
and the results were compared to a system configuration using steel springs instead of SMA springs. By using springs with
similar stiffness the rotor-bearing system responses were comparable. The SMA springs exhibited high thermomechanical
coupling, strong hysteresis and changing stiffness (from 0.4 N/mm to 3.7 N/mm). In a temperature range from 30 ◦C to
70 ◦C the hysteresis was most significant in the lower temperatures. The steel spring was linear and its stiffness (1.43
N/mm to 1.46 N/mm) only changed 2 % depending on its temperature.

Transient responses of the rotor-bearing system excited in its first critical speed showed that the damping capabilities
of the SMAs due to the hysteresis were highest at high vibration amplitudes and low temperatures. The frequency of
the free vibrations also depended on the vibration amplitudes. Compared to the steel spring system configuration, the
damping of the SMA system was 2.5 to 8 times higher (in terms of damping factor) again depending on amplitude and
temperature.

Steady state rotor mass imbalance responses showed that the vibration amplitude of the rotor at the first and second
critical speeds were smallest when having a low SMA temperature. At high SMA temperatures and with the steel springs,
the vibration amplitudes were so high that rotor-bearing impacts occurred because of low damping. In the third critical
speed the vibration amplitude was independent on SMA temperature, whereas it was smallest for highest temperatures
at the fourth critical speed. The first two (and crucial) critical frequencies could be moved 7 % by varying the SMA
environment temperature, which defined the system adaptability.

During a ramp-up test the peak vibration amplitude of the rotor (associated with the first and second critical speeds)
was reduced by 9 % to 47 % when using SMA springs in high and low temperatures respectively instead of using steel
springs. These results showed that changing the SMA stiffness did not only change the critical frequencies but also the
mode shapes. Therefore, the vibration level of the rotor did not only depend on the hysteretic damping of the SMA (which
was largest at low temperatures) but also the mode shapes, which define the relation between the vibration level of the
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rotor and bearing housings. This also means that control of this rotor-bearing system using SMAs would require a holistic
design approach not only focused on the SMA component (the actuator) but also on the system components and their
interaction. Transient analyses during ramp-up tests showed that it was best in terms of rotor vibration attenuation to
pass the first two critical speeds using an SMA temperature of 30 ◦C and the third and fourth critical speeds using 70
◦C. In the literature it has been proposed to switch the stiffness from high to low right before passing a critical speed
in order to simply avoid it. However, this approach was not feasible for this system because the stiffness switching was
not instantaneous but slow. This means that when stiffness switching scheduling was used, the critical speed was crossed
in almost the same rate as when the temperature was held constant. Additionally, the dynamic coupling between rotor
and bearing housing (defining the mode shapes) and the damping characteristics were highest at the lowest temperature
associated with low SMA stiffness.
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Abstract

Helical pseudoelastic shape memory alloy (SMA) springs are integrated into a dynamic system consisting
of a rigid rotor supported by passive magnetic bearings. The aim is to determine the utility of SMAs for
vibration attenuation via their mechanical hysteresis, and for adaptation of the dynamic behaviour via their
temperature dependent stiffness properties. The SMA performance, in terms of vibration attenuation and
adaptability, is compared to a benchmark configuration of the system having steel springs instead of SMA
springs.

A theoretical multidisciplinary approach is used to quantify the weakly nonlinear coupled dynamics of
the rotor-bearing system. The nonlinear forces from the thermo-mechanical shape memory alloy springs and
from the passive magnetic bearings are coupled to the rotor and bearing housing dynamics. The equations
of motion describing rotor tilt and bearing housing lateral motion are solved in the time domain. The SMA
behaviour is also described by the complex modulus to form approximative equations of motion, which are
solved in the frequency domain using continuation techniques.

Transient responses, ramp-ups and steady state frequency responses of the system are investigated ex-
perimentally and numerically. By using the proper SMA temperature, vibration reductions up to around
50 % can be achieved using SMAs instead of steel. Regarding system adaptability, both the critical speeds,
the mode shapes and the modes’ sensitivity to disturbances (e.g. imbalance) highly depend on the SMA
temperature. Examples show that vibration reduction at constant rotational speeds up to around 75 % can
be achieved by changing the SMA temperature, primarily because of stiffness change, whereas hysteresis
only limits large vibrations. The model is able to capture and explain the experimental dynamic behaviour.

Keywords: Rotor-bearing dynamics, shape memory alloys, vibration reduction, hysteresis, passive
magnetic bearings

1. Introduction

During the last 10 years, incorporation of shape memory alloys (SMAs) into rotating systems has gained
increasing attention resulting in a variety of publications in the literature. This is due to the unique
characteristics of the material, which can be used in different ways to ease the crossing of critical speeds,
enhance damping, suppress instability etc. SMAs are metallic alloys that exhibit different crystallographic
phases depending on temperature and stress levels. This means that SMAs have thermo-mechanically
dependent stiffness properties (adaptable critical speeds). Also, solid-state transformations between the
phases or reorientations within the martensitic phase cause large recoverable deformations (actuation), and
significant mechanical hysteresis (damping) [1].
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As the first, Nagaya et al. [2] suggested to use the actuation principle of SMAs in rotating systems. The
on/off SMA actuator was coupled to a stiffness adding device in order to change the critical speeds, such
that they could be avoided during run-up or run-down. Later, the idea was experimentally validated, and
it was highlighted that the change in critical speed has to be abrupt in order not to excite eigenmodes [3].
Appropriate level of damping is required because abrupt stiffness changes are difficult (if not impossible)
to realise. The actuation principle was also used in [4], where SMA actuators changed the pre-tension of a
nonlinear elastomer bearing support. Thereby the critical speeds depended on the SMA temperature.

The stiffness of an SMA depends on its temperature. This effect can be used to control the critical
speeds of rotor-bearing systems and avoid high level of vibrations. Examples of SMA machine element are
composite sleeve-rings [5, 6] and springs [7, 8, 9] combined with either on/off control [5, 6, 7, 8] or continuous
control [9] of temperature. In this respect it is necessary to have a relatively compliant bearing in order to
be able to make the system adaptable [5]. Push-pull SMA mechanisms (antagonistic action) can be used
for increasing the bandwidth of the actuator that is limited by the rate of convection [6]. This is a general
obstacle in SMA actuation.

Hybrid approaches have also been proposed, in which both the temperature dependent stiffness as well as
the hysteretic damping of the stress-induced transformations are utilised [10, 11]. Alves et al. [10] numerically
investigated a flexible rotor with an SMA wire support, where the pseudoelastic SMAs were in pre-tension
so that hysteretic damping occurred already at relatively low vibration amplitudes. Similarly, Enemark et
al. [11] investigated a system consisting of a dynamically coupled rigid rotor and passive magnetic bearing
housings with integrated pseudoelastic SMA helical springs in pre-tension. In both works it was found that
the stiffness increases with temperature whereas the damping capabilities diminish. However, Enemark et al.
[11] showed experimentally that a rise in temperature could result in a decrease in resonance amplitude even
though the level of hysteretic damping reduced, because also the mode shapes change with temperature.

Yet another approach is to use SMAs in backup-bearings, which has been exemplified in form of a
discontinuous support [12]. Numerical investigations showed that the dissipative hysteresis effects of the
SMAs cause more desirable dynamic behaviour compared to an elastic support. However in a similar
investigation of a single degree of freedom impact oscillator, Sitnikova et al. [13] concluded that in some
cases the dynamic response complexity actually increases if using SMAs. This means that SMAs are not
always beneficial in terms of vibration reduction in such systems.

Ertas et al. [14] investigated the feasibility of using metal mesh dampers made from SMAs, which
can be used for engine mounting or vibration absorbers. They found the SMA damping characteristics
superior to e.g. copper mesh dampers when vibration amplitudes were larger than 8µm. Similar SMA mesh
washers, or SMA metal rubber, have been suggested to be used as smart rotor support for active vibration
control [15, 16]. The stiffness and damping properties were determined to be functions of the environmental
temperature, excitation amplitude and frequency, and the loss factor was found to be up to 0.5.

The thermo-mechanical properties of SMAs are nonlinear, which means that they may cause complex
dynamics in general, e.g. period-multiple orbits, quasi-periodic orbits and chaos [13, 17, 18, 19]. Neverthe-
less, several authors have characterised SMA elements in terms of the complex modulus (storage and loss
modulus), which is usually used for elastomers to quantify their equivalent linear damping characteristics.
Due to the SMA nonlinearities, the complex modulus is a function of the vibration amplitude and frequency,
the level of pre-tension, the environmental temperature and the convective conditions [15, 20, 21, 22, 23]. On
the other hand, Krack and Böttcher [24] proposed a method involving nonlinear modes to analyse dynamic
systems with SMAs in the frequency domain, and highlighted that the complex modulus approach is not
applicable in the case of rich dynamics.

A major drawback of using SMAs for control purposes is their limited bandwidth because fast heating
and especially cooling of the elements require high level of thermal energy generation and transfer. For this
reason control using SMAs usually involves passive adaptive approaches [7, 18]. For example, Williams et
al. [25] proposed a PI controller, whose control objective is based on the relative phase between the primary
and secondary masses for an adaptive tuned vibration absorber.

In this context the main contribution of this work lies in the integration of pseudoelastic SMA helical
springs into a weakly nonlinear multibody dynamic system. A rigid rotor interacts with two passive magnetic
bearings, whose housings are flexibly supported. Both the mechanical hysteresis and temperature depen-
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dent stiffness properties of the SMA springs are explored aiming at reducing rotor lateral vibrations. The
theoretical investigation is based on a multi-physics model linking constitutive relations of SMAs, weakly
nonlinear passive magnetic bearing forces and the system dynamics. The results are compared to exper-
iments carried out at a dedicated test-rig. A benchmark configuration of the test-rig with steel springs
instead of SMA springs is used for comparison. The strong interplay between theoretical prediction and
experimental observations is rare in this field [7, 8]. The investigations take into account and reflect on the
main disadvantage using SMAs in relation to control, i.e. slow temperature changes. It is necessary to make
abrupt stiffness changes in order to “jump” across critical speeds [3]. Alternatives are provided.

The paper is organized as follows. First the rotor-bearing test-rig is presented (Section 2) providing
an overview of the system components. Modelling of the steel and SMA helical springs is presented in
Section 3, including a short description of the constitutive model used and its interaction with the global
spring behaviour. Also the complex modulus and the spring attachment system are treated. The weakly
nonlinear passive magnetic bearings are described in Section 4. Section 5 concerns the multibody model,
the equations of motion and their solution to describe the system dynamics. Experimental and theoretical
results are presented in Section 6 followed by conclusions in Section 7.

2. Experimental set-up

The rotor-bearing system used in this investigation is shown in Fig. 1. The system stands out in the
sense that it is designed to have a flexible rotor-bearing housing interaction, which allows interesting dynamic
behaviour. The flexible interaction is provided by passive magnetic bearings with the advantage of having
very low friction. The level of damping is low, and therefore sources of damping are required. The system
consists of a vertical rigid shaft (�16×280 mm) and a disc on top with adjustable mass imbalance. The
bottom of the shaft is connected to a DC motor through a flexible coupling that allows the rotor (shaft
and disc) to tilt around the X and Y axes constituting two degrees of freedom. The coupling connection is
shown in Fig. 1b.

Two passive magnetic bearings support the shaft. The magnetic fields in both bearings are generated
by 20 �10×20 mm cylinder neodymium magnets with vertical magnetization placed in a circular pattern.
One similar magnet is located inside the shaft adjacent to each bearing. The bearings are repulsive in
the lateral (horizontal) directions, which means that they are stable in the lateral direction and unstable
in the axial direction. The coupling at bottom of the rotor is rigid in the axial direction, which means
that the rotor-bearing coupling system is stable overall. All components are made from non-magnetizable
materials (aluminium, brass, perspex) to avoid interfering with the magnetic fields. The bearing housings are
supported by flexible steel beams resulting in two additional degrees of freedom. The lower bearing housing
is able to move in the X direction, whereas the upper bearing is able to move in the Y direction relative to
the lower bearing. The shaft rotation is measured using an encoder (HEDS-9140#A00 and HEDS-5140#A13
from Avago Technologies), the rotor tilt is measured using two proximitor sensors (TQ401 from Meggitt)
located near the bottom of the shaft, and the horizontal motion of the upper bearing is measured by two
accelerometers (type 4384 from Brüel & Kjær).

Helical springs, made from either steel or SMA, can be attached at the upper bearing housing, cf. Fig. 1,
in the positive and negative X and Y directions (a total of four). The other ends of the springs are attached
in a mechanism allowing different spring pre-tension lengths. Heat chambers can surround the springs. Two
modified heat guns feed the heat chambers with hot air. A feedback control loop ensures a constant air
temperature within ±0.3 ◦C. The electric power to the heat elements in the heat guns can be controlled
and the air temperature of the heat chambers are measured using type T thermocouples. Control of air
temperature and rotor velocity as well as data acquisition are carried out using a DS1103 dSpace board
connected to a computer.

3. Helical springs

Two different types of springs can be inserted in the test-rig. The first type is made from an SMA,
namely a pseudoelastic Nickel-Titanium alloy (Ni-Ti ratio of 56:44). In the following two sections the SMA
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(a) (b)

Figure 1: Test-rig: (a) fundamental part and (b) spring attachment system and details. (A) Disc on top of shaft; (B) upper
and (C) lower passive magnetic bearings supported by (D) flexible beams; (E) SMA spring attachment point at the upper
bearing; at the bottom of the shaft is attached a (F) flexible coupling and then a (G) DC motor. An (H) encoder measures the
rotor rotation and (I) proximity sensors measure the rotor tilt angles. (J) SMA and (K) steel springs attached in (L) variable
pre-tension mechanism. A (M) heat chamber can surround the springs fed with hot air from a (N) heat gun. The temperature
is measured using (O) thermocouples. (P) Accelerometers measure the upper bearing motion. The global coordinate system
XY Z is also highlighted. Upper part of test-rig highlighting the spring attachment system.

constitutive model and the helical spring model are briefly outlined. Detailed descriptions and material
parameters can be found in [23].

The second type of spring is made from spring steel (DIN 17223 C-wire) and it has a linear force-deflection
relationship:

Ft = −Ktu− Ft0 (1)

where Kt is the stiffness, u is the deflection and Ft0 is a pre-tension force at the initial state, where the
spring coils are in contact. The stiffness and pre-tension force have been determined experimentally by
tensile tests. The steel springs are used for constituting a benchmark configuration of the rotor-bearing
system to which the SMA configuration is compared. The basic properties of the two springs are listed in
Tab. 1.

3.1. SMA constitutive model

The unusual properties of pseudoelastic SMAs are based on solid-state transformations between austenitic
and martensitic crystallographic phases. The transformations can be induced by changes in either temper-
ature (in the order of 10 ◦C) or stress (in the order of 100 MPa). The transformations result in significant
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Table 1: Basic properties of helical springs.

Spring SMA Steel

Wire diameter, 2c (mm) 0.56 0.75
Spring diameter, 2r0 (mm) 2.56 6.25
Initial length, h0 (mm) 6 10
Pre-tensioned length, hp (mm) 12 16
Number of windings, n 6 12
Stiffness, K (N mm−1) 0.7 to 1.3 1.1
Initial force, F0 (N) 0 3

strains (in the order of 5 %) and mechanical hysteresis. The large transformation strains cause considerable
changes in tangential stiffness. The mechanical hysteresis can be used for damping purposes. The transfor-
mations are exo- and endothermic processes resulting in self-heating and cooling mechanisms and because
SMAs have a tight thermo-mechanical coupling, also the strain rate becomes relevant.

A modified version of the constitutive modelling framework by Lagoudas et. al [26] is used to describe the
thermo-mechanical behaviour of the SMA. The modified version is presented in [23]. The spring behaviour
is primarily governed by a plane stress field having one normal component and a shear component, and
therefore a model reduction to two dimensions is used. The governing equations are

ε = Sσ+ εt ε̇t = Λξ̇ (2)

Here ε = {ε11, γ12}ᵀ is the strain vector, εt is the phase transformation strain, σ = {σ11, τ12}ᵀ is the stress
vector, ξ is the martensitic phase fraction fulfilling 0 ≤ ξ ≤ 1, S is the compliance tensor and it depends
on elastic moduli of austenite and martensite, Poisson’s ratio and the current value of the phase fraction,
and Λ is the transformation direction tensor, and it is a function of the stress state and the direction of
transformation.

Two transformation functions, Φf and Φr, are defined. They depend on the stress state σ, the mate-
rial temperature T , and the martensitic phase fraction ξ through the composite functions ff(ζf(ξ, ξ0)) and
fr(ζr(ξ, ξ0)) respectively. Together with the constraints (i.e. Kuhn-Tucker conditions)

ξ̇ ≥ 0, Φf(σ, T, ξ) ≤ 0, Φfξ̇ = 0 (3a)

ξ̇ ≤ 0, Φr(σ, T, ξ) ≤ 0, Φrξ̇ = 0 (3b)

the transformation functions control whether or not forward (subscript f) or reverse (subscript r) trans-
formations take place. The functions ff and fr are hardening functions that control the evolution of the
martensitic phase fraction. They are designated by Bézier curves with curvature controlling parameters.
The functions ζf and ζr are sub-loop functions, and they ensure smooth behaviour when phase transforma-
tions are incomplete and change direction at an intermediate state (0 < ξ < 1). The sub-loop functions have
a curvature controlling parameter that controls the size of the hysteresis and the tangential stiffness during
sub-looping. The hardening and sub-loop functions are modifications to the original model, and they are
described in detail in [23].

The constitutive equations are coupled to the energy equation to take into account the latent heat of the
phase transformations so that the SMA temperature may be different from the environmental conditions.
Therefore the temperature becomes a dependent variable. The energy equation reads [23]:

ρcpṪ + χξ̇ + ĥ
2

c
(T − T∞) = 0 (4)

where χ = χ(σ, ξ) is a function closely related to the transformation functions. Here ρcp is the volume

specific heat capacity, ĥ is the convection coefficient, c is the spring wire radius and T∞ is the environmental
temperature. The spring temperature is assumed uniform, and conduction through the spring ends to the
grips is neglected.
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Figure 2: Illutration of shear and normal stress distribution in the wire cross section of a helical spring, together with charac-
teristic properties of the spring in initial and loaded conditions.

The model has a number of parameters related to the specific material. The values of the parameters
are provided in [23] and they are based on model calibration to experimental force-deflection tests. The

convection coefficient ĥ may have changed from the calibration value, because the environmental conditions
related to the forced convection are slightly different in this work. However the theoretical results do not
change significantly if the relative error is in the order of ±10 %. The SMA springs have an initial training
period, in which their thermo-mechanical properties change. Different training approaches may lead to
quantitatively (but not qualitatively) different behaviour. This aspect is therefore a relevant source of error.

3.2. Helical spring model

Because of the large transformation strains it is possible to deform the SMA springs considerably resulting
in large pitch angles of the coils. This means that geometrical nonlinearities are introduced. In these
conditions both shear and normal strains are relevant, and the maximum components in the wire cross
sections are [27]:

ε11(c) =
c

r0
cos(α0) (cos(α0)− cos(α)) γ12(c) =

c

r0
cos(α0) (sin(α)− sin(α0)) (5)

The strain distributions and the spring itself are illustrated in Fig. 2. Here r0 is the initial spring radius,
c is the wire radius and α0 and α are the initial and current pitch angles respectively. The initial angle is

α0 = arctan
(

h0

2πnr0

)
, where h0 is the initial spring length and n is the number of windings. The current

pitch angle is α = arcsin
(
u
L + sinα0

)
, where L =

√
(2πnr0)2 + h20 is the constant wire length and u is the

axial deformation of the spring.
Because the strain distribution in the wire cross section is non-uniform and because of the material

nonlinearities, the two dimensional cross sectional stress distribution becomes complex. The stress distribu-
tion is used for calculating the contributing bending and shear moments. However, the martensitic volume
fraction can be considered constant throughout the wire cross section from a modelling point of view [23].
The result is a simple relation between a representative stress measure and the bending and shear moments:

MB =
4

3
c3σ∗11 MT =

2

3
πc3τ∗12 (6)

The representative stress σ∗ = {σ∗11, τ∗12} is found from the constitutive equations using the appertaining
representative strain ε∗ = {ε∗11, γ∗12}ᵀ = { 3π16 ε11(c), 34γ12(c)}ᵀ. The resulting axial spring force is

F =
cos(α0)

r0
(MT +MB tan(α)) =

2

3

c3

r0
cos(α0)(πτ∗12 + 2σ∗11 tan(α)) (7)

The reader is referred to [11, 23] for an insight into the force-deflection relationship of SMA springs at
different environmental temperatures.
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3.3. Complex modulus

The intricate force-deflection relationship of the SMA springs can be quantified in terms of the complex
modulus, which consists of the storage modulus (a measure of average stiffness) and the loss modulus (a
measure of dissipated energy). The complex modulus is widely used in the fields of elastomers and hysteretic
elements in general [28]. The advantage of using the complex modulus is that the relatively complicated
SMA behaviour can be simplified into a single quantity having a real and an imaginary part that may be
functions of e.g. vibration amplitude, frequency and ambient temperature. By using the complex modulus
it significantly ease solution of the equations of motion in the time and frequency domains. The drawback is
that some dynamic content may be lost. This is especially relevant if the response is assumed to be simple
harmonic as it is in this case. However, it should be emphasised that if the complex modulus is a function
of the vibration amplitude and frequency and the ambient temperature, it is still possible to explore weak
nonlinearities.

To use the complex modulus the dynamic problem has to be converted to involve complex states. The
actual deflection response u(t) that the SMA spring is subjected to is therefore written as u(t) = <{z(t)}+u0,
where z(t) is a complex state, and u0 is the static equilibrium. The complex SMA force is then

Fz(t) = −Ksz(t)− Fs0 (8)

Here Ks = ks(1 + iη) is the complex modulus1, where ks is the storage modulus, η is the loss factor, i is the
imaginary unit, and Fs0 = Fs0(u0) is the static (and real) force at the equilibrium. The actual SMA spring
force is Fs(t) = <{Fz(t)}. In the case of a simple harmonic response, i.e.

u(t) =
1

2

(
Z eiωt +Z̄ e−iωt

)
+ u0 = A cos(ωt+ φ) + u0 (9)

we get

Fs(t) = −1

2

(
KsZ eiωt +K̄sZ̄ e−iωt

)
− Fs0 = −ks

√
1 + η2A cos(ωt+ φ+ arctan(η))− Fs0 (10)

where ω is the frequency, A = |Z| and φ = argZ are the response amplitude and phase respectively. The
complex modulus can be determined either experimentally or by the use of the SMA spring model described
in the former sections. In both cases, the storage modulus and the loss factor are

ks =

∮
Fs d v

πA2
η =

∮
Fs du∮
Fs d v

(11)

where v(t) = ={z(t)} = 1
2i

(
Z eiωt−Z̄ e−iωt

)
= A sin(ωt + φ). In this context the complex modulus and

the pre-tension force are functions of the response amplitude A, the frequency ω and the environmental
temperature T .

The storage modulus ks, the loss factor η and the pre-tension force Fs0 calculated using the SMA spring
model may be seen in Fig. 3. All three quantities strongly depend on the ambient temperature, and ks
and Fs0 increase with temperature whereas η decreases. From 30 ◦C to 70 ◦C there is close to a factor of
two in difference for all three quantities. The dependencies on frequency are weaker but similar: ks and
Fs0 increase with frequency whereas η decreases. It should be noticed that at very low frequencies (below
approximately 0.5 Hz) the behaviour is more complicated [23]. The dependencies on deflection amplitude
are also weak compared to the temperature dependencies and they are non-monotonic. For example η has
optimal conditions in terms of amplitude. We emphasize that the SMA model has been calibrated using
data with deflection amplitudes larger than 2 mm and frequencies lower than 10 Hz. This means that the
behaviour having amplitudes below 2 mm or frequencies above 10 Hz are more uncertain and relies on the
overall model validity.

1In this context the complex modulus is measured in N m−1, thus being a complex stiffness.
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Figure 3: Complex modulus and pre-tension force of SMA spring depending on deflection amplitude A and frequency ω and
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Figure 4: Illustration of clamping conditions for the springs exemplified with the spring attached at (−hp, 0). To the left is the
fixture, to the right the upper bearing.

3.4. Spring attachment

To the upper bearing housing there are attached four springs of either steel or SMA. They are attached
at the −X, −Y , X and Y faces of the bearing housing. The lengths of the springs are identical and equal
to hp (cf. Tab. 1) at the equilibrium of the system.

The ends of the helical springs (both steel and SMA) are subjected to conditions similar to clamping of
a beam, which becomes significant when deflections are lateral to the spring axis. The lateral characteristics
of a spring can be approximated using equivalent properties to a beam, namely the axial, flexural and shear
rigidities [27]:

(EA)spring =
Gc4h

4nr3
≈ N (EI)spring =

2hEIG

πnr(2G+ E)
≈ 1.1Nr2 (κAG)spring =

hEI

πnr3
≈ 2.6N (12)

where N is the axial tensile force of the spring at the current state, I = π
4 c

4 is the second area moment of
inertia, E = 2G(1 + ν) is the elastic modulus and ν ≈ 0.3 is Poisson’s ratio. It should be noted that the
equations provided in [27] hold the assumptions that the coil pitch angle is small and that the material is
linearly elastic.

Having these properties, the helical spring is approximated to behave as a quasi-static Timoshenko beam
subjected to an axial tensile load [29]:

κAG (w′′ − φ′) +Nw′′ = 0 (13)

EIφ′′ + κAG (w′ − φ) = 0 (14)

Here w is the deflection, φ is the bending angle and the moment and shear force resultants are M = −EIφ′
and Q = κAG (w′ − φ) + Nw′ respectively. A coordinate system X∗Y ∗ is set up as indicated in Fig. 4,
and it follows the movement of the spring end that is attached to the upper bearing housing having the
coordinates (x, y) in the XY reference. In the X∗Y ∗ reference the equivalent beam is subjected to the
following boundary conditions w(0) = w(h) = 0 and φ(0) = φ(h) = −φ0, where h =

√
(hp + x)2 + y2 is the

deformed length of the spring. The solution to the beam equations gives the following relation between the
angle φ0 and the resultant shear force at the beam ends S = Q(0) = Q(h):

φ0 = S

(
hc2

2κAGc1

ec1c2h +1

ec1c2h−1
− 1

N

)
(15)

where c21 = N
N+κAG and c22 = κAG

EI . The approximative equivalent spring properties, Eq. (12), are inserted
into Eq. (15), and the resulting shear force is

S ≈ φ0Ncs , c−1s =
0.55h

r

e0.80h/r +1

e0.80h/r −1
− 1 (16)

The spring attached at (−hp, 0) has the angle φ0 = arctan
(

y
hp+x

)
. The tensile force is found using Eq. (1)

for the steel spring and Eq. (7) for the SMA spring. It is assumed that the clamping of the SMA spring
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does not influence the axial force determined by Eq. (7). The forces acting on the bearing housing from the
spring attached at (−hp, 0) are

Fx,1 = − (N cos(φ0)− S sin(φ0)) Fy,1 = − (N sin(φ0) + S cos(φ0)) (17)

The procedure is similar for the other three springs. The axial spring force N is equal to −Ft from Eq. (1)
(steel spring) or −Fs from Eq. (7) (SMA spring). The forces are in both cases evaluated for the deflection
u = h− h0.

Approximations of the summed forces from the four springs using small angles φ0 � 1 are

Fx =
4∑
i=1

Fx,i = −2

[
K +

F0

hp
(1 + cs)

]
x Fy =

4∑
i=1

Fy,i = −2

[
K +

F0

hp
(1 + cs)

]
y (18)

because N = Kx+F0. Here cs is evaluated at h = hp, F0 is the spring force and K is the stiffness evaluated
at a deflection of hp. From these equations it is evident that the pre-tension force has a significant impact
on the provided stiffness because K and F0

hp
are of the same order of magnitude. Note that the term F0

hp
in

Fx comes from the springs attached in the Y direction and not in the X direction. The steel springs has
cs = 0.52 and the SMA springs has cs = 0.24 evaluated at h = hp, and because these numbers are of the
order 1 it means that the addition of the clamping is significant.

4. Magnetic shaft-bearing interaction

The model for the magnetic interaction between the shaft and the bearings is thoroughly described in
[30], in which weak nonlinearities of the magnetic interaction are investigated for the same test-rig without
steel and SMA springs attached. The model is based on calculation of the magnetic flux density produced by
each bearing magnet. The flux densities are super-positioned, and the force from the collected bearing flux
density on the shaft magnet is calculated at different shaft positions. The magnetic forces were approximated
using a Taylor series expansion with high accuracy. A maximum residual standard deviation less than 0.2
percent relative to the full scale force was achieved. The approximation is

Fm =

−kmxr − κx(x2r + y2r )
−kmyr − κy(x2r + y2r )

fz

 (19)

where (xr, yr) is the relative horizontal coordinates between the shaft magnet and the bearing centre, km
is the linear lateral stiffness, κ is the cubic lateral stiffness and fz is a constant force due to a vertical
(axial) misalignment z0 between the bearing centre and the shaft magnet as a consequence of manufacturing
inaccuracies. Because κ > 0 the bearings exhibit a stiffening effect.

Because of imperfections in the magnets, the bearing magnets exhibit significant non-uniformity. This
means that the forces between the bearings and shaft depend on the rotation angle of the shaft. It also affects
the equilibrium position. However, it was shown in [30] that the magnetic non-uniformity together with
geometrical inaccuracies of the shaft can be collected into an equivalent eccentricity having an amplitude
and a phase. This means that the relative coordinate between the magnetic centre of the shaft and a bearing
is

xr = xs + e cos(θ + φ)− x yr = ys + e sin(θ + φ)− y (20)

where (xs, ys) is the horizontal coordinate of the shaft, (x, y) is the horizontal coordinate of the bearing,
and (e, φ) is the amplitude and phase of the collected magnetic and geometrical non-uniformity. The lower
bearing has the eccentricity (e1, φ1), the upper bearing (e2, φ2). The eccentricities result in harmonic and
nonlinear parametric excitation of the system.

The heat chambers used for the SMA springs are next to the upper bearing. This means that hot
air warms up both the bearing magnets and the appertaining shaft magnet. According to the supplier of
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Figure 5: Schematic of dynamic system, consisting of the shaft and disc or rotor (light grey), two bearing housings (grey) and
eight flexible beams (light red).

the magnets (Sintex a/s), the remanence (remaining magnetic flux density) of the magnets have a relative
temperature sensitivity of −0.11 % K−1. The remanence is proportional to the magnetization of the magnets,
and the magnetic forces are proportional to the square of the magnetization [30, 31]. This means that the
magnetic forces (and stiffnesses) of the upper bearing are reduced by approximately 1 %, 5 % and 10 %
when operating at 30 ◦C, 50 ◦C and 70 ◦C respectively compared to the calibration temperature of 25 ◦C.

5. Modelling the dynamics

A schematic of the mechanical system is shown in Fig. 5. The rotor-bearing system has four degrees of
freedom: α, β, x and y. The two first degrees of freedom (α, β) denote the tilting angles of the shaft around
the Y and −X axes respectively. This means that a positive value of α corresponds to a displacement of
the tip of the shaft in the direction of positive X, and similar for β in relation to Y . The rotational angle
of the shaft is denoted θ, and θ̇ = ω is the angular velocity controlled by the DC motor in the lower end of
the shaft. The polar inertia Ip of the shaft and disc results in gyroscopic forces. The shaft is supported by
a flexible coupling at its bottom. The coupling is flexible in bending (α and β), and it is stiff in torsion (θ)
and in its axial direction (Z). For this reason the coupling is modelled to provide a linear angular stiffness
kc at the shaft pivot point, and it constrains torsional and axial movement of the shaft. The shaft and
disc is affected in the −Y direction by the gravitational force fg with magnitude mrg at the centre of mass,
located at the vertical distance lg from the pivot point. The rotor mass is mr and g is the gravitational
constant. Imbalance (residual and added) influences the shaft tilt, and it is modelled as a reaction force
from a point mass mu, with the axial distance lu and radial distance ru from the pivot point, and the point
mass is subjected to a radial acceleration of ruω

2. The magnetic forces from the lower and upper bearings
(fm1 and fm2 in Fig. 5) as described in the Section 4 act on the shaft in the axial positions l1 and l2 from
the pivot point respectively.
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The bearing housings are supported by flexible steel beams that are modelled to provide forces with
linear stiffness in one horizontal direction each. In the other horizontal direction, the beams are stiff, so they
constrain the bearing housing from moving. Therefore, the two last degrees of freedom, (x, y), denote the
displacement in theXY plane of the upper bearing housing. The lower bearing housing follows synchronously
the upper bearing housing in the X direction, but it is constrained in the Y direction. For this reason the
lower bearing housing has the horizontal coordinates (x, 0). The beams connecting the fixed support and
the lower bearing housing have the collected horizontal stiffness kb1, and kb2 is the similar stiffness of the
beams connecting the two bearing housings. The magnetic forces acting on the bearings are opposite of the
ones acting on the shaft by Newton’s third law. The steel or SMA spring forces act on the upper bearing
housing in the X and Y direction (fs,x and fs,y in Fig. 5) as described in Section 3.4.

The equations of motions are established using Newton’s second law for the bearing housings and Euler’s
equation about the pivot point for the collected shaft and disc (rotor). A detailed description is provided in
[30]. Assuming that α, β � 1 the equations of motion are

Mẍ + (C + ωG)ẋ + Kx = fl + fnl + fs (21)

where x = {α, β, x, y}ᵀ is the state vector, M is the mass matrix, C = cmM + ckK is the mass and stiffness
proportional structural damping matrix, G is the gyroscopic matrix, and K is the stiffness matrix. The
matrices are

M =


It 0 0 0
0 It 0 0
0 0 m1 +m2 0
0 0 0 m2

 G =


0 Ip 0 0
−Ip 0 0 0

0 0 0 0
0 0 0 0



K =


kK 0 −k1l1 − k2l2 0
0 kK 0 −k2l2

−k1l1 − k2l2 0 kb1 + k1 + k2 0
0 −k2l2 0 kb2 + k2


(22)

where It is the transversal inertia of the rotor, m1 and m2 are masses of the lower and upper bearing houses
respectively and kK = kc − lgmrg + fz1l1 + fz2l2 + k1l

2
1 + k2l

2
2. The magnetic stiffnesses and misalignment

forces of the lower and upper bearings are k1, fz1 and k2, fz2 respectively, cf. Section 4. At the right hand
side of Eq. (21) are linear excitation forces fl, nonlinear magnetic forces fnl, and spring force fs. The linear
excitation forces are

fl =


uω2 cos(θ + φu)− (k1l1 + fz1)e1 cos(θ + φ1)− (k2l2 + fz2)e2 cos(θ + φ2)
uω2 sin(θ + φu)− (k1l1 + fz1)e1 sin(θ + φ1)− (k2l2 + fz2)e2 sin(θ + φ2)

k1e1 cos(θ + φ1) + k2e2 cos(θ + φ2)
k2e2 sin(θ + φ2)

 (23)

where u = murulu is the amplitude of the imbalance moment and φu is its phase. If the rotational frequency
is constant, then θ = ωt.

The vector of nonlinear forces comprises the most pronounced nonlinearities related to the cubic terms
of the passive magnetic bearing forces:

fnl =


−κ1l1xa

(
x2a + y2a

)
− κ2l2xb

(
x2b + y2b

)
−κ1l1ya

(
x2a + y2a

)
− κ2l2yb

(
x2b + y2b

)
κ1xa

(
x2a + y2a

)
+ κ2xb

(
x2b + y2b

)
κ2yb

(
x2b + y2b

)
 (24)

where

xa = l1α+ e1 cos(θ + φ1)− x ya = l1β + e1 sin(θ + φ1) (25)

xb = l2α+ e2 cos(θ + φ2)− x yb = l2β + e2 sin(θ + φ2)− y (26)
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Table 2: System parameters.

Property Value Property Value Property Value

g (N kg−1) 9.81 mr (kg) 0.616 fz1 (N) −0.01
kc (N m) 0.7 m1 (kg) 0.474 fz2 (N) −5.04
cm (s−1) 0.57 m2 (kg) 1.410 kb1 (N m−1) 1.18 · 103

ck (s) 16 · 10−3 It (kg m2) 31.2 · 10−3 kb2 (N m−1) 0.72 · 103

u (kg m2) 14.8 · 10−6 Ip (kg m2) 326 · 10−6 k1 (N m−1) 1.66 · 103

e1 (m) 0.11 · 10−3 lg (m) 0.188 k2 (N m−1) 1.61 · 103

e2 (m) 0.14 · 10−3 l1 (m) 0.118 κ1 (N m−3) 9.37 · 106

φu (◦) 7 l2 (m) 0.263 κ2 (N m−3) 6.78 · 106

φ1 (◦) 38
φ2 (◦) −118

The collected spring force vector from the four springs is (cf. Eq. (17))

fs =

4∑
i=1

{
0 0 Fx,i Fy,i

}ᵀ
(27)

The system parameters are provided in Tab. 2.
The proportional damping parameters cm and ck are determined such that the damping factor is 1 %

at 7 Hz and 13 Hz. The result is cm = 0.57 s−1 and ck = 16 · 10−3 s. This is based on the transient
responses (Section 6.1) and the ramp-ups (Section 6.2) such that the results obtained by simulation of the
steel spring system configuration match the experimental results to a large extent. When calculating the
damping matrix C that depends on the stiffness matrix K, the stiffnesses of the steel springs, Eq. (18), are
also included, because the springs and their attachment indeed contribute to the damping. The damping
matrix is identical for the SMA system configuration.

The parameter values related to the eccentricities of the shaft magnets are identical to the ones obtained
in [30]. We have added one imbalance mass on the disc having (ua, φa) = (11.9 kg mm2,−10◦). Together
with the residual imbalance moment of (ur, φr) = (4.9 kg mm2, 52◦) obtained in [30] the resulting imbalance
moment becomes (u, φ) = (14.8 kg mm2, 7◦) by vector addition.

By transforming the equations of motion into first order ordinary differential equations, they are solved
using the Runge-Kutta-Fehlberg algorithm, which is the adaptive version of the Runge-Kutta 45 method.
The SMA temperature also evolve over time. However, this dependence is calculated internally in the SMA
model using the implicit Euler method. The equations of motions are also solved in the frequency domain
as described in the next section.

5.1. Solution in frequency domain

In order to determine the frequency response of the system, i.e. the steady state response for constant
rotational frequency, it is convenient to solve the equations of motion in the frequency domain. It is far
less computationally expensive compared to time domain solutions. However, the solution is only approxi-
mate because of several simplifying assumptions, which are explained below. The validity of the modelling
approach, and therefore the assumptions, is justified in Section 6.3.

The only forcing frequency is the rotational frequency ω, cf. Eq. (23). It is assumed that the steady state
system response is simple harmonic with the same frequency as the excitation:

x(t) =
1

2

(
z eiωt +z̄ e−iωt

)
(28)

where z = {zα, zβ , zx, zy}ᵀ is the complex representation of the response amplitude and phase. This assump-
tion is reasonable because a large extent of the system is linear and because the nonlinearities are weak.
More specifically, the nonlinear contributions are the magnetic bearings forces (resulting in the cubic stiffness
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κ), which also enter as parametric forcing, and the SMA spring forces, which enter through a mounting also
introducing geometrical nonlinearities. Both contributions are only weakly nonlinear. The assumed solution
is inserted into the equations of motion (21) and higher order harmonics are neglected resulting in

1

2

(
F(z, ω) eiωt +F(z, ω) e−iωt

)
= 0 , (29)

F(z, ω) =
(
−ω2M + iω(C + ωG) + K + Ks(z, ω)

)
z− ql(ω)− qnl(z) (30)

Equation (29) should be satisfied for all t, implying that F(z, ω) = 0. The linear external forcing term ql(ω)
becomes

ql(ω) =


ω2zu − (k1l1 + fz1)z1 − (k2l2 + fz2)z2
−ω2izu + (k1l1 + fz1)iz1 + (k2l2 + fz2)iz2

k1z1 + k2z2
−k2iz2

 (31)

where zu = u eiφu , z1 = e1 eiφ1 and z2 = e2 eiφ2 . The nonlinear forces qnl(z) related to the magnetic bearings
are

qnl(z) =
1

4



−κ1l1
[
2zxa|zya|2 + z̄xa

(
3z2xa + z2ya

)]
− κ2l2

[
2zxb|zyb|2 + z̄xb

(
3z2xb + z2yb

)]
−κ1l1

[
2zya|zxa|2 + z̄ya

(
3z2ya + z2xa

)]
− κ2l2

[
2zyb|zxb|2 + z̄yb

(
3z2yb + z2xb

)]
κ1
[
2zxa|zya|2 + z̄xa

(
3z2xa + z2ya

)]
+ κ2

[
2zxb|zyb|2 + z̄xb

(
3z2xb + z2yb

)]
κ2

[
2zyb|zxb|2 + z̄yb

(
3z2yb + z2xb

)]


(32)

where zxa = l1zα + z1 − zx, zya = l1zβ − iz1, zxb = l2zα + z2 − zx and zyb = l2zβ − iz2 − zy.
The forces from either the steel or SMA springs can be represented in the frequency domain with the

use of the complex modulus as described in Section 3.3. A first order approximation of the fundamental
harmonic content of the spring forces are provided in Eq. (18). Combined with the complex modulus, the
total force fs becomes

fs = −1

2

(
Ks(z, ω)z eiωt +K̄s(z, ω)z̄ e−iωt

)
, (33)

Ks(z, ω) = 2


0 0 0 0
0 0 0 0

0 0 Kx +
F0y

hp
(1 + cs) 0

0 0 0 Ky + F0x

hp
(1 + cs)

 (34)

For the steel springs we have that Kx = Ky = Kt and F0x = F0y = Ft0 +Kt(hp−h0) related to Eq. (1) and
Tab. 1. For the SMA springs, the complex stiffness and the pre-tension forces are functions of the pre-tension
length (which is constant), the vibration amplitude of the upper bearing housing, the oscillation frequency
and the ambient temperature, i.e. Kx = Ks(hp − h0, |zx|, ω, T∞) and F0x = Fs0(hp − h0, |zx|, ω, T∞) and
similar for the y components. Both Ks and Fs0 are calculated a priori for a number of interpolation points,
and during the solution in the frequency domain the functions are evaluated by linear interpolation between
the points.

Notice that there are two different kinds of approximations related to fs. The first is related to material
nonlinearities of the SMAs, which are linearised using the complex modulus. However, F0 and Ks are still
functions of z and ω. The second kind is related to geometrical nonlinearities of the attachment of the
springs, where (a) only the fundamental harmonic is taken into account, and (b) a first order approximation
to the fundamental harmonic content is made. This is different from the nonlinear magnetic forces, for
which the fundamental harmonic content is provided to the order three.
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The system of complex equations F(z, ω) = 0 is solved in an interval of frequencies using the method
of pseudo-arclength continuation. The method is described in [32]. First, a solution is found at the lowest
frequency of interest using a Newton-Raphson scheme. Secondly, a small prediction step (with a specified
length) is made in the joint space of z and ω using the Jacobians of F with respect to z and ω. Correction
steps perpendicular to the prediction step follow until the equation F = 0 is fulfilled again. The sequence of
prediction and correction steps are made until the highest frequency of interest is met. Since the prediction
step direction and length in terms of ω is determined by the algorithm, it is possible to cross bifurcations (e.g.
saddle-node bifurcations). The Jacobians of F are determined algebraically as far possible. Only ∂Ks/∂|z|,
∂Ks/∂ω, ∂Fs0/∂|z| and ∂Fs0/∂ω are approximated using finite difference.

5.2. Linearisation

To understand better the system dynamics, the equation of motions are linearised. This approximation
is valid if the relative rotor-bearing displacements are small such that the nonlinearities of the magnetic
bearings are negligible and if changes in the complex stiffness Ks are slow compared to the rest of the
system dynamics. The state x(t) is substituted by the complex state z(t) such that x(t) = 1

2 (z(t) + z̄(t)).
By using the same approach as in the preceding section, the linearised equation of motion becomes

Mz̈ + (C + ωG)ż + (K + Ks)z = ql(ω) eiωt (35)

Introducing z̃ = {z, ż}ᵀ, the differential equations above may be written as

M̃ ˙̃z + K̃z̃ = q̃l(ω) eiωt (36)

where

M̃ =

[
M 0
0 M

]
K̃ =

[
0 −M

K + Ks C + ωG

]
q̃l(ω) =

{
0

ql(ω)

}
(37)

The eigenstructure of the system is −M̃−1K̃ = VΛV−1, where V contains the eigenmodes (mode shapes)
and Λ is a diagonal matrix containing the eigenvalues (representing natural frequencies). Using the eigen-
structure and z̃ = Vv, Eq. (36) is diagonalized:

v̇ = Λv +
(
M̃V

)−1
q̃l(ω) eiωt (38)

Note that the differential equations are independent, because Λ is diagonal. Equation (38) is used to explain
some of the dynamic behaviour observed in the following section.

6. Results and discussion

Results of transient responses, ramp-ups and steady state frequency responses are presented below for
the two system configurations using either steel or SMA springs. The configuration with steel springs is
investigated at room temperature, and tests of the SMA configuration are made at 30 ◦C, 50 ◦C and 70 ◦C to
explore the influence of temperature. Examples of applications are also presented. The system configuration
with steel springs also changes its dynamic behaviour with temperature. However, tensile tests of the steel
springs at different temperatures confirm that their stiffness is not temperature dependent. The changes
in the system are not due to the steel springs but are caused by the stiffness of the magnetic bearings
that decreases with temperature, cf. Section 4. Comparison between model predictions and experimental
observations of the eigenfrequencies verifies this assumption. The changes are not significant, and in order
to maintain focus on the SMAs, these results are left out.

15

216 Publication P7



Oscillation frequency ωo (Hz)
5.5 6 6.5 7 7.5 8

A
m
p
li
tu
d
e
o
f
α

(d
eg
)

0

0.5

1

1.5

Steel 25◦C
SMA 30◦C
SMA 50◦C
SMA 70◦C

(a)

Damping factor ξ (-)
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

A
m
p
li
tu
d
e
o
f
α

(d
eg
)

0

0.5

1

1.5

(b)

Oscillation frequency ωo (Hz)
5.5 6 6.5 7 7.5 8

A
m
p
li
tu
d
e
o
f
α

(d
eg
)

0

0.5

1

1.5

(c)

Damping factor ξ (-)
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

A
m
p
li
tu
d
e
o
f
α

(d
eg
)

0

0.5

1

1.5

(d)

Figure 6: Oscillation frequency and damping factor depending on vibration amplitude for five different system configurations:
(a) and (b) are obtained experimentally, and they are based on six tests for each system configuration, (c) and (d) are
simulations. The markers are measurements, and the black lines indicate the trends and are made from smoothing splines, and
they are not used for mathematical evaluation otherwise.

6.1. Transient responses

The rotor and bearing housings are released from an initial position without the rotor rotating in order to
excite the lowest resonance frequency. When the rotor is not rotating, the system consists of two decoupled
subsystems (α, x) and (β, y) as may be seen from the structure of the equations of motions (21). The two
subsystems have two resonance frequencies each, and the first two modes consist of in-phase motion between
rotor and bearing housings and the next two modes consist of counter-phase motion. It is not experimentally
feasible to excite the first mode alone, and therefore a low-pass filter is used during post-processing to remove
higher modes. It is important to highlight that the filtering method does not produce any phase lag. The
transient responses are analysed by fitting locally in time the transient response of a linear system:

x(t) = x0 e−ξωot sin(ωo

√
1− ξ2t+ φ0) (39)

Measurement points for the fitting are obtained when the displacement reaches a maximum or minimum
(corresponding to the sine factor equalling −1 or 1). Each fit is only based on three measurement points,
which ensures almost perfect fits that however are subjected to measurement noise to some extent. From
this, it is possible to extract the development of the oscillation frequency ωo and the damping factor ξ as
function of the amplitude x0 e−ξωot in time. The results obtained experimentally and by simulation are
shown in Fig. 6 for the (α, x) subsystem.
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From the experimental point of view, the system configuration with steel springs have an oscillation
frequency and damping factor that are almost independent of the vibration amplitude. Therefore this system
configuration behaves almost linearly. The damping factor is approximately 1 %. The SMA configuration
exhibits higher level of damping: up to 7 % at 30 ◦C, up to 5 % at 50 ◦C and up to 2 % at 70 ◦C. Also,
the oscillation frequency decreases with amplitude and increases with environmental temperature. This is
typical behaviour for dynamic systems involving SMAs [33]. The frequencies of the steel configurations and
the SMA configurations are close, which means the steel configuration is a valid candidate for benchmarking.
If the resonance frequencies of the two configurations differed significantly, it would have a crucial impact on
the mode shapes and it would not be possible to compare the results. This is also treated in the following
section.

The theoretical results, Figs. 6c and 6d, are in good agreement with the experiments for the steel spring
configuration. For the SMA configuration, the tendencies are similar to but not as pronounced as the
experimental results. The damping factors are roughly half of the values obtained experimentally, which
means that the model is conservative. The oscillation frequency decreases approximately 1.3 Hz during
experiments but only 0.2 Hz in simulation for the 30 ◦C SMA case for example. However, in all cases
there is a good agreement in frequency at high oscillation amplitudes. The discrepancies between model
predictions and experimental results have several reasons: The transients obtained from experiments are
filtered digitally because they originally contain more rich dynamics, which could be a source of error.
Because the SMAs are hysteretic elements, their initial conditions, in terms of the martensitic volume
fraction, have an impact on the dynamic response. Also, the SMA model is calibrated using data having
oscillation amplitudes higher than 2 mm only, which corresponds to approximately 1◦. For this reason the
model cannot necessarily be expected to perform well at lower oscillation amplitudes. Finally it should
be noted that differences in the necessary training process of the SMA springs that includes non-stabilized
behaviour has a considerable impact on the stabilized behaviour [23]. Namely, the SMA force decreases
during training, which corresponds to a fall in oscillation frequency.

The transient results for the (β, y) subsystem are very similar to the results of the (α, x) subsystem, and
they are not shown here. The oscillation frequencies in (β, y) range from 7 Hz to 9 Hz and the damping
factors range from 1 % to 5 %.

6.2. Ramp-ups

The rotor is accelerated from rest at 0 Hz to 20 Hz in 25 s with constant angular acceleration. The
experiment is carried out four times for each system configuration with different initial rotor angles θ. Then
the envelope of the rotor vibrations along time are obtained from the time signals. The results, experimental
and theoretical, are shown in Fig. 7 for four different system conditions.

From the experimental results, Fig. 7a, it is clear that the system crosses four resonances resulting in four
vibration peaks. The peak amplitudes and positions in time (corresponding to frequencies) depend on the
system configuration and temperature. The four peak amplitudes are of the same order of magnitude. This
property is due to the designed relation between the masses and the stiffnesses of the system components,
which determines the (linear) mode shapes. This design has been chosen in order to make the four resonances
equally important in terms of vibration reduction and also equally sensitive to the adaptive properties of
the SMA springs. The high sensitivity also means that just small errors in terms of spring stiffness result in
relatively large discrepancies when comparing the model prediction with the experimental results.

The experimental and theoretical results related to the steel configuration are very similar, see Figs.
7a and 7b. The peak vibration amplitudes are matched very well by the model. The tendencies related
to the SMA configurations are also matched in simulation. However, the (quantitative) discrepancies are
larger. The reason for this is the same as mentioned in the former section: the SMA spring forces are
slightly underestimated because of differences in the training process of the springs. This results in an
underestimation of the stiffness of the system, which is related to the resonance frequencies and the mode
shapes and therefore also the peak amplitudes.

The SMA configuration at 30 ◦C has lower peak amplitudes when crossing all four resonances compared
to the steel configuration. The SMA configuration at 70 ◦C also gives lower peaks than the steel configuration
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Figure 7: Experimental (a) and theoretical (b) ramp up from 0 Hz to 20 Hz in 25 s with constant acceleration using different
system conditions.

in three of the resonances. It is interesting to notice that when crossing the first two resonances, the 30
◦C SMA configuration performs best in terms of vibration attenuation, whereas the 70 ◦C configuration
performs best at the two next resonances. The relation is the same in simulations, see Fig. 7b. Generally,
SMAs exhibit the highest damping properties in low temperatures, which is also reflected in the loss factor
shown in Fig. 3. Therefore a lower peak amplitude at 70 ◦C seems surprising. The reason for this behaviour
is found by inspecting the linearised equations of motion in modal coordinates, Eq. (38). A change in
Ks will affect the eigenstructure, i.e. both natural frequencies Λ and mode shapes V. This means that
there is a change of the point in time at which the peak amplitudes are reached, and it also means that
there is a redistribution of the kinetic energy among the system components. Finally, a change in the
mode shapes also affects how the disturbances (i.e. mass imbalance and eccentricities) influence the different
modes themselves, which is seen from the last term in Eq. (38). A stiffness change causes some modes to
become more sensitive or compliant to the given disturbance, and others the opposite. The effects of the
change in stiffness is illustrated in Fig. 8, where the peak of the kinetic energies during a rotation cycle
of the rotor and bearing housings are plotted against time for the 30 ◦C and 70 ◦C SMA conditions. The
relation between the energies of the bearings and rotor clearly change when the temperature change. This
corresponds to a change in mode shapes. Focusing at the two first resonances, the energies of the rotor
and bearings obtained experimentally are almost identical at 30 ◦C. At 70 ◦C the kinetic energy of the
rotor is significantly larger than that of the bearings. Also the sum of the kinetic energies at 70 ◦C are
significantly larger than at 30 ◦C because the first two modes have become more sensitive to disturbances at
high temperatures. Oppositely, the two high modes are less sensitive to the disturbances at 70 ◦C compared
to the 30 ◦C case. The theoretically obtained kinetic energies show the same behaviour. Note that the
energies of the first two modes are slightly underestimated and that the energies of the last two modes are
overestimated which is because the average SMA stiffness is underestimated in general.

The dissipated energy by a hysteretic element is proportional to the squared vibration amplitude, the
storage modulus and the loss factor. Because the storage modulus is higher at 70 ◦C, this means that the
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Figure 8: Peak of the kinetic energy during a rotor rotation along time during the ramp-ups shown in Fig. 7 obtained
experimentally (a) and by simulation (b).

Table 3: Rotor amplitudes and frequencies of resonance peaks of the steady state frequency response related to Figs. 9 and 10.
Some values are not provided because rotor-bearing impacts limit the response at the given resonance.

Experiment Simulation

Mode 1, α 2, β 3, β 4, α 1, α 2, β 3, β 4, α

Amplitude (◦)
Steel 30 ◦C 1.04 0.97 – 0.67 1.34 0.75 – –
SMA 30 ◦C 0.46 0.32 0.63 0.64 0.55 0.22 0.91 0.77
SMA 50 ◦C 0.55 0.42 0.54 0.60 0.70 0.39 0.77 0.68
SMA 70 ◦C 0.82 0.70 0.52 0.58 0.75 0.54 0.56 0.50

Frequency (Hz)
Steel 30 ◦C 7.0 7.9 – 13.7 6.9 7.8 – –
SMA 30 ◦C 6.9 7.9 12.8 13.5 6.1 7.0 12.8 13.3
SMA 50 ◦C 7.2 8.1 12.9 13.6 6.6 7.5 12.8 13.3
SMA 70 ◦C 7.4 8.4 13.3 13.8 7.1 8.1 12.9 13.4

actual damping capacity is only reduced slightly compared to at 30 ◦C at this level of vibration amplitudes,
cf. Fig. 3.

6.3. Steady state responses

The system is kept at a constant rotational frequency and the responses in terms of rotor and bearing
housing vibration amplitude and phase are captured, when a steady state is reached. A small change is
made to the frequency and the procedure is repeated. The analysis is performed in the frequency range
from ω = 1 Hz to ω = 20 Hz, wherein the interesting system dynamics take place. Both an up-sweep and
a down-sweep are performed in order to explore jumps between co-existing stable states. The experimental
results in the frequency ranges close to resonance conditions may be seen in Fig. 9 for the steel configuration
at room temperature and the SMA configuration at three temperature levels. Resonance peak vibration
amplitudes and frequencies of the rotor are provided in Tab. 3.

From the figure it is possible to observe the four resonance conditions. For the SMA configurations
the two first resonances (around 7 and 8 Hz) are characterized by slightly asymmetric resonance peaks
bending towards the left because of softening. As mentioned before the softening behaviour is typical for
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Figure 9: Experimentally obtained amplitude of the fundamental harmonic response at different constant rotational frequencies.

SMA systems, and it is in agreement with the transient results presented in Section 6.1. The two highest
resonances (around 13 Hz) are almost coinciding and they are characterized by stiffening in all system
conditions. In the steel configuration and in the 50 ◦C and 70 ◦C SMA cases it is possible to observe
co-existing states and jump phenomena. Since the stiffening is found both with and without SMAs, it is
evident that the SMAs are not responsible for this behaviour. The effect is caused by the magnetic bearings
that are weakly nonlinear with stiffening, cf. Section 4. The influence of the magnetic bearing stiffening
is particularly significant in the two highest resonances because of counter-phase motion between the rotor
and the bearing housings resulting in large relative vibration amplitudes. The peak amplitudes of the steel
configurations are larger than those of the SMA configuration in all resonances and temperatures. Actually,
rotor-bearing impacts occur when trying to sweep up across the two highest resonances in the steel case.
The four resonance frequencies increase with temperature using the SMA configuration. The first three
increase by 0.5 Hz and the fourth increase by 0.3 Hz comparing 70 ◦C to 30 ◦C, which correspond to 7 %, 6
%, 4 % and 2 % respectively. The peak vibration amplitudes also increase with temperature at the first two
critical speeds for all states (both rotor and bearings). However, at the two next critical speeds the peak
amplitudes of the rotor (α and β) decrease with temperature, whereas the situation is the opposite for the
bearing housings (x and y). The rotor peak amplitudes at the two first resonances are reduced by 43 % and
54 % respectively by decreasing the temperature from 70 ◦C to 30 ◦C. For the third and fourth resonances
the peaks are reduced by 17 % and 9 % respectively by increasing the temperature from 30 ◦C to 70 ◦C.
The observations are in agreement with the ramp-up results presented in the former section.

The frequency responses are also obtained theoretically with the use of the approximative model described
in Section 5.1. The results may be seen in Fig. 10. The resemblance to the experimental results is good.
The two first resonances are characterized by light softening and the two highest by stiffening. The steel
configurations exhibit the highest peak amplitudes. The peak amplitudes of the two first resonances increase
with SMA temperature for all states, but it is a mixture at the two highest resonances. By using the
continuation technique, it is also possible to discover the unstable branches when crossing the saddle-node
bifurcations close to the third and fourth resonances. Using the model, it is confirmed that the stiffening effect
characterizing the two highest resonances completely vanish, if the nonlinearity of the magnetic bearings is
omitted. The magnetic nonlinearity is therefore the only cause for the right bending of the third and fourth
resonance peaks.

Because the continuation method is applied to an approximation of the model, justification is needed.
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For this reason time simulations of the full model are compared to the results obtained via continuation.
An example is shown in Fig. 11. The graph shows a complete match between the two approaches. The
continuation results can be obtained within seconds, whereas the simulations take several minutes. More
importantly, the continuation method provides more rich information about the system dynamics in form
of higher resolution and unstable branches, which cannot be obtained via time simulation. It is important
to mention that a Fourier transform of the steady state solutions obtained via time simulation reveals
that no sub-harmonics are present and that super-harmonics are at least two orders of magnitude lower
than the fundamental harmonic. The simplification of only allowing the fundamental harmonic is therefore
reasonable.

6.4. Applications

Based on the presented experimental and theoretical results it is evident that the SMA configuration
of the system is adaptable through temperature control. Here examples are presented related to open loop
control of the temperature with the aim of reducing rotor vibrations. Figure 12 shows three cases, in which
the rotational speed is kept constant at different levels. Both experimental and theoretical results are shown.
To illustrate the same qualitative behaviour, the theoretical operational speeds are altered slightly compared
to the experimental speeds, because the resonance frequencies differ slightly between the experiments and
the model.

In the first case, Figs. 12a (experiment) and 12b (simulation), the operational speed is close to the second
critical speed at 70 ◦C. Instead of changing the operational speed, it is possible to move away the critical
speed by decreasing the temperature of the SMA springs. At t = 200 s, when the SMA environmental
temperature is close to 30 ◦C, the vibration amplitude is reduced approximately 75 % in the β direction of
the experiments. The α direction is only affected to small extent. The theoretical results show the same
tendency. Both the initial and final vibration amplitudes are smaller compared to the experiments, and the
reduction is around 95 %.

The second case, Figs. 12c (experiment) and 12d (simulation), starts just below the second critical speed
at 70 ◦C. In this case, the critical speed moves closer to the rotational speed when decreasing the SMA
temperature to 50 ◦C thus resulting in vibration amplification in the β direction. However, vibrations in
the α direction are reduced. By further reducing the SMA temperature to 30 ◦C, the second critical speed
moves away from the operational speed and vibrations in β reduce. Therefore, the overall vibrations are
reduced when taking both α and β into account. The theoretical results are very similar. This example
also shows the potential of crossing a critical speed by a change in temperature instead of ramping up. This
approach has been proposed by several authors [2, 3, 7, 8, 16, 34, 35]. The idea is to “jump” directly from
high temperature (70 ◦C) to low temperature (30 ◦C) and thus avoid exciting the mode that is crossed.
However, it is not possible to jump directly because the changes in temperature are slow (in the order of 10
s) as may be seen from the experimental results, and it is inevitable to avoid exciting the mode as a result.
It is therefore important to have considerable dissipation in the system to reduce the peak amplitude when
crossing the critical speed and to attenuate subsequent transients. The decrease of SMA stiffness due to the
temperature fall is clearly visible when plotting the SMA forces against the bearing housing displacement,
Fig. 13a. Only at 50 ◦C it is possible to observe small amounts of hysteresis. The hysteresis is therefore
not present in the optimal conditions, in which the vibrations are small. The hysteresis is only useful for
limiting large vibrations.

The system is close to its fourth critical speed at 30 ◦C in Figs. 12e and 12f. Here, vibrations in α
are large. In order to reduce the vibrations the temperature is increased. However, this means that the
third critical speed related to the β direction comes closer. In order to reduce the overall vibrations, an
intermediate state close to 50 ◦C could therefore be understood as an optimum. This highlights that it may
be useful to have a continuous temperature interval at disposal and not only “cold” and “hot” conditions in
order to obtain optimal conditions. This can also be used to tune anti-resonances close to the operational
speed [7, 11]. Figure 13b shows the simulated SMA forces against the bearing housing displacement related
to the case in Figs. 12e and 12f. The SMA stiffness clearly increases with temperature in both x and y.
There is significant hysteresis at 30 ◦C in the x direction where vibrations are large. On the other hand, the
vibration amplitudes of α and x are smallest at 70 ◦C, at which there is no hysteresis in the x direction.
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Figure 12: Examples of applications related to temperature control of SMAs in the rotor-bearing systems at constant rotational
speeds. There are three pairs consisting of experimental results (a), (c) and (e) followed by numerical simulations (b), (d) and
(f). Environmental temperatures are plotted together with the envelope of rotor vibrations. In experiments TA denotes the
temperatures of the heat chambers located at the positive X and Y faces of the upper bearing, and TB for the negative X and
Y faces. In simulations the temperatures are equal.
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Figure 13: Simulated SMA forces against bearing housing displacement during steady state conditions. (a) corresponds to Fig.
12d and (b) to Fig. 12f.
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Figure 14: Experimental (a) and theoretical (b) ramp ups from 0 Hz to 20 Hz in 50 s with constant acceleration using either
constant (blue and yellow) or time varying (red) SMA environment temperatures. The heat chamber temperatures and the
envelope of the rotor vibrations are shown.
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Section 6.2 highlighted ramp-ups of the system with different SMA temperatures. We concluded that the
smallest peak amplitudes are obtained at 30 ◦C when crossing the first two critical speeds and at 70 ◦C when
crossing the third and fourth critical speeds. In order to reduce the overall vibrations during a ramp-up,
it is therefore necessary to change the SMA temperature during the process. This aspect is shown in Figs.
14a and 14b for experiments and simulation respectively. Here three cases are compared, in which the SMA
environment temperature is either 30 ◦C, 70 ◦C or changes over time. In the third case, the temperature is
30 ◦C when crossing the first two resonances, and the response is therefore close to the static 30 ◦C case.
Around t = 20 s the reference of the temperature controller is set to 70 ◦C. When the system crosses the
third and fourth critical speeds the system has changed its characteristics, and the response therefore follows
the static 70 ◦C case. This way the overall vibrations are minimized.

As shown in Figs. 12c and 12d, it is also possible to pause during a ramp-up just before a resonance
and then cross it by a temperature change and afterwards continue ramping. However, this approach is not
useful in terms of vibration attenuation for this system: Even though the environmental temperature of the
heat chamber is altered instantaneously, the SMA springs still uses around five seconds to drop from 70 ◦C
to 30 ◦C because of their heat capacity, which can be predicted by the model. The shift in temperature is
therefore not instantaneous and transients have time to build up. Secondly, by using a temperature shift it
would mean that the resonance is encountered at an intermediate temperature. As shown before, it is best
to cross a resonance at either the lowest and highest temperature, and not at an intermediate temperature,
depending on the resonance in question. Finally, because the system resonances are closely spaced in pairs
and because the temperature controller does not control the SMA springs individually but together, it is
complex to determine an optimal temperature path.

7. Conclusions

A rotor-bearing system having four degrees of freedom (rotor tilt and bearing housing lateral motion) is
investigated theoretically and experimentally. The upper bearing housing is suspended by four helical springs
made from either steel or a pseudoelastic SMA. The steel configuration of the system is used as benchmark
so the performance of the SMAs can be quantified. Large extents of the system have linear characteristics,
but the passive magnetic bearings contain weak nonlinearities with stiffening, and also the SMA springs
behave weakly nonlinearly depending on strain rate, stoke length and temperature. The combination of the
linear parts and the weak nonlinearities governs the system dynamics.

Transient responses of the system with SMA suspension excited in its first mode show that the oscillation
frequency as well as damping characteristics depend on the vibration amplitude. The damping, which is
related to mechanical hysteresis in the SMA springs, is highest at high amplitudes and low temperatures.
The damping factor is up to seven times higher than that of the steel configuration based on experimental
results, whereas numerical simulations of the system gives a factor of three. Also the vibration frequency vary
with the SMA temperature (up to 7 %) defining the system adaptability, and it also varies with vibration
amplitude (softening). This is confirmed by the model even though the dependencies are not as pronounced
as in experiments. Both experiments and simulations show reductions in the order of 50 % during ramp-up
of the system.

A change in the environmental temperature of the SMA springs has several implications for the system
dynamics: The resonance frequencies and the mode shapes change. This means that the distribution of
energy among the system components is affected and it also affects the sensitivities to disturbances (e.g.
imbalance) of the different modes. For these reasons, the rotor peak amplitude actually decreases with
temperature when crossing the third and fourth modes even though the hysteresis diminishes. In order
to achieve this kind of behaviour, a holistic approach is required during the design phase, meaning that
the SMA machine elements and the rest of the system components (i.e. masses and stiffnesses) are treated
simultaneously.

Steady state frequency responses are obtained experimentally and also theoretically via an approximative
model using continuation techniques. Comparison between time simulations and continuation results con-
firms that the assumptions used in the approximative model are valid, the main assumption being that the
steady state system response only contains the fundamental frequency of the excitation thus being simple
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harmonic. Therefore the system does not show any strong nonlinear behaviour. The steady state frequency
responses also show slight softening of the two first resonances and clear stiffening of the third and fourth
resonances resulting in jump phenomena and co-existing states. The slight softening is due to the SMA
springs, and the stiffening behaviour is solely due to the nonlinearities of the magnetic bearings and is not
related to the SMAs.

Vibration attenuation during constant rotational speed can also be achieved by changing the environ-
mental temperature of the SMAs. The optimal SMA temperature depends on the operational speed. Large
vibration attenuations are primarily caused by changes in the resonance frequencies, which move relative to
the operational frequency. The consequent changes in mode shapes, mode sensitivity and damping capacity
due to hysteresis are only secondary factors. The hysteresis only works at high vibration amplitudes and
therefore only limits large vibrations and do not define optimal conditions.
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ABSTRACT
Passive magnetic bearings are known due to the excellent

characteristics in terms of friction and no requirement of addi-
tional energy sources to work. However, passive magnetic bear-
ings do not provide damping, are not stable and, depending on
their design, may also introduce magnetic eccentricity. Such
magnetic eccentricities are generated by discrepancies in mag-
net fabrication. In this framework the main focus of the work is
the theoretical as well as experimental investigation of the non-
linear dynamics of a rotor-bearing system with strong emphasis
on the magnetic eccentricities and non-linear stiffness.

In this investigation passive magnetic bearings using axial-
ly-aligned neodymium cylinder magnets are investigated. The
cylinder magnets are axially magnetised for rotor as well as
bearings. Compared to bearings with radial magnetisation, the
magnetic stiffness of axially-aligned bearings is considerably
lower, nevertheless they allow for asymmetric stiffness mounting,
and it could be beneficial for rotor stabilization.

A theoretical model is proposed to describe the non-linear
rotor-bearing dynamics. It takes into account non-linear be-
haviour of the magnetic forces and their interaction with a multi-
body system composed of rigid rotor and flexible foundation. The
magnetic eccentricities of the shaft magnets are modelled using
the distances (amplitudes) and directions (phase angles) between
the shaft axis and the centre of the magnetic fields generated. A
perturbation method, i.e. harmonic balancing, is used in order to
evaluate the frequency response of the non-linear system.

The experimental validation of the model is carried out us-

∗Address all correspondence to this author.

ing a dedicated rotor-bearing system set-up. The test set-up con-
sists of a vertical rigid shaft and disc supported by two pas-
sive magnetic bearings using axially-aligned neodymium cylin-
der magnets. The magnetic bearing housings are flexibly sup-
ported, allowing horizontal motions. The housings are connected
to each other by means of elastic beams. The shaft is free in one
end and coupled to a DC motor on the other by means of a flexi-
ble coupling. On the free end a disc is attached where imbalances
and gyroscopic effect can be generated.

Comparison between theory and experiment shows high
level of resemblance, which validates the theoretical model and
the explanations for the quasi-static and dynamic responses. The
magnetic eccentricities and mass imbalance effects are clearly
detected and distinguished.

INTRODUCTION
Common key performance indicators of bearings for rotat-

ing machines are high load capacity, low friction and high damp-
ing. Passive magnetic bearings excel in the second, because there
is no direct contact between bearings and shaft, and this property
has given them high attention both in academia and in indus-
try. High load capacity requires strong permanent magnets, and
passive magnetic bearings (PMBs) are intrinsically unstable in
at least one direction as described by Earnshaw [9]. There are
reported several methods for stabilization in literature (e.g. [4]).
Furthermore PMBs are advantageous, because they do not re-
quire additional energy to operate.

The principle of magnetic suspension has been intensively
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investigated by many authors over a century [9]. For example,
simpler systems with magnetic restoring forces have been theo-
retically studied in [5], showing non-linear dynamic behaviour
of a single degree of freedom system with magnetic suspen-
sion. The principle of magnetic suspension applied to rotor-
dynamics has been closely studied by many authors in the last
six decades in the form of passive as well as active magnetic
bearings. Půst [6] investigated dynamic behaviour of an un-
balanced rotor supported by PMBs. His theoretical analysis in-
volved the weak non-linearity of the magnetic bearings as well
as the non-centred equilibrium position due to the weight of the
rotor, resulting in slight differences in vertical and horizontal
stiffness. Magnetic anisotropy in bearings has also been inves-
tigated and reported by Ohji et al. [3], who described magnetic
non-uniformity of an axially aligned permanent magnetic bear-
ing. The non-uniformity was claimed to be caused by aging, and
the issue was solved by enclosing the stator magnets by stainless
steel plates to slightly change the flux distribution. Inoue et al. [7]
made an extensive numerical study of anisotropies in PMBs de-
scribed as periodic components of the shaft rotation as well as
periodic patterns in the magnetic field produced by the stator
magnet. The study involved the non-linear magnetic stiffness,
and therefore the anisotropies resulted in non-linear parametric
excitations. Some numerical results were validated against ex-
perimental data. However, the amount of non-linearity or forcing
in their test-rig was small, and therefore the potential of the the-
oretical model was not completely exploited. Mukhopadhyay et
al. [4] determined the force components of a non-symmetric, hor-
izontal, axially-aligned PMB. The forces were found non-linear,
but the following analysis was carried out considering small rotor
motions, i.e. linear.

Several configurations of PMBs have been proposed in the
literature and the concept of bearings built by axially magne-
tized cylinder magnets is just one of such configurations. The
concept, advantages and disadvantages have been thoroughly de-
scribed in [1]. Two aspects of axially magnetized passive cylin-
der magnet bearings in relation to the quasi-static and dynamic
behaviours are of interest in this work. The two aspects are:
1) non-uniformity (anisotropy) of magnetic fields and 2) weak
non-linearity of magnetic forces represented by non-linear stiff-
ness. The theoretical and experimental investigations focusing
on these two aspects are the main original contributions of this
paper. The theoretical modelling deals with non-uniform mag-
netic field and non-linear equations of motion for describing the
shaft and bearing housing lateral dynamics coupled by means of
the magnetic forces resulting from the non-uniform field. The so-
lution of the nonlinear equations of motion involves application
of a perturbation method as well as continuation. The experi-
mental part of the work was performed using a dedicated test rig,
and the experimental results were used to tune some system pa-
rameters and more importantly to validate the theoretical model.

EXPERIMENTAL ROTOR-BEARING SET-UP
The dynamic system of focus in this work, as well as the

initial reference system, can be seen in Fig. 1. The system con-
sisted of a vertical, rigid shaft and disc. The lower extremity
of the shaft was attached to a DC motor through a flexible cou-
pling, which allowed the shaft and disc to tilt about a pivot point
at the bottom of the shaft. The shaft was also supported by two
passive cylinder magnet bearings, and the bearing housings were
flexibly supported by vertical clamped-clamped flexible beams.
Located inside the shaft was one cylinder magnet opposite each
bearing, and the magnets were axially magnetized. The magnetic
properties of the bearings were caused by two concentric circu-
lar patterns consisting of 10 cylinder magnets each, which were
identical to the shaft magnets. The bearing magnet pattern may
be seen in Fig. 2. The magnetic bearings were repulsive (and
thereby stable) in the radial direction. Stability in axial direc-
tion was ensured by the coupling. All components in the test-rig
were made from either aluminium, acrylic or brass in order not
to interfere with the magnetic fields.

The angle of rotation of the rotor/DC motor was measured
using an Avago encoder. The tilting motion of the rotor was mea-
sured using two Meggitt proximitor probes close to the bottom
of the shaft placed perpendicularly to each other. Acceleration of
the upper bearing housing was measured by two Brüel & Kjær
accelerometers in the x and y directions. The rotational speed
of the DC motor was held constant using feedback control using
encoder readings.

MAGNETIC FIELD AND INTERACTION FORCES BE-
TWEEN ROTOR AND BEARING HOUSINGS

The magnets in shaft and bearings were neodymium cylin-
der magnets with height 20 mm and diameter 10 mm. The mag-
nets were magnetized in their axial direction (the z direction),
having a magnetization constant of Mc = 935 kA m−1, which
had been validated in prior performed experiments [1]. The typ-
ical values of magnetic remanence and coercivity provided by
the manufacturer were 1.21 T and 915 kA m−1 respectively. The
magnetic flux density B = ∇×A at spatial position P(x,y,z) pro-
duced by a magnet is determined by evaluating the following in-
tegrals numerically [8]:

A(x,y,z) =
µ0

4π

∫
V

∇×Mc

R
dV +

µ0

4π

∫
A

Mc×an

R
dA , (1)

where µ0 = 4π×10−7 H m−1 is the vacuum permeability, V and
A are the volume and surface area of the magnet respectively, R
is the distance from dV or dA to P, an is the unit normal vector
of dA, and Mc = {0,0,Mc}> is the magnetization vector. The
most important component, the z component, of the predicted
magnetic field inside the identical bearings is depicted in Fig. 2.
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FIGURE 1. EXPERIMENTAL TEST-RIG. (A) DISC, (B) UPPER
PASSIVE BEARING (NO. 2), (C) ACCELEROMETERS, (D) LOWER
PASSIVE BEARING (NO. 1), (E) FLEXIBLE CLAMPED-CLAMPED
BEAMS, (F) PROXIMITOR PROBES, (G) RIGID SHAFT, (H) FLEX-
IBLE COUPLING, (I) ENCODER, (J) DC MOTOR.

The magnetic force Fm, acting on a magnet as a result of an
external magnetic field Be, is determined by [8]

Fm =
∫

A
(Mc×an)×BedA , (2)
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FIGURE 2. MAGNETIC FIELD AT z = 0 IN z DIRECTION PRO-
DUCED BY BEARING MAGNETS (BLUE DASH-DOTTED).

where A is the surface area of the magnet which upon the force
acts. Evaluating Eqs. (1) and (2) for relevant positions of the
shaft magnets, the magnetic force fields were established. Here
it was taken into account that the shaft was tilting around a point
so that the shaft magnets were parallel to the bearing magnets
only when the shaft was in centre position. A more through ex-
planation on the calculation of the integrals is found in [1].

The resulting magnetic force field was found symmetric
around the vertical z axis (within 99.8 %) even though the dis-
tribution of magnets was only π

5 periodic. This meant equal stiff-
ness in x and y directions and no linear cross coupling terms.
The force distribution is depicted in Fig. 3. A polynomial fit
of the forces shows that radial forces are described well by
Fr = −kr−κr3 where r =

√
x2 + y2, and vertical forces are de-

scribed well by Fz = fz−κzr2− κ̃zr4. In all four cases the residual
standard deviation is less than 0.03 N. These approximations of
forces gives the following expressions in the three spatial direc-
tions:

Fm =


−kx−κx(x2 + y2)
−ky−κy(x2 + y2)

fz−κz(x2 + y2)− κ̃z(x4 + y4)

 (3)

The radial (horizontal) linear stiffness coefficient is k, the radial
cubic stiffness coefficient is κ , and fz is a constant force in the ax-
ial (vertical) direction, and κz and κ̃z are the quadratic and quartic
radial stiffness coefficients of the axial force. The values of fz,
k and κ are depicted in Fig. 4. Note the significant non-linear
coupling between the orthogonal directions x and y via magnetic
forces, Eq. (3).

Misalignments in the order of a few millimetres in the z di-
rection of the shaft magnet relative to the bearing magnets caused
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FIGURE 4. MAGNETIC PROPERTIES AS FUNCTION OF VER-
TICAL MISALIGNMENT z0.

significant changes to the characteristic properties. This is also
reflected in Fig. 4. Note that fz is positively proportional to z0
meaning that the equilibrium z0 = 0 is unstable in the vertical di-
rection. However because the shaft was connected to a coupling,
which was very stiff in its axial direction, the shaft was held at its
vertical position. Since k is positive, the horizontal equilibrium
(x,y) = (0,0) is stable.

Numerical calculations have shown that the stiffness and
amount of non-linearity only slightly depend on the fact that the
shaft magnets tilt around the pivot point. If the shaft magnets

θ

r
r∗

φ

e

P

θ ∗

x y

z

FIGURE 5. ECCENTRICITY e BY AN ANGLE φ FROM GEO-
METRICAL CENTRE OF MAGNET. THE MAGNETIC FIELD AT
POINT P AT DISTANCE r AND ANGLE θ FROM GEOMETRICAL
CENTRE AND r∗ AND θ∗ FROM MAGNETIC FIELD CENTRE.

instead moved parallel to the bearings, the characteristics would
not change significantly.

Magnetic eccentricity due to field non-uniformity
Imperfections in the manufacturing of the cylinder magnets

caused asymmetric magnetic fields. This was primarily of con-
cern in the shaft magnets, because it meant that the static equilib-
rium of the system depended on the angle of rotation of the shaft.
Furthermore it also influenced the dynamics considerably, be-
cause it both acts as linear external forcing as well as non-linear
parametric forcing [7]. As the results will show, the anisotropies
in the magnets used in this work only contained a single periodic
component to the angular position around the magnets. This is
equivalent of having non-coinciding magnetic field centre and
geometrical centre as depicted in Fig. 5, which is an eccentricity.

By measuring the magnet field at different radial and angular
positions (r,θ) around the geometrical centre of a magnet, the
eccentricity e with angle φ as well as positions (r∗,θ ∗) around
the magnetic centre can be determined by non-linear least square
regression by minimizing the variation of the measured magnetic
field on θ ∗. This analysis can be done without knowledge of
the magnitude of the magnetization as long as measurements are
carried out at several radial positions.

The potential anisotropies of the cylinder magnets mounted
in the bearing housings were ignored. This is because the
bearings contained 20 magnets each, whose possible eccentric-
ities most likely were cancelled out. Furthermore their possi-
ble anisotropies would only cause a static effect on the magnetic
field, and as long as the anisotropies were small the dynamic ef-
fect would be minimal.
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FIGURE 6. DEFINED REFERENCE SYSTEMS: INITIAL I (BLUE
FULL LINE), BODY 1 B1 (RED DASHED) AND BODY 2 B2
(BLACK DASH-DOTTED).

EQUATIONS OF MOTION
The equations of motion for the rotor and the two bearings

were carried out in four parts. The first part concerns the rigid
rotor, to which the equations of motion were established in a ro-
tating reference frame following the rotor angular tilt by use of
Euler’s equation. The second part concerns the equations for the
bearings, which were established in the initial reference using
Newton’s second law. The third part concerns a Taylor series
expansion of the four equations of motion resulting in a model
including the most significant non-linear terms and a completely
linearised model. The fourth and last section explains the meth-
ods of harmonic balancing and pseudo-arclength continuation,
which were used for solving the non-linear equations of motion.

Shaft and disc dynamics
Two new reference systems b1 and b2 were established in

addition to the initial coordinate system I to describe the motion
of the shaft and disc, cf. Fig. 6. The first reference b1 is rotated
by an angle α about the y axis of the initial coordinate system
(denoted Iy) with the origin in the pivot point. The second refer-
ence is rotated by an angle −β about b1x. The mass moment of
inertia about the pivot point is denoted b2I0 = diag(Ix, Iy, Iz). For
this set-up it applied that Ix = Iy. Furthermore it was assumed
that the pivot point (in the centre of the coupling) is not mov-
ing in space. The following matrices describe the transformation
between the references:

b1TI =

cosα 0 −sinα

0 1 0
sinα 0 cosα

 , b2Tb1 =

1 0 0
0 cosβ −sinβ

0 sinβ cosβ

 , (4)

and also b2TI = b2Tb1 b1TI . The rotor follows the b2 reference
and rotates about the b2z axis with an angular velocity of γ̇ . There
is no relative linear motion of the rotor to reference b2, which
simplifies the following expressions. The angular velocity of the
b2 reference ΩΩΩ, and the angular velocity of the rotor ωωω both eval-
uated in the b2 reference are given by

b2ΩΩΩ = b2Tb1 b1α̇αα + b2β̇ββ =
{
−β̇ , α̇ cosβ , α̇ sinβ

}>
, (5)

b2ωωω = b2ΩΩΩ+ b2γ̇γγ =
{
−β̇ , α̇ cosβ , γ̇ + α̇ sinβ

}>
. (6)

Euler’s equation in the rotating reference is given by

b2I0

(
∂

∂ t b2ωωω

)
+ b2ΩΩΩ× (b2I0 b2ωωω) =

−Ixβ̈ + Izα̇ γ̇ cosβ − (Iy− Iz)α̇
2 cosβ sinβ

Iyα̈ cosβ + Izβ̇ γ̇− (Ix + Iy− Iz)α̇β̇ sinβ

Izγ̈ + Izα̈ sinβ +(Ix− Iy + Iz)α̇β̇ cosβ

= ∑b2m0 , (7)

where b2m0 are moments about the pivot point acting on the ro-
tor.

The weight Ifg = {0,0,−mg}> of the rotor acted at the cen-
tre of gravity b2rg = {0,0, lg}>.

The bending stiffness of the coupling provided a moment of
b2mc =−kc(b2ααα + b2βββ ) =−kc{−β ,α cosβ ,α sinβ}>. Further-
more the coupling behaved as an universal joint, since it was very
stiff in torsion. This means that it also produced an unknown
torque b2τττ = {0,0,τ}>. The assumption of an universal joint
also results in a geometric constraint between γ and the angular
position θ of the DC motor, and θ is known. The constraint is
that the two vectors I{cosθ ,sinθ ,0}> and b2{−sinγ,cosγ,0}>
are always perpendicular. Finally, the coupling also produced an
unknown reaction force fr acting at the pivot point.

Mass imbalance in the rotor was modelled as an external
force: b2fu = muruγ̇2{cos(γ̇t + φu),sin(γ̇t + φu),0}> acting at
b2ru = {ru cos(γ̇t +φu),ru sin(γ̇t +φu), lu}>, and it was assumed
that γ̈ ≈ 0.

The two last forces originates from the magnetic bearings.
The forces depend on the horizontal distances between the mag-
netic centres of the two shaft magnets and the bearing cen-
tres. The position vectors to the magnetic centres are b2r1 =
{e1 cos(γ̇t + φ1),e1 sin(γ̇t + φ1), l1}> and b2r2 = {e2 cos(γ̇t +
φ2),e2 sin(γ̇t + φ2), l2}> due to a combination of magnetic and
geometric eccentricities e1 and e2. The magnetic forces are

Ifi =


−ki Iri,x−κi Iri,x

(
Iri,x

2 + Iri,y
2
)

−ki Iri,y−κi Iri,y
(

Iri,x
2 + Iri,y

2
)

fzi−κzi
(

Iri,x
2 + Iri,y

2
)
− κ̃z

(
Iri,x

4 + Iri,y
4
)
 , (8)
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for i = 1,2, and where Iri = {Iri,x, Iri,y, Iri,z}> = ITb2 b2ri.
The sum of moments about the pivot point acting on the rotor

are

∑b2m0 = b2rg× (b2TI Ifg)+ b2mc + b2τττ +000× b2fr + b2ru× b2fu

+ b2r1× (b2TI If1)+ b2r2× (b2TI If2) (9)

Bearing housing dynamics
The lower bearing housing (no. 1) was connected to the

foundation through four clamped-clamped flexible steel beams.
For small deflections the beams behave linearly elastically hav-
ing a spring constant of kb = 12nbEIbl−3

b , where E is Young’s
modulus of steel; Ib = 1

12 wbh3
b is the second moment of area of

a rectangular beam cross section having height hb and width wb;
lb is the length of the beam; and nb is the number of beams in
parallel. Since wb � hb the beams were only compliant in one
direction, allowing movement only in the x direction (of the ref-
erence frame, Fig. 1) in the frequency range of interest.

The upper bearing housing (no. 2) was connected to bear-
ing 1 through four similar beams that were compliant in the y
direction (of the reference frame, Fig. 1) only.

There is no relative motion between the two bearings in
the x direction, because the bearing housings were connected
by beams with high directional area moment of inertia, so they
translate as one single point mass. Therefore Newton’s second
law was set up in the x direction for the collected system of bear-
ing 1 and 2:

m12ẍ = ∑ fx =−kb1x− I f1,x− I f2,x , (10)

where m12 = m1 +m2 is the sum of masses of the two bearings.
Newton’s second law was also set up in the y direction for

bearing 2:

m2ÿ = ∑ fy =−kb2y− I f2,y . (11)

Simplification of equations of motion
First the geometrical constraint of the coupling was used to

determine that γ̇ = ω = θ̇ , which is valid for α � 1 and β � 1.
This means that only the first and second coordinate of the Euler
equation, i.e. Eqs. (7) and (9), have to be used to determine the
motion of the rigid shaft and disc. These two equations and Eqs.
(10) and (11) were expanded in a Taylor series to order three for
α , β , x, y, e1 and e2 and their time derivatives. An inspection
of terms resulted in a significant reduction based on the fact that
ki� l2

i κi, lgmg� l4
i κi, fzi� l3

i κi and κzi� liκi for any combi-
nation of i = 1,21. Moreover because α � 1 and β � 1 some

1This applied for |z0| < 3 mm. In worst case κzi/(l1κ1) = 0.28 (for z0 = −3
mm). Even though a ratio of 0.28 seems high, the effect of including κz was still
minimal, which was confirmed by comparison.

terms could be neglected concerning non-linear gyroscopic con-
tributions. The resulting equations of motion are

Iyα̈ =−(kc−mglg)α− (k1l1 + fz1)x1− (k2l2 + fz2)x2

− ( f1z + f2z)x− Izωβ̇ −κ1l1x1(x2
1 + y2

1)

−κ2l2x2(x2
2 + y2

2)+uω
2 cos(ωt +φu) , (12)

Ixβ̈ =−(kc−mglg)β − (k1l1 + f1z)y1− (k2l2 + f2z)y2

− f2zy+ Izωα̇−κ1l1y1(x2
1 + y2

1)

−κ2l2y2(x2
2 + y2

2)+uω
2 sin(ωt +φu) , (13)

m12ẍ =−kr1x+ k1x1 + k2x2

+κ1x1(x2
1 + y2

1)+κ2x2(x2
2 + y2

2) , (14)

m2ÿ =−kr2y+ k2y2 +κ2y2(x2
2 + y2

2) , (15)

where

x1 = l1α + e1c1− x , y1 = l1β + e1s1 , (16)
x2 = l2α + e2c2− x , y2 = l2β + e2s2− y , (17)

where ci ≡ cos(ωt +φi) and si ≡ sin(ωt +φi) for any i and u =
lurumu.

Linearising the equations of motion to the form Mẍ +
Gω ẋ+Kx = f for x = (α,β ,x,y), gives the following system
matrices and forcing vector:

M = diag(Iy, Ix,m12,m2) , (18)

G =


0 Iz 0 0
−Iz 0 0 0
0 0 0 0
0 0 0 0

 , (19)

K =


K 0 −k1l1− k2l2 0
0 K 0 −k2l2

−k1l1− k2l2 0 kr1 + k1 + k2 0
0 −k2l2 0 kr2 + k2

 , (20)

f =


uω2cu− (k1l1 + fz1)e1c1− (k2l2 + fz2)e2c2
uω2su− (k1l1 + fz1)e1s1− (k2l2 + fz2)e2s2

k1e1c1 + k2e2c2
k2e2s2

 , (21)

where K ≡ kc+ fz1l1+ fz2l2− lgmg+k1l2
1 +k2l2

2 . An assumption
of proportional damping was used to add Cẋ to the equations
of motion, in which C = cmM+ ckK. The two parameters cm
and ck were determined by least squares fit to experimentally ob-
tained damping factors from transient responses of impulse per-
turbations. The damping terms were also added to the non-linear
equations of motion.
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The choice of transformation angles α and β is justified by
linearising a vector b2r = {0,0, l}>, which is transformed into
the initial coordinates. The result is

Ir = l
{

α, β , 1
}> for α � 1,β � 1 (22)

This means that motion in α and x are parallel, and β and y are
parallel.

Harmonic balance and pseudo-arclength continuation
The non-linear equations of motion were solved by use of

the method of harmonic balancing [10] and pseudo-arclength
continuation [11]. Only the steady state response was of inter-
est. For the harmonic balance it was assumed that the frequency
content of the forced response contained the fundamental fre-
quency of the forcing only, i.e. ω . This means that the following
form of assumed solution could be substituted into the equations
of motion, Eqs. (12)-(15):

z(t) =
1
2
(
Ze jωt +Ze− jωt) , (23)

where j is the imaginary unit and Z denotes the complex conju-
gate of Z. Also Z = Aze jφz contains information of the response
amplitude Az and phase φz of z(t). When the assumed form of
α , β , x and y were inserted into the equations of motion, higher
order terms were neglected, i.e. terms including e3 jωt and e−3 jωt

in this case, and the coefficients of e jωt in the four equations are
equated to zero. The result was four complex equations in A, B,
X , Y and ω , namely the complex amplitudes of α , β , x and y and
the forcing frequency. Due to the form of these equations, they
were separated into real and imaginary parts resulting in a total
of eight equations F(z,ω) = 000 in the real and imaginary parts of
A, B, X and Y (collectively denoted z), and the forcing frequency
ω .

The equations were solved in a range of forcing frequencies,
first by solving F(z,0) = 000. This was done by successive New-
tons steps i until convergence:

∆zi = Fz(zi,0)−1F(zi,0) , (24)

zi+1 = zi +∆zi , (25)

where Fz is the Jacobian of F with respect to z. Following the
method of pseudo-arclength continuation was used to trace the
frequency response in the frequency range of interest. In princi-
ple z and ω are considered as functions of the arclength s along a
branch of solutions. Having one solution at the branch a nearby
solution is based on a tangential prediction, by calculating

t =−F−1
z Fω , (26)

where Fω is the Jacobian of F with respect to ω and dz/ds =
tdω/ds. An Euler step ∆s is subjected to z and ω based on the
solution of Eq. (26). Corrections follow, and these are made
perpendicular to the tangential prediction by use of Newton-
Raphson steps, which constitutes the psedo-arclength continu-
ation scheme. Corrections are made until F = 000 is satisfied.

The stability of the steady state solutions had to be estab-
lished. This was carried out by assuming that the complex am-
plitudes are functions of time, i.e. Z = Z(t) cf. Eq. (23). By
inserting the assumed solutions, some additional terms appear in
the final equations, i.e. F̃(ż, z̈,ω), such that

F̃(ż, z̈,ω)+F(z,ω) = 000 . (27)

The stability of the solutions already found are determined by
evaluating the eigenvalues of the Jacobian

J =

[
000 I

−F̃z̈(000,000,ω)−1Fz(z,ω) −F̃z̈(000,000,ω)−1F̃ż(000,000,ω)

]
(28)

for a given solution (z,ω), where F̃ż and F̃z̈ are the Jacobians of
F̃ with respect to ż and z̈ respectively, and I is the identity matrix.

RESULTS AND COMPARISON
In this section the theoretical model and experimental data

are presented and compared. System parameters were tuned
within reasonable range (±5 %) to improve agreement between
experiment and prediction and to determine the magnetic eccen-
tricities and imbalance (in magnitude and phase).

Magnetic eccentricity
The magnetic fields of the shaft magnets were measured at

different angular and radial positions (r,θ) using a Honeywell
Hall sensor (SS94A1) and a high precision vernier calliper. The
magnets were inserted into a sleeve so that they could rotate
around their axis to specified angles. The result of the measured
magnetic field of the upper shaft magnet may be seen in Fig. 7
as the solid blue line. The result shows that the magnetic field
strongly depended on θ , which means that the magnetic field
was not uniform. To a large extent the non-uniformity contained
a single periodic component alone, and therefore this could be
modelled as an eccentricity between the magnetic field centre
and the geometrical centre, as described before. The magnetic
field centre, defined by the parameters (e,φ), was determined
by use of non-linear least square regression and the result on the
magnetic field may be seen in Fig. 7 as the dashed red line. These
contour lines are horizontal, which means that the magnetic field
is independent of θ ∗ and thereby symmetric around the magnetic
centre found. The eccentricities of the shaft magnets were found
to be e1 = 0.20 mm and e2 = 0.21 mm.
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Transient dynamic behaviour

The eigenfrequencies of the system (Fig. 1) were determined
experimentally by transient responses after impulse perturbation
at low vibration amplitudes. The results were compared to model
predictions and system parameters were tuned (up to ±5 % from
initial values) with the use of non-linear least square regression
to get better agreement with experiment.

Results are shown in Tab. 1. ‘Bearings x, y’ depicts the sys-
tem without shaft and disc, i.e. only bearings. The theoretical
values of the eigenfrequencies are

√
kr1/m12 and

√
kr2/m2 re-

spectively. ‘Empty shaft’ depicts the hollow shaft without mag-
nets and disc, to which the frequency is

√
kc/Ihollow (no interac-

tion with bearings). In the ‘Rotor’ case the bearings were locked
in position, so that only the rotor was able to move, to which
the two eigenfrequencies should be identical:

√
K/Ix =

√
K/Iy.

However, experiments showed two slightly distinct eigenfre-
quencies with 2.5 % discrepancy, which indicate different mag-
netic stiffnesses in x and y. This was caused by small anisotropies
in the bearing magnets. The last two rows in Tab. 1 contain infor-
mation about the complete system. There are four eigenfrequen-
cies, whereas two of them are associated with movements in the
α and x directions, and the other two associated with movements
in the β and y directions. In each pair the lowest one is in-phase
motion, whereas the highest is counter-phase motion. These re-
sults indicate that the vertical misalignments were z01 ≈ 0 mm
and z02 ≈−2 mm based on regression.

TABLE 1. EIGENFREQUENCIES ω AND DAMPING RATIOS ξ

OBTAINED EXPERIMENT AND COMPARED TO MODEL PRE-
DICTIONS AFTER PARAMETER TUNING.

Model ω [Hz] Exp. ω [Hz] Exp. ξ [%]

Bearings x, y 4.97, 4.86 4.90, 4.90 0.13, 0.13
Empty shaft 2.60 2.60 –
Rotor 8.81, 8.81 8.73, 8.94 0.23, 0.25

System α–x 4.11, 12.20 4.11, 12.27 0.60, 0.50
System β–y 4.35, 11.42 4.35, 11.36 0.40, 0.25

Linear steady state behaviour
Having the parameters of the linear system determined, it

was possible to determine the level of intrinsic imbalance forc-
ing and amount of combined eccentricity in the shaft magnets by
performing frequency sweeps. Because the system behaved non-
linearly, imbalance and eccentricity parameters were determined
by experimental results away from resonance conditions. This is
because the vibration amplitudes are high and the non-linearities
are dominating at resonances. All experimental vibration results
are represented by amplitude and phase of a harmonic fit of the
recorded data containing only the fundamental frequency. Con-
tributions of higher harmonics were generally several orders of
magnitude lower in experiments. Only at a very few frequencies
the contribution from higher harmonics was significant. Con-
tributions of lower harmonics were non-existent in all recorded
data.

Results of such experimental frequency sweeps are shown
in Figs. 8 and 9. Depicted are experimental results as well as
model predictions on the system’s linear response. The impact
of the magnetic eccentricities was predominant in low frequency
range, whereas the impact of mass imbalance was largest at high
frequencies. By comparing model predictions and recorded data
(amplitude and phase as function of frequency) a non-linear least
square regression scheme was set up to determine the forcing
parameters. The eccentricities were determined to be e1 = 0.17
mm, φ1 = 39◦, e2 = 0.20 mm and φ2 = −127◦, and the mass
imbalance to u = 11 kg mm2 and φu = −19◦. Note that these
values of e1 and e2 are found independently of the magnetic field
measurements in the ‘Magnetic eccentricity’ section. Moreover
it should be noted that these values of eccentricities contain the
magnetic eccentricities as well as potential geometric eccentric-
ities of the shaft. Using these values of eccentricities and im-
balance, there is a good comparability between model and ex-
periments, which is seen on amplitudes and phases at both low
and high frequencies. As it may be seen in Fig. 8, there was a
slight difference between theoretical and experimental results in
the static response. The reason for this is the discrepancies in
‘rotor’ stiffnesses in x and y (Tab. 1), which was not included in
the model as discussed in the former section.
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Non-linear steady state behaviour
Refined up and down sweeps in frequency were carried out

close to the resonance conditions. Experimental and theoretical
results are shown in Figs. 10 and 11.

Non-linear contributions were dominating when the relative
amplitudes between rotor and bearings were large. Since the
first two resonances (Fig. 10) consisted of in-phase motion the
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non-linear contribution was small in that case. However, exper-
iments still showed clear non-linear characteristics, i.e. bended
resonance peaks because of stiffening. Because of impact be-
tween rotor and bearings at high relative amplitudes, it was not
possible to access some branches that would be stable otherwise.

For the two high resonances (Fig. 11) the non-linear char-
acteristics were more predominant as a consequence of counter-
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phase motion between rotor and bearings. In the experimental
analysis it was possible to access two stable branches at cer-
tain excitation frequencies depending on the direction of the fre-
quency sweep. The theoretical continuation showed very com-
plex solutions, however some solutions were unstable and some
were inaccessible because of rotor bearing impacts. All predicted
accessible stable states were reached in experiments.

The theoretical frequency response was based on a choice
of non-linear parameters of κ1 = 9.37 MN/m3 and κ2 = 6.74
MN/m3. These values are in very good agreement with the pre-
dicted values, cf. Fig. 3, where it is taken into account that z01 = 0
and z02 = −2 mm. This means no tuning was required. More-
over the proportional damping parameters were determined to be
cm = 0.14 s−1 and ck = 0.13 ms after tuning of the least squares
solution (cm = 0.23± 0.16 s−1 and ck = 0.07± 0.08 ms with
90 % confidence bounds) to the damping factors, cf. Tab. 1.

CONCLUSIONS
The impact of non-uniform magnetic fields and weak non-

linearities coming from axially-magnetized cylinder magnets on
the rotor-bearing housing lateral dynamics has been extensively
investigated. Based on the theoretical and experimental results
one can conclude that:

• the non-uniformity of the magnetic field for such bearings
could be accurately represented by two fundamental param-
eters, namely eccentricity and angle. Two experimental pro-
cedures were used with the goal of quantifying the eccen-
tricity and angle: a) direct approach via measurement of the
magnetic field non-uniformity via Hall sensor and b) indi-
rect approach via measurement of the system dynamic re-
sponse in low frequency range followed by a non-linear least
square identification/fitting. Comparing the results coming
from both procedures, good agreement were found in terms
of magnetic eccentricity.
• the magnetic forces generated by the bearings, although

weakly non-linear, strongly affected the rotor-housing lat-
eral dynamics in a typical non-linear fashion, introducing
stiffening effects in both orthogonal directions. Due to the
lack of damping, high vibration amplitudes occurred when
the rotor crossed the resonances, running-up and running-
down. Jump phenomena was clearly measured and accu-
rately predicted by the theoretical model, which used the
non-uniformity of the magnetic field and the mass imbal-
ance as sources of excitation.
• the non-linear coupling between the two planar orthogo-

nal directions can be clearly measured and accurately pre-
dicted by the theoretical model using non-linear cross cou-
pling stiffness coefficients. Due to the coupling between the
two orthogonal directions two jump effects around two res-
onance ranges could be observed, once the rotor-bearing-

housing system was slightly asymmetrical.
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a b s t r a c t

In this work, the nonlinear dynamic behaviour of a vertical rigid rotor interacting with a
flexible foundation by means of two passive magnetic bearings is quantified and eval-
uated. The quantification is based on theoretical and experimental investigation of the
non-uniformity (anisotropy) of the magnetic field and the weak nonlinearity of the
magnetic forces. Through mathematical modelling the nonlinear equations of motion are
established for describing the shaft and bearing housing lateral dynamics coupled via the
nonlinear and non-uniform magnetic forces. The equations of motion are solved in the
frequency domain by the methods of Finite Difference and pseudo-arclength continuation.
The theoretical findings are validated against experiments carried out using a dedicated
test-rig and a special device for characterisation of the magnetic anisotropy.

The characterisation of the magnetic anisotropy shows that it can be quantified
as magnetic eccentricities having an amplitude and a phase, which result in linear and
parametric excitation. The magnetic eccentricities are also determined using the steady-
state response of the rotor–bearing system due to forcing from the magnetic anisotropies
and several levels of mass imbalance. Discrepancies in the results from the two methods
in terms of magnetic eccentricity magnitude are due to additional geometric eccentricities
in the shaft. The steady-state system response shows clear nonlinear phenomena, e.g.
bent resonance peaks, jump phenomena and nonlinear cross-coupling between the two
orthogonal directions, especially during counter-phase motion between shaft and bear-
ings. The clear nonlinear behaviour is facilitated by the lack of damping resulting in
relatively large vibrations. The overall nonlinear dynamic behaviour is well captured by
the theoretical model, thereby validating the modelling approach.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The principle of magnetic suspension has been intensively investigated by many authors over more than a century [1].
Rotordynamics magnetic levitation – in the form of passive [2–4], hybrid [5,6,7,8] as well as active [9] bearings – has
been focus of research carried out by many authors in the last six decades. Magnetic bearings present extraordinary
characteristics in terms of (low) friction, especially passive superconducting bearings [10]. The load carrying capacity of
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such bearings has been significantly improved in last three decades due to the rapid development of magnetic materials
[10]. Nevertheless, due to the lack of damping and danger of instability [11,12], rotor–bearing dynamics has been
frequently investigated by many authors under gyroscopic stabilisation [13], stator housing damping [14–17], unbalance
disturbance [18] and evidently via active control techniques [9]. Půst [18] investigated the dynamic behaviour of an
unbalanced rotor supported by passive magnetic bearings. The theoretical analysis involved the weak nonlinearity of the
magnetic bearings as well as the non-centred equilibrium position due to the weight of the rotor, resulting in slight dif-
ferences in vertical and horizontal stiffness. Strong nonlinearities were also taken into account when the rotor touched the
retainer bearings.

Less common in the literature is though contributions to the problem of magnetic anisotropy or non-uniform magnetisation of
permanent magnets in bearings [19–21] and its influence on lateral and axial dynamics of rotor–bearing systems [20,21]. It is
worthy mentioning that magnetically isotropic material has no preferential direction for its magnetic moment unless there is an
applied magnetic field. In contrast, a magnetic anisotropy results in directional dependence of the magnetic properties of the
material. The magnetic moment of magnetically anisotropic materials will force the shaft and the bearing rings to align with a
“fundamental axis”, which is an energetically favourable direction of spontaneous magnetisation. The two opposite directions along
a fundamental axis are usually equivalent, and the actual direction of magnetisation can be along either of them. Magnetic ani-
sotropy in bearings has been investigated and reported by few authors, for example Ohji et al. [19] who described magnetic non-

Nomenclature

Greek Symbols

α rotor tilt angle (rad)
β rotor tilt angle (rad)
γ rotor rotation angle (rad)
θ angular coordinate/motor rotation angle (rad)
κ cubic radial magnetic stiffness (N m�3)
κz quadratic radial-to-axial magnetic stiffness

(N m�2)
~κz quartic radial-to-axial magnetic stiffness

(N m�4)
ξ damping factor
τ, τ torsional moment vector/scalar from coupling

(N m�4)
ϕ phase angle (rad)
Ω angular velocity vector of reference frame

(rad s�1)
ω angular velocity vector of rotor (rad s�1)
ω angular velocity of motor (rad s�1)
ωn undamped eigenfrequency (rad s�1)

Latin Symbols

a absolute linear acceleration vector (m s�2)
B, B magnetic flux density vector/scalar (T)
C damping matrix
cm mass proportional damping factor
ck stiffness proportional damping factor
e magnitude of eccentricity (m)
E Young's modulus (Pa)
f, f force vector/scalar (N)
fz constant force in z due to misalignment (N)
g gravitational constant (N kg�1)
G gyroscopic matrix
h height (m)
H, h function
It transversal mass moment of inertia (kg m2)
Ip polar mass moment of inertia (kg m2)
I mass moment of inertia matrix (kg m2)

k linear (magnetic) stiffness (N m�1)
K stiffness matrix
l length (m)
Ma, Ma magnetisation vector/constant (A m�1)
M mass matrix
m moment vector (N m)
m mass (kg)
n unit normal vector (–)
P point in space (m)
r radial coordinate (m)
r direction vector (m)
T transformation matrix
t time (s)
u collected imbalance (kg m2)
w width (m)
x horizontal coordinate (m)
x state vector
y horizontal coordinate (m)
z vertical coordinate (m)
z auxiliary state vector variable
z0 vertical misalignment (m)

Abbreviations

BH bearing housing

Superscripts and subscripts

n magnetic centre
1 bearing (magnet) 1
2 bearing (magnet) 2
I initial reference system
b1 reference system b1
b2 reference system b2
0 origin, pivot point
g gravity of rotor
c coupling
u imbalance
m magnetic
r rotor
b beam
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uniformity of an axially aligned permanent magnetic bearing. The non-uniformity was claimed to be caused by ageing and the issue
was solved by enclosing the stator magnets by stainless steel plates to slightly change the flux distribution. Inoue et al. [21] made an
extensive numerical study of anisotropies in passive magnetic bearings described as n-periodic components of the shaft rotation as
well as periodic patterns in the magnetic field produced by the stator magnet. The study involved the nonlinear magnetic stiffness
of a repulsive-type passive magnetic bearing, and therefore the anisotropies of the inner and the outer magnet rings resulted in
nonlinear parametric excitations. Some numerical results were validated against experimental data. It clarifies the effects of each
magnetic anisotropy pattern on the occurrences of various resonance phenomena theoretically and experimentally. Mukhopadhyay
et al. [20] determined the force components of a non-symmetric, horizontal, axially-aligned passive magnetic bearing. The forces
were found nonlinear, but the following analysis was carried out considering small rotor motions, i.e. linear.

Several configurations of passive magnetic bearings have been proposed in the literature and the majority relies in the
form of rings [3–8]. In closely related works [21–24], all dealing with passive magnetic bearings in the form of rings with
negligible interaction with the foundation, the authors investigated the lateral dynamic behaviour of rotors in connection to
the circumferentially non-uniform magnetisation of bearings. In [23,24] superconducting bearings were used and linear and
nonlinear analyses were carried out. In [21,22] repulsive magnetic bearings were used. In [22] strong emphasis was given on
contact to retainer bearings while in [21] the authors fundamentally study the influence of magnetic nonlinearities and
anisotropies between stator and rotor permanent magnets on the lateral dynamics. A generic rotor–bearing system was
numerically simulated to show the appearance of super-harmonic resonances. Experimental results were also presented,
but not all nonlinear numerical results were experimentally validated.

The concept of a passive magnetic bearing built by axially-magnetised cylinder magnets is just one of the several possible
bearing configurations. The concept does not rely on magnetised rings but on circumferentially distributed cylinder magnets
interacting with the rotor magnet. One major advantage of using cylinder magnets is the possibility of producing a bearing
with asymmetrical main stiffness, which can be beneficial in terms of stability [25]. The concept, advantages and dis-
advantages are thoroughly described in [25].

In this framework the main original contribution of this paper is the quantification and evaluation of the nonlinear
dynamic behaviour of a vertical rigid rotor interacting with a flexible foundation by means of passive magnetic bearings.
Through careful modelling it is justified that the nonlinear behaviour originates from a combination of non-uniform (ani-
sotropic) magnetic fields caused by the rotor magnets and weakly nonlinear magnetic forces. In collaboration with
experiments critical system parameters are characterised thus validating the model approach. The combination of sig-
nificant magnetic anisotropy of the rotor magnets and nonlinear magnetic forces together with a strong interplay between
theory and experiment is unique to our knowledge. As highlighted in [21], anisotropic bearing magnets may also cause
complex dynamics. However, in these investigations only the rotor magnets contain significant anisotropy. The bearing
magnets are considered to be isotropic and perfectly placed, so that the magnetic fields produced by the bearings are
axisymmetrical. It is important to highlight that the present investigation aims for a holistic, synergetic and multi-
disciplinary approach. This results in a multiphysics model including magnetism and rotor and structural dynamics followed
by experimental validation. The mathematical modelling concerns: (a) determination of the magnetic fields in the magnetic
bearing of a dedicated test-rig resulting in nonlinear magnetic forces, (b) establishment of the nonlinear equations of motion
describing shaft and bearing housing lateral dynamics (foundation dynamics) coupled via the magnetic forces, (c) solution
of the nonlinear equations of motion in the frequency domain using continuation techniques. The experimental investi-
gations deal with: (a) characterisation of the magnetic non-uniformity of the shaft magnets resulting in a magnetic
eccentricity description, (b) determination of eccentricities and imbalance forces of the rotor–bearing system and (c)
validation of the overall theoretically predicted nonlinear behaviour of the system.

2. Experimental set-up

The rotor–bearing test-rig of this work is highlighted in Fig. 1. The initial reference coordinate system xyz is also shown.
The system consists of a rigid vertical shaft with a disc at its upper end. Different levels and positions of imbalance mass can
be inserted in the disc to facilitate different forcing conditions. Two passive magnetic bearings surround the shaft. The lower
magnetic bearing housing (BH 1) is flexibly supported by means of clamped–clamped steel beams to a fixed part. The beams
are compliant in one horizontal direction, i.e. the x-direction. The upper bearing housing (BH 2) is flexibly supported by
clamped–clamped steel beams to BH 1. These beams are only compliant in the y-direction. Each magnetic bearing consists of
20 axially magnetised passive cylinder magnets placed in a circular pattern building of a stationary ring, as shown in the
lower right picture of Fig. 1. A single similar cylinder magnet is placed inside the hollow shaft opposite to each bearing. A
cross sectional view of the lower bearing and the shaft may be seen in Fig. 2. The positions of the magnets in the shaft are
ensured by spacers. The shaft magnets are magnetically oriented in the same way as the magnets in the bearings. The shaft
and spacers are made from aluminium, and therefore they do not interfere with the magnetic fields produced by the rotor
magnets. The bearings are repulsive, which means that they are stable in the horizontal/radial direction but unstable in the
vertical/axial direction. The lower end of the shaft is connected to a DC motor through a flexible coupling. The coupling
allows the rigid shaft to tilt around the two horizontal axes (i.e. around a pivot point) and restricts it to move in the vertical
direction. Stability of the rotor in the vertical/axial direction is therefore ensured by the coupling. All system components
but the magnets are made from materials that do not interfere with the magnetic fields, namely aluminium, brass and
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acrylic. The lower and upper bearing housings are placed approximately 120 mm and 260 mm above the rotor pivot point
respectively. The inner radius of the bearings is 13 mm, and the outer radius of the shaft is 6.5 mm, which gives a nominal
clearance of 6.5 mm corresponding to a tilt angle of 1.4°.

The tilt of the rigid shaft around the pivot point at its bottom is measured using Meggitt proximitor probes in the two
horizontal directions on a small steel disc. The probes and the measurement disc are placed close to the bottom of the shaft.
The measurement disc contains significant run-out, which has been compensated for in post-processing. However, the run-
out limits the accuracy of the rotor tilt measurements especially close to anti-resonance conditions. This is further discussed

Fig. 2. Cross section of lower bearing housing and shaft. The bearing housing (triangle) is made from acrylic, the shaft and spacers (C) are made from
aluminium. Cylinder magnets (F) are inside the shaft and bearing.

Fig. 1. The Experimental test-rig (left) and its components (centre and right). The lower and upper bearing housings are connected with steel beams (A). At
the disc (square) at top of the shaft (C), different levels of imbalance (B) can be inserted. An accelerometer (E) is attached at the upper bearing housing
(circle), and the passive cylinder magnets (D) are encapsulated in the housing. The lower bearing housing (triangle), which is made from acrylic, also
contains magnets (F). At the bottom of the shaft (5-pointed star), the shaft displacement is determined using proximitor probes (G) measuring the distance
to a small disc (H). An encoder (I) measures the shaft rotational angle, and the shaft is driven by a DC motor (J) through a flexible coupling (K) allowing the
shaft to tilt.
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in Section 6. The rotor angular position (and velocity) is measured using an Avago encoder with a resolution of 0:721. This
measurement is also used for feedback control of the rotor angular velocity. The feedback control is able to keep the angular
velocity steady within 70:05 Hz. The movement of BH 2 is measured using Brüel & Kjær accelerometers in the x- and y-
directions. Because of the steel beam constructions, BH 1 does not move in the y-direction and BH 1 and BH 2 move
synchronously in the x-direction. For this reason the movement of BH 1 is not measured.

3. Magnetic non-uniformity

Preliminary experiments at the test-rig showed that the static equilibrium of the shaft depends on the angle of rotation
of the shaft. For this reason the magnetic flux densities of the two shaft magnets are investigated. If the magnetic flux
density is non-uniform the static equilibrium and the dynamics are affected, because it acts as linear (additive) forcing and
nonlinear parametric forcing [21].

Fig. 3. Permanent cylinder magnet with magnetisation Ma . Magnetic eccentricity ðe;ϕÞ from geometrical centre of magnet. The magnetic field at point P at
distance r and angle θ from geometrical centre and rn and θ� from magnetic centre.

Fig. 4. Set-up for measuring the flux density around a shaft magnet. A passive cylinder magnet (A) inside a sleeve (B); Hall sensor (C); vertical high
precision vernier calliper (D).
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The magnets used for the shaft and bearings are neodymium cylinder magnets with height 20 mm and diameter 10 mm.
The magnets are magnetised in their axial direction (the z-direction), having a magnetisation constant of Ma ¼ 935 kA m�1,
which has been validated in prior experiments [25]. The typical values of magnetic remanence and coercivity provided by
the manufacturer are 1.21 T and 915 kA m�1 respectively.

In order to investigate the non-uniformity, the z-component of magnetic flux density Bz is measured at different angular
and radial positions Pðθ; rÞ around the geometrical centre of the shaft magnets, cf. Fig. 3. The set-up for these experiments is
shown in Fig. 4. The magnets are inserted into a sleeve so that they are able to rotate around their axis to specified angles.
The flux density Bz is measured using a Honeywell Hall sensor (SS94A1). The distance between the magnet and the Hall
sensor can be varied and it is measured using a high precision vernier calliper.

Because the magnets are cylinders their flux densities should be independent of the angular position θ, i.e. uniform or
isotropic. The measured flux density is shown in Figs. 5 and 6 (left) for the upper shaft magnet. The results are similar for the
lower shaft magnet, but they are not shown here. In Fig. 5 it is clear that the measured flux density is not only a function of r.
From Fig. 6 (left) the flux density is clearly dependent on the angular position; therefore it is non-uniform. However, the
non-uniformity appears sinusoidal, which means that it is possible to describe the non-uniformity as an eccentricity as
illustrated in Fig. 3. The idea is to determine a magnetic centre axis defined by the eccentricity distance e to the geometrical
centre axis. To fully determine the position of this axis an angle ϕ is also required. From the magnetic centre the angular and

Fig. 5. Measured magnetic flux density as a function of r�1 and of ðr�Þ�1 for all values of θ or θ� for the upper shaft magnet; and the polynomial fit to Bzðr�Þ
cf. Eq. (3).

Fig. 6. Contour lines of measured magnetic field around the geometrical centre (left) and the calculated magnetic centre (right) of the upper shaft magnet,
cf. Fig. 3.
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radial positions are denoted ðθ�; r�Þ, and they fulfil

θ� ¼ arctan
r sin ðθÞ�e sin ðϕÞ
r cos ðθÞ�e cos ðϕÞ

� �
(1)

r� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þe2�2re cos ðϕ�θÞ

q
(2)

The magnetic centre is found by specifying that the flux density should be a function of the radial position only, i.e.
Bz ¼ Bzðr�Þ. The function is assumed to have the relatively simple form

Bzðr�Þ ¼ c0þc1ðr�Þ�1þc2ðr�Þ�2þ⋯þc5ðr�Þ�5 (3)

based on the flux density is usually a function of the inverse of some power of the radial position [26]. The resulting polynomial
fit is shown in Fig. 5. For a given eccentricity set ðe;ϕÞ, Bzðr�Þ is fitted to the measurements. The residual standard deviation (the
goodness of fit) is used to determine if ðe;ϕÞ is probable. The eccentricity ðe;ϕÞ is found by minimising the residual standard
deviation with use of nonlinear regression tools, i.e. the Matlab Optimisation Toolbox. The 95 percent confidence bounds of the
eccentricities are estimated by this method to be e1 ¼ 20574 μm and e2 ¼ 20675 μm for the lower and upper shaft magnet
respectively. The magnetic flux density around the found magnetic centre is depicted in Figs. 5 and 6 (right) for the upper shaft
magnet. The residuals to the polynomial fit are clearly smaller with respect to the corrected centre as shown in Fig. 5. In Fig. 6
(right) the contour lines are almost horizontal meaning that the flux density is independent of the angular position as required.
Later, the eccentricities are estimated using the dynamic response of the system.

4. Magnetic field and magnetic bearing forces

This section describes the determination of the magnet fields produced by the cylinder magnets and the interaction
forces between the shaft magnet and the bearing magnets. The procedure is more thoroughly described in [25].

The magnetic flux density B is related to the magnetic potential A by B¼∇� A. The magnetic potential at a spatial
position Pðx; y; zÞ produced by a magnet is determined by evaluating the following integrals numerically [26]:

A x; y; zð Þ ¼ μ0
4π

Z
V

∇�Ma

R
dVþ μ0

4π

Z
A

Ma � n
R

dA (4)

where μ0 ¼ 4π � 10�7 H m�1 is the vacuum permeability, V and A are the volume and surface area of the magnet respec-
tively, R is the distance from dV or dA to P, n is the unit normal vector of dA, and Ma ¼ f0;0;Mag> is the magnetisation
vector. It should be noted that ∇�Ma ¼ 0, for which reason the first integral disappears in this context. The most significant
component, i.e. Bz, of the predicted magnetic flux density inside the bearings is depicted in Fig. 7.

The magnetic force fm, acting on a magnet as a result of an external magnetic flux density Be, is determined by [26]

fm ¼
Z
A
ðMa � nÞ � Be dA (5)

where A is the surface area of the magnet upon which the force acts. The magnetic force field is determined by evaluating
Eqs. (4) and (5) for relevant positions of the shaft magnets. It is taken into account that the shaft is tilting around the pivot
point at its bottom (cf. Fig. 1) so that the shaft magnets are parallel to the bearing magnets only when the shaft is in centre

Fig. 7. Magnetic flux density at z¼0 in the z-direction produced by the 20 bearing magnets, whose positions are denoted by the black dash-dotted circles.
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position. Also, each shaft magnet can potentially be misaligned in the vertical direction compared to the appertaining
bearing housing. The misalignments in the two magnetic bearings are denoted z01 and z02 respectively.

The resulting magnetic force field is found to be symmetric around the vertical z-axis within 99.8 percent even though
the distribution of magnets is only π=5 periodic. This means that the stiffness in x- and y-directions is identical and that
there are no linear cross coupling terms. However, this requires that the positioning of the bearing magnets is precise and
that the non-uniformities of the bearing magnets are negligible. The theoretical magnetic bearing forces are depicted in
Fig. 8 for a misalignment in both bearings of z01 ¼ z02 ¼ �1 mm. The forces are weakly nonlinear. There are small differences
between the two bearings, and they are most pronounced at the vertical forces. The differences are due to the tilt of the
shaft magnet around the rotor pivot point and the different positions of the bearings relative to that point. This results in a
difference in the angle between the shaft and the bearings for a given x position. A polynomial fit of the forces shows that
radial forces are described well by Fr ¼ �kr�κr3 where r¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2

p
, and vertical forces are described well by

Fz ¼ f z�κzr2� ~κzr4. The maximum residual standard deviations of the polynomial fits are less than 0.2 percent relative to the
to full scale force of approximately 12 N. The forces can therefore be appropriately approximated in the three spatial
directions xyz by

fm ¼
�kx�κxðx2þy2Þ
�ky�κyðx2þy2Þ
f z�κzðx2þy2Þ� ~κ zðx4þy4Þ

8><
>:

9>=
>; (6)

The radial (horizontal) linear stiffness coefficient is k, the radial cubic stiffness coefficient is κ, and fz is a constant force in the
axial (vertical) direction caused by vertical misalignment, and κz and ~κz are the quadratic and quartic stiffness coefficients of

Fig. 8. Magnetic forces as a function of x for z0 ¼ �1 mm misalignment. Subscript 1 refers to the lower bearing, 2 to the upper; subscript x for horizontal
(radial) forces, z for vertical (axial). The forces are symmetric around the z-axis. Note that f1x and f2x coincide.

Fig. 9. Magnetic properties as a function of vertical misalignment z0 related to Eq. (6). Note that fz and k coincide for the two bearings.
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the axial force related to radial movement respectively. The values of fz, k and κ are depicted in Fig. 9. It should be noted that
there is a significant nonlinear coupling between the orthogonal directions x and y via the magnetic forces, Eq. (6).

Misalignments in the order of a few millimetres in the z-direction of the shaft magnet relative to the bearing magnets
cause significant changes to the characteristic properties. This is highlighted in Fig. 9. Note that fz is positively proportional
to z0 meaning that the equilibrium z0 ¼ 0 is unstable in the vertical direction. However the shaft is held in its axial direction
by a coupling at its bottom. Because the magnets are repulsive, k is positive, and the horizontal equilibrium ðx; yÞ ¼ ð0;0Þ is
stable. The differences between the two bearings, which is most significant for κ, is caused by their different positions
relative to the pivot point. The tilt of the shaft magnet is also the reason for the clear asymmetry of κ with respect to z0. This
is most pronounced at the lower bearing (Bearing 1), since it is closest to the pivot point.

5. Equations of motion and their solution

This section concerns the equations describing the tilting motion of the rotor and the horizontal motion of the two
bearing housings.

5.1. Shaft and disc dynamics

The equations describing the tilting motion of the rigid rotor1 (shaft and disc) are set up in a moving referential frame
following the tilt. Two new reference systems b1 and b2 are established in addition to the initial coordinate system I (Fig. 1),
and their relations are shown in Fig. 10. The first reference b1 is rotated by an angle α about the y-axis of the initial
coordinate system (denoted Iy) with the origin in the pivot point. The second reference is rotated by an angle �β about b1x.
The mass moment of inertia of the rotor about the pivot point in the b2 reference is constant, and it is denoted

b2I0 ¼ diagðIt ; It ; IpÞ, where It and Ip are the transversal and polar moments of inertia respectively. It is assumed that the pivot
point (in the centre of the coupling) is not moving in space. The following matrices describe the transformations between

Fig. 10. Reference systems: initial I (blue full line), body 1 b1 (red dashed) and body 2 b2 (black dash-dotted). (For interpretation of the references to color
in this figure caption, the reader is referred to the web version of this paper.)

1 The first bending mode of the rotor is conservatively estimated to be above 40 Hz. Measurements show that the first mode related to axial motion
(due to the flexibility of the coupling) is at 38 Hz. The highest investigated mode of the system is located around 12 Hz, for which reason the assumptions of
rigidity and no axial motion hold.
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the references:

b1TI ¼
cos ðαÞ 0 � sin ðαÞ

0 1 0
sin ðαÞ 0 cos ðαÞ

2
64

3
75 b2Tb1 ¼

1 0 0
0 cos ðβÞ � sin ðβÞ
0 sin ðβÞ cos ðβÞ

2
64

3
75 (7)

and also b2TI¼b2Tb1 b1TI . The rotor follows the b2 reference and rotates about the b2z-axis with an angular velocity of _γ .
There is no linear motion relative to reference b2 of the rotor, which simplifies the following expressions. The angular
velocity of the b2 reference Ω, and the angular velocity of the rotor ω, both evaluated in the b2 reference, are given by

b2Ω ¼ b2Tb1 b1 _αþb2
_β ¼ f� _β ; _α cos ðβÞ; _α sin ðβÞg> (8)

b2ω ¼ b2Ωþb2γ ¼ f� _β ; _α cos ðβÞ; _γþ _α sin ðβÞg> (9)

Euler's equation in the rotating reference is given by

b2I0
∂
∂tb2

ω

� �
þb2Ω � b2I0 b2ω

� �¼
� It €βþ Ip _α _γ cos ðβÞ�ðIt� IpÞ _α2 cos ðβÞ sin ðβÞ
It €α cos ðβÞþ Ip _β _γ�ð2It� IpÞ _α _β sin ðβÞ
Ip €γþ Ip €α sin ðβÞþ Ip _α _β cos ðβÞ

8><
>:

9>=
>;¼

X
b2m0 (10)

where b2m0 are moments about the pivot point acting on the rotor. Assuming that the tilt angles α and β and their deri-
vatives are small, the Euler equation is reduced to

� It €βþ Ip _α _γ

It €αþ Ip _β _γ

Ip €γ

8><
>:

9>=
>;¼

X
b2m0 (11)

The weight Ifg ¼ f0;0; �mrgg> of the rotor acts at the centre of gravity b2rg ¼ f0;0; lgg> , wheremr is the rotor mass and g
is the gravitational constant. The gravitational moment is b2mg ¼ b2rg � ðb2TI IfgÞ ¼mrglgf�β; α;0g> for small tilt angles (α⪡1
and β⪡1).

The bending stiffness kc of the coupling provides a moment of b2mc that is proportional to the bending angle
δ¼ arc cos ð cos ðαÞ cos ðβÞÞ, which is the angle between Irc;a ¼ f0;0;1g> and b2rc;b ¼ f0;0;1g> . The direction of the bending
moment is proportional to b2rc;b � b2rc;a, such that

b2mc ¼ kcδ
b2rc;b � b2rc;a

Jb2rc;b � b2rc;a J
¼ kcδ

sin ðδÞ

cos ðαÞ sin ðβÞ
sin ðαÞ
0

8><
>:

9>=
>; (12)

This expression has a singularity for α¼ β¼ δ¼ 0, but the limiting value is zero as expected. For small angles the coupling
moment is reduced to b2mc ¼ kcfβ; �α;0g.

The coupling also behaves as a universal joint, since it is very stiff in torsion. This means that it produces an unknown
moment b2τ ¼ f0;0; τg> . The assumption of a universal joint also results in a geometric constraint between the angle γ and
the angular position θ of the DC motor, where θ is known. The two vectors Irc;c ¼ f cos ðθÞ; sin ðθÞ;0g> and

b2rc;d ¼ f� sin ðγÞ; cos ðγÞ;0g> are restricted to be perpendicular in a universal joint, meaning that b2rc;c � b2rc;d ¼ 0. For small
tilt angles, the constraint reduces to γ ¼ θ. Finally, the coupling also produces an unknown reaction force fc acting at the
pivot point.

The force acting on the rotor because of mass imbalance is modelled as the reaction forces from a point mass fixed at
b2ru ¼ fru cos ðγþϕuÞ; ru sin ðγþϕuÞ; lug. The reaction force is b2fu¼b2fg;u�mu b2au where mu is the mass, Ifg;u ¼ f0;0; �mugg>
is the gravitational force and b2au ¼ ∂=∂tþb2Ω�� �2

b2ru is the absolute acceleration of the imbalance mass. In a reduced form
the moment from the imbalance mass is b2mu¼b2ru�b2fu ¼murulu _γ2f� sin ðγþϕuÞ; cos ðγþϕuÞ;0g> . This simple expression
is valid if the tilt angles are small, i.e. α⪡1, β⪡1; if the inertia and gyroscopic contributions are negligible, i.e. mur2u⪡Ip,
murulu⪡Ip and mul

2
u⪡Ip, where Ipo It; if the angular acceleration is small, i.e. j€γ j⪡ _γ2; if the first moment of imbalance mass is

small compared to the first moment of the rotor mass, i.e. mulu⪡mrlg; and if the static deflection caused by the imbalance is
negligible, i.e. murug⪡1.

The forces from the magnetic bearings depend on the horizontal distances between the magnetic centres of the two shaft
magnets and the bearing centres. As described in Section 3, the magnetic centres of the shaft magnets do not coincide with
the geometric centres of the magnets. When installed in the shaft, there may be additional radial misalignment, if the
magnets are not appropriately centred in the shaft. For this reason the eccentricities modelled in this framework both
contain magnetic non-uniformity and geometric eccentricity. The position vectors to the magnetic centres are
b2r1 ¼ fe1 cos ðγþϕ1Þ; e1 sin ðγþϕ1Þ; l1g> and b2r2 ¼ fe2 cos ðγþϕ2Þ; e2 sin ðγþϕ2Þ; l2g> , where ðe1;ϕ1Þ and ðe2;ϕ2Þ describe
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the combined eccentricities in the two shaft magnets respectively. From Eq. (6), the magnetic forces can be described as

If ¼
f i;x
f i;y
f i;z

8><
>:

9>=
>;¼

�ki di;x�κi di;x d2i;xþd2i;y
� �

�ki di;y�κi di;y d2i;xþd2i;y
� �

f zi�κzi d2i;xþd2i;y
� �

� ~κz d4i;xþd4i;y
� �

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(13)

for i¼ 1;2, and where Id1 ¼ fd1;x;d1;y; d1;zg> ¼ ITb2 b2r1�fx;0; l1g> and Id2 ¼ fd2;x; d2;y; d2;zg> ¼ ITb2 b2r2�fx; y; l2g> describe
the distances between the magnetic centres of the shaft magnets and the bearing housing centres. The collected moment
from the magnetic bearings is b2mm¼b2r1 � ðb2TIb2f IÞþb2r2 � ðb2TI If2Þ.

Assuming that the tilt angles α and β are small the distance vectors become

Id1 ¼
l1αþe1 cos ðγþϕ1Þ�x

l1βþe1 sin ðγþϕ1Þ
0

8><
>:

9>=
>;�

x1
y1
0

8><
>:

9>=
>;; Id2 ¼

l2αþe2 cos ðγþϕ2Þ�x

l2βþe2 sin ðγþϕ2Þ�y

0

8><
>:

9>=
>;�

x2
y2
0

8><
>:

9>=
>; (14)

A Taylor series expansion of the magnetic moment to the order of three with respect to α and β shows that some cubic terms
are significantly larger than the high order terms that have been omitted in all the other moment contributions and in the
left hand side of the Euler equation. This is a result of the following relations: κjl

3
j ⪢kc, κjl

3
j ⪢lgmrg, κjl

2
j ⪢kj and also κzjlj and kj

can be of same order of magnitude, all for both j¼ 1;2. Therefore, the most significant nonlinearities (up to the order three)
are included in the magnetic moments resulting in

b2mm1 ¼ b2r1 � ðb2TI If1Þ ¼
ðl1k1þ f z1Þy1þðκ1l1�κz1Þy1ðx21þy21Þ

� f z1ðxþx1Þ�k1l1x1�ðκ1l1x1�κz1ðxþx1ÞÞðx21þy21Þ
0

8><
>:

9>=
>; (15)

b2mm2 ¼ b2r2 � ðb2TI If2Þ ¼
� f z2ðyþy2Þþk2l2y2þðκ2l2y2�κz2ðyþy2ÞÞðx22þy22Þ
� f z2ðxþx2Þ�k2l2x2�ðκ2l2x2�κz2ðxþx2ÞÞðx22þy22Þ

0

8><
>:

9>=
>; (16)

The sum of moments about the pivot point acting on the rotor isX
b2m0 ¼ b2mgþb2mcþb2τþ0� b2fcþb2muþb2mm1þb2mm2 (17)

5.2. Bearing housing dynamics

The lower bearing housing (BH 1) is connected to the foundation through four clamped-clamped flexible steel beams. For
small deflections the beams behave linearly elastically having a spring constant of kb ¼ 12nbEIbl

�3
b , where E is Young's

modulus of steel; Ib ¼ 1
12wbh

3
b is the second moment of area of a rectangular beam cross section having height hb and width

wb; lb is the length of the beam; and nb ¼ 4 is the number of beams in parallel. Since wb⪢hb the beams are only compliant in
one direction, allowing movement only in the x-direction (of the reference frame, Fig. 1) in the frequency range of interest.

The upper bearing housing (BH 2) is connected to BH 1 through four similar beams that are compliant in the y-direction
(of the reference frame, Fig. 1) only. Therefore the two bearing housings translate as a single point mass in the x-direction,
and Newton's second law is set up in the x-direction for the collected system of BH 1 and BH 2:

m12 €x ¼
X

f x ¼ �kb1 x� f 1;x� f 2;x (18)

related to Eqs. (13) and (14), where m12 ¼m1þm2 is the sum of masses of the two bearing housings.
Newton's second law is also set up in the y-direction for BH 2:

m2 €y ¼
X

f y ¼ �kb2 y� f 2;y (19)

If alternatively motion of the bearing housings in the two restricted directions is included, the collected bearing structure
would have four degrees of freedom. An analysis of this bearing structure shows that the two highest eigenfrequencies are
above 200 Hz and they are related to motion in the otherwise restricted directions. The two first eigenmodes, which are in
the frequency range of interest, are not affected. This justifies the simplification.

5.3. Simplified equations of motion

From the geometrical constraint it is known that γ ¼ θ is the rotational angle of the DC motor and that _γ ¼ω is the
rotational speed of the DC motor, which is controlled. Using the assumption of small tilt angles and only including the most
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significant nonlinear terms the simplified equations of motion become

It €α ¼ �ðkc�mrglgÞα�ðk1l1þ f z1Þx1�ðk2l2þ f z2Þx2�ðf z1þ f z2Þx� Ipω _β

�ðκ1l1x1�κz1ðxþx1ÞÞ x21þy21
� �� κ2l2x2�κz2ðxþx2Þð Þ x22þy22

� �þuω2 cos ðθþϕuÞ (20a)

It €β ¼ �ðkc�mrglgÞβ�ðk1l1þ f z1Þy1�ðk2l2þ f z2Þy2� f z2yþ Ipω _α

¼ �ðκ1l1�κz1Þy1 x21þy21
� ��ðκ2l2y2�κz2ðyþy2ÞÞ x22þy22

� �þuω2 sin ðθþϕuÞ (20b)

Ip _ω ¼ τ (20c)

m12 €x ¼ �kb1xþk1x1þk2x2þκ1x1 x21þy21
� �þκ2x2 x22þy22

� �
(20d)

m2 €y ¼ �kb2yþk2y2þκ2y2 x22þy22
� �

(20e)

where u¼ lurumu is the imbalance moment and x1, y1, x2 and y2 are found from Eq. (14). Note that the excitation frequencies
of the imbalance and the eccentricities are identical and equal to the rotational frequency ω. Eq. (20c) can be used for
determining the mechanical moment τ from the DC motor, but it is not used further in this work.

Linearising the equations of motion to the form

M €xþωG _xþKx¼ f (21)

for x¼ fα; β; x; ygT , gives the following system matrices and forcing vector:

M¼ diagðIt ; It ;m12;m2Þ (22)

G¼

0 Ip 0 0
� Ip 0 0 0
0 0 0 0
0 0 0 0

2
6664

3
7775 (23)

K¼

K 0 �k1l1�k2l2 0
0 K 0 �k2l2

�k1l1�k2l2 0 kb1þk1þk2 0
0 �k2l2 0 kb2þk2

2
66664

3
77775 (24)

f ¼

uω2 cos ðθþϕuÞ�ðk1l1þ f z1Þe1 cos ðθþϕ1Þ�ðk2l2þ f z2Þe2 cos ðθþϕ2Þ
uω2 sin ðθþϕuÞ�ðk1l1þ f z1Þe1 sin ðθþϕ1Þ�ðk2l2þ f z2Þe2 sin ðθþϕ2Þ

k1e1 cos ðθþϕ1Þþk2e2 cos ðθþϕ2Þ
k2e2 sin ðθþϕ2Þ

8>>>><
>>>>:

9>>>>=
>>>>;

(25)

where K � kc�mrglgþ f z1l1þ f z2l2þk1l
2
1þk2l

2
2. A damping term C _x is added to the linear equations of motion (21) to account

for structural damping, in which C¼ cmMþckK is the mass and stiffness proportional damping matrix. The damping terms
are also added to the nonlinear equations of motion (20).

The choice of transformation angles α and β is justified by linearising a vector b2r¼ f0;0;1g> transformed into the initial
coordinates. The result is

Ir ¼ α; β;1
	 
> for α⪡1; β⪡1 (26)

This means that motion in α and x is parallel, and β and y is parallel.

5.4. Steady-state solution using finite difference

There are several ways of determining the forced steady-state solution of the equations of motion (20). The method of
harmonic balance was used in [27], where the steady-state solution was assumed only to contain the synchronous fre-
quency of the excitation. It was not investigated if higher harmonics or lower harmonics did have an impact.

In this work the importance of higher harmonics in the steady-state solution is also investigated. The method of finite
difference has been chosen. Lower harmonics are not investigated. This is usually a valid assumption when the forcing is
weak [28]. The advantages of the finite difference method are that only one assumption is made, being that the solution is
periodic with the period of the forcing. The method is straightforward to implement numerically, and it has simpler function
expressions compared to those of the method of harmonic balance.

The method is implemented as follows: to allow higher harmonics (but not lower harmonics) the steady-state solution,
which is periodic per definition, is assumed to have a period of T ¼ 2πω�1, where ω is the (only) forcing frequency. The
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period is split off into N discrete time steps with a difference of Δt ¼ TN�1 in time. In this work N¼ 50 is used. For every of
the discrete time steps i¼ 1;2;…;N the first and second time derivatives of the state variable x are approximated by

_x i �
xiþ1�xi�1

2Δt
; €x i �

xiþ1�2xiþxi�1

ðΔtÞ2
(27)

which constitute the central difference scheme. The approximations have an error in the order of N�2. The approximations are
substituted into the equations of motion (20a)–(20e) for every i¼ 1;2;…;N resulting in a system of N equations, each of the forms

hiðxiþ1;xi;xi�1; ti;ωÞ ¼ 0 (28)

where xi ¼ fαi; βi; xi; yig> . The assumption of periodicity results in the boundary condition: xi ¼ 0 ¼ xi ¼ N , which is used in h1 and
hN . The result is 4N equations with 4N unknowns:

Hðx1:N ; t1:N ;ωÞ ¼ 0 (29)

that has to be solved, for which pseudo-arclength continuation [29] is used. By using this method it is possible to trace solutions to
an equation having a parameter (here frequency) with a varying value. It is also possible to cross bifurcations (such as a saddle-node
bifurcation), because the parameter sweep is controlled by the algorithm.

The steady-state solution can be found even though the solution is unstable, meaning that the system will diverge from
the found steady state if it is perturbed. Therefore the stability of the solutions has to be established, which is done from the
discrete system equations after the solution has been found. This is explained in Appendix A.

6. Results and discussion

In this section theoretical and experimental results are compared to validate the proposed model and its assumptions.

Table 1
System parameters.

General
g (N kg�1) 9.81

Coupling
kc (N m) 0.7

Damping
cm (s�1) 67 �10�3

ck (s) 68 �10�6

Rotor
mr (g) 616
It (g m2) 31.2
Ip (g m2) 0.326
lg (mm) 188
l1 (mm) 118
l2 (mm) 263

Steel beams
w (mm) 15.0
h (mm) 0.5
lb1 (mm) 101
lb2 (mm) 119
E (GPa) 162
kb1 (N mm�1) 1.18
kb2 (N mm�1) 0.721

Magnetic bearings
m1 (kg) 0.474
m2 (kg) 1.410
z01 (mm) 0.0
z02 (mm) �1:5
f z1 (N) �0:01
f z2 (N) �5:04
k1 (N mm�1) 1.66
k2 (N mm�1) 1.61
κ1 (N mm�3) 9.37 �10�3

κ2 (N mm�3) 6.78 �10�3

κz1 (N mm�2) 15.1 �10�3

κz2 (N mm�2) 43.9 �10�3
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6.1. Eigenmodes and damping factors

The rotor and bearing housings are subjected to small perturbations without the rotor rotating, and the rotor tilt angle
and the bearing lateral accelerations are measured. Additional and similar experiments are carried out, where the bearing
housings are fixed (constrained) so that the system is reduced to having 2 degrees of freedom: α and β. These results are
compared against the theoretically obtained eigenfrequencies, which are determined by solving the eigenvalue problem
Kv¼ �λ2Mv for the full and reduced system configurations. The experimentally obtained damping factors are determined
by the decay of vibrations over time.

Initially there are three unknown system parameters: the vertical misalignments of the bearing magnets (z01 and z02)
and Young's modulus (E) of the steel beams. Therefore these parameters can be subjected to parameter tuning carried out
using nonlinear least squares tools. Once they are estimated, the values of the steel beam stiffnesses can be calculated as
described in Section 5.2, and the properties of magnetic bearing can be determined by inspection of Fig. 9.

The (tuned) system parameters are shown in Table 1 and the measured and modelled eigenfrequencies ωn and damping
factors ξ are shown in Table 2. The reduced system only concerning rotor motion (‘Rotor’ in Table 2) has two degrees of
freedom, i.e. α and β, while x¼ y¼ 0. The reduced system matrices are the first two rows and columns of M and K from Eqs.
(22) and (24), and the two equations are decoupled and identical. For this reason the isolated rotor system should have two
identical natural frequencies. However, the measured eigenfrequencies of the isolated rotor differ by 2.5 percent. The reason
for two distinct, though very close, eigenfrequencies is that the bearing magnets contain magnetic eccentricities like the
rotor magnets. These eccentricities have been neglected in the theoretical model. Nevertheless, the consequence in terms of
residual is small (maximum 1.3 percent) and for the full system it is possible to match all eigenfrequencies within
0.7 percent, which is very satisfactory. The vertical misalignments are found to be 0.0 mm and �1:5 mm respectively, which
are both reasonable values, taking the general tolerances of the test-rig into consideration.

The full system has four distinct natural frequencies. However, the first two natural frequencies are very close being
approximately 2 percent apart. The calculated mode shapes of the full system are provided in Table 3. For ω¼ 0 the two first
modes are characterised by in-phase motion of the pairs ðβ; yÞ and ðα; xÞ respectively. The two highest modes are of counter-
phase motion of the same pairs. This means that the system consists of two de-coupled systems for ω¼ 0. The gyroscopic
terms appear and couple the two subsystems for ωa0, which is apparent in Table 3 for ω¼ 20 Hz. The gyroscopic effect has
an impact on the two first mode shapes primarily, but does not change the natural frequencies themselves. For ω¼ 4 Hz the
gyroscopic coupling is negligible, meaning that the two subsystems would be excited independently when crossing the first
two modes. The mode shapes represent small motions around the equilibrium, i.e. linear analysis. This means that the
nonlinear parts of the magnetic forces are not represented. However, for larger motion the nonlinear forces couple the two
subsystems, cf. Eq. (6). Since the nonlinearity of the magnetic forces is weak, this is not expected to have a significant impact
on the overall coupling.

Table 2
Measured eigenfrequencies and damping factors and tuned theoretical eigenfrequencies with zero rotational speed ðω¼ 0Þ.

System Rotor Rotor and bearing housings

Mode 1 2 1 2 3 4

Measured ωn (Hz) 10.24 10.50 3.76 3.82 11.56 12.43
Modelled ωn (Hz) 10.37 10.37 3.74 3.85 11.63 12.35
Measured ξ (%) 0.22 0.22 0.29 0.31
Modelled ξ (%) 0.22 0.22 0.29 0.31

Table 3
Calculated natural frequencies and mode shapes of the full rotor–bearing housing system at two different rotational speeds. The imaginary unit is
denoted j.

ω¼ 0 Hz ω¼ 20 Hz

Mode 1 2 3 4 1 2 3 4
ωn 3.73 3.85 11.63 12.35 3.73 3.85 11.63 12.35

α 0 1.0 0 1.0 �0:3j 1.0 �0:1j 1.0
β 1.0 0 1.0 0 1.0 �0:2j 1.0 �0:1j
x 0 0.2 0 �0:1 �0:1j 0.2 0 �0:1
y 0.3 0 �0:1 0 0.3 �0:1j �0:1 0
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By assuming proportional damping, with the damping matrix C¼ cmMþckK, it is possible to estimate cm and ck from the
experimentally obtained damping factors ξ using [30]

ξi ¼
1

2ωni
cmþ1

2
ωni ck (30)

and the method of linear least squares, where i denotes one of the four sets of eigenfrequency and damping factor shown in
Table 2. The obtained values of cm and ck are given in Table 1.

6.2. Linear steady-state response

At this point the system parameters are determined but the forcing parameters, i.e. mass imbalance and combined
geometrical and magnetic eccentricities of the rotor magnets, are unknown. They can be found by comparing the experi-
mental and theoretical system steady-state responses at different constant rotational frequencies, where the system is
subjected to the combined forcing of eccentricities and imbalance. In order to simplify the determination process of
eccentricities and imbalance, the theoretical and experimental responses are compared in the linear regions only. The linear
regions are where the system response only contains low vibrational amplitudes, i.e. away from resonances, so that the
nonlinear contributions are negligible.

The experimental tests are carried out by performing slow rotational frequency sweeps, both up and down. This is done by
changing the rotational frequency in intervals of 0.1–0.5 Hz. In a step, the frequency is kept constant until the steady-state
response is obtained, which takes around 60–120 s for this test-rig. Then the steady-state response is recorded, and a new step is
made. The recorded data for the rotor are corrected for run-out, and then the data for both rotor and bearings are approximated
by Fourier series using the rotational frequency as the fundamental frequency. This results in amplitude and phase measure-
ments. No sub-harmonic contributions have been observed. Similarly the theoretical steady-state responses determined by Finite
Difference are evaluated in terms of amplitude and phase of multiples of the rotational frequency.

Fig. 11. Model calibration. Amplitudes and phases of the fundamental frequencies of the rotor (a) and upper bearing (b) at different rotational frequencies
using the residual imbalance (Configuration 1). Light coloured lines indicate the 95 percent confidence interval obtained via fitting. Here only the regions,
where linear theory can be applied, are shown. (For interpretation of the references to color in this figure caption, the reader is referred to the web version
of this paper.)

Table 4
Forcing parameters, i.e. imbalance and eccentricities, in different system configurations.

Configuration Eccentricities Effective imbalance

e1 (mm) ϕ1 (deg) e2 (mm) ϕ2 (deg) u (kg mm2) ϕu (deg)

1 (calibration) 0:1170:02 38710 0:1470:03 �118711 4.972.8 52733
2 (validation) 0:1170:02 38710 0:1470:03 �118711 22.572.8 1707
3 (validation) 0:1170:02 38710 0:1470:03 �118711 7.972.8 �83721
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Three different configurations are used in terms of added imbalance moment at the rotor disc: (1) no added imbalance, (2) an
added imbalance of ðuadd1 ¼ 19:8 kg mm2;ϕadd1 ¼ �101Þ, and (3) an added imbalance of ðuadd2 ¼ 11:9 kg mm2;ϕadd2 ¼ �1001Þ.
In the first configuration the effective imbalance equals the residual imbalance, i.e. ðu;ϕuÞ ¼ ðures;ϕresÞ. In the two last config-
urations the effective imbalance is the sum of the residual and the added imbalances, i.e.

u¼ uresejϕres þuaddejϕadd

��� ���; ϕu ¼ arg uresejϕres þuaddejϕadd

� �
(31)

where j is the imaginary unit. The added imbalance moments are small added masses at the disc, cf. Fig. 1, and they are known
by measuring their weights and positions. The added imbalance moments are several orders of magnitude smaller than the
transversal inertia It of 31,200 kg mm2, which means that they can be regarded solely as an external forcing.

Fig. 12. Model validation. Amplitudes and phases of the fundamental frequencies of the rotor (a) and upper bearing (b) at different rotational frequencies
using additional imbalance (Configuration 2). Light coloured lines indicate the 95 percent confidence interval obtained via fitting. Here only the regions,
where linear theory can be applied, are shown. (For interpretation of the references to color in this figure caption, the reader is referred to the web version
of this paper.)

Fig. 13. Model validation. Amplitudes and phases of the fundamental frequencies of the rotor (a) and upper bearing (b) at different rotational frequencies
using additional imbalance (Configuration 3). Light coloured lines indicate the 95 percent confidence interval obtained via fitting. Here only the regions,
where linear theory can be applied, are shown. (For interpretation of the references to color in this figure caption, the reader is referred to the web version
of this paper.)
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The experimental results of the system with residual imbalance are used to determine the forcing parameters. Fig. 11
highlights the results of the calibration, where the theoretical and experimental amplitudes and phases of the fundamental
frequencies (i.e. the rotational frequency) of the rotor and bearings are shown. The aspect of higher harmonics is treated
later. The values of the determined imbalance and eccentricities are shown in Table 4.

From Fig. 11 it may be seen that there is a good resemblance between the model and the experiments for the chosen values of
forcing parameters, which indicates that the model and the determined parameter values are valid. Further validation is made by
comparing the predictions of the model with the experiments performed with additional imbalances (Configurations 2 and 3).
Note that the parameters are determined solely by comparison using the residual imbalance (Configuration 1).

The two validation data sets are shown in Figs. 12 (Configuration 2) and 13 (Configuration 3). In the second con-
figuration there is also good agreement between experiments and model predictions and the resulting imbalance
amplitude is more than four times that of the residual imbalance. Also the phase has changed, which has been adopted
by the model. In the third configuration, the discrepancies seem larger in the higher frequencies. However, the residual
mean squared error is actually marginally smaller than in Configuration 1, and the larger appearing discrepancies are
therefore because the vibration amplitudes are smaller and because of the logarithmic scale. The reason for the smaller

Fig. 14. Amplitude and phase of the fundamental frequency of the rotor and bearing responses for the three configurations. Dotted lines indicate solutions
that are inaccessible because of rotor–bearing impacts or instability. (For interpretation of the references to color in this figure caption, the reader is
referred to the web version of this paper.)
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vibrations is not that the resulting imbalance is close to zero. Actually, the model predicts that the resulting imbalance
is 1.6 times that of the residual imbalance (Table 4). However, the direction of the resulting imbalance (i.e. the phase)
causes a near cancellation with the forces from the eccentricities, which means that the overall forcing becomes close to
zero. The amplitude of the imbalance forcing depends on the squared rotational frequency, which means that the
occurrence of the near cancellation is limited to the higher frequency region. The actual response is very sensitive to the
phases of the excitations in the occurrence of a near cancellation, which results in large confidence intervals as may be
seen in Fig. 13 and relatively large discrepancies in phase in general. This means that only slight changes in excitation
parameters would result in smaller discrepancies, and the optimal solution is therefore most likely in the close vicinity
of the stated solution.

The eccentricities found using this method can be compared to the magnetic eccentricities determined in Section 3. The
differences are 0:1070:02 mm and 0:0770:03 mm for e1 and e2 respectively. The differences are therefore statistically
significant and relatively large compared to the determined values (25–50 percent). However, when inserting the cylinder
magnets in the hollow shaft, geometrical eccentricities can be introduced. The disc for measuring the rotor tilt contains
significant run-out which basically is geometrical eccentricities. Geometrical eccentricities in the order of 0.1 mm are
expected, when taking the production tolerances of the test-rig into consideration. Therefore the combined geometrical and
magnetic eccentricities in the shaft are different from the magnetic eccentricities isolated, and the results therefore
seem valid.

Fig. 15. Response in x in Configuration 1 showing the amplitudes of the first multiples of the rotational frequency. The experimental results are shown by
markers, and the lines represent the stable solutions found by the theoretical model.

Fig. 16. Response in the α in Configuration 1 showing the influence of excluding the forcing from either the imbalance mass or the eccentricities related to
the shaft magnets.
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6.3. Nonlinear steady-state response

Having all system parameters determined it is possible to compare theoretical and experimental results in the complete
frequency range taking into account the system nonlinearities. The steady state combined imbalance and eccentricity
response for different rotational frequencies is shown in Fig. 14. Because of in-phase motion between the rotor and bearings
at the first two resonances (both around 3.8 Hz), the relative movement between the rotor and bearings is small, which
results in insignificant nonlinearities from the magnetic bearings. However, there is counter-phase motion at the third and
forth resonances (around 12–13 Hz), which result in a significantly nonlinear response having bent resonance peaks because
of the stiffening effect of the magnetic bearings. The experimental results show that the system exhibits two stable (and
several unstable) solutions at some frequencies depending on the direction of the rotational acceleration: e.g. at around
13 Hz of Configuration 1 and at around 12 Hz of Configuration 3. This is also captured by the model. Generally, there is good
agreement between the model predictions and the measured response in all three system configurations. Again, the
quantitative discrepancies in Configuration 3 seem relatively large because of the logarithmic scale. Qualitatively, the
theoretical and experimental behaviours are similar, and it is interesting that both the third and forth resonances are
pronounced in the x-direction of Configuration 3, which is captured well by the model. Especially, the responses using
Configuration 2 and 3 are limited because of rotor bearing impacts at high relative vibrations.

A representative example of the superharmonic content of the response is shown in Fig. 15. As may be seen, the second and
third harmonics are in general at least one order of magnitude smaller than the fundamental harmonic. The magnitudes of the
higher harmonics are even lower. The superharmonic content could therefore easily be neglected. Nevertheless, the model is able
to capture the third harmonic very well. However, the model predicts that the second harmonic is non-existent. This is not the
case in experiments, where it is at least in the same order of magnitude as the third harmonic. The reason for the appearance of
the second harmonic is most likely two-parted: (1) The rotational speed of the DC motor is not completely constant but fluc-
tuates with approximately 0.02 Hz (peak-to-peak) especially when using low rotational speeds. This fluctuation contains the
fundamental and second harmonics primarily. Because of these fluctuations and the nonlinearities of the system, the second
harmonics is most likely excited. (2) As mentioned before the magnetic bearing stiffness is slightly asymmetric causing two
distinct eigenfrequencies, when the bearing housings are fixed, resulting in two degrees of freedom system. This asymmetry,
which is not modelled, also affects the nonlinear properties and could therefore also excite the second harmonic. Anyhow, the
superharmonic content is minimal and can easily be neglected as mentioned before.

The impact of the including the eccentricities related to the shaft magnets is exemplified in Fig. 16. The experimental
frequency response is compared to three different model predictions including different aspects of forcing: (1) both mass
imbalance and eccentricities (default), (2) only imbalance and (3) only eccentricities. It is evident that the eccentricities are
main contributors to the forcing thus governing the response at the frequencies below 11 Hz. The magnitude of the
imbalance forcing is proportional to the squared rotational frequency, whereas the magnitude of forcing related to the
magnetic anisotropy is frequency independent. The two types of forcing provide similar magnitude of forcing above 12 Hz.
Notice that because of the phase difference between the types of forcing and because the system is nonlinear, it is not
possible to directly superposition the two responses of the isolated cases. The analysis clearly shows that it is important to
include the eccentricities in order to fully describe the system dynamics.

7. Conclusion

The non-uniformities and nonlinearities of two passive magnetic bearings in a dedicated test-rig have been investigated.
Preliminary experiments at the test-rig showed that the static equilibrium of the shaft depends on the angle of rotation of
the shaft. It was found that the cylinder magnets used in the shaft exhibit non-uniform or anisotropic magnetic fields. By
measuring the flux density around the magnets directly, it was concluded that the non-uniformity could be quantified by
magnetic eccentricities having magnitudes of e1 ¼ 0:21 mm and e2 ¼ 0:21 mm, which can be compared to their diameter of
10 mm. Modelling of the magnetic bearings showed that both radial and axial forces are weakly nonlinear. However, the
nonlinear terms in the equations of motion of the four degrees of freedom system are of similar order of magnitude as the
linear terms, and therefore they are important. The eigenfrequencies of the test-rig were matched within 0.7 percent with
the model after determination of axial misalignment of the shaft magnets and the magnetic bearings, and this misalignment
has a significant impact on the bearing forces. Using the methods of Finite Difference and pseudo-arc-length continuation
the steady-state responses of the test-rig were found for combined mass imbalance forcing and eccentricity forcing from the
shaft magnets. Using this method, the eccentricities were found to be e1 ¼ 0:11 mm and e2 ¼ 0:14 mm. The two distinct
methods for determining the eccentricities do not match exactly. This is because of geometric eccentricities in the shaft
itself, which are in the order of 0.1 mm. The two results therefore agree within the tolerances. An inspection of the steady-
state system response also showed clear nonlinear phenomena, e.g. bent resonance peaks, jump phenomena and nonlinear
cross-coupling between the two orthogonal directions, especially when having counter-phase motion between shaft and
bearings. The clear nonlinear behaviour was facilitated by the lack of damping resulting in relatively large vibrations. The
nonlinear behaviour was well captured by the theoretical model. In order to describe the overall system dynamics, a holistic
approach was taken. The result is a multiphysics model that links magnetism with rotor and structural dynamics.
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Appendix A. Stability of steady-state solution

Eq. (28) can be rearranged into

xiþ1 ¼ h iðxi; xi�1; tiÞ (A.1)

By introducing zi ¼ fxi; xi�1g> , the function in Eq. (A.1) can be substituted by

ziþ1 ¼ ~h iðzi; tiÞ ¼
h iðxi; xi�1; tiÞ

xi

( )
(A.2)

This discrete function determines the state z at the following time step from z and t at the current time step. By using the
function consecutively, it is possible to find zN from z0:

zN ¼ ~Hðz0; t0; t1;…; tN�1Þ ¼ ~hN�1
~hN�2ð…; tN�2Þ; tN�1

� �
(A.3)

It is known that zN ¼ z0, if H¼ 0 cf. Eq. (29), because of the boundary conditions. This means that z0 is an equilibrium for ~H:
z0 ¼ ~Hðz0; t0;…; tN�1Þ. The stability of the equilibrium is found with use of the first-order Taylor expansion of Eq. (A.3) about
z0 resulting in

zN ¼ ~H z0; t0; t1;…; tN�1ð Þþ ∂ ~H
∂z0

δz0 ¼ z0þ
∂ ~H
∂z0

δz0 ) δzN � zN�z0 ¼
∂ ~H
∂z0

δz0 (A.4)

Due to the expression of δz0, the stability (in the sense of Lyaponov) of z0 is determined by the eigenvalues of the Jacobian
~J ¼ ∂ ~H=∂z0. Since this is a discrete system, z0 is stable if and only if all the eigenvalues of ~J have moduli below or equal to
unity. Otherwise it is unstable.

The Jacobian is determined by

~J ¼ ∂ ~F
∂z0

¼ ∂zN
∂z0

¼ ∂zN�1

∂zN�2

∂zN�2

∂zN�3
⋯
∂z1
∂z0

(A.5)

where

∂ziþ1

∂zi
¼

∂h i

∂xi

∂h i

∂xi�1
∂xi

∂xi

∂xi

∂xi�1

2
6664

3
7775¼ �j�1

i;iþ1ji;i �j�1
i;iþ1ji;i�1

I 0

" #
(A.6)

and ji;j ¼ ∂hi=∂xj, cf. the function in Eq. (28).
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