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Abstract—Real time estimation of waves and ship
responses using onboard measurements has been un-
der investigation in recent years. This has been done
using different methods, including parametric and
non-parametric models. Since none of the methods
are believed to be fully accurate, it is important
to assign an uncertainty measure to the waves and
responses that are being estimated. In this paper,
a parametric model approach based on moments
of responses is considered for wave estimation. A
method based on linear error propagation is intro-
duced to assess the uncertainty of wave estimations.
The uncertainty of response calculation based on the
estimated wave is also quantified.

I. INTRODUCTION

Onboard prediction of seakeeping performance
and structural loads of the ship has been of great
consideration in recent years for the goal of op-
erational safety. For this purpose, mathematical
models should be able to describe the ship's be-
haviour in a seaway. Typically, the idea of response
prediction is based on combination of the wave
estimate and the transfer function of a response
to be predicted. The outcome is the reproduced
response statistics; often visualized in a graphical
user interface. In addition, uncertainty modelling
has also been of interest in reliability-based studies;
e.g.[1, 2]. There are many aspects that impose
uncertainties to wave and response estimations; e.g.
measurement data, environmental data, mathemat-
ical models, transfer functions and ship data. The

following approach can be used to quantify the
most important uncertainties.

II. WAVE ESTIMATION METHOD

A wave estimation method based on ship re-
sponses is considered here, where a JONSWAP
model is fitted to obtain the measured responses
using the transfer functions. The optimisation of
the sea state parameters is carried out through the
spectral moments of the responses spectra. For
complete description of the estimation procedure,
see [3]. The basic cost function for estimation of
a simplified short crested unimodal wave spectrum
using one specific response can be written as:

R =

∫ ∞
0

∫ π

−π
S(ω, θ,Hs, Tp, µ)H2(ω, θ), dθdω

(1)
S is the JONSWAP wave spectrum which is con-
sidered as a function of three main wave param-
eters: the significant wave height, Hs, the peak
period, Tp and the mean wave direction, µ. In this
study, the peakedness factor, γ, and the spreading
parameter, s, are fixed. ω is the wave frequency, θ
is the wave direction and H denotes the amplitude
of the transfer function. Consequently R gives
the 0th spectral moment (or the variance) of the
response.
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TABLE I: Ship characteristics

Properties Values
Overall Length [m] 349.0
Beam [m] 42.8
Draft [m] 14.5
Speed [kn] 20

TABLE II: The sample wave cases

Cases Hs(m) Tp(s) µ(deg.) γ s

A,B (Wind Sea) 3 8 45,135 1 15

C,D (Swell) 5 15 45,135 4 25

III. CASE STUDY

The main characteristics of the studied vessel
and the operational conditions are given in Ta-
ble I. Two wind sea and two swell systems are
considered as shown in table II where 45 deg.
and 135 deg. represent stern quartering sea and
head quartering sea, respectively. 20 minutes long
time histories are simulated for responses using
a JONSWAP spectrum and the transfer functions.
Since wave records are assumed to be Gaussian
processes, the time series are generated using a set
of uncorrelated standard normal distributed vari-
ables [4]. Three responses: vertical motion at the
port side of the midship section, pitch motion and
wave induced vertical bending moment at midship
section are used for estimation of the sea state.
In this study, cross spectral analysis, [3], is not
implemented.

IV. LINEAR ERROR PROPAGATION

Uncertainty analysis can be run by propagating
the input uncertainties through the model, all the
way to the model output. This can be calculated by
the law of linear error propagation [5, 6]. Assuming
that the estimated result, f , is a function of n
input variables, xn, i.e., f = f(x1, x2, ..., xn), the
uncertainty in the output, uf , can be calculated by:

u2f = (
∂f

∂x1
)2u2x1

+ (
∂f

∂x2
)2u2x2

+ ...+ (
∂f

∂xn
)2u2xn

(2)
where uxn is the uncertainty in xn. Uncertainty
analysis assumes the variables to be Gaussian
random processes. Thus, all uncertainties (u) are
usually considered as standard deviations.

In this paper, for wave estimation part, the
above mentioned method is implemented to quan-
tify the error in the outcome of the estimation
process where Eq.(1) is taken as f .

V. UNCERTAINTY SOURCES

Numerical methods for hydrodynamic calcula-
tions e.g. strip theory and 3D panel methods have
been grown stronger during last decades. However,
due to different mathematical models, modelling of
boundary value problem, errors of body geometry
modelling and inaccurate mass distribution, the
transfer function calculations are subjected to both
bias (systematic) error and random error. Those
errors can be estimated using experiments [6–8].
The bias error can then be entered to the estimation
procedure. The randomness of the transfer func-
tion, which is focused on here, is usually expressed
as:

H(ω) = Ĥ(ω)[1 + ε(ω)] (3)

where Ĥ is the theoretically calculated transfer
function and ε is a zero mean, normally distributed
random error with standard deviation σε.

Apart from the transfer functions, the measure-
ments are also subjected to errors. If this error
could be approximated by the sensors manufac-
turer, R in Eq.(1) can be considered random as
well. But this error is neglected here. Furthermore,
the assumption that the standard wave model (i.e.
JONSWAP spectrum here) perfectly represents the
actual wave spectrum, is also sceptical. This has
lead to wave estimation studies based on nonpara-
metric methods [9–11].

VI. UNCERTAINTY OF SEA STATE ESTIMATION

Based on the above mentioned assumptions, the
variability of the wave spectral ordinate about its
mean value, is dependent merely on the transfer
functions of the responses considered for estima-
tion and, hence, can be modelled as:

u2S =
1

K

K∑
k=1

( ∂S

∂Hk

)2∣∣∣∣∣
Rk=const.

u2Hk (4)

where K is the number of responses and the index
k represents the quantities for the kth response.
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Based on Eq.(3) the uncertainty of the kth transfer
function can be calculated by:

uHk = σεĤk (5)

It should be noted that Eq.(4) assumes the different
responses to be statistically uncorrelated. The ana-
lytical relation between S and Hk is not explicitly
available since the parameters contained in S are
being estimated through a set of equations based
on Eq.(1). Thus, the derivative of S with respect
to Hk can not be easily calculated.

One way to perform this uncertainty analysis
is to treat the transfer functions as a random input
(Eq.(3)) to the wave estimation procedure. Uncer-
tainty of the wave parameters can then be obtained
from the sampling variance of the estimations. This
is quite time consuming since the optimisation
algorithm should be run many times.

As an alternative, based on Eq.(1), it can be as-
sumed that the uncertainty of the transfer function
is reflected in the magnitude of response variances,
i.e. R. So Eq. (4) can be replaced by:

u2S =
1

K

K∑
k=1

( ∂S
∂Rk

)2∣∣∣∣∣
Hk=Ĥk

(uHkRk )
2 (6)

where uHkRk represents the error in the response
variance due to the error in the transfer function
which can be calculated as follows.

Eq.(1) in a discretised form can be expressed
as follows for the kth response:

Rk =

m∑
j=1

n∑
i=1

Sij [Ĥij,k(1 + εj)]
2(δω)2(δθ)2 (7)

where m and n are the number of frequencies and
the number of directions, respectively. The variance
of Eq.(7) yields (uHkRk )

2 as follows:

(uHkRk )
2 =

m∑
j=1

n∑
i=1

S2
ij [2(σεj Ĥij,k)

4 + 4(σεj Ĥij,k)
2Ĥ2

ij,k](δω)
2(δθ)2

(8)

For simplification, σεj is considered constant
and independent of frequency [8]. σε = 0.04,
obtained from [6, 7] is considered here for all

responses. However, this is not true since the
accuracy of hydrodynamic calculation of some
responses (for instance roll and pitch) are lower
than the others (e.g. heave). Taking σε out of the
summations, results in:

(uHkRk )
2 = (2σ4

ε + 4σ2
ε )R̂

2
k (9)

where R̂k is the variance of the kth response calcu-
lated without uncertainties. The partial derivatives
in Eq.(6) should be calculated analytically using
Eq.(1). Rk is considered as a function of the wave
parameters. So Eq.(6) can be rewritten as:

u2S = 1
K

∑K
k=1

[(
∂S
∂Hs
∂Rk
∂Hs

)2
+
( ∂S
∂Tp
∂Rk
∂Tp

)2
+
( ∂S

∂µ
∂Rk
∂µ

)2]
(uHkRk )

2

(10)

where ∂S
∂Hs ,

∂S
∂Tp and ∂S

∂µ are calculated from
JONSWAP spectrum. Following the procedure in
Sec. II and [3] the wave parameters of the con-
sidered cases are estimated using vertical motion,
pitch and vertical bending moment as mentioned
before. These parameters are used as input to
the JONSWAP spectrum and the uncertainties are
calculated from Eq.(10). These uncertainties are
expressed as intervals around the spectral ordinates
at different directions and frequencies. In other
words each spectral ordinate can be expressed as:

S(ω, θ) = Ŝ(ω, θ)[1 + ζ(ω, θ)] (11)

where Ŝ is the estimated spectrum and ζ is the ran-
dom error with zero mean and standard deviation
σζ . The latter quantity is called the coefficient of
variation of the wave spectrum [12] which can be
calculated by:

σζ =
uS

Ŝ
(12)

Figure 1 shows the integrated frequency spectra
and the uncertainty with 90% confidence level -
based on t-distribution [13]- for the wave cases
in Table II. It can be seen that the uncertainty
in case A, which is stern quartering wind sea,
is quite large for the whole spectrum. However,
the variabilities in the other cases are relatively
low except in the peak values of the spectra. It
could be argued that in case A, the selected set
of responses are not optimum for wave estimation.
A proper combination of responses can be chosen
using sensitivity analysis based on the derivatives
in Eq.(6). But this is out of the scope of this paper.
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Fig. 1: Wave spectra

VII. UNCERTAINTY OF RESPONSES

Estimation or prediction of different short-term
ship responses in any given operational condition
is significant in decision support applications. The
energy amount of a response spectra, R, is a

TABLE III: Coefficient of variation for different
responses

Cases Vertical Motion Pitch Roll VBM
A 0.4 0.43 0.8 0.36
B 0.24 0.27 0.17 0.21
C 0.5 0.51 0.5 0.47
D 0.48 0.56 0.38 0.47

very practical value for description of the response
behaviour since it allows different probabilistic
statements about the response. For instance, the
probability of exceedance is evaluated by Rayleigh
distribution as a function of R. Thus, the uncer-
tainty of the response is directly related to the
uncertainty in R [12]. This value is determined
from Eq.(1). So the source of uncertainty of the re-
sponse calculation refers to both the wave spectrum
and the transfer function for a particular response.
Therefore, using Eqs.(3) and (11), the statistical
expression of R can be written as:

Rl =

m∑
j=1

n∑
i=1

Ŝij(1 + ζij)[Ĥij,l(1 + εj)]
2δωδθ

(13)
where index l corresponds to the response of
interest. Taking the variance of Eq.(13), where S
and Hl are uncorrelated, leads to:

(uRl)
2 =

m∑
j=1

n∑
i=1

Ŝ2
ijĤ

4
ij,l(δω)

2(δθ)2×

(2σ4
εj + 4σ2

εj + σ2
ζij + 2σ2

ζijσ
4
εj + 4σ2

ζijσ
2
εj ) (14)

This variability in the estimation of the variance
of individual responses is presented here as the
coefficient of variation of corresponding response
which is defined by:

COVRl =
uRl

R̂l
(15)

where R̂l is the estimated variance of the lth
response using Eq.(1). Table III shows this value
for different responses at the considered wave cases
in Table II. As seen in the table, the magnitudes
are considerable except in case B. Specially, the
uncertainty of roll estimation is quite large in case
of stern quartering wind sea.
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VIII. CONCLUSION

The paper proposes a procedure to quantify the
uncertainty of a method for estimation of wave
spectra using a parametric wave model. Uncer-
tainty analysis is carried out by propagating the
errors in the inputs, which are transfer functions
here, through the model for wave estimation, and
all the way to the final output which is the variance
of the expected short-term responses. This is im-
plemented by taking both the wave spectrum and
the transfer functions as random input variables
to the response estimator. The standard deviations
in the output represent the reliability measures of
response predictions for the purpose of decision
support onboard ships.
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