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Abstract— In this paper, a novel model for the atmosphere as
an optical communication channel is investigated. In this model
an unbounded plane wave operating under weak irradiance
fluctuation conditions is assumed, considering a second-order
Gaussian statistical model as reference. Here, the obtained
spectrum is compared with the more physically realistic 1d
theoretical equivalent one, generated from the 3d Kolmogorov
spectrum. The obtained results show a very good accuracy and
a great reduction of computational complexity.

I. INTRODUCTION

Free space optical (FSO) transmission can provide high-
speed links for a variety of applications and are specially
interesting to solve the “last mile” problem, above all in
densely populated urban areas. However, inhomogeneities in
the temperature and pressure of the atmosphere lead to varia-
tions of the refractive index along the transmission path. As a
consequence of this phenomenon, the quality of the received
signal can be deteriorated and will undergo fluctuations in both
the intensity and the phase.

In order to study this effect, a computationally efficient
model for the atmosphere as an optical communication channel
is presented in this paper, considering not only the turbulence
effects due to the refractive index variation but also the
negative effect of the wind velocity.

The remainder of this paper is organized as follows. The
second section is focused on the description of the atmospheric
turbulence. In section 3, the covariance function for irradiance
fluctuations is studied, obtaining a mathematically efficient
approximation. In section 4, the whole model of the channel
is presented, considering in a greater accuracy the pernicious
effect of the turbulence on the transmitted signal. Here, a
log-normal distribution as well as the adverse effect of the
wind velocity are included. The next section presents the
system model to evaluate the performance of the proposed
channel. Finally, a summary of the most important conclusions
is presented in the last section.

II. OPTICAL INTENSITY FLUCTUATIONS

Atmospheric turbulence can be physically described by Kol-
mogorov cascade theory [1]-[4]. Turbulent air motion repre-
sents a set of eddies of various scale sizes. The energy of large
eddies is transported without loss to eddies of decreasing size
until the kinetic energy of the flow is dissipated by viscosity.
The scale sizes of these eddies extend from a large scale size

L0, called the outer scale of turbulence, to a small scale size
l0 denoted the inner scale of turbulence. It is assumed that
each eddy is homogeneous, although with a different index
of refraction. The atmospheric index-of-refraction fluctuations
produce fluctuations in the irradiance of the transmitted optical
beam, what is known as atmospheric scintillation. Consider,
as in [5], that L0 and l0 satisfy the following conditions:

L0 

√

(λL), and l0 �
√

(λL). (1)

Hence, the result is the easiest of the expressions describing
the spatial power spectrum of refractive index,Φn(κ), given by

Φn(κ) = 0.033C2
n(z)κ− 11

3 , (2)

that it is usually named as Kolmogorov spectrum [1]. In the
last expression, C2

n is the refractive-index structure parameter
and κ is the spatial wave number.

Under the Rytov approximation [3][6], the electric field of
the optical wave, E, may be transformed to

E(r, L) = exp(ψ(r, L)) = exp(χ(r, L) + iS(r, L)), (3)

where χ is the log-amplitude of the optical wave and S is
the phase perturbation. By the application of the central limit
theorem to ψ, the log-amplitude of an optical wave is related
to the irradiance of the random field [7] by

I = I0 exp(2χ − 2E[χ]), (4)

being I0 the signal intensity without scintillation, whereas
χ is governed by Gaussian statistics with ensemble aver-
age E[χ] and variance σ2

χ, depending on both C2
n and the

transmission range L. Therefore, the probability density func-
tion (PDF) of the irradiance, fI(I), is lognormal [7]. The
normalized variance of irradiance fluctuations is defined by
σ2

I = exp(4σ2
χ) − 1.

III. COVARIANCE FUNCTION: WEAK FLUCTUATIONS

A. General Considerations

A space-to-time conversion of statistics can be accom-
plished assuming the use of Taylor’s hypothesis of “frozen
turbulence”[3]. Under this hypothesis, the collection of at-
mospheric eddies will remain frozen in relation to one another,
while the entire collection is transported as a whole along some
direction by the wind. When a narrow beam propagating over
a long distance is assumed, the refractive index fluctuations
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along the direction of propagation will be well-averaged and
will be weaker than those along the transverse direction to
propagation. Hence, consider the case when the atmospheric
inhomogeneities move at constant velocity, u⊥, perpendicular
to the propagation direction. Taylor’s frozen-in hypothesis can
be expressed as [8]:

χ(r, t + τ) = χ(r − u⊥τ, t). (5)

The time autocorrelation function can be expressed, from
(5), in the form:

Rχ(τ) = E[χ(r, t + τ)χ(r, t)] = Bχ(ρ) = Bχ(u⊥τ), (6)

where ρ denotes separation distance between two points on
the wavefront and Bχ(ρ) is the spatial covariance function
of the log-amplitude fluctuations. Nevertheless, there is more
interest in the covariance function for irradiance fluctuations
BI(ρ), that in weak fluctuation regimes is usually taken to be
four times that of the log-amplitude. Assume the expression
of BI(ρ) for a plane wave given in [1] by

BI(ρ, L) = 8π2k2L

∫ 1

0

∫ ∞

0

κΦn(κ)J0(κρ)

(
1 − cos

(Lκ2ξ)

k

)
dκdξ,

(7)

where k is the wave number, L is the propagation path length,
κ is the spatial wave number, Φn(κ) is the spatial power
spectrum of refractive index and J0() is the Bessel function
of the first kind and order 0. By taking into account an
approximation developed by Andrews and Phillips [2], the
equation (7), in the case of a plane wave, reduces to

BI(ρ, L) = 3.87σ2
1Re

[
i5/6

1F1

(
−5

6
;1;

ikρ2

2L

)

−0.60

(
kρ2

L

)5/6
]
,

(8)

being σ2
1 the Rytov variance for a plane wave where, under

weak fluctuation, can also be written as σ2
1
∼= σ2

I . 1F1 is the
confluent hypergeometric function and i =

√
−1.

B. Proposed Approximation

Suppose now small separation distances in (8) so that
l0 � ρ �

√
L/k. Furthermore, consider the following iden-

tity for Kummer’s hypergeometric function:

1F1(a; b;−v) ≈ 1 − av

b
|v| � 1. (9)

By substituting these assumptions into (8), i.e.
1F1

(
−5/6; 1; ikρ2/(2L)

)
≈ 1 − 0.84(ikρ2/(2L)), and

knowing that i5/6 = 0.2588 + 0.9659i, the covariance
function of irradiance reduces to:

BI(ρ, L) ≈ 3.87σ2
1

[
0.2588 + 0.8114z − 0.60

(
2z
)5/6

]
, (10)

where z = kρ2

2L . Hence, it follows that z = 2πρ2

2λL = πz′, where

z′ = ρ2

λL , being λ the wavelength. Being (z′)5/6 ≈ 0.04 + z′

for z′ ∈ (0, 1), together with the condition l0 � ρ �
√

L/k,
also valid for l0 � ρ �

√
λL, and knowing that ρ = u⊥τ , it

is possible to adjust (10) to:

BI(ρ, L) ≈ σ2
1 exp

(
−τ2

τ2
0

)
, l0 � ρ �

√
λL (11)

where r0 =
√

λL is the correlation length of intensity
fluctuations, τ0 = r0/u⊥ is the turbulence correlation time
and L satisfies the condition l0 <

√
λL < L0. Furthermore,

for a plane under weak fluctuation theory, σ2
1
∼= σ2

I ≈ 4σ2
χ.

IV. PROPOSED ATMOSPHERIC CHANNEL MODEL

A. Model Description

The random refractive index fluctuations in the atmosphere,
caused by turbulent mixing of various thermal layers, produce
turbulence-induced intensity fluctuations, i.e. signal fading in
both time and space. The lognormal atmospheric channel mo-
del employed in this paper is consisted of a multiplicative noise
model, as in [9], that enhances this effect on the transmitted
optical signal. The channel model is shown in Fig. 1. Here,
αsc(t) = exp (2χ(t) − 2E[χ]) is the scintillation sequence,
whereas the additive white Gaussian noise, n(t), is assumed
to include shot noise from background light among others.

Fig. 1. Model of the turbulent optical channel.

In order to generate αsc(t), a scheme based on a low-pass
filtering of a random Gaussian signal is proposed as in [10],
including the proposed covariance function (11) a lognormal
distribution, in addition to the adverse effect of the wind
velocity. The overall model is shown in Fig. 2.

Fig. 2. Block diagram of the Gujar & Kavanagh technique [10] to generate
the scintillation coefficients, αsc(t).

The way to proceed consists in filtering a random statis-
tically Gaussian signal, z(t), likewise in applying Clarke’s
method[11]. Hence, the output signal, χ(t), keeps on being
statistically Gaussian, but shaped in its power spectral density
by the Hsc(ω) filter. The output signal, χ(t), is the log-
amplitude perturbation of the transmitted optical wave. Next,
χ(t) is passed through a nonlinear device which converts its
probability distribution from Gaussian to lognormal.

Under the assumption of weak irradiance fluctuations
(σ2

χ � 1), the normalized covariance function of the irra-
diance, bI(ρ), becomes the normalized covariance function of
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the log-amplitud fluctuation, bχ(ρ) if σ2
χ < 0.64 or if σ2

I is less
than 2.5 [3]; so BI(ρ) ≈ 4Bχ(ρ) in weak fluctuation regimes.
Hence, the filter in Fig. 2, corresponding to the log-amplitude
fluctuations, is used. Next, the implementation of the filter and
the statistical conversion are presented in a greater detail.

B. Shaping a Gaussian Temporary Spectrum of Irradiance

Consider the simplest development presented in (8) for
the covariance function. Based on Taylor frozen turbulence
hypotesis so that spatial statistics can be converted to temporal
statistics by knowledge of u⊥, the resulting temporal spectrum
of irradiance fluctuations is therefore given by [3]:

SI(ω) = 4

∫ ∞

0

BI(u⊥τ)cosωτdτ . (12)

Nevertheless, it suffers from a main limitation: the high
numerical complexity surrounding the whole process. Hence,
an easier analysis is proposed from the result obtained in (11),
where the adverse effect of the wind velocity is taken into
account as a novel contribution. We consider a second-order
Gaussian statistical model given by:

Rsc(τ) = E[χ(t)χ∗(t−τ)] = σ2
χ exp

[
−
(

τ

τ0

)2]
= Bχ(u⊥τ),

(13)
where τ0 is the signal decorrelation time interval, depending
on u⊥. In [12], Fante observed that the power spectral den-
sity bandwidth of the intensity fluctuations under both weak
turbulence and applying l0 <

√
λL < L0 [5] is:

fc =
1

τ0

=
u⊥√
λL

, (14)

as a direct result of the atmospheric motion, being λ the
wavelength and L the propagation path length. By the Wiener-
Khintchine theorem, we can obtain the power spectral density
of χ in terms of its autocorrelation function as

|Hsc(f)|2 =

∫ ∞

∞
Rsc(τ)e−j2πfτdτ = σ2

χτ0

√
πe−(πτ0f)

2
.

(15)
From (15), we can get the filter, Hsc(f), for the first stage

of Fig. 2. The curves illustrated in Fig. 3 corroborate the
Gaussian approximation due to its resembling the expression
of the theoretical Kolmogorov spectrum given in (12) where
BI(u⊥τ) is shown in (7).

C. Changing the Statistical Description

At this point, the random log-amplitude of the scintillation,
χ, has been modeled with a statistically Gaussian PDF, fχ(χ).
Next, its PDF is converted from Gaussian to a lognormally
distributed one, that is generally accepted for the irradiance
fluctuations, I , under weak turbulence conditions.

The statistical conversion is carried out with the zero-
memory nonlinear device that was shown in Fig. 2. According
to Gujar and Kavanagh [10], this nonlinear device is just a
one-to-one transformation between χ and αsc of the form:

fχ

(
χ − δχ

2

)
|δχ| = fαsc

(
αsc −

δαsc

2

)
|δαsc|, (16)
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Fig. 3. Zero inner-scale model of Kolmogorov spectrum [1] vs. Gaussian
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Fig. 4. Comparison of time series realizations characterized by the Kol-
mogorov (magenta) and Gaussian (blue) spectra.

where fαsc
(αsc) is the lognormal PDF typical of the scintil-

lation sequence. This fαsc
(αsc) PDF is identical to the fI(I)

PDF. Consequently, for any point (χ, αsc) in the transforma-
tion, the probability of χ(t) being in the range (χ− δχ) to χ
is equal to the probability that αsc(t) is in the corresponding
range of (αsc − δαsc) to αsc, where δχ and δαsc are small
increments beyond the points of study in every moment.

To illustrate the effect of a Gaussian spectrum, Fig. 4 shows
segments of time series realizations generated by the process
of filtering white Gaussian noise with the proposed Gaussian
spectrum given in (15). This realization is compared with an-
other obtained by using the theoretical Kolmogorov spectrum.

V. TESTING THE PROPOSED CHANNEL MODEL

In order to compare the performance of both Kolmogorov
and Gaussian spectra under identical conditions of simulation,
the system model shown in Fig. 5 is proposed. Remarkable
elements are: first, the channel model presented in this paper
corresponding to a turbulent atmospheric environment; second,
a three-pole Bessel high-pass filter with a -1 dB cut-off fre-
quency of 500 kHz for natural and artificial light suppression;
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Fig. 5. FSO system model with Monte-Carlo bit error rate estimation.

and last, a five-pole Bessel low-pass filter employed as a rough
matched filter.

The main aim is to compare the performance of both
Kolmogorov and Gaussian spectra under identical conditions.
In this sense, numerical simulations are presented using both
spectra. Here, IM/DD links are assumed operating at a bit rate
of 50 Mbps and transmitting pulses with on-off keying (OOK)
format. In relation to the detection procedure, a threshold
detection is considered. For simplicity, the structure parameter,
C2

n, is at a constant level, corresponding to a horizontal path
of 250 m. A 830-nm laser wavelength is employed.

In Fig. 6, obtained results are displayed assuming
σχ = 0.05, 0.1, 0.14, 0.20 and 0.32, and u⊥ = 2 m/s, i.e., a
wind velocity of approximately 20 m/s for the parallel compo-
nent to the direction of propagation, u‖, under the assumption
of u⊥ = 0.1u‖ [3]. The main conclusion we can deduce from
these figures is the great accuracy in results using the proposed
approximation (11) instead of the theoretical model (7).

VI. CONCLUDING REMARKS

In this paper, a novel model for the atmosphere as an optical
communication channel is presented, considering not only the
turbulence effects due to the refractive index variation but
also the negative effect of the wind velocity. The proposed
expression (11) has the advantage of offering a great analyt-
ical simplicity and a great reduction of computational load.
Therefore, it could be very useful to first evaluate whatever
transmission or reception technique, obtaining a very accuracy
approximation of the overall performance.

Additionally, the similarity to the theoretical behavior pre-
dicted by (7) is shown in Fig. 4 in the time-varying coefficients
obtained, as well as in the error curves. Hence, the log-normal
channel model presented in this paper becomes a very good
tool to simulate weak turbulent atmospheres.
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