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Abstract

This paper proposes a new approach for the time-dependent analysis of stochastic and non-stationary queueing sys-
tems. The analysis of a series of stationary queueing models leads to a new approximation of time-dependent performance
measures.

Based on a stationary backlog-carryover (SBC) approximation of the time-dependent expected utilization, different
approximations of the time-dependent expected queue length and the number of customers in the system are discussed.
Limiting results are given for the case of constant rates.

The accuracy of the SBC approach is shown for non-stationary M(t)/M(t)/c(t) queueing systems with time-dependent
and piecewise constant arrival rates. In numerical experiments we demonstrate the reliability of this approach and compare
it with the (lagged) stationary independent period by period (SIPP) approach. In addition, the approximation is applied to
temporarily overloaded systems that cannot be analyzed by the variants of the SIPP approach.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Many service and production systems operate
under dynamic conditions which leads to time-
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dependent performance measures like average num-
ber of jobs or customers in system. For example, the
arrival rate of new jobs in a machine center may
change or resources may become temporarily
unavailable, see for example Lin and Cochran
(1990) or Stahlman and Cochran (1998). Kolesar
et al. (1975) and Ingolfsson et al. (2002) describe
an approach for scheduling police patrol cars using
the analysis of a non-stationary queueing system.
Applications for agent staffing in call centers are
described for example in Gans et al. (2003), Green
et al. (2003), and Testik et al. (2004). These systems
.
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can often be analyzed using queueing models with a
relatively simple structure, but the dynamic nature
of the systems complicates the analysis. Another
characteristic trait of these queueing systems is that
the arrival rate may exceed the service capacity for
extended periods of time, which we call temporal
overloading. During overloaded periods queues
build up and arriving customers are served only
after a possibly large waiting time. Methods for
the performance evaluation of such queueing sys-
tems have to take this temporal overloading into
account.

Besides the evaluation of given staffing plans,
computationally fast methods for evaluating the
time-dependent performances are often necessary
to create staffing requirements and workforce sched-
ules, see for example Ingolfsson et al. (2002). For
optimization tasks in many service systems, the cost
function often consists of two components: costs of
waiting and costs of server staffing, see Stolletz
(2003) for different examples of such cost functions.
Traffic intensities greater than one (overload situa-
tion) lead to waiting customers, but the servers are
well utilized. In the case of a low traffic intensity
(underload situation), the server utilization is low
and so is the probability of delay. The optimal ser-
ver allocation has to balance these two cost compo-
nents. In many practical cases, the servers are
moderately utilized at most times t, but operate at
the critical load (between under- and overload) or
are overloaded during extended periods of time.
Therefore, accurate and computationally fast meth-
ods for the performance evaluation of such queue-
ing systems are required.

Especially in contact center applications, station-
ary analysis is a common approach for dealing with
time-varying rates and stochastic inter-arrival and
processing times. The stationary independent period

by period (SIPP) approach divides the time interval
of interest (for example a day) into T small periods
i ¼ 1; . . . ; T with constant arrival rates and numbers
of servers within each period i, see Green et al.
(2001). A series of independent stationary queueing
models are solved for each period i to derive station-
ary performance measures. The SIPP approach
works accurately if the delays in consecutive time
intervals are statistically independent of each other,
the system achieves a steady-state in each interval,
and the arrival rate does not change during a period
(see Green et al., 2001). For underloaded systems
with a high quality of service, the SIPP approach
approximates the performance measures of the
dynamic system well, see Gans et al. (2003), Green
et al. (2007), and Kwan et al. (1988). A problem
of such a steady-state analysis is that for each period
the demand rate must be strictly smaller than the
service rate, i.e., overloading is prohibited. If some
extended periods are overloaded stationarity may
also fail in subsequent underloaded periods because
of the possibly large quantity of waiting customers
transferred to later periods, see Jimenez and Koole
(2004). However, many service systems in reality
can be temporarily overloaded and queues build
up with substantial numbers of waiting customers.

For systems which operate near the critical load
or which are temporarily overloaded, the SIPP
approach may fail. This paper presents a new
approximation of time-dependent performance
measures through the analysis of a series of station-
ary queueing models for such systems with temporal
overloading. Contrary to the SIPP approach, the
models of consecutive periods are no longer inde-
pendent of each other. A backlog bi of work is mea-
sured in each period i and carried over into future
periods j > i. For this reason the method is called
the stationary backlog-carryover (SBC) approach.
This approximation allows queues to build up in
overloaded periods and waiting jobs can be trans-
ferred to a subsequent period. The proposed
method is general and different queueing systems
can be analyzed with the SBC approximation. This
paper presents the SBC approach for the non-sta-
tionary M(t)/M(t)/c(t) queueing system which is
applicable to temporarily overloaded systems. The
focus of this paper is to demonstrate the accuracy
of the SBC approach by comparing it to other good
approximations with stationary queueing models in
underloaded situations. We also show the reliability
of the SBC approach for systems that operate near
the critical load or that are temporarily overloaded.
However, the integration into optimization algo-
rithms, for example for agent staffing in call centers,
is outside the scope of the paper.

The remainder of the paper is organized as fol-
lows: Section 2 reviews literature on the time-depen-
dent analysis via stationary queueing models and
discusses their applicability to temporarily over-
loaded systems. Section 3 describes the SBC
approach for the M(t)/M(t)/c(t) queue and presents
some limiting results for the approximation of the
time-dependent behavior of the M/M/c queue with
constant arrival rates. Different approximations of
the expected number of customers in system and
in queue are compared. The accuracy of the SBC
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approximation and the (lagged) SIPP approach is
shown in numerical experiments in Section 4.
Underloaded as well as temporarily overloaded sys-
tems are studied and the results are compared to
simulations. A conclusion and extensions of this
approximation method to other queueing models
are given in Section 5.
1 For example, explicit expressions of the time-dependent
probabilities pn(t) for an M/M/c system with c 6 4 servers are
given in Parthasarathy and Sharafali (1989). They assume
constant arrival and service rates.
2. Time-dependent analysis of M(t)/M(t)/c(t) queues

This section reviews some methods for the time-
dependent analysis of non-stationaryM(t)/M(t)/c(t)
queueing systems. The assumptions of the model
are described and the differential-difference equa-
tions for the exact solution for one model formula-
tion are presented. The numerical solution of these
differential-difference equations as well as different
approximations are briefly discussed. Since our
approximation uses stationary queueing models,
the review of literature focuses on approximations
with stationary queueing models. Possible applica-
tions of these methods to temporarily overloaded
systems are discussed.

The M(t)/M(t)/c(t) system has an inhomoge-
neous Poisson arrival process with instantaneous
arrival rates k(t). The service time for a customer
that starts service at time t corresponds to the time
until the first arrival of a non-homogenous Poisson
process that starts at time t and has rate l(s) for
s P t. For time-independent service rates l it fol-
lows that the service times are exponentially distrib-
uted. The number of waiting positions is assumed to
be infinite. Waiting customers will be served accord-
ing to First-Come-First-Serve (FCFS). The number
of servers c(t) is time-varying. If servers are sched-
uled to leave an end-of-shift policy has to be speci-
fied for the customers they are serving. If a server is
providing service when scheduled to leave a pre-
emptive or an exhaustive discipline can be assumed,
compare Ingolfsson (2005). In the pre-emptive disci-
pline a customer in service is sent back to the queue
if the server is scheduled to leave. For the exhaustive
discipline it is assumed that the servers always com-
plete the current job before leaving. Many service
organizations work according to an exhaustive dis-
cipline. Although the exhaustive discipline cannot
be considered explicitly in our approximation
approach, we developed different simulation models
for both disciplines. These simulation models are
used to evaluate the accuracy of our approximation
for the pre-emptive and the exhaustive discipline.
Let qðtÞ ¼ kðtÞ
cðtÞlðtÞ be the instantaneous traffic

intensity. The traffic intensity function q*(t) is
defined similarly to the function used in Mandel-
baum and Massey (1995), through

q�ðtÞ ¼ sup
06s<t

R t
s kðrÞdrR t

s cðrÞlðrÞdr
ð1Þ

for t > 0 and q*(0) = q(0) for t = 0. According to
Mandelbaum and Massey (1995) the system oper-
ates in one of the following three regimes at time
t: underloaded for q*(t) < 1, critically loaded for
q*(t) = 1, and overloaded for q*(t) > 1.

Let pn(t) be the time-dependent probability that n

customers or jobs are in the system at time t. The
exact behavior of the system with a pre-emptive dis-
cipline is described by the set of the following differ-
ential-difference equations, see for example
Kleinrock (1975):

dp0ðtÞ
dt
¼ �kðtÞp0ðtÞ þ lðtÞp1ðtÞ; ð2Þ

dpnðtÞ
dt
¼ �ðkðtÞ þ nlðtÞÞpnðtÞ þ kðtÞpn�1ðtÞ

þ ðnþ 1ÞlðtÞpnþ1ðtÞ for 0 < n < cðtÞ;
ð3Þ

dpnðtÞ
dt
¼ �ðkðtÞ þ cðtÞlðtÞÞpnðtÞ þ kðtÞpn�1ðtÞ

þ cðtÞlðtÞpnþ1ðtÞ for cðtÞ 6 n: ð4Þ

For the equations describing the system with an
exhaustive discipline we refer to Ingolfsson et al.
(2007). This set of differential-difference equations
has a closed-form solution only for special cases.1

For a numerical solution, the system size will be re-
stricted, i.e., an M(t)/M(t)/c(t)/K queue approxi-
mates the M(t)/M(t)/c(t) queue, see for example
Green et al. (1991). With a maximal system size of
K customers, Eq. (4) holds for c(t) 6 n < K and
for n = K we have

dpnðtÞ
dt
¼ �cðtÞlðtÞpnðtÞ þ kðtÞpn�1ðtÞ: ð5Þ

This truncation works well if the probabilities pK(t)
are negligibly small at all times t. For an overview of
numerical methods for the solution of these equa-
tions (and hints to choose the number K), see for
example Stewart (1994) or de Souza e Silva and Gail



R. Stolletz / European Journal of Operational Research 190 (2008) 478–493 481
(2000). The solution of these ordinary differential
equations (ODE) can be numerically challenging
and requires high computation times, especially
for systems with a high offered load, compare
Ingolfsson et al. (2007).

Now we will focus on literature on the approxi-

mation through stationary queueing models and dis-
cuss how they can be applied to temporarily
overloaded systems. Well-known approaches are
the simple stationary approximation (SSA), the
pointwise stationary approximation (PSA), the sta-
tionary independent period by period (SIPP)
approach, the average stationary approximation
(ASA), and the effective arrival rate approximation
(EAR).

The simple stationary approximation (SSA)
assumes a constant number c of servers and a con-
stant processing rate l. The arrival rate is averaged
over the whole time interval of interest (for example
a day) and a stationary M/M/c model is applied
with this arrival rate. Therefore, any non-stationa-
rity is ignored in this approach. Green et al.
(1991) analyze the question of how non-stationary
an arrival process can be before the SSA fails. They
found that the SSA gives reasonable results for
small systems with a low relative amplitude of the
arrival rate function. If the aggregated stability
condition

q ¼ 1

T

Z T

0

kðtÞ
c � l dt < 1 ð6Þ

is satisfied, the SSA can be applied to temporarily
overloaded systems, but the time-dependent behav-
ior is ignored.

For the pointwise stationary approximation (PSA)
the performance measures are approximated by a
stationary M/M/c(t) model with instantaneous rates
k(t) and l(t) at each time t, see Green and Kolesar
(1991) and Green et al. (1991). The PSA can only
be applied to systems with a maximum traffic inten-
sity less than one, i.e., temporal overloading in some
periods is strictly forbidden. Green and Kolesar
(1991) analyze the reliability of the PSA for approx-
imations of the expected queue length and the
expected waiting time. They found that the PSA
improves as the event frequency increases or the ser-
vice rate increases.2 The PSA worsens as the maxi-
mum traffic intensity increases. Steckley and
Henderson (2007) develop approximations for the
2 They analyze a system with a constant service rate and a
constant number of servers during the whole time interval.
error involved in using the PSA. Whitt (1991)
proves that the PSA is asymptotically correct as
the service and arrival rates increase, while the
instantaneous traffic intensity and the number of
servers are fixed.

The PSA and the SSA use an effective arrival rate
which is averaged over an interval of length zero for
the PSA and a length of the whole interval of inter-
est for the SSA, see Jennings et al. (1996). The sta-

tionary independent period by period (SIPP)
approach averages the rates for intervals of arbi-
trary length. For underloaded systems with a high
quality of service, the SIPP approach approximates
the performance measures of the dynamic system
well, see Green et al. (2007). The performance can
be improved using a lagged version of the approach,
which shifts the planning period one average service
time into the past (Green et al., 2003). For this
shifted planning period the maximum or the average
arrival rate is chosen. After these steps, the arrival
rate ki, the processing rate li, and the number ci

of servers are held constant during a single period
i. The SIPP approach determines the steady-state
performance measures for each period i in isolation,
i.e., an M/M/ci model with rates ki and li is ana-
lyzed for period i. A problem of such a steady-state
analysis is that the demand rate may never exceed
the service rate, i.e., the stability condition

qi ¼
ki

ci � li
< 1 ð7Þ

has to be satisfied for each period i = 1, . . . ,T.
Therefore, a system with temporal overloading in
single periods cannot be analyzed with the (lagged)
SIPP approach.

The average stationary approximation (ASA)
averages the arrival rate for time t over the interval
[t � m, t], where m is chosen to be proportional to
the mean service time, see Whitt (1991). The average
performance over some intervals is computed using
an M/G/c queue with these average arrival rates.
Temporal overloading is restricted to cases where
the aggregated stability condition is satisfied for
the intervals [t � m, t] for all t.

The effective arrival rate approximation (EAR) of
Thompson (1993) uses the SSA to derive the
expected waiting time E[Wq]. Then he assumes that
the waiting time of each customer equals E[Wq].
Under the additional assumption that the service
times are deterministic, effective arrival rates are
derived. The effective arrival rate for period i is
the average original arrival rate of this period
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increased by the rate of customers who arrived in
earlier periods j < i but are served in period i. He
decreases the original arrival rate by the number
of customers arriving in i but who are served in later
periods k > i. Then a stationary model with this
effective arrival rate is applied in each period. The
effective arrival rate has to fulfill the stability condi-
tion for each period i, which again restricts the anal-
ysis of temporarily overloaded systems.

Therefore all these approximations with station-
ary queueing models cannot be applied without
restrictions to the analysis of temporarily over-
loaded systems.

Beside these approximations with stationary
queueing models other approaches are discussed in
literature.

Fluid models can be used to derive time-depen-
dent performance measures for systems without sto-
chastic variations. In these models, the discrete
processes of customer arrivals and service comple-
tions are replaced by continuous processes. Such
fluid models are also applicable to approximate
the performance of stochastic systems, see for exam-
ple Mandelbaum and Massey (1995). If the system is
clearly under- or overloaded, i.e., the arrival rate is
significantly smaller or greater than the maximum
service rate, fluid approximations work well, see
for example Mandelbaum et al. (1999) or Gans
et al. (2003). Fluid approximations predict that
queues do not begin to form until the traffic inten-
sity exceeds one. Therefore fluid approximations
often fail if the system operates near the critical
load, see for example Altman et al. (2001) and Jime-
nez and Koole (2004).

Ingolfsson et al. (2007) give a literature review
and compare the performance of different approxi-
mation methods in a comprehensive experimental
study. In addition to some of the above-mentioned
methods they study the closure approximation (see
for example Rothkopf and Oren (1979) or Taaffe
and Ong (1987)), the infinite-server approximations
(see Jennings et al., 1996; Massey and Whitt, 1997),
and the randomization method (see Grassmann,
1977). As a result, they found that the numerical
solution of the ODE and the randomization method
give accurate results but are numerically demand-
ing. The infinite-server approximations, the effective
arrival rate approximation, and the lagged SIPP
approach were less accurate but computationally
fast.

This overview shows that common approaches
with stationary queueing models have restrictions
for the application to temporarily overloaded sys-
tems. According to numerical results of Ingolfsson
et al. (2007), the lagged SIPP approach is one of
the preferable computationally fast approximation
methods. In the numerical experiments in Section
4 this approximation is therefore used as a bench-
mark when underloaded systems are concerned.
Simulation studies are used to judge the accuracy
of both the lagged SIPP and the SBC
approximations.
3. SBC approximation of the M(t)/M(t)/c(t) queue

3.1. Main idea

This section describes the stationary backlog-car-
ryover approach for theM(t)/M(t)/c(t) queueing sys-
tem. As in the SIPP approach the time interval is
divided into small periods. The SBC approximation
can be divided into two steps. In the first step the
expected utilization is approximated. A loss model
is applied for each period and backlog is generated
and carried over into a subsequent period (Section
3.2). In the second step different methods for the
approximation of the expected queue length and
the expected number of customers in the system
are discussed, see Section 3.3. Section 3.4 shows
some limiting results for the case of constant rates
and a constant number of servers and discusses
the sensitivity of the period length of the SBC
approach to the approximation results.
3.2. Approximation of the expected utilization

For the stationary backlog-carryover approach,
the entire time interval is divided into T small peri-
ods ðti�1; ti� for i = 1, . . . ,T. The number of servers
c(t) is a discontinuous piecewise constant function.
In our examples it is assumed that the length of
the periods can be chosen so that the number of
servers ci is constant during each single period i,
i.e., ci ¼ cðtÞ holds for t 2 ðti�1; ti�. The original arri-
val rate function k(t) is replaced by a piecewise con-
stant function. Green et al. (2001) discuss different
methods to set the constant arrival rate for the SIPP
approach. For the SBC approach the average arri-
val rate during period i is used, i.e., we set

ki ¼
1

ti � ti�1

Z ti

ti�1

kðsÞds for i ¼ 1; . . . ; T : ð8Þ
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Constant processing rates li can be generated in a
similar way through

li ¼
1

ti � ti�1

Z ti

ti�1

lðsÞds for i ¼ 1; . . . ; T : ð9Þ

For the lagged SIPP approach the planning period
is shifted one average service time into the past,
i.e, the arrival rate for period i is

klag
i ¼

1

ti � ti�1

Z ti�l�1

ti�1�l�1

kðsÞds for i ¼ 1; . . . ; T :

ð10Þ

This results in a constant arrival rate ki, a constant
processing rate li, and a constant number of servers
ci in each period i. The SIPP approach applies the
M/M/ci/1 waiting system with rates ki and li in
each period i and the periods are analyzed indepen-
dently of each other. Applying this approach, a
large expected queue length in period i does
not influence the performance in following periods
j > i.

Contrary to the SIPP approach, the SBC approx-
imation analyzes each period i with an M=M=ci=ci

Erlang-loss system instead of the delay system.
The loss model is applied with an artificial arrival
rate ~ki. This artificial arrival rate ~ki consists of the
average original arrival rate ki and the backlog rate
bi�1 of the former period i � 1. The rate bi�1 is
the steady-state rate of customers leaving the
M/M/ci�1/ci�1 system due to blocking in the former
period, i.e., the rate bi�1 defines the backlog gener-

ated through artificial blocking in period i � 1. Let
Pi�1(B) be the steady-state probability of blocking
for the M/M/ci�1/ci�1 model in period i � 1 with
arrival rate ~ki�1. The backlog rate bi�1 is given
by

bi�1 ¼ ~ki�1 � P i�1ðBÞ: ð11Þ

These blocked customers of period i � 1 are car-
ried over into period i as additional artificial arriv-
als which results in the artificial arrival rate ~ki.
Starting with ~k1 ¼ k1 and b0 = 0 for the first period,
we get these artificial arrival rates recursively
through

~ki ¼ ki þ bi�1 ¼ ki þ ~ki�1 � P i�1ðBÞ: ð12Þ

Using this method of carryover, we evenly spread
customers not served in period i � 1 over period i.
Because of this artificial increase of the arrival rates,
waiting customers may ‘‘arrive’’ again and again.
Applying Erlang’s loss formula for Pi�1(B) (see for
example Gross and Harris, 1998), the SBC approx-
imation results directly in the expected utilizations
E[Ui] and the backlog rates bi for each period i with

bi ¼ ~ki � P iðBÞ ¼ ~ki �
ð~ki=liÞ

ci

ci!
Pci

k¼0
ð~ki=liÞk

k!

and ð13Þ

E½U i� ¼
~kið1� P iðBÞÞ

cili
¼

~ki � bi

cili
¼ ki þ bi�1 � bi

cili
:

ð14Þ

The expected utilization E[U(ti)] of the original sys-
tem at time ti is approximated by this steady-state
utilization E[Ui] of the ith period.

3.3. Approximation of the time-dependent expected

number of customers in the system and the expected

queue length

3.3.1. Modified arrival rate approximation

The loss model presented in Section 3.2 cannot
be used to approximate expected queue lengths
or the expected number of customers in the system.
The basic idea of our modified arrival rate (MAR)
approximation is to analyze in a second step an
M/M/ci/1 waiting model with the same utilization
as the loss model analyzed in the first step. To do
so, for each period i a modified arrival rate kMAR

i is
chosen so that the approximated utilization E[Ui]
of the first step would be reached in the M/M/ci/1
model in the second step. The M/M/ci/1 model
can then be applied with this modified arrival rate
to derive different performance measures for each
period i.

The modified arrival rate kMAR
i can be derived as

follows. In Section 3.2 the processing rate li, and
the number ci of servers and approximated expected
utilization E[Ui] are derived for each period i. Now
consider a stationary M/M/ci/1 model with the
approximated expected utilization E[Ui]. To reach
this steady-state utilization E[Ui] for given parame-
ters ci and li the modified arrival rate kMAR

i must
be

kMAR
i ¼ E½U i�cili: ð15Þ

Applying (14) results in

kMAR
i ¼ ki þ bi�1 � bi: ð16Þ

Different steady-state performance measures can be
calculated from the probability distribution of the
M/M/ci/1 model with the modified arrival rate
kMAR

i . These are, for example, the expected queue
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length EMAR[Li], the expected number of customers
in the system EMAR[Ni], or the probability of delay
PMAR(Wi > 0). We approximate the time-dependent
performance measures of the original system at time
ti with these values, i.e., set E½LðtiÞ� ¼ EMAR½Li�,
E½NðtiÞ� ¼EMAR½Ni�, and PðW ðtiÞ> 0Þ¼ P MARðW i >
0Þ, respectively.

The idea of our above-mentioned modified arri-
val rate (MAR) approach is similar to the modified
offered load (MOL) approach, see Ingolfsson et al.
(2007). Contrary to the MOL approach, our
MAR approach uses the approximated expected
utilization of a loss model instead of the expected
number of busy servers from an infinite-server
approximation.

3.3.2. Approximations based on E[Ui] and bi

A simple approach is the approximation of the
expected queue length with the number of back-
logged customers during a period (approximation
A1). If the backlog rate bi is multiplied by the period
length ti � ti�1, this value can be seen as the number
of waiting customers at the end of period i. In a first
approach let the approximated expected queue
length at the end of the ith period be

EA1½Li� ¼ biðti � ti�1Þ: ð17Þ
The expected number of customers in the system is
approximated through

EA1½N i� ¼ EA1½Li� þ ciE½U i�: ð18Þ
Numerical experiments show that the expected
queue length is often overestimated through the
approximation EA1[Li]. A better approximation A2
is given if the approximated queue length EA1½Li� is
reduced by the expected number of non-busy servers
cið1� E½U i�Þ, i.e., the approximation A2 is

EA2½Li� ¼ maxf0; biðti � ti�1Þ � cið1� E½U i�Þg: ð19Þ
The expected number of customers in the system is
approximated by

EA2½N i� ¼ EA2½Li� þ ciE½U i�: ð20Þ
Both approximations A1 and A2 can be seen as sim-
ple fluid approximations for each period with differ-
ent initial conditions, incoming flow rates, and
processing rates. We also tested other inner-period
fluid approximations, but in almost all numerical
experiments the approximations described above
performed best. That is why the numerical analysis
concentrates on the approximations MAR, A1,
and A2.
3.4. Limiting results

A special case of time-dependent analysis is to
analyze the behavior of queueing models with con-
stant rates. If the traffic intensity q ¼ k

cl is smaller
than one, these systems reach a steady-state as time
approaches infinity. This section shows that the
SBC approximation of M/M/c queues with a con-
stant arrival rate k, a constant processing rate l,
and a constant number of servers c approaches these
steady-state values if the stability condition k < cl
is satisfied. This limiting result of the approxi-
mated performance does not depend on the length
l = ti � ti�1 of the periods.

Let E½U � ¼ k
cl be the expected utilization of the

original M/M/c model in steady-state. Firstly, we
show that the approximated expected utilization
E[Ui] approaches this steady-state utilization E[U],
i.e., that

lim
i!1

E½U i� ¼ E½U � ð21Þ

is valid. To prove the limit (21) the following prop-
erties of the SBC approximation for an M/M/c
model with constant arrival rate k and without ini-
tial backlog (b0 = 0) are useful:

(i) The artificial arrival rate ~ki strictly monotoni-
cally increases in i. The proof is by induction
on the number i of periods. The initial condi-
tion for the first two periods ~k1 ¼ k and ~k2 ¼
kþ b1 clearly satisfies the statement ~k1 < ~k2.
Because of this relation of the artificial arrival
rates, the probability of blocking has a mono-
tone increase, i.e., the relation P 1ðBÞ < P 2ðBÞ
holds. Assume that the statements are also true
for period i � 1, i.e., the conditions ~ki�2 < ~ki�1

and therefore P i�2ðBÞ < P i�1ðBÞ hold. Now
consider period i with
~ki ¼ kþ bi�1 ð22Þ
¼ kþ ~ki�1 � P i�1ðBÞ ð23Þ
> kþ ~ki�2 � P i�2ðBÞ ¼ ~ki�1: ð24Þ

Therefore, the artificial arrival rate ~ki and the
probability of blocking Pi(B) monotonically
increase in i. That is why the backlog rate
bi and the expected utilization E[Ui] show a
monotone increase as well.
(ii) The artificial arrival rate ~ki is bounded. To
show an upper bound Eq. (14) is applied with
constant rates, i.e., we derive
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E½U i� ¼
kþ bi�1 � bi

cl
¼ E½U � þ bi�1 � bi

cl
:

ð25Þ
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Fig. 1. SBC approximations of the expected utilization with
different period lengths l.
From the monotone increase of bi (proven in
(i)) follows that bi�1�bi

cl is negative and the rela-
tion E[Ui] < E[U] holds. Therefore, the artifi-
cial arrival rate ~ki must be bounded. The
artificial arrival rate ~ki is monotonically
increasing and bounded. Therefore, the artifi-
cial arrival rate ~ki and the backlog rate bi con-
verge if i approaches infinity.

The approximated expected utilization E[Ui] is
monotonically increasing and bounded. Therefore,
E[Ui] converges and from Eq. (25) follows:

lim
i!1

E½Ui� ¼ E½U � þ lim
i!1

bi�1 � bi

cl
¼ E½U �; ð26Þ

i.e., the approximated utilization E[Ui] approaches
the steady-state utilization E[U].

If the expected queue length and other perfor-
mance measures are approximated using our
MAR approach of Section 3.3.1, these measures
converge to the steady-state measures of the original
system as well.

Now consider a system with an initial backlog
b0 > 0, a constant arrival rate k, a constant service
rate l, and a constant number of servers c. The
system reaches a steady state if the stability condi-
tion k < cl holds. The steady-state performance
measures are independent of the amount of initial
backlog b0. To show that the SBC approximation
reaches this steady state we distinguish two cases
with an initial backlog b0 > 0. In the first case
assume that the artificial arrival rate ~k1 of the first
period is smaller than the artificial arrival rate ~k2

of the second period, i.e. k + b0 < k + b1 holds.
The above prove of the limit (21) is valid for this
case. In the second case we assume that
k + b0 P k + b1 holds. The monotone decrease of
the artificial arrival rate ~ki can be shown using sim-
ilar arguments as in part (i) of the proof above.
The artificial arrival rate ~ki has a lower bound
of zero. Therefore, the artificial arrival rate ~ki

and the backlog rate bi converge if i approaches
infinity and limit (21) is valid for systems with an
initial backlog.

This analysis shows that the SBC approximation
would reach steady-state values if the arrival rate,
the service rate, and the number of servers remain
constant for long time intervals. These steady-state
values are independent of the amount of initial
backlog in the first period.
4. Numerical examples

4.1. Impact of the period length

This section discusses how the accuracy of the
SBC approach depends on the chosen period length
l. In the case of constant arrival and service rates for
the whole time horizon, the performance measures
of the ith period are independent of the length
l = ti � ti�1, but the performance measures depend
on the number i of the period. For different period
lengths l the time t may fall into different periods.
Therefore, applying the SBC approach with differ-
ent period lengths l leads to different approxima-
tions of the performance measures for time t. This
is important especially during the initial transient
phase. As shown in Section 3.4, the artificial arrival
rate and the approximated expected utilization
monotonically increase in the number of periods.
Therefore, for small period lengths l, the queues
build up faster than for a large one. Therefore, the
approximated expected utilization and the expected
number of customers in the system at time t increase
while the period length decreases.

The following examples demonstrate this numer-
ically. We assume a system with c = 32 servers, each
operating with an average processing time of
l�1 = 240 seconds. An arrival rate of k = 7.8 jobs
per minute leads to a traffic intensity of q = 0.975.
Fig. 1 compares the simulated average utilization
with the approximated expected utilization
ESBC[U(t)] for three different period length
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l = 0.2 Æ l�1 = 48, l = l�1 = 240, and l = 5 Æ l�1 =
1200 seconds.3 The SBC approximation with the
small period length of l = 48 seconds reaches the
steady-state value of E[U] = 97.5% faster than other
approximations. Therefore, the approximated
expected number of customers in the system
ESBC[N(t)] is higher for small period lengths, as
shown in Fig. 2.

To find out an appropriate period length l for the
SBC approximation we analyze the above system
with different constant arrival rates k between 5.6
and 7.92 arrivals per minute. This leads to traffic
intensities q between 0.7 and 0.99. The results of
the SBC approximation with different period
lengths l are compared to the simulated average uti-
lization for the first 9600 seconds. To calculate the
reliability of the SBC approximation for a particular
performance measure, the absolute deviation of the
simulated and approximated values are computed in
each period i. Averaged over all periods, this leads
to the mean absolute deviation Dabs. A division by
the mean simulated value results in the mean rela-
tive deviation Drel.

Table 1 compares the deviation of the simulated
and approximated utilization for SBC approxima-
tions with period lengths l between 120 and 420 sec-
onds. For each traffic intensity q the second column
gives the arrival rate k per minute. The mean rela-
tive deviation is given in percent and the absolute
deviation in brackets is given in percentage points.
3 The simulation results are based on 4000 replications. This
large number ensures that the standard deviation of the number
of jobs in the system is smaller than 10�6 in all considered
examples in this paper.
As the traffic intensity q increases the best found
period length l decreases. To analyze the SBC
approximation case-independent a period length l

has to be chosen which works well in all examples.
Because absolute deviations are higher in systems
with high traffic intensities, we choose a period
length l equal to the average processing time l�1.
In all considered examples in Table 1 the simulated
average utilization is well approximated by
ESBC[U(t)] using a period length l = l�1. Assuming
a period length of l = l�1, Table 2 shows the result-
ing deviations of the expected number of customers
in system and the expected queue length for the
three approximations A1, A2, and MAR. These
approximations work well, while the approximation
error increases as the traffic intensity increases. In
all cases the MAR approximation has the smallest
deviation. Although the relative deviations are fairly
large, the examples in the next sections demonstrate
that the SBC approximation gives better results
than the lagged SIPP approach.

The above examples indicate that the average
processing time gives an appropriate period length
l for the SBC approximation. In the next sections
the SBC approximation with this period length is
applied for systems with different numbers of serv-
ers, different mean processing times, and different
traffic intensities. The intent of these sections is to
demonstrate that the SBC approach is a general
approximation method. Therefore, the period
length is not varied in the numerical examples, even
though for the most examples the SBC approxima-
tions can be improved by calibrating the period
length l for each special case. To determine general
rules for setting the period length better than
l = l�1 could be a fruitful task for future research.

4.2. Underloaded systems with a constant number of

servers

In Section 4.2 the SBC approach is studied for
M(t)/M/c systems with time-varying but piecewise
constant arrival rates and a constant number of
servers in underloaded situations. Examples with
time-dependent numbers of servers and temporal
overload are studied in Section 4.3. In the first set
of examples in this section (Table 3) we show how
the approximation reacts to changes in traffic inten-
sity. We then study these systems by varying the
number of servers or the mean processing time.

We assume a time interval of 9600 seconds,
which is divided into four phases. The arrival rate



Table 2
Relative and absolute deviations (in parentheses) of the expected number of customers in system and in queue for l = l�1 (c = 32 servers,
mean processing time l�1 = 240 seconds)

q DEA1 ½N � DEA2 ½N � DEMAR ½N � DEA1 ½L� DEA2½L� DEMAR ½L�

0.7 2.3% (0.5) 1.6% (0.3) 1.5% (0.3) 187.1% (0.2) 100.0% (1.0) 38.1% (0.0)

0.8 4.5% (1.2) 3.2% (0.8) 1.6% (0.4) 144.1% (0.8) 100.0% (0.6) 14.5% (0.1)

0.9 9.4% (2.9) 2.4% (0.8) 2.6% (0.8) 80.5% (2.7) 17.0% (0.6) 15.1% (0.5)

0.925 11.3% (3.8) 3.8% (1.3) 3.4% (1.2) 68.7% (3.6) 19.7% (1.0) 17.1% (0.9)

0.95 14.3% (5.4) 9.1% (3.4) 5.7% (2.1) 62.6% (5.1) 38.9% (3.2) 23.0% (1.9)

0.975 18.8% (8.0) 15.3% (6.5) 9.9% (4.2) 62.5% (7.8) 50.6% (6.3) 32.5% (4.1)

0.99 19.7% (9.2) 17.0% (8.0) 11.1% (5.2) 55.5% (9.2) 47.8% (7.9) 31.3% (5.2)

Table 1
Relative and absolute deviations (in parentheses) of the approximated expected utilization DESBC ½U � from simulation for different period
lengths l (c = 32 servers, mean processing time l�1 = 240 seconds, k given in arrivals per minute)

q k l = 120 l = 180 l = 240 l = 300 l = 360 l = 420

0.7 5.6 1.9% (1.3) 1.7% (1.1) 1.4% (1.0) 1.3% (0.9) 1.2% (0.8) 1.3% (0.9)
0.8 6.4 1.8% (1.4) 1.6% (1.2) 1.3% (1.0) 1.1% (0.9) 1.1% (0.8) 1.1% (0.9)
0.9 7.2 1.8% (1.6) 1.4% (1.3) 1.1% (1.0) 0.8% (0.7) 0.8% (0.7) 0.9% (0.8)
0.925 7.4 1.8% (1.6) 1.3% (1.2) 0.9% (0.8) 0.8% (0.7) 0.9% (0.8) 1.2% (1.1)
0.95 7.6 1.9% (1.7) 1.3% (1.2) 0.8% (0.7) 0.8% (0.7) 1.1% (1.0) 1.5% (1.4)
0.975 7.8 1.9% (1.8) 1.1% (1.1) 0.8% (0.8) 1.0% (1.0) 1.4% (1.3) 1.9% (1.8)
0.99 7.92 1.6% (1.6) 1.0% (0.9) 1.0% (1.0) 1.3% (1.2) 1.7% (1.6) 2.3% (2.1)
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is assumed to be constant in each phase. We con-
sider a system with c = 32 servers and a mean pro-
cessing time of l�1 = 240 seconds. Such
parameters can be found, for example, in call cen-
ters with patient customers. To show how the
approximation works for changing traffic intensi-
ties, these examples assume that the traffic intensity
is higher in one phase than in the remaining phases,
similar to the numerical experiments in Jimenez and
Koole (2004). This high traffic intensity occurs in
one of the first three phases. The traffic intensities
Table 3
Instantaneous traffic intensities q(t) for different examples with
c = 32 servers and a mean processing time of l�1 = 240 seconds

Ex. Phase I Phase II Phase III Phase IV
0 6 t 6

2400
2400 < t 6

4800
4800 < t 6

7200
7200 < t 6

9600

1 0.95 0.8 0.8 0.8
2 0.8 0.95 0.8 0.8
3 0.8 0.8 0.95 0.8

4 0.99 0.9 0.9 0.9
5 0.9 0.99 0.9 0.9
6 0.9 0.9 0.99 0.9

7 0.99 0.95 0.95 0.95
8 0.95 0.99 0.95 0.95
9 0.95 0.95 0.99 0.95
q(t) for the four phases are summarized in Table
3. In each example the arrival rates are adjusted to
meet the different traffic intensities. For instance,
in Example 5 the arrival rate is k(t) = 7.2 customers
per minute (q(t) = 0.9) for the first 40 minutes
(Phase I). In the next 40 minutes the arrival rate
increases by about 10%, i.e., for k(t) = 7.92 holds
q(t) = 0.99 (Phase II). For 4800 < t 6 9600 we again
assume the lower arrival rate of k(t) = 7.2 customers
per minute (Phases III and IV).

Tables 4 and 5 present the relative deviations of
the expected utilization, the expected number of
customers in the system, and the expected queue
length for the three SBC approximations. The aver-
age absolute deviations are given in brackets. To
compare our results to the SIPP approach we ini-
tially evaluated different versions of this approach.
For period lengths of 20 and 40 minutes the original
SIPP approach and the lagged SIPP approach were
tested. In the lagged SIPP approach a lag of one
average service time (4 minutes) is used. For the
examples presented in this section the lagged-aver-
age SIPP approach with a period length of 20 min-
utes gives the best results compared to the
simulation study. This lagged SIPP approach is
therefore used as a benchmark in the following
examples. The deviations of the expected utilization,
the expected number of customers in the system,



Table 4
Relative and absolute deviations (in parentheses) of the expected utilization and expected number of customers in system for the SBC
approximations and the lagged SIPP approximation (Examples of Table 3)

Ex. DESBC ½U � DESIPP ½U � DEA1 ½N � DEA2½N � DEMAR ½N � DESIPP ½N �

1 1.4% (1.1) 2.5% (2.0) 8.2% (2.3) 5.2% (1.4) 3.7% (1.0) 6.5% (1.8)
2 1.6% (1.3) 2.8% (2.3) 7.1% (2.0) 4.6% (1.3) 3.0% (0.8) 7.8% (2.2)
3 1.7% (1.4) 2.5% (2.1) 7.0% (2.0) 4.3% (1.2) 2.8% (0.8) 7.3% (2.1)

4 1.4% (1.2) 2.3% (2.0) 13.9% (4.7) 7.9% (2.7) 5.8% (2.0) 34.5% (11.6)
5 1.6% (1.5) 3.0% (2.7) 12.0% (4.2) 6.3%(2.2) 4.8% (1.7) 42.5% (14.8)
6 1.6% (1.4) 3.0% (2.7) 12.1% (4.2) 5.4% (1.9) 4.2% (1.5) 42.0% (14.5)

7 0.9% (0.8) 2.1% (2.0) 16.6% (6.6) 12.4% (4.9) 7.7% (3.0) 32.4% (12.8)
8 1.1% (1.1) 2.5% (2.4) 16.4% (6.6) 12.2% (4.9) 7.7% (3.1) 41.6% (16.7)
9 1.1% (1.0) 2.7% (2.5) 16.5% (6.5) 12.1% (4.8) 7.8% (3.1) 44.2% (17.5)

Table 5
Relative and absolute deviations (in parentheses) of the expected queue length for the SBC approximations and the lagged SIPP
approximation (Examples of Table 3)

Ex. DEA1 ½L� DEA2 ½L� DEMAR ½L� DESIPP ½L�

1 117.5% (1.9) 74.2% (1.2) 44.0% (0.7) 75.9% (1.3)
2 82.2% (1.7) 51.8% (1.0) 27.7% (0.6) 75.5% (1.5)
3 82.3% (1.7) 49.2% (1.0) 25.1% (0.5) 71.9% (1.5)

4 83.7% (4.3) 46.1% (2.4) 31.1% (1.6) 214.9% (11.1)
5 61.3% (3.9) 31.4% (2.0) 22.9% (1.4) 222.8% (14.0)
6 64.4% (3.9) 27.8% (1.7) 19.7% (1.2) 227.3% (13.7)

7 64.1% (6.4) 47.2% (4.7) 28.5% (2.8) 124.0% (12.3)
8 60.0% (6.4) 44.1% (4.7) 26.8% (2.9) 151.0% (16.0)
9 63.0% (6.3) 45.5% (4.6) 28.6% (2.9) 167.0% (16.7)
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Fig. 3. Approximations of the expected number of customers in
the system (SBC and lagged SIPP) vs. simulated average number
of customers in the system for Example 5.
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and the expected queue length for this lagged SIPP
approach are given as well.

Table 4 shows that the relative deviations Drel
ESBC½U �

are small in all nine examples. The expected utiliza-
tions of the agents are well approximated in all
examples shown. The lagged SIPP approach results
in relative deviations Drel

ESIPP ½U � of the expected utiliza-
tion between 2.1% and 3.0%, which are significantly
higher than the deviations with the SBC approxima-
tion. The SBC approximations A2 and MAR of the
expected number of customers in the system are bet-
ter than the lagged SIPP approximation ESIPP[N(t)].
The approximation A1 is better than the lagged
SIPP approach in 8 out of 9 cases. In all examples
of Table 3, our MAR approximations have the
smallest deviations.

Fig. 3 shows the approximated number of cus-
tomers in the system for Example 5. The MAR
approach is better than other SBC approximations
and significantly better than the lagged SIPP
approximation. The deviation from the simulated
average number of customers in the system is only
Drel

EMAR½N � ¼ 4:8% (Dabs
EMAR½N � ¼ 1:7 customers). The

SBC approach also gives a better approximation



Table 6
Relative and absolute deviations (in parentheses) of the expected utilization and expected number of customers in the system for the SBC
approximations and the lagged SIPP approximation for different numbers of servers and different processing rates

Ex. c l�1 DESBC½U � DESIPP ½U � DEA2 ½N � DEMAR ½N � DESIPP ½N �

3 16 240 3.1% (2.5) 3.6% (2.9) 8.0% (1.2) 3.8% (0.6) 15.6% (2.4)
6 16 240 2.1% (1.9) 3.7% (3.2) 9.6% (1.9) 7.0% (1.4) 75.6% (15.1)
9 16 240 1.5% (1.4) 4.1% (3.7) 16.7% (3.9) 11.5% (2.7) 85.4% (19.8)

3 64 240 1.4% (1.2) 2.5% (2.0) 2.3% (1.3) 2.2% (1.2) 3.8% (2.0)
6 64 240 1.6% (1.4) 2.6% (2.3) 5.4% (3.5) 2.7% (1.7) 21.8% (13.8)
9 64 240 1.2% (1.1) 2.5% (2.4) 7.3% (5.2) 4.7% (3.3) 23.5% (16.6)

3 32 120 1.1% (0.9) 1.8% (1.5) 4.6% (1.3) 2.4% (0.7) 6.2% (1.8)
6 32 120 1.1% (1.0) 2.2% (2.0) 6.7% (2.4) 4.2% (1.5) 43.4% (15.9)
9 32 120 0.8% (0.7) 1.8% (1.7) 11.4% (4.9) 6.3% (2.8) 41.9% (18.2)

3 32 480 4.5% (3.5) 5.3% (4.1) 4.3% (1.2) 4.0% (1.1) 9.4% (2.5)
6 32 480 3.2% (2.7) 5.5% (4.7) 5.3% (1.7) 5.6% (1.8) 48.7% (15.7)
9 32 480 2.6% (2.3) 6.2% (5.5) 11.8% (4.2) 9.0% (3.2) 59.3% (20.9)
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of the number of customers in the queue than the
lagged SIPP approach. With a relative deviation
of Drel

EMAR½L� ¼ 22:9% and an average absolute devia-
tion of only Dabs

EMAR½L� ¼ 1:4 customers, the MAR
approximation gives the best results for the approx-
imation of the expected queue length. Especially in
the second phase with the high instantaneous traffic
intensity q(t) = 0.99, the approximation with the
lagged SIPP approach results in a massive over-esti-
mation of the expected queue length, which results
in high deviations of Drel

ESIPP½L� ¼ 222:8% and
Dabs

ESIPP ½L� ¼ 14:0 customers.
Table 5 shows the deviations of the approxi-

mated expected queue length to the simulated aver-
age queue length for the other examples of Table 3.
Again, our MAR approach gives the best approxi-
mation and is significantly better than the lagged
SIPP approach.

In the next examples we again analyze systems
with traffic intensities as described in the Examples
3, 6, and 9 in Table 3, but the number of servers
or the processing rate changes. Instead of c = 32
servers we study these examples with c = 16 and
c = 64 servers. The mean processing time is assumed
to be l�1 = 240 seconds in the first six examples and
the arrival rates are adjusted to meet the instanta-
neous traffic intensities q(t) of Table 3. The first
parts of Tables 6 and 7 present the results for these
examples.4 The SBC approximation gives reason-
4 The deviations for the approximation A1 are not summarized
because these deviations are always higher than the deviations for
the approximation A2.
able results for the approximation of the expected
utilization of both numbers of servers. The best
approximation of the expected number in system
and in queue is given by the MAR approach. Simi-
lar to the examples with c = 32 servers, the lagged
SIPP approach has a substantially higher deviation
from the simulation results than our MAR
approach for all reported performance measures.

The mean processing times vary in the examples
of the second parts of Tables 6 and 7. With
l�1 = 120 seconds, half of the original average pro-
cessing time is assumed. Therefore, the period
length for the SBC approach is only 120 seconds.
The number of servers is assumed to be constant
with c = 32 and the arrival rates are adjusted to
meet the instantaneous traffic intensities q(t) of
Table 3. Table 6 shows that the expected utilization
is well approximated for both mean processing
times. In almost all cases the best approximation
of the expected number of customers in the system
is the MAR approach. Again, the relative deviations
for the SBC approximations of the expected queue
length are fairly large but significantly lower than
those for the lagged SIPP approach, see Table 7.

All these examples show that underloaded sys-
tems with time-varying and piecewise constant arri-
val rates can be analyzed with the stationary
backlog-carryover approach. The approximation
of the expected utilization, the expected number of
customers in the system, and the expected queue
length works well. The best results are reached using
the modified arrival rate (MAR) approximation.
The MAR approximation of time-dependent per-



Table 7
Relative and absolute deviations (in parentheses) of the expected queue lengths for the SBC approximations and the lagged SIPP
approximation for different numbers of servers and different processing rates

Ex. c l�1 DEA2 ½L� DEMAR ½L� DESIPP ½L�

3 16 240 49.6% (1.3) 18.2% (0.5) 80.6% (2.1)
6 16 240 27.9% (1.7) 19.1% (1.1) 245.9% (14.6)
9 16 240 42.2% (3.7) 28.1% (2.4) 221.2% (19.2)

3 64 240 39.8% (0.7) 33.4% (0.5) 54.8% (0.9)
6 64 240 48.6% (2.9) 19.3% (1.2) 205.5% (12.4)
9 64 240 41.4% (4.6) 24.9% (2.8) 137.3% (15.2)

3 32 120 49.7% (1.2) 23.1% (0.6) 55.5% (1.3)
6 32 120 31.3% (2.4) 19.0% (1.4) 202.7% (15.3)
9 32 120 36.0% (4.8) 19.6% (2.6) 131.6% (17.7)

3 32 480 55.2% (1.1) 26.2% (0.5) 86.1% (1.7)
6 32 480 28.5% (1.4) 20.1% (1.0) 300.5% (14.3)
9 32 480 49.4% (3.5) 35.1% (2.5) 276.9% (19.4)
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formance measures is significantly better than the
approximation with the lagged SIPP approach.

4.3. Critically loaded and temporarily overloaded

systems with time-dependent numbers of servers

This section studies the SBC approximation for a
system with time-varying arrival rates and time-
dependent number of servers as they may occur in
service centers. Table 8 gives the piecewise constant
arrival rates per hour and three configurations of
the number of servers. The resulting traffic intensi-
ties q(t) are given in brackets.

In all three configurations the mean service time
is l�1 = 240 seconds. This results in an instanta-
neous traffic intensity of qI(t) = 0.95 at all times in
Configuration I. Configurations II and III limit
Table 8
Arrival rates and numbers of servers for three configurations

Time t kt [arrivals/hour] cI,t (q

8:00–8:40 114 8 (0
8:40–9:20 142.5 10 (0
9:20–10:00 142.5 10 (0
10:00–10:40 185.25 13 (0
10:40–11:20 356.25 25 (0
11:20–12:00 641.25 45 (0
12:00–12:40 712.5 50 (0
12:40–13:20 741 52 (0
13:20–14:00 641.25 45 (0
14:00–14:40 498.75 35 (0
14:40–15:20 712.5 50 (0
15:20–16:00 498.75 35 (0
16:00–16:40 427.5 30 (0
16:40–17:20 427.5 30 (0
17:20–18:00 356.25 25 (0
the maximum number of servers to 50 and 48 serv-
ers, respectively. The maximum traffic intensity of
Configuration II is 0.988 and the system works near
the critical load between 11:30 and 12:00. In Config-
uration III the system is overloaded at several times
with a maximum traffic intensity of 1.029 and the
(lagged) SIPP approach cannot be applied.

Even though the traffic intensity q(t) is smaller
than one for each t in Configuration I, the lagged
SIPP approach with a period length of 20 minutes
cannot be applied. Due to the varying number of
servers, the resulting arrival rate klag (see Eq. 10)
may exceed the capacity ct Æ lt in some periods.
For example, in the period 14:00-14:20 the arrival
rate for the lagged SIPP is klag = 0.2 Æ 641.25 +
0.8 Æ 498.75 = 527 calls per hour. With c = 35 serv-
ers, the traffic intensity q ¼ klag

cl ¼ 1:00429 violates
I(t)) cII,t (qII(t)) cIII,t (qIII(t))

.95) 8 (0.95) 8 (0.95)

.95) 10 (0.95) 10 (0.95)

.95) 10 (0.95) 10 (0.95)

.95) 13 (0.95) 13 (0.95)

.95) 25 (0.95) 25 (0.95)

.95) 45 (0.95) 45 (0.95)

.95) 50 (0.95) 48 (0.990)

.95) 50 (0.988) 48 (1.029)

.95) 45 (0.95) 45 (0.95)

.95) 35 (0.95) 35 (0.95)

.95) 50 (0.95) 48 (0.990)

.95) 35 (0.95) 35 (0.95)

.95) 30 (0.95) 30 (0.95)

.95) 30 (0.95) 30 (0.95)

.95) 25 (0.95) 25 (0.95)
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Fig. 4. Expected number of customers in the system for
Configuration I.
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the stability condition for the SIPP approach.
Therefore, the lagged SIPP with a period length of
40 minutes was tested, but the approximation
results are worse than those of the original (non-
lagged) SIPP approach. This problem of the lagged
SIPP caused by significant changes in the number of
servers also arises in Configuration II. Therefore the
non-lagged SIPP approach is used as a benchmark
for the SBC approximations of Configuration I
and II.

Tables 9 and 10 show the deviations from the
simulation results for the expected utilization and
the expected number of jobs in system and in queue.
For the results of the upper parts of both tables, an
exhaustive discipline is simulated if a server is sched-
uled to leave. The deviation in the lower parts are
related to a pre-emptive discipline. The accuracy
of the SBC approximation is higher for the pre-emp-
tive end-of-shift policy in the presented examples.

Figs. 4–6 show the approximations of the
expected number in system of the SBC and the SIPP
approximations compared to the simulation results
for the exhaustive and the pre-emptive discipline.
The simulated average number in system for the
pre-emptive discipline is greater than or equal to
this number for an exhaustive discipline at any time.
As other approaches with stationary models, our
SBC approach do not differentiate between the
Table 9
Relative and absolute deviations (in parentheses) of the expected utilizat
the SIPP approximations

Discipline Configuration DESBC½U � DESIPP ½U �

Exhaustive I 4.0% (3.7) 5.2% (4.8
Exhaustive II 4.1% (3.7) 5.4% (4.9
Exhaustive III 4.3% (4.0) –

Pre-emptive I 1.6% (1.5) 2.6% (2.5
Pre-emptive II 1.5% (1.4) 2.8% (2.6
Pre-emptive III 1.1% (1.0) –

Table 10
Relative and absolute deviations (in parentheses) of the expected queu

Discipline Configuration DEA2 ½L�

Exhaustive I 96.2% (6.
Exhaustive II 101.7% (7.
Exhaustive III 135.6% (13

Pre-emptive I 35.3% (3.
Pre-emptive II 35.0% (4.
Pre-emptive III 31.3% (5.
two disciplines. A fruitful direction of future
research could be to refine the SBC approach such
that the end-of-shift policies are explicitly
considered.

These three examples show that the approxima-
tion error is fairly large for all approximation meth-
ods. However, the new SBC approximation gives
smaller errors for the expected utilization than the
SIPP approach in Configurations I and II. Again,
the best approximation of the expected number of
customers in the system and the expected queue
length is found via the MAR approximation.
ion and expected number of customers in system for the SBC and

DEA2½N � DEMAR ½N � DESIPP ½N �

) 18.3% (6.5) 13.7% (4.9) 20.1% (7.1)
) 20.8% (7.5) 15.6% (5.7) 29.6% (10.7)

34.6% (13.4) 27.7% (10.7) –

) 10.2% (4.1) 9.9% (4.0) 15.1% (6.1)
) 10.9% (4.5) 9.9% (4.1) 25.6% (10.7)

12.4% (5.9) 10.0% (4.8) –

e length for the SBC and the SIPP approximations

DEMAR ½L� DESIPP ½L�

4) 71.7% (4.7) 104.0% (6.9)
4) 75.8% (5.5) 143.0% (10.4)
.3) 108.4% (10.6) –

9) 34.4% (3.8) 52.3% (5.8)
4) 31.7% (4.0) 81.8% (10.3)
8) 25.5% (4.7) –
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5. Conclusion and suggestions for further research

We presented an approximation method for non-
stationary queueing systems using a series of sta-
tionary queueing models. Consecutive periods are
linked through the carryover of backlog. For the
M(t)/M(t)/c(t) model with piecewise constant arri-
val rates, the reliability of the stationary backlog-
carryover (SBC) approach is demonstrated in sev-
eral numerical experiments. The approximation of
the expected utilization works accurately for under-
loaded as well as temporarily overloaded systems.
The expected number of customers in the system
and the expected queue length are well approxi-
mated by the modified arrival rate (MAR) approx-
imation in almost all cases. For underloaded
systems the SBC approach approximates the time-
dependent expected utilization, the time-dependent
number of customers in the system, and the time-
dependent queue length significantly better than
the lagged SIPP approach. For temporarily over-
loaded systems a competing approximation with
stationary models is not available.

Future research could be directed towards more
complex queueing systems. In general, in order to
apply the SBC approach to a queueing system, it
needs to be specified (i) which stationary queueing
model is used in each single period, (ii) how the
backlog can be measured, and (iii) how the backlog
is carried over from one period to its successors. For
example, the method could be extended to models
with different classes of customers and heteroge-
neous servers or systems with impatient customers.
To analyze systems with impatient customers and
retrials an M/M/c + M model (with or without
retrials) could be used in the second step of the
approximation. If the average time a customer waits
before he retries is significantly longer than the per-
iod length l of the SBC approximation, these retrials
generate additional backlog. Based on the distribu-
tion of the retrial time this additional backlog will
be carried over into different future periods. Espe-
cially for the analysis of such queueing models it
would be interesting to get time-dependent expected
waiting times or service levels. The approximations
of these waiting-based measures have to cope with
time-varying numbers of servers.

The insensitivity of the M/G/c/c model to the
shape of the service time distribution suggests that
the SBC approximation may work for general ser-
vice time distributions as well as for exponential ser-
vice time distribution. Additional numerical studies
are necessary to explore the reliability of the
approach for such queueing models.

A productive direction for further research would
be integrating the SBC approach into optimiza-
tion procedures, for example, agent staffing in call
centers.
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