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ABSTRACT

Climate change impact studies are subject to numerous uncertainties and assumptions. One of the main

sources of uncertainty arises from the interpretation of climate model projections. Probabilistic procedures

based on multimodel ensembles have been suggested in the literature to quantify this source of uncertainty.

However, the interpretation of multimodel ensembles remains challenging. Several assumptions are often

required in the uncertainty quantification of climate model projections. For example, most methods often

assume that the climate models are independent and/or that changes in climate model biases are negligible.

This study develops a Bayesian framework that accounts formodel dependencies and changes inmodel biases

and compares it to estimates calculated based on a frequentist approach. The Bayesian framework is used to

investigate the effects of the two assumptions on the uncertainty quantification of extreme precipitation

projections over Denmark. An ensemble of regional climate models from the Ensemble-Based Predictions of

Climate Changes and their Impacts (ENSEMBLES) project is used for this purpose.

The results confirm that the climatemodels cannot be considered independent and show that the bias depends

on the value of precipitation. This has an influence on the results of the uncertainty quantification. Both themean

and spread of the change in extreme precipitation depends on both assumptions. If the models are assumed

independent and the bias constant, the resultswill be overconfident andmaybe treated asmore precise than they

really are. This study highlights the importance of investigating the underlying assumptions in climate change

impact studies, as these may have serious consequences for the design of climate change adaptation strategies.

1. Introduction

Information on the expected changes in extreme

precipitation under climate change conditions is needed

for the design of infrastructure such as dams, bridges,

and urban drainage. However, these changes are subject

to numerous uncertainties. Uncertainties are introduced

at the different steps in climate change impact studies: for

example, the choice of emission scenario and global cir-

culation model (GCM) as well as the choice of dynamical

and/or statistical downscaling method. It is generally

recognized that robust decisionmaking on climate change

adaptation should be based on probabilistic climate pro-

jections that include these sources of uncertainty (Fowler

et al. 2007; Tebaldi and Knutti 2007).

Recent studies have addressed and compared the con-

tribution of the various sources of uncertainty (e.g., Wilby

and Harris 2006; Déqué et al. 2007; Dessai and Hulme

2007;Hawkins and Sutton 2011; Räisänen andRäty 2013).
In most cases, the authors found that the inherent un-

certainty in climatemodels exceeds the uncertainty due to

the natural variability, emission scenario, and statistical

downscaling. Nonetheless, the relevance of each un-

certainty source varies depending on the projection hori-

zon. Natural variability and emission scenario become
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more important when analyzing, respectively, short- and

long-projection horizons (Hawkins and Sutton 2011).

Uncertainty in climate models is often assessed based

on amultimodel framework. Largemultimodel ensemble

datasets have been produced in recent years. One of the

largest datasets ofGCMs is the ensemble recently created

in phase 5 of theCoupledModel Intercomparison Project

(CMIP5) (Taylor et al. 2012). In Europe, the Prediction of

Regional Scenarios and Uncertainties for Defining Euro-

pean Climate Change Risks and Effects (PRUDENCE)

project (Christensen et al. 2007) aimed at addressing the

uncertainties in a multimodel ensemble of regional cli-

mate models (RCMs). This work was continued in the

Ensemble-Based Predictions of Climate Changes and

their Impacts (ENSEMBLES) project (van der Linden

andMitchell 2009). As part of the ENSEMBLES project,

a large dataset of state-of-the-art RCMs was created

and made freely available. Currently, in the Coordinated

Regional Climate Downscaling Experiment (CORDEX)

project (http://wcrp-cordex.ipsl.jussieu.fr/) several ensem-

bles of RCMs covering the majority of populated areas in

the world are being created.

Multimodel ensembles provide valuable information

for estimating the uncertainty in climate model pro-

jections. However, there are still remaining challenges

in their interpretation (Knutti et al. 2010). Some of the

main challenges are the limited number of climatemodels

in the ensemble, the interdependency of climate models,

and the lack of consensus on how to evaluate model

performance. Therefore, several assumptions are often

needed in climate change studies (Fischer et al. 2012).

For example, most studies assume that the climate

models in the ensemble are independent. This assump-

tion may not be valid, as some models share similar or

even identical parameterization schemes as well as

submodels with identical code (Masson andKnutti 2011).

Additionally, in the case of ensembles of RCMs, some

models are driven by the same GCM boundary condi-

tions. Another important assumption in climate change

studies is the assumption of constant bias in the climate

models. The bias is assumed to be stationary in time; that

is, its change is considered negligible. This assumption

is often used in statistical downscaling and bias correc-

tion methods. However, a recent study by Boberg and

Christensen (2012) showed that the bias of temperature is

dependent on the value of the temperature.

In recent years, several probabilistic methods based on

multimodel ensembles have been suggested in the litera-

ture: for example, the reliability ensemble averaging

method suggested by Giorgi and Mearns (2002) and the

Bayesian methods suggested by Tebaldi et al. (2004,

2005), Leith and Chandler (2010), and Buser et al. (2009,

2010). These methods account for some of the challenges

in interpreting multimodel ensembles. The assumption of

model independency is discussed in several studies (e.g.,

Furrer et al. 2007; Tebaldi and Knutti 2007; Buser et al.

2009, 2010;Knutti et al. 2010;Maule et al. 2013).Although

most of these studies discussed the possible invalidity of

this assumption, none of the methods include the model

interdependency in the uncertainty quantification ap-

proach. Buser et al. (2009, 2010) addressed the effects of

assuming constant bias. They tested the assumption of

constant bias versus the assumption of temperature de-

pendent bias and found that the choice of constant or

dependent bias assumption largely influenced the results

obtained for future summer mean temperatures.

This study develops a Bayesian framework that accounts

for the interdependency and the changes in the biases of the

climate models. The main goal of the study is to develop

and analyze a procedure for the incorporation of these two

factors in the uncertainty quantification of climate model

projections. The study addresses the uncertainty in extreme

precipitation projections over Denmark using an ensemble

of RCMs. The focus is on extreme precipitation, as it is

likely to be one of the most important impacts of climate

change in cities (Fowler and Hennessy 1995; Field et al.

2012). Hence, a quantitative assessment of the uncertainty

in these projections is needed for the design of climate

change adaptation in cities. Most studies have focused on

the uncertainty in mean precipitation projections at rather

large scales (e.g., Giorgi and Mearns 2002; Fischer et al.

2012), andonly a few studies have assessed theuncertainties

in extreme precipitation projections at a regional scale (e.g.,

Frei et al. 2006; Fowler and Ekström 2009).
The next section describes the case study and the data

used, followed by the methodology section. Section 4

presents and discusses the results, and section 5 sum-

marizes the findings and conclusions of the study.

2. Data and case study

The index selected to represent extreme precipitation

in this study is the 95th percentile of precipitation amount

on wet days (RRwn95). Wet days are defined as days with

precipitation higher or equal to 1mm (Peterson 2005).

Extreme precipitation RRwn95 is included in the list of

extreme precipitation indices defined by the Statistical

and Regional Dynamical Downscaling of Extremes

for European Regions (STARDEX) (Haylock and

Goodess 2004). Additionally, it is often used in climate

change impact studies focusing on extreme precipitation

(e.g., Beldring et al. 2008; Benestad 2010). In Denmark,

under present climate conditions, RRwn95 is approximately

13mmday21 in winter and 19mmday21 in summer.

The observational dataset used in this study is the

gridded precipitation product created by the Danish

Meteorological Institute known as Climate Grid
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Denmark (CGD). This gridded dataset has a spatial

resolution of 10 km 3 10 km, and it is based on ap-

proximately 300 stations (Scharling 1999). Daily pre-

cipitation data are available for the period 1989–2010.

The climatemodel output used is daily precipitation from

an ensemble of 15 RCMs from the ENSEMBLES project

(van der Linden andMitchell 2009). These 15RCMs are all

the models from ENSEMBLES available at a temporal

resolution of 0.228 (approximately 25km) and covering the

time period 1950–2100. This ensemble contains 11 different

RCMs driven by six differentGCMs (see Table 1 formodel

details and expansions). Thirteen RCMs use the same ro-

tated pole grid system, while two models (RM5.1 and

RegCM) use a Lambert conformal grid system. Daily pre-

cipitation data from the RCMs for the time periods 1989–

2010 and 2081–2100 for all the 66 land grid points covering

Denmark are used in this study. The future period consid-

ered here is the same as the one used in the Special Report

onManaging the Risks of Extreme Events andDisasters to

Advance Climate Change Adaptation (Field et al. 2012).

To be able to compare the indices obtained from the

observational dataset and the RCMs, the values of

RRwn95 estimated for each of the grids in the CGDhave

been reinterpolated to the 0.228 rotated pole grid sys-

tem. The method used for this purpose is the natural

neighbor interpolation method suggested by Sibson

(1980, 1981). Additionally, and for the same reason, the

two models using the Lambert conformal grid system

have been reinterpolated to the rotated pole grid system

using the same interpolation method.

3. Methodology

The methodology followed in this study is a Bayesian

framework based on the approach presented by Tebaldi

et al. (2004, 2005). They suggested a Bayesian statistical

model that combines information from a multimodel

ensemble and observations. The statistical model was

used to determine probability distributions of future

temperature change for 22 land regions. Here, the ap-

proach has beenmodified to include the interdependency

and the change in bias of the climate models. A fre-

quentist approach could have also been used (after

a reparameterization of the model) to estimate the

uncertainty in the parameters of the statistical model

defined here. The discussion on frequentist versus

Bayesian frameworks is generally recognized and ongoing

TABLE 1. List of RCMs used in this study, driving GCMs, and source of the RCMs.

RCM RCM expansion GCM GCM expansion Institute

HIRHAM5 — ARPEGE Action de recherche petite

echelle grande echelle

Danish Meteorological Institute

HIRHAM5 ECHAM5 —

HIRHAM5 BCM Bergen climate model

REMO Regional-scale model ECHAM5 — Max Planck Institute for Meteorology

RACMO2 Regional atmospheric

climate model, version 2

ECHAM5 — Royal Netherlands Meteorological

Institute

RCA Rossby Center regional

atmospheric model

ECHAM5 — Swedish Meteorological and

Hydrological InstituteRCA BCM Bergen climate model

RCA HadCM3Q3 Hadley Centre coupled

model, version 3,

low climate sensitivity

CLM Community land model HadCM3Q0 Hadley Centre coupled

model, version 3,

reference sensitivity

Swiss Federal Institute of

Technology, Zürich

HadRM3Q0 Hadley Centre regional

climate model, version 3,

reference sensitivity

HadCM3Q0 Hadley Centre coupled

model, version 3,

reference sensitivity

Met Office

HadRM3Q3 Hadley Centre regional

climate model, version 3,

low climate sensitivity

HadCM3Q3 Hadley Centre coupled

model, version 3,

low climate sensitivity

HadRM3Q16 Hadley Centre regional

climate model, version 3,

high climate sensitivity

HadCM3Q16 Hadley Centre coupled

model, version 3,

high climate sensitivity

RCA3 Rossby Center regional

atmospheric model,

version 3

HadCM3Q16 Hadley Centre coupled

model, version 3,

high climate sensitivity

Community Climate Change

Consortium for Ireland

RM5.1 Regional model,

version 5.1

ARPEGE Action de recherche petite

echelle grande echelle

National Centre for Meteorological

Research in France

RegCM3 Regional climate model,

version 3

ECHAM5 — International Centre for Theoretical

Physics
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(e.g., Wilks 2006; Beven 2009). One important difference

between the two frameworks is in the interpretation of

probability. In the frequentist view, probability repre-

sents the likelihood of an event that would be found if it

was possible to take a large number of samples (Beven

2009). In the Bayesian view, probability represents the

degree of belief on the occurrence of an uncertain event

(Wilks 2006). According to Tebaldi et al. (2005), Bayes-

ian methods are a natural way to represent uncertainty

in the context of climate change projections. We agree

with this view, and we interpret the probabilities found

here as a degree of belief given the limited amount of

data. Therefore, and because our statistical model is

mainly inspired by Tebaldi et al. (2004, 2005), we apply a

Bayesian approach to estimate the uncertainty in the

model parameters. Nonetheless, we compare the results

of the Bayesian analysis with a frequentist approach. The

estimation of the parameters using the frequentist ap-

proach is described in appendix B.

This section introduces the Bayesian statistical model as

well as the methods used to estimate the interdependency

and change in bias of the climate models. The methods

described are applied to the index RRwn95 separately for

the winter (December to February) and summer (June to

August) seasons. The analysis is also carried out consid-

ering thewhole year; this is referred to as annual period in

the results section. For clarity, the subscript to indicate

seasons is not included in the mathematical expressions.

a. Bayesian statistical model

In a Bayesian framework, probability distributions are

explicitly used for quantifying the uncertainty in pa-

rameters. In this study, we apply Bayesian inference,

where statistical interpretations about a set of parame-

ters,Q, are made in terms of the conditional probability

on the data, D. Following Bayes’ rule, the conditional

probability of Q depending on D can be expressed as

p(Q jD)} p(Q)p(D jQ) , (1)

where p(Q jD) is the posterior distribution, p(Q) is the

prior distribution, and p(D jQ) is the likelihood function

(or sampling distribution).

For the purpose of our study here, Q is the set of pa-

rameters of a statistical model. As in Tebaldi et al. (2004,

2005), the statistical model is constructed based on the

assumption that the values of RRwn95 estimated from

the observations and the climate models are normally

distributed. The main difference between the approach

suggested here and the approach by Tebaldi et al. (2004,

2005) is that the climate models are assumed to follow

amultivariate normal distribution instead of independent

univariate normal distributions. The use of a multivariate

normal distribution allows us to take into account the

interdependency between the climate models.

A multivariate normal distribution is defined for the

climate models for both present and future time periods.

The mean of the multivariate normal distributions is

considered to be the ‘‘true mean’’ plus the common bias

of the climate models. Additionally, a univariate distri-

bution is defined for the observations withmean equal to

the true mean and a known variance. Then the statistical

model for RRwn95 can be expressed as follows:

X;NM[(m1b)1,l21R]

Y;NM[(n1ab)1, (ul)21R]

XObs;N(m,s2
Obs) , (2)

whereM is the total number of climate models;X andY

are vectors of length M containing the values of the

RRwn95Xm andYm for all the climatemodelsm5 1, . . . ,

M for present and future conditions, respectively; XObs

is the value of RRwn95 estimated from the observations;

m and n are scalars that represent the true mean of

RRwn95 for present and future conditions; b and l21 are

scalars representing, respectively, the common bias and

variance of the climate models for present conditions;

a and u are introduced to account for the fact that the

bias and the variance might change from present to fu-

ture; R is the correlation matrix of the climate models

assumed to be constant frompresent to future; andsObs
2 is

the variance of the observations. The values for Xm, Ym,

andXObs are estimated as the average of RRwn95 over all

grid points in the study area. In the following, R, a, and

sObs are considered as known. Procedures for assessing

these three terms will be given in the following sections.

From Eq. (2), it follows that the likelihood of the data,

given a set of parameter values, can be estimated as

p(D jQ)5 fM[X; (m1b)1,l21R]fM[Y; (n1ab)1, (ul)21R]f (XObs;m,s
2
Obs) , (3)

where fM is a multivariate normal probability density

function with dimension M, and f is a univariate normal

probability density function.

The prior distribution, p(Q), can be expressed as the

product of the marginal prior distributions of all the

parameters. For the parameters related to the mean
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values (m, n, and b) the prior distribution is assumed to

be a univariate normal distribution, while a gamma

distribution is assumed for the parameters related to the

variances (l and u). This selection of prior distributions

is based on the natural conjugate prior families (i.e., the

distributional forms for the likelihood and the prior are

conjugate). Table 2 summarizes the distribution and dis-

tribution parameters (hyperparameters) chosen for each

of the parameters. The values of the hyperparameters

have been determined to ensure that marginal prior dis-

tributions carry little information. This implies that the

data available are the main factor defining the posterior

distribution. Uninformative priors are chosen because we

assume that a priori we do not have any knowledge on the

distribution of the parameters. Hence, the parameters

chosen for the priors should not affect the results, as long

as the prior distributions are uninformative. The selection

of the distributions and their parameters is inspired by the

prior distributions chosen by Tebaldi et al. (2004, 2005)

and Buser et al. (2009, 2010).

A Markov chain Monte Carlo (MCMC) algorithm is

applied using Gibbs sampling to infer the posterior

distribution (Gelman et al. 2003). In the Gibbs sampler,

the value of each parameter is estimated conditional on

the value of all the other parameters using the marginal

conditional probabilities. The conditional probability

distributions are shown in appendix A. A burn-in period

has been used in the MCMC to account for the effect of

the starting distribution. As suggested in Gelman et al.

(2003), the first half of the iterations has been discarded.

Additionally, the sequence has been thinned by keeping

only 1 in 15 iterations to avoid dependency within the

MCMC. The independency of the sequence and the

convergence of the algorithm have been assessed fol-

lowing the guidelines in Gelman et al. (2003). For this

purpose, five sequences of length 100 000 iterations

(after the burn-in period) have been considered.

The approach defined here necessarily relies on

a number of subjective assumptions. Two simplifications

considered here contrast with the approaches suggested

in the literature (e.g., Tebaldi et al. 2004, 2005; Buser

et al. 2009, 2010): the use of the same variance and bias

for all the climate models.

The use of the same variance has been applied for two

main reasons. First, the focus of this study is not to es-

timate the reliability or weighting of the individual cli-

mate models, which would require considering different

variances as suggested by Tebaldi et al. (2004, 2005).

Currently, there is no consensus on the best approach to

weight climate models (Knutti et al. 2010; Weigel et al.

2010), and some of the approaches suggested lead to

virtually equal weights (e.g., the approach suggested in the

ENSEMBLES project; Christensen et al. 2010). Second,

by considering the same variance for all climate models, it

is possible to derive the conditional probability for each

parameter, which allows us to use Gibbs sampling.

The bias in the climate models is assumed to be the sum

of a common bias and an individual bias: that is, for the

present period, the common bias is b and the individual

bias of the model m is Xm 2 b 2 m. Along with the

common bias, the same change in bias a is used for all the

climate models. This differs from the individual biases

considered inBuser et al. (2009, 2010). Several studies have

shown that climate models have common biases in the

simulation of precipitation (e.g., Boberg et al. 2010; Sunyer

et al. 2013a). A drawback of using a common bias is that

the individual biases for the present and future period are

assumed independent. This assumption is questionable but

comparable to the simple model defined in Tebaldi et al.

(2004). Here, we use this simple model to illustrate the

effects of the interdependency ofRCMs and change in bias

in the uncertainty quantification, but further work could

focus on identifying such a bias and testing its importance.

The use of common variance and bias reduces the

number of parameters significantly. This allows better

identification of model parameters considering the

available data. If different parameters were used for each

climate model, the number of parameters would be

2(M 2 1) higher than in the statistical model described

above (i.e., the statistical model would have 33 parame-

ters instead of 5 parameters). It is not clear how these

simplifications affect the results. A possible effect of using

a common bias is that if the RCM biases are very dif-

ferent, the uncertainty in b will be large. This will affect

the uncertainty in m and n, probably by increasing their

uncertainty. A similar effect could occur when applying

the same variance in all the models.

b. Variables considered known in the Bayesian
statistical model

1) OBSERVED VARIANCE

The variance of RRwn95 estimated from the observa-

tions, sObs
2 , is considered known in the Bayesian model.

TABLE 2. Prior distributions and hyperparameters. In the case of

normal distribution, the parameters are the mean and variance. In

the case of gamma distribution, the parameters are the shape and

scale.

Parameter Distribution Mean/shape

Variance/

scale

m Normal XObs 1000

n Normal XObs 1 (Y2X)/(A1 1) 1000

b Normal X2XObs 1000

l Gamma 0.001 1/0.001

u Gamma 0.001 1/0.001
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Since RRwn95 is given by the regional average of the in-

dices calculated for each grid point, the variance sObs
2 can

be estimated as the average of the variances for the in-

dividual grid points divided by the total number of in-

dependent grid points in the region. For each grid point i,

si
2 is calculated by applying the jackknife resampling

technique (Miller 1974; Wilks 2006), where the index is

recomputed n times using a subset of the data that ex-

cludes one year of data each time (n is the number of

years in the sample).

As described in Bretherton et al. (1999), the number

of independent grid points in the region can be esti-

mated by dividing the total number of grid points with

the decorrelation length defined as the distance between

independent observations. It can be estimated using

semivariograms as the distance at which the semi-

variance levels off. Here, we use the semivariograms and

the methodology used in Sunyer et al. (2013a,b) to es-

timate the decorrelation length of the observational

dataset.

It must be noted that here the observed variance, si
2, is

considered to represent the sampling error in the esti-

mation of RRwn95 rather than a measure of natural

variability as in Tebaldi et al. (2004, 2005). Natural

variability is not explicitly included in the model as done

in Buser et al. (2009, 2010). The model defined in Eq. (2)

considers two stationary time slices, control and future

period (i.e., the value of RRwn95 in one time slice does

not depend on time). Decadal variability is also not in-

cluded in the analysis and cannot be estimated with the

data available. Longer observation records and a re-

formulation of themodel in Eq. (2) would be required to

be able to introduce decadal variability in the analysis.

Different ways to define the observed variance exist and

one must be aware that the choice of model may in-

fluence the results.

2) INTERDEPENDENCY OF RCMS

As described in the previous section, the in-

terdependency of the climate models is included in the

Bayesian approach through the correlationmatrix of the

climate models, R. This is estimated using the approach

suggested by Pennell and Reichler (2011) to assess the

amount of independent information in an ensemble of

climate models. The approach is based on the idea that

two models are not independent because they lead to

different results but because they follow different paths

to reach the results. Hence, according to Pennell and

Reichler (2011), a suitable approach for assessing the

independency of the climate models is to statistically

analyze their errors.

A metric, d, that represents the error of the climate

models for present conditions is used to estimate R. The

metric is calculated separately for all the grid points of

each climate model. It is estimated from the values of

the individual model error and the ensemble average

error, which again are estimated from the value of

RRwn95 obtained from the climate models and the ob-

servations for the present time period. The individual

model error is estimated by subtracting the observed

values from the climate model values and dividing this

difference by the standard deviation of the observations.

The standard deviation of the observations at each grid

point is estimated as the interannual variability. The

ensemble average error is estimated as the average of

the individual model errors. The metric is then calcu-

lated by removing from the individual model error the

part present in the ensemble average error. This is done

using the correlation, r, between the individual model

errors and the ensemble average error. For each grid

point, i, and climate model, m, the metric, di,m, is esti-

mated as di,m 5 ei,m* 2 rmei*, where e*i,m and ei* are the

standardized values of the individual model error

and the ensemble average error, respectively. More

details on the method used to estimate d can be found in

Pennell and Reichler (2011) and Sunyer et al. (2013a).

The matrix R is then estimated from the values of

d obtained for each climate model. The elements of R

are the correlation coefficients corr(d.,m, d.,n), where

d.,m and d.,n are the vectors containing the value for all

the grid points of the models m and n, respectively. In

the Bayesian approach, the absolute values of the

matrix R are used in the multivariate normal distri-

bution for both present and future. Hence, it is as-

sumed that a negative correlation also implies that the

models are interdependent.

3) CHANGE IN BIAS

In the statistical model defined in Eq. (2), the possible

change in bias is accounted for by the term a. Boberg

and Christensen (2012) suggested a procedure that uses

the area-averaged monthly bias from the RCMs driven

by reanalysis data to study biases of RCM simulations.

Here, we suggest to modify the procedure and use the

value of RRwn95 estimated by the RCMs driven by

GCMs and compare with observations at each grid point

to calculate the bias, because the main objective is to

study the biases of the projected values of RRwn95. The

procedure is based on twomain steps. First, for each grid

point, i, and RCM,m, the bias, ABiasm,i, is estimated as

Xm,i 2 XObs,i. Then, a linear regression is estimated

between ABias·,· and XObs (i.e., all the climate models

are used to estimate the linear regression). It must be

noted that this approach ignores the fact that the grid

points are correlated. This is expected to have minor

influence on the linear regression.
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The slope parameter of the linear regression, A, is

subsequently used to estimate the change in the bias, a.

Linear regressions are derived for the two seasons and

annual data; that is, a different value of a is used for the

winter, summer, and annual periods. The bias a depends

on the constant A and the parameters b, m, and n. Thus,

a is estimated from the linear regression and Eq. (2) as

follows:

a5 11
A

b
(n2m) . (4)

Equation (4) is used in the MCMC to estimate a in each

iteration. It is assumed that the estimated structure of

the bias over the region and the linear regression ap-

proach can be used to describe the change in bias in the

future. More elaborate procedures could be developed

to assess the possible change in bias under future con-

ditions. The simple procedure presented here is con-

sidered appropriate to illustrate the effects of change in

bias on the uncertainty in climate projections.

4. Results

The results of this study are presented in three parts.

First, the main results regarding the interdependency

and the change in bias of the RCMs are described.

Second, the results from the uncertainty quantification

are presented and discussed. In the last part, the effects

of considering the interdependency and the bias are

investigated. All the results are presented for RRwn95

for the winter, summer, and annual periods.

a. Interdependency and change in bias of RCMs

The interdependency of the RCMs has been analyzed

using the correlation matrix, R. The average of all the

elements in R (without considering the diagonal) is 0.25

in winter, 0.20 in summer, and 0.27 in the annual period.

The minimum and maximum correlations found are

0 and 0.68 in winter, 0 and 0.74 in summer, and 0 and 0.80

in the annual period, respectively. The average values

for the three periods are similar, with the average for

the summer period slightly lower. The maximum value

found is slightly higher in the annual period. The maxi-

mum correlations found for each period correspond to

different RCM–GCMcombinations. In winter, the highest

correlation is found for two RCM–GCMs with differ-

ent RCM and GCM (RCA–HadCM3 and RACMO–

ECHAM5); in summer, for two RCM–GCMs driven by

the same GCM (RegCM–ECHAM5 and HIRHAM–

ECHAM5); and in the annual period, for twoRCM–GCMs

from the Hadley Centre (HadRM3Q16–HadCM3Q16

and HadRM3Q0–HadCM3Q0).

The pairs of RCM–GCMs leading to correlations

higher than 0.6 are compared for the three periods to

assess whether high correlation between the RCM–

GCMs arises from the same RCM driven by different

GCMs, or vice versa. In the winter period, high corre-

lations are obtained for five pairs of RCM–GCMs, three

pairs of RCM–GCMs with the same RCM but different

GCMs, and two pairs of RCM–GCMs with different

RCMs and GCMs. In the summer period, high correla-

tions are found for two pairs of RCMs driven by the

same GCM and for three pairs of RCM–GCMs with

different RCMs and GCMs. In the annual period, high

correlations are found for four pairs of RCM–GCMs

with the same RCM and different GCMs, two pairs with

different RCMs and GCMs, and one pair of two RCM–

GCMs from the Hadley Centre. In general, there are

more combinations with the same RCM but different

GCMs leading to high correlations than different RCMs

driven by the same GCM. In addition, some RCM–

GCMs using different RCMs and GCMs also lead to

high correlations. This indicates that other factors than

the RCM or GCM used have a large influence on the

correlation between RCM–GCMs. A detailed analysis

of these factors is outside the scope of this study and is

not addressed further here.

The results show that the RCMs are interdependent

and that there are no significant differences between the

degree of interdependency for the summer, winter, and

annual periods. It must also be noticed that in the three

periods some RCMs are found to be uncorrelated. A

more detailed analysis of the interdependency of this

ensemble of RCMs over Denmark can be found in

Sunyer et al. (2013a).

The change in bias is estimated using the bias of the

RCMs over the region. Figure 1 shows the linear re-

gression found between the bias and the observations

for the winter, summer, and annual periods. The figure

shows both the linear regression fitted for each of the

RCMs individually and the linear regression fitted con-

sidering all the RCMs together. For all three periods, all

the individual linear regressions show a decrease and

a shift in the sign of the bias for increasing precipitation.

The negative slope from the linear regression consid-

ering all the RCM–GCMs together is more pronounced

in the summer period. The values of the slope, A, from

the linear regression that will be used in the MCMC to

estimate a are 20.54, 20.78, and 20.57 for the winter,

summer, and annual periods, respectively.

For both seasons and the annual period, the correla-

tion found between the RCMs and the bias depending

on the precipitation value point toward the invalidity of

assuming independency and constant bias. Hence, it is

important to include these two results in the uncertainty
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quantification. The results show that there is a similar

interdependency of the RCMs for the three periods but

that the change in bias is more pronounced for the

summer period.

b. Uncertainty quantification

This section presents the probability distributions es-

timated for the parameters of the statistical model de-

scribed in the methodology section. The convergence

and autocorrelation of the outputs from the Gibbs

sampling have been analyzed, leading to the conclusion

that convergence was reached and that the outputs are

not autocorrelated (results not shown). Hence, the re-

sults from the sampling algorithm can be used to esti-

mate the marginal and joint posterior distributions of

the parameters.

First, the assumption of normal distributions in Eq. (2)

is analyzed. Figure 2 compares the values of X and Y

with theoretical values from a normal distribution. For

simplicity, the interdependency of the RCMs is not

considered here. All the values ofX andY fall within the

95% confidence limits, and hence they can be consid-

ered to approximately follow a normal distribution.

Figure 3 shows the marginal posterior and prior dis-

tribution for each of the parameters for the winter,

summer, and annual periods. The values of RRwn95

found for each of the RCMs and the observations are

also shown. For all the parameters and for all three pe-

riods, the prior and the posterior distributions are no-

ticeably different. This shows that the data inputs to the

model (X, Y, XObs, sObs, R, and A) exert the main in-

fluence on the posterior distribution.

FIG. 1. Linear regressions between the bias, ABias, and observations, XObs, for the (left) winter, (middle) summer, and (right) annual

periods. The gray lines show the linear regressions fitted to each RCM individually, and the black lines show the linear regressions fitted

considering the biases of all the RCMs together. The dots show the values estimated for all grid points and all RCMs. The figure illustrates

how a is estimated from the values of m, n, and b.

FIG. 2.X (gray points) andY (black points) vs theoretical values of a normal distribution for the (left) winter, (middle) summer, and (right)

annual periods. The thick lines show the identity line. The thin lines represent the 95% confidence limits.
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FIG. 3. Posterior (black line in primary y axis) and prior (gray shaded area in secondary y axis) probability density functions of the five

parameters in themodel [(top)–(bottom)m, n, b, l, and u] for the (left) winter, (middle) summer, and (right) annual periods. The gray dots

are the outputs from each of the RCMs, and the black dots are the values estimated from the observations. The vertical thick dashed lines

represent the median, while the thin lines represent the 5th and 95th percentiles. The black and gray solid lines represent the mean

obtained using the Bayesian and frequentist approaches, respectively.
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For the winter period,XObs lies well within the range

of the values from the RCMs, while for the summer

and annual periods most of the RCMs have smaller

values than the observations. The larger difference

between RCMs and observations found for the sum-

mer period is likely to be due to the nature of extreme

events in summer, which are mainly caused by con-

vective precipitation. RCMs are better at representing

extreme events caused by frontal precipitation than

by convective precipitation (e.g., Herrera et al. 2010;

Fowler et al. 2005). In agreement with the results found

here, several studies have shown that RCMs have

larger biases and intermodel differences in the summer

period (Frei et al. 2006; Kendon et al. 2008; Fowler and

Ekström 2009).
For the three periods, the posterior distributions of m

are sharp compared to the individual values from the

RCMs. This is because the standard deviation estimated

for the observations is considerably smaller than the

spread of the values from the RCMs. For the summer

and annual period this is also due to the influence of the

bias in some RCMs. The value of sObs is 0.20, 0.30, and

0.15mmday21 for the winter, summer, and annual pe-

riods, respectively. Small values of sObs lead to less

uncertainty in the parameter m. Conversely, all the

values of the RCMs are encompassed in the posterior

distribution of n. This is a combined effect of the fact

that the value of sObs does not affect this parameter and

that all the RCMs have the same weight. It must also be

noted that themedian of the distributions increases from

present to future for both the winter and annual periods

but decreases for the summer period.

The bias found for the RCMs is centered on approx-

imately 0mmday21 for the winter period (the median is

20.01mmday21). For the summer and annual periods,

the medians of the bias are 22.25 and 21.86mmday21,

respectively. The uncertainty in this parameter is larger

for the summer and annual period than for the winter

period. The values of the 5th and 95th percentiles are

21.28 and 1.14mmday21 for the winter period, 24.68

and 0.40mmday21 for the summer period, and 23.74

and 0.16mmday21 for the annual period. This shows

that the RCMs have a tendency toward underestimation

of extreme precipitation for both the summer and the

annual period. This is likely due to the underestimation

of extreme events caused by convective precipitation as

discussed above. The distributions for these two periods

resemble bimodal distributions, where one mode cor-

responds to a negative bias and the other is approxi-

mately at 0mmday21. This is likely due to the fact that

the distribution of the bias is dependent on the values

found for both the present and future climate. For the

present climate, the bias found is negative, while in the

future climate, due to the lack of observations, the bias

tends to 0mmday21.

The distribution of l, which represents the reliability

(the inverse of the variance) of the RCMs for present

climate, varies depending on the period. Both the me-

dian and the spread are higher for winter than for the

summer and annual periods. This reflects a lower re-

liability of the RCMs for these two periods. The lowest

values are found for the summer period. This is due to

the larger differences between theRCMs for this period.

The median of the posterior distribution of l for the

winter period is 0.63mm22 day2. This corresponds to

a standard deviation of 1.27mmday21, which is con-

siderably higher than the estimated standard deviation

of the observational dataset. The same is observed for

the summer and annual periods, where the median of l

corresponds to a standard deviation of 3.03mmday21

and 2.32mmday21, respectively. These results are in

agreement with the general perception that the re-

liability of the observations should be higher than for

the RCMs.

The distribution of u, which represents the change in

the reliability from present to future climate, also varies

depending on the period considered. Themedian for the

winter period is 1.02, pointing to a small change in the

reliability. However, the values range from a decrease to

an increase in the reliability (5th percentile of 0.41 and

a 95th percentile of 2.65). As in the case of l, lower

values and lower uncertainty are found for the summer

and annual periods. The medians are 0.41 and 0.44, the

5th percentiles are 0.17 and 0.18, and the 95th percen-

tiles are 1.03 and 1.10 for the summer and the annual

periods, respectively. For these two periods, most of the

values are lower than 1. This is caused by the larger in-

termodel differences in the future period and shows the

decrease in the reliability of the RCMs.

Figure 3 also shows the mean of the parameters ob-

tained using the Bayesian and frequentist approaches;

the values for all the parameters are virtually the same

except for b in winter and u. A more detailed compari-

son and description of the differences between the two

approaches can be found in appendix B.

The marginal posterior distributions of the parame-

ters provide information about the uncertainty and the

expected value of the parameters. Moreover, the joint

posterior distribution of the parameters provides in-

formation about the relation between the parameters.

Figure 4 shows the histogram for each of the parameters

and the scatterplot of all the combinations of pairs of

parameters for the summer period. It also shows the

correlation coefficient for each pair of parameters.

The mean values for present and future conditions are

practically uncorrelated. This is due to the small
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contribution of the RCMs in the distribution of m com-

pared to observations, and this differs from the corre-

lation between the values for the present and future

obtained from the RCMs. These two parameters (m and

n) have a negative correlation with b. This result follows

both from Eq. (2) and from the analysis of the condi-

tional probability of b (see appendix A). The condi-

tional probability shows that, for small values ofm and n,

the bias will be positive (i.e., RCMs overestimate), while

for large values the bias will be negative (i.e., RCMs

underestimate). This is also in agreement with the values

found from the analysis of change in bias.

The three parameters m, n, and b are not correlated

with the parameters l and u. However, it can be ob-

served that, for high values of l, the range of m, n, and b

decreases. The same relation is observed between these

parameters and u. This can be interpreted as follows: the

uncertainty in m, n, and b is low when the reliability in

the RCMs is high (high values of l and u). The same in-

terpretation can be drawn from the analysis of the condi-

tional probabilities. The parameters l and u also show the

expected relationship. For higher values ofl, smaller values

of u, and vice versa. Similar correlations were obtained for

the winter and annual periods (results not shown).

FIG. 4. Scatterplots for all the pairs of parameters and histograms of the marginal posterior distributions of each parameter for the

summer period. Represented here are (top left)–(bottom right) m (mmday21), n (mmday21), b (mmday21), l (mmday21), and u [—].

The values of RRwn95 obtained from the RCMs for present and future period are also shown in the scatterplot for the pair of parameters

(m, n).
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When using the priors shown in Fig. 3, some posterior

values of n are negative, which cannot be interpreted

physically. The probability of obtaining a negative value

is very low (approximately 0.2%) and could be avoided

by using slightly more informative priors.

c. Effect of interdependency and change in bias

The previous section analyzes the uncertainty and

joint distribution of the parameters in the statistical

model. This section focuses on the effects of taking into

account the interdependency and change in bias of the

RCMs. A set of tests using different assumptions has

been defined for this purpose. First, three tests consid-

ering either independency or interdependency and

change in bias or constant bias are carried out. Then,

a total of 45 tests are run using different levels of in-

terdependency and change in bias of the RCMs. The

main output analyzed from these tests is the change in

RRwn95 from present to future. This change, referred to

as change factor (CF), is defined as the relative change

between m and n (i.e., CF 5 n/m). The value of CF has

been estimated in each of the iterations of the MCMC

runs fromwhich the distribution of CF has been derived.

Figure 5 shows the results from the first three tests:

1) the RCMs are independent and the bias constant,

2) the RCMs are interdependent and the bias constant,

and 3) the RCMs are interdependent and the bias

changes frompresent to future. This last test is the one for

which the results have been analyzed in detail in the

previous section. In the test assuming that the RCMs are

independent, R is set equal to the identity matrix. Simi-

larly, in the tests where the bias is assumed constant,A is

set to 0 (i.e.,a5 1). Figure 5 shows themarginal posterior

distributions for m, n, and CF for the three different tests

for the winter, summer, and annual periods.

For m, the posterior distributions obtained for the

three tests are similar. The median as well as the 5th and

95th percentiles for the three tests differ less than

0.1mmday21 for all the periods. Larger differences are

found in the distributions of n. The uncertainty in n

found for the test assuming independency is smaller than

for the other tests. This is due to the fact that less in-

dependent information is considered in the tests as-

suming interdependency. This leads to a lower reliability

in the RCMs, which in turn leads to higher uncertainty in

n. The effects of assuming constant or changing bias are

also noticed in the distribution of n. The change in bias

has different effects depending on the season. In the

winter and annual periods, the median of n increases

because of a more negative bias. The median of ab in

winter and annual periods is20.56 and23.74mmday21,

respectively. In the summer period, the bias in the fu-

ture period (the median of ab is 22.35mmday21) is

approximately equal to the bias in the present period.

This leads to values of n similar to when the bias is con-

sidered constant. Additionally, for the winter, summer,

and annual periods, the uncertainty in n increases when

the change in bias is introduced. This is due to an increase

in the uncertainty of the bias for the future period.

A difference similar to the one obtained for n between

the three tests is observed in the results for CF. The

uncertainty of this variable is higher for the tests ac-

counting for the interdependency of the RCMs for all

the periods. In addition, the uncertainty is also higher for

the test accounting for change in bias. The median of CF

depends on the test. In all seasons, the median of CF in

the test assuming independency is similar to the median

estimated directly from theRCMs (for climate modelm,

CFm is estimated as Ym/Xm). In the winter period,

a larger median is obtained when the changes in bias and

interdependency are taken into account. For this season,

large differences are also observed for the 5th and 95th

percentiles: 1.11 and 1.21 for test 1; 1.02 and 1.26 for test 2;

and 1.01 and 1.47 for test 3. Even though the uncertainty

in the tests where interdependency is taken into account

is larger, all tests show an increase of extreme pre-

cipitation for winter at a 5% level of significance.

For the summer period, differences similar to those

in n are obtained in CF. As in the winter period, the

comparison of the 5th and 95th percentiles points out the

differences in the uncertainty of CF: 0.98 and 1.13 for

test 1; 0.78 and 1.25 for test 2; and 0.60 and 1.40 for test 3.

For this season, the tests do not agree on the direction of

the change. Similar results are obtained for the annual

period regarding the uncertainty in CF. The values of

the median found for this period are 1.09, 1.10, and 1.22

for tests 1, 2, and 3, respectively. The 5th and 95th per-

centile for tests 2 and 3 vary between a decrease and an

increase of extreme precipitation, while the values for

test 1 point to an increase of extreme precipitation. In

summary, for the summer and annual periods, even

though most of the RCMs point toward an increase in

extreme precipitation, the interdependency between the

RCMs means that (given the information available) a

hypothesis of a decrease in extreme precipitation cannot

be rejected on the 5% significance level.

Appendix B compares the standard errors of m, n,

and CF and describes the differences between the

Bayesian and frequentist approaches.

The difference obtained for the three tests can be

further analyzed by considering the joint distributions of

m and n. Figure 6 compares the scatterplots obtained for

each of the tests. The correlation between the two pa-

rameters is higher for the test where the RCMs are as-

sumed independent. For example, for the summer, the

correlation coefficient is 0.32 for test 1 and 0.1 for tests 2
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and 3. In other words, for a specific value of m, the range

of possible values of n is larger in the tests where the

interdependency of the RCMs is taken into account.

This contributes to the higher uncertainty of CF found

for these tests. Figure 6 also highlights the differences in

the uncertainty for the winter, summer, and annual

periods. As shown in Fig. 5, for all three tests, the range

of values of n in the winter period is considerably smaller

than the range of values obtained for the summer and

annual periods. In the case of m, the range of values

obtained for the annual period is smaller than for the

winter and summer periods. This is due to the lower

FIG. 5. Marginal posterior distributions of (top) m, (middle) n, and (bottom) CF for three different tests. The gray dots are the outputs

from each of the RCMs, and the black dots are the values estimated from the observations. The vertical thick line represents the median,

while the thin lines represent the 5th and 95th percentiles. The dotted line indicates CF equal to 1, while the dashed–dotted line shows the

median of the CFs estimated from the RCMs in the ensemble.
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variance of the observations for this period. Addition-

ally, the correlation between m and n is higher for the

three tests for the winter period. This shows that, in

agreement with the results found in Figs. 3 and 5, there is

a lower uncertainty in the CF for winter.

To study in more detail the influence of the in-

terdependency and the changes in the bias, 45 MCMC

simulations have been run using different values of R

and A. In these simulations, artificial values of R and A

are used. InR, the same correlation coefficients are used

for all the pairs of RCMs ranging from 0 to 0.8 (all the

values in the diagonal are kept equal to 1). The values of

A are set to range between 20.8 and 0.8. The mean and

the standard deviation of CF are analyzed for each of

these simulations. Because of the use of artificial values

of R andA, the results of these 45 simulations cannot be

directly compared to the results of the three tests de-

scribed above, except in the case of independency and

constant bias (test 1).

Figure 7 summarizes the results of the 45 MCMC

simulations for the annual period. The y and x axes

display the values used to define R and A, respectively.

The results show that the uncertainty in CF is influenced

by bothR andA. The standard deviation of CF increases

for higher values ofR and decreases for smaller absolute

values of A. This is in agreement with the results from

the three tests. Themean CF is also influenced by bothR

andA, but in this case, the main influence is the value of

A. The mean CF decreases for increasing values of A

ranging from20.8 to approximately 0.4, and it increases

for increasing values of A higher than 0.4. The mean

values of CF range from virtually no increase (mean CF

equal to 1.03) to an increase of 40%, and the standard

deviation varies from 0.03 to 0.86. The two smallest

standard deviations are obtained for the cases where the

models are considered independent and A equal to 0.2

and 0 (test 1), while the largest standard deviation is

obtained for correlations of 0.8 and A equal to 20.8.

FIG. 6. Scatterplot for m and n for three different tests for the (left) winter, (middle) summer, and (right) annual periods.

FIG. 7. Median and standard deviation of CF for a set of tests.

The y and x axes show the factors that are multiplied to R and A,

respectively. The color of the circles indicates the distribution

mean, and the size of the circles indicates the standard deviation.

Larger circle sizes correspond to higher standard deviation, the

largest circle corresponds to a standard deviation of 0.86, and

the smallest circle corresponds to a standard deviation of 0.03. The

numbers 1, 2, and 3 indicate the three tests analyzed in detail.
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5. Conclusions

A Bayesian approach based on a multimodel ensemble

of RCMs has been developed to assess the uncertainty in

extreme precipitation projections over Denmark. This

approach accounts for both interdependency and linear

changes in the bias of the RCMs. The results of the

Bayesian approach are compared to estimates calculated

based on a frequentist approach.

The analyses of the outputs from the RCMs show that,

for the region of study, both the assumption of inde-

pendency and constant bias are unlikely to be valid.

Hence, interdependency and change in bias are included in

the uncertainty estimation. The uncertainty estimated for

RRwn95 is higher for summer than for winter both for the

present and future time periods. This is due to the higher

reliability in the values of theRCMs for winter and a lower

observed variance. The lower reliability in the summer

period is explained by the larger differences between the

RCMs and between the RCMs and the observations. For

the annual period, the uncertainty for the present is lower

than for the winter period, but it is higher for the future

period. The change estimated from present to future is

more uncertain for the summer and annual period than for

thewinter. The change in the distributionmedian points to

an increase in extreme precipitation for the winter and

annual periods and to approximately no change in ex-

tremes for the summer period.

The influence of accounting for the interdependency

and the change in bias of the RCMs has been tested.

These two assumptions do not affect significantly the

distribution of the mean of RRwn95 for the present.

However, they largely affect the distribution for the

future period, which again influences the distribution of

the change factor. A higher uncertainty in the change

factor is obtained when the interdependency and change

in bias of the RCMs is taken into account.

The methods used to estimate the interdependency

and the change in bias are subject to several assumptions

and uncertainties. Therefore, a total of 45 MCMC sim-

ulations have been run using different (artificial) levels

of interdependency and change in the bias of the RCMs.

The uncertainty of the change factor increases for higher

RCM correlations, and it decreases for smaller abso-

lute values of the change in bias. The mean CF is also

influenced by both the interdependency and change in

bias, but mainly by the change in bias.

The results of this study highlight the importance of the

assumptions taken in uncertainty estimation methods for

climate change impact studies. In this case study, the as-

sumption of independency and constant bias of the cli-

mate models has led to lower uncertainty estimates of

the change in extreme precipitation in comparison to the

more realistic assumption of interdependency and change

in bias. This highlights the risk of reaching overconfident

results, which may lead to overconfident decisions re-

garding adaptation to climate change.

The approach presented here addresses some of the as-

sumptions often taken in uncertainty estimation methods

for climate change projections. It suggests a way in which

the interdependency and change in bias can be introduced

in the uncertainty quantification of climate model pro-

jections. However, there are still remaining challenges, and

furtherwork is needed to address some of the limitations of

this approach. The approach could be further extended by

relaxing some of the assumptions, such as the constant in-

terdependency of the RCMs from present to future, in-

dependency between individual errors from present to

future, the assumption of a common bias of the RCMs, or

the definition of observed variance. Hence, the specific

results found here should be treated with care. The main

message of this study is the need to include the in-

terdependency of climate models and change in bias in the

uncertainty quantification of climate change projections.
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APPENDIX A

Full Conditional Probabilities

The full conditional probabilities for each of the

parameters are as follows:

mj . . . ;N

2
4~m,

 
l �

M

p51
�
M

m51

sm,p 1s22
Obs 1s22

m

!21
3
5 ;

nj . . . ;N

2
4~n,

 
ul �

M

p51
�
M

m51

sm,p 1s22
n

!21
3
5 ;

bj . . . ;N

(
~b,

"
(l1 ula2) �

M

p51
�
M

m51

sm,p 1s22
b

#21)
;
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lj . . . ;Ga
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1

2
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1

2
u(Y2 n2ab)R21(Y2 n2ab)1

1
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�21�
;

uj . . . ;Ga

�
au 1

M

2
,

�
1

2
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1
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�21�
;
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2
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M
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�
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�
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,

where al and au are the shape parameters of the prior

distribution of l and u, respectively; bl and bu are the

scale parameters of the prior distribution of l and u,

respectively; m0 and s 2
m are the mean and variance of

the prior distribution of m; n0 and s 2
n are the mean and

variance of the prior distribution of n; b0 and sb
2 are

the mean and variance of the prior distribution of b;

Also, sm,p is the element [m, p] of the inverse of the

correlation matrix of the RCMs,R21. Ga(a, b) denotes

a gamma distribution with shape a and scale b, and

N(c, d 2) denotes a normal distribution with mean c and

variance d2.

APPENDIX B

Frequentist Approach

To estimate the parameters of the model defined in

Eq. (2) using the frequentist approach, a reparameteri-

zation of the model is needed. The reparameterized

model considers five parameters: m, mX, mY, sX
2 , and sY

2

and can be expressed as

XObs ;N(m,s2
Obs)

X;N(mX1,s
2
XR)

Y;N(mY1,s
2
YR) .

The new set of parameters is defined using the parameters

in Eq. (2) as

mX 5m1b

mY 5 n1ab5m1b1 (A1 1)(n2m)

s2
X 5 l21

s2
Y 5 (ul)21 .

Following the frequentist approach, the parameters in

the reparameterized model can be estimated as
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m̂5XObs; m̂X 5
1TR21X

1TR211
; m̂Y 5

1TR21Y

1TR211

ŝ2
X 5

(X2 m̂X1)
TR21(X2 m̂X1)

M2 1
;

ŝ2
Y 5

(Y2 m̂Y1)
TR21(Y2 m̂Y1)

M2 1
;

and the variance of the main estimated parameters

(m̂, m̂X , and m̂Y) is

var(m̂)5 ŝ2
Obs; var(m̂X)5

ŝ2
X

1TR211
; var(m̂Y)5

ŝ2
Y

1TR211
.

Then, the estimates of the parameters in Eq. (2) can be

obtained as

m̂5XObs; n̂5
m̂Y 2 m̂X

A1 1
1 m̂;

b̂5 m̂X 2 m̂; l̂5 (ŝ2
X)

21; û5
ŝ2
X

ŝ2
Y

;

and the standard error of m̂, n̂, and b̂ can be obtained as

SEm̂ 5
ffiffiffiffiffiffiffiffiffiffi
s2
Obs

q
; SEn̂ 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
X 1s2

Y

(A1 1)21TR211
1s2

Obs

s
;

SEb̂ 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
X

1TR211
1s2

Obs

s
.

It must be noted that the standard error of n̂ is estimated

assuming independency between m̂, m̂X , and m̂Y and that

the standard error of b̂ assumes independency between

m̂ and m̂X . The standard errors of the parameter esti-

mates l̂ and û can be estimated from the inverse of ŝ2
X

and ŝ2
Y . From the reparameterized model, it can be

found that the inverse of ŝ2
X (i.e., l̂) follows a gamma

distribution with variance

SE(l̂)5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2(M1 2)[(X2mX1)

TR21(X2mX1)]
22

q
.

The variance of the inverse of ŝ2
Y can be estimated in

a similar way. The variance of û can be estimated using

independent draws from these distributions.

Finally, the mean of CF can be found from n̂/m̂. The

standard error can be obtained using independent draws

from the distributions of m̂ and n̂, which follow a normal

distribution with mean m̂ and n̂ and variance (SEm̂)
2 and

(SEn̂)
2, respectively.

In addition to the difference in the interpretation of

probability in the Bayesian and frequentist approach,

there are two other differences to be noted. First, it is not

possible to estimate the probability density function of

the parameters from the frequentist approach. Second,

the frequentist approach does not requireMCMC or the

use of priors which might have an influence on the re-

sults. These differences should be kept in mind when

comparing the results of the two approaches.

Comparison of Bayesian and frequentist approaches

The comparison of the results obtained using the

frequentist and Bayesian approaches helps to address

the influence of the priors and MCMC in the results of

the Bayesian approach. Figure B1 shows the mean and

standard error estimated using the frequentist approach

and the Bayesian approach for the three tests (see de-

scription of the tests in section 4c).

The mean and standard error of m for the three tests

and for the three periods are virtually the same in the

frequentist and Bayesian approaches. For the other

parameters, the results of the mean and standard error

are also similar, but slight differences are seen between

the two approaches.

The largest differences between the mean of n ob-

tained using the Bayesian and the frequentist ap-

proaches is 0.02, 0.4, and 0.03mmday21 in the winter,

summer, and annual periods, respectively. In the case

of the mean of b, the largest differences are 0.16, 0.1,

and 0.05mmday21 in the winter, summer, and annual

periods, respectively. The largest differences in the

mean of n and b are obtained for test 3. A possible

reason for the differences in b is the fact that in the

reparameterized model, b is estimated from XObs and

X, while in the Bayesian model in Eq. (2), b is also

influenced by Y. The standard errors of n and b are

similar for the two approaches. In some cases it is

slightly larger for the Bayesian approach, and in others

it is larger in the frequentist approach (e.g., n in test 3 in

winter and the annual period).

The mean and standard errors of l are also very

similar in the two approaches. The largest differences

are seen in the mean of u, which is smaller in the fre-

quentist approach. The largest difference is obtained for

the winter period; in this case, the Bayesian approach

leads to 1.22 and the frequentist approach to 1.01 (which

is approximately equal to the median of u in the Bayesian

approach). For this parameter, similar differences between

the frequentist andBayesian approach are obtained for the

three tests.

The mean and standard error of CF are similar in the

two approaches. As in the case of n, the largest differ-

ence between the two approaches is found for the mean
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FIG. B1.Mean and standard error of the parameters inEq. (2) andCF estimated using a Bayesian (black)

and frequentist (gray) approach for the three tests described in section 4c. The circles indicate themean and

the lines represent the standard error (the total length of the line is equal to the standard error).
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CF for summer and test 3. In this case, the Bayesian

approach leads to a mean CF of 1.02, and the frequentist

approach leads to 1.04. The differences in the standard

errors are similar to the ones found for n and b.

The influence of the reparameterization has been

assessed by applying the Bayesian inference technique

(use of Gibbs sampling and priors shown in Table 2)

defined in section 3 to the reparameterized model. In

this case, the largest differences between the Bayesian

and frequentist approaches in the means of n, b, and u

are 0.07mmday21, 0.02mmday21, and 0.004, respectively.

There are several reasons why differences in the pa-

rameters arise between the two approaches. These in-

clude the priors selected in the Bayesian approach, the

convergence of the MCMC in the Bayesian approach,

and the reparameterization of the model used in the

frequentist approach. Nonetheless, Fig. B1 shows that

the differences between the Bayesian and frequentist

approaches are small and do not affect the conclusions

of this study.
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