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Abstract

It is a known fact that the power produced by

wind turbines operating inside an array decreases

due to the wake effects of the upstream turbines.

It has been proposed previously to use the yaw

mechanism as a potential means to steer the up-

stream wake away from downstream turbines, how-

ever such a mechanism introduces control compli-

cations due to changing wind directions. Deflecting

the wake in the vertical direction using tilt, on the

other hand, overcomes this challenge. In this pa-

per, the feasibility of steering wake is explored in

a simple uniform inflow case. This is done by try-

ing to model the wake deflection as a function of

the yaw/tilt angle and the rotor thrust, initially us-

ing the momentum and vortex theories. Thereafter,

a relatively more promising empirical model based

on a set of actuator disc CFD computations is pro-

posed. Finally, comments are made on the feasibil-

ity of wake control using yaw/tilt.
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1 Introduction

Experimental measurements from the Horns Rev

wind farm in Denmark showed a power loss of

around 40% between the first and the last turbine

over a serial array of five wind turbines [3]. Of oth-

ers, Medici et al. presented a study involving active

yaw control of wind turbines in a wind farm [1-4].

One notable conclusion from their study is that al-

though there is a reduction in power due to yaw,

the net gain in power from the whole wind farm is

positive. However, this control mechanism is sensi-

tive to wind direction and the relative placement of

the downstream turbine which makes it a challenge

to implement. The approach of deflecting the wake

in the vertical direction by using tilt is equivalent to

yawing the turbine but benefits from being insensi-

tive to changes in the wind direction. To analyse the

feasibility of such a concept, one needs a method

to trace the path of the wake in the far wake region

as a function of tilt angle, rotor thrust coefficient,

and the downstream distance. Of others, one such

attempt has been made in [1] for instance, mod-

elling the path of the far wake from a yawed turbine.

In the current work, an attempt has been made to

derive an analytical expression for the wake de-

flection using the momentum and vortex theories,

to be compared with actuator disc CFD computa-

tions. In addition, based on the knowledge gained

from the CFD computations, an empirical model for

wake deflection is also proposed. The aim of this

work is to study the potential for using yaw/tilt as a

means for deflecting the wake away from downwind

turbines. In this preliminary study we only consider

a turbine in uniform inflow and therefore there is no

difference between yaw and tilt.

2 Analytical Model

The schematic of the problem is shown in figure

(1). The turbine is tilted at an angle ψ in a uniform

steady flow with a velocity v1 far upstream. The

methodology adopted here is similar to the origi-



nal works on classical blade element momentum

(BEM) method, e.g. see [13]. The aim here is to ob-

tain an expression for the wake path function f(x)

as defined in figure (1). In view of this, the following

two assumptions are made:

a. First, we assume that the change in the mo-

menta in the y and the x directions are pro-

portional to the rotor thrust force components

in the respective directions:

tanψ =
Ty
Tx

=
ṁ(V2y)

ṁ(V1 − V2x)

=
2ayV1

V1 − (1− 2ax)V1

⇒ tanψ =
ay
ax
, (1)

where ax and ay are the induction in the x and y

directions, respectively, defined as ax = 1 − Vx(x)
V1

and ay =
Vy(x)
V1

.

b. Second, we assume that the following is true for

all x > 0:

tanψ =
ay
ax

=
ay(x)

ax(x)
. (2)

Figure 1: Schematic of the simplified system.

In order to obtain the axial induction as a function

of downstream distance x, a wind turbine vortex

model is used and is described in the following sec-

tion.

3 Vortex model

The basic version of the vortex model was sug-

gested by Øye [12]. This original model, with

uniform circulation along the rotor was generalized

to arbitrary circulation and sheared inflow by

Troldborg and Gaunaa in [11]. The same authors

extended the uniformly loaded case to include

also the effects of yaw/tilt in [10] for determination

of the effects of misalignment on both integral

and local power production and also the induced

velocity field at the rotor disc. Here only the key

elements of the model will be described briefly.

The interested reader is referred to the references

for a thorough description of the model [10–12].

Figure 2: Schematic of a rotor placed at x = 0 with
a vortex sheet of total strength Γ in its wake.

The simple vortex model assumes the bound vor-

ticity to be constant along the actuator disc. An

actuator disc implies that the number of blades

is infinite, and furthermore we consider the case

where the tip speed ratio tends to infinity, such that

wake rotational effects are not present. By use of

Joukowski’s equation with the assumptions above it

can be shown that both the integral and local power

coefficients are equal, and that their value is pro-

portional to the product of the bound vorticity and

the tip speed ratio. Since in this case the tip speed

ratio is tending to infinity, the bound vorticity on the

disc must tend to zero in such a way that the prod-

uct of the two is constant. Since the disc extends

from radius zero and the magnitude of the bound

vorticity, Γ, tends to zero, we have that the trailed



root vortex lies in the direction of the wake and has

the magnitude Γ, which as discussed above tends

to zero. Therefore in this case we have effectively

only a vorticity sheet shed from the outer radius of

the actuator disc, which can then be assumed to

be an infinitely wound vortex solenoid. Then, if the

vortex strength per unit length is defined as γ = dΓ
dx

then, from [11]

γ

V1
= 1−

√
1− CT . (3)

The induction at the center line, by the Biot-Savart

law is,

d vi(x) =
dΓ

2R

1

(1 + (x/R)2)3/2
(4)

which can be written as

vi(x) =
γ

2R

∫ ∞
−x

1

(1 + (x/R)2)3/2
dx (5)

which, upon solving yields,

vi(x) =
γ

2

(
1 +

x√
R2 + x2

)
. (6)

(6) and (3) give,

vi(x) =
V1(1−

√
1− CT )

2

(
1 +

x√
R2 + x2

)
,

(7)

and therefore,

V (x) = V1−
V1(1−

√
1− CT )

2
×(

1 +
x√

R2 + x2

)
(8)

⇒ ax(x) =

(
1− V (x)

V1

)
=

(1−
√

1− CT )

2

(
1 +

x√
R2 + x2

)
(9)

Under the assumption that (9) will also hold in a

tilted case, from (9) and (2),

ay(x) =

(
1− V (x)

V1

)
=

(1−
√

1− CT )

2

(
1 +

x√
R2 + x2

)
tanψ.

(10)

Using (9) and (10), path of the wake center (f(x) in

figure (1)) can be obtained. A test case is shown in

figure (3).

4 The Navier-Stokes actuator

disc model

The actuator disc model used in the present work

is described in [6, 11] and was originally devel-

oped by Mikkelsen as an extension of the model

presented in [5]. The model combines the Navier-

Stokes flow solver EllipSys3D [7–9], with an actua-

tor disc technique where body forces are distributed

on a disc representing a wind turbine rotor. As

described in [11], the applied disc forces are dis-

tributed smoothly on several mesh point to avoid

singular behaviour. The steady state flow field is

solved in a Cartesian computational domain with a

total of 18.9 · 106 grid points distributed with a high

density in the region of the wake.

Using this CFD model, computations

were performed for the test cases of

CT = {0.36, 0.64, 0.80, 0.89}, and tilt

ψ = {5◦, 10◦, 20◦, 30◦, 45◦}, where the thrust

coefficient is defined as



CT =
T

1
2ρAU

2
∞
. (11)

5 Results

Figure (3) shows a comparison between f(x) ob-

tained using the model from momentum and vortex

theories, and that from the CFD computations, and

clearly they do not agree well. There are two possi-

bilities to explain this behaviour: Either assumption

(b.) is invalid, or the simple analytical model cannot

capture the effect of pressure gradients and turbu-

lent fluctuations and other effects present in a real

flow, which cause the wake path to be different from

what is derived using the analytical means.

On the other hand, analysis of the CFD data inter-

estingly reveals that scaling the deflection y(x) as

ỹ(x) =
y(x)

CT tanψ
(12)

results in an approximate self similarity between the

different test cases as shown in figure (4). This self

similarity has a relation

ỹ(x) =0.24x

⇒ y(x) =0.24xCT tanψ (13)

and is denoted as the empirical model in figure (4).

Figures (6), (7) and (8) show this linear empiri-

cal model applied to cases CT = 0.36, CT =

0.64 and CT = 0.80, respectively, for tilt angles

ψ = {5◦, 10◦, 20◦, 30◦}, and compared against

CFD data. As can be seen from the figures, it

seems that the model works reasonably well for low

tilt angles. As the tilt angle is increased, the devi-

ation between the model and the CFD data starts

to grow, for example figure (5) shows an extreme

case of CT = 0.89, ψ = 45◦.

In any case, the CFD data reveals that the deflec-

tion of the wake obtained using even the highest of

the ψ and CT values is only menial, compared to

what would be required to steering the wake away

from downstream turbines. In addition, wake me-

andering due to the atmospheric turbulence (which

is not taken into account here) would make the con-

trol of the wake even more difficult.

Figure 3: Wake center as a function of downstream
distance from the rotor generated for a test case of
tilt ψ = 30◦, and CT = 0.64.

Figure 4: Self similarity between the all curves gen-
erated for 0.36 < CT < 0.80, and 5◦ < ψ < 30◦



Figure 5: The empirical model and CFD data, for
CT = 0.89 and ψ = 45◦

Figure 6: Empirical model compared with CFD
data, CT = 0.36.

6 Conclusion

The following conclusions can be drawn from the

work presented above:

• The ability of the proposed empirical model to

predict the wake path from a tilted wind turbine

is explored by comparing with results from an

actuator disc CFD model. At this point, the

model is believed to give a reasonable esti-

mate for the wake path function for small tilt

angles.

• In theory, it is possible to steer the wake

Figure 7: Empirical model compared with CFD
data, CT = 0.64.

Figure 8: Empirical model compared with CFD
data, CT = 0.80.

away from a downstream turbine, however the

amount of yaw and the distance between the

turbines required to accomplish this seem to

suggest that this concept is rather impractical.

• The idea is to be able to control the wake away

from the downstream turbines. Meandering

and turbulence effects may dominate at larger

downstream distances, which makes the con-

trol of the turbine based solely on the current

concept a challenge.
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