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Abstract The COFIN project studied existing remote-sensing Lidar data on concen-
tration fluctuations in atmospheric dispersion from continuous sources at ground level.
Fluctuations are described by stochastic models developed by a combination of statisti-
cal analyses and surface-layer scaling. The statistical moments and probability density
distribution of the fluctuations are most accurately determined in a frame of reference
following the instantaneous plume centreline. The spatial distribution of these moments
is universal with a gaussian core and exponential tails. The instantaneous plume width is
fluctuating with a log-normal distribution. The position of the instantaneous plume centre-
line is modelled by a normal distribution and a Langevin equation, by which the meander
effect on the time-averaged plume width is predicted. Fixed-frame statistics are modelled
by convolution of moving-frame statistics and the probability distribution for the plume
centreline. The distance-neighbour function generalized for higher-order statistics has a
universal exponential shape.

Simulation tools for concentration fluctuations have been developed for either multiple
correlated time series or multi-dimensional fields. These tools are based on Karhunen-
Loève expansion and Fourier transformations using iterative or correlation-distortion tech-
niques. The input to the simulation is the probability distribution of the individual pro-
cesses, assumed stationary, and the cross-correlations of all signal combinations. The use
in practical risk assessment is illustrated by implementation of a typical heavy-gas dis-
persion model, enhanced for prediction and simulation of concentration fluctuations.

The COFIN project was funded by the EU-ENVIRONMENT programme, contract no.
ENV4-CT97-0629.

ISBN 87–550–3026–2; 87–550–3027–0 (Internet)
ISSN 0106–2840

Print: Pitney Bowes Management Services Denmark A/S � 2002



Contents

MANAGEMENT REPORT 5

Introduction 5

Progress organized box by work packages 6

Executive summary 11

SCIENTIFIC REPORT 19

1 Introduction 19

2 Data selection 20
2.1 Experiments 20
2.2 The processed data set 23
2.3 Noise reduction using maximum entropy inversion 26

3 Data analysis 29
3.1 Scaling 31
3.2 Frames of reference 32
3.3 Plume width 35
3.4 The centre concentration 37
3.5 Fluctuation intensity in moving frame 38
3.6 Meandering and time averages 39
3.7 The distance-neighbour function 45
3.8 Concentration correlations 47
3.9 Moving frame profiles 52
3.10 A simple model for hCmi 52
3.11 Pdf models 56

4 Models for concentration fluctuations in
relative and absolute dispersion 60

4.1 Introduction 60
4.2 The concentration measurements 63
4.3 Relative frame analysis 63
4.4 Absolute frame results 69
4.5 Large concentrations 70

5 Alternative probability model 73
5.1 Profiles of statistical moments 73
5.2 PDF models 76
5.3 Calibration 81

6 Simulation 82
6.1 Fourier-based methods 83
6.2 Plume meander 92
6.3 Kinematic simulation 92

Risø–R–1329(EN) 3



7 COFINBOX 97
7.1 Overview of model components 98
7.2 Theoretical basis 101
7.3 Scaling profiles by box-model parameters 109
7.4 User interface 112

8 Conclusion 113

References 115

A Conference contributions by the COFIN project 119

B Abstracts from the FADA workshop 120

C Surface layer scaling 131

D The Risø Mini Lidar 139

4 Risø–R–1329(EN)



MANAGEMENT REPORT

Introduction

COFIN is a relatively small project with two partners only – Risø National Laboratory and
Sheffield University – who felt that the problem of concentration fluctuations had been
given too little attention in the context of practical risk assessment. The main objective main objective
was

to develop new models for the effects of random concentration fluctuations in
hazardous gas releases

and the method was to derive empirical relations from existing field data, in particular
those obtained by the Risø Lidar. The purpose was to produce new theory and empirical
relations for enhancement of operational models used for risk analysis.

The following project meetings were held: meetings

� Kick-off meeting, Sheffield, April 16–17, 1998

� Second project meeting, Risø, March 23–24, 1999

� Third project meeting, Sheffield, September 23–24, 1999

� Video conference, December 20, 1999

� Fourth project meeting, Risø, February 21, 2000

Some meetings had attendence from the potential model users Robin Hankin and Ian
Archibald from Health & Safety Executive (UK) and Shell Research (UK), respectively,
or colleagues working on related projects, e.g. Dr. N. J. Duijm from the EU-TEARHS
project studying toxic effects of concentration fluctuations. The December 1999 meeting
took place at two video-conference rooms at the University of Sheffield and Risø.

Minutes of the meetings are available via the project homepage at homepage

http://www.risoe.dk/vea-atu/cofin

together with the contract deliverables: deliverables

� First progress report, March 1998-February 1999 (MS-Word)

� Second progress report, March 1999-February 2000 (MS-Word)

� Final report (PDF – present report)

� Final summary report (PDF)

The project homepage provides referencs to additional deliverables:

� Demonstration software (MS-Windows excecuable)

� The FADA Workshop, Sheffield, 9-12 September 2000

� A list of conference presentations and journal papers

In order to disseminate preliminary results and obtain feed-back from potential model workshop
users an international workshop was arranged in the middle of the project. Approximately
40 people from universities, research institutes, and regulatory authorities participated in
this event.

The bulk of the work at Sheffield Universities was arranged as a Ph. D. study for Rick Ph. D. study
Munro, who successfully defended his thesis and now holds a research position at the
Department of Applied Mathematics and Theoretical Physics (DAMTP) at the University
of Cambridge (UK).

The COFIN collaborated with parallel research at collaboration
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� The University of Western Ontario, London, Canada (Canada)

� The University of Alberta (Canada)

� Mitsubishi Heavy Industries (Japan)

� Defence Evaluation and Research Agency (UK)

� Meteorological Office (UK)

Professor P. J. Sullivan (Western Ontario) visited the UK twice in the project period. Pro- visits
fessor D. J. Wilson (Alberta) visited Risø national Laboratory for three months during the
summer of 1998 financed by a grant by the Danish Research Agency. The wind tunnel
laboratory of Mishubishi Heavy Industry share an interest in concentration fluctuations
in the wind tunnel and a collaboration was established. This brought Dr. R. Ohba to both
Sheffield University and Risø (10/5 1998) and he was later followed by Dr. A. Kouchi
(Risø 5–6/10 1998 and 4/6 2001). Dr. C. D. Jones of the UK Defence Evaluation and
Research Agency (DERA) conducts field experiments on concentration fluctuations and
came to Risø to discuss numerical simulation of these (11/2 1999, 16–27/8 1999, 8–10
May), on the last occasion he brought Dr. A. Jones (UK Met. Office) with him. In the
summer of 2000 Rick Munro of Sheffield University participated in a Risø field exper-
iment to see the Lidar instrument in operation. Most collaborators participated in the
FADA workshop organized by COFIN.

Participants of the COFIN project are reached at the following coordinates: staff

Scientist Tel. No. E-mail
Philip Chatwin +44.114.2223740 P.Chatwin@sheffield.ac.uk
Hans E. Jørgensen +45.46.775034 Hans.E.Joergensen@risoe.dk
Nils Mole +44.114.2223772 N.Mole@sheffield.ac.uk
Rick Munro +44.122.3337846 R.J.Munro@damtp.cam.ac.uk
Morten Nielsen +45.46.775022 N.M.Nielsen @risoe.dk
Søren Ott +45.46.775111 Soeren.Ott @risoe.dk

and the addresses are

Coordinator Contractor
Risø National Laboratory Sheffield University
Wind Energy Department School of Mathematics and Statistics
Attn: Morten Nielsen Attn: Prof. P.C. Chatwin
Building 125 The Hicks Building
P.O.Box 49 P.O.Box 597
DK-4000 Roskilde Sheffield S10 2UN
Denmark Great Britain
Fax:+45.46.775970 Fax: +44.114.2223739

Progress organized box by work packages

Table 1 and Figure 1 illustrate the original work plan. The strategy was to select suitable original plan
data, make various statistical analyses, synthesize these to an operational model, produce
a user-friendly demonstration software, and, finally, communicate results to the research
community and potential model users. Table 2 illustrates the anticipated timing of the
activities and the project milestones specified in Table 3.

Inspired by the collaboration with the Defence Evaluation and Research Agency and supplementary activity
UK Meteorological Office we launched a new activity, which we might label WP 2.7. It
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Table 1. List of work packages with indication of responsible partners. See also figure 1.

Work Package Activity Brief Title Partners

WP 0 Project management 1
WP 1 Data review and selection 1,2
WP 2 Model construction 1,2

WP 2.1 In-plume structure 1,2
WP 2.2 EGPD calibration 2
WP 2.3 Structure of unified model 1,2
WP 2.4 Passive meandering plume 1,(2)
WP 2.5 Dense gas meandering plume 1,(2)
WP 2.6 Model improvements 1,2

WP 3 Operational model 1,2
WP 3.1 Model implementation 1
WP 3.2 Model evaluation 1,2

WP 4 Dissemination 1,2
WP 4.1 Papers and reports 1,2
WP 4.2 WWW homepage 1
WP 4.3 International conference (1),2
WP 4.4 User feed-back (1),2

WP 1

WP 2.1

WP 2.4

WP 2.2

WP 2.5

WP 3.1

WP 3.2

WP 4.1 WP 4.2 WP 4.3 WP 4.4

WP 0

WP 2.6

WP 2.3

Management

Data selection

In-plume structure EGPD analysis

Passive pl. model. Heavy pl. model

Model improvem.

Uni. model struct.

Implementation

MEG Evaluation

Papers & Reports WWW Homepage Conference User Feed-Back

WP 2

WP 4

WP 3

Model
Construction

Operational model

Dissemination

1,2

1

1,2 2

1,2 1,(2) 1,(2)

1

1,2

1,2

1,2 1 (1),2 (1),2

Figure 1. Inter-dependence of work packages. The numbers in the upper right corner
indicate the partners involved. See also Table 1.

seems that model users find numerical simulation of concentration fluctuation time series
a useful supplement to the statistical description – both as an illustration of the process
and as input to nonlinear consequence models.

The actually development deviated from the original plan. It was difficult to complete actual development
individual activities in time, and initial delays affected activities at the end of the project.
These shortcomings in project management reflect a large degree of freedom of the indi-
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Table 2. Original time schedule of Work Packages (WP) and sub-tasks in relations to the
Milestones (MS) of the project, denoted by the framed numbers.

Work Package 1998a 1999 2000 2001b Partner

WP 0: Project management 1

WP 1: Data selection 1 1,2
WP 2: Model construction

2.1: In-plume structure 2 3 1,2

2.2: EGPD calibration 2 5 2

2.3: Structure of unified model 4 1,2

2.4: Passive meandering plume 6 1,(2)
2.5: Dense gas meandering plume 7 1,(2)

2.6: Model improvements 8 1,2
WP 3: Operational model

3.1: Model implementation 9 1

3.2: Model evaluation 10 1,2
WP 4: Dissemination

4.1: Papers and reports 11 1,2
4.2: WWW homepage 1
4.3: International conference (1),2
4.4: User feed-back (1),2

month 0 6 12 18 24 30 36

alast nine months
bfirst three months

Table 3. Milestones (MS) with reference to work packages (WP) defined in Section 2.

Milestone Month Completed Activity

MS1 1 Specification of aims of models and initial data selection
(WP1).

MS2 11 Rigourous assessment of first stages of in-plume structure
(WP2.1) and EGPD (WP2.2) analyses.

MS3 16 Complete analysis of in-plume structure (WP2.1).
MS4 18 Detailed theoretical structure of models (WP2.3).
MS5 21 Correlation of EGPD model parameters and dispersion pa-

rameters (WP2.2).
MS6 21 Passive meandering plume model Mark I, including a sub-

model for the burnable cloud volume (WP2.4).
MS7 21 Heavy-gas meandering plume model Mark I (WP2.5).
MS8 30 Final versions of all sub-models (WP2.6).
MS9 32 Implementation of unified model (WP3.1).

MS10 36 Model evaluation according to CEC guidelines (WP3.2).
MS11 36 Dissemination (WP4.1).

vidual researcher. An account of the progress of individual activities in the following.

WP 0: Project management The project meetings were held on schedule and we sub-
mitted two yearly progress reports. The content of the work plan and the delay of
individual work packages and were brought up at every project meeting.

WP 1: Data review and selection The data selection were agreed on the kick-off meet-
ing (minutes on project homepage) and experimental details were documented by
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Jørgensen & Nielsen (1999). Unfortunately, the data transfer from Risø to Sheffield
University and internally among Risø researchers took much longer than anticipated.
The reasons for this delay were a need for improved data corrections, in particular for
a better base-line correction, and a decision to distribute data with software for sim-
ple statistics, visual inspection, extraction of ASCIII format, etc. Sheffield Univer-
sity contributed to the data improvement by development of the MEI noise-reduction
technique (Lewis & Chatwin 1995b, Munro 2001) with special consideration for the
inhomogeneous noise of the Lidar data (see scientific part of this report). The MEI
correction was difficult to automate so not all data were treated this way.

WP 2: Model construction and testing The model construction was the largest work
task involving every member of the team.

� WP 2.1: In-plume structure examinations This activity covers a variety of data
analyses. Clearly, it was influenced by the delays of WP 1, although it should
be said that we did not progress in this linear manner – the need for data cor-
rections were actually motivated by preliminary statistical analyses.

Instead of merely waiting for Lidar data Sheffield University initiated a study
of alternative data monitored by fixed-position sensors in the EU-FLADIS ex-
periments (Nielsen, Ott, Jørgensen, Bengtsson, Nyrén, Winter, Ride & Jones
1997). These data were used for determination of the high concentration tails
of the concentration probability distribution (Munro, Chatwin & Mole 2001b).
When Lidar data became available Sheffield University worked on noise-reduction
and studied fixed-position probability distribution leading up to WP 2.2.

The work on in-plume structure has been fruitful but difficult to conclude. The
workplan should had left more time for this activity. An important result is that
spatial distributions of various orders of statistical moments of concentration
fluctuations have a nearly universal shape, when the analysis apply a mov-
ing frame of reference following the meandering plume centreline shape. The
widths of spatial distributions for various moment orders are proportional to
each other. In principle the result should apply to fixed-frame distributions as
well, but the time scale of the plume-meander process make universality less
clear. The distance-neighbour function (DNF) is surprisingly accurately deter-
mined by Lidar data and its length scale is explained by surface-layer scaling.
Furthermore, the DNF length scale relates to length scales of spatial distribu-
tions of statistical moments.

� WP 2.2: Calibration of EGPD model The exponential and generalized Pareto
distribution (EGPD) is a versatile mathematical model for the probability dis-
tribution (PDF) of concentration fluctuations, previously developed at Sheffield
University (Lewis & Chatwin 1995a). In this project a new model (BGPD) was
constructed, in which the exponential component was replaced by a beta dis-
tribution. This model fits both moving- and fixed-frame PDFs of Lidar obser-
vations (Munro 2001).

� WP 2.3: Structure of unified model The structure of the unified model was
agreed on the third project meeting, see Appendix A of second progress report.
We planned the following chain of submodels:

1. a model for moving-frame similarity profiles of statistical moments

2. transformation from moving- to fixed-frame statistics

3. calibration of suitably flexible PDF function by statistical moments

4. a model for the spectral distribution of concentration fluctuations

5. a model for spatial correlations

6. a simulation method

Risø–R–1329(EN) 9



This strategy was motivated by the accurate moving-frame results, the needs
of the simulation method, and the ambition of developing a concentration fluc-
tuation model applicable as an add-on module to existing gas dispersion of use
in practical risk assessment.

Some steps in the strategy caused difficulties, e.g. calibration of a model PDF
by statistical moments imposes restrictions on the combinations of these, and
apparently accurate models for the spatial distribution of statistical moments
may conflict with these restrictions.

� WP 2.4 & WP 2.5: Meandering plume models These activities were originally
organized as two complementary packages, one for passive dispersion (WP
2.4) and one for dense gas dispersion (WP 2.5). Dense gas dispersion is very
relevant in industrial risk assessment and the development of models for this
special situation is of key interest. On the other hand, available measurements
from passive dispersion and the downstream passive stage of initially dense
gas release are of better quality and longer duration, and we have developed
our models by data from passive dispersion only. The development of a dense
gas dispersion model (WP 2.5) was therefore given less attention, although the
demonstration software (WP 3.1) is based on such a model with smooth transi-
tion to passive dispersion. The models have not been verified in the domain of
dense-gas dispersion, and it should be remembered that our theories are based
on surface-layer scaling, which are violated in a densely stratified gas layer
with possible heat convection from a warmer lower surface.

Plume meander is the process which links moving-frame statistics to fixed-
frame statistics. It may be modelled as a first order autoregressive Gaussian
process which also enable determination of the influence of finite averaging
time in fixed-frame estimates.

� WP 2.6: Model improvement The motivation of WP 2.6 was to ensure compat-
ibility among submodels and leave time for refinement of the the submodels
was included.

� WP 2.7: Simulation This activity was not included in the original work plan,
although it seems a natural extension. The simulation technique is based on
pseudo-random numbers and it is relatively easy to implement for gaussian
processes. Non-gaussian processes like concentration fluctuations are simu-
lated by transformation from the Gaussian case, which matches the local prob-
ability distribution. The spectral distribution and the cross correlation of spa-
tially separated fluctuations should also be realistic. This is achieved by sim-
ulate in the frequency domain followed by an inverse Fourier transformation
to time domain. Such methods were not readily available and the project spent
some time on the development of these.

WP 3: Operational model The purpose of this work package, was to implement a com-
puter version of the unified model which constructed in WP 2. The delays in model
development spoiled this plan.

� WP 3.1: Model implementation The purpose of the user-friendly software was
to demonstrate how models for concentration fluctuations could be of use in
practical risk assessment. It was decided to develop a program COFINBOX,
which is a traditional box model for dense gas dispersion from a continuous
source with downwind transition to passive dispersion. The box model pro-
vides the average plume width and concentration at a given downwind posi-
tion and cross-plume distribution of various orders of statistical moments are
predicted by this. The statistical moments enable fits of local fluctuation prob-
ability distributions and combination with crude spectral distribution forms the
basis for simulation.

10 Risø–R–1329(EN)



� WP 3.2: Model evaluation The original workplan included a formal model
evaluation of the software developed in WP 3.1. This activity has lost its mean-
ing, since the computer implementation did does not cover the latest results
from WP 2. Consequently we have not produced the model evaluation promised.

WP 4: Dissemination

� WP 4.1: Papers and reports The COFIN project has written

– five journal papers (Munro et al. 2001b, Chatwin & Mole 2000, Mole
2001, Chatwin 2001, Munro, Chatwin & Mole 2001a). The project has
material for more publications, where the sponsorship will be acknowl-
edged.

– four encyclopedia articles (Nielsen 2001, Nielsen 2002, Chatwin & Sullivan
2001, Chatwin & Sullivan 2002)

– a Ph.D. thesis (Munro 2001)

– a data report (Jørgensen & Nielsen 1999)

– eighteen conference papers, see Appendix A.

� WP 4.2: WWW homepage The project homepage was active from the start
of the project. It contains links or references to management and scientific
documents and the demonstration software.

� WP 4.3: International conference The FADA workshop on Fluctuations in At-
mospheric Dispersion and their Applications, was arranged at the University of
Sheffield, 9-12 September 2000. The workshop had approximately 40 partici-
pants from four continents, with three panel discussions and 25 presentations,
including eight presentations by COFIN participants.

� WP 4.4: Consultation with users User were invited to project meetings and
to the FADA workshop. User needs were also discussed with our scientific
collaborators, who visited Risø and Sheffield University on several occasions,
see above.

Executive summary

The aim of the COFIN project is aim

to develop new models for the effects of random concentration fluctuations in
hazardous gas releases.

This phenomenon is usually ignored in risk assessment, probably because regulators con-
sider currently available models too complex and difficult in application. It is our im-
pression that consultants agree that a stochastic description could be a useful supplement,
but their clients are reluctant to ask for analyses, which are not required in the regulation
guidelines. The best way to improve the situation is probably to develop relatively simple
model extensions compatible with the current standard.

With these objectives in mind, our main strategy for the COFIN project was to study strategy
existing field data and develop relevant relations by a combination of statistical analyses
and appropriate surface-layer scaling. Our conceptual model for the process is a relatively
narrow plume being swept from side to side by large eddies while mixed by turbulence
comparable to or smaller than the plume dimension. The concentration fluctuations ob-
served at a fixed point is the combined result of internal mixing and plume meandering.
Plume meandering is a relatively slow process and the number of excursions within the
duration of a typical experiment is not high. Therefore, cross-plume profiles of mean con-
centration or other statistics are surprisingly irregular and asymmetric when analysed in
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the fixed frame of reference. In contrast, profiles are smooth and reproducible when we
analyse fluctuations in a moving frame of reference following the instantaneous plume
centreline.

Data

Data were selected from field experiments with continuous release of artificial smoke field experiments
from sources near the ground. The experiments were conducted in several campaigns with
similar set up in relatively homogeneous terrains free of obstacles. The measurements
were made by a remote-sensing Lidar, which detects the smoke distribution along a laser
beam. The wind and turbulence were monitored by meteorological equipment near the
release point including at least one sonic-anemometer. The measuring path of the Lidar
was oriented horizontally across the plume at approximately 1.5 m above terrain and the
distances from the source were in the range 100-600 m.

In each measurement cycle the Lidar emits a short laser light pulse and detects the light Lidar
reflected by smoke aerosols. The smoke concentration and distance from the instrument
are deduced from the intensity and time-delay of the backscatter signal. Each Lidar profile
contains 512 measuring range gates and the time response is practically instantaneous.
Due to the dimensions of the light pulse and time response of the detector system, the
virtual observation points have spatial averaging approximately 1.5 m along the laser
beam. In the selected experiments the measuring frequency of the Lidar was 1=5� 1=3

Hz. For some analyses we apply additional data obtained a rebuilt Lidar, which has a
faster measurement frequency, less measurement noise but more spatial averaging. We
also use data from the fast-responding UVIC detectors deployed at similar measurement
positions.

The Lidar data are processed by an algorithm, which compensates for smoke obscura- data processing
tion and directional spreading of the reflected light. This algorithm uses a larger amplifi-
cation and less ideal signal-to-noise ratios for smoke at far distance. The unsteady signal
baseline is corrected by a curve fit through clean-air observation in front of and behind
the plume, by a method which was refined during the COFIN project.

Further signal improvement was obtained by a maximum-entropy-inversion (MEI) noise removal
method, which reduces high-frequency noise while maintaining average and variance.
This method is based on an assumption of uniform statistical properties, which is not
fulfilled for a cross-plume profile. Instead we construct time-series at virtual observa-
tion points and MEI treat these individually. This is a time consuming task difficult to
automate and not all data were treated this way.

Analyses and models

The probability distribution function (PDF) is an important property of the concentration versatile PDF model
fluctuations. The Beta and generalized Pareto distribution (BGPD) is a very flexible PDF
model, which is constructed as a weighted sum

p (c) = f1 (c) + (1� ) f2 (c) 0 �  � 1 (1)

of two components

f1 (c) =
(1�c/cmax)

�2�1

�1
�1 > 0; �2 > 0

f2 (c) =
(c/cmax)

�1 (1�c/cmax)
�2

cmaxB(1+�1;1+�2)
�1 > �1; �2 > 0

(2)

with the Beta function defined by B (m;n) �
R 1
0
tm�1 (1� t)

n�1
dt. The BGPD model

has five independent parameters (; �1; �2; �1; �2) since the maximum concentration is
determined by cmax = �1�2. It will fit both uni- and bi-modal distributions and its ap-
proach to the upper limit p (c) ! � (1� c/cmax)

�
for c ! cmax is in agreement with

UVIC data.
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Lidar data offers an excellent opportunity to study spatial distribution of the concen- plume centreline
tration fluctuations. An important concept in our analyses is the plume centreline defined
by

yc (t) =
1

m̂1(t)

Z 1

�1
y C (y; t) dy (3)

where we normalize with a ’mass’ integral of the type

m̂n(t) =

+1Z
�1

Cn (y; t) dy (4)

From this we define the moving-frame concentration

Cm (�; t) � C (yc (t) + �; t) (5)

and the time-averaged moving-frame profile hCm (�; t)i. The shape of this profile, as moving-frame profile
well as for equivalent profiles for higher-order statistical moments hC n

m
(�; t)i, is best

described as gaussian near the centreline with exponential tails. Spatial dimensions of the
moving-frame profiles is measured by

�2
n
�

R +1
�1 hCn

m
(�; t)i �2d�

hm̂n (t)i
(6)

and we find that these dimensions are interrelated by

�1/�n =(n+ �)/(1 + �) with � ' 2 (7)

Thus, we may use �1 as a single characteristic length scale, and data shows that this is
proportional to the friction velocity u� and travel time t from the source, with the best
estimate �1 ' 0:75u�t. No dependence on other meteorological parameters, such as
atmospheric stability z=L, was detected.

The instantaneous plume width is defined by instantaneous plume width

�̂2
n
(t) �

R +1
�1 Cn

m
(�; t) �2d�

m̂n (t)
(8)

and the probability distribution of this is found to be log-normal. Variation of the normal-
izing integral m̂n(t) are modest and this definition is in reasonable agreement with the
previous one



�̂2
n
(t)
�
� �2

n
.

In search for an explanation of the non-gaussian moving-frame profiles we describe non-gaussian profiles
the development of the moving-frame profile by a diffusion equation

dCm (�; t)

dt
=

d

d�
K (�; t)

dCm (�; t)

d�
(9)

This follows from the assumption of self-similarity and by appropriate scaling the special
diffusivity and moving-frame concentration profiles may be expressed by

K (�; t) = � _�� (�/�) and Cm (�; t) = ��1f (�/�) (10)

and insertion into the above diffusion equation provides the relation

f (s) / exp

24� sZ
0

s0/� (s0) ds0

35 with s = �/� (11)

Further assumptions on diffusivities at small and large separations suggest the diffusivity
profile � (s) = 1

4
(1 + 2 jsj) producing a concentration profile

f (s) = 1
2
(1 + 2s) exp (�2s) (12)

which indeed is nearly gaussian for small separations and exponential for large ones. Al-

ternatively we might choose the more flexible formulation � (s) = (��)
�2
q
1 + (�s)

2

which leads to

f (s) = exp
�
��2

�p
1 + �2s2 � 1

��
(13)
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where Kn (x) is the modified Bessel function of the second kind and where we set � 2 =

K2

�
�2
� �
�2K1

�
�2
���1

in order to match the plume width. This shape is gaussian for
� ! 1, exponential for � ! 0 and in agreement with equation 12 for � � 1. The
method could be used for other dispersion processes than in the selected experiments, e.g.
an elevated plume which obeys different scaling laws. We hope to verify such predictions
by future experiments.

Historically, many tracer experiments have applied arrays of bag samples detecting the time averaging
average concentration over the sample time ts. Defining the normalized concentrationR
c(y; t)dy = 1 we find the time average

�c =
1

ts

t0+tsZ
t0

C (y; t) dt (14)

The meandering plume centreline implies that a plume width based on time-averaged
measurements is wider that the instantaneous width. This is expressed as



�2 (ts)

�
=


�2 (0)

�
+

1

t2s

tsZ
0

(ts � � )S (�) d� (15)

using a structure function for the centre-line position S (�) =
D
(y (t+ �)� y (t))

2
E

.

The Langevin process is a suitably simple model for the centreline position plume meander

dyc

dt
= �

yc

T
+U �a (s) with s = tU/� (0) and ha (s0) a (s00)i = �Æ (s0 � s00) (16)

where T is a timescale, U is the plume advection, and a is a random memoryless gaus-
sian acceleration. The variance and structure function become



y2
c

�
= 1

2
�� (0)UT and

S (�) = �� (0)UT [1� exp (��/T )] Fitting this model to data is complicated by the
frequently observed non-stationary plume meander, which is the fundamental difficulty
of fixed-frame analyses. With this reservation in mind, we propose UT/� (0) ' 30 and
� ' 0:2. The Langevin process leads to the time-averaged plume width

�2 (t) = �2 (0) +
�� (0)UT 3

t2

�
1� t/T + 1

2
(t/T )

2 � e�t/T
�

(17)

which is a useful formula when comparing different experiments using varying sample
times. A further consequence of the Langevin-type plume meander model, is that the
probability distribution of centre-line positions at two distinct times becomes joint gaus-
sian with exponentially decaying correlation, i.e.

p (y0
c
; y00

c
) =

1

2� hy2c i
�
1� e�2j� j/T

� exp"� (y0
c
)
2
+ (y00

c
)
2 � 2y0

c
y00
c
e�j� j/T

2 hy2ci
�
1� e�2j� j/T

� #
(18)

where we write y0c = yc (t) and y00c = yc (t+ � ).
We have developed methods for prediction of concentration-fluctuation PDF in a mov- moving-frame PDF

ing frame of reference. For this purpose we apply generic probability models of the type

p (c j� ) = (1�  (�)) Æ (c) +  (�) pc (c j� ) (19)

where the intermittency  (�) is the probability of non-zero concentrations and p c (c j� )
is a conditional PDF. Statistical moments of various statistical orders are linked to the
PDF by

hCn

m
(�; t)i =

1Z
0

p (c j� ) cndc (20)

The spatial variation of these has a universal shape of the moving-frame profiles f (�/� n) =
hCn

m
(�; t)i/hCn

m
(0; t)i and spatial dimensions �n, which we prescribe by equations 12

and 7. With an empirical centre-line PDF of the form

p (c j0) = 4c
Æ
c20 exp [�2c/c0] (21)
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and the use of a generating function, we predict a general PDF by

p (c j� ) =
4c exp

�
�2c/c0e2s + 2s (3� �)

�
c20

1 + 2s
�
� � 2 + 2c/c0e

2s
�

1 + 2�s
(22)

where s = j�j/(�1 + ��1) is the dimensionless distance from the centreline. The fluctu-
ation intermittency is interpreted as the zero order statistics

 (�) = (1 + 2 j�j/�0) exp (�2 j�j/�0) (23)

with �0 determined by equation 7. This PDF model is in good agreement with empirical
probability distributions.

An alternative strategy is to derive local PDFs by local statistical moments, e.g. from
the gamma distribution

p (c) = (1� ) Æ (c) +
cb�1

� (b)ab
exp (�c/a)) hCni = an

� (n+ b)

� (b)
(24)

The model coefficients are deduced from statistical moments

b =
2�M3

M3 � 1
a =

M2

1 + b
hCi  =

1

ab
hCi (25)

using dimensionless moment ratios

M2 =



C2
�

hCi2
M3 =



C3
�
hCi

hC2i2
and M4 =



C4
�
hCi

hC3i hC2i
(26)

The shape parameter b of the gamma distribution must be positive, so solutions only exist
for 1 �M3 � 2. Other PDF models, e.g. a clipped Gaussian distribution, impose similar
restrictions. Furthermore, observed profiles of moment ratios are concave withM 00

n (O) �
O(0:1). From these conditions we calibrate the parameters (�n; �n) in moving-frame
profiles of the type in equation 13

hCn

m
(�)i = hCn

m
(0)i exp

"
��2

n

 s
1 +

K2 (�2n) �
2

�2
n
K1 (�2n)�

2
n

� 1

!#
(27)

Profile dimensions deduced by this method are in good agreement with equation 7.
Fixed-frame probabilities and statistical moments are predicted by the convolution of fixed-frame PDF

the PDF for the centre-line position and the moving-frame statistics

p (c jy ) =

Z 1

�1
p (yc) pm (c jy � yc )dyc

hCn (y)i =

Z 1

�1
p (yc) hCn

m (y � yc)idyc (28)

With a gaussian distribution of the centreline position and numerical integration the
fixed-frame distributions of statistical moments follow nearly the same model as moving-
frame distributions, however with wider distributions, smaller centreline values and more
gaussian distributions, i.e. a larger fixed-frame tail parameter �n;f > �n;m. The fixed-
frame moments at the centreline are found analytically for special moving-frame shapes
(�n;m = 0; 1;1 ) and interpolated for the general case. Further conditions on tail be-
haviour and conservation of the moment integral determines the remaining fixed-frame
parameters (�n;f ; �n;f ).

As a supplement to the moving-frame analyses we propose a generalized distance- distance-neighbour function
neighbour function defined by

Dn (�) �
+1Z
�1

�
C (y; t)Cn (y + �; t)

m̂1(t)m̂n(t)

�
dy (29)

Risø–R–1329(EN) 15



This statistics describes the concentration structure around a randomly chosen plume
particle. Similarly to the moving-frame profiles we define the width of the distance-
neighbour

s2n �
+1Z

�1

Dn (�) �
2d� (30)

and the definitions leads to a nice relation between distance-neighbour and moving-frame
dimensions.

s2
n
=


�̂21
�
+


�̂2
n

�
(31)

We also have the formula
+1Z

�1

D1 (�) �
4d� = 2

+1Z
�1

hCm (�)i �4d�
hm1(t)i

+ 6


�̂4
�

(32)

where the last term is related to the variance of the square of the instantaneous plume
width. Data shows that the shape of the distance-neighbours is exponential and by the
definitions we obtain

Dn (�) =
1

p
2 sn

exp
�
�
p
2j�j/sn

�
(33)

which is equal to D1 (�) = (2�1)
�1

exp(�j�j/�1) for the lowest order.
The time-lagged two-point correlation is defined by two-point correlation

Q (y; y0; � ) � hCm (y; t+ �)Cm (y0; t)i (34)

Data shows that this becomes

Q (y; y0; 0) �
1

2�21
exp

�
�
jy + y0j+ jy � y0j

�1

�
(35)

for zero time lag which is in accordance with the simple model for the moving-frame
profile in equation 12. The concentrations become independent for larger time lags

Q (y; y0; � )! hCm (y)i hCm (y0)i for � !1 (36)

and actually this happens very fast, i.e. the in-plume fluctuations have a short memory.
From the two-point correlation we may define a time-lagged distance-neighbour function

D (�; � ) �
1Z

�1

Q (� + y; y; �) dy (37)

as an extension to the previous definition for D (�) = D (�; 0). From new fast Lidar data
we find an exponential decay of the zero-separation case D (0; �) with a time constant
less than one second. We may also define a similar quantity

" (�; � ) �
1Z

�1

Q (� � y; y; �) dy (38)

and data shows that for zero time lag we may use the separation

Q (y; y0; 0) � 2D (jy � y0j ; 0) " (jy + y0j ; 0) (39)

Simulation tools

The aim of simulation is to produce artificial ’signals’, which might substitute real data
as input to consequence models or simply illustrate the process. For a simulation to be of
interest the statistical properties of the ’signals’ must be realistic, i.e. it should reproduce
as many statistical parameters as possible. Perfect imitation is impossible, although the
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available methods may reproduce the PDF of individual time series and second-order
accurate cross-correlations of time series pairs. The statistics of the time-derivatives of
the signals are modelled correctly to the second order.

Simulation of random processes is greatly simplified when the target probability func- Fourier simulation of
gaussian processestions are gaussian. The main advantage is that a linear transformation of a vector y j with

gaussian components will map into another gaussian vector x i = Lijyj , where Lij is the
transformation matrix. If the input variables y j are uncorrelated gaussian deviates, sim-
ulated by the Box-Muller algorithm (Press, Flannery, Teukolsky & Vetterling 1992), the
covariance matrix of the transformed process is K = LLT , where LT is the transposed
of the covariance matrix. Simulation by x i = Lijyj is called Karhunen-Loève expansion.
Proper covariance matrices always non-negative definite and the transformation matrix
L may be found by Cholesky, or ’square root’, decomposition of the covariance matrix
(Press et al. 1992). Another useful property is that a Fast Fourier Transform (FFT) of
a Gaussian time series maps onto a gaussian spectral distribution, and vice versa. Spec-
tral representations Xi (f) and Xj (f) the time series xi (t) and xj (t) may be modelled
by uncorrelated gaussian input Xi (f) = Lik (f)Yk (f) and transformed into time do-
main by inverse FFT. The starting point for numerical simulation is the cross spectrum
matrix, which is decomposed for every frequency, � ij (f) = L (f)L� (f). In general,
we must use complex algebra since cross-correlation functions may be asymmetric in
time with corresponding complex cross spectra. The spectral matrix will be Hermitian
�ij (f) = ��

ij
(f), and the non-negative definiteness allows decomposition by a complex

version of the Cholesky’s algorithm.
Many techniques for simulation of non-gaussian variable applies a memoryless trans- non-gaussian simulation by

iterationlation, in which the individual series xi (t) is transformed by the monotonic increasing
function ci (t) = gi [xi (t)] = F�1

Ci
[�Xi

[xi (t)]], where FCi is the marginal distribution
of ci (t) and �Xi

is the distribution of the preliminary series. The difficulty of this proce-
dure is that the transformation distorts the spectral distribution. The first method tested in
COFIN applied an iteration, which alternately corrects the PDF and the spectral distribu-
tion of the series. In each iteration step, we find the distribution of the preliminary series
= F�1

Ci
[�Xi

[xi (t)]] by the QUICKSORT algorithm. The spectral corrections are made
by

�i+1 (f) =
�i (f)

�
map
i

(f)
�Ti (f) (40)

where �i;k (f) and ~�i;k (f) are the power spectra of the preliminary series and corre-
sponding probability corrected one and � i;T (f) is the target power spectrum. The it-
eration is stopped when corrections are sufficiently small. The method also applies for
uniform two- or multidimensional fields using corresponding versions of the FFT algo-
rithm. Useful simulations were obtained by relaxation of the requirement of uniformity. A
two-dimensional simulation was made in domain of time and cross-plume position with
the probability correction depending on cross-plume position. From a theoretical view-
point this method is inaccurate, since the spectral distortion by the probability correction
vary with plume position whereas spectral corrections are universal.

Correlation-distortion is a simulation method in which the spectral distributions used correlation-distortion
for Fourier simulation are modified such that the subsequent probability correction will
results in the target spectra. This is efficient since no iteration is required. Gioffrè, Gusella
& Grigoriu (2000) show that for a given time lag � the cross correlation function of
the two translated processes �cicj (�) relates to the cross correlation of the initial series
�xixj (�) by a double integral involving the translation functions.

�Ck�Cl�kl (�) = (41)

1Z
�1

1Z
�1

[gk fxkg � �k] [gl fxlg � �l]'2D [xk; xl j�kl (�) ] dxkdxl
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Here �k = E [ck] is the mean of the non-gaussian process and '2D is the joint gaussian
distribution. The task is to find correlation functions for the gaussian processes � xixj (�),
which will reproduces the target correlations for the non-gaussian processes � cicj (�).
Numerical evaluation of the double integral is computationally expensive and a solution
is needed for all signal pairs. To speed up the calculations we apply a Taylor expansion

�k�l�kl (�) �
NX
n=1

aknaln

n!
�nkl (�) (42)

with coefficients akn =
R
[gk fxg � �k]Hen (x)� (x) dx calculated by Hermite polyno-

mials Hen (x) � (�1)nDn [' (x)]/' (x) defined by the normal distribution ' (x). The
cross-correlations of all combinations of gaussian processes �xixj (�) are transformed to
the frequency-dependent cross-spectral matrix �xixj (�) and used for Fourier simulation
of gaussian series, which are translated to non-gaussian ones c i (t) = gi [xi (t)]. Unfor-
tunately, lack of precision in the Taylor expansion and Fourier transformation will some-
times corrupt the positive definiteness of the translated correlation matrices. To overcome
this problem we decompose spectral matrices by an alternative eigensystem method and
adopt a special correction, which recovers positive definiteness of the correlation matrix
with minimum adjustment of cross correlations and conservation of autocorrelations.

A random 2-D turbulence-like velocity field is simulated by a single length constant plume meander
and an eddy lifetime modelled by the wave number T / jkj�2/3 . Gaussian puffs are re-
leased from the source and tracked in the time-varying flow field. The puff grows linearly
in time until they reach a predefined size after which they split into three smaller ones
with their masses and weighs designed for a match with the first four spatial moments
of the mother puff. The total concentration field is determined as the sum of all traces
determined as cubic-spline interpolations through series of gaussian puffs. The moments
of the composite concentration field is measured as sums of the well-known moments
of gaussian distributions, and from this we determine the centre-line position and plume
width as function of time and downwind position.

Sometimes we only need to simulate plume meander at a single downwind position,
and for these cases it is much simple to use the Langevin equation 16, which implies that
the plume position after time step �t has a normal distribution

p (yc (t+�t) jyc (t) ) 2 N
�
�yc (t) ;

�
1� �2

� 

y2
c

��
(43)

depending on the total variance


y2
c

�
and the exponentially decaying ’memory’ � =

exp (��t/T ) of the temporal position yc (t).

Demonstration software

It was decided to develop a computer program COFINBOX, which demonstrates that heavy-gas model
models for concentration fluctuations might be used as an add-on module for traditional
dispersion models. For this purpose we implement a heavy-gas box model, which is a
model type often used in risk assessment. The program is modular with objects for: me-
teorological conditions; phase-transition and density calculations for two-phase mixtures
with aerosols in homogeneous equilibrium; simple source models determining the release
conditions; main parameters used for integration (enthalpy, width, mass, momentum and
position); auxiliary parameters derived by the main parameters (concentration, temper-
ature, density, turbulence velocity scales, etc.); fourth-order Runge-Kutta integration of
ordinary differential equations for main parameters with adaptive time steps; smooth in-
terpolation between main parameters. Mixing is predicted by a heavy-gas entrainment
function based on estimates for in-plume friction velocity and heat flux from the ground,
with a smooth transition from heavy-gas to passive dispersion.

These calculations are standard in box models for heavy-gas dispersion. The objects for concentration fluctuations
concentration fluctuations are: probability and simulation of the plume centreline position
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using a Langevin equation; prediction of moving-frame profiles for various statistical mo-
ments; and simulation of concentration fluctuation. The simulation is based on iteration
in a two-dimensional time/cross-plume direction domain using a simple model for the
spectral structure. The ideal simulation technique would be distortion-correlation of cou-
pled time series, but we have not yet found a model for spectral coherence of fluctuations
in a meandering plume observed on a fixed frame of reference.

The computationally efficient Langevin-equation method for local plume meander sub- kinematic simulation
stitutes an elaborated kinematic simulation. Although no longer needed for simulation of
concentration fluctuations, the kinematic simulation is maintained as an illustration of
the plume meander process. This simulation is driven by a random two-dimensional hor-
izontal velocity field with a wave-number dependent memory making lifetimes of large
eddies longer that those of small eddies. At each time step a gaussian puff is released
from the source. The time-varying stochastic wind field transports the puff while its di-
mension increases and it is split into smaller ones when it has grown to a predefined size.
Finally, instantaneous concentration fields are interpreted as the superposition of all puffs
in the domain using cubic-spline interpolation along traces of puffs. Spatial moments of
the concentration field are calculated as a function of distance from the source, and this
leads to time series for the centre-line position and plume width.

Dissemination of results

In addition to the present report the project published: five journal papers (Munro et al. publications
2001b, Chatwin & Mole 2000, Mole 2001, Chatwin 2001, Munro et al. 2001a); four
encyclopedia articles (Nielsen 2001, Nielsen 2002, Chatwin & Sullivan 2001, Chatwin &
Sullivan 2002); a Ph.D. thesis (Munro 2001); a data report (Jørgensen & Nielsen 1999);
and eighteen conference papers, see Appendix A. The project has material for more pub-
lications, where the sponsorship will be acknowledged.

A workshop called Fluctuations in Atmospheric Dispersion and their Applications workshop
(FADA), was arranged at the University of Sheffield, 9-12 September 2000. The FADA
workshop had approximately 40 participants from four continents, with three panel dis-
cussions and 25 presentations, including eight presentations by COFIN participants. Po-
tential model were invited to project meetings and to the FADA workshop. User needs
were discussed Shell Research (UK), Health and Safety Executive (UK) and with sci-
entific collaborators from the University of Western Ontario (Canada); the University collaboration
of Alberta (Canada); Mitsubishi Heavy Industries (Japan); Defence Evaluation and Re-
search Agency (UK) and Meteorological Office (UK). Scientist from these institutions
visited Risø and Sheffield University on several occasions.

The project homepage http://www.risoe.dk/vea-atu/cofin/index.htm was active from the homepage
start of the project and it contains links and references to all management and scientific
documents. The user-friendly COFINBOX program is also available via the homepage.

SCIENTIFIC REPORT

1 Introduction

Anyone who had watched the smoke from a fire is familiar the phenomenon of concen- the phenomenon
tration fluctuations in turbulent gas dispersion. It is not hard to visualize how a sensor
placed at a fixed position will experience fluctuations because of plume sweeping and
small-scale turbulent mixing. These fluctuations can deviate a lot from the mean value
and for some gases they significantly enhances the toxicity or flammability.

Early dispersion experiments often measured concentration by bag-sampling methods, measurements
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which were unable to detect the detailed structure. Measurement devices and data acquisi-
tion has however improved immensely within the last decades and for many contaminant
species sensors with response-time better than 0.1 ms are available. Furthermore, we now
have remote-sensing instruments, which can measure the instantaneous spatial distribu-
tion. It is time to use this knowledge in practical risk assessment.

The EC Industrial Safety programs has previously supported projects dealing with previous projects
concentration fluctuations, e.g. MTH BA (Builtjes 1992), STEP 99 (Wildshut & Duijm
1994), STEP 125 (Duijm 1994) and EV5V69 (Nielsen & Ott 1996). The present project
is the first one entirely focused on this topic, and unlike in the previous projects it was
decided to used existing data and dedicated the work to statistical analyses and model
development.

Classic dispersion models and most dispersion models in use for risk assessment focus approach
on the average concentration field. Specialized models for concentration fluctuations are
often based on two-particle diffusion and seem to require a lot of compute power and
programming skills. With access to relevant field data our approach was to construct
stochastic models in which links to dispersion physics were as simple as possible, much
inspired by Gifford’s (1959) meandering-plume model.

The scientific part of this report starts with chapter 2 describing the selected data and report organization
the data processing with instrument specifications in appendix D. This is followed by
chapter 3 explaining a collection of data analyses to a large extensively developed by
surface-layer scaling, see also appendix C. Chapter 4 presents the work by Sheffield Uni-
versity, including a versatile probability model and study of extreme values. Chapter 5
presents a method for fitting generic probability models to moments of concentrations,
i.e. an alternative to the method at the end of chapter 3. Chapter 6 presents method for
the simulation of concentration fluctuations and chapter 7 demonstrates how these might
be integrated with simple dispersion models. Finally, appendices A and B contains a list
of COFIN conference contributions and the abstracts from the international FADA work-
shop held at Sheffield University. The executive summary at the end of the management
report provides a quick overview.

2 Data selection

The selected data were measured in field experiments with continuous plumes of artificial
generated particles from sources near the surface. The experiments were conducted in
several campaigns with similar setup in relatively homogeneous terrains free of obstacles.
Measurements were made by a remote-sensing Lidar, which detected smoke distribution
along a horizontal beam across the plume.

2.1 Experiments
Figures 2 and 3 show a birds perspective and face view of the experimental setup. The setup
measuring path of the Lidar was oriented horizontally across the plume at approximately
1.5 meters above terrain. The distances from the source to the Lidar observations were in
the range 100-600 metres. As indicated in figure 2, the wind and turbulence were mon-
itored at near-source masts equipped with a varying set of meteorologic which always
included at least one sonic-anemometer. Some experiments included reference sensors
distributed along the measuring path of the Lidar as indicated in figure 3. In these exper-
iments the smoke and reference SF6 tracer were mixed at the source in time-independent
proportions. The typical averaging time of the reference sensors were 10-min although
fast-responding (�20 Hz) UVIC sensors were applied in one campaign (Nielsen et al.
1997).

The Lidar detects the optical extinction factor, and various reference measurements and tracer
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inter-calibration test verifies that this is proportional to particle concentration (Jørgensen,
Mikkelsen, Streicher, Herrmann, Werner & Lyck 1997). This correlation is expected when
the particle size distribution is uniform, as we may assume when atmospheric humidity
is constant and particle deposition is negligible. For all the experiments artificial smoke
was used as a tracer. The particles were generated by mixture of two liquid chemicals
NH4OH(aq) and SiCl4(aq) producing particles of SiO2 and NH4Cl. The chemicals were
mixed in a jet from a fan with a flow of 50 m/s in tube of 10 cm in diameter. The release
height for the experiments was approximately 0.5 m and the initial plume diameter was
approximately 1 m. In the Fladis experiment the smoke particles were mixed into a flash
boiling initial heavy jet (Nielsen et al. 1997).

The Lidar detects optical extinction factors by measurement of range resolved light Lidar
backscatter from smoke particles after illumination by a short laser pulse. Each raw Lidar
profile contains 512 measuring range gates. The measuring frequency was 1=5-1=3Hz
with instantaneous time response. The point observations have a averaging volume due to
the length and diameter of the light pulse corresponding to approximately 1.5 meter, as in-
dicated in figure 3. The measurement height of the cross wind profiles was approximately
2-3m above the ground. Theory of signal processing is given below whereas technical
details on the instrument are given in Appendix D and by Jørgensen et al. (1997).

Figure 2. A birds perspective of a reference experiment

Tables 4 describes the experimental sites and table 5 gives an overview of meteorolog- experimental conditions
ical conditions and the plume dimensions at the measurement location. The meteorologi-
cal and turbulence parameters are deduced from measurements at 7.5 m height, except for
the Guardo campaign where turbulence was measured at 25 m and the wind-speed were
measured at 2 m (see (Nielsen & Mikkelsen 1992)); and the Fladis experiments, where
wind speed was measured at 10 meter and turbulence at 4 meters (Nielsen et al. 1997).
For the Borex89 experiment the measured turbulence is only available as 10 min averages
of the shear stress u�, Monin-Obukov length L, heat flux and Speed and temperature. In
the other experiments time series of turbulence are also available.
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Table 4. Description of the experimental sites

Campaign Site description
Borex89 A German military proving ground (Meppen) with flat terrain and sur-

face roughness z0 = 0:01.
Borris94 A Danish military proving ground (Borris) with flat terrain and surface

roughness z0 = 0:01.
Guardo A mountainous Spanish area with surface roughness z 0 = 0:04.
Fladis A Swedish safety exercise ground (Landskrona) with flat area (z 0 =

0:04) and some upstream buildings.
Madona A British military proving ground (Porton Down) with rolling hills and

surface roughness z0 = 0:02.

Table 5. Ground-release experiments and associated meteorology

ID Date x u T v
0
v
0

u� H E L �tot �p

Bor4c 10/08-89 110 5.6 24.3 1.436 0.42 159.11 1.27 -35 26.3 12.0
Bor5b 10/08-89 170 5.5 27.2 0.950 0.43 27.60 0.93 -220 21.7 11.1
Bor8a 11/08-89 290 5.6 19.6 1.357 0.43 87.36 1.03 -67 33.6 15.8
Bor8b 15/08-89 290 7.4 19.8 0.989 0.53 83.71 1.43 -132 20.9 14.5
Bor11a 15/08-89 370 8.0 26.8 2.187 0.62 210.51 2.52 -86 40.8 19.3
Bor11b 17/08-89 370 8.9 27.2 3.714 0.65 115.98 3.07 -181 41.8 18.3
Bor17a 17/08-89 160 6.2 22.3 2.067 0.50 136.95 1.64 -68 29.4 9.8
Bor17b 17/08-89 160 6.0 22.2 1.861 0.47 92.76 1.54 -84 29.1 10.2
Bor17c 17/08-89 160 5.5 21.9 0.998 0.36 3.26 1.09 -999 21.9 8.9
Bor17e 17/08-89 160 3.3 20.8 0.348 0.18 -17.20 0.32 25 27.3 8.1
Gu30b 30/11-90 180 4.08a -5.9 0.628 0.56 19.7 1.29 -270 18.2 6.0
borr04b 04/07-94 200 7.7 24.3 1.116 0.539 64.89 2.798 -216 20.5 13.0
borr04c 04/07-94 200 7.0 23.8 2.037 0.485 33.42 2.656 -305 35.0 12.5
borr15d 15/07-94 350 5.4 21.1 1.235 0.463 150.60 2.476 -59 65.1 25.0
b15d 00 15/07-94 350 5.3 21.3 1.328 0.446 151.80 2.567 -52 56.1 28.1
b15d 30 15/07-94 350 5.4 21.1 0.991 0.469 143.04 2.564 -64 62.9 25.8
b15d 60 15/07-94 350 5.6 21.0 1.207 0.477 154.68 2.280 -62 65.3 23.1
mad14h 14/10-92 230 6.9 16.8 1.017 0.497 29.976 1.587 -365 30.3 15.9
mad14i 14/10-92 230 6.7 16.5 1.197 0.506 10.572 1.541 -1095 28.8 13.5
mad14j 14/10-92 230 7.1 16.2 0.817 0.515 5.971 1.386 -2046 21.9 14.1
mad14k 14/10-92 230 6.3 15.5 0.648 0.426 -15.840 1.203 435 22.0 13.2
mad15h 15/10-92 340 7.8 17.3 0.906 0.491 50.724 1.507 -209 27.0 15.8
mad15i 15/10-92 340 7.6 17.0 0.790 0.421 33.684 1.279 -198 28.8 15.4
mad15j 15/10-92 340 7.4 16.5 0.827 0.425 19.716 1.284 -348 25.1 16.0
mad15k 15/10-92 340 5.6 16.5 0.529 0.319 6.768 1.158 -428 28.6 18.1
mad18a 18/10-92 560 2.1 14.8 0.089 0.159 0.238 0.142 -1522 78.4 29.2
mad19e 19/10-92 400 3.2 16.6 0.330 0.225 25.032 0.430 -41 58.2 30.3
mad21g 21/10-92 600 4.4 16.1 0.304 0.245 3.121 0.593 -420 39.1 22.8
mad21k 21/10-92 310 2.3 15.2 0.287 0.109 -0.752 0.380 155 77.7 34.6
trial23 30/08-94 222 6.6b 17 1.220 0.53 106.2 3.463 -112 41.6 17.5
trial25 30/08-94 222 4.5b 17 0.884 0.43 33.1 2.091 -201 31.1 21.0
trialn 30/08-94 222 4.2b 17.3 0.506 0.37 25.2 1.636 -155 32.8 19.6

Headings:

Exp. Run identifier (bor: Borex89; borr: Borris94; gu: Guardo; mad: Madona; tri: Fladis)
X Distance [m] from the source to the measuring path.
u Wind speed [m/s], normally at a reference height of 7 m above terrain.
a Wind speed measured at reference height of 2 m above terrain.
b Wind speed measured at reference height of 10 m above terrain.
T Atmospheric temperature [Co].
v
0
v
0 Variance [m2s�2] of wind speed perturbations perpendicular to the average wind direction.

u� Friction velocity [m/s]
H Upward heatflux [W/m2] (?) estimated by eddy correlation of sonic anemometer measurements.
E Turbulent kinetic energy 1=2 � (u0u0 + v0v0w0w0) [m2s�2] (estimated by sonic anemometer).
L Monin-Obukhov length [m].
�tot Time averaged plume width [m] in a fixed frame of reference.
�p Time averaged plume width [m] in a frame of reference moving with the plume centreline.
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Figure 3. A Cross wind view of a reference experiment

2.2 The processed data set
The data distribution among the COFIN partners were organised on a Risø ftp server. The
package consisted of:

� the raw data provided by the instrument;

� a computer program for Lidar data processing, including fixed- and moving-frame
plumes statistics, plume width statistics, probability distributions, extraction of time
series at fixed positions, transformation to ASCII format, and computer plots and
animations for visual data inspection;

� a reports describing the distribution software, experimental details and data formats
(Jørgensen & Nielsen 1999).

This method was motivated by the possibility of improved data processing without redis-
tributing the entire data set. The most significant improvement was the new baseline cor-
rection, which is described in paragraph 2.2 after a review of basic Lidar theory. Sheffield
University developed the maximum entropy inversion (MEI) technique for noise reduc-
tion which is described in section 2.3. Good results were obtained with the MEI method,
but it was difficult to automate and the project gave up a plan to treat the entire data set
this way. Only data analysed by Sheffield University, (Munro 2001) and section refmole,
are treated this way.

Theory

Lidar measurements are interpreted by the theory of propagation of electro-magnetic ra- lidar equation
diation and attenuation in an optically dense media (the polluted atmosphere), and light
scattering from distributed particles. This process is modelled to first-order accuracy by
the single-scattering lidar equation:

P (r) = P0

�c�
2

�
F (r) At

1

r2
�(r) e

�2
R
r

r0
�(r0)dr0 (44)

Here, P (r) is the power received from the range r = ct=2, where c is the speed of light
and the division by 2 accounts for pulse transmission from laser to observation point and
back to the receiver. P0 is the power transmitted at time t = 0. The effective length of
the laser pulse is specified as c�

2
. The telescope area is At, and divided by r2 this term

defines the “solid angle acceptance [sr]”. The coaxial design with the laser in front of the
telescope (coaxial) results in a geometric overlapping function, F (r), which relates the
receiver field of view of the telescope to the width of the laser pulse, (Measures 1984).
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The quantity �(r) [sr�1m�1] is the volume backscattering coefficient of the atmosphere
at distance r, and �(r) [m�1] is the volume extinction coefficient in the atmosphere.

The volume backscattering coefficient � is defined here as the fraction of incident
energy scattered per solid angle in the backward direction (180 o), per unit length. The
volume extinction coefficient � represents the fraction of the energy flux removed in the
propagation direction.

Both the backscatter and the extinction properties depend on parameters such as wave-
length, particle size distribution, and the optical properties of the media, see e.g. (Measures
1984).

The last term in the lidar equation represents the attenuation through the atmosphere
known as Beer’s law. The attenuation, along the two-way pulse path between the lidar
and the range r, is defined as:

T (r) = e�2
R
r

0
�(r0)dr0 (45)

The lidar equation (44) applies to a medium where single scatter on a particle is re-
sponsible for the backscattered light. The lidar equation compensates for damping of the
laser light due too: 1) absorption by particles, 2) range dependency, and 3) the optical
geometry of the transmitter and receiver units.

The single-scatter lidar equation (44) is a first order integral equation with two un- Backscatter to extinction
ratioknown quantities. To solve the equation for � or � a simple relationship between the

backscatter and extinction is introduced.
Assuming spherical particles and elastic scattering (no shift between the received and

transmitted wavelength, respectively), Mie theory can be applied to obtain a basis for
such a relationship, (Bohren & R. 1983). Mie theory describes the scattering of light
from spherical particles of a known index of refraction with a size comparable to the
wavelength. The intensity of the backscatter light here is proportional to the number of
particles per unit volume, or the particle density (in the following assumed to be con-
centration). The concentration can therefore be related proportionally to the backscatter
intensity. The backscatter coefficient per unit volume is here expressed as:

� =

Z 1

0

�a2 Qback(�;m; a) N(a) da (46)

The backscatter cross-section efficiency of a single spherical particle Qback(�;m; a)

can be calculated based on Mie theory and can be shown to depend on the wavelength
�, refractive index m, and size a (diameter) of the sphere, (Bohren & R. 1983). N(a)

is the particle size-distribution [(number)/m]. Similarly the volume extinction coefficient
per unit length can be expressed as:

� =

Z 1

0

�a2 Qext(�;m; a) N(a) da (47)

Here Qext(�;m; a) is the extinction cross-section efficiency also to be evaluated from
Mie theory.

Now given the following assumptions, a linear relation between the backscatter and
extinction can be introduced (Evans 1988):

1. The quantities Qback(�;m; a) and Qext(�;m; a) remain constant with time which
means that the optical properties of the particle remain unchanged during a single
measuring trial (1/2 - 1 hr.).

2. The shape of the particle size distribution does not change during an experiment.
This means that the distribution Nt(a) at time t can be expressed as Nt(a) =

f(t)N0(a) where f(t) contains the time variation in the number of particles, leaving
the size distribution N0(a) unchanged.
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By dividing the two equations ( 46) and ( 47) we get the relation:

� =
�

�
=

R1
0

�a2 Qback(�;m; a) N0(a) daR1
0

�a2 Qext(�;m; a) N0(a) da
(48)

During quasi-stationary meteorological conditions with respect to background aerosol
level and humidity, we assume that the shape of the particle size distribution is constant,
and consequently a constant relation between backscatter and extinction is obtained.

With a constant backscatter-to-extinction ratio�, and given either extinction or backscat- Aerosol concentration
ter, the calculation of aerosol concentrations is now straight forward. The relationship
between extinction and concentration is expressed as :

k =
�

c
=

R1
0

�a2 Qext(�;m; a) N
0(a) daR1

0
4
3
��a3 N0(a) da

(49)

where � is the density of the aerosols. The constant k is seen to remain constant under
the assumptions mentioned in paragraph 3.1. Calculating the concentration in absolute
terms may seem straight forward based on eq. (49), but often the shape of the particle
size distribution and the optical parameters Qext are unknown quantities, and thus an ab-
solute value for the concentration is difficult to specify. Nevertheless, relative rather than
absolute concentration measures are still very useful and often sufficient in accounting
for the most important plume statistics.

Previous research has shown that measured time averaged cross-plume backscatter val-
ues are linearly related to source emission rates, e.g. (Uthe 1981), This supports the use
of eq. (49) and justifies the use of aerosol-lidars for smoke-plume particle concentration
monitoring.

Several different methods are proposed in the literature for inversion of the lidar equa- solving the lidar equation
tion to obtain the extinction values. However, all the proposed methods require additional
knowledge of boundary conditions.

Here we have used a numerical forward solution that have shown to be robust to initial
conditions. By normalisation and introducing a linear relation between backscatter and
extinction eq. (48), one can obtain the following relationships:

S(r) =
P (r)r2

Ksys

(50)

Ksys = P0(
c�

2
)AtF (r) (51)

S(r) = ��(r)e
�2

R
r

r0
�(r0)dr0 (52)

If we assume that the extinction function �(r) can be approximated by a straight line
between close neighbour points so that:

�(r + �r)� �(r)

�(r)
� 1 (53)

for small values of �r, the normalised signature-equation can be approximated by:

S(r) ' ��(r)e
�2

R
r��r

r0
�(r0)dr0

e�2��r (54)

If we define the transmission from r = 0 to r��r as:

T 0(r) � e
�2

R
r��r

r0
�(r0)dr0 (55)

we obtain the simpler relation:

�(r) '
S(r)

T 0�
e�2��r (56)

This equation is solved by an ordinary Newton-Raphson iteration.
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New baseline correction

Due to the r2 dependency in the lidar equation noise will be amplified and a possible
offset in P (r) will create a background error which increases with r 2. The dependence on
distance may lead to asymmetric profile statistics, and therefore a new baseline correction
was developed for the COFIN project:

1 The raw profiles P (r) were inverted to extinctions with a constant � in the order of
0.005, see Jørgensen et al 1997.

2 The inverted profiles were inspected visually and the plume positions have been
marked by two markers before (x1) and after (x2) the plume is present in the signal.

3 The plume markers were then used to identify two background areas i.e from from
zero to x1 and from x2 to the end of the data record. Based on these data a back-
ground �� for each i0the profile is fitted to the form :

��(r)
i
= ai + bir

2 (57)

4 This background was subtracted from the calculated extinction to obtain the cor-
rected extinction �c:

�c(r)i = �(r)i � ��i; (58)

An example of an analysed profile of extinction is shown in the left-hand frame of
figure 4 without the background corrections. The background is fitted outside the plume
area and is also shown on the figure.

Figure 4. Example of a Lidar profile with and without baseline correction.

The right-hand frame of Figure 4 shows the corresponding profile without the back-
ground. It is essential to operated only on the plume area identified inbetween the marked
area as noise otherwise corrupts the calculated statistic such as mean profiles etc.

2.3 Noise reduction using maximum entropy inversion
The method of noise reduction using maximum entropy inversion (MEI) has been em-
ployed previously in, for example, radio astronomy (see (Frieden & Swindell 1976) and
(Naryan & Nityananda 1986)). The technique used by Sheffield University (Munro 2001)
was based on the method proposed by Lewis & Chatwin (1995b) which was designed
for, and applied to, concentration measurements obtained from fixed position sensors for
which both the noise produced, and the underlying concentration signal, are assumed
statistically stationary. It is essential that any technique used for reducing noise within
measurements is able to maintain the overall structure of the statistical properties of the
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measurements (to within the characteristic noise level). For example, if a signal is cor-
rupted by noise with zero mean and standard deviation �n, one would expect the treated
signal to have the same mean as the measured signal, and its variance to be reduced by a
level of order �2n.

Before describing how MEI is applied to the Lidar measurements, a summary of the
technique developed by Lewis & Chatwin (1995b) will be required.

MEI: Summary

Consider concentration measurements at a fixed spatial point over a finite time interval,
and assume that the recorded signal, r 0

i
= r0(ti) ; i = 1; : : : ; k, takes the form

r0(ti) = �(ti) + n0(ti); (59)

where �i = �(ti) is the true concentration signal and n 0
i
= n0(ti) the additive random

noise component. It is assumed that both �(t) and n 0(t) are statistically stationary, and
that n0(t) has mean n0 and standard deviation �n. Subtracting n0 from both sides of (59)
gives

r(ti) = �(ti) + n(ti); (60)

where r = r0�n0 and n = n0�n0 so that n = 0 and r = �, i.e. the mean of the translated
recorded signal is equal to the mean of the true signal.

The approach is to obtain an estimate of the true signal, i.e. �̂i = �̂(ti), which is
obtained by maximising the entropy function (Naryan & Nityananda 1986)

�
kX
i=1

pi log pi; (61)

where the pi are given by

pi = �̂i=

kX
i=1

�̂i; (62)

subject to constraints on the mean and standard deviation of the �̂i. The first constraint is
that the mean of �̂(t) should equal the mean of the (translated) recorded signal, i.e.

kX
i=1

(�̂i � ri) = 0: (63)

Of course, with stationarity, � is constant, and so maximising (61) can be reduced to
maximising

E = �
kX
i=1

�̂i log �̂i: (64)

Also, the ri have individual errors, i.e. �i � ri, with standard deviation �n. Of course
there is no prior knowledge of the exact value of �n, however its value may be estimated,
i.e. �̂n, from a suitable portion of the data. Hence, a second constraint is imposed, i.e.

1

k

kX
i=1

(�̂i � ri)
2

�̂2n
! 1 as k !1: (65)

Since k is usually large, it is convenient to approximate this constraint by

kX
i=1

(�̂i � ri)
2

�̂2
n

� k = 0: (66)

Before continuing, it is appropriate to briefly mention what effect maximising the en-
tropy function will have. The entropy of a system can be thought of as a measure of the
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number of microscopically different ways in which a given macroscopic state can exist
(Jeans 1960). In this case, we consider the set of possible signals which satisfy the con-
straints given a set of recorded measurements. There are, of course, an infinite number
of elements within this set of possible signals, and maximising the entropy function se-
lects the most probable element of the set. An important feature of this process is that
the form of the entropy function will automatically impose additional constraints on the
selection procedure. Firstly, the selected signal will be restricted to being strictly positive,
i.e. �̂i > 0, because @E=@�̂i ! 1 as �̂i ! 0+. This is an essential property in the case
of concentration measurements since, as discussed in Chapter 1, we require that estimated
values of �(X; t) are positive. Secondly, the form of the entropy function has the effect
of suppressing large degrees of fluctuation at low levels of �̂i, and so, as a consequence,
there is a smoothing or flattening effect at baseline levels of the signal (this is discussed
in more detail in Naryan & Nityananda (1986)).

One can now write the above as a constrained optimisation problem which can be
solved using the technique of Lagrange multipliers, i.e.

maximise

L(�̂i; �1; �2) = �
kX
i=1

�̂i log �̂i � �1

kX
i=1

(�̂i � ri)
2

�̂2
n

� �2

kX
i=1

(�̂i � ri); (67)

where the Lagrange multipliers �1; �2 2 < are chosen to satisfy (63) and (66). The opti-
mal solution of (67) produces the required estimate of the true signal. Setting @L=@ �̂i = 0

gives

ri = �̂i +
�̂2
n

2�1

�
1 + �2 + log �̂i

�
; (68)

i.e. k nonlinear equations. The ri are known and �̂n is the estimated value of �n obtained
from a suitable portion of the data. So, given any � 1; �2 2 < and employing the standard
Newton-Raphson iteration scheme, these k equations are solved to produce the set of
estimates �̂i > 0. The next requirement is to choose the values of �1 and �2 such that
the constraints (63) and (66) are satisfied. This is achieved by substituting (68) into (63)
and (66), which, after some manipulation, produces the pair of nonlinear simultaneous
equations

f1(�1; �2) = k(�2 + 1) +

kX
i=1

log �̂i = 0; (69)

f2(�1; �2) =

�̂2n
4�21

(
k(�2 + 1)2 + 2(�2 + 1)

kX
i=1

log �̂i +

kX
i=1

(log �̂i)
2

)
� k = 0: (70)

Equations (69) and (70) are then solved simultaneously in � 1 and �2 using a two dimen-
sional Newton-Raphson scheme. Lewis & Chatwin (1995b) comment that the existence
of a unique solution of a system of equations such as (68)–(70) is not guaranteed. How-
ever, they go on to say that provided the estimate �̂n is characteristic of the corrupting
noise signal then a root does exist, and if the initial values of �1 and �2 are chosen sensi-
bly, the method described above converges to the desired values.

MEI: Application to Lidar measurements

The MEI method summarised in the previous subsection cannot be applied directly to the
individual concentration profiles. The reason for this, as discussed earlier, is illustrated
clearly by considering the structure of the Lidar measurements. Let � j;i = �(yj ; ti)

denote the concentration measurements at position y j and time ti, where 1 6 j 6 m and
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1 6 i 6 k. Recall that the concentration profiles, which are retrieved by fixing a value
of ti, are corrupted by noise with a baseline offset which is dependent on y, and whose
amplitude increases with y. So, in order to be able to treat the profiles directly, one would
require a scheme which would account for both of these features. However, we can also
consider the temporal structure of the concentration measurements, and this is achieved
by generating the time series from the f�j;ig by fixing the crosswind location yj . In each
time series both the baseline offset level and the standard deviation of the noise, both of
which depend on the location yj , can be reasonably assumed to be constant. Hence, the
MEI scheme can be applied to the time series at each crosswind location. Having done
this, the set of profiles can then be reconstructed from the set of treated time series. The
result of doing this is that both the baseline offset level and the noise amplitude are treated
relative to corresponding approximations for their magnitudes taken from appropriate
portions of the data at the required crosswind location y.

Figure 5. The borr15d profile (blue), together with the same profile after application of
the MEI procedure (red).

The results of this method of application of the MEI procedure to the Lidar measure-
ments are illustrated in figures 5 and 6. Firstly, figure 5 shows a typical concentration
profile before treatment (blue) together with the resultant profile after treatment (red).
This plot clearly illustrates, especially at the large values of y (i.e. beyond 300 m), how
the method is able to suppress the increasing noise level while maintaining the important
structure of concentration within the plume. Figure 6 shows measured values of C(y)
and m(2)(y) obtained by averaging over all profiles. The plot for C, particularly at the
large values of y, illustrates how the MEI process practically eliminates the variable base-
line offset level in the profiles. This feature will have a considerable effect in obtaining
increased accuracy in the estimates for the plume centreline position.

3 Data analysis

This chapter contains our analysis of the Lidar concentration data. We are seeking a sta-
tistical description of the behaviour of a passive atmospheric plume, but, lacking a single
unifying theory, we have found it most prosperous to divide the analysis into a number
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Figure 6. Plots showing time-averaged measurements of C(y) (top), and m (2)(y) (bot-
tom), for the borr15d dataset generated before (blue) and after (red) application of the
MEI procedure.

of different investigations each focusing one particular aspect. In most cases we propose
a simple idea, which can explain the behaviour of a specific statistic, and test the idea
against the data. It might eventually become possible to explain all observations by a
complete theory, but until then the only way forward seems to be to piece knowledge
together from scattered fragments. The investigations have been motivated partly what
we judge to be important for future theoretical developments as well as for applications
and partly by ideas suggested to us while working with the data. Surface layer scaling is surface layer scaling
the only generally accepted theoretical framework. The foundation of surface layer scal-
ing is discussed in Appendix C and summarized in section 3.1. It is argued that plume
are approximately self similar. This assumption greatly extends the applicability of the self similarity
experimental results, but it should be noted that it is an approximation.

The atmospheric turbulence exhibits correlations over virtually any time scale, and
statistical non-stationarity can be a major problem. For non-stationary time series, con- stationarity
cepts such as a mean values and probability density functions loose their strict meaning
and it becomes difficult to make a decent analysis. Non-stationarity reveals itself as irre-
producibility of averages. Experience shows that the degree of non-stationarity depends reproducibility
on the particular statistic in consideration, and averages of quantities which depend on
the wind direction are generally less reproducible. We look for reproducible quantities
because they can be forecasted with confidence. The atmospheric processes responsible
for long term correlations can be assumed to have little direct impact on the small scale
turbulence structures that creates mixing in a plume. This suggests a picture of a mean-
dering plume where the meandering is caused by statistically non-stationary large scale meandering
flow structures while local mixing is governed by small scale turbulence which can be
regarded as statistically stationary and independent of the large scales. This idea is basic
for the data analysis.

For a flammable cloud the main problems are to determine whether concentrations
above the explosion limit can occur and to estimate the size of the volume in which
the explosion limit is exceeded. For toxic substances the duration of an exposure is also
important, and toxic effects may depend on the temporal variation of the concentration in
a complicated way. The average concentration is inadequate for such estimates. Regions
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with hC(x; t)i = 0 are of course safe and regions where hC(x; t)i is above the explosion
limit are definitely unsafe, but otherwise the average concentration is a poor indicator
of risk. Therefore both the spatial and the temporal structure should be investigated, in
particular the two point covariance hC(x; t)C(x 0 ; t0)i. For the time being experimental
data is the only source of information on this quantity as it may take many years before
we are able to deal with functions of eight variables in computational fluid dynamics.

3.1 Scaling
Meteorological conditions have a large impact on the atmospheric turbulence and hence
also on turbulent diffusion. Since we are dealing with ground releases the interest is on
the surface layer, which simplifies matters a great deal because the effects of stability
can be expected to be smallest close to the ground. In all the experiments measurements
were taken at downwind distances where the plume is much wider than dimensions of the
source. The source can therefore be regarded as effectively a point source, and the effect
of source elevation is negligible. Following surface layer scaling we expect that stability
effects can be parameterized by �=L, the ratio between the plume width and the Monin-
Obukhov length scale (this is explained in detail in Appendix C). For unstable conditions,
which apply to almost all experiments in the data set, stability effects can be expected
when j�=Lj is larger than about 1 (� begins to grow faster that linearly with travel time at
about that point). In all cases j�=Lj is much less than 1 and therefore the conditions are
close to neutral. This means that L plays a minor role and the friction velocity u � is the
only parameter defining the surface layer turbulence. In the Appendix we argue further
that passive grounded plumes can be regarded as self-similar under neutral conditions
and therefore have a universal form when lengths are scaled with �. The importance
implication of self similarity is that the results from one particular downwind distance
can be generalized to all distances for which j�=Lj � 1. Accepting surface layer scaling
we can pool all results into one big ensemble. Results of this kind will be presented,
but always along with results for separate experiments so that the reproducibility can be
judged. Such a judgement is important because only reasonably reproducible results can
be forecasted.

Scatter of results can be caused by genuinely different conditions for the experiments
other than those accounted for by scaling. Another possible reason is that the duration of
the experiments are too short (in the case of a non-stationary time series this is always
the case). It does not seem possible to determine the cause of irreproducibility of results
based on finite time series by statistical methods, so this has to be inferred from a general
understanding of the physics of the system.

With �1 (to be defined in section 3.2) as a characteristic length scale we could change
to non-dimensional variables �y and �t defined as

�y � y=�1; �t � u�t=�1 (71)

and normalize C(�y; �t) so that normalization

1Z
�1



C(�y; �t)

�
d�y = 1 (72)

or

1Z
�1

hC(y; t)i dy = �1 (73)

This and equivalent normalizations of the concentration are used in the following. The
lidar measures the extinction coefficient rather than concentration, and this is influenced
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by a number of factors such as ambient humidity and source strength, so a normalization
is in any case necessary. We prefer to write y=�1 explicitly in order to make notation
more transparent.

3.2 Frames of reference
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Figure 7. Typical centreline concentration data. Upper: fixed frame. Lower: moving
frame.

Plumes are quite narrow and are therefore likely to miss a sensor placed at a fixed
point x, even if x is located at the point of maximum average concentration. Figure 7
shows a typical example of concentrations measured on the nominal centreline, where
the plume is absent much of the time, a phenomenon we shall refer to as intermittency.
The plume never disappears, it just moves away from the centreline, and the average intermittency
concentration field therefore partly becomes a measure of the uncertainty of the position
of the cloud. An additional uncertainty of position is caused by the uncertainty of the
estimate of the mean wind direction, a point which will be taken up in the discussion of
time averaging in section 3.6. This calls for a proper definition of the reference frame.
Since plumes are sensitive to the wind direction it makes sense to define the x-axis to be
parallel with the average direction. When we refer to a fixed position, such as the position
of a concentration sensor, this is understood to be measured relative to the average plume
direction. This frame of reference will be referred to as ’fixed frame’. Thus the fixed frame fixed frame
is fixed during each experiment, but the x-axis may point in different compass directions
in different experiments. The distribution of directions can be inferred from a wind rose,
and is more a question of climatology than dispersion.

It is common to determine the average direction from the measured cross-plume aver-
age concentration profile. In other words, the fixed frame of reference is defined so that
the x-axis goes through the centre of the average plume and

1Z
�1

C(y) y dy = 0 (74)
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where

C(y) =
1

ts

tsZ
0

C(y; t) dt (75)

and ts is sampling time (duration of the experiment). The effect of varying the sampling
time will be discussed in section 3.6.

Figure 8 shows examples of fixed frame average concentration profiles. The most strik-
ing feature is the variety of shapes. None of these profiles fit a Gaussian profile particu-
larly well nor do they fit any other reproducible shape.

Plume meandering and shifts of the wind direction are the main causes for the irre-
producibility of the fixed frame concentration profile. In the fixed frame the plume is
sometimes absent and it is relevant to define a concentration which is measured inside
the cloud, at its actual position. In the following we propose two different strategies to
obtain this. One strategy is to define concentrations in a frame of reference that follows
the instantaneous centre yc of the measured cross-plume profile. We will refer to this as
the ’moving frame’ method. The moving centre is given by moving frame

yc(t) =
1

m̂(t)

1Z
�1

y C(y; t) dy (76)

where the m̂(t) is the ’mass’ of the profile, i.e,

m̂(t) �
1Z

�1

C(y; t) dy (77)

The moving frame concentration is defined as

Cm(�; t) � C(yc(t) + �; t) (78)

We also define moving frame concentration moment profiles hC n
m(�; t)i. The widths de-

termined from the n-th moment profiles is given by

�2
n
=

R
hCn

m(�; t)i �2 d�
hm̂n(t)i

(79)

where

m̂n(t) �
Z
Cn

m(�; t) d� (80)

We choose �1 to define the characteristic length scale. Alternatively we can take the
average of the instantaneous square plume width defined as

�̂2
n
(t) =

R
Cn
m(�; t) �

2 d�

m̂n(t)
(81)

This produces a different average plume width since

�2
n
hm̂n(t)i =



�̂2
n
(t) m̂n(t)

�
(82)

However, m̂n(t) does not vary more than about 30% and the variations tend not to be
correlated with �̂n(t). Therefore the difference between � 2

n and


�̂2n(t)

�
is not more than

5-10% which is too small to be significant.
More generally we can speak of a moving frame probability density function (pdf), i.e.

the pdf of the concentrations observed a certain distance from the moving centre.
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Figure 8. Fixed frame averaged concentration profiles normalized with the maximum
average concentration for different experiments
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A second strategy is to install a reference frame on a randomly chosen plume particle
and ask for concentrations in the neighbourhood of that particle. Thus the average con-
centration measured a lateral distance � from the randomly chosen particle is proportional
to

D(�) =
1Z

�1

�
1

m̂2(t)
C(y; t)C(y + �; t)

�
dy (83)

D is similar to the well known distance-neighbour function, and we will refer to it by this
name. The distance-neighbour function is usually defined for instantaneous releases and
a volume integral over all space is used, here we only use data along the lidar beam. The
mass of a puff is conserved whereas the profile mass m̂(t) varies. In order to mimic the
usual distance-neighbour function we have chosen to normalize each profile and work
with

c(y; t) �
C(y; t)

m̂(t)
and cm(y; t) �

Cm(y; t)

m̂(t)
(84)

Higher order statistics can be obtained in a similar way. Thus the quantity

Dn(�) =

1Z
�1

�
1

m̂1(t)m̂n(t)
C(y; t)Cn(y + �; t)

�
dy (85)

measures the average of Cn at points located the distance � from a randomly chosen
particle in the cloud. The width of Dn(�) is given by

s2
n
�
Z
�2Dn(�) d� (86)

The normalization has been chosen because it produces the following nice relation

s2
n
=


�̂21(t)

�
+


�̂2
n
(t)
�

(87)

The distance-neighbour and the moving frame approaches are not equivalent, but should
be seen as supplementary to each other. The former is appealing in a theoretical treatment
while the latter is easier to relate to applications. There are certain links, for example

Z
D(�) �4 d� = 2

Z
hcm(�)i �4 d� + 6



�̂4(t)

�
(88)

where the last term on the right hand side is related to the variance of the square of the
instantaneous plume width.

3.3 Plume width
This section deals with fluctuations of the instantaneous plume width �̂(t) (we use ^ to
denote observed values).

It is characteristic that clouds tend to grow in steps. Relatively ’quiet’ periods alter with a simple model
periods of more intense turbulence during which the cloud expands. It is therefore natural
to model cloud growth as a stepwise process where the cloud is mixed during discrete and
independent events. During an event we imagine that the cloud is caught in an eddy of
roughly the same size as the width of the plume. Smaller eddies do not thoroughly stir the
cloud and larger ones tend to move the plume as a whole without mixing it, and therefore
the most efficient mixing must be done by intermediate sized eddies. This means that each
event increases the size of the plume by a certain fraction, rather than a fixed amount, so
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that growth should be modelled as a multiplicative random process. Starting the growth
from a small initial size �̂i the size �̂ after n events can therefore be written as

�̂ = fn � � � f1 �̂i (89)

where fk is a ’growth factor’ associated with the kth event. We model these factors as
random and independent. They must also have identical distributions in order get self
similarity. Taking the logarithm on both sides

log(�̂) = log(fn) + � � �+ log(f1) + log(�̂i) (90)

we see that the right hand side contains a sum of independent stochastic variables with
identical distribution. Assuming that n is large, it follows from the central limit theorem
that �̂ has a log-normal distribution, i.e.

P (�̂) =
1p

2�b��̂
exp

�
�
(log �̂=�)2

2b2�

�
(91)

where � is determined so that hlog(�̂=�)i = 0 and b� =
p
h(log �̂=�)2i. Self similarity

implies that b� is a universal constant independent of wind speed and downwind distance.

Table 6. Experimental values of the parameter b� and the test parameter m4.

Experiment b� m4

BOREX11B 0.31 0.99
BOREX17B 0.32 1.07
BOREX17C 0.30 1.06
BOREX17E 0.31 1.05
BOREX4C 0.28 1.03
BOREX5B 0.24 1.01
BORR04B 0.27 1.07
BORR15D1 0.43 0.90
BORR15D2 0.43 0.88
BORR15D3 0.34 1.00
FLADISn 0.27 0.96
MAD14H 0.25 1.01
MAD14I 0.27 1.02
MAD15I 0.35 1.00
MAD15J 0.27 0.99
MAD15K 0.34 0.97
MAD18A 0.38 1.17
MAD21G 0.34 0.98
Pooled data 0.32 1.01

Table 6 shows estimates of the parameter b� for 18 experiments. b� was determined experimental data
from data via the relations

h�i = �e
1

2
b
2

� and


�2
�
= �2e2b

2

� (92)

The estimated values of b� vary between 0.24 and 0.41, and the value b� = 0:32 is ob-
tained by pooling all data. The variations are probably caused by changing meteorological
conditions during the sampling period. As a check on the log-normal distribution we have
calculated the test parameter
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m4 �


�̂4
�
h�̂i8

h�̂2i6
(93)

which should be equal to 1 for a log-normal distribution. For most of the experimentsm 4

is close to 1. From this we judge the log-normal distribution to be a reasonably repro-
ducible feature and it makes sense to pool the data. Figure 9 shows a plot of the pdf of
�̂=� based pooled data. The fit to a the log-normal distribution is not bad.
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Figure 9. Plume width pdf based on all experiments. The line is a log-normal distribution
with b� = 0:32.

3.4 The centre concentration
The centreline concentrationCm(0) is an important quantity. In applications not only the
mean value, obtained e.g. from a dispersion model, is needed, but the entire distribution.

Because of the intermittency there is a finite probability of zero concentration even in
the moving frame. The pdf therefore has the general form

P (C) = (1� 0) Æ(C) + 0 Pc(C) (94)

where Pc is a conditional distribution and 0 is a measure of the intermittency (no inter-
mittency corresponds to 0 = 1). Generally 0 is larger than 0.98 for the centre concen-
tration, so we can set 0 = 1 for practical purposes.

Examples of experimentally determined pdfs (based on P c) are shown in figure 10.
They are generally more irregular than the plume width pdfs, but the main features are
well reproduced. The concentration measurements are influenced by factors such as vari-
ations in the output from the smoke machine and variations of laser beam intensity, which
do not influence the plume width. Instrumental noise is also more pronounced for a point
measurement of the concentration than for quantities, such as the width, which are based
on many measurements.

The measured pdfs are not log-normal. Evaluating m 4 we find m4 � 0:6 which is
distinctly less than 1. The log-normal pdf for Cm(0) has some of the right features, but
it misses the low concentrations, hence a simple multiplicative process does not work
for the concentration. Cm(0) is a result of the turbulence constantly folding air in the
cloud thereby creating blobs of low concentrations. Concentration fluctuations occur
when these blobs pass the centre, and this has little to do with a multiplicative process. A
gamma distribution with shape parameter equal to 2 works better, i.e.
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P (Cm(0)) =
4Cm(0)

C2
0

exp

�
�
2Cm(0)

C0

�
(95)

Figure 11 shows the estimated pdf based on pooled data. Equation (95) roughly fits
the data, especially in the high concentration tail, which may be the more interesting part
for use in applications. Instrumental averaging influences the pdf and we emphasize that
the measured concentrations are spatially averaged over 1-1.5 m. Increasing the spatial
resolution would have a dramatic effect on the pdf.

3.5 Fluctuation intensity in moving frame
The fluctuation intensity i is defined as
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Figure 10. Examples of moving frame centreline concentration pdfs. The lines are the
gamma distribution (95).
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Figure 11. Moving frame centreline concentration pdf based on pooled data. The lines
are the gamma distribution (95).
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i2 =
C2

�C2
� 1 (96)

It describes the fluctuation level around the mean. Figure 12 shows the measured fluctu-
ations in a moving frame and the data shows a characteristic U-shape, i.e fluctuations on
the edges of the plumes are several times higher than the mean values. Characteristic for
the figure is that nearly all of the values in the centerline is of the order 1.5 except three
experiments where two of the experiments are heavy gas experiments, i.e, trial23, and
trial25 in the Fladis experiment see (Nielsen, Bengtsson, Jones, Nyrén, Ott & Ride 1994).
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Figure 12. Cross wind moving frame fluctuations for all the experiments in the COFIN
database as a function of y=�1

The centerline fluctuations is shown as function of the measured meteorology during
the experiments see figure 13. The figure shows no dependency of the measured turbu-
lence u� and the measured travel time t. This independence of turbulence and travel time
is also in correspondence with the prediction of (Jørgensen 1994) where the fluctuation
intensity in the centerline ic is predicted to be constant. The predicted value is of the or-
der ic = 1:4 which is somewhat higher than then the measured values of i c = 0:8. An
explanation is that the spatial filtering of the data from the lidar, (Jørgensen 1994) reduces
the fluctuations.

3.6 Meandering and time averages
Plume are quite narrow so even a slight change of wind direction can have large effects.
Moving frame analysis seems to restore stationarity, but it requires simultaneous data
from fast measurements in an array of points across the plume, which are often not avail-
able. Many early experiments were done with bag samplers which only measure time
averaged concentrations. Other devices, e.g. catalytic sensors, have response times of
several minutes and therefore detect a time averaged concentration. Time averaged con-
centrations may also be relevant in assessments of certain toxic effects. In this section
we investigate the influence of the sampling time ts and propose a simple model for the
meandering component of the plume width for finite t s.

The fact that the ’mass’ m̂(t) fluctuates makes continuous releases more cumbersome
to analyse than instantaneous releases (where the mass is constant). For the sake of
simplicity we therefore allow ourselves to the normalized concentrations c(y; t), whereR
c(y; t)dy = 1 for each profile, because it simplifies the equations. The time average

concentration (along the lidar beam) is given by (we use a bar to denote a time average)
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c(y) =
1

ts

t1+tsZ
t1

c(y; t) dy (97)

where t1 marks the start of the sampling period. The plume width obtained from c can be
written as

�2(ts) =

Z
c(y)y2dy �

�Z
c(y)ydy

�2
=

1

2

Z
c(y)c(y0)(y � y0)2 dydy0 (98)

When time series are available the sampling time can be made shorter than the duration of
the experiment. This is simply a matter of cutting the experiment up into pieces of shorter

0 10 20 30 40
u� t

0.5

1

1.5

2

2.5

3

C0
2

�����

������������
C0
����2

1.38596 � 0.00641085 x

Figure 13. Moving frame fluctuations in the centerline as function of u �t for a number of
different experiments.
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Figure 14. Non-dimensional plume width vs. non-dimensional sampling time for
BOREX4C (upper) and BOREX17E (lower).
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duration and treat them as individual realizations. The pieces then serve as an ensemble
from which we can make estimated mean values (which will be denoted by h: : : i). A
different fixed frame is assigned to each piece, and the mean plume width becomes an
increasing function of the sampling time. Note that the limit t s ! 0 corresponds to
moving frame analysis while fixed frame analysis corresponds to letting t s equal the
duration of the experiment.

Figure 14 shows two examples of plots of �(ts) �


�2(ts)

� 1
2 , the ensemble mean

value, as a function of Uts=x. In the first (upper) example the curve seems to approach a
constant level for ts ! 1 as can be expected if the process is stationary. In the second
example the curve continues to grow and reaches much higher values. The main reason
for this is that the wind turns markedly during the experiment. All of the experiments
are influenced by this, although to a varying degree, and the two examples represent the
extreme cases in the data set. It should be noted that experiments are usually made after
a period with steady wind conditions. This is done in order to ensure that the lidar is
positioned right and that the whole plume is detected all of the time. Experiments often
have to be aborted when the plume gets out of range of the detector. This biases steady
wind conditions in the data set in a way which cannot be quantified. If the time of release
had been chosen randomly we expect the unsteady type to be more common, except
perhaps for experimental sites with special climatology. As a result the estimated plume
widths gets less well defined and less reproducible as the sampling time is increased.
Figure 15 shows the moving frame plume width �(0) and the fixed frame plume width
��x (i.e. ts is taken as the full duration of the experiment) plotted against u �x=U . The
expected linear dependence is recognized in both cases, but the values of � �x are more
scattered than the values of �(0).
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Figure 15. Left:moving frame plume width (ts=0). Right: Fixed frame plume width (ts=
experiment duration).

Taking the ensemble average on both sides of (98) the following relation is obtained
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�2(ts) =
1

2t2
s

t1+tsZ
t1

dt

t1+tsZ
t1

dt0
Z

dy

Z
dy0 hc(y; t)c(y0; t0)i (y � y0)2

= �2(0) +
1

2t2s

t1+tsZ
t1

dt

t1+tsZ
t1

dt0S(t; t0) (99)

where

S(t; t0) =


(yc(t)� yc(t

0))2
�

(100)

Note that the first identity in (99) shows that the covariance hc(y; t)c(y 0; t0)i is the fun-
damental quantity in this connection. If we assume stationarity of the increments y c(t)�
yc(t

0) (but not necessarily of yc(t) itself) then S(t; t0) = S(jt� t0j) and we get

�2(ts) = �2(0) +
1

t2s

tsZ
0

(ts � �)S(�) d� (101)

Thus the meandering of the plume centre determines the increase of plume width due
to time averaging.
S(�) is related to the centre velocity autocovariance functionR c by

d2S(�)

d�2
= 2 h( _yc(t+ �) _yc(t))i � 2Rc(�) (102)

If Rc is well behaved for small ts we get

�2(ts) � �2(0) +
Rc(0)t

2
s

12
+ : : : (103)

where Rc(0) =


_y2
c

�
is the variance of the plume centre velocity. However, instead of

a quadratic growth for small ts the data show a linear growth. It therefore seems that
the time resolution in these experiments (3 or 5 seconds) is insufficient to resolve the
quadratic regime, which is also confirmed by recently obtained lidar data with a time res-
olution of less than 0.1 second, see Ott & Jørgensen (2001). These data show a quadratic
regime, which changes into a linear regime when ts gets larger than about one second.
The explanation must be that the movements of the plume centre is dominated by the con-
tribution from spatial structures of the concentration field being swept passed the lidar.
Abrupt changes of yc may for example occur where the plume is folded in an S-shape,
and judged from data (figure 16) large abrupt changes of y c is indeed a characteristic
feature. In other words, it look as if yc performs a random walk.

These considerations suggest the following simple Langevin type of model. The cen-
treline is modelled as a random process

@yc

@t
= �

yc

T
+ Ua(tU=�(0)) (104)

where T is a decay time, analogous to the Lagrangian time scale in random flight mod-
els, and U is an appropriate average advection speed of the plume. The first term on
the right hand side ensures that yc becomes a stationary process, but we may approach
instationarity by letting T ! 1. In the second term a is a stochastic function of the
non-dimensional time argument tU=�(0) (where �(0)=U is an appropriate time scale for
advection of plume structures through the lidar beam). In order to obtain something like
a random walk we demand that

ha(s) a(s0)i = � Æ(s� s0) (105)
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Figure 16. Plume centre as a function of time. Upper: BOREX4c. Lower: BOREX17E.

where � is a numerical constant. Equation (104) has the solution

yc(t) = U

1Z
0

a((t� t0)U=�(0)) e�t
0
=T dt0 (106)

From this and (105) it follows that

S(t) = ��(0)UT
�
1� e�t=T

�
(107)

and

�2(t)� �2(0) =
��(0)UT 3

t2

�
1� t=T +

1

2
(t=T )2 � e�t=T

�
(108)

For large t we get the asymptotic value

�2(ts)� �2(0)!
1

2
��(0)UT (109)

and for small averaging times we get

�2(ts)� �2(0) �
1

6
��(0)Uts (110)

The linear behaviour for small ts predicted by the model is actually found in the data
as can be seen from figure 17. Surface layer scaling implies a universal curve, which is
evidently not found. The model can be made to fit each of the experiments quite well by
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Figure 17. Experimental results for the meandering part of the time average plume width.
The thick curve is the simple model with � = 0:2 and UT=�(0) = 30.

adjustment of � and UT=�(0), but the values of these parameters are not universal. Typ-
ical values are � � 0:2 and UT=�(0) � 30 with considerable scatter (see table 7). The
scatter is not related to stability (x=L) and therefore T and � must be determined by other
factors than covered by the micro-meteorological parameters. There are large variations
of T , but it is of the order of one minute in most cases. The averaging time for which
�2(ts) = 2�2(0) is also typically about one minute. This means that the sampling time
(or the response time of concentration sensors) must be much shorter than one minute if
statistics of instantaneous concentration values are to be obtained.

Table 7. Best fit of the model parameters T and �.

Experiment T [s] TU=�(0) �

BOREX4c 86 40 0.20
BOREX5b 211 107 0.05
BOREX8a 83 31 0.21
BOREX8b 49 24 0.11
BOREX11a 60 26 0.38
BOREX11b 57 27 0.22
BOREX17a 129 82 0.19
BOREX17b 99 61 0.24
BOREX17c 101 62 0.17
BOREX17e 590 245 0.06
MAD14h 99 43 0.14
MAD14i 128 62 0.13
MAD14j 39 19 0.14
MAD14k 168 63 0.04
MAD15h 16 7 0.39
MAD15i 37 17 0.19
MAD15j 24 11 0.21
MAD15k 25 7 0.35
MAD18a 362 22 0.44
MAD19e 136 13 0.61
MAD21g 133 22 0.14
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Even if the model parameters do not exhibit surface layer scaling the model seems
to reproduce some of the key features of the meandering. It therefore may serve as a
simple means to transform moving frame statistics to fixed frame statistics, which can be
used to generate artificial stochastic concentration fields. For this we need to specify the
correlations hC(y; t)C(y0; t0)i. The basic assumption is that yc(t) and the moving frame
concentration Cm(y; t) can be regarded as independent so that

hC(y; t)C(y0; t0)i =
Z
hCm(y + yc; t)Cm(y

0 + y0
c
; t0)i P (yc; y0c; t�t

0); dyc dy
0
c

(111)

where P (yc; y0c; t � t0) is the joint probability function for yc = yc(t) and y0c = yc(t
0).

Assuming the simple Langevin model it follows from (106) and the central limit theorem
it follows that yc and y0c are Gaussian. It also follows from (106) that

yc(t) = e�(t�t
0)=T yc(t

0) +

tZ
t0

a(t00U=�(0)) e�(t�t
00)=T dt00 (112)

where the two terms on the right hand side are independent when t > t 0. Therefore



y2c
�

=


y2c
�
=

1

2
��(0)U T

hyc y0ci =
1

2
��(0)U T e�jt�t

0j=T (113)

and the joint Gaussian pdf becomes

P (yc; y
0
c
; t�t0) =

1

2��2f (1� e�2jt�t
0j=T )

exp

"
�
y2
c
+ y02

c
� 2ycy

0
c
e�jt�t

0j=T

2�2f (1� e�2jt�t
0j=T )

#
(114)

where �2f =
1
2
��(0)UT .

3.7 The distance-neighbour function
The distance-neighbour function was introduced by Richardson (1926) who offered a
simple theory for the case of homogeneous, isotropic and stationary turbulence at high
Reynolds number (inertial range turbulence).D(�; t) can be interpreted both as the (nor-
malized) average concentration in the neighbourhood of a randomly chosen puff particle,
or as the pdf of the separation of a randomly chosen pair of particles. It can therefore
be obtained by measuring the separation of two ’marked’ particles, which were close to-
gether at time t = 0. Such an experiment was made recently by Ott & Mann (2000) (see
also Mann, Ott & Andersen 1999) who found substantial agreement between Richard-
son’s predictions and observation. Despite its simplicity this old theory yields remark-
ably accurate predictions. We shall try to adjust Richardson’s argumentation to the case
of surface layer turbulence.

First we review Richardson’s line of reasoning for homogeneous, isotropic and sta-
tionary turbulence (using contemporary terms). Due to assumed isotropy we need only
consider D(r; t) where r = j�j. Richardson assumed a first order closure for D(r; t) in
the form of a diffusion equation, i.e.

@D(r; t)
@t

=
1

r2
@

@r
r2K

D(r; t)
@r

(115)

where K is a turbulent diffusivity. Inertial range turbulence is characterized by only one
parameter, the specific kinetic energy dissipation " (Kolmogorov 1941). For dimensional
reasons K must therefore be a function of ", r and t. Richardson exclude an explicit time
dependence, in which case the only possibility is
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K = C 0 "
1

3 r
4

3 (116)

where C 0 is a numerical constant. Others (Batchelor 1952, Kraichnan 1966) have made
theories where K depends on t through the dimensionless group t r�

2

3 "
1

3 , but the ob-
servations prove these attemps less successful than Richardson’s approach (Ott & Mann
2000). Using (116) the solution to (115) becomes

D(r; t) =
35

3

�
143

2� hr2i

�3=2

exp

24� 1287r

8 hr2i1=2

!2=3
35 (117)

where

r2
�
= C " t3 (118)

and C = 1144=81C 03. Ott & Mann found C � 0:5.
Here we are interested in turbulence in the surface layer, which is neither homogeneous

nor isotropic. It is not isotropic due to shear and the energy dissipation is strongly height
dependent (" = u3�=(�z). However, like inertial range turbulence it is characterized by
a single parameter, u�, and this makes it possible to reuse the essentials of Richardson’s
argumentation.

We have a plume instead of a puff and the cross-plume distance-neighbour functionD
is constructed from data along the laser beam, which is only a tiny fraction of the plume.
Nonetheless, we postulate that it obeys a diffusion equation

@D
@tt

=
@

@y
K(y)

@D
@y

(119)

where tt is the travel time (e.g. tt = x=(24u�)). In other words, we imagine that measure-
ments are taken with the lidar moving downwind at the average cloud speed so that the
development of D can be followed. In order to stay close to Richardson’s arguments we
maintain that the diffusivity K does not depend explicitly on time. Since u � is the only
parameter of the problem the only choice is

K = �1u�jyj (120)

where �1 is a numerical constant. Now (119) has a self similar solution of the form

D(y; tt) =
1

2�1(tt)
exp

�
�

jyj
�1(tt)

�
(121)

where

�1(tt) = �1u�tt (122)

Actually u� is not the only parameter because the elevation of the laser beam above the
ground, zbeam, might have an influence. The turbulent length scale is proportional to the
height above the ground and therefore we could postulate that K / u �zbeam. However,
concentration fluctuations have a longer memory than velocity fluctuations because ma-
terial is conserved and does not ’fade away’ as turbulent eddies do. Eddies also decay
faster near the ground and diffusion is less efficient. Close to the ground large scale struc-
tures in the concentration field can therefore be expected to be frozen. Hence D should
not depend on zbeam near the ground, and (120) should work at least when jyj is large
compared to zbeam. It still might make sense to use K / u�zbeam for very small separa-
tions. At even smaller separations the turbulence is isotropic and Richardson’s diffusivity
becomes relevant (with " = u3�=(�zbeam). However, the lidar cannot resolve very small
concentration structures so (120) should be adequate for the present data.
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The simple model forD, predicting a simple exponential form, works surprisingly well.
In figure 18 we have plotted �1D1 against jyj=�1 for all experiments. The exponential
form is surprisingly reproducible, in particular for large separations. Small deviations
can be seen for small y=�1 which could be caused by the finite spatial resolution of the
instrument (rounding the curve at y = 0), by zbeam dependence (also rounding) or by
effects of source elevation, which can be expected to produce a cusp as in Richardson’s
solution.
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1
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Figure 18. The distance neighbour function D. The dashed line shows the exponential
expression defined in (121).

We have also looked at the generalized distance neighbour functions defined in section
3.2. These can be thought of describing diffusion of C n ’stuff’ measured in a reference
system following the a randomly chosen cloud particle. We may therefore repeat the
arguments and postulate a diffusion equation for Dn with a time independent diffusivity.
This simple theory predicts the general exponential form

Dn(�) =
1

p
2sn

e�
p
2j�j
sn (123)

Figure 19 shows plots of these functions determined from the experiments. Again we find
that data confirms the exponential form.

Perhaps we are stretching a dubious argumentation too far here. Even if the proposed
simple theory gives an excellent fit to data it does not explain why a diffusion equation
with time independent K works so well. It should be noted that a self similar profile is

always the solution to the diffusion equation with K(y; t) =
���yd�=dt C
�@C=@y

���, and it is not

obvious why this quantity should be independent of t. The main result is the striking
reproducibility of the exponential form.

3.8 Concentration correlations
In this section we discuss two-point-two-time concentration correlations, i.e. the quantity

Q(y; y0; �) � hCm(y; t+ �)Cm(y
0; t)i (124)

Evaluating Q from data involves a time average, and if the time series are long enough
(which we assume), Q depends only on the time lag � . For large time lags the concentra-
tions become independent and
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Figure 19. Generalized distance neighbour functions for n = 1::4. The dotted lines show
the exponential expression defined in (123).

Q(y; y0; �) � hCm(y)i hCm(y
0)i (125)

When we base Q on the moving frame concentration this independence is effective even
for short time lags compared to then 3 to 5 seconds time lag between scans in the data.
Therefore we have supplemented the data set with an experiment with a faster lidar sys-
tem, see Ott & Jørgensen (2001) for details. The faster lidar system, working at a rate
of 8 profiles per second, is less noisy, but it has somewhat poorer spatial resolution. The
plume plume was scanned 100m from the source, where it is quite narrow, and the coarser
spatial resolution therefore shows. The distance-neighbour functions are more rounded at
the centre and some of the short-range concentration fluctuations are lost compared to the
slower lidar.
Q has the following reflection symmetries

Q(y; y0; �) = Q(y0; y; �) (126)

Q(y; y0; �) = Q(�y;�y0; �) (127)

(126) follows directly from the definition while (127) is a consequence of general re-
flection symmetry (we can neglect the Coriolis forcing). We can get the moving frame
concentration by integration, i.e.

1Z
�1

Q(y; y0; �) dy0 = hCm(y; t) m̂(t)i � hCm(y)i hm̂(t)i (128)

We have not normalized each profile here so the last equality is only approximate, but
actually quite accurate. We can also construct a time lagged distance neighbour function
from Q

D(�; �) �
1Z

�1

Q(� + y; y; �) dy (129)
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Figure 20. Contour plots of Q(y; y 0; 0) made for four experiments. The contour levels are
on a logarithmic scale with five contours per decade.

For � = 0 this yield the usual distance neighbour function except for the normalization
(which makes little difference). A similar quantity is defined by

E(�; �) �
1Z

�1

Q(� � y; y; �) dy (130)

Note that

1Z
�1

D(�; �) d� =
1Z

�1

E(�; �) d� = 2


m̂2(t)�̂2(t)

�
(131)

While D can be interpreted in terms of the relative diffusion of particle pairs, E is related
to the diffusion of pair centres (y + y 0)=2 with respect to the instantaneous cloud centre.
Following this interpretation E(�; 0) could be suspected to have similar characteristics as
hCmi.

Figure 20 shows results for Q(y; y 0; � = 0) for four experiments (’PORTON’ is with
fast lidar). The plots are remarkably symmetric. This is partly due to (126) and (127), but
in addition it has an approximate 90Æ rotational symmetry (Q(y; y 0) � Q(�y0; y). The
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Figure 21. E(y; �) for �=0 and �=32s. PORTON data.
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Figure 22.D(y; �) for �=0 and �=32s. PORTON data.

only features that breaks the 90Æ symmetry are a sharp bends at the diagonal y = y 0 which
is not found at the y = �y 0 diagonal. If we had not used the moving frame concentrations,
the plot would have become elongated along in the (1; 1) direction while it would keep
its width in the (�1; 1) direction. For the moving frame concentration the two widths are
equal due to (131). The contours are circular at the centre, changing to rounded squares
further away from the centre. They are also nearly equally spaced indication exponential
flanks (the contour levels in figure 20 are on a logarithmic scale). For the fast lidar data
this feature the is particularly prominent, and far into the flanks the contour curves also
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seem to become almost octagonal. The octogonal contours is probably an artifact perhaps
due to the cutting of the profiles at a small threshold concentration or to digitalization. In
any case Q is reduced here by about five orders of magnitude compared to the value at
the centre so this region represents very little ’mass’.

The almost square shape of the contour curves combined with an exponential fall-off
means that a rough approximation to Q is given by

Q(y; y0; 0) �
1

2�21
exp

�
�
jy + y0j+ jy � y0j

�1

�
(132)

(132) implies that

D(�; 0) � E(�; 0) �
1

2�1
exp

�
�
j�j
�1

�
(133)

We have already seen that this is a good approximation of D. The average moving frame
profile derived from (132) is

hcm(y)i =
1 + 2jyj=�1

�1
exp

�
�
2jyj
�1

�
(134)

which is also in good agreement with data. We have observed that

Q(y; y0; 0) � 2D(jy � y0j; 0) E(jy + y0j; 0) (135)

is an accurate decomposition. The maximum deviation between the two sides in (135) is
less than 2% for the PORTON data.
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Figure 23.D(0; �) vs � . PORTON data.

For finite time lags we present D and E instead of Q. Figure 21 shows E(y; 0), E(y; t)
for t=32s and their difference. The difference is hardly detectable. Figure 22 shows simi-
lar plots of D. Here the difference is larger but still quite small. Extrapolating the tails of
D linearly into y = 0 by eye, the effect of spatial averaging at the centre can be judged be
only about 15–20%. Figure 23 shows the fast decay of D(0; t). In other words, the mov-
ing frame concentration fluctuations appear to be fairly weak, and the correlation time is
of the order of seconds. This comparable to �=U , the passage time for a typical structure
of size �. It seems that the moving frame analysis effectively has restored stationarity.
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3.9 Moving frame profiles
Figure 24 shows the experimental cross-wind concentration moment profiles. Contrary
to the fixed frame profiles (see figure 8) the moving frame profiles are reproducible. The
plot show hCn

m(y)i = hCn
m(0)i vs. y=�n for n=1..4. Self similarity is demonstrated by the

fact that the non-dimensional profiles come out nearly the same for all experiments. They
all have approximately logarithmic tails and are rounded at the centre, somewhat more
than the distance neighbour functions. The scatter increases as n increases, and we have
not attempted to go beyond the four moment. It is surprising that all the moments seem to
fit the same general shape. We can therefore summarize the profiles in the simple relation

hCn

m(y)i = hCn

m(0)i fn(y=�n) (136)

where fn appears to be independent of n. A good fit to data is obtained with

fn(s) = (1 + 2jsj) e�2jsj (137)

This function is shown as a dashed line in the plots of figure 25. In the next section we
will elaborate more on the shape of these profiles.

Self similarity implies universal values of the ratios �1=�n. Form figure 26 it appears
that the similar values of �1=�n are obtained for different experiments and the is no trend
when they are plotted against u�t (where t is the travel time). The plot in the lower right
corner of figure 26 shows �1=�n vs. n for all experiments. The individual curves appears
to be approximately linear, but there is considerable scatter on the value of the slope. This
must partly be due to different noise levels in the experiments, but other causes cannot be
excluded. The thick line in the plot represents the linear relation

�1

�n
=
n+ �

1 + �
(138)

with � � 1:9 which has been obtained by pooling the data. Since the individual experi-
ments departure somewhat from this relation, (138) must be regarded as an interpretation
of the data.

3.10 A simple model for hCmi

In section 3.9 it was demonstrated that the moving frame moment profile has self similar
shapes which is rounded for y=�1 . 1 and with exponential tails. In this section we try
to ’explain’ this by means of some simple models.

Much of the observed behaviour is reproduced by the following extremely simple
model. The model ensemble of consists of top-hat profiles of width w and unit ’mass’. In
other words,C(y) = 1=w for jyj < w=2 and zero elsewhere. All statistics are determined
by the pdf of w, p(w), in particular

�2 =

1Z
0

1

6
w2 p(w) dw

hC(y)i =

1Z
2jyj

1

w
p(w) dw

D(�) =

1Z
j�j

w � j�j
w2

p(w) dw (139)

If we assume that D is exponential it follows that
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Figure 24. Normalized moment profiles for several ground releases, shown for n = 1::4
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D(�) =
exp [�j�j=�]

2�

P (w) = w2D00(w) =
w2

2�3
e�w=�

hC(y)i =
1 + 2jyj=�

2�
e�2jyj=� (140)

As we saw this average profile fits the data well (dashed lines figure 25). hC n(y)i has
the same shape function, because the Cn profiles are also top hats in the model. The pdf
P (w) is not exactly a log-normal distribution, but it does resemblance one. On the other
hand, the model gives �1=�n = 1, which is not observed. The model could be improved
by using a more varied ensemble of profiles.

We can also try a similar ’explanation’ as for the behaviour of the distance neighbour
function. To this end we assume that the normalized profile ~C(y) � hC(y)i = hC(0)i is
self similar, i.e.
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Figure 25. Full lines: Full lines: Normalized moment profiles for MAD14H (upper four
plots) and BOREX11B (lower four). Dashed lines: Using (137). Thin lines: Best fit using
(148).
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~C(y; tt) =
f(y=�1(tt))

�1(tt)
(141)

Thus the shape function f is independent of downwind distance, or travel time t t. Next
step is to write a diffusion equation for ~C.

@ ~C

@tt
=

@

@y
K
@ ~C

@y
(142)

Inserting (141) it follows that ~C satisfy the equation provided

K = �
yf _�1

f 0
(143)

where _�1 = d�1=dtt. The diffusion equation is therefore just an equivalent way to ex-
press the self similarity assumption. Note that K is positive when f is bell-shaped as the
measured profiles are.
K must be a function of y, tt and u�, or, more conveniently, we may choose it to be a

function of �1, _�1 and the non-dimensional distance s � y=�1. On dimensional grounds
the most general expression is of the form

K(y; t) = � _��(y=�) (144)

where� is a positive function which must be determined somehow. From (143) and (144)
it follows that

f(s) = N exp

0@� sZ
0

s0

�(s0)
ds0

1A (145)

whereN is an arbitrary normalization constant. In order to be self consistent this solution
should yield the right � which is fulfilled if
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Figure 26. The ratios of �1=�n for n=2,3 and 4 shown as functions of u�t. The plot in
the lower right corner shows �1=�n vs. n. The thick line is (138) with � = 1:88
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1Z
0

s2 f(s) ds =

1Z
0

f(s) ds (146)

For jyj � �1 we expect K not to depend on y, because otherwise the origin would
have a special local influence on the dispersion. In other words, particles located in the
middle of the plume do not ’know’ where the centre is, hence �(0) must be finite (and
positive). The nearly constant K for small jyj produces a rounded shape at the centre.
A particle located in one of the the tails will ’see’ the rest of the profile almost as one
particle, hence we can expect K to resemble the diffusivity for the distance neighbour
function for jyj � �1, i.e. K / _�1jyj and �(s) / s. This produces the exponential tails.
The simple top hat model, where �(s) = (1=4 + jsj=2), has these properties, but other
choices are of course possible. Choosing

�(s) =
1

�2�2

p
1 + �2s2 (147)

leads to the profile

C(r; t) =
N

�
exp

�
�2[1�

p
1 + �2(r=�)2)]

�
(148)

The parameters � and � are connected since it follows from (146) that

�2 =

1R
0

s2 exp(��2
p
1 + s2) ds

1R
0

exp(��2
p
1 + s2) ds

=
K2(�

2)

�2K1(�2)
(149)

where K1 and K2 are modified Bessel functions of the second kind. The parameter �
determines how soon the exponential tail of C sets in. In the limit � ! 0 the profile
becomes exponential while it becomes a Gaussian for � ! 1. For intermediate values
(� � 1) the profile is rounded like a Gaussian at the centre and approaches an exponential
in the tail.

3.11 Pdf models
In this section we investigate the implication for the pdf if it is assumed that all moment
profiles hCn

m(y)i are similar and �1=�n varies linearly with n. In other words, we assume
that there exists a universal profile shape function f and constants An such that

hCn

m(y)i =
Z
P (Cmjy) dC = Anf(y=�n) (150)

where we may set f(0) = 1 without loss of generality. The second assumption is that
there exists a number � such that

�1

�n
=
n+ �

1 + �
(151)

for all n 2 N. The point is that f does not depend on n. Data suggest f(t) = (1+2t)e�2t

and � � 2.
We will not claim that these properties are exact for real data, but the preceding data

analysis has shown that they at least work as a good approximation. Constructing pdf’s
with these properties may therefore serve as a good starting point for approximations of
P (Cjy).
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It is an advantage to express f as a Laplace transform, i.e.

f(s) =

1Z
0

f̂(�) e��s d� (152)

and to define the characteristic function P̂ (qjy) (the inverse Fourier transform of P )

P̂ (qjy) =
1

2�

Z
P (Cjy) e�iqC dC (153)

Using (152) we may express the characteristic function as

2�P̂ (qjy) =


e�iqC

�
=

1X
n=0

(�iq)n hCn(y)i
n!

= 1 +

1X
n=1

An

(�iq)n

n!

Z
f̂(�) exp

�
�
y�

�n

�
d� (154)

In order to simplify the expressions we define the function

2�Ĝ(t) �
1X
n=1

An

(�it)n

n!
(155)

and write

exp

�
�
y�

�n

�
=
�
e��s

�n
e���s (156)

where

s �
y

�1(1 + �)
(157)

Then (154) can be written as

P̂ (qjy) =
1

2�
+

1Z
0

Ĝ
�
qe��s

�
f̂(�) e���s d� (158)

Taking the inverse Fourier transform on both sides yields

P (Cjy) = Æ(C) +

1Z
0

G
�
Ce�s

�
f̂(�) e(1��)�s d� (159)

This form is quite general. We should of course choose G so that P has the properties
of a pdf, but otherwise it is undetermined. The first term is a delta function which, except
for the trivial case P (Cjy) = Æ(C), must be compensated by a delta function from the
second term. The only way this can be achieved is if G contains a delta function term. We
therefore write G as

G(t) = H(t)� 0Æ(t) (160)

where 0 is a constant and H does not contain a delta function. Inserting this we get

P (Cjy) = (1� (y))Æ(C) +

1Z
0

H
�
Ce�s

�
f̂(�) e(1��)�s d� (161)

where (y), the intermittency, is given by
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(y) � of(y=�0) (162)

with �0 � (1 + 1=�)�1 (the same �0 is obtained by setting n = 0 in (151). For f(t) =
(1 + 2t)e�2t we have f̂(�) = Æ(�� 2) + 2Æ0(�� 2) and (161) becomes

qP (Cjy) = [1� (y)]Æ(C)

+ e2(1��)sH(Ces) (1� 2s(1� �)) +�2Cse2(2��)sH 0 �Ce2s�(163)

In most experiments (0) is only slightly less than 1 so we choose 0 = 1 in the
following. Setting y = 0 we find

P (Cj0) = (1� 0)Æ(C) +H(C) (164)

H can therefore be determined from the observed pdf at the centreline. The observed
P (Cj0) vary somewhat between experiments but may roughly be approximated by a
gamma distribution with shape parameter 2 so that

H(C) �
4Ce�2C=C0

C2
0

(165)

where C0 � hCm(0)i. Inserting this into (163) we get

P (Cjy) = (1� (y))Æ(C) + (y)Pc(Cjy)

Pc(Cjy) =
4C

C2
0

e�e
2s2C=C0+2s(3��)

1 + 2s
�
� � 2 + 2 C

C0

e2s
�

1 + 2s�

(y) = (1 + 2jyj=�0) e�2jyj=�0 (166)

where s � jyj=(�1(1 + �)) and � � 2. Figure 27 shows a comparison on model predic-
tions of Pc(Cjy) with data. The experimental pdf was constructed by pooling data from
the experiments (C was normalized with the average for each experiment). The model
performs reasonably well reproducing the basic trends, even if it evidently deteriorates as
jyj=�1 increases. With respect to the intermittency some features are right, such as the de-
crease of (y) away from the centreline, but the observed (y) is wider and more flat for
small y than moment shape function. The intermittency is difficult to measure because of
problems with noise and baseline offset which make it almost impossible to distinguish
a true zero concentration, and therefore the experimental intermittency should be taken
with a grain of salt. Using � � 2 the model predicts �0 � 1:5�1, which is too small about
a factor of about two. As a practical solution (166) could be used with � 0 � 3�1.
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Figure 27. Conditional moving frame pdfs and cdfs for different values of jyj=� 1. Points
are data and the line is the proposed model.
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4 Models for concentration fluctuations
in relative and absolute dispersion

R.J. Munro, P.C. Chatwin and N. Mole

Department of Applied Mathematics, University of Sheffield,
Hicks Building, Sheffield S3 7RH, U.K.

4.1 Introduction
Plumes of contaminant dispersing in the atmospheric boundary layer typically exhibit
large scale meandering, as well as downwind growth in instantaneous cross-sectional
area. The meandering is dominated by the large, energy-containing, scales of turbulence
associated with the turbulence generation mechanisms. At short distances from the con-
taminant source the growth in cross-sectional area of the plume is dominated by relatively
small scales of turbulence, which will typically be in the inertial subrange. These scales
tend to have a universal structure, whereas the large energy-containing scales do not.
Thus concentration fluctuations relative to the plume centreline are likely to require mod-
els with simpler structure than those in the absolute frame of reference. Practical models,
however, need to provide predictions in the absolute frame.

The main aim of the work described here is to formulate models for the concentration
fluctuations in the relative frame of reference, and hence to use the relationship between
the absolute and relative frames to obtain models in the absolute frame.

Let X = (X1; X2; X3) be the position vector of a point relative to the source, with
X1 being measured in the mean downwind direction, and X 3 vertically upwards. Let
R(X1; t) = (X1; R2(X1; t); R3(X1; t)) be the position vector of the instantaneous plume
centreline at time t and downwind distance X1. Thus

(R2; R3) = Q�1
ZZ

(X2; X3)�(X; t) dX2 dX3;

where

Q =

ZZ
�(X; t) dX2 dX3;

and�(X; t) is the contaminant concentration. The coordinate system relative to the plume
centreline is given by

x = (0; x2; x3) = X�R;

where x2 = X2�R2 and x3 = X3�R3. We let �r(x; t) be the concentration at relative
position x, i.e.

�r(x; t) = �(x+R; t):

We assume that we have a steady release into stationary turbulence, so that the concen-
tration is also stationary. Let p�(�;X) and p�r(�;x) be the probability density functions
(pdfs) of concentration in the absolute and relative frames, respectively. The meanC(X),
central moments M (n)(X), and absolute moments m(n)(X) in the absolute frame are
then defined by
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Figure 28. An instantaneous borr15d concentration profile, together with the same profile
after application of the MEI procedure.

C(X) =

Z
�p�(�;X) d�

M (n)(X) =

Z
(� � C)n p�(�;X) d�

m(n)(X) =

Z
�n p�(�;X) d�:

The moments Cr(x), M
(n)
r (x) and m(n)

r (x) in the relative frame are defined similarly.
The pdfs in the absolute and relative frames are related by

p�(�;X) =

ZZ
p�r (�;x) pR(X� x) dx2 dx3; (167)

where pR is the pdf of the centreline position. The relationships for the moments follow
directly from (167), e.g.

m(n)(X) =

ZZ
m(n)
r (x) pR(X� x) dx2 dx3: (168)

If we define the distribution functions P�(�;X) and P�r
(�;x) by

P�(�;X) =

Z
�

0

p�(�;X) d�

P�r
(�;x) =

Z
�

0

p�r(�;x) d�;

then we also have

P�(�;X) =

ZZ
P�r

(�;x) pR(X� x) dx2 dx3: (169)

In x4.3 we analyse p�r and pR, using experimental data which are described in x4.2.
We suggest parametric forms for both p�r and pR. The accuracy of absolute frame models
obtained using these forms and the convolution relationships (167)-(169) is assessed in
x4.4. In x4.5 we consider high concentration values, since in many applications these are
of particular interest.
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4.2 The concentration measurements
The concentration measurements used in subsequent sections were obtained from atmo-
spheric boundary layer releases from three separate field campaigns, namely Madona
(1992), Borris (1994) and Fladis (1994). For detailed descriptions of Madona and Fladis
see Mikkelsen, Jørgensen, Thykier-Nielsen, Lund & Santabarbara (1995) and Nielsen
et al. (1997). The releases were of smoke, consisting of small particles of SiO 2 and
NH4Cl, and concentration measurements were made by a Lidar shooting in a horizontal
crosswind line. Munro (2001) describes in detail the method by which the concentra-
tion values were calculated from the Lidar voltage output. Table 8 gives details of the
experiments which we used.

The Lidar voltage output is corrupted with additive noise. The way in which the con-
centration values are calculated, by inverting the Lidar equations, results in the magnitude
of the concentration noise increasing with the square of the distance from the Lidar. To
remove the effects of this noise on estimated concentration moments and centreline posi-
tion, we used the Maximum Entropy Inversion (MEI) technique, as previously applied to
concentration data by (Lewis & Chatwin 1995b). We applied MEI separately to the time
series at each crosswind distance. As well as removing noise, this method also has the
effect of removing any baseline variation with distance from the Lidar. Further details are
given in Munro (2001). An example of a crosswind concentration profile before and after
noise removal is shown in Figure 28.

4.3 Relative frame analysis
Since the Lidar measurements of concentration are only available for a horizontal line
through the plume, we now restrict attention to a one-dimensional analysis and let y �
X2:

R(t) = Q�1
Z
y�(y; t) dy

Q(t) =

Z
�(y; t) dy:

Pdf of plume centreline position

From the time series of the plume centreline positionR(t) we estimated pR(y) using ker-
nel density estimation (Silverman 1986) with a Gaussian kernel. The results are shown in
Figure 29. R is most variable in the experiments at greatest downwind distance (mad18a
and borr15d).

Gifford (1959) assumed that pR(y) was Gaussian, which is a reasonable assumption if
turbulence is homogeneous in the y-direction. Yee & Wilson (2000) gave a mathemati-
cal argument for pR(y) being Gaussian if dispersion is isotropic in the crosswind plane.
Figure 30 shows the Gaussian fits obtained by estimating the mean �R and standard de-
viation �R of R(t) from the data. These estimates are given in Table 9. The Gaussian fits
compare well with the kernel density estimates. Since meandering is dominated by the
large scale motions, one would expect convergence of estimates of pR(y) to be relatively
slow, so the differences are probably not significant.

Relative frame concentration pdf

Concentration time series were produced at intervals of 3m (roughly twice the spatial
resolution of the Lidar) relative to the plume centreline. Analysis of these revealed three
possible shapes for the pdf p�r (�;x) of �r(x; t), where x � x2, as shown schematically
in Figure 31.
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Figure 29. Kernel density estimates for pR(y) for each of the datasets in table 8. R is the
estimate of �R.

Exp. Dur. X �̂R �̂R
(min) (m) (m) (m)

mad14h 43 230 302.2 24.2
mad14k 56 230 295.4 17.7
mad18a 47 560 264.5 61.1

borr4b 50 200 117.6 14.3
borr15d 74 350 239.2 45.3

trial23 29 222 156.4 18.8
trial25 23 222 140.2 20.9

Table 9. Estimated values for the parameters �R and�R, obtained from the measurements
in table 8. Also given is the experiment duration and downwind distance X of the Lidar.

Type A is unimodal, with the peak at non-zero concentration, and was observed only
close to x = 0 in experiments mad14h and borr4b. In these experiments, as jxj increased
the peak moved to lower concentrations and there was a transition to type C. The maxi-
mum concentration �r was largest near x = 0, and decreased with increasing jxj.

In the further downwind experiments mad18a and borr15d type C was observed across
the whole plume. This was also the case in the Fladis experiments trial23 and trial25.

The type B pdf was observed only close to x = 0 in mad14k. Away from x = 0

there was a transition to type C. The bimodal type B pdfs occurred in experiments when
the plume seemed to be intermittently absent from the Lidar cross-section, quite likely
because of the plume lifting above this level. Thus, if the full two-dimensional cross-
section had been measured, then p�r might well have been estimated to be of type A in
these cases too.

Physical arguments would lead one to expect that very close to the source, where there
has been very little time for molecular diffusion to act, there would be a transition from
type A to B to C with increasing jxj. Very far downwind there has been a long time for
material to diffuse into entrained ambient air, and one would expect type C for all x. At
intermediate downwind distances, the most likely structure would be a transition from
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Figure 30. Estimates of pR(y) for each of the datasets in table 8. The estimated values of
�R (i.e. �̂R = R) and �R are given in table 9.

Figure 31. Schematic showing the range of shapes of p�r
(�;x) observed in the data.

B to C with increasing jxj. Since the Lidar measurements are effectively averaged over
about 1m in the crosswind direction, any relatively large concentrations which occur in
thin regions would be smoothed out. This would give a tendency for type B cases to be
observed as type C. This, and the sparse coverage in the downwind direction in these
experiments, probably explains why type B is not observed in more cases.

In a model for concentration fluctuations in the relative frame, we would therefore like
to find a simple parametric form which can fit all of types A, B and C. Since we expect
that the peak at zero is associated with ambient air, and the peak away from zero with
air from the source, it is natural to seek a pdf which is a mixture of two pdfs. Lewis and
Chatwin (1995a, 1997) used a mixture of exponential and generalised Pareto distributions
(EGPD) to model fluctuations in the absolute frame. However, this cannot give type A or
B distributions, although it does give excellent fits to the type C cases in the relative frame
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Figure 32. The results of the maximum likelihood fits for the BGPD (solid curve), com-
pared with the corresponding histogram, at relative positions x = 0; x = �6m and
x = �15m, for the mad14h data. Also shown are the results of the maximum likelihood
fits for the beta distribution (dashed curve), which are almost indistinguishable from those
for the BGPD.

plume fringes.
We considered a number of possible mixture pdfs capable of giving types A, B and C,

and also having a finite upper endpoint, as must be the case. The most successful was a
mixture of a generalised Pareto distribution (GPD) with a beta distribution, which will be
denoted by BGPD:

p̂�r (�;x) = (x)f1(�;x) + f1� (x)g f2(�;x); (170)

where

f1(�;x) =
1

�1

�
1�

�

�r

��2�1
�1 > 0; �2 > 0

f2(�;x) =
1

�rB(�1 + 1; �2 + 1)

�
�

�r

��1 �
1�

�

�r

��2
�1 > �1; �2 > 0:
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Figure 33. The results of the maximum likelihood fits for the BGPD (solid curve), com-
pared with the corresponding histogram, at relative positions x = 0; x = �9m and
x = �18m, for the mad14k data. Also shown are the results of the maximum likelihood
fits for the beta distribution (dashed curve).

Here �r = �1�2 is the largest possible concentration, and B(�; �) is the beta function.
Thus the BGPD given by (170) has 5 independent parameters , � 1, �2, �1 and �2. The
BGPD was fitted by maximum likelihood (ML), and gave a good fit in all the experiments
considered. Figures 32 and 33 illustrate this for mad14h and mad14k, comparing the fitted
BGPD curves with histograms.

Figure 34 shows the variation of the fitted parameters with crosswind position x for
mad14h. Since the estimates ̂ � 0 and �̂1 � constant, the GPD component f1 is not
important in this experiment. The fits of f2 alone, i.e. a pure beta distribution, are also
shown in Figure 32, and are indistinguishable from those with both components. For the
mad14k experiment (Figure 33) this is not the case, however, since 0:1 � ̂ � 0:2 in
the region near x = 0 where the observed pdfs were of type B. In the latter cases the
GPD gives the peak at zero concentration. Furthermore, in several of the experiments,
̂ increased towards the plume edges, where ambient air dominates but the pdfs have
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Figure 34. Plots showing the variation with x of the estimated BGPD parameters
(̂; �̂1; �̂2; �̂1; �̂2), obtained using ML, for the twenty five relative frame time series from
the mad14h dataset.

significant tails. So the GPD makes a significant contribution in these cases too.
When the GPD component is unimportant, type A pdfs are obtained when � 1 > 0,

and type C when �1 < 0, as is reflected for mad14h in Figure 34, where �̂1 > 0 near
x = 0. In mad14h �̂2 is small near x = 0, but increases away from the relative plume
centreline, corresponding to flatter pdf tails in the plume fringes. The upper limit for the
concentration, �r = �1�2, is estimated to be largest near the plume centre, as would be
expected.

Mole & Clarke (1995) found, for absolute frame data, a collapse of plots of kurtosis
against skewness, which has subsequently been found too for a number of other such
datasets. This suggests that only 3 parameters may be necessary to characterise the con-
centration pdf in an absolute frame. We find similar results in the relative frame, as il-
lustrated in Figure 35 for mad14h. This suggests that the BGPD could be reduced to 3
parameters, i.e. that there is dependency among the parameters (; � 1; �2; �1; �2). One
simple such reduction is to set  = 0 so that the BGPD reduces to the beta distribution.
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Figure 35. Plot of estimated kurtosis K̂r against estimated skewness Ŝr, for the twenty five
relative time series obtained from the mad14h data. (The dashed curve is K̂r = Ŝ2

r
+1.)

This provides a good fit in many cases, but not for type B cases (see Figure 33).
Here we have presented the results of determining the parameter values by fitting (170)

to data. To use the BGPD as part of a model for concentration fluctuations it would
be necessary to supply a model for the dependence of parameters on relative position,
atmospheric and source conditions etc. One approach to this would be to use the Risø
model for the absolute moments m(n) to calculate the parameters for use in (170).

4.4 Absolute frame results
In one dimension (167) and (168) become

p�(�; y) =

Z 1

�1
p�r (�;x)pR(y � x) dx (171)

m(n)(y) =

Z 1

�1
m(n)
r (x)pR(y � x) dx: (172)

Given models for pR, p�r and m(n)
r , (171) and (172) can be used to model p� and m(n).

Here we use the fitted Gaussian for pR(y) and the BGPD for p�r(�;x).
For given � and y the right-hand side of (171) was evaluated using the trapezoidal rule

with values of the integrand at the values of x for which p�r
was estimated. These esti-

mates only exist for jxj � L, where, for example,L = 36m for mad14h andL = 60m for

mad18a. �̂r(x) generally decreased away from x = 0. If we let �min = min
n
�̂r(x)

o
,

then for � > �min we have estimates of all non-zero values of p�r (�;x) for �1 <

x < 1. However, for � < �min this is not the case, and as � decreases towards zero
an increasing range of non-zero contributions to (171) will fall outside �L � x � L,
and so will not be included in our approximation to the right-hand side of (171). This
problem becomes worse as jy � �̂Rj increases, since then p̂R(y � x) gives increasing
weight to the missing contributions to p̂�r (�;x). Thus, even if our models for p�r (�;x)
and pR(y) are very good, we expect decreasing accuracy for p �(�; y) as � decreases below
�min and jy � �̂Rj increases. Modelling the parameters of p�r (�;x) for the full range
�1 < x <1, for example via the Risø moment model, would overcome this problem,
although the constituent models would probably be less accurate at large jxj. Figures 36
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Figure 36. Results of the convolution (171), compared with the histograms plotted from
the data, at the absolute framework positions (y � �̂R) = 0; �21m from the mad14h
dataset. The small triangle marks the value of �min.

and 37 compare p̂� obtained in this way from (171) with histograms of the absolute frame
data for mad14h and mad18a. Except at small � the fits are generally good.

Figure 38 shows the corresponding results for m (1)(y) and m(2)(y), obtained from
(172), for mad14h. Again, we expect accuracy to decrease as jy � �̂Rj increases. Using
the kernel density estimate for pR(y) gives a result very close to the absolute frame data,
but using the Gaussian fit to pR(y) still gives reasonable results. The next step will be to
use constituent models which are independent of the data used for comparison.

4.5 Large concentrations
Large concentrations are often of particular interest, for example in assessing potential
harm from accidental releases of toxic gases. In Munro et al. (2001a) we made use of
results from statistical extreme value theory (EVT) to analyse large concentrations in
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Figure 37. Results of the convolution (171), compared with the histograms plotted from
the data, at the absolute framework positions (y � �̂R) = 0; �27m from the mad18a
dataset. The small triangle marks the value of �min.

the absolute frame. The experimental data used were UVIC measurements from Fladis
experiments trial20 and trial25. UVICs make measurements at a fixed single point, but
have the advantage of better spatial resolution than Lidars, so that distributions of large
concentrations can be estimated more accurately.

Work is currently in progress to extend this analysis to the relative frame, using the
Lidar data discussed in the previous sections. One of the principal results from EVT
which was used in Munro et al. (2001b), is that above a sufficiently high threshold u the
distribution is approximately generalized Pareto (GPD), i.e. in the relative frame

Prob (�r(x) > u(x) + �j�r(x) > u(x)) =
1�P�r (u(x)+�;x)
1�P�r (u(x);x)

�
�
1� �

�r(x)�u(x)

��2(x)
;

where 0 < � < �r(x) � u(x) and �2 > 0. Similarly, in the absolute frame
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Figure 38. Comparison of the convolution (172) for the 1st and 2nd absolute moments
with the values estimated directly from the data (the solid black curves). The blue and red
curves are the convolutions using the Gaussian fits and the kernel density estimates for
pR(y), respectively. The dashed black curve is m(n)

r (x).

Prob (�(X) > ~u(X) + �j�(X) > ~u(X)) =

1� P�(~u(X) + �;X)

1� P�(~u(X);X)
�

�
1�

�

~�r(X)� ~u(X)

�~�2(X)

;(173)

with 0 < � < ~�r(X)� ~u(X) and ~�2 > 0. If we let

u0 = max(u(x); ~u(X));

then use of (169) gives

�
1�

�

~�r(X) � u0

�~�2(X)

�

RR
f1� P�r

(u0;x)g
�
1� �

�r(x)�u0

��2(x)
pR(X� x) dx2dx3RR

f1� P�r
(u0;x)g pR(X� x) dx2dx3

: (174)

This relationship can be examined in the same way that those for the pdf and the moments
of concentration were in the previous section.
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5 Alternative probability model

As described in chapter 4, we have versatile models for the local probability distribu-
tion function (PDF) of the concentration fluctuations. The parameters of these models
are fixed by observations and their exact values will vary due to unsteady atmospheric
flow and limited experimental duration. We also have a global moving-frame PDF model
compatible with the shape of the observed spatial distribution of statistical moments, see
chapter 3.

This chapter describes a third alternative where local PDF models are fitted to modelled
statistical moments. The main difficulty of this strategy is to assure that the combination
of statistical moments always allow PDF parameterizations.

5.1 Profiles of statistical moments
Moving-frame

Data analysis suggests that cross-plume moving-frame profiles of statistical moments of
concentration fluctuations in a surface plume are of a universal shape, which is Gaussian
near the centreline and exponential at the edges. With reformulation of equation 148 this
is formulated as

Emov fcng = E0;mov fcng exp
�
��2

�q
1 + �y2

�2s2
� 1

��

!

8><>:
E0;mov fcng exp

n
��y2

2s2

o
for�y ! 0

E0;mov fcng exp
�
�2
	
exp

n
�� j�yj

s

o
for j�yj ! 1

(175)

where � is a measure of the significance of exponential tails, �y is the distance from
the instantaneous centreline and E0;mov fcng is the centre-line statistics. Note that in this
preliminary notation the parameter s differs from the plume width. The moments of this
function are evaluated by

Fn = 2E0;mov fcng
1R
0

�yn exp

�
��2

�q
1 + �y2

�2s2
� 1

��
d�y

= 2E0;mov fcng (�s)
n+1

1R
1

u
�
u2 � 1

�n�1

2 exp
�
��2 (u� 1)

�
du

= E0;mov fcng 21+n/2sn+1� exp
�
�2
�
K1+n

2

�
�2
�
�
�
n+1
2

�
1p
�

(176)

where Kn(x) is the modified Bessel function of the second kind of order � and �(x) is
the Gamma function, defined by

� (x) =

1Z
0

tx�1e�tdt (177)

The normalized moments are

Fn

F0
= 2n/2sn

K1+n/2

�
�2
�

K1 (�2)

� ((n+ 1)/2)

� (1/2)
(178)

and consequently the plume width � is therefore linked to the s parameter by plume width

�2 = s2K2

�
�2
�
K1

�
�2
��1

(179)

and the shape function is reformulated as

Emov fcng = E0;mov fcng exp

"
��2

 s
1 +

K2 (�2)

�2K1 (�2)

�y2

�2
� 1

!#
: (180)

The limits of this function are the Gaussian and exponential distributions, see Fig- limit shapes
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ure 39.

Emov fcng !

8<: E0;mov fcng exp
n
��y2

2�2

o
for �!1

E0;mov fcng exp
n
�

p
2j�yj
�

o
for �! 0

(181)

The shape for � = 1, i.e. equation 140 is typical for our observations and it is very well typical shape
approximated by

Emov fcng � E0;mov fcng
�
1 + 2

j�yj
�

�
exp

�
�2

j�yj
�

�
for � � 1 (182)

In chapter 3 we developed a PDF model on an assumption of identical for all orders of
statistical moments, described by a single shape parameter only. In this chapter the shapes
will be slightly different.
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Figure 39. Profile shape function as a function of relative position �y shown for various
tail parameters� = 0.1, 1, and 10.

Transformation to fixed frame

The fixed-frame probability p(c) is linked to the moving-frame probability p (c j�y ) by

p (c) =

Z 1

�1
p (c j�y ) � p (�y) d�y (183)

where the probability of the centre-line position p (�y) is considered to be a normal
distribution with variance �2y. The fixed- and moving-frame profiles of concentration-
fluctuation statistics are defined by

E�x fcng =
Z 1

0

cnp (c) dc Emov fcng =
Z 1

0

cnp (c j�y )dc (184)

The fixed-frame profiles may are the convolution of the moving-frame profiles and centre-
line probability density distribution. From this we see that the statistical moments in the
two frames of reference are related.

E�x fcng =
R1
0
cn
R1
�1 p (c j�y ) � p (�y)d�ydc

=
R1
�1 p (�y) �

R1
0
cnp (c j�y )dcd�y

=
R1
�1 p (�y) � Emov fcngd�y

(185)

Insertion of equation 180 and numerical integration reveals that fixed-frame profiles are tail behaviour
of a similar shape as moving-frame profiles, with a broader Gaussian core region. The
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tail behaviour is estimated by insertion of the far-end limit of equation 175.

E�x fcng ! E0;mov fcg
1R

�1

1p
2��y

exp
h
� y

2

0

2�2
y

� �mov
y�y0
s2
mov

i
dy0

= E0;mov fcg exp
h
�2mov �

�movjyj
smov

+
�mov�

2

y

s2
mov

i
for y ! �1

(186)

Analytical solutions of the convolution integral are possible for the special cases listed in analytical solutions
equations 181 and 182

E�x fcng !
E0;mov fcgq
1 + �2y

Æ
�2mov

exp

"
�

y2

2
�
�2y + �2mov

�# for �!1 (187)

E�x fcng !
E0;movfcg

2n
exp

�
�
2

y

�2
mov

+
p
2y

�mov

�
erfc

�
�
2

y

�2
mov

+ yp
2�y

�
+exp

�
�
2

y

�2
mov

�
p
2y

�mov

�
erfc

�
�
2

y

�2
mov

� yp
2�y

�o
for �! 0 (188)

E�x fcng �
E0;movfcg

2

n
4
p
2p
�

�y

�mov

exp
�
� y

2

2�2
y

�
for � = 1

+
�
1� 4

�
2

y

�2
mov

� 2 y

�mov

�
exp

�
2
�
2

y
+y�mov

�2
mov

�
erfc

�
2�2

y
+y�movp

2�y�mov

�
+
�
1� 4

�
2

y

�2
mov

+ 2 y

�mov

�
exp

�
2
�
2

y
�y�mov

�2
mov

�
erfc

�
2�2

y
�y�movp

2�y�mov

�o (189)

The fixed-frame profiles have lower centre-line maximum values than the moving-frame centre-line maxima
profiles. The ratio of centre-line values in the two frames of reference depends on the
ratio of the meander variability and moving-frame plume dimension � y=�mov.

E0;�x fcng
E0;mov fcng

(190)

!

8>>>><>>>>:
f1 (x) =

�
1 +

�
2

y

�2
mov

��1/2
for �!1

f1 (x) =
2
p
2�yp

��mov

+
�
1� 4�2

y

�2
mov

�
exp

�
2�2

y

�2
mov

�
erfc

�p
2�y

�mov

�
for � = 1

f0 (x) = exp
�

�
2

y

�2
mov

�
erfc

�
�y

�mov

�
for �! 0

The curves1 are plotted in equation 190 together with two additional cases calculated interpolation scheme
by numerical integration. The curves are observed to run almost in parallel with f 1 (x)
in the middle, and most cases are fairly well approximated by interpolation between the
analytical reference cases.

f (x; �)� f0 (x)

f1 (x)� f0 (x)
�

1

1 + q(x)�
p(x)
mov

x =
�y

�mov

(191)

The local interpolation coefficients are determined by

q (x) =
f1 (x)� f1 (x)

f1 (x)� f0 (x)
(192)

p (x) = �
1

2

[f1 (x)� f0 (x)]
2

[f1 (x) � f1 (x)] � [f1 (x) � f0 (x)]
(193)

Although the typical fixed-frame profile is nearly Gaussian we formally describe it with parameter relations
the same model as the moving-frame profile and expect ��x ! 1. The tail behaviour

1Use of the formula exp
�
x2
�
erfc (x) =

�p
�x
�
�1P1

n=0
(2n� 1)!!

�
�2x2

�
�n prevents numerical

overflow for x� 1.
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Figure 40. Ratio of profile amplitudes in fixed and moving frame as a function of meander
intensity and moving-frame shape parameter.

predicted by equation 186 imply that

E0;�x exp

"
�2�x �

��x jyj
s�x

+
��x�

2
y

s2�x

#

= E0;mov exp

"
�2mov �

�mov jyj
smov

+
�mov�

2
y

s2mov

#

)
�mov

smov

=
��x

s�x
for y ! �1 (194)

We further note that the profile integral must be the same in both systems and equa-
tion 176 leads to the relation

E0;�xs�x��x exp
�
�2�x
�
K1

�
�2�x
�
= E0;movsmov�mov exp

�
�2mov

�
K1

�
�2mov

�
(195)

This leads to an expression for the fixed-frame tail parameter.

�2�x exp
�
�2�x
�
K1

�
�2�x
�
=
�2mov exp

�
�2mov

�
K1

�
�2mov

�
f (�y/�mov; �mov)

(196)

where the amplitude ratio in the denominator is determined by equation 191. With the use
of equations 179 and 194 we derive a relation between the dimensions and tail parameters
in model shapes in the two frames of reference.

�2�x
�2mov

=
�2�xK2

�
�2�x
�

�2movK2 (�2mov)
�
K1

�
�2mov

�
K1 (�

2
�x)

(197)

5.2 PDF models
Tables 10–13 lists the properties of a selection of probability models suitable for concen-
tration fluctuations in surface plumes. Each of these is composed by a finite probability
of zero concentrations and a standard distribution for positive concentrations.

p(c) = (1� ) � Æ (c) +  � p(c jc > 0) (198)

The clipped-Gaussian and Gamma distributions are defined for all positive concentra-
tions, whereas the generalised Pareto and Beta distributions have upper limits. Figure 42
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Table 10. Clipped-Gaussian distribution

PDF p(c) = (1� ) � Æ (c) + 

I0(�;�)
'
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c��
�
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Table 11. Gamma distribution

PDF p(c) = (1� ) Æ (c) + c
b�1

�(b)ab
exp (�c/a)

CPF F (c) = (1� )� P (b; c/a)

Moments E fCg = ab E
�
C2
	
= a2b(1 + b)

E
�
C3
	
= a3b(1 + b)(2 + b) E fCng = an

�(n+b)

�(b)

Calibration b = 2�M3

M3�1
a = 1

1+b

EfC2g
EfCg =EfCg

ab

Restrictions M2 > 1 1 �M3 � 2

Definitions � (b) �
1R
0

e�ttb�1dt P (b; x) � �(b;x)

�(b)
� 1

�(b)

xR
0

e�ttb�1dt

Comments Moment ratios are linked by M4 = 2M3 � 1

Table 12. Pareto distribution

PDF p(c) = (1� ) Æ (c) + /a (1 + bc/a)
�1�1/b

CPF F (c) = (1� )�  (1 + bc/a)
�1/b

Moments E fCg = �a
1�b E

�
C2
	
= �a2�2

(1�b)�(1�2b) E
�
C3
	
= �a3�6

(1�b)�(1�2b)�(1�3b)

E fCng = �a3�n!
(1�b)�(1�2b)�:::�(1�nb) =  a

n

bn

�(1+1/b)�(1+n)

�(1+n+1/b)

Calibration b = 3�2M3

6(1�M3)
a =

�
1
2
� b
� EfC2g

EfCg =1�b
a
E fCg

Restrictions M2 > 1 3/2 �M3 < 2 (classical) 1 �M3 < 3/2 (generalised)

Definitions Classical Pareto distribution (b > 0) has no upper bound.
Generalised Pareto distribution (b < 0), upper bound cmax = �a/b.

Comments Moment ratios are linked by M4 = 2M3/(3�M3)

shows cumulated probability function of each model with variable shape parameters and
the intermittency factor set to  = 1. The clipped-Gaussian and Gamma models fit mid-
range concentration in flexible ways and have similar tails for extreme concentrations.
The generalised Pareto and Beta distributions approach their maxima in a flexible way,
making these distributions more suitable for extreme-value modelling. The Beta distri-
bution has an additional shape parameter, which allow a good fit to both extreme values
and mid-range concentrations. The simplest way to calibrate the probability models, and
simplest comparison with Lidar statistics, is to equate statistical moments evaluated by
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Table 13. Beta distribution

PDF p(c) = (1� ) Æ (c) + 

B(�;�)cmax

�
c

cmax

���1 �
1� c

cmax

���1
CPF F (c) = (1� )� Ic/cmax

(�; �)

Moments E fcg = cmax
�

�+�
E
�
c2
	
= c2max

�(�+1)

(�+�)(�+�+1)

E
�
c3
	
= c3max

�(�+1)(�+2)

(�+�)(�+�+1)(�+�+2)
E fcng = cnmax

�(�+1)�(�+�)

�(�)�(�+�+1)

Calibration � =
4M4�M3(3+M4)

(M3�2M4+M3M4)
� =

2(M3�1)(M4�1)(M3�M4)

(M4�2M3+1)(M3�2M4+M3M4)

 = 1
M2

�+1
�

�+�
�+�+1

cmax =
Efcg


�+�
�

Restrictions M2 > 1 1 �M3 � 2 3M3

4�M3

�M4 � 2M3 � 1

Definitions Ix (�; �) �
Bx(�;�)

B(�;�)
� 1

B(�;�)

xR
0

t��1 (1� t)
��1

dt
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Figure 41. Cumulated probability functions. Model parameters are individual.

observations and moments found by integration of model expressions.

E fcng =
1Z
0

p (�) �nd� (199)

In practice, this method may fail, because the empirical moments sometimes exceed the
flexibility of the models. In tables 10–13, such model limitations are expressed by condi-
tions on dimensionless moment ratios M2, M3 and M4 defined by:

M2 =
E
�
c2
	

E fcgE fcg
M3 =

E
�
c3
	
E fcg

E fc2gE fc2g
M4 =

E
�
c4
	
E fcg

E fc3gE fc2g
(200)

The main findings are: model constraints

� The product of the intermittency and second-order moment ratio must be larger than
unity, M2 > 1.
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Figure 42. Relation between the third- and fourth-order moment ratios shown for different
probability models.

� Model shape parameters -m, b or (�, �) - are determined by the third-order moment
ratio. A plausible assumption that the probability distributions has a longer high-end
tail at the plume edges than near the centreline, is equivalent to the hypothesis that
M3 increases toward the plume edges.

� The third-order moment ratio is confined to 1 � M3 � 2 for the Gamma and
Beta distributions, 1 �M3 < 3/2 for the Clipped-Gaussian and generalised-Pareto
distributions, and 3/2 �M3 � 2 for the classic Pareto distribution.

� Three measures are needed for model calibration except for the Beta distribution,
which needs four measures. The fourth-order moment ratio is closely related to the
third-order one, see figure 42. The Gamma distribution has the simple relationM 4 =

2M3 � 1, which also is an upper bound for the Beta distribution. The relations for
the other distributions lie below this limit, except for the classic Pareto distribution,
which has a long high-end tail.

Figure 43 examines the spatial distribution of moment ratios in observed moving-frame observations
profiles. The observed intermittency factors g are usually close to one unity near the cen-
treline with a slow decrease towards the edges. From a theoretical point of view one might
expect much smaller intermittency factors, since the combination of molecular diffusion
and turbulent mixing creates a cloud of slowly diffusing smoke filaments separated by
volumes of entrained pure air. The Lidar system cannot measure these fine details, so and
the presented intermittency factor  is the probability of gas presence in volumes of the
1-m length scale. Clean-air parcels of this scale are rare at the moving-frame centreline
and their likelihood gradually increases towards the plume edges. The second-order mo-
ment ratio M2 has a U-shaped distribution with a flat minimum on the centreline and a
steep increase near the plume half width �1. The typical centreline value is 1.38 and the
M2 > 1 condition necessary for model calibration is always fulfilled. The third-order
moment ratio M3 tends to follow a U-shaped distribution with a weak positive curva-
ture near the centreline, where the typical value is 1.2. Far from the centreline the M 3

distributions seem unpredictable and probably affected by measurement uncertainty. It
often exceeds the limits of the probability models and, in contrast to expectation, it does
not necessarily increasing with the distance form the centreline. Individual samples of
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Figure 43. Moving-frame profiles of concentration intermittency  (thin line with max-
imum at centreline), and the moment ratios M2 (thin line with minimum at centreline),
M3 (fat grey line), and M4 (fat black line).
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the fourth-order moment ratio M4 have the same general shape and uncertainty as M3

and they are always higher than this. The typical M4 value observed at the centreline is
1.37, which is in good agreement with the M3-M4 moment relations of the models, see
Figure 42. Random samples of M3 and M4 are very scattered especially near the plume
edges.

5.3 Calibration
The procedure is to determine local probability distributions by the profiles of concen-
tration fluctuation moments. Therefore the moment rations discussed above must be
within certain limits. As a starting point, we assume that the centre-line moment ratios�
M0

2 ;M
0
3 ;M

0
4

�
are reasonable. These ratios should have minima at the centreline so we

derive the centre-line limits of their first and second derivatives.
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By insertion of equation 179 we derive an expression for the second shape parameter.

K2

�
�22
�

K1 (�22)
=
�22
�21

2K2

�
�21
�

K1 (�21)
� �22

�
M 00

2

M2

�
0

(202)

The solution is eased by an approximation for the ratio of the modified Bessel functions.

K2

�
�22
�

K1 (�
2
2)
�

�
�22 + 1

�2
�22
�
�22 +

1
2

� ) �22 �
4� �+

p
� (�+ 8)

4 (�� 1)
(203)

Here � is the right-hand side of equation 202. The far-end limits of the third- and fourth-
order moment ratios are

M3 !M0
3 exp

�
�21 + �23 � 2�22

	
� exp

n
��1 j�yjs1

+ 2�2
j�yj
s2

� �3
j�yj
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4 exp
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o
9>>>>=>>>>; for �y !1 (204)

The only way to limit these ratios is to set the argument of the second exponential function
equal to zero.

�
�1

s1
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�2

s2
�
�3

s3
= 0 �

�1

s1
+
�2

s2
+
�3

s3
�
�4

s4
= 0 (205)

From the ratios of equations 205 and 201 we obtain

�3 =
2�2s

�1
2 � �1s

�1
1q

2s�22 � s�21 � (M 00
3 /M3)0

(206)

�4 =
�3s

�1
3 + �2s

�1
2 � �1s

�1
1q

s�23 + s�22 � s�21 � (M 00
4 /M4)0

(207)

Profile dimensions equations follow from equation 205.

s3 =
�3

2�2/s2 � �1/s1
s4 =

�4

�3/s3 + �2/s2 � �1/s1
(208)

where equation 179 is used for all profile orders � 2
n
= s2

n
K2

�
�2
n

�
K1

�
�2
n

��1
. The

procedure determines higher-order profile parameters from � 1; �2; �1 and relative
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Table 14. Moving parameters evaluated by typical moving-frame observation.

Prescribed
moving-frame
parameters

�2/�1 = 0:75 M2;0 = 1:38 (M 00
2 /M2)0 = 0:4

�1 = 1:2 M3;0 = 1:2 (M 00
3 /M3)0 = 0:1

M4;0 = 1:37 (M 00
4 /M4)0 = 0:1

Deduced
moving-frame
parameters

�3/�1 = 0:614 �2 = 1:18 M3;1 = 1:43

�4/�1 = 0:525 �3 = 1:23 M4;1 = 1:68

�4 = 1:29

moment-ratio curvatures at the centreline (M 00
n
/Mn)0. These choices will determine mo-

ment ratios far from the centreline

M1
3 =M0

3 exp
�
�21 + �23 � 2�22

	
M1

4 =M0
4 exp

�
�21 + �24 � �22 � �23

	
(209)

Table 14 lists a set of moving-frame parameters estimated by our observations and moving-frame parameters
deduced by the above equations. The most uncertain among the estimated parameters
is probably �1 and the chosen value reflects a wish to limit the far-end moment ratios
(M1

3 ;M1
4 ) to values, which allow fits of local probability models. The model is sensi-

tive to changes in the a parameters and they are presented with two-digit precision in spite
of the scatter in the observations. The sequence of scale parameters (� 1; �2; �3; �4)

agrees with observation. We also se that the shape parameters (�1; �2; �3; �4) are
nearly identical.

With the use of using equations 196 and 197 we transform fitted moving-frame statisti- fixed-frame parameters
cal moments to fixed-frame moments. Ideally, these deduced fixed-frame moments should
also allow calibration of probability models and the moment ratios shown in Figure 44 are
calculated in order to examine this requirement. The different curves represent variable
meander intensity �y=�y1;mov. According to equations 190 and 196, enhanced meander
intensity will increase the fixed-frame shape parameter �1;�x. The calibration method
will reflect this increase on higher-order fixed-frame shape parameters such that also the
far-end limits of the moment ratio increase with meander intensity - see equation 209.
According to Figure 44 the development toward the far-end limit is rather slow and it
depends on meander intensity. Therefore, in the range of interest, say jyj < 4� 1;�x, the
highest moment ratios are observed for intermediate meander intensity � y/�1;mov � 1.
Away form the centreline, this prevents calibration of some probability models, in par-
ticular the Clipped-Gaussian model, which has a more restricted range 1 � M 3 � 3=2.
The probability model based on the Beta distribution imposes additional restrictions on
combinations of moment ratios, shown as dashed lines in Figure 45. The solid lines cor-
respond to curves in Figure 44 and for some conditions, they are partly outside the area
where it is possible to fit a Beta distribution PDF.

Prescription of profiles of statistical moments in accordance with Lidar observations conclusion
followed and derivation of local PDF models seemed a straightforward idea. In practice
one must be very careful to avoid combinations of moments, which exceeds the flexi-
bility of the generic PDF model. This made the method more difficult than anticipated.
However, using the parameters in table 14 and a simple generic PDF like a Gamma distri-
bution with intermittency factor, the method is operational in moving frame of reference
and in the fixed-frame range of interesting jyj < 4�1;�x.

6 Simulation

This chapter is organised as three sections describing different simulation techniques. The chapter organisation
first section describes construction of Fourier series with specified statistical properties.
The second section describes simulation the local centreline position by the Langevin
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Figure 44. Fixed-frame moment ratios M4 and M4 shown for variable meander intensi-
ties as a function of lateral position. All curves are symmetrical although for the sake of
clarity, they have not all been plotted in their full range.
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Figure 45. Combination of moment ratios compared to the restrictions of the Beta distri-
bution (dashed lines).

equation. The last section describes kinematic simulation of the meandering plume cen-
treline and width.

6.1 Fourier-based methods
The aim of simulation is to produce artificial ’signals’, which might substitute real data
as input to consequence models or simply illustrate the process. Simulation is useful in
a range of engineering applications dealing with stochastic phenomenon like wind loads
on structures, seismic vibrations, material properties or perturbations of the stock market.
For the simulation to be of interest the statistical properties of the ’signals’ should be as
realistic as possible. It is practically impossible to reproduce every statistical property and
it is fair to mention that the following properties are within reach of the chosen technique: scope

� Probability distribution of individual time series.

� Power spectra and cross-spectra of time series pairs.

Reproduction of the specified probability distribution ensures correct signal intermittency
and reproduces the statistical moments of individual series. The specified cross-spectra
ensures correct second-order statistics, i.e. power spectra, autocorrelation function and
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cross correlations. Time lags between processes equivalent to asymmetric correlation
functions and quadrature spectra different from zero are included in the concept, whereas
higher-order spectral statistics are unspecified. A further limitation is that we consider
stationary processes only. Statistics of time derivatives are only correct to second order,
so the simulated series will be symmetric in time.

The target probability distributions and spectra are also the necessary input to the sim- necessary input
ulations. These are sometimes estimated directly from sampled time series, but it should
be remembered that accurate cross-spectral statistics require an ensemble of time se-
ries, since otherwise the coherence will have a significant bias (Kristensen & Kirkegaard
1986). Alternatively we might feed the simulation model with analytical expressions.

The first COFIN approach (Nielsen, Jørgensen & Ott 2001) was based on an itera- various approaches
tive technique similar to that of Yamazaki & Shinozuka (1988). This technique works
for correlated time series and, with certain limitations, also for continuous fields. From a
parallel British research project involving the UK Meteorological Office and the Defence
Evaluation and Research Agency (DERA) we learned that Y-S iteration might not be the
optimal strategy. Jones, Jones, Thomson & Nielsen (2000) compared our iterative tech-
nique with the correlation-distortion method (e.g. Gurley, Tognarelli & Kareem 1997),
and concluded that the latter method had better computational efficiency and produced
signals with better spectral distribution. Furthermore, Gioffrè et al. (2000) extended the
correlation-distortion technique to multiple correlated series, so this is now the preferred
simulation method.

Fourier simulation of Gaussian variables

Simulation of a random process is greatly simplified when the target probability distri-
bution is Gaussian. The Box-Muller algorithm (Press et al. 1992) will generate pseudo-
random uncorrelated standardised Gaussian deviates y j and the linear combinations of
these Karhunen-Loève expansion

xi = E [xi] +

NX
j=1

Lijyj (210)

will model the mean value E [xi] and the target process covariance matrix �x = L � LT

whereLij is a ‘square-root´ decomposition. This is known as Karhunen-Loève expansion
(Johnson 1994)). Another convenient feature is that Fast Fourier Transformation (FFT)
will map Gaussian time series onto Gaussian spectra, and vice versa. This enables us to
simulate coherent processes in frequency domainX i (f) = Lik (f)Yk (f) and transform
these to time domain, xi (t), by inverse FFT(Press et al. 1992). Fourier simulation

xj(t) =

M�1X
k=0

Xk

j

p
�f exp [i � k�ft]; forj = 1 : : :N (211)

Cross-correlation functions are mirrored in time � ij (�) = �ji (��) and therefore the cor- Hermitian symmetry
responding cross spectra have Hermitian symmetry � ij (f) = ��

ij
(f). Imaginary compo-

nents in the cross-spectral matrix vanish when correlation functions are symmetric in time
�ij (�) = �ij (��), i.e. with no time lag between the processes. Without this simplifying
assumption, we must apply complex algebra when decomposing the spectral matrices i.e.
solve �= L �L�, whereL� is the Hermitian conjugate ofL rather than the transposed real
matrix LT sufficient for a real covariance matrix.

A proper covariance matrix is positive definite and the transformation matrix L may Cholesky decomposition
be found by the computationally efficient Cholesky decomposition (Press et al. 1992).
With a slight modification of the standard algorithm allowing for complex calculus, this
algorithm is written as:
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for j=1 to N do
for i=1 to j-1 do Lij(f) = 0

begin
if �jj(f)�

P
j�1
l=1 Ljl(f)L

�
jl
(f) < 0 then

Stop(Warning: The matrix is not positive definite!)
else
begin

Ljj(f) =
q
�jj(f)�

P
j�1
l=1 Ljl(f)L

�
jl
(f)

for i=j+1 to N do

Lij(f) =
�
�ij(f)�

P
j�1
l=1 Lil(f)L

�
jl
(f)
�.

Ljj
end

end

The resulting matrix Lij(f) is a lower triangular matrix with real values on the diago-

nal. Veers (1988) simulated multiple Gaussian processes with prescribed coherence by
Choleski factorisation and Karhunen-Loève expansion of the frequency-dependent spec-
tral matrix followed by inverse Fourier transformation to time domain.

An alternative decomposition applicable for all Hermitian matrices is defined by the N eigenvalue decomposition
solutions to the eigenproblem � �x = �x, which may be solved by Householder’s reduc-
tion to tridiagonal form followed by the implicit QL decomposition. Press et al. (1992)
describes these methods for real symmetric matrices and the EISPACK computer library
provides generalised versions for Hermitian matrices. Having solved the eigenproblem,
the alternative decomposition is given by � =W �� �W� , where the spectral matrix�
is a diagonal matrix consisting of the eigenvalues andW is a matrix with the normalised
eigenvectors arranged in columns. The computational effort and memory requirements
are approximately twice as large as for Cholesky decomposition. For numerical reasons
we sometimes encounter improper covariance matrices, which are not positive definite
and where Cholesky decomposition fails. Geest (1998) suggested a pragmatic correction, Geest’s correction
which recovers positive definiteness. His algorithm takes the following steps:

1. Substitute all negative elements of the spectral matrix by a small positive number,
producing the modified spectral matrix ~�

2. Calculate the guaranteed positive definite matrix � 0 =W � ~� �W�.

3. Calculate ~� = C � �0 �C where C is a diagonal matrix consisting of the correction
factors cii =

p
�ii/�

0
ii

If the corrections of the spectral matrix are small the second step will be a slight modifica-
tion of the original matrix. The purpose of the last step is to recover the original diagonal
elements, i.e. variances of the processes are maintained at the expense of large covariance

corrections. The square matrix A = C �W �
p
~� satisfying ~� = A �A� might be used

for simulation, or, as an alternative, we might Cholesky decompose the corrected matrix
~�= ~L � ~L �.

Non-Gaussian simulation

Several techniques have been proposed for simulation of non-Gaussian processes, see memoryless transformation
review by Gurley et al. (1997). Many of these are based on memoryless transformations,
which map Gaussian processes into non-Gaussian ones x i (t) ! ci (t) . The translation
of a Gaussian time series xi (t), where the index refer to number i of a set of N series, is
the non-decreasing function

ci (t) = gi [xi (t)] = F�1
i;T

[� [xi (t)]] (212)

Here, Fi;T is the target probability distribution of ci (t) and � is the Gaussian probability
distribution �(x) = 1

2

�
1 + erf (x

Æp
2)
�

illustrated in the left-hand frame of Figure 46.
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Figure 46. Match of probability distribution for a non-Gaussian variable.

The transformation 212 is shown the right-hand frame of the figure. The difficulty of this
procedure is that transformation will distort the spectral distribution.

Iterative techniques

Yamazaki & Shinozuka (1988) suggested a method based on repeated Fourier transfor-
mations between time and frequency domain with alternate corrections of probability dis-
tribution and spectrum. The probability corrections is similar to equation 212 and made
for every step and every time series probability correction

~ci;k (t) = F�1
T

fFi [ci;k (t)]g (213)

where k is the iteration number, ci;k (t) is the preliminary time series and ~ci;k (t) is the
corrected one. The preliminary distribution F i may be found by the Quicksort routine
(Press et al. 1992) followed by normalisation. preliminary distribution

Fi [ci;SORT [j]] =
�
j � 1

2

�Æ
N; j = 1 : : : N (214)

The Fourier simulated time series ci;k (t) and the transformed one ~ci;k (t) are Fourier
analysed leading to the power spectra �i;k (f) and ~�i;k (f), respectively. The probability
correction should result in a series with a power spectrum close to the target spectrum spectral correction
~�i;k (f) � �i;T (f), so the next iteration k+1 is initiated by

�i;k+1 (f) =
�i;k (f)

~�i;k (f)
�i;T (f) (215)

Although perfect convergence is not guaranteed, the algorithm will usually approach the
target probability and spectral distributions. Yamazaki & Shinozuka (1988) simulated
a two-dimensional field using 2D Fourier transformations (see Press et al. 1992) and
Popescu, Deodatis & Prevost (1998) generalised the algorithm to multiple correlated N-
dimensional fields. In the latter version the spectral adjustment (1.7) is done for all ele-
ments in the co-spectral matrix and the desired correlation among the simulated fields is
obtained by Choleski decomposition and Karhunen-Loève expansion.

Two iterative methods were considered in the COFIN project. The first method oper- correlated time series
ates on multiple correlated one-dimensional series, similar to Veers’s (1988) algorithm,
but enhanced with the iterative adjustment to non-Gaussian probability distributions of
Yamazaki & Shinozuka (1988). Figure 47 shows a simulation of four series specified by
simple power spectra with typical inertial-subrange slopes � ii (f) / [1+(f T )

5/3
]�1 and

exponential probability distributions of variable intermittency factors. The virtual sensors
are arranged on a line across the plume. The coherence is exponential with decay con-
stants proportional to wave number and distance and no time delays. The algorithm was
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Figure 47. Iterative simulation of multiple correlated time series of variable intermittency

stopped after 32 iterations were the improvements seemed to stop. The results are fairly
realistic although it was difficult to produce the baseline of signal no. 4. A better visual
appearance was achieved after 32 1

2
iterations, i.e. if the simulation was stopped after a

probability correction 212, instead of after a Fourier simulation 211.
The second iterative COFIN method simulated a two-dimensional field. An isotropic 2-D simulation

model for a homogeneous field is defined by the variance � and length constant L.

'2D (k1; k2) =
�2L2

Æ
�

(1 + L2 (k21 + k22))
4/3

(216)

This was chosen on the basis of a three-dimensional isotropic model of the form

'3D (k1; k2; k3) =
a

(1 + L2 (k21 + k22 + k23))
11/6

(217)

where spectral functions of lower dimensions are obtained by successive integration over
the wave-number components.

'2D (k1; k2) =
R
'dk3 =

a
p
��(4/3)

L�(11/6)
1

(1+L2(k21+k22))
8/6

F1 (k1) =
R
'dk2dk3 =

6a�
5L2

1

(1+L2k21)
5/6

�2 =
R
'dk2dk2dk3 =

a�
3/2�(1/3)

L3�(11/6)

(218)

The exponent in the denominator of equation 217 is chosen such that the one-dimensional
power spectrum approaches the well-known power law for high frequencies F 1 (k1) /
k
�5/3
1 . The scaling factor a is fixed by the total variance � 2. The two dimensions are the

cross-plume horizontal direction and the longitudinal direction transformed into time by
Taylor’s frozen-turbulence hypothesis. The idea was that slices of the simulated 2-D field
might be interpreted as time series of instantaneous profiles similar to Lidar observations.
The concentration fluctuations depend on the position within the plume. In order to pro-
ceed we made the bold assumption that the spectral distribution of plume concentration
fluctuations was independent of spatial position. We further postulated a probability dis-
tribution model, which depends on the lateral position in the plume, based on gamma
distribution type with intermittency in accordance with observed moving-frame profiles
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of statistical moments. The simulation was similar to the method of Yamazaki & Shi-
nozuka (1988) except that the probability correction 213 was made dependent on spatial
position. This spatial dependency also involved the Quicksort evaluation of the prelimi-
nary distribution 214. Figure 48 shows a moving-frame simulation over 128�512 nodes.
In order to avoid negative concentrations the simulation was stopped after a probability
correction. Also shown on the figure are two slices for a fixed time and fixed position,
respectively, which both seem realistic. Similar fixed-frame simulations are possible after
an initial simulation of the centre-line position, see section 6.2 followed by probability
corrections dependent on distance to the time-varying centre-line position.

From a theoretical viewpoint these method have deficiencies, since the spectral distor- theoretical deficiency
tion by transformation from Gaussian to realistic probability distributions 213 vary with
plume position whereas the spectral corrections are universal.
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Figure 48. Simulation of 2-D field of concentration fluctuations

Correlation-distortion techniques

The correlation-distortion technique does not need iteration. The basic idea is to model
the distortion by the transformation to non-Gaussian processes and adjust the spectral
properties of the Gaussian variables such that the target non-Gaussian spectrum is ob-
tained. Gioffrè et al. (2000) showed that cross-correlation functions of Gaussian and
non-Gaussian processes �XiXj

(�) and �CiCj (�) respectively, are related to each other
by a double integral involving the two translation functions g i [xi (t)] and gj [xj (t)]. correlation distortion

�Ck�Cl�kl =

1Z
�1

1Z
�1

[gk fxkg � �k] [gl fxlg � �l]'2D (xk; xl j�kl ) dxkdxl (219)

where �k = E [ck] is the mean of the non-Gaussian process and '2D is the joint Gaussian
distribution defined by

'2D (xk; xl j�kl ) =
1

2�
p
1� �2

kl

exp

�
�
x2
k
+ x2

l
� 2�klxkxl

2 (1� �2
kl
)

�
(220)

The standard Gaussian distribution is the marginal distribution of both variables and � ij
is the correlation coefficient. The general procedure is to evaluate the double integral
219 numerically with suitable accuracy for the entire range of Gaussian correlation val-
ues �ij 2 [�1;+1]. When this is done we search the result table for Gaussian correla-
tions �ij (�) matching a specified target correlation �ij (�). Knowing the cross-correlation
functions of the Gaussian variables Gioffrè et al. (2000) obtained cross-spectra of the
Gaussian processes �ij (f) by fast Fourier transformation, simulated correlated Gaus-
sian times series as above, and finally translated these into non-Gaussian time series by
ci (t) = gi [xi (t)].

Figure 49 illustrates a typical relation between the two types of correlation functions.
The relation is an increasing function which passes the (�; �) = (0; 0). The upper limit

88 Risø–R–1329(EN)



will reach the limit of perfect correlation �max = 1 only if the two translation functions
are equal gi [x] = gj [x]. For the lower limit to reach the case of perfect anti-correlation limited range
�min = �1 the translation functions must both be equal and symmetrical around the
mean value, gi f�xig � �i = � (gj fxjg � �j). Concentration time series are usually
skew, and in our application the deviation of the lower limit will deviate more from perfect
anti-correlation than the deviation from the upper limit. The main point is that the possible
range of correlation values of the simulated processes [�min; �max] is restricted when their
probability distributions differ. This restriction must not be violated for any signal pair at
any time delay �ij (�). Furthermore Gioffrè et al. (2000) warn that the target Gaussian
correlation matrix must be non-negative definite for all time delays � ij (�) – otherwise it correlation matrix must

remain positive definiteis not a proper correlation matrix and Cholesky decomposition will fail!
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Figure 49. Sketch of relationship between correlation functions of Gaussian and trans-
formed variables.

Fast approximation for the correlation function transformation

Direct numerical evaluation of the double integral in Equation 219 is computational ex-
pensive and unfortunately it is needed for all possible signal pairs and many different time
lags. At the special cases of perfect correlation � = 1 or perfect anti-correlation � = �1
the calculation do however simplify to a one-dimensional integral. perfect correlation

�Ck�Cl�kl =

1Z
�1

[gk fxg � �k] [gl f�xg � �l]� (x) dx; for � = �1 (221)

Another simple case is that of zero correlation � = 0, where we may separate the integra-
tion into two one-dimensional integrals. zero correlation

�Ck�Cl�kl =

1Z
�1

[gk fxg � �k]� (x) dx

1Z
�1

[gl fxg � �l]� (x) dx; for � = 0 (222)

By differentiation of the basic definition of � (equation 219) with respect to �, we de-
rive a generalised version of equation 222 describing the derivatives of the correlation
transformation at � = 0.

�Ck�Cl
d
n
�kl

d�n
kl

!
1R

�1
[gk fxg � �k]Hen (x)� (x) dx

�
1R

�1
[gl fxg � �l]Hen (x)� (x) dx; for �! 0

(223)
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From the derivatives we derive a Taylor expansion Taylor expansion

�k�l�kl �
NX
n=1

aknaln

n!
�n
kl

(224)

with

akn =

1Z
�1

[gk fxg � �k]Hen (x) � (x) dx

The limit values are predicted by insertion of � = �1

�k�l�
min
kl

�
NX
n=1

(�1)n
aknaln

n!
and �k�l�

max
kl

�
NX
n=1

aknaln

n!
(225)

and comparison with the direct calculation 221 may serve as a check of the Taylor expan-
sion.

In a test based on empirical probability distributions detected by four fast responding test
UVIC sensors in the FLADIS dispersion experiment (Nielsen et al. 1997) a maximum
relative error of 0.3% was obtained. This is also an estimate of the maximum error in
the full range � 2 [�1;+1], since the Taylor series convergence is faster for numerically
small values. This result was not obviously, since the translation functions g i [xi] for in-
termittent processes are only zero-order continuous see Figure 46, and difficult to model
by series of Hermite polynomials. For some reason, probably lack of numerical preci-
sion, we sometimes find that the correlation matrix of the Gaussian processes becomes
negative definite for certain time lags or, equivalently, that the cross-spectral matrix be-
comes negative definite for certain frequencies. The above-mentioned correction of Geest
(1998) based on eigensystem decomposition is a pragmatic solution to this problem, but
obviously, the corrections ought to be as small as possible.

The following algorithm summarises the correlation-distortion method: algorithm

� The probability model is either prescribed or estimated by data. In the latter case we

– Estimate probability distributions Fi by Quicksort of the observations.

– Divide observed series into several realisations, Fourier transform these, and
estimate average cross-spectral relations �c

ij
(f).

– The length of each realisation is a compromise between the need to minimise
the positive bias of co-spectral estimates based on few realisations (Kristensen
& Kirkegaard 1986)) and need for simulation of reasonably long series..

� Find non-Gaussian covariance functions � ij (�) by inverse Fourier transformation.

� Establish the mapping functions gi [xi] = F�1
i

[� [xi]]�

� Derive approximate relations between Gaussian and non-Gaussian covariance func-

tions �k�l�kl (�) �
NP
n=1

aknaln

n!
�n
kl
(�) using numerical evaluations of the integrals

akn =
R
[gk fxg � �k]Hen (x) � (x) dx

� Derive Gaussian covariance functions �kl (�) from these relations.

� Find cross-spectral relations for the Gaussian processes �x
kl
(f).

� Decompose cross-spectral matrices for all frequencies by the eigensystem method
and correct negative definite matrices if necessary.

� For each frequency, simulate pseudo-random Gaussian variables X j by the Box-
Muller method and find correlated Gaussian components byC i (f) =Mij (f)Xj (f).

� Find non-Gaussian series by inverse Fourier transformation.
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Figure 50 shows time series measured on a mast 235m from a near-surface heavy-gas example
source. The sample frequency was 20 Hz and the selected period lasted 13 minutes and
40 seconds. The plume was sweeping from side to side and only hit the mast in part of the
time. The high-frequency signal component caused by in-plume fluctuations seems most
intense at the top of the mast. Figure 51 shows three sets of simulated time series imitat-
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Figure 50. FLADIS measurements by UVIC sensors.
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Figure 51. Simulated time series imitating FLADIS measurements.

ing the measurements. The length of the series were set to 4096 records equal to 3 minutes
and 24 seconds. Some corrections were made to off-diagonal cross-spectral component
of the auxiliary Gaussian processes. Figure 52 shows co- and quadrature spectra-based on
measurements at the 2m and 4m levels transformed to Gaussian prob-ability distribution.
Areas under the curves are proportional to the integral co-variance, since the curves are
multiplied by frequency and the first axis is logarithmic. The corrections needed to make
spectral matrices positive definite are shown in the plot on the top - note the different
scale. Fortunately, these corrections seem relatively modest and unbiased. The correction
does not include power spectra.
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Figure 52. Co- and quadrature spectrum based on measurements at the 2m and 4m levels
transformed to Gaussian probability distribution and corrections needed to make the 4�4
spectral matrices positive definite.

6.2 Plume meander
The data analysis suggested that plume position at a fixed downwind distance y c is rea-
sonably well described by the Langevin process:

Æyc (t)

Æt
= �

yc (t)

T
+ a (t) (226)

Here, T is a time scale, the acceleration a (t) is a memory-less Gaussian process with vari-
ance ha (t0) a (t)i = Æ (t0 � t) � 2�2y

Æ
T 2, and the probability distribution of the plume-

position is Gaussian with zero mean and the standard deviation �y. According to the
model a future plume position yc [t0 +�t] given the initial position yc [t0] becomes
Gaussian with the probability distribution

p (yc [t0 +�t] jyc [t0] ) 2 N
�
�yc [t0] ;

�
1� �2

�
�2
y

�
(227)

with

� = exp (��t/T )

This is of direct use when simulating discrete series with a finite time step �t. Figure 53
shows examples of this method for variable time-step length.

6.3 Kinematic simulation
The aim of this section is to simulate the meandering plume, not just a single downwind
position but simultaneously for all distances. In this context we will model the plume as
a chain of Gaussian puffs following a perturbed flow field and gas plume is estimated by
superposition of individual puffs. This concept is similar to the puff-particle model (PPM)
of de Hann & Rotach (1998) who applied Kalman-filtered random-walk puff movements.
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Figure 53. Simulated time series of lateral plume position.

The use of a coherent flow field will however provide a better model of the instantaneous
plume centreline.

Flow simulation

Mann (1998) modelled three-dimensional turbulence fields stretched by a sheared mean
wind speed. The present application is much simpler but the starting-point is also the
isotropic von Karman three-dimensional spectral tensor defined by

�ij (k) =
E(k)

4�k4

�
Æijk

2 � kikj
�

=
E(k)

4�k4

24 k22 + k23 �k1k2 �k1k3
�k1k2 k21 + k23 �k2k3
�k1k3 �k2k3 k21 + k22

35
(228)

Here k = (k1; k2; k3) is a 3D wave-number vector, which length is written k 2 = k21 +

k22 + k23 and E (k) is an energy spectrum of the von Karman type.

E (k) = �"2/3L5/3 L4k4

(1 + L2k2)
17/6

(229)

First we derive a 2D velocity tensor by integration of the third wave-number component: 2D velocity tensor

�2D
ij
(k1; k2) =

1R
�1

�ij(k)dk3 =
�"

2/3
L
5/3�(4/3)

p
��(17/6)(1+L2(k21+k22))

7/3

�
�
1/8

�
1 + L2

�
k21 + 11/3k22

��
�k1k2/3

�k1k2/3 1/8
�
1 + L2

�
11/3k21 + k22

�� � (230)

This matrix is factorized by Choleski decomposition.

L2D (k1; k2) =

24
p
�2D
11 (k1; k2) 0

�2D

21
(k1;k2)p

�2D

11
(k1;k2)

r
�2D
22 (k1; k2)�

[�2D

21
(k1;k2)]

2

�2D

11
(k1;k2)

35 (231)

At each point in 2D wave-number space the Fourier transforms of the two-component
wind fields are simulated by Gaussian variables � (k1; k2) with unit variance and zero
mean.�

U (k1; k2)

V (k1; k2)

�
=

�
L2D
11 (k1; k2) 0

L2D
21 (k1; k2) L2D

22 (k1; k2)

� �
�1 (k1; k2)

�2 (k1; k2)

�
(232)
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These fields are translated into turbulence fields by inverse 2D Fourier transformation.
The turbulent eddies are supposed to follow the mean wind so we also make a coordinate velocity field
transformation.

u0(x� �ut; y) =
p
�k1�k2

M�1P
m=0

P�1P
p=0

U(m�k1; p�k2) exp [i � (m�k1x+ p�k2y)]

v0(x� �ut; y) =
p
�k1�k2

M�1P
m=0

P�1P
p=0

V (m�k1; p�k2) exp [i � (m�k1x+ p�k2y)]

(233)

In many applications, such as wind loads on structures, it is appropriate to convert the
along-wind dimension into time by applying Taylor’s frozen-turbulence hypothesis. This
is insufficient in the case of plume meandering where spatial and temporal correlation is
of equal importance. Instead we model the temporal correlation of each spectral compo-
nent by

d� (k1; k2)

dt
= �

� (k1; k2)

T
+ " (234)

Where the eddy lifetime T is proportional to jkj�2=3, making small eddies changes more eddy lifetime
rapid than the large ones, and the variance of " is adjusted to obtain unit variance of the
input for the Fourier simulation �.

Spatial statistics for puff-particle modelling

The gas distribution is measured by spatial moments defined by

E fY ng =
Z +1

�1
ync(y)dy (235)

or, alternatively, by central moments defined by the distribution around a mean value
� = E fY g. The relation between these measures is calculated by the binomial formula.

E f(Y � �)
ng =

R +1
�1 (y � �)

n
c(y)dy

=
nP

k=0

(�1)k �
�
n

k

�
� E
�
Y n�k

	
� �k

(236)

The one-dimensional Gaussian distribution is defined by

c(y) =
1

p
2��

exp

"
�
(y � �)

2

2�2

#
(237)

Here � is the puff centre and � is the puff dimension. Central moments of the Gaussian central and absolute
momentsdistribution are calculated by insertion of 237 into 236.

E f(Y � �)
ng =

�
0 for odd n

n!!�n for even n
for Y 2 N(�; �) (238)

The absolute moments are derived by the binomial formula.

E fY ng =
nX

k=0;2;4:::

�
n

k

�
� (k � 1)!!�n�k�k for Y 2 N(�; �) (239)

Only the even k numbers contributes to this sum and the binomial coefficient and double
factorial are defined by�

n

k

�
=

n!

k!(n� k)!
and k!! =

�
1 fork = �1; 0

k(k � 2)(k � 4)::: fork > 0
(240)

Absolute spatial moments of the combined field are equal to sums of the moments of
individual puffs calculated by equation 239. When these sums are known, the central
moments of the combined field are found by equation 236. Finally the combined field is
characterised by its spreading, skewness, and kurtosis defined by

� = E
h
(X � �)

2
i 1
2

;S = E
h
(X � �)

3
i
��3andK = E

h
(X � �)

4
i
��4 (241)

The skewness and kurtosis of a Gaussian distribution are 0 and 3, respectively, and it may
be shown that K � S2 + 1 for any distribution.
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Figure 54. Definition sketch for moment calculation around a gas trace.

Moments of a gas trace

A continuous gas emission with release rate _q is approximated by a series of discrete
puffs released with short time intervals �t. As an approximation we assume that these
puffs move with the simulated velocity at their centre points (x0; y0) and spread with a
steady growth rate _�. At the point (x0; y0) each puff contributes with the concentration
�c, see sketch in Figure 54.

�c =
_q�t

2��2
exp

(
�
(x� x0)

2
+ (y � y0)

2

2�2

)
(242)

We are mainly interested in cross-plume statistics, and the spatial moments of the Gaus-
sian puffs are determined by the mean and spreading.

�Mn =
+1R
�1

yn�cdy

= _q�tp
2��

exp
n
� (x�x0)2

2�2

o nP
k=0;2;:::

�
n

k

�
(k � 1)!!yn�k0 �k

(243)

The moments of the concentration field are the sums of contributions from all puffs,
although in practice one may ignore puffs, which are more than four puff diameters up-
stream or downstream of the line of observation x� x0 > 4�. The finite number of puffs
will influence the accuracy of these moments, and it is probably better to consider the
diffusing field around a continuous gas trace. Ideally we should consider a smooth inter-
polation, e.g. a cubic-spline interpolation through the particles released at discrete times,
see Figure 54. It is however difficult to evaluate the integral of curves general shapes, and
instead we use a linear approximation of length �s centred around (x 0; y0) and suffi-
ciently short to assume � constant. The contribution to the concentration at point (x; y)
found to be

�c = _q�t
2��2

�s/2R
��s/2

exp

�
� (x�x0�x0s)

2

+(y�y0�y0s)
2

2�2

�
ds

= _q�tp
8��

1p
�x2+�y2

exp
n
� [�x(y�y0)��y(x�x0)]2

[�x2+�y2]2�2

o
�
�
erf

�
�x(x�x0��x

2 )+�y(y�y0�
�y
2 )p

2
p

�x2+�y2�

�
� erf

�
�x(x�x0+�x

2 )+�y(y�y0+
�y
2 )p

2
p

�x2+�y2�

��
(244)

The error function erf (x) makes this expression awkward to integrate, but its third order
Taylor expansion in �x=� and �y=� has a relatively simple form:

�c �= _q�tp
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o
�
�
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which apart from the last term, is equal to the discrete-puff expression. The spatial mo-
ments are evaluated to

�Mn
�= _q�tp
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with

�0 = 1� �x2+�y2
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� [(x�x0)�x�y0�y]2
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(x�x0)�x�y

12�4
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24�4

This approach the moments of a discrete puff when the piece of plume becomes short
compared to the plume width.

Cubic-spline interpolation

The reference points on the gas trace are fluid particles released with the time intervals
Dt. Smooth interpolation through the reference points is obtained by parametric cubic
spline (see Press et al. 1992), through their x and y coordinates. The choice of a para-
metric expression, rather than y = f(x), allows modelling of occasionally convoluted
trace which may occur far from the source in a turbulent velocity field. The cubic-spline
method also provides derivative of the centreline position needed to estimate the integra-
tion step �x = x0�t and �y = y0�t. When the local step length is too long compared to
the local plume dimension s, the integration path is subdivided into smaller pieces. Trace
splitting The general idea is to split the dispersion process into Gaussian puffs, which are
advected randomly by large eddies while they grow linearly by small-scale diffusion. The
puff dimension should be limited in order to maintain spatial model resolution. Splitting
large puffs into three smaller ones does this. Assume that the original distribution has the
weight q1 and dimension �1. Symmetry will preserves all odd-order central moments,
so the new distributions are given the dimension �2, the weights [pq1; (1� 2p) q1; pq1]

and evenly separated by ��. The compound distribution ought to preserve as many spa-
tial moments as possible. The conservation equations for the second and fourth central
moments lead to the results
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The first mismatched moments is of sixth order where relative error becomes
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The optimum choice is a compromise between reduction of this error and calculation
efficiency, which is improved by a limited number of trace trifurcations provided by a
high split dimension ratio.

The following algorithm simulates the meandering gas plume: algorithm

1. Simulate a sequence of two-dimensional velocity vector fields

2. Release puffs one by one from the source

3. Use a fourth order Runge-Kutta scheme to update the puff position. The puff moves
with the velocity at their centre, estimated by interpolation in the simulated flow
field.

4. The puffs expand with a linear growth rate, until they reach a predefined size after
which they split into three smaller puffs. The position and weight of the descendant
puffs are designed to preserve the spatial moments as far as possible.
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5. The puffs are used to calculate cross- plume moments of the gas distribution, which
is used to check centre-line position, plume width, exponential tails and time-correlation
of these. Calculating the integrals we interpolate in the chains of puffs regarding
the plume as traces of gas. The weigh of each trace is reduced when the flow field
stretches it. The number of gas traces depends on the puff trifurcation strategy.

Figure 55. Snapshot of a plume-meander simulation.

Figure 55 shows a snapshot of a plume-meander simulation. The solid black line in- example
dicates instantaneous cross-plume profiles and centreline position, and the grey circles
indicate puff width and position. Interpreting the plot it should be remembered that the
puff-weighting factors are individual. In a continuous simulation the plume will sweep
from side to side, and the sideways excursions grows as they are carried in the downwind
direction. Far from the source these loops sometimes convolute or get torn apart. When
this happens, the instantaneous cross-plume profile looks distinctly non-Gaussian for a
while and the centre-line position often makes a sudden shift. It is also noted that the
local plume width is variable also when it does not break. These phenomena explain the
exponential tails of the moving-frame profiles.

The kinematic simulation resolves fluctuations down to the puff dimension. High reso-
lution requires many puffs which is computationally expensive, and therefore the method
is not directly applicable for simulation of concentration fluctuations. Still, if we assume
that the in-plume fluctuations are random it may predict the centre-line position, plume
width and average profile. Running a simulation with puffs growing from 4 to 6 m be-
tween each split point, to a moving-frame plume dimension of 12 m at the downwind
distance of 400 m, we find that the instantaneous plume width has a log-normal distri-
bution with b� = 0:27 and that the moving-frame average profile is non-gaussian with a
tail-parameter of � = 2:4. Although these results are sensitive to model parameters and
probably lack precision, we note that they are in qualitative agreement with Lidar obser-
vations. Ìt should be mentioned that the kinematic simulation suggests that b� = 0:27

and � = 2:4 develop in the downstream direction, which is in conflict with our assump-
tion of self-similarity. However, this is probably an artefact induced by the changing ratio
between kernel puff and composite plume dimensions.

An interesting feature with kinematic simulation is its ability to handle multiple or
time-varying sources.

7 COFINBOX

The objective of the COFIN project is to develop models for concentration fluctuations in objective
hazardous gas releases. Although the project generally defines models as theories and sta-
tistical results, it was decided to develop a computer program, which could demonstrate
the use in practical risk assessment. This computer program, COFINBOX, is the topic of
the present chapter. It is available via the project homepage.
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Overview of model calculations

The calculations are divided into the following steps:

1. Estimates of source conditions.

2. Box model calculations.

3. Prediction of smooth profiles of statistical moments of concentration fluctuations.

4. Prediction of local probability distributions.

5. Prediction of the spectral distribution of concentration fluctuations.

6. Simulation of plume meander.

7. Time series simulation.

The initial conditions for the dispersion calculation are estimated by exchangeable source
models for a flash-boiling jet, momentum-less plume, or evaporating pool (Step 1). The
dispersion model is a heavy-gas box model with smooth transition to a Gaussian plume
(Step 2). This model type is still popular in practical risk assessment, and its simplicity
allows us to implement models for dispersion and fluctuations in a unified program. Raw
box-model output have little detail and many box models in the public domain present
the concentration fields as a smooth spatial distribution superimposed on the intrinsic top-
hat profiles. COFINBOX adopts a similar approach, also for the higher order statistical
moments of the fluctuating field (Step 3). During our data analysis we generally prefer
to study these profiles in a moving frame of reference following the instantaneous plume
centreline, since the disturbance introduced by random wind directions is less significant
when data are analysed in this way. Estimates of fixed-frame statistics are derived from
moving-frame statistics using a Gaussian model for the centreline position. When statis-
tical moments of various orders obey certain relations, they can be used to derive local
probability distributions (Step 4). The spectral distribution of the fluctuations is parame-
terised by meteorological conditions (Step 5). The centreline position is simulated by a
Langevin model. (Step 6). Finally we simulate time series of concentration fluctuations
by a FFT based technique (Step 7). Similar calculations of the average field are standard
in traditional risk assessment (Steps 1, 2 and part of 3). The higher-order statistics de-
scribed by moments, probability distributions and spectral distributions are novel model
extensions (Steps 3-5) by which we can add series simulation (Steps 6-7).

7.1 Overview of model components
This section gives an informal description of model components and their interaction. The
intention is to provide other developers of gas-dispersion box models with an understand-
ing of the COFINBOX data structure. Readers who are more interested the theoretical
basis than the structure of the model may go directly to section 7.2.

Figure 56 illustrates the interaction between the model components. The left-hand side structure
of the diagram illustrates how the box-type dispersion model is initiated by a source-term
models. The source and dispersion models interacts with objects containing meteoro-
logical and thermodynamic relations. The box model updates the main parameters by
ordinary differential equations and the auxiliary parameters may be derived from main
parameters at any time. The differential equations are solved with adaptive time steps
whereas the stored results are interpolated with equidistant time steps. Smooth spatial
profiles of concentration fluctuations moments are superimposed on the model output.
The model is linked with simulation tools for plume meander and concentration fluctu-
ations. The simulation method is the 2-D version of the iterative technique described in
section 6.1.

Here is the list of model components:
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TMeteo Tprop

TSource TMixture

TTerrain

TAux

Tparam TInterpol

TGroundProf TBoxModelCentreline

TFluctuationSim

TGroundBox

TTrace

TPuff

TWfield

TMeteo

Figure 56. Structure of the COFINBOX model.

Tmeteo: This object describes meteorological conditions , such as temperature, wind meteorology
speed, wind direction, Monin-Obukhov length, surface pres-sure, relative humidity,
reference height, surface roughness, and inversion height. This object includes vari-
ous look-up functions based on Monin-Obukhov scaling.

Tmetdata: This object contains a database of meteorological conditions in various ref-
erence cases stored in the file metcases.txt. These conditions are applied in the ini-
tialization of TMeteo.

Tprop: This object describes chemical substance by their molecular weight, heat ca- substance properties
pacity in gas and liquid phase, liquid phase density, boiling point temperature at
a reference pressure and the latent heat at the reference boiling conditions. Various
functions related to the saturated vapour pressure and adiabatic expansion and the la-
tent heat as a function of temperature are available. The heat capacities are assumed
constant for simplicity.

Tpropdata: This object is a database of substance properties applied for initialization
of Tprop. It includes common chemicals like propane and ammonia. The ambient
atmosphere is considered a mixture of water vapour and dry air characterized by the
relative humidity in Tmeteo. The input is stored in the file physdat.txt.

Tmixture: This object describes a three-component cloud mixture consisting of air, hu-
midity and contaminant with possible liquid aerosols. The aerosols are assumed to
be in homogeneous equilibrium with the surrounding gas phase and the degrees of
condensation and mixture density are calculated as a function of concentration and
specific enthalpy. The complexity of the equilibrium model is optional.

Tsource: This object is a generic source model providing initial conditions for the box source models
model in the Tparam format.

TplumeSource: This object is a special version of Tsource in which the release rate and
initial dilution are specified directly. The momentum is equal to that of the entrained
air and the plume geometry is described by a height-to-width aspect ratio.
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TjetSource: This object is a special version of Tsource describing a two-phase jet. The
input parameters are the chemical properties (Tprop), nozzle diameter and orienta-
tion, exit pressure and exit temperature.

TpoolSource: This object (not yet implemented) is planned as a special version of Tsource
describing an evaporating pool of liquid material. The input parameters are the
chemical properties (Tprop), Scmidth number, pool dimensions and heat input.

Tparam: This object contains the main parameters of the box model, de-fined as mass, main parameters
enthalpy deficit, horizontal box dimension, time, position and momentum vector.
Box models for continuous gas releases (the only ones implemented here) operates
with fluxes of mass, enthalpy and momentum.

Tinterpol: This object performs a Bezier-type interpolation between two sets of box
model parameters (Tparam) and their derivatives, both available within TBox.

Taux: This object contains the auxiliary box-model parameters derived from Tparam. derived parameters
The list includes concentration, temperature, density, vertical box dimension, heat
input from convection, front velocity, entrainment velocity, the velocity vector, and
the drag from surface friction.

Tterrain: This object (not yet implemented) will contains a map of the surface topogra- topography
phy from which it will provide the local slope as a normal vector.

Tbox: This object contains a generic box model based on fourth order Runge-Kutta in- box models
tegration of the main parameters stored as a linked list of Tparam objects (Press
et al. 1992). The adaptive step-size control optimises the calculation speed without
compromising integration accuracy. The object has access to meteorological condi-
tions (Tmeteo) and a mixture model (Tmixture). Integration rely on the time deriva-
tives of the main parameters (Tparam) and the present auxiliary parameters (Taux).
These methods are implemented by the descendants of the generic model.

TgroundBox: This object is an implementation of TBox describing a heavy-gas plume/jet
with ground contact. The mass increases by entrainment through the top and the side.
The excess plume density drives the horizontal spreading. Top entrainment is pre-
dicted by either of a range of sub-models and inclusion of front entrainment and jet
entrainment is optional. The plume advection is deduces from a momentum balance,
which includes momentum of entrained air, surface friction (Taux), and the gravity
component along a sloping surface (Tterrain).

TgroundProf: This object prescribes moving-frame cross-plume profiles of statistical cross-plume profiles
moments of concentration fluctuations compatible with the probability density func-
tion defined in TFluctuationSim. The horizontal variation is Gaussian with exponen-
tial tails with the possibility of core region with constant fluctuation statistics. This
core region is used only for very shallow plumes. The vertical variation is of the type
with the exponent p depending on a power-law fit to the wind profile. The Tground-
Prof object is initialised by the meteorological conditions (TMeteo) and local plume
parameters (TParam and TAux). It includes a lookup function for local statistical
moments of fluctuations and interpolation routines for contour plotting.

TboxModelCentreline: This object inherits the properties of Tcentreline (described be-
low) and includes a list of main parameters (Tparam) interpolated in the box-model
(TgroundBox) output at equidistant downwind positions (using Tinterpol).

TfluctuationSim: This object provides an FFT-based simulation of concentration fluc-
tuations in two dimensions, i.e. time and cross-plume position. In each iteration step
the simulated concentrations are matched to a local probability distribution depend-
ing on moving-frame cross-plume position. Fixed-frame predictions are made by a
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transformation to moving frame using the time history of centre-line positions sim-
ulated by may also be done in The PDF form is currently a Gamma distribution with
intermittency and the parameters are initiated by the statistical moments (Tground-
prof) superimposed on box model (TgroundBox) output. The spatial spectrum is a
2-D version of a von Karman spectrum with one length constant only. Plume mean-
der is described by the standard deviation of the centreline position.

Finally, not listed here, the user interface administrates the model options and displays
the results of calculations and simulations.

The right-hand part of the figure 56 illustrates simulation of the plume meander by kinematic simulation
the method described in section 6.3. In the present version it is simulated by the simpler
and faster Langevin-equation method 6.2 now added as a part of TboxModelCentreline.
The kinematic meander-simulation is still available. Here, the field of turbulent wind
speed perturbations is calculated at each time step and this is used to update a trace of
puff, which in turn is used to calculate the centreline position at downwind distances of
equidistant spacing. The model components are:

Twfield: This object simulates two-dimensional horizontal wind perturbation field by a
FFT technique. The spectrum develops in a random-walk fashion with wave-number
dependent memory making the lifetime of large eddies longer than that of small
eddies.

Tpuff: This object describes a growing Gaussian puff advected by the stochastic wind
perturbations (Twfield). This is done with second-order accuracy using a midpoint
integration method.

Ttrace: This object contains a chain of Gaussian puffs (Tpuff). At each step in the time
integration, a new puff is inserted at the source whereas puffs blown downstream
of the simulation domain are deleted from the chain. As an option the chain may
split into three new chains of smaller puffs when the dimension of the mother puff
exceeds a threshold limit. The smaller puffs of the new chains match the first four
spatial moments of the mother puff. The object provides estimates of trace curvature
and stretching.

Tcentreline: This object calculates instantaneous spatial moments of the gas distribu-
tion. The integration is based on cubic-spline type interpolation between the Tpuff
objects registered in a Ttrace object and its possible sub-traces. The integration
weight when is reduced where the wind field stretches the interpolation curve.

TcentrelineStats: This object contains time-integrated statistics of plume position, width,
etc as simulated by Tcentreline.

The elaborate plume meander simulation was substituted the Langevin-type method,
which rapidly produces almost similar simulations for a specified downwind position.
An advantage of the kinematic simulation is however that the plume is simulated simul-
taneously all positions and we may introduce more than one source in the same wind
field.

7.2 Theoretical basis
This section introduces the parts of COFINBOX, which are not related to stochastic mod-
elling. It deals with the

Meteorological conditions

The velocity and temperature profiles are described by surface-layer scaling

u (z) = u�
�
[ln z/z0 �  m (z/L)]

T (z)� T0 = ��
�
[ln z/z0 �  h (z/L)]

(249)

Risø–R–1329(EN) 101



where � = 0:4 is the von Karman constant, z0 is the aerodynamic surface roughness,T0 is
the surface temperature, and the scaling parameters u� and �� are derived from turbulent
fluxes of heat and momentum

u2� = �u0w0 and u��� = w0�0 (250)

The turbulent fluxes define the Monin-Obukhov length scale

L =
u3��0

�gw0�0
�

�u3�
�gTw0�0

(251)

The first part of the expression is the fundamental definition based on the buoyancy flux;
the approximation is valid in conditions where temperature perturbations are the only
significant contribution to the buoyancy flux. An important use of the Monin-Obukhov
length L is in empirical description of the vertical velocity and temperature profiles, (.e.g.
Panofsky & Dutton 1984).
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These non-dimensional gradients correspond to the following correction to the vertical
velocity and temperature profiles.
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Sometimes it is useful to approximate the vertical velocity profile by a power-law approx-
imation

u (z) � u1 (z/z1)
m with m =

'm (z1/L)

ln (z1/z0)�  m (z1/L)
(254)

where the exponent ensures that the velocity gradient of the approximation matches that
of the advanced theory at the reference height z 1.

Thermodynamics of cloud mixtures

Chemical substances are described by their molecular weightM [kg/mole], heat capacity Substance properties
in gas and liquid phase cp, cl [J/(kgK)] (constant here), liquid- phase density � l [kg/m-3]
(constant here), boiling point temperature T0 [K] at the reference pressure (p0 = 106 Pa),
and the latent heat L0 [J/kg] at the reference boiling conditions (p0 ,T0). The latent-heat
temperature dependence is modelled by

L (T ) �= L0 +
M�cp (T � T0)

R
with �cp = cp � cl (255)

where R is the universal gas constant. The equilibrium vapour pressure is described by
Clapeyron’s equation:

dpsat

dT
�=
Lpsat

RT 2
(256)

After by insertion of the linear latent-heat model the equilibrium vapour pressure as a
function of temperature psat (T ) is found integration from the reference-state (p0 ,T0).

psat (T ) �= p0 exp

�
L0 ��cpT0

R

�
1

T0
�
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T

�
+

�cp

R
ln

�
T
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(257)
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The boiling point as a function of pressure Tb (p) is found by Newton-Raphson iteration
of psat (Tb) = p. Adiabatic expansion between two states in pure gas phase is the well-
known formula

T2

T1
=

�
p2

p1

� R
Mcp

(258)

If the phase of the initial state is liquid or heterogeneous with the liquid fraction � 1 > 0,
the adiabatic expansion is modelled by entropy conservation. Firstly, it is checked that
T1 = Tb (p1) if �1 < 1, otherwise all material must be liquid and the liquid fraction is
adjusted. If the second state is on the saturation vapour pressure curve, the new tempera-
ture T2 and remaining liquid fraction (�2 > 0) is the solution to the system:

cl lnT1+(1� �1)
L (T1)

T1
= cl lnT2+(1� �2)

L (T2)

T2
with T2 = Tb (p2) (259)

When no material exists in liquid fraction (�2 = 0), the new temperature T2 is found by:

cl lnT1 + (1� �1)
L (T1)

T1
= cl lnT

0
2 and

T2

T 0
2

=

�
p2

psat (T
0
2)

� R
Mcp

(260)

The specific volume is the sum of the specific volumes of the two phases and the mixture
density is found by:

��1 = (1� �)RT/Mp+ ���1l (261)

The gas-phase density is modelled as in an ideal gas and the liquid-phase density is as-
sumed to be constant.

The homogeneous equilibrium assumption (HEA) implies that the aerosol and gas Homogeneous Equilibrium
phases are supposed to have the same temperature and that the contaminant partial pres-
sure in the gas-phase is equal to the saturation vapour pressure. HEA is a computation-
ally convenient assumption since it allows calculation of the thermodynamic state by
a sub-model independent of cloud dynamics. The appropriate thermodynamic relations
depend on the contaminant properties, e.g., its water solubility, and it is practical to imple-
ment these as exchangeable modules. This approach was introduced in the DRIFT model
(Webber, Jones, Tickle & Wren 1992). HEA is not valid during rapid aerosol evaporation,
since the exchange of heat and matter between the two phases requires spatial gradients in
the boundary layer surrounding each aerosol (Vesala & Kukkonen 1992). For dispersion
modelling it does, however, predict the mixture density with sufficient accuracy except
when aerosols are very large, e.g., greater than 100 m for ammonia (Kukkonen, Kulmala,
Nikmo, Vesala, Webber & Wren 1994).

The rapid expansion associated with a flash-boiling jet from a pressure-liquefied stor- The Mole Budget
age fragmentizes the remaining liquid phase into tiny airborne aerosols, which follow
the gas flow. In the following, we assume perfect mixing of contaminant and humid
air although it should be said that part of the liquid might rain out under certain con-
ditions, e.g., when a two-phase jet hits an obstacle. Two-phase density calculations re-
quire some bookkeeping as shown in Table 15. This table describes mixture composition
by its overall contaminant concentration c, the water concentration of the diluting air,
q, and the degrees of condensation (�, �w) for contaminant and water vapour, respec-
tively. The mole budget provides useful ratios, e.g., the overall degree of condensation
�tot = � � c + �w � q � (1 � c). When the terms in the right-hand column are normal-
ized by the contents of each phase, we obtain gas-phase concentrations (�; � a; �w) [mole
mole-1] of contaminant, dry air, and humidity, respectively, and liquid-phase concentra-
tions (X;Xw) [mole mole-1]. These concentrations are related by �+ � a + �w = 1 and
X +Xw = 1.

The gas-phase mixture is considered an ideal gas and in this case, Dalton’s law states
that concentrations are equal to partial pressures divided by the overall pressure p [N
m�2]. According to HEA, these partial pressures are equal to the saturation pressures of
the liquid aerosols. The appropriate description of such saturation pressures depends on
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the circumstances (See Table 2). A hydrocarbon gas does not readily dissolve in water
and therefore two sets of immiscible aerosols will exist in independent equilibrium with
the gas phase. Raoult’s law describes equilibrium over dilute mixtures, whereas equilib-
rium over non-ideal binary solution requires contaminant-specific empirical models. An
example of the latter is Wheatley’s model, which states that:

psat(X;T ) = p0 exp f�A(X)=T +B(X)g (262)

This is almost the same as the often-used exponential approximation 2, except that A and
B here are functions of the liquid composition rather than fixed constants. The model
was calibrated by experimental data on aqueous solutions of hydrogen flourid (Wheatley
1986) and ammonia (Wheatley 1987).

Table 15. Cloud composition before and after aerosol formation

Before Condensation At Equilibrium
Vapour Gas c (1� �) � c

Dry air (1� q) � (1� c) (1� q) � (1� c)

H2O q � (1� c) (1� �w) � q � (1� c)

Total 1 (1� �w) � q � (1� c)

Aerosol Gas 0 � � c
H2O 0 �w � q � (1� c)

Total 0 � � c+ �w � q � (1� c)

Phase composition depends on mixture temperature T [K], which is found by the en- The enthalpy budget
thalpy budget:

(T � Ta) �
�
cMcp + (1� c) �

�
(1� q) �Mac

a
p + q �Mwc

w
p

��
+�Hcon = �H (263)

Here �H is the mixture enthalpy [J kg-1] defined with the air temperature,T a, and pres-
sure, p, as the reference state, and emission from a liquefied gas storage therefore results
in negative mixture enthalpy �H < 0. The symbols (M , Ma, Mw) and (cp, cap, cwp ) refer
to molecular weights [mole kg-1] and heat capacities [J (K kg)�1], and �Hcon is the
enthalpy change by aerosol formation.

�Hcon = c�ML+ (1� c)q�wMwLw + �tot�Hmix (264)

Here (L,Lw) are latent heats [J kg�1] of contaminant and water, respectively, and�Hmix

is the heat of reaction in non-ideal liquid mixtures, e.g., estimated by Wheatley’s model.
We neglect the kinetic energy term in Equation (1.14) since this will be insignificant
compared to the heat of evaporation, even in a flash-boiling jet (Nielsen et al. 1997). The
specific volume of the two-phase mixture is the sum of the specific volumes of the two mixture density
phases:

��1 = (1� �tot) � ��1gas + �tot � ��1liq (265)

where (�; �gas; �liq) are densities [kg m�3] of the mixture and its two phases. The liquid-
phase density may be regarded as constant, whereas the ideal gas law determines the
gas-phase density:

�gas =
p

RT
(�M + �aMa + �wMw) (266)

where R= 8.314 J (K mole)�1 is the universal gas constant. Numerical solution of mix-
ture composition generally involves an iteration, since equilibrium saturation pressure
depends on temperature which in turn depends on the degree of condensation. Density
calculation of chemically active mixtures relies on mole budgets similar yet slightly more
complex than shown in Table 16. The composition will depend on the degree of reaction,
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Table 16. Homogeneous Equilibrium Models

Immiscible aerosols � = psat(T )/p

Raoult’s law � = X � psat(T )/p
Weatley’s binary aerosol model � = X � psat(T;X)/p

which in the ideal case, is determined by the law of mass action. The heat of reaction will
contribute to the enthalpy budget in Equation 264.

As the cloud is mixed with air, its temperature will rise to the dew point where the Dry Adiabatic Mixing
aerosols evaporate. The enthalpy of condensation will cease to contribute to the heat bal-
ance �Hmix = 0 when the mixture becomes a homogeneous gas phase and density cal-
culation becomes much simpler. Consider further the idealized case of adiabatic mixing
in which the cloud receives heat from no other sources than the diluting air. The mixture
enthalpy will then relate to the source enthalpy by �H = c � �H0 , and inserting these
simplifying conditions in the above equations, we obtain the following formula:

��

�a
=

Ma + c ��M
Ma +

c�Ma�H0

[(1�c)�Mac
a
p+c�Mcp]

� 1 � c �
�
�M

Ma

�
�H0

MacapTa

�
(267)

Here �� is the density difference between mixture and air and �M is the molar weight
difference between contaminant and air now including humidity. The linearization is jus-
tified for a dilute mixture c � 1. The density effect of a source enthalpy deficit is seen
to be equivalent to excess molar weight and consequently we define an ‘effective’ molar
weight by:

M� =M ��H0=c
a
p
Ta (268)

This may be used for scaling isothermal wind tunnel simulations of two-phase releases,
still assuming dry adiabatic mixing. Wet Adiabatic Mixing

Figure 57 is a comparison of the simple M� approximation and more refined phase-
transition models. The mixing is assumed to be adiabatic and the release conditions cor-
respond to the most humid case of the FLADIS ammonia field experiments (Nielsen
et al. 1997) and (Nielsen & Ott 1999). Wheatley’s model (Solid line) is the most ac-
curate one, since this includes the hygroscopic effect of ammonia. This solution may be
divided into three domains: dry mixing, nearly pure water aerosols, and nearly pure am-
monia aerosols. Experimentation with the model input reveals that atmospheric moisture
affects the aerosol formation in two ways: the relative humidity determines the limit of
transition between the dry and wet mixing, while the absolute humidity, depending on
air temperature, determines the magnitude of deviation from dry mixing. The immiscible
aerosol model (dashed line) is doing surprisingly well with just a slight over-prediction of
the density in the domain of almost pure water aerosols. Most dense gas sources provide
substantial initial dilution, which makes the initial domain with almost pure contaminant
aerosols irrelevant for the dispersion process. Therefore, the relatively simple pure water
condensation model (thin line) is usually adequate for practical dispersion calculations.
It is in fact applied by the publicly available dense-gas dispersion models HEGADAS
(Witlox 1994), DEGADIS (Spicer & Havens 1986), and SLAM (Ermak 1990), in con-
trast to DRIFT (Webber et al. 1992) which offers a wide range of exchangeable phase-
transition modules. TheM� approximation (dotted line) describes the domain of dry mix-
ing quite well, but has a deviation of up to 78% in the domain of almost pure water
aerosols. The test scenario is, however, a demanding one, partly because of the high rel-
ative humidity and partly because of the large heat of evaporation and low molar weight
of ammonia. The M� approximation will be more successful for high molar-weight com-
pounds released in less humid air.

2Clapeyron’s equation with no temperature dependence of the latent heat leads to the expression: psat (T ) �
p0 exp fL/R (1/T0 � 1/T )g
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Fladis 9 (Ammonia) 
Tair=16 °C and R.H.=86%
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Figure 57. Four models of the density difference of a two-phase mixture of ammonia and
humid air as a function of concentration.

Source description

The initial conditions needed by the dispersion model described in section 2.4 are the
source enthalpy [kJ/kg], release rate [kg/s], initial dilution, width [m], position and source
momentum vector [N]. This information is, with exception of the dilution factor, identical
to the parameters, which the dispersion model integrates in time. Source modelling may
involve complex phenomena, e.g. two-phase pipe flow, which are beyond the scope of
the present work. At present COFINBOX have only implemented very simple source
modules, which merely ensure self-consistent initial conditions.

The release rate from a pressurised container will depend on the outlet geometry. These Jet source
calculations are however not included in COFINBOX. Instead the user specifies the exit
temperature T0 [K], exit pressure p0 [Pa], nozzle aperture area [m2] and direction and
initial release rate _m0 [kg/s]. From this information the jet source module calculates the
jet momentum after expansion to atmospheric pressure

Fjet =
_m2
0

�0A0

+ (p0 � pair) �A0 (269)

An adiabatic expansion to the state (pair; T1; �1) is calculated. The user also specifies the
jet inclination and direction allowing future implementation of a module for the ’ballistic’
path of a heavy jet (e.g. Ooms & Duijm 1983, Ott 1990). At present the jet is however
assumed in the downwind horizontal direction. The initial height to width aspect ratio of
the jet cross section is set to one.

The module for a momentum-free source is also initiated with an adiabatic expansion Plume source
similar to the jet case. The user specifies the initial height to width aspect ratio and a
dilution factor.

A simple pool evaporation module under development (excluded from present version) Pool source
is based on the parametrization of MacKay & Matsugu (1973), who found the following
empirical relations for the turbulent heat and evaporation fluxes over a pool of volatile
liquid

'sensible = 0:029u
7=9
10mr

�1=9Pr�2=3 � �cp(Tair � Tsur)

qevap = 0:029u
7=9
10mr

�1=9Sc�2=3 � � M

Mair

psat(Tsur)

pair

(270)

where u10m is the wind velocity at the 10-m level (in [m/hr]), r is the pool diameter or
downwind length of the pool (in [m]),Pr is Prandtl number andSc is the Schmidt number
of the spilled compound, M;Mair are molar weights and psat is the vapour pressure
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curve. The user specifies the size of the pool and the heat input ' by processes other
than the turbulent heat flux from the air, e.g. heat conduction from the ground. T sur is the
temperature of the pool surface. The surface temperature is determined by the balance
' + 'sensible = qL(Tsur) where L is the heat of evaporation. The release rate is qApool

and the thermodynamic state of the released material is (pair; Tsur; 0).

Figure 58. Box model for a continuous release. All properties are uniformly distributed
in rectangular cross sections of height h and width b.

Heavy-gas box model

Risk assessment is usually based on information from many disciplines, and it is often
argued that a crude description of the dispersion problem is sufficient. Therefore disper-
sion models with fast solutions to ordinary differential equations and just a few model
parameters have become popular, e.g. HEGADAS (Witlox 1994), DEGADIS (Spicer &
Havens 1986), SLAM (Ermak 1990), and DRIFT (Webber et al. 1992).

The present model formulation is adapted from Nielsen (1998). It belongs to a fam-
ily of heavy-gas models of variable geometry simulating different release scenarios are
presented. The model is formulated as a system of main variables (mass, enthalpy, mo-
mentum, etc.) which are integrated in time. The time integration applies a set of auxiliary
variables (density, entrainment rate, etc.) which are deduced from these main variables.
The main parameters The model is sketched in figure Figure 58 and the differential equa-
tions for the main parameters are listed in Equation 271. The gas disperses as a steady
plume with ground contact and the control volume is a developing plume cross section,
which is advected in the downwind direction. As in Nielsen & Ott (1999) the plume en-
thalpy is defined by � _H = 0 at the temperature of the ambient air. The advantage of this
choice is that the enthalpy of the entrained air will be zero by definition, and the integral
cloud enthalpy will depend only on additional heat inputs ' such as heat convection from
the ground. The growth of the plume width b is modelled by the front velocity at the two
edges and the mass flux _m grows by entrainment through the top and edge surfaces. The
momentum flux is determined by inertia of the entrained air, surface friction � 0 and drag
forces Fd. The last term in the momentum equation is the gravity force minus buoyancy
projected along the terrain gradient3.

The main parameters are integrated by a fourth order Runge-Kutta integration with main parameters

3The terrain is described by its local normal vector n and � denotes the cross product. Thus, the vector
(n� g)� n is the down-slope projection of the gravity acceleration vector.
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adaptive integration steps, (e.g. Press et al. 1992).

enthalphy flux: d� _H
dt

= 'b juj
width: db

dt
= 2uf

mass flux: d _m
dt

= �air
�
bue + 2hufe

�
juj

momentum flux: d _mu
dt

= uair
d _m
dt

+ �0b juj+Fd juj
+ (n� g)� n ���hb

position: dx

dt
= u

(271)

The adaptive integration step size imply that the separation between the locations where interpolation
calculated parameters are available changes form millimetres near the source to tens of
metres further downstream. Data from locations between the reference points are de-
termined by third-order polynomial interpolation . This is similar to the interpolation
scheme of the cubic-spline method (Press et al. 1992) except that we use the calculated
time derivatives rather than estimated ones.

Auxiliary variables like concentration c, temperature T , and density � are derived from auxiliary parameters
the main variables above:

concentration: c =
_m0/M

_m0/M+( _m� _m0)/Mair

specific enthalpy: � _H = [(1� c)Mair + cM ] �
_H
_m

temperature: T = f1

�
� _H; c

�
density: � = f2 (c; T; p)

cross - section area: A = _m/(� juj)
height : h = A/b

reduced gravity: g 0 = g(�� �air)/�air
front velocity: uf = Frf

p
g0h

edge entrainment: uf
e

= a � uf
top entrainment: ue = f3 (g

0h; u; ')

heat flux: ' = f4 (T � T0; �cp; u; g
0h)

(272)

The molar gas concentration c is preferred to the concentration by mass _m 0/ _m, i.e. the
ratio between the mass flux of the contaminant gas _m0 and the total mass flux _m. We
therefore need the specific molar enthalpy difference �H [kJ/mole] rather than the total
cloud enthalpy difference�H. For simplicity we write the temperature T and density � as

the unspecified functions f1
�
� _H; c

�
and f2 (c; T; p). This refers to the one of the ther-

modynamical models described above each based on the homogeneous equilibrium con-
cept. The front velocity uf is the product of the front Froude number Fr f � 1:1 and the
celerity of the internal gravity wave. The edge entrainment u fe is proportional to the front
velocity using the coefficient a � 0:16. The top entrainment velocity u e = f3 (g

0h; u; ')

is a process which has been parameterized in many ways in literature, usually based on
a Richardson number Ri � ��gh/�e which is a measure of cloud stability defined by a
characteristic density difference��, gravity g, the layer height h, and a measure of turbu-
lent kinetic energy e. A small selection, see table 17, is implemented. The heat flux from
the ground ' = f4 (T � T0; �cp; u; g

0h) is a combination of free and forced convection
driven by the temperature difference between the cloud and surface T � T 0.

The heat transfer in dense gas dispersion varies from free to forced convection depend- Estimates of in-plume
turbulenceing on the velocity and temperature difference between cloud and surface. Jensen (1981)

proposed an analogy with the atmospheric surface layer in which the Monin-Obukhov
scaling is applied. From the velocity and temperature profiles 249 we derive a heat ex-
change coefficient

ch =
�2h

ln
�
z

z0

�
�  m

�
z

L

�i h
ln
�
z

z0

�
�  h

�
z

L

�i (273)

defined by ' = �cg
p
chu(T0�T (z)). Elimination of the turbulence scales u� and T� from

the definition of the Monin-Obukhov length 251 leads to an expression for the stability
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parameter

z

L
= Ri�T

h
ln
�
z

z0

�
�  m

�
z

L

�i2
ln
�
z

z0

�
�  h

�
z

L

� (274)

where the convection Richardson number Ri�T is defined from Ri�T = �T (z)=T �
gz=u(z)2. Equation 274 is solved and we find ch, u�, �� and '.

Table 17. Selection of top-entrainment functions.

Reference Function TKE scale
(Eidsvik 1980) uep

e
= 2:5

8:7+Ri
e = 1:69u2� + 0:47w2

�

(Jensen & Mikkelsen 1984) uep
e
=

2:25u3�/e
3/2+0:25

2:5+Ri
e = u2� + w2

�

(Nielsen 1998) uep
e
= 0:25

3:3+Ri
e =

�
u3� + 0:1w3

�
�2/3

7.3 Scaling profiles by box-model parameters
The vertical distribution of concentration in a surface plume is approximated by vertical distribution

c (z) = c0 exp f� (z/�z)
pg (275)

With the parameter p in the range 1–2 this shape is somewhere between exponential
and Gaussian. Analytical solution of the diffusion-advection problem using power-law
approximation for the velocity and eddy-diffusivity profiles (Sutton 1953) predicts p =

1 + 2m where m is estimated by equation 254. Internal cloud stability will however
modify the vertical profile toward the exponential limit p ! 1 ( Britter & Snyder 1988,
Nielsen et al. 1997). The generic profile is fitted to the box-model profile by conservation
of mass and center of gravity.

1R
0

c (z)dz ! c0�z� (1/p)/p = cboxhbox

1R
0

zc (z)dz ! c0�
2
z� (2/p)/p =

1
2
cboxh

2
box

(276)

From these conditions we deduce the following relations between the smooth profile and
the top-hat profile of the box model.

�z =
� (1/p)

� (2/p)

hbox

2
and c0 =

2p� (2/p)

[� (1/p)]
2
cbox (277)

Gravitational spreading during the initial phase of heavy-gas dispersion produces a sharper horizontal distribution
cloud boundary than we observe in the Lidar experiments with smoke tracer. With this
case in mind we leave the possibility of a core region of width 2� where the concentra-
tion is independent of the cross-plume position. This calls for a small adjustment to the
horizontal profiles discussed above.

f (y) =

8<: exp

�
��2

�q
1 +

K2(�2)

�2K1(�2)

(jyj��)2

�2
� 1

��
for jyj > �

1 for jyj � �
(278)

The cross-plume integral is set equal to the horizontal dimension of the box model.

� + � � � exp
�
�2
� K3/2

1

�
�2
�

K
1/2
2 (�2)

=
bbox

2
(279)

where, for simplicity, we set the parameters �; � equal to the values in ordinary passive
dispersion.
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Figure 59. COFINBOX user interface: Meteorology, substance properties and source
models.

Figure 60. COFINBOX user interface: Results of the box-model calculation.

Figure 61. COFINBOX user interface: Contour plots of the average concentration field.
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Figure 62. COFINBOX user interface: Fixed- of moving-frame cross-plume profiles of
moments of concentrations and corresponding PDF fit.

Figure 63. COFINBOX user interface: Simulated concentration fluctuations shown as a
2D domain, as time series, or instantaneous profiles.

Figure 64. COFINBOX user interface: Plume meander by kinematic simulation.
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Figure 65. COFINBOX user interface: Model options.

7.4 User interface
Figures 59 to 65 show screen dumps from the user interface.

� The user specifies the release conditions in the window shown in figure 59. The me- release conditions
teorology and chemical substance are chosen from lists in the files metcases.txt and
physdat.txt. The source model is also selected here and the user specify appropriate
source parameters. The pool source model has deliberately been deactivated since
the low gas layer above a pool created problems for the dispersion module.

� A new dispersion calculation conditions is performed as the user enters the window box-model output
shown in figure 60. The box-model results are inspected by X-Y plots.

� The window in figure 61 shows contour plots of the average concentration field contour plots
calculated by smooth profiles superimposed on the box-model results. New positions
are selected from drop-down lists or simply by clicking on the plots.

� Spatial moments of statistical moments and associated probability distributions for fluctuation statistics
fixed- of moving-frame coordinates are shown in the window in figure 62. When a
simulation has been made, the simulated moments and distributions are compared
to the models. The simulations will differ from target distributions unless the simu-
lation duration is very long.

� A simulation is initiated when the user press the ’new’ button shown in the window simulation
in figure 63. After a while the simulated 2D field is shown in the upper frame with
time in the horizontal direction and cross-plume direction in the vertical one. The
two frames below, shows time series and cross-plume profile at the location selected
by a click on the upper frame. The plots in the lower frames may be animated.

� The lower frame of the window in figure 64 shows a kinematic plume-meander plume meander
simulation, which is initiated when the press the ’new’ button. The gaussian puffs
advected in the random wind field are show during the simulation whereas the plume
width and meandering centreline are shown during replay. The kinematic simulation
is time-consuming and is no longer necessary for the rest of the model.

� The window in figure 65 contains model options regarding the box-model entrain- options
ment functions, see table 17; the aerosol model used for two-phase mixture; the num-
ber of iteration and dimensions of the domain used for simulation; and parameters
for box-model integration. Default parameters are restored by pressing the ’default’
button.
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COFINBOX version 1.0 is not crash safe and there are few consistency check for model
options and release parameters. It is not recommended to chose options very different
from the default settings.

Installation

The installation of the COFINBOX win32 program is done by the following steps:

� Download installation package cboxv???.zip from COFIN homepage.

� Unpack temporary files

� Run the Installshield setup.exe program.

� Remove temporary files

Run COFINBOX from StartjProgramsjCofinbox and uninstall by StartjSettingsjControl
PanneljAdd/Remove Programs. In windows 2000 the default path is c: nProgram FilesnRisø
National Laboratoryncofinbox, where the installation puts the program files (CofinBox.exe,
cofinbox.txt, metcases.txt, physdat.txt) plus the uninstall files (DeIsL1.isu, DEISREG.ISR,
ISREG32.DLL). If necessary the WIN32 system ( c:nwinntnsystem32n in Win 2000) is

enhanced by the Borland Package Library vcl50.bpl.

8 Conclusion

The COFIN project worked with existing field data on concentration fluctuations in plumes
released from sources near the ground. These data were mainly obtained by a remote-
sensing lidar system. Data processing has been improved using a new base-line correction
and noise-removal the maximum-entropy-inversion method. The following results were
reached:

� The instantaneous plume sweeps from side to side. The time scale of this plume- fixed-frame analyses �_

meander process is slow compared to the typical duration of an experiment, about
one hour, and changing weather will often shift the average position. The limited
sample time and the lack of stationarity disturb fixed-frame analyses.

� A plausible model for the centre-line position is to consider it a stationary Langevin plume meander
process with gaussian probability distribution. According to this model the joint
probability distribution for two centre-line positions observed with a time lag is
gaussian with exponentially decaying correlation. Furthermore, it provides a link
between the plume width observed with a given averaging time and the instanta-
neous width. This is useful when comparing plume widths from classic dispersion
experiments using bag-sample measurements and individual averaging times.

� The instantaneous plume width is variable with a lognormal probability distribution. variable plume width

� Analysing concentration fluctuations in a moving-frame of reference following the moving-frame analyses �̂

instantaneous plume centreline leads to better statistics, e.g. cross-plume profiles
become regular and symmetric.

� The probability of the concentration fluctuations are very well described by the beta BGPD
and generalized Pareto distribution – for any position in the plume and either in a
moving or fixed frame of reference.

� Moving-frame profiles of statistical moments of concentrations hC n (y � yc; t)i have moving-frame profiles
a uniform shape, which is best described as gaussian near the centreline with expo-
nential tails. This shape is explained by a diffusion equation with increasing diffu-
sivity near the fringes, which is reasonable in a moving frame of reference, since
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plume parcels near the centre typically are of high concentration and their move-
ments are therefore better correlated with the centreline movement. Moving-frame
profiles predicted by this model and further assumptions of self-similarity are in
good agreement with observations. This theory predicts the shape of moving-frame
profiles of elevated plumes and puffs, which we hope to verify in future research.

� Spatial dimensions of moving-frame profiles for various order statistical moments profile scaling
are linked to the moving-frame plume width.

� Using a generating function we develop a model for the moving-frame probability universal PDF
distribution anywhere in the plume, which is in accordance with the width and shape
of profiles of statistical moments.

� An alternative method is based on calibration of a generic PDF model by local sta- PDF fit
tistical moments. This imposes certain constraints on moment profiles, which in this
model have to depend on the statistical order.

� The shape of the generalized distance-neighbour function
R
hC (y)Cn (y + �)i dy DNF shape

is exponential for all orders n, and its decay constant is linked to the dimension of
moving-frame profiles.

� The two-point correlation of plume concentration was studied and this structure was two-point correlation
related to the distance-neighbour function. Concentrations loose correlation within
a few seconds when analysed in a moving frame of reference.

� Simulation methods have been developed. Concentration time series at separate po- Fourier simulation
sitions are constructed by Karhuen-Loève expansion in spectral domain followed by
FFT transformation to time domain. Target probability distributions are matched by
memory-less transformations, where the effect on spectral distributions is compen-
sated either by an iterative technique or by the correlation-distortion method.

� Kinematical simulation of plume meander was made with gaussian puffs in a two- Kinematical simulation
dimensional time-varying stochastic wind field. This method reproduces realistic
plume meander, variable moving-frame plume width and a non-gaussian cross-plume
profile.

The prospect of integrating these results and methods in practical risk assessment is practical use
good. To illustrate this we implemented a traditional box model for heavy-gas dispersion
COFINBOX and integrated it with stochastic models and simulation tools. Simulated
concentration fluctuations could be used as visualization or as input to consequence mod-
els for toxicity, flammability or maloduor. This model is available via the project home-
page and it should be easy to device similar simulation modules for existing models.

Status at the end of the project is that we have reliable PDF models depending on cross- status
plume position. Models with height dependence might be constructed from later/future
measurements by a newer version of the Risø lidar, which has faster measurement fre-
quency and automated two-dimensional scanning facility. Regarding cross-correlation of
fluctuations at separate positions we know that the distance-neighbour function is expo-
nential and disregarding the changing weather the plume meander could be considered a
gaussian Langevin process. In-plume fluctuations are only correlated over relatively short
times, but it has not been possible to determine the details of the temporal correlation
by the present data. Field experiments with a combination of arrays of fast responding future research
high-resolution point sensors and the lidar for accurate determination the plume mean-
der could be useful for this purpose. The new scanning lidar could also be useful for the
study of elevated releases, in which the plume is expected to meander in two dimensions.
The present project has focused on the continuous surface plume in nearly homogeneous
terrain. Model users might also be interested in concentration fluctuation inside clouds
from unsteady sources or gas spreading in the inhomogeneous flow and turbulence fields
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around buildings. It might also be a good idea to start to integrate PDF models with de-
tailed flow and dispersion models, e.g. a model of the k�� type which could be enhanced
for prediction of local moments of concentration fluctuations.
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– N. Mole and E. D. Clarke: A Model for Concentration Fluctuation Moments

– P. C. Chatwin and N. Mole: Evaluation of Statistical Models in Atmospheric
Dispersion Modelling

� 19TH CAMS/13TH CANADIAN SYMPOSIUM ON FLUID DYNAMICS, 28-31
May 1998, Simon Fraser University, Vancouver, Canada.

– D. M. Lewis and P. C. Chatwin: A Simple Model of Concentration Fluctuations
in Neutrally Buoyant and Dense Gas Clouds

– P. C. Chatwin: Modelling PDFs in Turbulent Diffusion

� IUTAM/IUGG SYMPOSIUM on DEVELOPMENTS IN GEOPHYSICAL TUR-
BULENCE, 16-19 June 1998, NCAR, Boulder, Colorado, USA.

– P. C. Chatwin, N .Mole, T. P. Schopflocher & P. J. Sullivan: Dispersion in
Geophysical Flows: Modelling the PDF of Concentration

� ICIAM 99 4TH INTERNATIONAL CONGRESS ON INDUSTRIAL AND AP-
PLIED MATHEMATICS, July 5-9, 1999, Edinburgh, Scotland, including workshop
on Stochastic Models for Turbulent Diffusion and Environmental Pollution ( arr. by
P C Chatwin & P J Sullivan)

– M. Nielsen, H. E. Jørgensen and S Ott: Prediction of concentration fluctuations
by combination of a plume-meander model and an empirical stochastic model
for in-plume fluctuations

– P. C. Chatwin and N. Mole: Simple concepts underlying the structure of prob-
abilistic models for concentration and dosage.

� FADA workshop on Fluctuations in Atmospheric Dispersion and their Applications,
The University of Sheffield, 9-12 September 2000Workshop, 9-12 September 2000,
(arr. by COFIN)

– M. Nielsen, H. E. Jørgensen, S. Ott, P. Chatwin, N. Mole & R. Munro: The
COFIN project

– R. Munro, P. Chatwin & N. Mole: The high concentration tails of the PDF of
a dispersing scalar in the atmosphere

– M. Nielsen: Simulation techniques

– R. Munro: Initial analysis of the COFIN data

– P. Chatwin: A new model for the PDF of concentration in turbulent diffusion

– T. Mikkelsen & H. E. Jørgensen: Lagrangian similarity scaling of concentra-
tion fluctuation measurements obtained from surface released smoke plumes

Risø–R–1329(EN) 119



– S. Ott, H. E. Jørgensen & M Nielsen: On the distance-neighbour function in
turbulent diffusion

– N. Mole Large time behaviour in a model for concentration fluctuations

� 7th International Conference on Harmonisation within Atmospheric Dispersion Mod-
elling for Regulatory Purposes, Beligrate, Itally, May 28-31, 2001.

– M. Nielsen, H. E. Jørgensen and S. Ott: Prediction of concentration fluctuations
in short-distance gas dispersion.

� Danish Society for Atmospheric Research (DSAR), Annual Conference, November
15 2001, Copenhagen, Denmark

– M. Nielsen, H. E. Jørgensen, T. Mikkelsen & S. Ott: Concentration fluctuations
in gas dispersion

� MODSIM 2001, International Congress on Modelling and Simulation, December
10-13, Canberra, Australia

– R. J. Munro, P. C. Chatwin and N. Mole: Models for concentration fluctuations
in relative and absolute dispersion.

B Abstracts from the FADA workshop

A workshop on Fluctuations in Atmospheric Dispersion and their Applications (FADA)
were held at the University of Sheffield, Earnshaw Hall, on 9–12 September 2000. The
following list of abstracts gives an impression of the presentations.

The COFIN Project

M Nielsen, H E Jørgensen & S Ott (Risø National Laboratory, Denmark), P C Chatwin,
N Mole & R Munro (University of Sheffield, UK)

The aim of the EU-ENVIRONMENT funded COFIN project is to develop models of
practical use for risk analysis of hazardous toxic or flammable gases used in industry.
In such applications the gas dispersion is often based on Gaussian-plume or heavy-gas
box models, and the hazard assessment relies on the mean concentration only. These
dispersion models are conveniently simple and their popularity indicates that compati-
ble probabilistic methods would be useful. Prediction of the probability density function
(PDF) as a function of receptor position could lead to better estimates of toxic load and
risk of gas ignition. Further statistical information on the structure of the fluctuating gas
field is needed for some advanced consequence models.

The approach of the COFIN project is to apply existing data from previous field exper-
iments. The selected data are series of horizontal cross-plume profiles measured by Risø
LIDAR, which has a spatial resolution of 1.2m along its measuring path. This enables
us to calculate instantaneous plume centre-line positions, and we find that statistical es-
timates based on experiments of finite duration becomes more stable when analysed in a
frame of reference following the instantaneous centreline. The LIDAR signals are ideal
for detection of the spatial structure of the gas field.

A relative dispersion model for turbulent flows and concentration fluctuations in
clouds of contaminant

P Franzese (George Mason University, USA) & M S Borgas (CSIRO Atmospheric Re-
search, Australia)
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A Lagrangian stochastic model of relative dispersion in homogeneous and isotropic tur-
bulence at high Reynolds number is derived. The model simulates the ensemble statistics
of scalar separation between two particles using a new formulation for the acceleration
of separation. The model satisfies the criterion of conserving a well-mixed distribution
of particle separations and accounts explicitly for skewness and kurtosis of the velocity
difference. The model simulations are in very good agreement with the predictions of
Kolmogorov’s similarity theory in the inertial range and are consistent with the statistics
of uncorrelated particles at scales larger than the turbulence integral scale.

The model is applied to the estimation of fluctuating concentration fields. The depen-
dence of mean square concentration and concentration fluctuations on the source size
is eliminated via a scaling law for the time, which in fact determines a universal be-
haviour. Simple formulae are derived that are consistent with previous theories and are
successfully tested against our numerical simulations. Probability distributions for the
scalar separation are also simulated and compared with existing analytical forms.

Kinematic Simulation: Lagrangian models of turbulent dispersion

Md A I Khan & J C Vassilicos (University of Cambridge, UK)
Turbulent dispersion occurs almost everywhere from the natural processes of disper-

sion of pollutants in the environment to industrial mixing and combustion problems and
also astrophysical process in the stars. This phenomenon faces the challenge of describing
two distinctly different physical process of advection and molecular diffusion of scalar
fields either passive or active in the flow field. The advection due to turbulent velocity
field has the ability to transport the scalars at all length scales while diffusion is effective
at the smallest length scales.

We model the turbulent dispersion in the computer by Kinematic Simulation (KS)
which is a Lagrangian model of dispersion that incorporates small-scale turbulent-like
flow structure. Unlike stochastic models of turbulent dispersion which do not explicitly
incorporate structural aspects of the flow, KS is not based on Langevin-type equations
and Wiener processes.

In KS we model the dispersion of pollutants by calculating fluid element trajectories
x(t) upon integration of

d

dt
x(t) = u(t) = uE[x(t); t]

where x is the position (in 2D or 3D) of the fluid particle and u is a turbulent velocity
field which is generated or simulated in the computer by a restricted (compared to DNS)
number of random Fourier modes varying in space and time. Statistics are then performed
on the trajectories which then gives the relevant one-particle or two-particle dispersion
statistics. Incompressibility is enforced in every realization of u and the energy spectrum
is prescribed accordingly.

Our work focuses mainly on particle dispersion in homogeneous and isotropic turbu-
lence in 2D and also in 3D. We calculate the single particle and particle-pair dispersion
statistics as well as the Lagrangian correlation function and the Eulerian time correlation
functions. We find good agreement with theory, DNS and experiment, in the case of the
Eulerian time correlation under the condition that a large-scale sweeping is included in
the KS model.

We are currently conducting a comparative study of smoothness and structure of par-
ticle trajectories in KS and in stochastic models of turbulent dispersion based on the
Langevin equations. The study is based on measurements of Pdf’s of fractal dimension
and curvature as well as curvature and torsion spectra.

Finally KS provides a conveniently maleable too with which to numerically engineer
small-scale turbulence flow structure at will and thereby explore how various properties
of this flow structure relate to or determine turbulence statistics. KS has been generalized
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to non-isotropic turbulence (strongly stratified and/or rotational flows (F. Nicolleau and
J. C. Vassilicos, J. Fluid. Mech, 410, 2000)) and has also been used to develop subgrid
models for scalars in LES (Flohr and Vassilicos, J. Fluid Mech, 407, 2000)

Filamental structure of reactive tracers in chaotic advection flows

Z Neufeld (University of Cambridge, UK)
The problem of weakly diffusing reacting tracers mixed by chaotic advection is con-

sidered. The structure of the concentration field can be smooth (differentiable) or rough
(nowhere differentiable), with a characteristic filamental pattern, depending on the rela-
tive strength of the chaotic mixing, and that of the relaxation towards the local chemical
equilibrium. The roughness exponent is given in terms of Lyapunov exponents of the ad-
vection, and chemical dynamics. Non-uniform stretching leads to a multi-fractal structure
of the concentration field. In this case, scaling exponents of the structure functions can be
related to the distribution of finite-time stretching rates.

Passive tracer transport and dispersion by Brownian flows

C L Zirbel (Bowling Green State University, USA)
A long-standing problem in statistical fluid mechanics, atmospherics, and physical

oceonography is to describe the motion of a pollutant or other passive tracer in a complex
fluid flow, for example, the spreading of an oil slick in a stormy ocean. Due to its com-
plexity and unpredictability, the fluid velocity field is best modelled as a random vector
field, and thus the description of the motion of the tracer will be probabilistic. There has
been no general solution of this problem, nor is one expected in the near future.

Some partial results for the case of Brownian flows will be discussed. Brownian flows
are a rigorous formulation of the idea of a velocity field which is delta-correlated in time,
but which has arbitrary spatial covariance structure. In particular, each individual particle
follows a Brownian motion, but nearby particles move together in such a way that the
spatial structure of the tracer distribution evolves smoothly over time.

Two useful descriptors of the tracer distribution are its center of mass and its centered
second moments, which describe where the tracer is and how spread out it has become.
We will present some results on the behaviour of these processes as time tends to infinity.

Application of a new methodology to validate atmospheric dispersion models

H Eleveld (National Institute of Public Health and the Environment, The Netherlands)
Due to the stochastic nature of the atmosphere it is, at the moment, even for the most

complex atmospheric dispersion models, not possible to simulate observations simulta-
neously in time and in space. Nevertheless, using frequency distributions of air concen-
trations or cross wind integrated concentrations, the agreement between predictions and
observations is much better.

In order to validate real time atmospheric dispersion models frequency distributions
and cross wind integrated concentrations are respectively applied in the Model Validation
Kit (MVK) of Olesen and the ASTM90 methodology of Irwin. However, the use of either
method has some drawbacks.

One of the problems in the MVK methodology is the presentation using so-called
quantile-quantile (QQ) plots of non-correspondingpredicted and observed data. The ASTM90
method, still under development, selects a ’perfect model’ which predicts (too) low con-
centrations.

In this paper a new methodology is presented to validate atmospheric dispersion mod-
els. It is, for instance, based on the Figure of Merit in Space and the calculation of time
integrated concentrations which is related to relevant quantities in the radiation protection
community. The new methodology is applied to the models REM-3 and RIMPUFF.
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Modelling and predicting concentration and dosage of gases dispersing in the atmo-
sphere with the use of empirical orthogonal functions: comments on eigenfunctions

T Antypas (University of Sheffield, UK)
The concentration of a gas dispersing in a turbulent atmosphere is a random variable

depending on spatial coordinates and time. Thus, a model for predicting concentration at
a given point in space and time can be based on statistical properties of a data set taken
in the course of an experiment. The covariance matrix is formed with respect to all time
points at which measurements of concentration were made and its eigenvalues and eigen-
vectors are computed. If the sequence of eigenvalues converges sufficiently rapidly, then
only the first few eigenvalues with the largest proportion of variance are needed and the
corresponding eigenvectors are the principal components or the empirical eigenfunctions.
The original signal is then reconstructed in terms of the empirical orthogonal functions
found. A dosage model is also proposed based on the concentration model. Principal com-
ponents of the dosage covariance matrix are computed from the data and are then used
to reproduce the observed dosages. In this work, concentration eigenfunctions obtained
from the Warren Spring Laboratory are presented and results are discussed.

The high concentration tails of the PDF of a dispersing scalar in the atmosphere

R Munro, P C Chatwin & N Mole (University of Sheffield, UK)
The distribution function for concentrations of a scalar pollutant dispersing in the tur-

bulent atmosphere has a finite domain which is bounded above and below. Three methods,
based on extreme value statistics, are used to obtain estimates for the upper bound and to
describe the high concentration tail behaviour of the distribution; a all three methods are
applied to concentration data obtained from experimental atmospheric releases. Quantile-
quantile (QQ) plots are used to assess the goodness of fit of the resulting estimates of the
distribution, and also to compare the performance of the three methods.

The importance of fine scale odour plume structure for insect navigation (cancelled)

J Murlis (University College London, UK) & R T Cardé (University of California at
Riverside, USA)

Insects of many species have been shown to use odour plumes to detect distant sources
of interest, for example, food, plants or mates. There is a rich field of study of the means
by which they do this. It has been shown that the behaviour is broadly anaemotactic:
the stimulus insects acquire from the odour plume switching orientation with respect
to wind direction and in an upwind sense. This explanation however begs a number of
questions and the details of the behaviour are highly contested. In a new study within
the United States Office for Navy Research/ Defence Advanced Research Administration
Programme on detecting land mines and mines at sea, there has been a focus on insects as
model navigators. The aim of the programme is to improve means of finding and destroy-
ing buried ordnance. The work reported here has been carried out within this programme
both in the laboratory and in the field. It aims to establish the links between the fine scale
structure of an odour plume and subsequent insect orientation. The insect used in this
work Cadra cautella (Lepidoptera: Phycitinae) is a small but well studied moth which
has proved an excellent model for orientation work. The wind tunnel in which they are
flown at UCR has a 1 metre square cross section and a working section of 2.5 metre
length. The flow is conditioned with aluminium honeycomb and baffles are used to cre-
ate a range of turbulence levels. The sex attractant pheromone is highly effective for this
moth. It is well characterised and available in synthesised form. In these trials, pheronome
was released through a device which provides continuous or intermittent release of the
material into the air stream through a glass pipette, the exit of which sits in the middle
of the tunnel and points downstream. The structure of the pheromone plume produced
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was characterised using propene as a tracer gas and a mini photo-ionisation detector to
measure the tracer concentration. The miniPID can detect fluctuations at frequencies of
hundreds of Hz. With careful calibration it was possible to produce mixing ratio mea-
surements (in ppm) to compare with the known source concentrations. Flights of Cadra
cautella males in a pheronome plume were recorded and analysed using video equip-
ment. The map of the intermittent plume structure was compared with characteristics of
the male insects’ flight for a number of flow regimes covering a range of tunnel turbu-
lence and wind speeds. Results of this assessment suggest that for effective navigation,
intermittency is an essential feature of plume structure and that flight characteristics are
markedly effected by length of pheromone pulses and gaps between them. In this paper,
we will outline some of the preliminary results from this work including a quantified map
of the intermittent characteristics of the plume generated in the UCR tunnel.

Simulation techniques

M Nielsen (Risø National Laboratory, Denmark)
Some consequence models need information of the structure of the fluctuating gas field

as well as the probability density function (PDF). One example is an advanced model for
the human lung, which predicts time-dependent smoothing of concentration fluctuations
in various parts of the lung. The input required is time series of ambient fluctuations -
either measured in field experiments or simulated.

Fourier simulation is one of many techniques available. The starting point for this is
the target power spectrum of the process plus target cross spectra in cases where multiple
coherent signals are needed. A Fourier representation of the time series to be simulated
is constructed with random phases and amplitudes equal to the square root of the cross-
spectral matrix. The transformation from frequency to time domain results in a Gaussian
time series and the match to a non-Gaussian target PDF may be obtained by iteration. The
method may be extended to multidimensional fields rather than time series.

In the COFIN project it was found useful to analyse experimental data in a moving
frame of reference following the sweeping plume centreline. This plume meander may be
modelled by puff advection in a 2-D wind Fourier-simulated vector field. This simulation
illustrates how the turbulent eddies sometimes folds or split the plume into several traces,
which explains the sudden shift in centreline position sometimes observed in the field.

Initial analysis of the COFIN data

R Munro (University of Sheffield, UK)
Presented are the results of applying the maximum entropy inversion (MEI) noise re-

duction scheme to Lidar data, and how it is able to reduce the effects of crosswind varia-
tion in (a) the baseline of the signal, (b) the magnitude of the additive noise. The processed
data is then used to show the initial results of the relative frame analysis and the need for
pdf models with a more ”flexible” form; one such model is presented.

A new model for the PDF of concentration in turbulent diffusion

P Chatwin (University of Sheffield, UK)
Following discussion of some properties of the PDF (probability density function) of

concentration in turbulent diffusion, this presentation focuses on the so-called SSMT
(small scale mixing term), which represents one of the major contributions of molecu-
lar diffusion to the evolution equation for the PDF. Based partly on a ”toy model” of
Chatwin and Zimmerman, and partly on general physical considerations, it seems sensi-
ble to investigate the situation in which the SSMT is inversely proportional to the PDF.
It is shown that this proposal is consistent with self-similar behaviour of the PDF, and
that one member of the family of solutions is an exact solution by Kowe and Chatwin,
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obtained in totally different work 15 years ago (and based on the velocity field studied in
classical work by Townsend early 50 years ago).

A ”toy” model and conditional moment closure for turbulent dispersion

H K Yeun (University of Sheffield, UK)
Chatwin (2000) proposed a closure for the small scale mixing term in the equation for

the pdf of concentration of a scalar dispersing in a turbulent flow. This proposal was partly
motivated by some large time results from a ”toy” model, in which the diffusion equa-
tion was solved in a bounded one-dimensional region. Here these results are extended to
all time. Results from the ”toy” model are also obtained for more complex initial con-
ditions than those considered by Chatwin (2000), and the implications for the proposed
conditional moment closure are considered.

Reference: P C Chatwin (2000) Some remarks on modelling the PDF of the concen-
tration of a dispersing scalar in turbulence. Submitted to European Journal of Applied
Mathematics.

Analysis of air pollution transport from war zones in Serbia during operation ”Al-
lied Force” (cancelled)

Z Vukmirovic (Alternative Academic Educational Network, Yugoslavia), L Lazic, I Tosic
& M Unkasevic (Belgrade University, Yugoslavia)

Simultaneous destruction of major industrial sources near Belgrade and Novi Sad in
Serbia has been performed at midnight between 17-18 April 1999. Regional air pollution
by phthalates, dioxins, furans, polycyclic aromatic hydrocarbons (PAHs) and polychlori-
nated biphenyls (PCBs) has been analysed using the HYSPLIT4 (Hybrid Single-Particle
Lagrangian Integrated Trajectory) modelling system (Melas et al., 2000; Rapsomanikis et
al., 2000) and the orographic-sensitive Eta model (Vukmirovic et al., 2000). The increased
concentrations of dioxins, furans and PAHs were registered at Xanthi, Thrace-Greece in
the period 18-20 April. The HYSPLIT4 model indicated potential sources in Kosovo (at
distance to 200km), while the Eta model confirmed air mass transport from Northern
Serbia to Xanthi from the 500-600km distance.

References:

� Melas, D., Zerefos, C., Rapsomanikis, S., Tsangas, N., Alexandropoulou, A., 2000.
The war in Kosovo. Evidence of pollution transport in the Balkans during the Oper-
ation ”Allied Force”. Environmental Science & Pollution Research 7, 97-103

� Rapsomanikis, S., Zerefos, Ch., Melas, D., Tsangas, N., 2000. Transport of toxic
organic aerosol pollutants from Yugoslavia to Greece during the 1999 conflict, Pro-
ceedings of an International Conference: Protection and Restoration of the Envi-
ronment V, (Eds. V.A. Tsihrintzis, G.P. Korfiatis, K.L. Katsifarakis, A.C. Demetra-
copoulos, Thassos, Greece, July 2000), pp. 945-951.

� Vukmirovic, Z., Lazic, L., Tošic, I., Unkasevic, M., 2000. Regional air pollution
originating from oil-refinery fires under warfare conditions. Proc. Millenium NATO/CCMS
International Technical Meeting on Air Pollution Modelling and its Application,
May 2000, Boulder, USA, American Meteorological Society, P1.38, pp. 228-229

Numerical simulation of small-scale mixing at different Schmidt numbers

F T M Nieuwstadt & G Brethouwer (Delft University of Technology, The Netherlands)
We have performed a numerical simulation of homogeneous isotropic turbulence in

combination with the dispersion of a passive scalar. Stationary conditions for the turbu-
lence are reached by forcing the small wave numbers or large scales. The scalar statistics
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are also stationary because we have imposed a constant mean scalar gradient which leads
to a constant production of scalar fluctuations. The numerical simulations have been car-
ried for Schmidt numbers, i.e. the ratio of the diffusivity to the viscosity, ranging from
Sc = 0:04 to Sc = 144. The results have been analyzed with the objective to study the
mechanics of small-scale mixing. We find that most of the mixing occurs in sheet-like
regions where strong concentration gradients of the scalar are formed. These sheet-like
regions are produced by regions in the flow with a strong compressive strain in combi-
nation with two elongational strains where the concentration gradient is oriented along
the compressive strain. Apart from the presence of compressive strain it is also important
that the concentration gradient remains aligned with the compressive strain during the
formation of the sheet-like region. This implies that the vorticity in this region must be
small.

Review of a strategy for the prediction of the PDF of scalar concentrations

P J Sullivan (University of Western Ontario, Canada)
The importance of the PDF ( and particularly in the high concentration tails) in ad-

dressing many relevant environmental issues motivates this talk. The intractable differ-
ential equations that describe the evolution of the PDF and the experimental difficulties
involved in its measurement are reviewed. An alternative formulation in terms of the mo-
ment evolution equations is observed to be less intractable than that for the PDF, however,
it is further shown that a low parameter PDF that accurately represents the high concentra-
tion tail behaviour is beneficial here both from an experimental and theoretical predictive
viewpoint.

A simple, physically based, closure scheme us shown to be useful in determining the
low order moments required for the parametric PDF described above. An illustration
using plume data from a well-controlled, grid turbulence, wind tunnel is described.

A unified model for jet, heavy and passive dispersion including droplet rainout and
re-evaporation

H Witlox (DNV, UK)
The Unified Dispersion Model (UDM) models the dispersion following a ground-level

or elevated unpressurised or pressurised release. It allows for continuous, instantaneous,
finite-duration, and time-varying releases. It includes a unified model for jet, heavy and
passive two-phase dispersion including possible droplet rainout, pool spreading and re-
evaporation. It calculates the phase distribution and cloud temperature using either a non-
equilibrium thermodynamics model, a non-reactive equilibrium model, or an equilibrium
model specific for HF (including effects of polymerisation).

Each of the modules in the UDM (passive, jet, and heavy dispersion; non-equilibrium,
equilibrium and HF thermodynamics; steady, instantaneous or finite-duration releases;
pool spreading/evaporation) has been investigated. The underlying physics has been con-
sidered in conjunction with a literature review, comparison against wind-tunnel experi-
ments, verification of the numerical solution against analytical solutions and sensitivity
analyses. In addition the model has been compared against predictions by other models
such as HGSYSTEM and GASP.

The overall UDM model has been validated against a large scale of large-scale field
experiments. A subset of these experiments include those evaluated as part of the EEC
programme SMEDIS. The validation set of experiments includes both continuous and
instantaneous releases. These experiments a ddress complex phenomena such as aerosol
discharges and HF thermodynamics, in addition to relatively simplistic releases. A subset
of these experiments include those evaluated as part of the EEC SMEDIS programme
(Scientific Model Evaluation of Dense Gas Dispersion).
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Future work on the UDM planned for the immediate future includes further improve-
ment of modelling for time-dependent releases (along-wind-diffusion), thermodynamics
modelling (droplets, multi-compound), the link between pool and dispersion model (rain-
out, re-evaporation), pressurised instantaneous expansion, lift-off and mixing-layer logic.
At a later stage, further features could be considered to be added such as calculation of
concentration fluctuations and inclusion of the effects of non-flat terrain (slopes, fences).

Lagrangian similarity scaling of concentration fluctuation measurements obtained
from surface released smoke plumes

T Mikkelsen & H E Jørgensen (Risø National Laboratory, Denmark)
Over the last two decades, the Atmospheric Physics group at Risø has performed sev-

eral full-scale field experiments campaigns in order to study boundary-layer atmospheric
dispersion processes. Both in-plume and puff diffusion have been measured extensively
at various times of the day (i.e. during both stable and unstable atmospheric conditions)
in the range between 0.1 and 5km from the source.

Dispersion has been studied from both elevated and ground level sources. As tracers
were used a combination of SF6 and chemical smoke (aerosols). In-plume concentration
profile measurements of high temporal resolution (up to 55 Hz) and spatial (down to 0.6
meter between range gates) were obtained by combined gas chromatographs (SF 6) and
aerosol-backscatter Lidar detection.

A comprehensive diffusion database has resulted that includes high-resolution concen-
tration fluctuations, mean and variance concentration profiles, intermittent profiles and
exceedence and duration statistics, all accompanied by detailed micro-meteorological
measurements.

This talk addresses the experimental methods and will present our latest findings on
scaling:

Apparently, our measured concentration fluctuation statistics obtained from surface re-
leased puff and the plume dispersion experiments all seem to scale with Surface Layer La-
grangian similarity theory based on surface stress and heatflux (u �, ��) Batchelor (1964),
and not, as hitherto believed by many experimentalists, by inertial subrange scaling based
on dissipation (�).

The statistics we compare includes n’th order mean crosswind profiles, standard devi-
ations, and distance-neighbour functions.

On the distance-neighbour function in turbulent diffusion

S Ott, H Jørgensen & M Nielsen (Risø National Laboratory, Denmark)
In pioneering work Richardson introduced the distance-neighbour function,D(r), into

turbulent diffusion theory. D(r) describes the probability distribution of the separation
r between a pair of particles initially released at close distance and advected simultane-
ously in a turbulent flow (Richardson’s diffusion problem). Richardson offered the first
theory for D for a pair of particles releases at close distance into homogeneous, isotropic
turbulence. In today’s terms it can be characterised as the simplest, first order closure
that obeys inertial range scaling. It has one adjustable parameter, which is fixed by the
constant C in the Richardson-Obukhov law hr2i = C�t3, in which brackets denote en-
semble averages, � is the kinetic energy dissipation and t is the elapsed time since the
release. Throughout the century there has been a lack of consensus regarding the value
of the constant C. Experimental values, based on various indirect measurements, differ
by several orders of magnitude. Theoretical estimates spread over an even wider range,
and predictions of the shape of the distance-neighbour function vary substantially. In a
recent experiment we obtain C = 0:5, a value that disagrees with a number of theo-
retical estimates. The experiment further gives a direct experimental determination of
the distance-neighbour function, which turns out to be in remarkable agreement with the
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functional form proposed by Richardson. Other theoretical treatments, some of which
are more complex than Richardson’s model, make poorer performances and therefore do
not seem to offer any improved understanding of the problem. It therefore seems that the
simplest theory does the best job.

The atmospheric boundary layer is both non-isotropic and inhomogeneous. An atmo-
spheric release can only be regarded as a Richardson diffusion problem if the source
is elevated and only as long as the cloud stays well above the ground. Releases from
ground sources do not qualify because of the lack of homogeneity near the ground, where
� diverges. Whereas isotropic, homogeneous turbulence is characterised by � and iner-
tial range scaling, the neutral surface layer turbulence is characterised by u � and surface
layer scaling, which makes it possible to essentially repeat Richardson’s treatment. Fol-
lowing this reasoning for ground source releases, cloud dimensions should grow linearly
with time in the surface layer (as opposed to t3=2 for homogeneous turbulence) and the
distance-neighbour function should have a simple exponential form. These predictions
have been tested against results from lidar measurements on passive smoke plumes from
ground sources. Results are in surprisingly good agreement with the simple theory.

Concentration fluctuations in pollutant cloud

A G Robins (University of Surrey, UK) & J E Fackrell (Powergen, UK)
A wind tunnel study of the behaviour of short duration emissions from a ground level

source into a deep turbulent boundary layer is described. Previous analysis of the results
concentrated on the ensemble averaged properties of the dispersing clouds, comparing de-
velopment with the predictions of similarity theory, and the characteristic profile shapes
of the along-wind, lateral and vertical mean concentration distributions (Robins & Fack-
rell, 1998). This analysis is briefly reviewed and criteria for puff-like and plume-like
behaviour are derived. The dependence of concentration fluctuations on position within
a cloud, emission duration, receptor response and time of travel is then investigated and
compared with results for a continuous emission in the same flow field. Finally, some
work in progress will be briefly summarised.

A simple model of concentration fluctuations in neutrally buoyant gas clouds

D M Lewis (University of Cambridge, UK)
In this talk a new model of concentration fluctuations for neutrally buoyant gas clouds

dispersing in a wind-tunnel is presented. It is derived from a series of exact results which
apply in the hypothetical case when there is no molecular diffusion, coupled with a proba-
bility density function model previously used to describe steady releases of contaminant.
A simple self-similar relationship between the evolution of the concentration intensity and
mean is established. As a first step the time independent variant of the model, applica-
ble to a continuous plume, is tested against some previously published experimental data
for steady wind-tunnel releases. Comparisons of experimental results and model predic-
tions at different downwind positions, heights and source geometry are presented. Then
the results for the time dependent model, applicable to instantaneous releases, are dis-
cussed. The experimental evidence presented here supports the self-similar relationship
established earlier.

Large time behaviour in a model for concentration fluctuations

N Mole (University of Sheffield, UK)
A model for concentration fluctuation moments has been developed for a scalar dis-

persing in a turbulent flow. This model assumes that the mean concentration is known as
a function of space and of time t, and that higher moments of concentration for a dispers-
ing cloud can be determined fully by a further two parameters �(t) and �(t). A closure
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is used which enables a coupled pair of first order differential equations for � and � to
be written down. Here attention is restricted to the case when the mean concentration is
self-similar. It is shown that there is then a constant �s, dependent on the spatial vari-
ation of the mean concentration, such that a � ! �s as t ! 1 when �s > 0, and
� ! 1 otherwise (with � ! 1 in all cases). The asymptotic dependences of � and �
on t are derived, and are supported by numerical solutions for a variety of cases. Some of
the corresponding results for the concentration moments are compared with experimental
measurements for line sources in wind tunnels.

A qualitative investigation of the fluctuations in scalar concentration

P J Sullivan (University of Western Ontario, Canada)
The root-mean-square value of scalar contaminant concentration is typically at least

as large as the mean value in a turbulent flow. The magnitude of the fluctuations varies
over the concentration field in an interesting manner. For example the mean concentration
profile across a plume in homogeneous, grid turbulence is observed to be Gaussian and to
monotonically decrease with distance downstream from a continuous source. The mean-
square concentration profile is a bimodal distribution across the plume near the source
which, further downstream, becomes unimodal with a maximum on the plume center-
line. Yet further downstream, the profile reverts to a bimodal distribution. The purpose of
this talk is to describe this observed qualitative behaviour.

The equation describing the evolution of the second moment concentration is examined
using plausible, physical approximations. The solutions depict qualitative behaviour as
described above and can be compared with the established description of moments given
by Chatwin and Sullivan.

Effects of turbulence structure in open and urban terrains on fluctuations of con-
centration

J C R Hunt (University College London, UK)
Recent theoretical and field research on turbulence structure in the surface layer of

the atmospheric boundary layer has shown that the spectra of streamwise and transverse
velocity fluctuations are self similar and vary as k�1 over large scales ranging from z

the distance above the ground to � 3h, which is the boundary layer height. Thus some
elongated sloping eddy structures produce temperature fluctuations that also vary in the
surface layer over these scales. However, over very rough terrains where the eddies are
broken up by buildings, hills etc., the same structure is neither predicted, nor observed
(Hunt & Morrison, Eur. J. Mech., 2000). In this paper it is shown how these surface eddy
structures affect the mean and fluctuating concentrations, and how statistical models and
simulations could be modified to incorporate these essential physical processes.

Experimental and numerical study for fluctuation of gas concentration

R Ohba & A Kouchi (Mitsubishi Heavy Industries, Japan)
Fluctuation of gas concentration is an important factor to determine the Lower Flammable

Limit (LFL) region of flammable gases, such as LNG and LPG. We conducted two kinds
of studies to develop an evaluation method for LFL region; one is an experimental method
by using wind tunnel, and the other a numerical one by using a computer. Wind tunnel
experiments were performed under the following conditions.

1. Terrain: flat terrain without and with building

2. Tracer gas: neutral and heavy

3. Atmospheric stability: neutral and stable
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4. Surface roughness: smooth and rough

Gas concentration was measured with conventional FID detectors and high response
detector (HFR 400). Image analyzing code (DigImage) was used to obtain averaged and
standard deviation of concentration in vertical section, simultaneously.

Next, numerical model of Finite Difference Method (FDM) has been developed to
calculate air flow and gas diffusion around structures, which solves the following conser-
vation equations.

1. Momentum: u, v, w, p, T and �

2. Turbulence: k and �

3. Concentration: average and standard deviation of concentration

4. Heat: temperature T

Finally, experimental and calculated results were compared with each other, and they
showed good agreement for average and standard deviation of concentration.

On the simulation of fluctuating concentration time series (POSTER)

A R Jones (The Met. Office, UK), C D Jones (DERA, UK), D J Thomson (The Met. Office,
UK) & M Nielsen (Risø National Laboratory, Denmark)

Short duration fluctuations in the concentration of airborne pollutants are important in
assessing hazards from toxic, flammable, odorous or obscurant materials, and even for
some substances which are routinely emitted, such as sulphur dioxide, where short peri-
ods of high concentration can cause problems in asthma sufferers. The Met. Office has
conducted a programme of research into such fluctuations over several years in conjunc-
tion with the Defence Evaluation and Research Agency. Over the past year, our research
work has focused on the development of models to simulate the fluctuating concentration
time series themselves, building on previous work on predicting the statistics of such time
series. The simulation results will form an input to risk assessment models designed to
determine the effect of fluctuations on toxicity and to assess the effectiveness of strate-
gies for detecting hazardous substances. The aim therefore is not to predict the detailed
fluctuations as the concentration changes from one instant to the next, but to describe the
correct ’climatology’ of fluctuations.

Two distinct techniques have been developed to simulate realisations of time series and
thus model temporal fluctuations in concentration levels created by the processes of tur-
bulent diffusion. The first scheme employs an iterative method to gradually evolve a time
series with prescribed spectral properties and probability profile. The second scheme de-
veloped more recently adopts an ’ensemble’ approach towards simulating time series and
generates a family of realisations based around an ’average’ state with the required prop-
erties. Initial results are encouraging and suggest these techniques will prove valuable
when refined further.
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C Surface layer scaling

We lack a general statistical theory of turbulence, but scaling arguments often prove use-
ful. These can be mere dimensional arguments or be more deeply rooted theoretically by
reference to scaling properties of a set of governing equations. Surface layer scaling, or
Monin-Obukhov scaling (Monin & Obukhov 1953), is of the latter type. The governing
equations are those based on the Boussinesq approximation describing the surface layer
in terms of the velocity ui and temperature T :

@ui

@t
+ ujrjui = �

1

�0
riP + �r2ui �

g(T � T0)

T0
Æi;3 (C.1)

rjuj = 0 (C.2)

@T

@t
+ ujrjT = 0; (C.3)

In these equations �0 and T0 are constants. In the approximation the fluid is regarded
as incompressible with a uniform density �0 and Coriolis forces are neglected. Buoyancy
forces are modelled in analogy with an electric field acting on massless charge distri-
bution that follows the fluid. In this way the heat flux is treated as an electric current
caused by the motion of a charged fluid in a uniform electric field. This is a sound phys-
ical model and therefore the equations will exhibit sound physical behaviour. They have
time-varying chaotic solutions that are believed to reproduce all essential features of real
high Reynolds number turbulence. Therefore the equations are hard to solve, too hard
to make them useful for e.g. dispersion applications, but their invariance under certain
transformations enables us to deduce statistical properties of the solutions.

During steady atmospheric conditions over flat terrain, or in a wind tunnel experiment,
we assume that these equations have statistically stationary solutions with spatially uni-
form average fluxes. Taking the mean flow in the direction of the x 1-axis (the x2-axis
horizontal and the x3-axis vertical) we have

hu3u1i = �u2� (C.4)

hui(z0)i = 0 (C.5)

�0Cp hu3T i = Q (C.6)

hT (z0)i = T0 (C.7)

u� is called the friction velocity, z0 is the roughness length, Cp is the specific heat of the
fluid and Q is vertical heat flux. Both Q and u� are independent of height. The friction
velocity is connected to ��0u2�, which is the average force applied per unit floor area.
In an idealized wind tunnel experiment the forcing could be established by means of a
conveyer belt installed in the floor and equipped with a device that maintains a constant
force on it. Q could be controlled simple by heating the floor. A interesting thing about
this arrangement is the lack of a fixed point. Both the fluid and the floor move, therefore
the forcing only determines the relative velocity of the fluid with respect to the moving
floor. The wind tunnel fan can therefore be turned up or down without affectingQ and u �

because velocity of the floor will adjust itself to the new mean flow. In mathematical terms
this means that for any solution with given values of u� and Q, Gallilei transformations
can generate a family of solutions with the same u� and Q, but with different z0. The
roughness length z0 can therefore be regarded as a parameter that fixes the laboratory
frame of reference. We can also change the smoothness of the conveyer belt. A smoother
surface will of course require a larger relative velocity to maintain the same u �. The basic
postulate of surface layer similarity is that, except close to the floor, statistics of the flow
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field are unaffected by the particular forcing method. Thus the smoothness of the conveyer
belt is not a parameter, and u�, Q and z0 are sufficient to specify a flow ensemble.

We shall consider the limit of infinite Reynolds numbers. This can be established by
performing experiments such that � ! 0 while u�,Q and z0 are kept fixed. It is generally
believed that the statistics of turbulent flow fields converge in this limit (Nie & Tanveer
(1999) claim to have a proof).

The equations have natural scales. These are the velocity scale u�, the Monin-Obukhov
length scale defined as

L � �
u4�T0

�g hTu3i
(C.8)

and the temperature fluctuation scale T�

T� �
hTu3i
u�

(C.9)

It is instructive to recast the equations in non-dimensional form using jLj=u � as time
scale, jLj as length scale and T� as temperature scale. To this end we define

s =
u�t

jLj
(C.10)

�i =
xi

jLj
(C.11)

vi(�; s) =
ui(x; t)

u�
(C.12)

�(�; s) =
T (x; t)� T0

T�
(C.13)

p(�; s) =
P (x; t)

�0u2�
(C.14)

~� =
�

jLju�
(C.15)

e	M (�3) = hv3(�; s)i (C.16)e	H(�3) = h�(�; s)i (C.17)

The non-dimensional equations then become (where ~ri � @=@�i)

@vi

@s
+ uj ~rjvi = � ~ri~p+ ~� ~r2vi � �Æi;3 (C.18)

~rjvj = 0 (C.19)

@�

@s
+ vj ~rj� = 0; (C.20)

with the boundary conditions

hv3v1i = �1 (C.21)

hv3�i = 1 (C.22)e	M (z0=jLj) = 0 (C.23)e	H(z0=jLj) = 0 (C.24)

The plus sign in (C.18) applies to unstable stratification (i.e. positive vertical heat flux
and L < 0) while the minus sign applies to stable stratification (L > 0). In the limit
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~� ! 0 the non-dimensional viscosity is not a parameter, hence solutions are determined
by the sign in (C.18) and the value of z0=jLj in (C.23) and (C.24). However, the equations
are invariant a Gallilei transformation, so that we can generate new solutions v 0 and �0

given by

v0
i
(�; s) = vi(�1 + sVG; �2; �3; s)� VGÆi;1 (C.25)

�0(�; s) = �(�1 + sVG; �2; �3; s) (C.26)

where VG is any constant translation velocity. This changes the average wind profile toe	0
M
(�3) = e	M (�3) � VG. If we therefore choose VG = e	M (z0=jLj) equation (C.23)

will be satisfied. We may also get a new solution by adding a constant value to �. This
introduces a constant term in (C.18) which can be absorbed in the pressure gradient term.
In this way we can ensure that (C.24) is satisfied. We therefore replace (C.23) and (C.23)
with the conditions

e	M (1) = 0 (C.27)e	H(1) = 0 (C.28)

With these boundary conditions the dimensional solution is given by

ui(x; t) = u�

h
vi(�1 + se	M (z0=jLj); �2; �3; )� e	M (z0=jLj)Æi;1

i
(C.29)

T (x; t) = T� [�(�1 + se	M (z0=jLj); �2; �3; s)� e	H(z0=jLj)] (C.30)

The sign in (C.18) matters since stable and unstable solutions are qualitatively different.
Apart from that all flows with the same stability can be obtained obey from solutions to
the same non-dimensional governing equation with the same boundary conditions. We
may therefore imagine that we generate two sets of solutions, one for L > 0 and one
for L < 0, and use these as ensembles for averaging. In order for this to be useful we
must assume that the statistical weight of the non-dimensional solution (v; �) is the same
as the statistical weight of (u; T ). This is ensured if a single, infinitely long solution is
enough to characterize the ensemble so that ensemble averages can be interpreted as time
averages (the ergodic hypothesis).

Taking the average on both sides of (C.29) yields

hu1(x3)i = u�

he	M (x3=jLj)� e	M (z0=jLj)
i

(C.31)

Now consider the neutral limit jLj ! 1. The only way the right hand side of (C.31) can
approach a finite non-zero value is if e	M has a logarithmic divergence. Singling out the
divergence we may therefore write

e	M (�) =
1

�
[log(�) + 	M (�)] (C.32)

where log is the natural logarithm and � is a constant. Inserting this into (C.31) we get
the Monin-Obukhov profile (and using z for x 3 and U for hu1i)

U(z) =
u�

�
[log(z=z0) + 	M (z=L)�	M (z0=L)] (C.33)

The constant � is recognized as the von Karman constant and	M as the Monin-Obukhov
profile function. Following similar reasoning we find that

hT (z)i = T0 �
T�

�T
[log(z=z0) + 	H(z=L)�	H(z0=L)] (C.34)

where the constant �T is similar to � (and has approximately the same value � 0:4).
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There is substantial experimental evidence for (C.33) in near neutral conditions (i.e.
the logarithmic wind law) and somewhat weaker evidence for (C.34). In strongly stable
stratification the theory breaks down for reasons that are not fully understood.

The assumptions that have to be made in order to derive these results are not strictly
fulfilled in reality. Therefore surface layer scaling is an approximation. The terrain is
never completely uniform and the fluxes are not constant in either space or time. The
weather changes, in other words, so stationarity can only be approximate. The influence
of the Earth’s rotation is another factor which spoils the picture, because we need to
neglect the Coriolis force in the governing equations in order to get the desired scaling
properties. The Coriolis force is unimportant close to the ground, but it plays a role in
determining the depth of the boundary layer. The region where surface layer scaling can
be applied is roughly limited to heights both below jLj and one tenth of the boundary
layer height.

Non-stationarity is inevitable because the weather is constantly changing, but the ef-
fects of non-stationarity depends on the statistic in question. Quantities that are correlated
over long times require long time series to estimate their mean values and there is a risk
that meteorological conditions may change during measurements. Quantities that have
short ’memory’ are more easy. Unfortunately fluxes, which is used to define u � andL, are
not among the ’easy’ ones; experience shows that time series should not be shorter than
about ten minutes. Fluxes are notoriously difficult to measure and experimental errors
of u� and L are large. It is also necessary to screen the data and discard non-stationary
periods. This contributes to the uncertainty in the determination of universal functions
such as 	M and 	H of which a large number of different versions have been published.
Slow fluctuations of the wind direction is a main source of uncertainty because they intro-
duce correlations over long time, and they also make the determination of the mean wind
direction uncertain. Therefore it is best to study statistics which are, as far as possible,
independent of the wind direction.

Surface layer scaling also applies to the dispersion of a passive tracer. For an instanta-
neous release we have

@C

@t
+r � uC = mÆ(x1)Æ(x2)Æ(x3 � zr) Æ(t) (C.35)

where C is the concentration (mass by volume), m is the released mass, z r is the release
height and molecular diffusion has been ignored. Defining a non-dimensional concentra-
tion � so that

C(x; t) =
m

jLj3
�(�; s) (C.36)

we get the non-dimensional equation

@�

@s
+ ~r � v� = Æ(�1)Æ(�2)Æ(�3 � �r)Æ(s) (C.37)

where �r = zr=jLj. A particular solution to this equation can be turned into a solution for
C and specific values of jLj and u� by the transformation

C(x; t) =
m

L0
3
�(�1 + se	M (z0=jLj); �2; �3; s) (C.38)

Neutral conditions can be obtained as the limit L! �1. The non-dimensionalization
does not work when jLj is infinite, so we must choose another length scale L 0. Since
T = T0 for neutral conditions an equation for � is not needed in this situation. Oth-
erwise the non-dimensional variables are defined as before with L 0 replacing jLj, e.g
u = v(x=L0; u�t=L0). This leads to the equations
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@vi

@s
+ uj ~rjvi = � ~ri~p+ ~� ~r2vi (C.39)

~rjvj = 0 (C.40)

with the boundary conditions

hv3v1i = �1 (C.41)

hv1(�1; �2; 1; s)i = 0 (C.42)

The real velocity field is given by

ui(x; t) = u�
�
vi(�1 + s��1 log(z0=L0); �2; �3; s)� ��1 log(z0=L0)

�
(C.43)

The point is that any positive L0 will do, the neutral surface layer has no natural length
scale. However, for practical reasons we choose L0 = z0 so that (C.43) simplifies to

ui(x; t) = u� vi(�; s) (C.44)

and similarly

C(x; t) =
m

z30
�(�; s) (C.45)

The lack of a length scale manifests itself in the invariance with respect to the transfor-
mation

v0:(�; s) = v�
�
��1 + �s��1 log(�)); ��2 ; ��3; �s

�
� ��1 log(�)Æi;1 (C.46)

�0(�; s) = �3 �
�
��1 + �s��1 log(�); ��2; ��3; �s

�
(C.47)

where � is a positive scaling factor. The transformation is composed of a simple scal-
ing of time and length and a Gallilei transformation which make v 0 satisfy (C.42). The
transformed fields (v0; �0) are solutions when (v; �) are. Thus v and v 0 are both valid
members of the ensemble of non-dimensional neutral flow fields. � 0 corresponds to a puff
released at the non-dimensional position �r=�, not �r as for �. However, we expect that
the puff growth is independent of the release height when its size has become large com-
pared zr, which happens very soon for a puff released close to the ground. In this limit
all puffs act as if they have been released on the ground and we may regard � 0 and � as
belonging to the same ensemble of ground releases. Due to (C.47) we have

hf (�(�; s))i = hf (�0(�; s))i

=


f
�
�3�(��1 + �s=� log(�); ��2; ��3; �s)

��
=



f
�
s�3�(�1s

�1 � ��1 log(s); �2s
�1; �3s

�1; 1)
��

(C.48)

where we have chosen � = s�1 in the last equality. The full statistical description of the
instantaneous concentration field can therefore be obtained from �(�; 1). This means that
concentration fluctuations, when properly scaled, are independent of the distance from
the source.

For a grounded puff in the neutral surface layer the cloud centroid x c is given by (with
s � u�t=z0)
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Z
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log(u�t=z0)Æi;1 (C.49)

The integral is a numerical constant, hence we get the well known result

xc1 =
u�t

�
log(u�t=z0) + �1u�t

xc2 = 0

xc3 = �3u�t (C.50)

where �1 and �3 are numerical constants. The centroid can be difficult to measure, and
it is easier to measure concentrations at a fixed downwind position x1. Yee, Kosteniuk &
Bowers (1998) made such measurements. A row of sensors were place across the plume
from which it was possible to estimate

Cy(x; t) �
Z
hC(x1; x2; 0; t)idx2 (C.51)

by numerical integration. An average travel time t t can then be calculated as

tt =

R
tCy(x; t)dtR
Cy(x; t)dt

(C.52)

Using (C.48) we may express tt as

tt =
x

u�
ft(x=z0) (C.53)

it turns out that ft is approximately constant. Figure 66, which is based on the data pub-
lished by Yee et al. (1998) shows that the average t t is effectively proportional to x=u�
so that x � 24u�tt. From (C.50) we expect ttu�=x to decrease with distance, but the data
are too scattered to see this. The data shown are not all for near neutral conditions, and
there is no apparent dependence of t t on stability in the data.

Cloud widths along the three axes are defined as

�2i =
1

2m2

Z
d3x

Z
d3x0 hC(x; t)C(x; t)i (xi � x0i)

2

=
(u�t)

2

2

Z
d3�

Z
d3�0 h�(�; 1)�(�0; 1)i (�i � �0i)

2 = (�iu�t)
2 (C.54)

where �i is a constant. The linear growth of puff dimensions is characteristic for the
surface layer. In homogeneous, isotropic turbulence it is well known that � 2 / t3 when
� is in the inertial range and �2 / t when � becomes larger ( Richardson 1926). The
different behaviour in the surface layer must be a result of the shear.

A plume from a steady continuous source is described by the equation

@C

@t
+r � uC = _mÆ(x1)Æ(x2)Æ(x3 � zr) (C.55)
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where _m is the mass release rate (kg/s) and zr is the release height. The non-dimensional
concentration � is defined as

C(x; t) =
_m

jLj2u�
�(�; s) (C.56)

which yields the non-dimensional equation

@�

@s
+ ~r � v� = Æ(�1)Æ(�2)Æ(�3 � �r) (C.57)

where �r = zr=jLj. The corresponding particular solution for specific values of jLj and
u� is given by

C(x; t) =
_m

L0
2u�

�(�1 + se	M (z0=jLj); �2; �3; s) (C.58)

Gallilei invariant statistics, such as the mean width of a puff, are simple because the
Gallilei transform is immaterial when going from non-dimensional to actual fields, and
hence these quantities are independent of z0. Gallilei invariants are often relevant because
they express intrinsic properties, which all observers can agree upon. A puff is perceived
as an instantaneous release by any observer and therefore we may call it a Gallilei in-
variant phenomenon. Continuous releases are more difficult because a moving observer
sees a moving source. This would turn non-dimensional plumes from stationary sources
into plumes from moving sources, and that is not exactly what we are interested in here.
However, the corrections are small and source motion is not likely to have major influ-
ence on the structure of a plume at large downwind distances. When we compare slice of
a plume at different x, we may still use a simple scaling of distances, without a Gallilei
transformation. This scaling produces valid solutions, but they are for different values of
z0 which is scaled in the same way as other lengths. Another way of looking at it is to
consider instantaneous line sources. An instantaneous line source oriented parallel with
the mean wind direction will produce an infinitely long cloud, which must resemble a
plume in all important aspects. Since it is an instantaneous release, the spatial structure
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Figure 66. Puff travel time vs. x=u�. The dotted line is the correlation tt = x=(24:4u�)
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is independent of z0. This strongly suggests that grounded passive plumes may, for all
practical purposes, be regarded as self similar.

This is done by considering only concentrations in a vertical slice of the plume. The
distance-neighbour function is therefore defined as

D(tt; �2; �3) =
Z
hC(x1(tt); x2; x3; t)C(x1(tt); x2 + �2; x3 + �3; t)i dx2 dx3 (C.59)

where C is assumed to be normalized so that
R
C(x; y; z; t)dydz = 1. The time t is of

course a dummy variable here since the average is not time depending. Instead we may
regard the downwind distance x1 as an indicator of travel time and use tt � x1=(24u�).

We wish to keep a diffusion equation like (115) and substitute a diffusivity that depends
on u� and separation (but not t). One cannot expect D to axisymmetric because of the
influence of the ground and therefore it does not simply depend on r =

p
�22 + �23 . In

order to simplify things so that the form of K can be determined we may get rid of the
anisotropy by averaging D over directions so that it becomes symmetric by definition, i.e.

D(tt; r) =
1

2�

Z
D(tt; r cos �; r sin �) d� (C.60)

Then K must be of the form

K = �2u�r (C.61)

where �2 is a constant and the equation governingD(r; t t) becomes

@D(r; tt)
@tt

=
1

r

@

@r
r �2u�r

D(r; tt)
@r

(C.62)

The solution to this equation is

D(r; tt) =
1

2�(�2u�tt)2
exp

�
�

r

�2u�tt

�
(C.63)

This definition requires knowledge of concentrations in a slice of the plume, and very
many measurements of this kind have been made (it was done by Ott & Jørgensen (2001)
during the URAHFREP field trials). There are more data for concentrations on a line
along the ground across the plume. For such data we may define D as

D(tt; y) =
Z
hC(x1(tt); x2; 0; t)C(x1(tt); x2 + y; 0; t)i dx2 (C.64)

where C has been normalized so that
R
C(x1; x2; 0; t)dx2 = 1. In this case we have

K = �u�jyj (C.65)

where � is a constant and the equation governingD(y; t t) becomes

@D(r; tt)
@tt

=
@

@y
�u�jyj

D(r; tt)
@y

(C.66)

The solution to this equation is

D(y; tt) =
1

�u�tt)
exp

�
�

jyj
�u�tt

�
(C.67)
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D The Risø Mini Lidar

The Risø mini lidar system consists of

� A pulsed laser system (water cooled)

� A Cassegrain telescope with filters and detectors

� A digital sampling/storage scope

� A stepper motors w/ controllers for scanning (azimuth and declination)

� A PC control and data acquisition and storage system

� A mini Van (Ford Transit)

The ground based Risø Mini lidar system is used to quantify aerosol concentrations in
the atmosphere. It is sensitive enough to detect natural occurring aerosol backscatter from
single laser shots in the range 50 - 500 meters. During controlled diffusion tests, however,
it measures backscatter from artificially generated smoke puffs and plumes, which we turn
into calibrated aerosol concentrations, see below.

The lidar principle of operation is much like conventional radar except that it uses a
pulsed infrared laser beam instead of radio waves. A short light pulse is emitted by the
laser and the echo is recorded by the storage scope. The position is given by the time
delay of the echo and the strength of the echo is related to (see below) the aerosol particle
concentration at that position. From a single laser pulse, typically 500 simultaneous sam-
pling points (range gates) are recorded along the beam path. The detector and the laser
beam are built coaxial in the telescope. The telescope (with laser head and detector) can
be turned along two axes (azimuth and declination) by means of stepper motors. View
animate 2D observations.

The lidar head with telescope, detector and laser head can scan vertically between two
pre-set turn angles in order to scan cross-sections of continuous smoke plumes. Each
vertical scan consists typically of 20 laser shots covering angles between 0 o and 20o

(sometimes smaller angles are used). A scan typically lasts 1 sec with 20 or 40 rays
covered per scan. The turn around time is approximately 1.5 seconds between the scans.
The pause is used to decelerate and accelerate the telescope and to transfer data to the PC.

During continuous smoke plume experiments, the radial distance between range gates
was 0.75 m (sampling rate 200 Ms/s). This corresponds to a Nyquist sampling length of
1,5 meters consistent with the detector systems overall spatial bandwidth (see technical
specifications).

Range gates separation as small as 37.5 cm (400 Ms/s) can be achieved, and smoke
plumes can be scanned at distances from 100 meters in front of the lidar head up to
distances several kilometres away. Typically, experiments with artificial smoke plumes
were scanned or measured at distances ranging from 200 to 800 meters from the laser
head.

Technical specifications of the Risø lidar

Laser Flashlight pumped Nd:YAG Model U-FR100 wavelength 1064 nm from Big Sky
Laser Company, MN, USA:, Energy 3-14 mJ/pulse, pulse length (Q switched) �10
ns; repetition rate 55 Hz. Full-angle divergence�3 mrad.

Telescope Folded Two-mirror Cassegrain from IBS GmbH, Germany; 15 cm Ø - effec-
tive area�144 cm2. Full-angle field of view 10 mrad w/ laser line interference filter
1064 nm; FWHM 10 nm; peak transmittance 45%.
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Detectors Type 1) YAG 444 Silicon photo diode; sensitivity 45 A/W 1064 nm; rise
time ¡ 9 ns, + 20 dB preamplifier (AD9611 w/ 280 MHz 3 dB point bandwidth).
Type 2) Wide band silicon avalanche photodiode with hybrid Pre-amplifier module
(EGandG type C30950E; System bandwidth 3 dB point 200 MHz, responsitivity
1064 nm 1.4x105 Volt/Watt.

Data sampling LeCroy Digital Oscilloscope model 9450A w/ 300 MHz Bandwidth; 400
Ms/s single shot sampling rate (corresponding to spatial sampling intervals of 37.5
cm).

Overall effective spatial resolution Impulse half-width response�10 ns corresponding
to effectively 1.5 meter band width (3 dB point). This is estimated from hard target
backscatter profiles, i.e., including the effective broadening from finite laser pulse
length, detector bandwidth, preamplifier bandwidth and data acquisition systems
(oscilloscopes) response time.

Time resolution 500 simultaneous range gates sampled at 55 Hz. (Burst mode)

Maximum data throughput 500 simultaneous range gates averaged over 4 shots at 8
HZ

Scanning 20o scan angle w / 0.5o resolution scanned with 40 Hz repetition rate (up and
down).
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