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Shell theorem for spontaneous emission
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We investigate spontaneous emission from excitons beyond the point source dipole approximation and show
how the symmetry of the exciton wave function plays a crucial role. We find that for spherically symmetric
wave functions, the Purcell effect is independent of the wave function size and therefore is given exactly by the
dipole approximation theory. This surprising result is a spontaneous emission counterpart to the shell theorems
of classical mechanics and electrostatics and provides insights into the physics of mesoscopic emitters as well as
great simplifications in practical calculations.
DOI: 10.1103/PhysRevB.88.205308
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The Purcell effect is the relative change in the spontaneous emission decay rate of an excited emitter due to the
photonic environment. While originally derived for optical
microcavities,1 the effect has been observed in a wide range
of material systems including planar interfaces,2 photonic
crystals (PCs),3 and near metal nanoparticles.4 A recent
application has been to employ a controlled Purcell effect for
extracting fundamental properties of semiconductor quantum
dots (QDs), such as the oscillator strength and the internal
quantum efficiency.5,6 By increasing the spontaneous emission
rate, the Purcell effect can be utilized for overcoming the
decoherence and dissipation processes inherent to QDs. For
this reason, the Purcell effect has important applications in the
generation of coherent photons from QDs7 and in solid-state
optical quantum processing in general,8,9 and the Purcell effect
remains a main driving force for nanophotonics research. Very
large Purcell effects have been predicted for dipole emitters
near nanoscale metal structures due to extreme field gradients,
but recent studies have shown that nonlocal effects in the
material response play a crucial role and that local theories can
overestimate the Purcell effect by orders of magnitude.10 These
results might suggest that nonlocal effects inside the emitter
can smear out or average local variations in the photonic
environment, e.g., near metallic nanostructures. Nevertheless,
we prove a surprising theorem showing that for spherical
emitters the nonlocal optical response inside the emitter cannot
change the Purcell effect, and we illustrate that this result is
remarkably robust against deviations from spherical symmetry.
Interestingly, the theorem takes the form of a shell theorem for
spontaneous emission.
Theoretically, the description of spontaneous emission
from QDs is often performed using a framework originally
derived for atoms and ions. It relies on the celebrated dipole
approximation (DA), which greatly simplifies the theoretical
description of light-matter interaction in cases where the
wavelength is large compared to the extent of the emitter.
For such point sources, the spontaneous emission decay rate
factorizes as DA (r0 ) = αQD ρ(r0 ), where αQD is intrinsic to
the QD and ρ(r0 ) is the local density of states (LDOS)11,12
describing the photonic response from the environment at the
QD position r0 . The DA is a local response theory which has
proven to be an excellent description for atoms and ions.13
For QDs, however, the DA is not valid a priori because of
1098-0121/2013/88(20)/205308(5)

the extended size of QDs as compared to atoms and also
because of the potentially rapid spatial variations of the fields
in optical micro- and nanostructures. Indeed, the DA was
recently found to be inadequate for describing measurements
of spontaneous emission from QDs close to a silver mirror,14
and the symmetry of the exciton wave function was identified
as a key property. Nevertheless, the impact of the wave function
symmetry on the Purcell effect has not been investigated
theoretically. Beyond the DA, the simple factorization of
the spontaneous emission decay rate is no longer valid. In
general, spontaneous emission is determined by a complex
intertwining of light- and matter-degrees-of-freedom, which
may be interpreted as the coherent back action of the radiated
field from the extended emitter upon itself, as illustrated
in Fig. 1(a). However, in this paper we show a surprising
relation between the calculations within and beyond the DA:
For spherically symmetric exciton wave functions, the Purcell
effect is independent of the wave function size. Therefore, the
Purcell effect is determined only by the photonic response
at the emitter center; cf. Fig. 1(b). The result holds also for
shell-type QDs,15,16 in which the exciton wave function χ (r)
is a spherically symmetric shell around the core, as illustrated
in Fig. 1(c). It thus bears a resemblance to the shell theorems
(a)

(b)

χ

(c)
r

χ
r

FIG. 1. (Color online) A shell theorem for spontaneous emission.
(a) An extended emitter in inhomogeneous surroundings (exemplified
by a QD above a dielectric mirror) coherently excites and scatters
light (indicated by dashed lines) throughout the finite volume of the
emitter itself. This may lead to nontrivial interference effects which
significantly complicates Purcell effect calculations. (b) We derive
a surprising theorem stating that for spherically symmetric exciton
wave functions χ (r), the Purcell effect is determined only by the
photonic response in the center of the emitter. (c) This nontrivial
result is valid also for shell-type emitters in which the exciton wave
function vanishes in the center.
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of classical mechanics17 and electrostatics,18 which state that
the gravitational (electrostatic) force due to a spherically
symmetric mass (charge) distribution is as if all the mass
(charge) were concentrated in the center. Like the classical
shell theorems, the relation dramatically simplifies practical
calculations, because it effectively factorizes the decay rate as
in the DA. For these reasons we regard it as a shell theorem
for spontaneous emission.
Previous theoretical work on light-matter interaction beyond the DA has studied spontaneous emission from quantum
dots and discs in bulk materials,19–21 near an interface22 or in
the center of a spherical cavity,23 and the consequences of the
DA breakdown on nonlinear effects was studied in Ref. 24. In
this paper we study the impact of the exciton wave function
symmetry on the Purcell effect using a rigorous yet intuitive
Green tensor formalism25 for spatially extended exciton wave
functions in QDs of different sizes and shapes and in two
different material systems of current experimental interest:
a PC cavity and a metal-dielectric interface. In light of these
example calculations, we finally prove the shell theorem for
spontaneous emission which is valid for general environments
with arbitrary material distributions.
We consider spontaneous emission of light with angular
frequency ω from excitons described by the wave function
χ (re ,rh ), where re and rh denote the positions of the electron
and hole, respectively. The wave functions χ (re ,rh ) are
completely different in the weak and the strong confinement
regimes,25 but our analysis below is valid in both cases. Beyond
the DA, the decay rate for spatially extended emitters can be
written in the form22,25
(χ ) = αNL ρNL (χ ),

(1)

in which αNL is determined by the crystal structure of the
underlying QD material and includes the magnitude of the
momentum Bloch matrix element.25 The nonlocal interaction
function ρNL (χ ) is given as

2ω
ρNL (χ ) =
χ (r,r)eTp Im{G(r,r ,ω)}ep χ ∗ (r ,r )drdr ,
π c2
(2)
where c is the speed of light and ep is the orientation of the
momentum Bloch matrix element. G(r,r ,ω) is the electric
field Green tensor that we can interpret as the field at r from
a point dipole at r . The Green tensor is known explicitly
for a number of simple geometries, such as free space and
layered media,26–28 but in the general case it must be calculated
numerically, for example, using time-domain formulations,29
integral equation techniques,30,31 or mode expansions.32,33 In
Eq. (1) we have neglected nonradiative decay and broadening
effects due to pure dephasing. These effects may be included
in the formalism as an additional loss term and a stochastic
Langevin noise term,34,35 respectively, but in order to focus
specifically on the Purcell effect beyond the DA we have left
them out. From Eq. (1) we define the Purcell factor as
FP =

ρNL (χ )
(χ )
= B
,
B
 (χ )
ρNL (χ )

(3)

B
where  B (χ ) and ρNL
(χ ) denote the decay rate and the
nonlocal interaction function, respectively, in a homogeneous

background medium described by the Green tensor
GB (r,r ,ω). In the limit of small exciton wave functions, the
nonlocal interaction function reduces to the LDOS, and the
Purcell factor reduces to the relative LDOS, so that
DA (r0 )
ρ(r0 )
FPDA =
= B ,
(4)
B
ρ
DA
where “DA” refers to the rates as calculated in the DA,
and ρ B (ω) = nB ω2 /3π 2 c3 is the LDOS in a homogeneous
medium with refractive index nB . From Eqs. (3) and (4) we
formulate the shell theorem for spontaneous emission in terms
of the relative LDOS: For spherically symmetric exciton wave
functions, indicated by “” and centered on r0 , the Purcell
factor is exactly given by dipole theory:
FP =

DA (r0 )
(χ )
=
= FPDA .
B
B
 (χ )
DA

(5)

This is surprising because the DA can be vastly incorrect,25
and in general we find both (χ ) = DA (r0 ) and  B (χ ) =
B
DA
but their ratios change in such a way as to keep the
Purcell factor the same. From Eq. (5) it follows that (χ ) =
FPDA  B (χ ), so that the decay rate is simply the product of the
Purcell factor in the DA and the background medium decay
rate. This dramatically simplifies decay calculations beyond
the DA, since FPDA can be calculated by a variety of standard
numerical techniques27–33,36,37 and depending on the exciton
model,  B (χ ) may be handled analytically.25
Before proceeding to a formal proof of Eq. (5), we first
give a few example calculations. For an explicit exciton model
we set re/h = r = (x,y,z) and assume harmonic confinement
potentials centered on r0 = (x0 ,y0 ,z0 ), leading to Gaussian
exciton wave functions,
χ (r,r) = χ0 e−|x−x0 |

2

/βx2 −|y−y0 |2 /βy2 −|z−z0 |2 /βz2

e

e

,

(6)

where χ0 is a normalization constant. The size and geometry of
the wave function is given by βα ,α ∈ {x,y,z}, and the model
is a good approximation both in the weak and the strong
confinement regimes,6,38 although the meaning of βα differs
in the two cases.25
As an initial, two-dimensional, example we set βz = 0 and
consider disk-shaped QDs in an L3 cavity inside a finite-sized
PC (lattice constant a = 220 nm and centered at x = y = 0) of
air holes with radius r = 0.26 a in a background medium with
refractive index nB = 3.42. The PC structure, which is shown
in full in the inset in Fig. 2(b), supports the cavity mode33
shown in Fig. 2(a), for which the resonance wavelength in
the material is λB = λ0 /nB = 1.37 a ≈ 300 nm. Figure 2(b)
shows the Purcell factor in Eq. (3) at the cavity resonance and
as a function of the QD position for two different orientations
of elliptical QDs and two different radii of circular QDs. To
prevent the exponential tails of large wave functions from
reaching the air holes, we introduced an integration cutoff at the
radius R = 2 max{βx ,βy }. The estimated absolute errors in the
calculated Purcell factors are less than 0.12 and stem primarily
from a single-mode expansion of the Green tensor.32,33
Also, Fig. 2(b) shows the DA result in Eq. (4) which, in
accordance with Eq. (5), clearly coincides with the Purcell
factor calculations for the circular QDs even for βx/y > 60 nm.
At the field node, in particular, it is striking that interaction with
the field on either side of the node does not increase the Purcell
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FIG. 3. (Color online) Purcell factor for x- or y-polarized QDs of
different shapes in GaAs as a function of distance z0 to a silver mirror,
as illustrated in the inset. For oblate ellipsoidal QDs (βz = 5 nm
and βx/y = 75 nm, solid red) as well as for prolate ellipsoidal QDs
(βx/y = 5 nm and βz = 75 nm, dashed blue) deviations from the DA
result (solid gray) are evident, but for spherical dots (βx/y/z = 50 nm,
circles) the agreement with the DA is perfect.
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FIG. 2. (Color online) Purcell factors in a PC cavity. (a) Normalized mode profile |f̃(x,y)|2 of the PC cavity mode. (b) Purcell
factor for y-polarized QDs as a function of QD position x0 along the
line y0 = 0. For elliptically shaped QDs oriented along the x axis
(βx = 66 nm and βy = βx /10, dashed red) or the y axis (βy = 66 nm
and βx = βy /10, dashed-dotted blue) deviations from the DA (solid
gray) are observable, but for circular QDs (βx/y = 22 nm, circles;
and βx/y = 66 nm, squares) the agreement with the DA is perfect,
in accordance with Eq. (5). (c) Purcell factor at x0 = y0 = 0 for
y-polarized QDs of different shapes (see inset) and sizes; βx + βy =
22 nm (solid red) and βx + βy = 66 nm (dashed blue).

factor above that of the DA, regardless of the QD size. In
Fig. 2(c) we show the Purcell factor for QDs of different sizes
and shapes at the field maximum x0 = y0 = 0 in the cavity
center. For βx + βy = 0.1 a = 22 nm the DA is approximately
valid and the QD shape has little influence, resulting in a nearly
horizontal curve in the figure. For larger QDs with βx + βy =
0.3 a = 66 nm the different shapes do lead to changes in the
Purcell factor, although the deviations from the DA are at
most on the order of 10%. The results suggest that the shell
theorem in Eq. (5) is remarkably robust, even for very large and
asymmetric QDs (βx > 60 nm and βx /βy = 10). This has important implications for experiments on self-assembled QDs,
where a circular symmetry is rarely present and electrons and
holes experience different confinement potentials.39 Formally,
for such geometries, one would have to calculate the Purcell
factor using the general expression in Eq. (3). Nevertheless,
our results suggest that the DA, when pertaining to the Purcell
factor, is a good approximation for ground state excitons of
self-assembled QDs in general PC structures.

As a second, three-dimensional, example we calculate the
Purcell factor for QDs at different distances to a silver mirror
with refractive index nAg = 0.23 + 7.1i. The background
medium has refractive index nB = 3.42 and the wavelength
is λB = 300 nm. We consider spherical and ellipsoidal QDs
and assume that their polarizations are parallel to the mirror
plane. Because of the simple geometry, and assuming the
exciton to be in the background medium only, Eq. (2) reduces
significantly and can easily be evaluated to arbitrary precision.
The result is shown in Fig. 3 along with the DA result.
We note that for oblate ellipsoidal QDs (βx/y = 75 nm and
βz = 5 nm), the variations in the Purcell factor are larger
than for the DA due to additional constructive and destructive
interference throughout the volume of the QD. Conversely, for
prolate ellipsoidal QDs (βx/y = 5 nm and βz = 75 nm), the
variations are less pronounced. For spherical QDs the Purcell
factor coincides with the DA results in the center of the QD
in accordance with Eq. (5). In particular, there is no spatial
averaging of the LDOS across the volume of the QD, despite
the large field gradients near the metal. We note that for the
larger nonspherical QDs, the additional interference effects
lead to a nondivergent behavior close to the silver interface.
This is in stark contrast to the DA result, which follows the
relative LDOS and thus diverges as a well known consequence
of the complex refractive index. The results in Fig. 3 suggest
a need for relatively large QDs in order for effects beyond
the DA to be visible. It is illustrative to compare this to the
experimental results in Ref. 14 where the DA breakdown was
observed for relatively small self-assembled QDs with radii on
the order of 10 nm. These QDs are known to be strained and
asymmetric in the growth direction, but this asymmetry is not
included in the exciton model in Eq. (6). Instead of elaborating
the exciton model, however, we focus on the shell theorem for
spherically symmetric exciton wave functions and leave the
modeling of strained QDs for future studies.
Motivated by the example calculations in Figs. 2 and 3
we finally prove Eq. (5) by showing that for spherically
symmetric exciton wave functions, χ (r,r) = χ (r), where
χ (r) is an arbitrary function of radius r, the Purcell factor
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in Eq. (3) is independent of the emitter size. To this end,
we first note that the Green tensor in general can be written
as the sum of a background term and a scattering term,
G(r,r ,ω) = GB (r,r ,ω) + GS (r,r ,ω), and from Eq. (3) it
follows that we need only consider the fraction


 ∗ 
S
χ (r)Im GSαα (r,r ,ω) χ
(r )drdr
Iαα



=
,
(7)
∗ 
B
Iαα
χ (r)Im GBαα (r,r ,ω) χ
(r )drdr
where Gαα (r,r ,ω) = eTα GS/B (r,r ,ω)eα , and show that this
is independent of χ (r). The QD is assumed to be fully
embedded in a homogeneous and simply connected domain
with refractive index nB , but it may be surrounded by materials
with arbitrary permittivity distributions. The scattering term
in the Green tensor represents light that is emitted at r and
scatters in the environment to arrive at r. It does not include
light that travels directly from r to r and hence it is bounded
for all r and r . For the background term we note that the real
part diverges in the limit r → r . The imaginary part, however,
is bounded for all r and r , and therefore the imaginary part of
both terms can be expanded as




S/B
Im GS/B
cmnpq
ψmn (r)ψpq (r ), (8)
αα (r,r ,ω) =
S/B

m,n,p,q

in which ψmn (r) = jn (kB r)Ynm (r), where jn (r) and Ynm (r) are
spherical Bessel functions of the first kind and spherical
harmonics, respectively, and kB = nB ω/c. With Eq. (8), the
integrals in Eq. (7) may be easily evaluated by noting that the
angular integrations vanish for all terms except m = n = p =
q = 0 and thus
 ∞
2

S/B 
S/B
2
Iαα = 4π c0000 
χ (r)j0 (kB r)r dr  .
(9)
0
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