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PROCEEDINGS OF THE I-R-E

The new voltage vector after interconnection is found
E2=(C2'),El as

j in

For any given numerical I, the substitutions indicated
in (11) are to be performed in succession.
The "orthogonal" inverse table may be represented as

E2=EA. EBe Ece EDe |0 0 0 0 0 0 0 0

That is, all mesh voltages become zero, since all ground
points are short-circuited.

Elimination of Meshes (Frame 3)
The unknown 8 mesh currents i are eliminated by"

Z22' = Z- Z2Z4-'Z3, (10)
giving the solution of the resultant system of Fig. 7 as
E3=Z33I. There are only four scalar equations, repre-
senting the voltages E across the four junctions at
which I is impressed.

SOLVING FOR THE MESH CURRENTS
Since the component matrices Z,, Z2 and Z3 of (9) are

strongly diagonal with many zero off-diagonal elements,
it is preferable not to perform the elimination, but to leave
(8) in its given form. That is the solution of I = YE is
represented by the form

E = (Z, - Z2Y4Z3)I. (11)

13 Ibid., p. 61.

Z2 , _I Zl Z2
Z3 Z4-1

(12)

differing from (9) by the presence of the constraint (mesh
current) inverse Z4-1= Y4. The "orthogonal" inverse
table is strongly diagonal and contains only a small frac-
tion of the nonzero elements that exist in the conventional
inverse matrix.

Thus, another important consequence of the process
of tearing is that it requires far less computation to solve
simultaneously for both forces and constraints, than to
solve for the forces alone.

CALCULATION OF JUNCTION POTENTIALS

In the example shown only some of the junctions
have a current I impressed upon them. It was also
assumed that the potentials E of those junctions that
have no I, are of no interest. If the potentials of all
junctions have to be known, then the number of as-
sumed junction pairs in Fig. 4(a) is 8 instead of 5 and
(C21)t assumes more columns. The steps are analogous
to those given elsewhere.14

14 Ibid., p. 128.
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Summary-In a previous paper homogeneous ring quasi-arrays
of tangential or radial dipoles were introduced, i.e. systems of dipoles
arranged equidistantly along a circle, the dipoles being oriented in
tangential or radial directions and carrying currents with the same
amplitude, but with a phase that increases uniformly along the circle.
Such quasi-arrays are azimuthally omnidirectional, and the radiated
field will be mainly horizontally polarized and concentrated around
the plane of the circle. In this paper expressions are obtained for the
radiation resistance and the gain of homogeneous ring quasi-arrays
of an infinite number of tangential or radial dipoles, and from the
results arrived at conclusions are drawn as to the applicability of such
antenna systems.
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INTRODUCTION
N A PREVIOUS PAPER' it was shown that an
azimuthally omnidirectional antenna system with a
field that is concentrated around the horizontal

plane and with predominantly horizontal polarization
may be obtained by placing equidistantly along a circle
in the horizontal plane a number of tangential or radial
dipoles and by feeding these dipoles with currents hav-
ing the same numerical value but a phase that increases
uniformly along the circle. An antenna system of this
type will be called a homogeneous ring quasi-array of
tangential or radial dipoles. In order that this ring
quasi-array may be completely omnidirectional in the
horizontal plane the number of dipoles must be in-
finitely large; this case is illustrated in Figs. l(b) and

' H. L. Knudsen, "The field radiated by a ring quasi-array of an
infinite number of tangential or radial dipoles," PROC. I.R.E., vol. 41,
pp. 781-789; June, 1953.
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7(b). The current phase increases a whole number, H,
times 2,r during one revolution in the positive direction.
When the increment of the current phase along the
circle augments, the radiation pattern concentrates to
an increasing degree into a narrow, disk-shaped bundle
around the horizontal plane. At the same time the verti-
cal component of the electric field strength decreases in
relation to the horizontal component. These properties
of homogeneous ring quasi-arrays of tangential or radial
dipoles explain their practical applicability.

Expressions for the field components and a thorough
discussion of the radiation pattern of homogeneous
ring quasi-arrays are given in the above mentioned
paper.' However, with a view to the complete under-
standing and description of these antenna systems it is
desirable to have expressions for the radiation re-
sistance and the gain of these antenna systems. The
present paper is devoted to the derivation and discus-
sion of such expressions. In order to simplify the cal-
culations the number of dipoles in each ring quasi-array
is assumed to be infinitely large; this simplifying as-
sumption should not cause any appreciable deviation
from the actual conditions.
The special case of a ring quasi-array of tangential

dipoles with constant current phase, i.e. H= 0, has been
dealt with in detail by Foster,2 who applies the Poyn-
ting vector method, and by Moullin,3 who applies the
emf method. The results reached by these authors are
contained as special cases in the present investigation.
The radiation resistance and the gain in the case of an

arbitrary value of H will be derived here on the basis of
the Poynting vector method. The calculations follow a
line similar to that of Foster2 in his calculations for the
special case H= 0. However, Foster's method has to be
modified and extended in order that it may be appli-
cable here. To some extent Page's4 calculation of the
radiation resistance and gain of a homogeneous ring
array of axial dipoles has also been guiding in the follow-
ing calculations.

TANGENTIAL DIPOLES

Calculation of Radiation Resistance and Gain
In this section we shall calculate the radiation re-

sistance and the gain of a homogeneous ring quasi-array
of an infinite number of dipoles placed along a circle
with radius a so that the dipoles are tangent to this
circle, as shown in Fig. l(b). We first formulate the
problem of the corresponding ring quasi-array with a
finite number, s, of elements, each one having the
length L, see Fig. 1(a). As shown in this figure, we in-
troduce a spherical co-ordinate system (r, G, 4). In this
system the j'th dipole has the co-ordinates

weO
z

(4)

C 'm

(6)
Fig. 1-Ring quasi-array of: (a) a finite number of tangential dipoles,

and (b) infinitely many tangential dipoles.

(r, 0, 4')fjth dipole = (a j-,- u) (1)

where

2rj
s

j= 1,2,-- ,s. (2)

The current Ij in the j'th dipole is given by

Ij= leiHui, (3)

where I is complex constant and H integral number.
We now let the number of elements, s, increase be-

yond all limits and the length of each dipole, L, decrease
in such a way that the product sL remains finite. As
shown in a previous paper,' the components of the
electric field strength in the far zone field of the quasi-
array are then expressed by

E= TF, (4)
where

iksLeI
TG e$kr

4irr (5)

and

H
Fo = -JH(Z) COS GeiH(O-Tr2),

z

Fz = kHa(z) eiHn(-62)
z = ka sin 6.

(6a)

(6b)

(7)

2 D. Foster, "Loop antennas with uniform current," PROC. I.R.E.,
vol. 32, pp. 603-607; October, 1944.

3 E. B. Moullin, "Radiation from large circular loops," Jour. IEE,
part III, vol. 93, pp. 345-351; 1946.

4H. Page, "Radiation resistance of ring aerials," Wireless Eng.,
vol. 25, pp. 102-109; April, 1948.

In this expression k =-w \/e denotes the intrinsic propa-
gation constant and P= VM/e the intrinsic impedance
of space. As an example we have plotted in Fig. 2 the
radiation pattern of a quasi-array with a/X = 0.6 and
H=4.

1954 687
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PROCEEDINGS OF THE I-R-E

The directive properties of an antenna is expressed
by its gain. The gain gH(O) of an azimuthally omnidirec-
tional antenna in the direction (0, 0) is defined by

(14)gH() -
S()

Smean

As

PH
Smean = ) (15)

we find for the quasi-array considered here

mH(ka, 0)6H (u =

MH(ka) (16)

'o0.

Fig. 2-Field 0- and p-components, radiated by a homogeneous ring
quasi-array of tangential dipoles, with a/X =0.6 and H=4.

We now find the total radiated effect PH by integrat-
ing radial component of Poynting vector S= EXH_
over a large spherical surface with radius r and with its
center at the antenna system. Hereby we obtain

PH = 27r Srr2 sin OdO

r2 _ = ( ksL) 2tII
= 21r J -E. E sin0 d= - MH (8)j2~ 87r

where

MH(ka) = +fJ mH(ka, 0) sin OdO (9)
2

with

mH(ka, 0) = FoFe +Ff,,

- (L !JH(Z) COS 0 + (JH'(Z))2. (10)

In these and the following formulas a denotes the com-
plex conjugate of a.

Defining the radiation resistance RH in relation to the
current I in one of the dipoles by

PH = 4RHII (11)

we finally find

RH = ZMH(ka),

where

(ksL) 2

47r

where mH(ka, 0) and MH(ka) are expressed by (10) and
(9), respectively.
The problem of calculating the radiation resistance as

well as that of calculating the gain have thus been re-
duced to the question of obtaining an expression for
the definite integral MH(ka). We have to investigate
separately the cases H= 0 and HI . 1.
H=0: The definite integral Mo(ka) has been evalu-

ated by Foster.2 He arrives at the result

1 .
Mo(ka) =-- J2(2ka),

2ka
(17)

where we have introduced the notation

7Jn(x) =- Jn(t)dtl (18)

a notation which is used by several authors, though not
by Foster.
The function Jn(x) has been tabulated for n=O,

amongst others by Lowan and Abramowitz,5 who have
published a table of 7o(x), 10 d, x=0(0.01)10. However,
no table of Jn,(x) seems to have been published for
n_ 1, although these functions have found application
also in the solution of other technical problems than
the one considered here, e.g. in the calculation of
transient phenomena in electric wave filters.6 The
author has prepared a table of ]n(x), Sd, n=1(1)8,
x=0(0.02)10, which is included in a recently published
monograph.7 In Appendix I to the present paper the
calculation of Jn(x) is briefly outlined, and curves of
these functions are given.
By using the above mentioned table or the curves in

Appendix I we may now calculate the definite integral
Mo(ka) as expressed by (17). The function Mo(x) is
plotted in Fig. 3 for 0<x.5.

I A. N. Lowan and M. Abramowitz, "Table of the integrals
J2oxo(t)dt and foZYo(t)dt, " Jour. Math. Phys., vol. 22, pp. 2-12; 1943.

6 J. Rybner, "Om Heavisides Operatorregning, " ("On Heaviside's
operational calculus"), Ingenioren (Copenhagen), part E, vol. 49,
pp. 93-103; 1940.

7H. L. Knudsen, "Bidrag til teorien for antennesystemer med hel
eller delvis rotationssymmetri," (contribution to the theory of an-

(13) tenna systems with complete or in part rotational symmetry). I kom-
mission hos Teknisk Forlag, Copenhagen, Denmark; 1953.
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Knudsen: Radiation Resistance and Gain of Homogeneous Ring Quasi-Array

Fig. 3-The function Mn(x) defined in (19) for a ring quasi-array
of tangential dipoles.

HI _1: Having treated the case of H=0 we now
assume that HI . 1. The radiation resistance and the
gain being the same for H and for -H, we need in this
section only consider the positive values of H, i.e. we
may assume that H_ 1. By inserting the expression (10)
for mH in the expression (9) for MH, applying Bessel's
recursion formulas, and transforming further, we obtain

I rt
MH(ka) =- [(JH_1(Z) + JH+1(Z))2 COS2 0

+ (JH-1(z) - JH+i(Z))2] sin OdO

- 0[(J2H-1(Z) + J2H+1(Z))(1 + COS2 0)
- 2JH-l(z)JH+l(z) sin2 0] sin OdO

1
= - [AH..l(ka) + AH+l(ka) - 2BH(ka) ],

8

where
A r

An(X) = J Jn'(X sin 0)(2 -sin' 0) sin OdO,

(19)

(20)

Bn(X) = f J-1(x sin O)Jn+l(x sin 0) sin3 OdO. (21)

The problem has now been reduced to the question of
calculating the functions An(x) and Bn(x). In Appendix
II it is shown that An(x) and Bn(x) may be expressed as
follows

- 3 4n2-1-
L2x 8x3 J2n(2X)

2n-1 1
+ J2n(2x) - -J2n+1(2x), (22)4x 2x

1 3(4n2- 1) -

Bn(X) = - + J2n(2x)

3(2n-1) 3
-

X

J2n(2x) +- J2n+1(2x).4x 2x
(23)

The functions An(x) and Bn(x), and consequently also
the definite integral MH, are now expressed through
known functions, including the function Yn(x), which
was defined in (18) and plotted in Appendix I.
The function An(x) is plotted in Figs. 14 and 15. On

the basis of these curves the function Mn(x) has been
calculated and plotted in Fig. 3 for 0. x.5 and for
n = 1, 2, 3, and 4.

Discussion of the result
We have now obtained expressions for the definite

integral MH(ka) for any value of H. By inserting these
expressions for MH(ka) in (12) we may now calculate the
radiation resistance RH. In Fig. 4 (27ra/sL)2RH is
plotted as a function of a/X for HI =0, 1, 2, 3, and 4.
The radiation resistance corresponding to H=0 has
been plotted in Foster's2 as well as in Moullin's3 papers

a

*ioo; -N

0 01 02 0.3 04 as 06 07 08

Fig. 4-The radiation resistance RH multiplied by (27ra/sL)2
of a homogeneous ring quasi-array of tangential dipoles.

previously referred to. It seems that an error has slipped
into Moullin's calculation of the radiation resistance for
H= 0; as far as I can figure out, the radiation resistance
is twice the magnitude given by the curve in Fig. 3 of
Moullin's paper. The curves in Fig. 4 show that the
radiation resistance for an arbitrary value of H in-
creases, though not monotonously, with increasing
radius of the circle. For a constant radius the radiation

1954 689
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PROCEEDINGS OF THE I-R-E

resistance is seen to decrease with increasing I HI ; when
HI becomes sufficiently large, super-gain occurs, and

the quasi-array becomes practically inapplicable, as was
discussed in a former paper.8
By inserting the obtained expressions for mH(kta, 0)

and MH(ka) in (16) the gain g(0) of the quasi-array may
be found. The gain in horizontal directions, 0==w/2, is
plotted in Fig. 5 as a function of a/X for HI = 0, 1, 2, 3,
and 4. The curve corresponding to H= 0 is plotted also
in the above mentioned papers by Foster2 and Moullin3
gives for H= 0 a curve showing the gain in the direction
in which the gain assumes its largest value. For small
values of the radius Foster's curve is identical with the
curve in Fig. 5 that corresponds to H= 0. Fig. 5 shows
that the gain in horizontal directions for any value of
H first decreases monotonously towards zero and then
oscillates. For HI . 1 and for small values of the radius
the gain is seen to increase with increasing values of
H . However, it is interesting to observe that for
H = 1 as well as for HI = 2, the gain-for small values

of the radius-is smaller than the gain for H= 0. Not
until for HI = 3 the gain is larger than for H= 0. As a
consequence of the increase of the gain with increasing
I HI the homogeneous ring quasi-array of tangential
dipoles should be useful as an azimuthally omnidirec-
tional antenna system with a mainly horizontally
polarized field concentrated around the horizontal
plane.

-as of a

Fig. 5-The gain gH in horizontal directions of a homogeneous ring
quasi-array of tangential dipoles. The figure also shows the gain
in the vertical direction of a quasi-array of this type with HI = 1.

In Fig. 5 has been plotted for HI = 1, also the gain in
the axial directions 6= 0 and ir as a function of a/X. This
is shown better in Fig. 6. For other values of H the gain
in these directions is zero. Whereas the gain in hori-
zontal directions for the values of H and a/X occurring
in Fig. 5 was smaller than 2, the gain in the direction
of the axis in the case of HI = 1 assumes much larger
values. Its first maximum occurs for a/X=0.360; the
gain is then 5.75. As a consequence of its large gain in the
axial directions a ring quasi-array of tangential dipoles

8 H. L. Knudsen, "Superforstaerkning hos antenner" ("Super-gain
of antennas"). Elektroteknisk Tidsskrift (Oslo, Norway), vol. 64, pp.
213-221; 1951.

with Hi = 1 should be useful as a bilaterally radiating
beam antenna system with circular polarization in the
directions of the principal lobes.

9

s

2

0 oTa./2 a1 a4 oi of 7 of

Fig. 6-The gain gi in the vertical direction of a homogeneous
ring quasi-array of tangential dipoles with HI = 1.

RADIAL DIPOLES
Calculation of Radiation Resistance and Gain

In this section we shall carry out a similar calculation
of the radiation resistance and the gain of a homoge-
neous ring quasi-array of an infinite number of dipoles
placed along a circle with radius a and oriented in radial
directions, as shown in Fig. 7(b). We first formulate the
problem of the corresponding ring quasi-array with a
finite number, s, of elements, each one having the
length L, see Fig. 7(a). In a spherical co-ordinate system
(r, 0, 4), as shown in the figure, the position of the j'th
dipole may be expressed by (1) and (2), and the current
in the j'th dipole by (3).

0-0

R~~~~~~~A
(a)

(:6)
Fig. 7-Ring quasi-array of: (a) a finite number of radial dipoles,

and (b) infinitely many radial dipoles.

We let now the number of elements, s, increase to-
wards infinity and the length of each dipole, L, decrease
towards zero in such a way that sL remains finite. As
was shown in a previous paper1 the electric field strength
in the far zone may then be expressed by (4) and (5),

690 A pril
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where

Fo = iJH'(z) cos 6eiH(f-T2),

H
Fo = - zJH(z)eiH(-i/2)

(24a)

(24b)

where z is given by (7). As an example the radiation pat-
tern of a quasi-array with a/X = 0.6 and H= 4 is plotted
in Fig. 8.

0o

and by substituting this expression in (25) we obtain

1 fW7r
Mo(ka) = Ji2(ka sin 6) cos2 0 sin OdO. (28)

2

As shown in Appendix III this integral may be expressed
by

1
Mo(ka) = -[A l(ka) - B(a]

8
(29)

where A,(x) and Bn(x) are previously defined functions,
expressed in (22) and (23) by tabulated functions for an
arbitrary integer index n. The function Mo(x) is plotted
in Fig. 9 for 0<x<5.

HI . 1: As the radiation resistance and the gain as-
sume the same values forH as for -H, it is sufficient to
carry out the calculation for H_ 1. For this range of H
we transform the expression (26) for MH(ka, 0) by using
Bessel's recursion formulas; substituting the result in
(25) we obtain

1= J
MH(ka) = [(JH-l(ka) -JH+l(ka))' cos' 0

8o

+ (JH-l(Z) + JH+l(Z))2] sin OdO. (30)

'Die

Fig. 8-The 0- and ¢-components of the field radiated by a homoge-
neous ring quasi-array of radial dipoles with a/X =0.6 and H=4.

As in the previous section we may express the radia-
tion resistance RH of the quasi-array in relation to the
current I in one of the dipoles by (12) and (13), where
in the present case

1 6 d
MR (ka) = 2 mH(ka, 0) sin OdO (25)

with mH(ka, 0) defined in accordance with (10)

mH(ka, 6) = F01e + FORO

= (JH'(z) COS 0)2 + (-JH(Z)). (26)

The gain g(6) of the quasi-array considered here is ex-
pressed by (16), where mH(ka, 6) and MH(ka) are given
by (26) and (25).
We have to investigate the cases H= 0 and |Hi _ 1

separately.
H=0: For H= 0 we find from (26)

mo(ka, 6) = J12(Z) COS2 6,

Fig. 9-The function Mn(x) defined in (30) for a ring
quasi-array of radial dipoles.

Applying the functions An(x) and Bn(x) defined in (22)
and (23) we may transform this expression into

1
MH(ka) = -[AH-1(ka) + AH+1(ka) + 2BH(ka)J. (31)

8

On the basis of the curves of An(x) and Bn(x) plotted in
Appendix II the auxiliary function Mn(x) is calculated
and plotted in Fig. 9 for 0<x<5 and for n=0, 1, 2, 3,
and 4.

1954 691
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PROCEEDINGS OF THE I-R-E

Discussion of the Result

Substituting the above developed expressions for
Mn(ka) in (12) we find the radiation resistance RH for
the ring quasi-array considered here with the current in
an arbitrary dipole as reference current. In Fig. 10
(2ra/sL)2RH is plotted as a function of a/X for HI = 0,
1, 2, 3, and 4. This figure shows that the radiation re-

sistance increases, though not monotonously, with in-
A

2006

ioxi
low r P-100 fX~~~~~~~Z-/
o L

0.t 02 03 04 as a06 07 08

Fig. 10-The radiation resistance RH multiplied by (27ra/sL)2 of a
homogeneous ring quasi-array of radial dipoles.

creasing radius of the circle. Excepting the case H= 0 we
see that for a small radius of the circle the radiation
resistance decreases with increasing IHI. Comparing
the result arrived at here with the radiation resistance
for a corresponding ring quasi-array of tangential di-
poles, plotted in Fig. 4, we observe that the radiation
resistances for two quasi-arrays with the same radius
and with the same HI, but with respectively tangential
and radial dipoles, may be very different.

Fig. 11-The gain gH in horizontal directions of a homogeneous ring
quasi-array of radial dipoles. The figure also shows the gain in the
vertical direction of a quasi-array of this type with HI = 1.

The gain of the quasi-array, gH(O), is calculated by
substituting in (14) the expressions (26), (29) and (31)
for mH(ka, 0) and MH(ka). In Fig. 11 the gain in hori-

zontal directions 0 = ir/2 is plotted as a function of a/N
for H| = 1, 2, 3, and 4. For H= 0 the gain in horizontal
directions is zero. For HI = 1 the gain in the directions
of the axis, 0= 0 and w, is plotted in Fig. 11 and better
in Fig. 12. For other values of H the gain in these direc-
tions is zero. The curves of the gain in horizontal direc-
tions have the same character as the corresponding
curves in the case of tangential dipoles given in Fig. 5;
but the present curves decrease more slowly towards the
first zero than those in Fig. 5. A homogeneous ring
quasi-array of radial dipoles and with HI .2 seems

therefore more fit for obtaining simultaneously a large
gain and a large radiation resistance than a correspond-
ing quasi-array of tangential dipoles. In the interval of
a/N, for which the gain is plotted here, the gain in the
direction of the axis assumes much larger values for
radial than for tangential dipoles, as is seen by compar-

ing Figs. 6 and 12.

0f 02 03 04 05 co 07 00
a

Fig. 12-The gain gi in the vertical direction of a homogeneous
ring quasi-array of radial dipoles with Hi = 1.

APPENDIX I

Calculation of Jn(x)
It seems that only few tables of the function

x

Jn,(X) = JJn(t)dt (32)

have been published. Apart from isolated values it has
not been possible for the author to find any table of
Jn(x) for other values of n than n =0.

In his monograph on the Bessel functions Watson9
gives a table of 'Jo(x), 7d, x=0(0.02)1. A similar table,
but calculated to four decimal places only, has been
published by Glazenap.10
The most comprehensive table of Jo(x) published so

far seems to be a table calculated by Lowan and
Abramowitz5; this table is characterized by lOd,
x = 0(0.02) 10.

9 G. N. Watson, "A treatise on the theory of Bessel functions,"
Cambridge England, 2nd ed., p. 752; 1944.

10 S. P. Glazenap, "Matematicheskie i Astronomicheskie Tab-
litsy," Leningrad, Russia, pp. 91-115; 1932.
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The reason why no table of 7J(x) for other values of
n than n=O has been published is probably that for
n . 1 the function 7Jn(x) may be expressed through
Bessel functions and-in the case of even n-the func-
tion Jo(x). As it may be convenient to have a table of
tgx, though tables of cosx and sinx are available, it will
to a still higher degree be convenient to dispose of a
table of Jn(x) for n .1, though Jn(x) may be expressed
by tabulated functions.
To obtain a formula that expresses Jn(x) through

tabulated functions we integrate Bessel's recursion
formula expressed as follows

Jn(X) = J,-2(X) - 2J' _,(x). (33)
Hereby we find for n > 2

Jn(X) = J,-2(X) - 2Jn,_(X).

As

J1(x) = 1 -Jo(x),

we find from this recursion formula
(n-1) /2

1 - Jo(x) - 2 E J2j(x) for n odd,

In(X) n/2

Jo(x) - 2 EJ2j1(x) for n even.
j=l

(34)

(35)

(36a)

(36b)

Instead of the formulas given above we may use the
following infinite series"

00

Jn(x) = 2E Jn+2j+l(x).
j=o

(37)

putation Laboratory"2 as well as Lowan and Abramo-
witz's table of Jo(x),5 a table has been prepared of
Jn(x) for n= 1, 2, 3, * * * , 8 and with 5d, x=0(0.02)10.7
There is an inaccuracy of one on the last decimal place
of the figures in this table. The function Jn(x) is plotted
in Fig. 13 as a function of x for n=0, 1, 2, * *,8 and
O_x< 10.

APPENDIX I I

Calculation of the Definite Integrals An(x) and Bn(x)
We shall here express the definite integrals An(x)

and Bn(x), defined in (20) and (21), by known functions,
assuming that n> 0.

Fig. 14-The function An(x) =ftJn2(x sin O)(2 -sin2 0) sin 0 do.

For the purpose of transforming the expression for
An,(x) we use Schlafli's series expansion of the product
of two Bessel functions"3

J,(x)Jf(x)

I'(2m+u+v+ 1)
X0 \ 2/*(38

m-O M!!F(m+,u±+v )i)r(M+ l)r(m+V+ 1)

Setting u=v=n in this equation and inserting the re-
sulting expression in (20), we find

rail towrd zer wi7th inresigorer thisers
converges rapidlyor n>xv

Fig. 13-The function 7Jn(x) =fJoJn(t)dt.

As a Bessel function of a constant argument decreases
rapidly towards zero with increasing order, this series
converges rapidly for n >x.
By applying the formulas (36a and b) and by using

the tables of the Bessel functions by the Harvard Com-
11 E. Jahnke and F. Emde, "Funktionentafeln," Leipzig and Ber-

lin, Germany, 3rd ed., p. 145; 1938.

2"m+2n
(_l)M( IF(2m + 2n + 1)00X \ 2 / I

An(X) = E2M+n+1n=O mr!(m + 2n + 1)r2(m + n + 1)

(2 - sin2 0)(sin 0)2m+2n+ldO (39)

12 "Tables of the Bessel functions of the first kind," Annals of the
Computation Laboratory of Harvard University; 1947.

13 G. N. Watson, op. cit., p. 147.
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We may transform the integrals in the terms of this
series expression by using Euler's formula14

r ( r(-
r ir/2 1 2J_ 2
l Cosm-l x sinn-1 xdx = - (40)
Setting inthisequtionrn-2 m+ n

rt 2,
Setting in this equation m-1I = n-1 = p, we obtain

= 22m+2n+2 P2(r+n+1)
r(2m+2n+2)

-222m+2n+332(M±n+2)
F(2m+2n+4)

= 22m+2n+2
]P(m±n+ 1) (2m+2n+ 2)(m+n+ 2)

r(2m+2n+4)

Inserting this expression in (39), we find
rxnd2

cosp x sinP xdx =| sinP 2xd(2x)
00

An(X) = E KmX2m+2
m=O

4(m 4- n + 2)
n -, (43)
(2m + 2n + 1)(2m + 2n + 3)

J"sinP ydy

r2 (P + 1)

= 2P -* (41)
r(p + 1)

Fig. 15-The function An(x)==f,rJ0'(x sin 0)(2 -sin2 0) sin 0 do.
This figure shows in greater detail a part of Fig. 14.

By using this integral we may transform the integral
occurring in the series (39) for An(x)

-(2-sin2 0)(sin 0)2m+2n+ldO

14 E. T. Whittaker and G. N. Watson, "A course of modern

analysis," Cambridge, England, 4th ed., p. 256; 1940.

where, for the sake of brevity, we have introduced

(_ 1)m
Km = m!F(m + 2n + 1)

(44)

In transforming the expression for the function Bn(x)
defined in (21) we proceed in a similar way. In the series
expansion (38) for the product of two Bessel functions
we set ,u= n-I and v = n+ 1. Substituting the resulting
expression in (21), we find

-2M+2n(-1)m - I['(2m + 2n + 1)
00o \2/

Bn(X) =E
m-O m!r(m + 2n + 1)r(m + n)r(m + n + 2)

(sin 0) 2m+2n+3do (45)

02r r T 1 , 1 r

Ia(t) _~~~~~~~~, 11- l
00.

Fig. 16-The function B.(x) =fo Jni(x sin O)fJ+1(x sin 0) sin3 0 do.

We transform the integrals occurring in this series ex-

pansion by using the formula (41) in which we set
p= 2m+2n+3,

rt r~~~~~~J2(rn + n + 2)

(sin O)2m+2n+3dO = 22m+2n+3 * (46)
IP(2r + 2n + 4)

Inserting this in (45) above for Bn(X), we obtain

00

Bn(x) = Ej KmX2m+2n
m=O

4(m + n) ,(47)
(2m + 2n + 1)(2m + 2n + 3)

where Km is the coefficient defined above in (44).

. (42)

4(1)I
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Knudsen: Radiation Resistance and Gain of Homogeneous Ring Quasi-Array

The functions An(x) and Bn(x) may be expressec
the Bessel function of the order 2n and the argun
2x, J2.(2x), and the integral of this function, J2n(
where we have introduced the notation

x

J7n(x) = J,J(t)dt.

The series expansion of the Bessel function J2n(2:
given by

J2n(2x) = > KmX2m+2n,
m=0

1 3
a= - 2' b=- (4n2 -1),

3
d = -Y

2

from which we obtain

1 3(4n2-1) \
(48) B (x) = (- +±) J2n(2x)

~)is - 3(2n- 1) 3
x) is 43(2n 1) J2n(2x) +- J2n+1(2x).

4X2 2x

(49)

where Km is the coefficient defined in (44). By inspection
of the formulas for An,(x) and Bn(x) we find that these
functions may probably be expressed as a linear com-
bination of the following four functions

1 X00 2

-J2n(2x) = E KmX2n+2n
x m=o 2m + 2n + 1

1
- J2n(2x)
X3

00

= 2 KmX2
mz=-1

-2

(50)

-2n (51)
(m+ 1)(m+ 2n+1)(2m+ 2n+3)

1 00 -1
-J2.(2x) Z K. X2m'+2n~ (52)-J2 ( 2X)=-Km12ffi+ (m+ 1)(m+ 2n+ 1)
1 ~~ ~ ~~~~001

-J2n+1(2x) = E KmX2m+2n .(53)
X m=o m + 2n + 1

We set tentatively

AB (x)} (aX±A3)72n(2x)+ J2n(2x)

d
+ -J2n+1(2 x) . (54)

x

As the terms corresponding to m = 1 must disappear, the
following relation must be satisfied

2b = -c[2m + 2n + 3]m=-i = -c(2n + 1). (55)

Comparing the series expansions of both sides of (54)
term by term, we find for the function An(x)

3
a= -

2

1
d = -

2

4n2- 1
b = -

8

(58)

(59)

APPENDIX III

Calculation of the Definite Integral Mo(x) Defined for
Radial Dipoles

In this section we shall express the function Mo(x) de-
fined for radial dipoles in (28). For the square of the
Bessel function in this formula we substitute the series
expansion (38) for the product of two Bessel functions
in which we set v=,u= 1. Hereby we obtain

2X\M+2
M 1) 00 (-1)mi r(2m + 3)
2 m=0 m!r(m + 3)r2(m + 2)

[(sin 0)2m+3- (sin a) 2m+5]dO
By using (41) we find

7rX
f [(sin a)2m+3 -(sin a)2m+s ]dO

22mn+3 r2(m + 2) -22m+5 r2(m + 3)
F(2m + 4) r(2m + 6)

=22m+4 r2(m + 2)(m + 2)
r(2m + 6)

Inserting this result in (60) we obtain
Mo(x) = E00 .mx2m+2

m=O m!r(m + 3)(2m + 3)(2m + 5)

(60)

(61)

(62)

By comparing this expression for Mo(x) with the series
expressions (43) and (47) for An,(x) and B.(x) we see
that

1
MO(x) = -Ali(x) - Bl(x)].

8(56)

from which we obtain

/3 4n2-1\ _ 2n-1
An(x) = 8X-J82n(2x) + 4X2 J2n(2x)

1
- -J2n+1(2 x)*(57

2x (57)

For the function Bn(x) we find by comparing both sides
of (54) term by term

(63)
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