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Abstract
This paper presents a technique for complete and exact separation of the radiated fields of two sources (at the
same frequency) from the knowledge of their radiated sum field. The two sources can be arbitrary but it must be
possible to enclose the sources inside their own non-intersecting minimum spheres so that the closest distance between
the surfaces of the two spheres is of the order of at least a few wavelengths.

1. Introduction
Development of tools for analysis of the field radiated by antennas and for antenna diagnostics has fascinated
researchers over the years. In [1], a diagnostics technique, for example, for detecting a faulty element of an antenna
array from the known spherical radiation pattern has been developed. This method can be used to produce a picture of
fields on the surface of an antenna array, and this picture then provides knowledge of the functioning of the array, for
example, by visual inspection. As well, attempts for separating the radiated field of the actual antenna element from the
field scattered from the surroundings based on the known spherical radiation pattern have been made [2]. In this
technique, the radiation pattern is expanded into spherical waves, and the part of the spherical wave spectrum that can
be considered not to evolve from the antenna element is filtered out. Although the technique in [2] does separate part of
the radiation caused by the scattering from the surrounding structures from that of the element radiation, some part of
the radiation desired to be filtered out is presented by the same spherical modes that are used for characterizing the
radiation of the element. Hence, the element radiation cannot be completely separated from that of the surroundings.
The purpose of this paper is to present a technique for complete and exact separation of the radiated fields from
two arbitrary sources from the knowledge of their sum radiation pattern. The two sources can be arbitrary but it must be
possible to enclose the sources inside their own non-intersecting minimum spheres so that the closest distance between
the surfaces of the two spheres is of the order of at least a few wavelengths.

2. Theory
The radiation pattern of any radiating structure outside its minimum sphere can be characterized with a truncated
spherical wave expansion

E(r ,θ ,φ ) =
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n

∑∑ ∑ Q
η
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Fsmn
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(1)
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where E(r , θ , φ ) is the radiated electric field in spherical coordinates (r,θ,φ), η is the admittance of the medium, k is
the wavenumber, N is the truncation number for the n index of the expansion, Qsmn are the spherical vector wave
( 3)
coefficients, and Fsmn
(r , θ , φ ) are the power-normalized spherical vector wave functions. The well-known truncation
rule, according to which the N can be defined, is
N = [kr0] + n1.

(2)

Here k is the wavenumber and r0 is the radius of the minimum sphere of the radiating source. The n1 depends on the
accuracy criterion in the field characterization with the spherical wave expansion and typically n1 = 10 to 15 is
sufficient for most practical purposes.
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Suppose now that we have a radiating structure consisting of two radiating sources separated in space so that
each of these radiating sources can be enclosed inside their minimum spheres according to Fig. 1 and that the surfaces
of these minimum spheres do not intersect. Free space conditions outside the two minimum spheres are assumed. Both
sources are radiating at the same, fixed frequency. This situation could occur, for example, in such cases where there is
a well-defined scatterer nearby a radiating element or two sources are intentionally excited with the same signal.
Suppose then that the radiation pattern of the complete structure, that is the sum pattern of the two sources, is known,
for example, from measurements, but the radiation patterns of the individual sources are unknown. We define the
unprimed (x, y, z) coordinate system, such that the center of the minimum sphere of source 1 is located in its origin, and
the primed (x’, y’, z’) coordinate system, such that the center of minimum sphere of source 2 is located in its origin. The
z and z’ axes are coincident. The separation distance d is the distance between the centers of the coordinate systems.
The radii of the two minimum spheres is r0 and r0’ (d > r0 + r0’). In this paper r0 = r0’ is assumed for simplicity, but it is
noted that the underlying theory could be also formulated for the case where this assumption is not made.

Fig. 1. Illustration of the minimum spheres of two radiating sources.
We now consider the radiation of sources 1 and 2 and their sum radiation in terms of the spherical wave
expansion (1). Reorganizing the summations in (1), the electric field of source 1 in the unprimed (r, θ, φ) coordinate
system and that of the source 2 in the primed (r’, θ’, φ’) coordinate system can be written as
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and Q'(smn
are the spherical vector wave coefficients of the radiated fields of sources 1 and 2 in
respectively. Here Qsmn
the unprimed and primed coordinate systems, respectively, and n0 = max(1,|m|). According to (2), the truncation number
N1 can be assumed the same for both expansions as r0 = r0’ holds. The radiated field of source 2 in the unprimed
coordinate system (for r > d + r0’) is next expressed as

E 2 (r , θ , φ ) =
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( 2)
are the spherical vector wave coefficients of the radiated field of source 2 in the unprimed coordinate
where Qsmn
system. The truncation number N is here obtained from (2) using r0 = d + r0’, and hence N is naturally greater than N1 in
(3) and (4).
It is known from the translation theorem for the spherical vector wave functions that the radiation of a spherical
wave mode with the phase reference point in one coordinate location may be expressed as a weighted sum of spherical
wave modes with the phase reference point in another coordinate location [3]. In the situation depicted in Fig. 1, the
( 2 ) , can be
spherical vector wave coefficients of the radiated field of source 2 in the unprimed coordinate system, Qsmn
2)
. Due to the fact that the translation is in the direction of the z and
related to those in the primed coordinate system, Q'(smn
z’ axes, and that these axes are coincident, this relation can be written conveniently separately for each fixed m index in
the matrix form as

q (m2) = C m q ' m( 2 ) ,

(6)

which in its expanded form is
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Here, the matrix C m linearly relates the spherical vector wave coefficients of the field of source 2 in the unprimed and
primed coordinate systems. The coefficients are obtainable from the knowledge of the translation distance d in
wavelengths [3].
We now expand the total radiated field into spherical waves using (3)-(7) and obtain
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where, importantly, the weights in the right-most expansion, where the n summation is the for n = N1 + 1 to N, comprise
( 2 ) . Hence, as the radiated total field is known, we have also the coefficients
( 2 ) of source 2 for
only the coefficients Qsmn
Qsmn
n = N1 + 1 to N available from the spherical wave expansion of the total field. We may now form a new matrix equation
2)
( 2 ) as a function of coefficients
for the indices n = N1
from the lower part of the equation (7) for the coefficients Qsmn
Q'(smn
+ 1 to N only. Hence, the upper part of the matrix equation for the indices n = 1 to N1 is left unexploited. It is noted that
2)
( 2 ) for n = 1 … N , we may still be able to find the
for n = 1 … N1
although we are not using the information on Qsmn
Q'(smn
1
2)
for
from (7). Provided the condition number of this matrix equation is sufficiently low, this enables us to find all Q'(smn
m = N1 … N1 for n = n0 … N1 for s = 1 and 2, and finally obtain the radiated field of source 2 from (4). Hence, in this
way, the radiation from source 2 can be found and can be separated from that of source 1. In practice, this is done by
( 2 ) for all n = 1 … N from (7) and then calculating the field of source 2 in the unprimed coordinate
recalculating the Qsmn

system from (5), and finally subtracting this field from the known sum field.

3. Calculation example
The above theory is tested with computer calculations in this paper. Source 1 is a 0.75 λ × 0.75 λ × 0.75
λ cubically shaped source region centered in the origin of the unprimed coordinate system. This cubical source region
consists of 64 separate coordinate locations within λ/2 interval in x, y and z, so that in each of coordinate locations an x,
y and z-polarized electric and an x, y and z-polarized magnetic Hertzian dipole is located. The excitation coefficient of
each dipole is random, and hence, generally different. This complex excitation coefficient is αexp(j2πβ), where both α
and β are random numbers between 0 and 1. Source 2 is a similar source, but it is centered at the distance of
approximately d = 8.15 λ in the direction of +z axis in the origin of the primed coordinate system. The r0 = r0’ ≈ 1.3 λ.
The situation is comparable to that shown in Fig. 1. The truncation number N1 = 15 to be applied in (3)-(4) and N = 71
to be applied in (5) are obtained from (2) using n1 = 6 and 14, respectively.
The far fields of sources 1 and 2 and their sum far field are calculated in the unprimed coordinate system. The
spherical n-mode spectra of these three fields are determined and these spectra are shown in Fig. 2 (a)-(c). The spectra
clearly show that N1 = 15 is sufficient for characterizing the radiation of source 1 in the unprimed coordinate system,
and N = 71 is sufficient for characterizing the radiation of source 2 in the unprimed coordinate system. The spectra give
a clear indication that a simple filtering of the modes with n > 15 in Fig. 2 (c) would filter only a part of the radiation
from source 2 away, and hence a complete filtering would not occur.
We now apply the theory presented in Section 2 to separate the radiation of source 2 from that of source 1 from
the known sum field of the two sources. Once the radiation pattern of source 2 is first obtained, this is then subtracted
from the total field to obtain the pattern of source 1. For comparison, we also consider the result in the case where the
pure filtering of the undesired coefficients with n > 15 is performed on the spectrum shown in Fig. 2 (c). Hence, in this
comparison, the field of source 1 is estimated using the known spherical vector wave coefficients of the sum field by
using (1) with N = N1 = 15. The results for the obtained co-polar directivity after using the pure filtering technique are

compared in Fig. 3 (a) to that of the correct co-polar directivity of source 1. The results clearly show that the pure
filtering technique cannot separate the radiation of source 2 from that of source 1 completely. The errors in the co-polar
directivity for the pure filtering technique and the technique introduced in this paper as compared to the correct co-polar
directivity of source 1 are shown in Fig. 3 (b). The technique presented in this paper can separate the radiation of source
2 from that of source 1 completely. The insignificantly small ripples in the curve are likely due to numerical
inaccuracies in the calculation of the translation coefficients.
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Fig. 2. The spherical n-mode power spectra of the field of source 1 (a), source 2 (b) and that of the total field (c) all in
unprimed coordinate system.

10
5
0
-5
-10
-15
-20

1
0.5
0
-0.5
-1
-1.5
-2

-150

-100
-50
0
50
100
Angle from the +z-axis direction

150

-150

-100
-50
0
50
100
Angle from the +z-axis direction

150

(a)
(b)
Fig. 3. Comparison of the correct co-polar directivity to that of the estimated co-polar directivity of source 1 using the
pure filtering technique (a). The errors in the co-polar directivity for the pure filtering technique (dashed line) and for
the technique introduced in this paper (solid line) as compared to the correct co-polar directivity of source 1 (b).

4. Conclusion
A method for complete and exact separation of the radiation from two separate sources have been presented and
shown to work by computer calculations. Future work consists of experimental verification of the technique,
examination of its limits, and possibly extending the technique to be applicable for more complex source structures.
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