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Executive Summary

The objective of the present work has been to enhance an existing method to model the
flow at the end of the cavity on a two-dimensional partially cavitating hydrofoil. Thus, a
re-entrant jet cavity closure model has been implemented as an extension to the bound-
ary element method, PCPAN (Partially Cavitating PANel method) (Kinnas & Fine, 1990,
1993a).

Prior to treating the partially cavitating flow problem, a study has been made of the fully-
wetted flow around two-dimensional hydrofoil sections. This is done using Green’s second
identity within the framework of potential-flow theory, under the assumption that the flow
is incompressible, inviscid, irrotational and steady. A constant-potential boundary element
method has been implemented in the code FWC (Fully Wetted Code) to calculate the
pressure distribution and the lift coefficient of the hydrofoil. The code has been validated
against an analytical solution and experimental data. The ability of FWC to treat the flow
around very thin foil sections has been aided by the implementation of a velocity Kutta
condition. A method has been devised to deal with foil sections with finite trailing-edge
thickness. This has involved extrapolating the original section to obtain an equivalent profile
with zero trailing-edge thickness. Calculations have subsequently been performed on the
modified section with good results.

The nonlinear theory for the steady, partially cavitating hydrofoil problem in potential flow
has been outlined. This forms the basis for the fixed-cavity-length code PCPAN which
employs a pressure recovery termination model to model the cavity closure. For certain
cases, PCPAN has been seen to produce solutions displaying a re-entrant jet-like behaviour.
The aim in the present work has been to obtain a better description of this behaviour by
making use of the good cavitation prediction properties of PCPAN to calculate the theoretical
height of the re-entrant jet, using the calculated values of the cavitation number and the
drag coefficient. The next step has involved implementing subroutines jetht and pcjet with
the following features:

• An initial guess of the cavity shape with the re-entrant jet is constructed in jetht
based on the calculated re-entrant jet height.

• A source singularity is introduced in the fluid domain to account for the mass flux
through that part of the fluid domain boundary represented by the re-entrant jet.
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iv Executive Summary

• For fixed cavitation number, pcjet determines the nonlinear cavity boundary in an iter-
ative manner until both the kinematic boundary condition and the dynamic boundary
condition are satisfied.

The re-entrant jet model implemented through pcjet as an extension to PCPAN has been
validated by comparisons with the numerical results obtained by Dang & Kuiper (1998)
and Uhlman Jr (1987) and through a systematic parametric analysis. The validation has
established the accuracy of the present method while also highlighting its quick convergence
properties.

The robustness of the model has been investigated by placing the jet surface further upstream
under the partial cavity and then continuing the iterative process. This has been seen to
produce a more pronounced jet structure and a more realistic velocity distribution. However,
for certain cases, moving the jet too far upstream causes the iterative scheme in pcjet to
break down as the calculated cavity intersects the foil aft of the jet.

The latter emphasizes the limitation of the current, steady formulation of the re-entrant jet
model. Experimental evidence (Knapp et al., 1970; de Lange & de Bruin, 1998) suggests the
occurrence of a break-off cycle caused by the collapse of the cavity due to the re-entrant jet
impinging on the cavity surface, followed by the growth of a new partial cavity. At the same
time, as a result of the break-off of the rear part of the cavity, a small cloud/vortex structure
is shed downstream. The present work precludes the study of the unsteady effects as the
calculations must effectively be cut off before the re-entrant jet impacts upon the cavity.

The re-entrant jet model has been seen to cope well with cases where the partial cavity
detaches downstream of the foil leading edge.

The flow around the partially cavitating hydrofoil with a re-entrant jet has also been treated
with a viscous/inviscid interactive method. The viscous flow model is based on boundary
layer theory applied on the compound foil, consisting of the union of the cavity and the
hydrofoil surface (Brewer, 1995; Kinnas et al., 1994). The change in the flow direction in
the cavity closure region is seen to have a slightly adverse effect on the viscous pressure dis-
tribution. Otherwise, it is seen that the viscous re-entrant jet solution compares favourably
with experimental results.



Synopsis

Denne afhandling omhandler en forbedring af en eksisterende metode til modelleringen af
strømningen for enden af en kavitet p̊a en todimensional partielt kaviterende hydrofoil som
f.eks. en propellerbladsektion. S̊aledes er en kavitetlukningsmodel baseret p̊a en tilbage-
strømmende jet blevet implementeret som en udvidelse af panelmetoden PCPAN (Partially
Cavitating PANel metode) (Kinnas & Fine, 1990, 1993a).

Inden behandlingen af det partielt kaviterende problem er teorien for ikke-kaviterende strøm-
ning om en todimensional bladsektion blevet gennemg̊aet. Dette er gjort ved hjælp af Greens
anden formel, under antagelse af stationær potentialstrømning, d.v.s. væsken antages at
være inkompressibel, ikke-viskos og rotationsfri. En panelmetode med en konstant potential-
fordeling over de enkelte paneler er blevet implementeret i programmet FWC (Fully Wetted
Code), som beregner trykfordelingen over og løftet af en bladsektion. Programmet er blevet
valideret ved sammenligning med en analytisk løsning og eksperimentelle data. Indførelsen
af en hastighedsbaseret Kutta-betingelse gør, at FWC ogs̊a kan behandle meget tynde blad-
sektioner. Ydermere er der blevet foresl̊aet en metode til beskrivelse af strømningen om en
bladsektion med endelig tykkelse ved agterkanten. Denne metode foreskriver en ekstrapo-
lation af den oprindelige sektion til en ækvivalent sektion med en tykkelse ved agterkanten
lig nul. Beregningerne med den modificerede sektion ved forskellige indfaldsvinkler stemmer
godt overens med data beregnet ud fra en empirisk formel.

Den ikke-lineære teori for den stationære strømning omkring en partielt kaviterende bladsek-
tion er blevet præsenteret. Denne teori danner grundlaget for udarbejdelsen af programmet
PCPAN, som beregner kavitationsdannelsen for en given kavitetlængde. Kavitetluknings-
omr̊adet er beskrevet ved en trykmodel. For visse parameterkombinationer f̊ar man løsninger
i PCPAN, hvor kaviteten antager en form, der følger opførslen af en tilbagestrømmende jet.
Form̊alet med indeværende analyse har været at udnytte forudberegningen af kavitationsdan-
nelsen fra PCPAN til at opn̊a en bedre beskrivelse af den tilbagestrømmende jet. S̊aledes er
den teoretiske jettykkelse blevet beregnet ud fra værdierne af kavitationstallet og modstands-
koefficienten beregnet i PCPAN. Dernæst er jetten blevet inkluderet i kavitationsmodellen
gennem subrutinerne jetht og pcjet, som beskrevet i det følgende:

• Et startgæt for kavitationsformen med den tilbagestrømmende jet konstrueres i jetht
med udgangspunkt i den beregnede teoretiske jettykkelse.
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vi Synopsis

• En kilde, der tager højde for masseindstrømningen til kaviteten ved jetten, indsættes i
væskedomænet.

• For et fast kavitationstal bestemmer pcjet den ikke-lineære form af kaviteten p̊a en
iterativ m̊ade, indtil b̊ade den kinematiske og den dynamiske randbetingelse er opfyldt.

Den implementerede lukningsmodel med en tilbagestrømmende jet er s̊aledes en udvidelse
af PCPAN, og de opn̊aede resultater med denne model er blevet valideret ved sammen-
ligning med de numeriske beregninger foretaget af Dang & Kuiper (1998) og Uhlman Jr
(1987). Denne validering har fastsl̊aet nøjagtigheden af den anvendte metode og har sam-
tidig fremhævet den hurtige konvergens af metoden.

Modellens robusthed er blevet testet ved at indrykke den sektion, der repræsenterer jetten,
længere opstrøms under den partielle kavitet, hvorefter det iterative forløb er blevet fortsat.
Dette har bevirket, at jetstrukturen er blevet mere udtalt, og en mere realistisk hastigheds-
fordeling er blevet opn̊aet i omr̊adet omkring jetten. Til gengæld blev det observeret, at hvis
jetsektionen flyttedes for langt opstrøms, brød den iterative beregningsprocedure sammen,
idet den beregnede kavitet skar bladprofilen.

Sidstnævnte understreger begrænsingen af den stationære beskrivelse af kavitetluknings-
modellen med en tilbagestrømmende jet. Eksperimenter (Knapp et al., 1970; de Lange &
de Bruin, 1998) antyder forekomsten af et cyklisk hændelsesforløb, hvori kaviteten kollapser,
n̊ar den rammes af den tilbagestrømmende jet, for dernæst at vokse igen. Samtidig føres
den del af kaviteten, der er blevet brudt af, nedstrøms i form af en sky- eller hvirvellignende
struktur. Beregningerne i den indeværende, stationære analyse m̊a nødvendigvis standses
inden jetten rammer kaviteten.

Modellen har vist sig at være robust i tilfælde, hvor kaviteten begynder et stykke nedstrøms
forkanten af bladsektionen.

Strømningen omkring en partielt kaviterende bladsektion med en tilbagestrømmende jet
er ogs̊a blevet analyseret ved hjælp af en grænselagsløser. Denne bruger den ikke-viskose
sammensatte profil best̊aende af bladsektionen og kaviteten, herunder jetsektionen, som
input (Brewer, 1995; Kinnas et al., 1994). Beregninger har vist, at ændringen i strømnings-
retningen i kavitetlukningsomr̊adet har haft en negativ effekt p̊a den viskose trykfordeling
i et lille interval ved forkanten af bladsektionen. Ellers er det blevet konstateret, at den
viskose løsning med en kavitetlukningsmodel med en tilbagestrømmende jet stemmer godt
overens med eksperimentelle resultater.
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Symbols

The symbols used in this thesis are generally explained when first introduced and their
meaning will normally be apparent from the context. The following list contains the main
symbols used.

Latin Letters

c chord length
Cd dissipation coefficient
CD drag coefficient = D/1

2
ρcU2∞

Cf skin friction coefficient = 2τwall/(ρU
2
e )

CL lift coefficient = L/1
2
ρcU2∞

Cp pressure coefficient = (p− p∞)/
1
2
ρU2∞

Cτ shear stress coefficient = τmax/(ρU
2
e )

CτEQ equilibrium shear stress coefficient
D drag force per unit length
F force density vector
h height of the re-entrant jet
H momentum shape factor = δ∗/θ

H∗ kinetic energy shape parameter = θ∗/θ
Hk kinematic shape parameter
l cavity length
L lift force per unit length
n foil/cavity surface unit normal vector
ñ amplitude of the most amplified Tollmien-Schlichting wave
N total number of panels used to discretize the foil/cavity surface
pv vapour pressure
p∞ absolute ambient pressure
qc cavity surface velocity
Re Reynolds number
s arc-length along foil/cavity
S surface of the foil/cavity
tmax maximum cavity thickness
u, v horizontal and vertical velocities

xi



xii Symbols

U∞ freestream velocity vector
V cavity volume
W wake surface
x, y, z regular Cartesian coordinates
xtmax maximum cavity thickness position

Greek Letters

α angle of attack
β angle at which re-entrant jet enters cavity
γ vortex density/strength
Γ circulation
δ boundary layer thickness
δ∗ boundary layer displacement thickness
θ boundary layer momentum thickness
θ∗ kinetic energy thickness
λ fraction of cavity length over which pressure model is enforced
ρ fluid density
ρL leading edge radius of foil
σ cavitation number = (p∞ − pv)/

1
2
ρU2∞

σ̂ blowing source strength
φ perturbation potential
Φ total velocity potential = Φin(x, y) + φ(x, y)
Φin inflow velocity potential

Abbreviations

BEM Boundary Element Method
CAV2DBL CAVitating 2-Dimensional Boundary Layer code
FWC Fully Wetted Code
HSV high-speed video
PCPAN Partially Cavitating PANel method
SDP smooth detachment point



Chapter 1

Introduction

1.1 Overview and Background

In many engineering applications, cavitation has been the subject of much research as it has
predominantly been perceived as an undesirable phenomenon. This is mainly due to the
detrimental effects of cavitation such as erosion, noise and vibrations, caused by the growth
and collapse of vapour bubbles. With the increased demand for higher propeller loadings
and greater efficiency, propeller cavitation is often unavoidable.

The search for propellers with as high efficiency as possible and at the same time low noise
and vibration levels and good cavitation properties, has led to the development of propellers
with unconventional geometry such as the tip-fin propeller. The complicated nature of the
cavitating flow around propellers precipitates the need for efficient computational tools to
make a reliable prediction of hydrofoil and propeller cavitation.

The present work addresses the computational analysis of sheet hydrofoil cavitation. Other
types of cavitation that occur with sheet cavitation include cloud and bubble cavitation.
Sheet cavitation is very common on marine propellers and the present study was originally
motivated by studying the literature concerning the experimental observations made for the
tip-fin propeller by Andersen & Schwanecke (1992) and Andersen (1996). A sheet cavity is
characterized by a distinct thin vapour bubble attached to the blade surface. The problem
of lifting-surface sheet cavitation is a nonlinear, free-streamline problem i.e. the location of
a flow boundary must be determined as part of the solution. Over the years several models
have been developed that describe finite cavities. These are characterized by the manner
in which the cavity is terminated. A description of various cavity closure models including
those of Riabouchinsky, the spiral vortex and the open wake was given by Tulin (1964).
All these models are fully nonlinear, satisfying the exact kinematic and dynamic boundary
conditions on the cavity surface. The analytical difficulties inherent in these models deterred
their use as an engineering tool. Geurst & Verbrugh (1959) and Geurst (1959) introduced

1



2 Chapter 1. Introduction

the linearized theory for partially cavitating hydrofoils at finite cavitation numbers followed
by Geurst (1960) with the linearized theory for supercavitating hydrofoils.

Prior to the last 15 years a lot of the numerical methods used to model the partially cav-
itating problem utilized some form of linearized approximation. A serious discrepancy in
the linear theory becomes apparent in the case of partially cavitating flows around hydro-
foils with rounded leading edges. Linear theory predicts that the cavity extent and volume
should increase with increasing thickness provided that the flow conditions remain the same.
Experimental evidence shows that increasing the leading-edge radius delays or reduces lead-
ing edge cavitation. This defect of the linear cavity theory was corrected by Kinnas (1991)
who introduced the leading-edge correction to account for the breakdown of the linear cavity
solution close to a round leading edge.

The need for taking into account the nonlinear effects has since then been aided by the
development of numerical techniques using today’s high-speed computers. These numerical
schemes are based on theorems in potential-flow theory which state that the solution of a
Neumann, Dirichlet or mixed boundary condition problem may be expressed as an integral
of appropriate singularities distributed over the boundary of the flow field. Hence these
techniques are often referred to as boundary element or surface singularity methods. The
paper by Hess & Smith (1966) started a rapid expansion in the range of applications of
these techniques. Hess (1973, 1975) presented procedures for steady two-dimensional lifting
flows. Various velocity-based boundary element methods (BEMs) have been applied for
the analysis of the flow around two- and three-dimensional partially and supercavitating
hydrofoils. These include the numerical nonlinear surface vorticity method developed by
Uhlman Jr (1987) which predicts that the cavity size should decrease with increasing foil
thickness.

A potential-based BEM was developed by Kinnas & Fine (1990) for the nonlinear analysis
of the flow around partially and supercavitating two-dimensional hydrofoils. In particular
it was found that when the method developed by Kinnas & Fine (1990) was applied to
partially cavitating hydrofoils (for given cavity length and cavitation number unknown), the
solution converged to the final cavity shape with fewer iterations than the velocity-based
BEMs. The method was then extended for the analysis of the flow around three-dimensional
cavitating hydrofoils by Fine & Kinnas (1993a). Kinnas & Fine (1992) combined the low-
order potential-based BEM with a time-marching scheme to treat the unsteady flow around
a cavitating marine propeller. This built upon a method used by Kinnas et al. (1990) for
the prediction of unsteady, fully wetted flow around either open or ducted propellers. Fine
& Kinnas (1993b) further investigated the performance of the method for unsteady sheet
cavitation around propellers with extreme geometries, such as those with large amounts of
skew, rake or pitch. This study represented an extension of the fully-wetted flow analysis
carried out by Kinnas & Hsin (1992). In each of the mentioned BEMs, the panels are placed
on the cavity boundary, the shape of which is determined in an iterative manner until both
the kinematic and dynamic boundary conditions are satisfied.

An obvious shortcoming of treating only sheet cavitation using a potential-based BEM is that
it only treats the inviscid flow around the foil and the cavity while also neglecting tip and
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hub vortex cavitation, bubble cavitation and cloud cavitation. However, one of the main ad-
vantages of the potential-flow approach is that many of the neglected phenomena mentioned
above may be included as refinements to the potential-flow solution. Thus Kinnas et al.
(1994) extended a method used to couple an existing inviscid flow solution to a boundary
layer solution developed by Drela (1989), to treat the viscous flow around partially cavitating
and supercavitating hydrofoils in fully nonlinear theory. Furthermore, Kinnas et al. (1994)
suggested a way of incorporating the effects of viscosity in three dimensions. As another
example of building on the original potential-flow solution, it would seem possible to match
a local tip solution to the outer sheet cavity solution. These examples serve to underline
the advantages of having a model that can capture most of the physics without in any way
overloading the available computational resources, and at the same time they provide the
motivation for obtaining an accurate and efficient potential-flow solution.

1.2 Objectives and Scope of the Work

The present work treats the fully-wetted flow and the partially cavitating flow for two-
dimensional hydrofoils. The main reason for focusing on two-dimensional flow is that par-
ticular attention will be given to the method of simulating the flow at the end of the cavity
which is a highly turbulent zone characterized by two-phase flow, unsteadiness and instabil-
ities. Thus the rationale is to formulate an accurate model to simulate the two-dimensional
flow prior to extending it to three dimensions. Most cavity closure models have been for-
mulated to comply with the theoretical analysis of the cavitating flow problem while at the
same time attempting to model the physical reality. Kinnas & Fine (1990) and Kinnas &
Fine (1993b) described the use of a pressure recovery termination model. By this, a simple
algebraic expression of the pressure recovery is empirically enforced over a prescribed range
of the cavity length at the end of the cavity. This approach may however influence the final
results.

Cavity

Foil

Jet

Figure 1.1: Sketch of a re-entrant jet on a cavitating foil section

In real flow a re-entrant jet will occur. Figure 1.1 shows a rough sketch of re-entrant flow.
This also has been observed in experiments as can be seen in Figure 1.2, which shows a
photograph of a cavitating hydrofoil. The formation of a re-entrant jet is clearly evident
for the sections close to the root and around the mid-span of the hydrofoil. Figure 1.2 also
illustrates the global nature of the re-entrant jet structure. The formation of the jet influences
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Figure 1.2: Photograph of the cavitating 4990 hydrofoil inside the DTMB 36 inch cavitation
tunnel; α = 0◦, σ = 0.62. Provided by Prof. S.A.Kinnas, University of Texas at Austin
courtesy of Dr. Edwin Rood of ONR and Dr. Stuart Jessup of DTMB.

the shedding of cloud cavitation and subsequent generation of noise by its implosion. It also
influences the volume of the cavity. To complete the analysis of the re-entrant jet the effects
of viscosity on the flow around the partially cavitating hydrofoil need to be studied.

The formation of a re-entrant jet cavity produced in symmetric flow against a vertical flat
plate was investigated by Birkhoff (1948) and Gilbarg (1960). Simple relations between the
relative cavity cross-section and the drag coefficient which apply to any symmetrical obstacle
in the plane and to any axially symmetric obstacle in space were derived by Birkhoff (1948).

Dang & Kuiper (1998) presented a potential-based panel method that predicts the partial
cavity flow on two-dimensional hydrofoil sections using a re-entrant jet model. The cavity
shape and extent were determined for given cavitation number and the re-entrant jet surface
was formed automatically as the cavity became fully developed.

The objective of the present work is twofold: firstly to provide a comprehensive and system-
atic analysis of the flow around a two-dimensional hydrofoil and subsequently focus attention
on the flow at the end of the cavity on a partially cavitating hydrofoil. Thus prior to treating
the re-entrant jet flow in the cavity closure region, the first part of the study deals with:

• The fully wetted flow around a two-dimensional hydrofoil including special cases for
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thin foil sections and foil sections with finite trailing-edge thickness.

• Linear theory for partially cavitating hydrofoils.

• Nonlinear theory for partially cavitating hydrofoils including a presentation of the fixed-
length code PCPAN (Partially Cavitating PANel method) and the pressure recovery
cavity termination model.

The second and main part of this work represents a novel contribution to the research of par-
tially cavitating hydrofoils in two dimensions. This part outlines an alternative formulation
of the re-entrant jet cavity closure model and its numerical implementation in conjunction
with PCPAN. The following key points are addressed:

• Computing the theoretical height of the re-entrant jet.

• Parametric analysis of the numerical implementation of the re-entrant jet model.

• Investigating the robustness and the limitations of the re-entrant jet model.

In the final part of this work, the current analysis of the re-entrant jet model is taken one
step further by including the viscous effects.

1.3 Structure of the Thesis

The contents of this thesis are presented in six chapters. Chapter 2 outlines the theory behind
the motion of an ideal fluid. The various elements pertaining to potential-flow theory are
presented. This includes the principle of the distribution of singularities and Green’s theorem
in two dimensions. A constant-potential boundary element method to model the fully-wetted
flow around a hydrofoil is presented. Results using the fully-wetted code are shown for several
special cases.

In Chapter 3, the general theory for partially cavitating hydrofoils is presented. This includes
a presentation of the linear and the fully nonlinear theory for partially cavitating hydrofoils.
The fixed-length code PCPAN is described and results for a sample case are presented,
including a case that displays a re-entrant jet-like behaviour.

Chapter 4 focuses on the flow at the downstream end of the cavity. The re-entrant jet cavity
closure model is presented and incorporated in PCPAN via the subroutines jetht and pcjet.
A parametric analysis of the implemented model is carried out and the results are compared
with those obtained by Dang & Kuiper (1998) and Uhlman Jr (1987). The limitations of
the implemented re-entrant jet model are discussed with the aid of numerical tests.
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The coupling between the potential flow and a boundary layer solver is dealt with in Chapter
5. The aim is to modify an existing boundary layer solver for a partially cavitating hydrofoil
to be able to perform viscous calculations on a potential-flow solution displaying a re-entrant
jet structure.

Chapter 6 outlines the conclusions of the analysis and the results presented in the previous
chapters and lists some recommendations for future work.



Chapter 2

Two-dimensional Hydrofoil Theory

2.1 Motion of an Ideal Fluid

The following section briefly reviews those parts of the theory of hydrodynamics that are
paramount to the understanding of the fluid-mechanical aspects of ship propellers. Naturally,
the fluid of interest is water, which is taken to be an ideal fluid, i.e. incompressible and
inviscid. Modifications resulting from taking viscous effects into account will be described
in Chapter 5.

The fundamental equations prescribed by the conservation law for mass and the law of
momentum balance are the continuity equation and the Euler equations respectively. These
are derived e.g. by Newman (1977) and Breslin & Andersen (1994). Thus the velocity
vector q = (u(x, y, z, t), v(x, y, z, t), w(x, y, z, t)) for a general, three-dimensional flow field
must satisfy the continuity equation

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 (2.1)

for an incompressible fluid. The application of Newton’s second law to an elemental volume
in an incompressible, inviscid fluid reduces to (Breslin & Andersen, 1994):

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −

1

ρ

∂p

∂x
+

Fx

ρ

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= −

1

ρ

∂p

∂y
+

Fy
ρ

(2.2)

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= −

1

ρ

∂p

∂z
+

Fz
ρ

where the right-hand-sides include the applied forces due to pressure and the components of
the extraneous forces per unit volume. The equations in the form of (2.2) are referred to as
the Euler equations.

7
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Introducing the vorticity vector

ζ =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

u v w

∣∣∣∣∣∣ = (ξ, η, ζ) (2.3)

where

ξ =
∂w

∂y
−

∂v

∂z
; η = −

∂w

∂x
+

∂u

∂z
; ζ =

∂v

∂x
−

∂u

∂y
(2.4)

and the vector cross-product of the velocity vector and the vorticity vector q × ζ, the
equations of motion (2.2) can be written in vector form as follows:

∂q

∂t
+∇

(
p

ρ
+

1

2
q2
)
− q× ζ =

F

ρ
(2.5)

where

∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
is the gradient operator

q = (u, v, w)

F = (Fx, Fy, Fz).

2.1.1 Irrotational Flows

In order to simplify the Euler equations (2.5), the class of possible fluid motions needs to
be restricted. To this end, the circulation Γ is introduced. The circulation is the integrated
tangential velocity around any closed contour C in the fluid:

Γ =

∫
C

(u dx+ v dy + w dz) =

∫
C

uidxi (2.6)

when using the more concise indicial notation. Lord Kelvin’s Theorem for the conservation
of circulation states that for an ideal fluid acted upon by conservative forces (e.g. gravity),
the circulation is constant about any closed material contour moving with the fluid. The
physical interpretation of Lord Kelvin’s Theorem is that the rotation rate of the fluid particles
remains unchanged as no shear stresses act within the fluid. Thus, any motion that starts
from a state of rest from some initial time, will remain irrotational for all subsequent times,
and the circulation about any material contour will vanish. A proof of Kelvin’s theorem is
given by Newman (1977).

Since the circulation is constant, dΓ/dt = 0. Assuming that the fluid motion starts from an
initial state of rest when e.g. t = −∞, then Γ = 0 for all time and for all material contours
within the fluid. By Stoke’s Theorem for a continuous differentiable vector q∫ ∫

S

(∇× q) =

∫
C

q · dx
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where the surface integral is taken over any surface S bounded by the contour C. By
definition, the line integral is the circulation, which equals zero. Thus the surface integral
must also equal zero for any surface S situated within the fluid domain. This can only hold
true if the integrand is identically zero. Hence the motion of the fluid must be irrotational,
i.e.

∇× q = ζ = 0. (2.7)

Substituting (2.4) in (2.7) yields the following condition for irrotationality in Cartesian
components,

ξ =
∂w

∂y
−

∂v

∂z
= 0; η = −

∂w

∂x
+

∂u

∂z
= 0; ζ =

∂v

∂x
−

∂u

∂y
= 0. (2.8)

Thus, saying that the flow is irrotational is equivalent to saying that the vorticity is zero
throughout the fluid. This result is important, since if the velocity field is irrotational, it
can be represented simply as the gradient of a scalar function φ, which is called the velocity
potential.

2.1.2 The Velocity Potential

If the fluid motion is irrotational, the velocity vector, q, can be represented by the gradient
of a scalar potential φ which will generally depend on the three space coordinates x, y and
z and time t. However, in the following the flow is assumed to be steady, i.e. ∂q/∂t = 0.

Thus, let φ = φ(x, y, z) be defined as a velocity potential function such that

∂φ

∂x
= u;

∂φ

∂y
= v;

∂φ

∂z
= w. (2.9)

It is seen that the condition ζ = 0 is satisfied at all points except singular points. Then the
continuity equation requires that at all field points

∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
= 0 or ∇2φ = 0, (2.10)

i.e. φ must satisfy Laplace’s equation which expresses conservation of fluid mass for potential
flows and provides the governing partial differential equation to be solved for the function φ,
subject to kinematic conditions on the body boundaries and suitable conditions at infinity.

2.1.3 Bernoulli’s Equation

Assuming that the flow is irrotational, i.e. ζ = 0, and that the force density F can be
expressed as the negative gradient of a function Ω, i.e.

F = −∇Ω,
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then for steady flow, (2.5) becomes,

∇

(
p

ρ
+

1

2
q2 +

Ω

ρ

)
= 0, (2.11)

which implies that

(p+Ω)

ρ
+

1

2
q2 = a constant, (2.12)

which is referred to as the Bernoulli equation. In the presence of a body force, typically
due to gravity, the function Ω = ρgz, with z representing the vertical coordinate, calculated
positive upward, in which case the Bernoulli equation assumes the form

p

ρ
+

q2

2
+ gz = a constant. (2.13)

The Bernoulli equation in the form (2.13) is a powerful and useful tool as it relates pressure
changes to velocity and elevation changes along a streamline for a steady, irrotational and
incompressible flow situation. Note that, strictly speaking, no assumptions need to be made
as to the viscous nature of the fluid. In the following, gravity will generally be ignored,
however the effect of the forces acting on the fluid due to the presence of lifting surfaces will
be considered in detail. These forces will be opposite and equal to those applied by the fluid
to those surfaces.

The constant in (2.13) has a single value throughout the entire flow field i.e. the equation
(2.13) is valid between any two points in the flow field.

2.1.4 Boundary Conditions

The physical conditions imposed on the boundaries of the fluid domain are what distinguish
different flow problems. If e.g. one considers the solid boundary between a viscous fluid and
a rigid body, the existence of a shear stress would require both the normal and tangential
velocity components of the fluid and the boundary to be equal, i.e. the fluid velocity equals
the velocity of the body. This is called the kinematic condition. In inviscid flow, the fluid
particles slip tangentially and therefore acquire the normal velocity component at each point
of the solid boundary.

A free surface e.g. between the surface of the ocean and the atmosphere or between the
fluid and vapour domains of a cavitating flow also represents a physical boundary. The only
stress at such a surface is the normal pressure, specified as the atmospheric pressure or the
vapour pressure respectively in the two cited examples, thus forming the dynamic boundary
condition at the free surface. The kinematic condition must also be imposed; this requires
the normal velocity of the fluid and the free surface to be equal.
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In an ideal fluid there are no shear stresses acting within the fluid. Therefore, in the general
case of a rigid body moving with a prescribed velocity U through the fluid, the normal
component of the fluid velocity must be equal to the normal velocity U · n of the boundary
surface itself. That is to say, no fluid can flow through the boundary surface. In terms of
the velocity potential, the kinematic condition can be expressed as follows:

∂φ

∂n
= U · n, (2.14)

where ∂
∂n

denotes the derivative in the direction of the unit normal n, directed out of the
fluid.

If the normal velocity (2.14) is prescribed on all the boundary surfaces of a simply-connected
fluid domain, the positions of which are known, it can be shown (Newman, 1977) that
the solution of the Laplace equation (2.10) for the velocity potential is specified uniquely,
barring an additive constant. Thus it would seem that the kinematic boundary condition
(2.14) contains the required information to adequately describe the fluid motion. However in
certain cases, for instance in a cavitating flow as will be seen later, the velocity and position
of the boundary are not known a priori. The kinematic boundary condition remains valid,
but additional information in the form of a dynamic condition must be provided. In the case
of cavitating flow, the physically relevant condition is based on Bernoulli’s equation (2.13),
and requires the pressure on the cavity surface to be equal to the vapour pressure.

2.2 Green’s Theorem

Green’s theorem provides a useful tool for constructing the velocity potential due to the
motion of a moving body in an ideal fluid. The underlying principle involves the use of
distributions of mathematical singularities representing the components of elementary plane
flows.

2.2.1 Elementary Plane Flows

In the following, the potential functions for certain elementary two-dimensional flows are
summarized. A uniform flow of constant velocity, U , inclined at an angle α to the x axis
clearly has the velocity potential

φ = U(x cos(α) + y sin(α)).

A simple source is a flow pattern in the xy-plane in which the flow is radially outward from
the z axis and symmetrical in all directions. The strength, m, of the source is the volume
flow rate per unit depth. The velocity potential for a source placed at a point (x0, y0),

φsource(x, y) =
m

2π
ln(r) =

m

2π
ln(
√

(x− x0)2 + (y − y0)2).
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In a simple sink, the flow is radially inward, i.e. a sink is a negative source and subsequently
φsink = −φsource. The origin of either a sink or a source is a singular point, since the radial
velocity approaches infinity as the radius approaches zero.

X

Y

φv− = Γ

Γ
r

q(r)

y

y0

x0 x

θ

θ

r0

cut
φv+ = 0

Figure 2.1: Flow due to a vortex at (x0, y0).

A flow pattern in which the streamlines are concentric circles is a vortex. A vortex at
a point (x0, y0) with strength Γ induces a circumferential velocity field q(r) where r =√

(x− x0)2 + (y − y0)2. Due to irrotational flow (everywhere except at where the vortex is
located) (see Figure 2.1), by the definition (2.6):

2πrq(r) = Γ⇒ q(r) = Γ/(2πr).

With the angle θ shown as in Figure 2.1, the potential of the vortex, φv, will be such that

1

r

∂φv

∂θ
= q(r) =

Γ

2πr
.

Integrating the above and ignoring the constant yields

φv =
Γ

2π
θ.

To make φv single valued, it is defined in the region excluding the cut cf. Figure 2.1. Then
on the upper bank of the cut

φv+ = 0

and on the lower bank
φv- = Γ.

Therefore, the jump in φv across the cut is

∆φv = φv+ − φv- = −Γ. (2.15)
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The dipole (or doublet) is defined as the limit of the sum of a source and a sink as they
approach one another in such a way that the product of their common strength and the
distance between them is a constant defined to be the dipole moment strength µ. For a
vertically, upward directed dipole located at the origin, the velocity potential is given by

φdipole(x, y) = −
µ

2π

y

x2 + y2.

2.2.2 Distribution of Singularities

A streaming flow will often be disturbed by the presence of one or several bodies with a
specified geometry. From a mathematical point of view, such a disturbance requires the
introduction of singularities such as those reviewed in the previous section. A variety of
potential flows or complicated body shapes can be constructed by suitably combining the
elementary flow patterns. From the standpoint of the flow exterior to the body in question,
a distribution of singularities on the body surface alone would be a sufficient representation.
This is indeed the case (Newman, 1977).

Several useful results can be obtained based on this approach of modelling the flow around a
body using a distribution of singularities. One of these is Green’s second identity which can
be derived from Gauss’ theorem. In three dimensions, Gauss’ theorem gives the connection
between a volume integral and a surface integral,∫

V

∇ · f dV =

∫
S

f · n dS, (2.16)

whereas in two dimensions a plane integral can be transformed to a line integral∫
S

∇ · f dS =

∫
∂S

f · n ds. (2.17)

Given two functions φ and ψ with partial derivatives of the second order which are continuous
in S, we consider the function f given by

f = φ∇ψ.

Green’s first identity for a planar case can be derived by substituting f in equation (2.17)
and using the identity ∇ψ · n = ∂ψ/∂n,∫

S

φ∇2ψ dS = −

∫
S

∇φ∇ψ +

∫
∂S

φ
∂ψ

∂n
ds. (2.18)

We can similarly define a function

g = ψ∇φ
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and substitute g in equation (2.17) to obtain an equation similar to (2.18) with φ replaced
by ψ and vice versa:∫

S

ψ∇2φ dS = −

∫
S

∇ψ∇φ+

∫
∂S

ψ
∂φ

∂n
ds. (2.19)

Subtracting (2.19) from (2.18) gives Green’s second identity in a planar case:∫
S

(φ∇2ψ − ψ∇2φ) =

∫
∂S

(
φ
∂ψ

∂n
− ψ

∂φ

∂n

)
ds. (2.20)

If both φ and ψ satisfy Laplace’s equation everywhere in S, i.e. if ∇2φ = ∇2ψ = 0, we
obtain:∫

∂S

(
φ
∂ψ

∂n
− ψ

∂φ

∂n

)
ds = 0. (2.21)

In the following, we consider the consequence of replacing ψ by the potential of a unit source,
i.e.

ψ =
ln(r)

2π
, (2.22)

where r =
√

(x− x0)2 + (y − y0)2 and (x0, y0) denotes the source point. Substituting (2.22)
in the left-hand-side of (2.21) gives

1

2π

∫
∂S

(
φ
∂

∂n
ln(r)− ln(r)

∂φ

∂n

)
ds = 0. (2.23)

It should be noted that the source potential will not satisfy the Laplace equation at r = 0,
i.e. equation (2.23) is not valid when the source point is situated on the boundary curve ∂S.
This problem can be circumvented by choosing a semi-circle ∂Sε with radius ε that indents
the original curve ∂S, inside the source point, as shown in Figure 2.2.

Thus, (2.23) can be replaced by

1

2π

∫
∂S+∂Sε

(
φ
∂

∂n
ln(r)− ln(r)

∂φ

∂n

)
ds = 0 (2.24)

which implies that

1

2π

∫
∂S

(
φ
∂

∂n
ln(r)− ln(r)

∂φ

∂n

)
ds = −

1

2π

∫
∂Sε

(
φ
∂

∂n
ln(r)− ln(r)

∂φ

∂n

)
ds. (2.25)
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n

∂S

(x0, y0)

n

∂Sε

S

Figure 2.2: Curves of integration for Green’s theorem in 2D. The field point is on the
boundary curve ∂S and ∂Sε is a semi-circle with radius ε.

It is assumed that φ and ∂φ/∂n are regular in the limit ε → 0. The length of ∂Sε is πε,
while the normal derivative:

∂

∂n
ln(r) = −

∂

∂r
ln(r) = −

1

r
= −

1

ε
.

Thus the first term on the right-hand-side of (2.25) is singular in proportion to 1/ε and
when multiplied by the length πε gives a finite limit for ε → 0. On the other hand the
weaker singularity of the second term gives no contribution. Therefore, the value of the
right-hand-side of (2.25) for r = ε becomes

−
1

2π

∫
∂Sε

((
−φ

1

ε

)
− ln(ε)

∂φ

∂n

)
ds. (2.26)

The above can be reduced to

1

2

(
φ+ ε ln(ε)

∂φ

∂n

)
→

φ

2
for ε→ 0. (2.27)

Thus by inserting the above limit in (2.25), we obtain the following expression for the
potential φ at a point (x, y) situated on the boundary curve ∂S:

φ(x, y) =
1

π

∫
∂S

(
φ
∂

∂n
ln(r)− ln(r)

∂φ

∂n

)
ds. (2.28)

In the present work, equation (2.28), termed Green’s theorem, will be used to represent
the velocity potential due to the flow around a hydrofoil or a propeller blade section in
an unbounded, ideal fluid. Generally, the normal derivative ∂φ/∂n will be specified via
a kinematic boundary condition. Hence, (2.28) is essentially an integral equation for the
determination of the unknown potential. It can be solved by approximations or numerical
techniques.
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2.3 Modelling the Fully-wetted Flow Around a Hydro-

foil

Consider the fully-wetted flow around a two-dimensional hydrofoil as shown in Figure 2.3.
The inflow has a magnitude U∞ and an angle of attack α.

U∞

n

Kutta
condition

α

KBC: ∂φ∂n = −U∞ · n

Figure 2.3: Fully-wetted flow around a two-dimensional hydrofoil

It is assumed that the fluid is inviscid and incompressible, and that the resulting flow is
irrotational. The total velocity flow field q can be expressed in terms of either the total
potential, Φ, or the perturbation potential, φ, as follows

q = ∇Φ = U∞ +∇φ.

The total and perturbation potentials are related as follows

φ = Φ(x, y)−Φin(x, y),

where the inflow velocity potential Φin corresponds to the uniform inflow:

Φin(x, y) = U∞(−x cos α+ y sin α).

The perturbation potential φ will satisfy Laplace’s equation in the domain outside the hy-
drofoil

∇2φ = 0.

In addition to the above, the following boundary conditions on φ are applied:

Kinematic boundary condition: The flow is required to be tangent to the wetted hydro-
foil surface. This can be formulated as follows

∂φ

∂n
+U∞ · n = 0 on the wetted hydrofoil surface, (2.29)

where n is the unit normal to the hydrofoil surface directed into the fluid domain.

Kutta condition:

∇φ finite at the trailing edge. (2.30)
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By Green’s theorem (2.28), for the chosen normal direction, the perturbation potential, φP ,
at any point P on the hydrofoil surface is given by

φP =
1

π

∫
S

(
∂φ

∂n
ln r − φ

∂ ln r

∂n

)
ds−

1

π

∫
W

∆φW
∂ ln r

∂n
ds, (2.31)

where S is the blade surface and W is the surface of the wake. The distance from the
surface element ds to the point P is denoted by r, while ∆φW is the potential jump in the
wake (analogous to (2.15)). The equation (2.31) may be regarded as a representation of
the perturbation potential in the fluid domain as a superposition of a dipole distribution of
strength φ on the blade surface S, a source distribution of strength ∂φ

∂n
on S, and a dipole

distribution of constant strength ∆φW on the wake surface W .

2.3.1 The Constant-Potential Panel Method

In order to calculate values for the potential φP on a surface boundary S, a constant-potential
panel method using a Dirichlet boundary condition is used. The Dirichlet boundary condition
states that if ∂Φ

∂n
= 0 on the surface of a closed body, then the internal potential must stay

constant (Katz & Plotkin, 1991).
Φi = constant,

Φi = φP +Φin = constant.

When using a combination of source and dipole distributions as formulated in (2.31), the
strength of one of the types of singularities must be prescribed. This pre-requisite is fulfilled
by imposing the kinematic boundary condition (2.29) that yields an expression for the source
strength ∂φ

∂n
.

To construct a numerical solution (Katz & Plotkin, 1991; Yon et al., 1992), the surface
boundary S is divided into N straight-line panels and the integration is performed for each
panel j such that

N∑
j=1

1

π

∫
panel

(
∂φ

∂n
ln r

)
ds−

N∑
j=1

1

π

∫
panel

(
φ
∂ ln r

∂n

)
ds+Φin = constant. (2.32)

In the case of constant-strength singularity elements on each panel, the influence of panel j
at a point P is

1

π

∫
panel

∂ ln r

∂n
ds

∣∣∣∣
j

≡ Cj, (2.33)

for the dipole distribution and

−
1

π

∫
panel

(ln r) ds

∣∣∣∣
j

≡ Bj , (2.34)
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for the source distribution.

After evaluating these influence integrals, the boundary condition on the surface (at any
point) becomes

N∑
j=1

Bj

(
∂φ

∂n

)
j

+
N∑
j=1

Cjφj +Φin = constant, (2.35)

for each collocation point.

By a specification of this boundary condition on N collocation points, N linear equations
can be created.

In the combined source and dipole method, each panel will have a source and dipole strength
of its own. If the inner potential is selected to be equal to Φin, the source strength is given
by (

∂φ

∂n

)
j

= −U∞ · n, (2.36)

cf. the kinematic boundary condition (2.29). Thus since the inner perturbation potential is
zero (Φi = Φin) we have

N∑
j=1

Bj

(
∂φ

∂n

)
j

+
N∑
j=1

Cjφj = 0, (2.37)

where the unknowns are φj. This equation is specified at each collocation point, providing
a linear algebraic equation for this point.

For a given two-dimensional profile there will be N+1 panel corner points and N collocation
points. For a closed profile, the first and the last panel corner points will coincide with each
other. Determination of the influence of the dipoles at each collocation point results in an
N × N influence matrix with N + 1 unknowns (where the wake dipole strength, ∆φW , is
the (N + 1)th unknown). The additional equation is provided by using the Kutta condition
(2.30)

(φ1 − φN) + ∆φW = 0, (2.38)

which in terms of dipole strengths prescribes the circulation density at the trailing edge to
be equal to zero (γTE = 0). This jump in the potential across the wake is equivalent to the
jump (2.15) across the cut for the potential of a vortex. The solution of the resulting matrix
equation system ((2.37) combined with (2.38)) provides the dipole values of each of the N

panels. The pressure coefficient can be calculated by using the following equation:

Cp = 1−
q2

U∞
2 , (2.39)
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where q is the total tangential velocity component at the panel outer surface due to the
inflow and the perturbation velocity potentials (q = U∞ + (∂φ/∂s)). Subsequently, the lift
coefficient is calculated by using the Kutta-Joukowsky theorem (Breslin & Andersen, 1994)
in that

CL =
Γ

1
2
U∞c

=
2∆φW
U∞c

. (2.40)

The second transformation in (2.40) is a consequence of Kelvin’s theorem by which the
strength of the starting vortex (equal to the strength of the wake modelled by a constant
strength dipole) is equal to the circulation of the blade section.

A two-dimensional panel method, FWC (Fully Wetted Code) is developed based on the
numerical scheme outlined above. For a given blade geometry subject to unit-inflow (U∞ = 1)
at a user-specified angle of attack, FWC calculates the corresponding pressure distribution
and the lift coefficient. A sample case showing the use of FWC is treated in Appendix B.

2.3.2 Results

In the following, a few results for selected blade sections are presented. All the cases treated in
this section are fully-wetted and serve as benchmark tests for the panel code FWC, developed
in accordance with the theory outlined in the previous section. All the physical parameters
are non-dimensionalized. The chord length c = 1 and the inflow velocity, U∞ = 1.

The Elliptical Section
As a simple test of FWC, an elliptical section of 10% thickness at angle of attack α = 0◦
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Figure 2.4: An elliptical section of 10% thickness modelled using 100 panels.

is considered (see Figure 2.4). The exact solution for this case is derived by Milne-Thomson
(1955). The semi-axes: a = 0.5 and b = 0.05. Thus the ellipse curve is given by ξ = ξ0 =
1
2
ln
(
a+b
a−b

)
= 0.1003 and the velocity square

q2 =

(
a+ b

a− b

)
sin2 η

sinh2 ξ0 + sin2 η
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Figure 2.5: Comparison between the numerical solution and the analytical solution for the
pressure distribution on an elliptical section with t/c = 0.1 at an angle of attack, α = 0◦.

where η is the eccentric angle of a point on the ellipse. The pressure coefficient Cp = 1− q2.

Figure 2.5 shows that the pressure distribution calculated by FWC for an elliptical section
with t/c = 0.1 at zero angle of attack concurs well with the analytical solution.

Comparison with Experimental Results
In Figure 2.7 the pressure distribution on the upper and lower surfaces of an ONERA-120
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Figure 2.6: An ONERA-120 airfoil modelled using 120 panels.

airfoil section (see Figure 2.6) calculated numerically is compared to available experimental
data (Kourta, 1992). The angle of attack α = 3.4◦. As can be seen, the numerical solution
fits the experimental data well.

A Velocity Kutta Condition
A more stringent application of the Kutta condition requires the velocity to be equal for the
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Figure 2.7: Comparison between the numerical solution and experimental data for the pres-
sure distribution on an ONERA-120 airfoil. The angle of attack α = 3.4◦.

upper and lower trailing edge surfaces, i.e.(
∂φ

∂s

)
1

=

(
∂φ

∂s

)
N

, (2.41)

where N denotes the total number of panels. For trailing edge panels of equal length, ∆s,
assuming (∂φ/∂s)1 = (φ2−φ1)/∆s and a similar expression for (∂φ/∂s)N , (2.41) reduces to

φN − φN−1 = φ1 − φ2. (2.42)

It is seen that for very thin foils, when using the simple Kutta condition (2.38), the solution
based on the Dirichlet boundary condition becomes inaccurate near the trailing edge. This
is illustrated in Figure 2.8 where the pressure distribution on a NACA 16-001 foil with zero
camber at α = 3◦ is shown. The lift coefficient, CL = 0.36268.

However when implementing the velocity formulation for the Kutta condition (2.42), under
the same conditions as for the case illustrated in Figure 2.8, a more reasonable pressure
distribution is obtained close to the foil trailing edge and the lift coefficient is slightly reduced,
CL = 0.32947. This is shown in Figure 2.9.

The effect of using the velocity Kutta condition for thin foils as shown above, confirms similar
results obtained by Yon et al. (1992) based on the use of a specified trailing edge thickness
parameter.
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Figure 2.8: Pressure distribution on a NACA 16-001 section at α = 3◦. The pressure curves
diverge close to the foil trailing edge.
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Figure 2.9: Improved pressure distribution for a NACA 16-001 foil at α = 3◦ close to the
foil trailing edge when using a velocity Kutta condition.
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Foil Sections with Finite Trailing Edge Thickness
In the following, the fully-wetted flow around a section with a finite trailing-edge thickness
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Figure 2.10: A NACA-66 (TMB modified) section with finite trailing-edge thickness, t/c =
0.04, f/c = 0.01.
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Figure 2.11: Pressure distribution for NACA-66 (TMB modified) section at α = 2◦. Close
to the trailing edge, the pressure distribution becomes highly irregular.

is considered. The section is a TMB modified NACA-66 section, for which the offsets at
conventional stations are tabulated in Brockett (1966). Effectively the NACA-66 (TMB
modified) section is equivalent to the NACA 66-006 thickened at the trailing edge to ease
the vortex-shedding process. In practice, a parabola is fitted from the position of maximum
thickness to a finite trailing edge offset.

In the considered case, the thickness ratio t/c = 0.04 and camber ratio f/c = 0.01 (see Figure
2.10). The gap at the trailing edge causes the pressure distribution close to the trailing edge
to become irregular. Figure 2.11 shows the pressure distribution for the TMB section with
finite trailing-edge thickness at α = 2◦. A velocity Kutta condition is used. The calculated
lift coefficient CL = 0.39140.
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The inaccuracy in the pressure distribution can be remedied by performing calculations on a
blade section with zero trailing-edge thickness obtained by extrapolating the original blade
section profile. The extrapolated blade profile is then normalized. Figure 2.12 illustrates
the actual difference in the normalized trailing-edge geometry that is input to the code in
the two cases. Subjecting the modified section to the same flow conditions as the original
section, gives a regular pressure distribution with smooth convergence of the pressure curves
close to the foil trailing edge (see Figure 2.13). Once again, the velocity Kutta condition
(2.42) is imposed on the newly introduced foil trailing edge panels. As expected, a slightly
lower lift coefficient, CL = 0.33176, is obtained.
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Figure 2.12: End-zone of the TMB modified NACA-66 section (now t/c ≈ 0.04 and f/c ≈
0.01) with zero trailing-edge thickness compared to the original section with finite trailing
edge thickness.

The above result can be validated by comparing the lift coefficients calculated by FWC with
values obtained using the following empirical formula derived by Brockett (1966) for the lift
coefficient of a NACA-66 (TMB-modified) section with arbitrary thickness and camber:

Cempirical

L = 2π

(
1− 0.83

(
t

c

))(
α+ 2.05

(
f

c

))
. (2.43)

Table 2.1 shows a comparison between the calculated values of CL using FWC and the
values obtained using (2.43) for different angles of attack. The results validate the use of an
equivalent extrapolated profile with zero trailing-edge thickness.

The procedure described above to perform calculations on an extrapolated version of the
original blade section with finite trailing-edge thickness can be considered as the numerical
equivalent to the practice of applying a parabolic fit in the trailing-edge region from the
position of maximum thickness to the finite trailing-edge offset.
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Figure 2.13: A regular pressure distribution is obtained for the extrapolated NACA-66 (TMB
modified) section, t/c ≈ 0.04 and f/c ≈ 0.01, with zero trailing-edge thickness. The angle
of attack, α = 2◦.

α CL: Finite TE thickn. CL: Zero TE thickn. CL: Empirical

1◦ 0.25871 0.22177 0.23055
2◦ 0.39140 0.33176 0.33660
4◦ 0.65638 0.55140 0.54862

Table 2.1: Comparison between lift coefficients calculated using FWC and the empirical
formula (2.43) for the TMB-modified NACA section with t/c = 0.04 and f/c = 0.01.

An analogy can also be drawn to the practice of introducing an anti-singing edge which is a
chamfer connected to the trailing edge of the blade. Propeller singing is caused by a vortex
shedding mechanism in the turbulent and separated part of the boundary layer on the blade
surface. This excites the higher mode frequencies of the blade, in particular those associated
with the blade edge modes. The objective of applying an anti-singing edge to the suction
surface of the blade is to disrupt this boundary layer growth in the trailing-edge region of a
foil section (Carlton, 1994).
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Chapter 3

Partially Cavitating Flow Theory

3.1 Cavitation

Cavitation or vapourization of a fluid is a phase change observed in high speed flows wherein
the local absolute pressure in the liquid reaches the vicinity of the vapour pressure at the
ambient temperature. The collapse of vapour bubbles can cause damage (pitting or erosion)
to metal surfaces and have an adverse effect on the performance of lifting surfaces with
extensive cavitation.

To predict the inception of cavitation it is desirable to have indices to provide quantitative
measures of the dynamic flow conditions under which the local pressure drops to the vapour
pressure. The vapour pressure of a fluid is a fundamental property which depends on the
temperature. However a parameter is needed that would assume a unique value for each set
of dynamically similar cavitating conditions. Furthermore, the parameter should be able to
describe the flow conditions relative to those for which cavitation is absent, incipient or at
various stages of development.

In flowing liquids, the tendency of a flow to cavitate is indicated by the so-called cavitation
number which is expressed by

σ =
p∞ − pv
ρ
2
U2∞

, (3.1)

where

• p∞ is defined as the absolute ambient pressure.

• pv is the vapour pressure.

• ρ
2
U2∞ is the dynamic stagnation pressure.

27
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• U∞ is some reference velocity.

Thus the vapour cavitation number is the ratio of the net pressure inhibiting cavitation to
the relevant dynamic pressure, i.e. it is a measure of the tendency of the moving fluid to
cavitate. When σ is large, cavitation is unlikely; when σ is small, the likelihood is great.
The cavitation number’s basic importance stems from the fact that it is an index of dynamic
similarity of flow conditions under which cavitation occurs (Knapp et al., 1970).

The present work addresses the problem of cavitating hydrofoils or propeller blade sections
in two dimensions. As a prelude to the theoretical treatment of this problem, we briefly
review certain physical aspects concerning the nature of cavitation that need to be kept in
mind in order to correctly describe the cavitating flow around a two-dimensional hydrofoil.

3.1.1 Fixed Cavities
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Figure 3.1: Types of cavitation. In both cases the cavity is indicated by the shaded region.

Fixed cavitation is defined as the cavitating condition in which a statistically fixed cavity
is formed by the guiding surface e.g. the rigid boundary of an immersed hydrofoil, and the
free surface of the liquid flow. We distinguish between two different types of fixed cavitation.
Figure 3.1 (top) illustrates a case of partial cavitation, a fixed cavity which does not envelop
the rear end of the hydrofoil, but closes in on the hydrofoil surface. At sufficiently low values
of the cavitation number, σ, the sheet cavitation on the back of a hydrofoil will extend
to beyond the trailing edge, in which case a supercavity (see Figure 3.1 (bottom)) will be
formed.
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In the present work, only cases of partial cavitation are studied; in particular the factors
involved in the formation of the cavity and in the determination of the cavity shape or the
free-stream surface, and the disturbance at the downstream end of the cavity.

An important feature of the hydrodynamic cavitation process is always the motion of the
liquid. Whenever a guiding surface curves away from the direction of the motion of the fluid,
it causes a dynamic reduction in the pressure in the flowing stream of liquid. In order for
the liquid stream to follow the guiding surface, there must be a pressure gradient from the
fluid toward the surface. If the elements of the fluid are thought of as free particles, it can
be assumed that the minimum radius of curvature of the particle path for a given stream
pressure p∞ will be reached when the pressure on the boundary side of the element is zero. If
the radius of curvature of the guiding surface in contact with the face of the particle is equal
to or greater than this minimum radius, then the liquid particle can stay in contact with the
guiding surface. If, however, the radius of curvature of the surface is less than this minimum
value, the liquid will part and the main flow will spring clear, in the process producing a
cavity between the liquid and the guiding surface (Knapp et al., 1970).

The presence of a boundary layer will modify the main flow streamlines and subsequently
the pressure distribution along the guiding surface. It is important however to distinguish
between a cavitation pocket which forms when the liquid detaches itself from the guiding
surface, leaving a liquid-free zone, and a separation pocket which forms when the boundary
layer separates, leaving a liquid-filled zone. In nearly all cases, the initial point of separation
will occur downstream from the point of minimum pressure as the flow up to this point
is accelerating. However, cavitation is caused due to the reaching of a particular absolute
pressure at any point in the flow. In general, this absolute pressure will be reached at or
very close to the guiding surface. Thus at inception, cavitation will occur close to the point
of minimum pressure on the surface.

3.1.2 Cavity Detachment

Experiments have revealed that the location of the cavity detachment point can have a
significant effect on the cavity extent and the cavity volume (Franc & Michel, 1985). In the
case of a sharp leading edge, the cavity will develop from this point. If however, the leading
edge is a smooth curve, the cavity detaches from a point downstream of the laminar boundary
layer separation point. The position of the separation and the detachment point and the
correlation between them has been studied extensively by Arakeri (1975) and Arakeri &
Acosta (1976). Arakeri (1975) developed a semi-empirical method to predict the position of
viscous laminar cavitation separation on an arbitrarily smooth body. However, the method
only applies in the Reynolds number range for which the cavitating body possesses boundary
layer separation under non-cavitating conditions.

From a numerical point of view, the position of the cavity detachment point has an impor-
tant influence on the quantitative aspects of the cavity shape (Lemonnier & Rowe, 1988).
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For given cavitation number, σ, when the cavity detachment point moves downstream, the
cavities become flatter and shorter. However, the physical validity of the result will also be
affected. If e.g. the cavity detachment point is set too far forward on a hydrofoil section,
the cavity streamline may intersect the foil, thereby resulting in a non-physical solution.

The smooth detachment condition, also known as the Brillouin-Villat condition, requires
that the slope and the curvature of the cavity at the detachment point must equal that
of the foil surface at the same position. This condition ensures that the cavity does not
intersect the foil at the leading edge and that the pressures on the wetted foil, upstream of
the cavity, are larger than the cavity pressure.

The smooth detachment point (SDP) is thus found by requiring the slope of the pressure
distribution with respect to the foil arc-length at the cavity leading edge to be equal to zero.
Detaching the cavity upstream of the SDP will result in a cavity that intersects the foil
surface, while detaching the cavity downstream of the SDP will produce pressures upstream
of the cavity which are smaller than the cavity pressure.

However in reality, the cavity will detach well downstream of the SDP. Furthermore, pressures
smaller than the cavity pressure have been measured on the wetted flow upstream of the
cavity detachment point. The criterion formulated by Arakeri (1975) has since then been
extended in the case of cavitating hydrofoils by Franc & Michel (1985). The results obtained
by Franc & Michel (1985) confirm that the cavity detachment takes place just downstream
of the boundary-layer separation, but not at the minimum pressure point. They formulated
a cavity detachment criterion by which the actual detachment point is determined as the one
among all the theoretically possible detachment points, for which the computations predict
a laminar separation just upstream.

In practice, the application of the criterion formulated by Franc & Michel (1985) consists of
moving the detachment point on the foil until a boundary layer calculation shows laminar
separation just ahead of the cavity leading edge (Brewer & Kinnas, 1996; Kinnas et al.,
1994).

Thus it is apparent that an important factor governing the location of the cavity detachment
is viscosity through the behaviour of the boundary layer.

3.1.3 Cavity Closure

The complexity of the problem regarding the region downstream of the cavity is such that all
numerical models must introduce some simplifications. The cavity closure region is in fact a
two-phase, turbulent zone where vapourization and condensation generate unsteadiness and
instabilities. However, for certain flow configurations, the cavity end-zone is only moderately
perturbed, thus allowing for a steady solution.

The intricacies of the flow in the cavity closure region necessitate the introduction of a
cavity termination model that can account for the pressure (velocity) distribution in this
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region. Essentially, the need arises from the inherent inconsistency in forcing a constant
velocity streamline to end at a stagnation point. The recognition of this dilemma has led
to the formulation of several cavity termination models over the last many years. Extensive
reviews of existing models have been compiled by Tulin (1964) and Wu (1975).

It was widely assumed that the character of the cavity termination model only affected the
local behaviour of the flow for sufficiently long cavities. However, as observed by Franc &
Michel (1985) and Kinnas & Fine (1989) the cavity shape and length can depend critically
upon the termination model and the cavity detachment point, as discussed previously.

The viscous wake model

δ∗

Tulin’s spiral vortex model

The end plate Riabouchinsky Model The re-entrant jet model

Figure 3.2: Types of cavity termination models

Some of the existing cavity termination models are illustrated in Figure 3.2. The re-entrant
jet model is the most physically realistic cavity termination model in the sense that it provides
the best representation of the streamlines of the actual fluid flow. The Riabouchinsky type
model is quite similar to the re-entrant jet model and arguably the next most realistic
cavity termination model. Tulin (1964) has shown, for example, that to first order, both the
Riabouchinsky model and the re-entrant jet model require cavity closure in the linearized
theory. However the most prominent feature of these two models is that they both display
a stagnation point at the aft end of the cavity. This stagnation point has been found
experimentally by Meijer (1959). This would seem to suggest that in order to simulate the
physical reality in the best possible way, a cavity termination model with this feature should
be chosen. Neither Tulin’s spiral vortex model nor Wu’s open wake model have a stagnation
point at the after-end of the cavity.

Uhlman Jr (1987) employed a modified Riabouchinsky model for partially cavitating flow,
by which the cavity was closed with a short vertical wall on which a kinematic boundary
condition was satisfied. Consequently, at the juncture between the wall and the considered
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hydrofoil, a concave corner flow was established, yielding the aforementioned stagnation
point.

In the present study, two main termination models are considered:

1. The pressure model: this model was first suggested by Lemonnier & Rowe (1988) for
partially cavitating hydrofoils. In this model, the pressure on the cavity is allowed to
vary in a region near the end of the cavity from its constant value upstream to some
fraction of that value at the cavity trailing edge.

2. The re-entrant jet model: The formation of a re-entrant jet cavity produced in sym-
metric flow against a vertical flat plate was investigated by Birkhoff (1948) and Gilbarg
(1960). Dang & Kuiper (1998) and de Lange & de Bruin (1998) have formulated nu-
merical models for partially cavitating hydrofoils using a re-entrant jet cavity closure
model.

One of the objectives of the present work is to modify a numerical method that uses a pressure
model such that it can incorporate a re-entrant jet in the final solution, thus allowing for
greater flexibility in the analysis of the partially cavitating flow. The parameters describing
the re-entrant jet will be found by extending the theoretical results obtained by Birkhoff
(1948) to the case of a partially cavitating hydrofoil.

3.2 Modelling of a Partially Cavitating Hydrofoil

3.2.1 Linear Theory

As reviewed by Kinnas (1991), cavitating flows in two dimensions were initially formulated
using the hodograph technique as introduced by Helmholtz and Kirchoff. Due to the diffi-
culty of applying the hodograph technique to general shape geometries, only a few simple
geometries have been treated analytically (e.g. flat plate, circular and wedge geometries).
Linear theory was first applied to problems concerning supercavitating symmetric sections
at zero incidence and zero cavitation number. It was subsequently extended by among oth-
ers Geurst (1960) for a supercavitating hydrofoil of general shape and at any cavitation
number. The next step was to address the partially cavitating hydrofoil problem in linear
theory. Geurst (1959) formulated the partially cavitating problem for a general shape cam-
ber meanline and Geurst & Verbrugh (1959) gave analytical results for a parabolic camber
distribution.

The linear cavity theory assumes thin cavity and foil thickness relative to the foil chord
length. In the following, a brief outline of the linearized theory for a partially cavitating
hydrofoil is given. A partially cavitating hydrofoil is considered, as shown in Figure 3.3 (not
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Figure 3.3: Partially cavitating two-dimensional hydrofoil; linear theory.

to scale). The flow field around the foil and cavity can, as in the case for fully-wetted flow, be
described in terms of the total velocity potential Φ. The flow field must satisfy the following
conditions:

• Φ must be a solution of Laplace’s equation, i.e.

∇2Φ = 0. (3.2)

• The kinematic boundary condition on the fully wetted part of the foil surface and on
the cavity surface:

q · n =
∂Φ

∂n
= 0, (3.3)

where the total velocity q = ∇Φ.

• The dynamic boundary condition on the cavity surface:

p = pv = constant, (3.4)

which can be written for the cavity velocity qc as

q = qc = U∞
√
1 + σ, (3.5)

using Bernoulli’s equation and the definition (3.1) of the cavitation number, σ.

• At infinity

∇Φ ∝ U∞. (3.6)
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• The Kutta condition at the foil trailing edge:

∇Φ finite. (3.7)

A unit chord length of the partially cavitating hydrofoil is assumed cf. Figure 3.3, i.e. c = 1.
The cavity length is assumed to be l < 1. It is also assumed that the cavity detaches
from the leading edge of the foil. The upper, ηu(x), and lower, ηl(x), surfaces of the foil
are decomposed into the mean camber distribution η(x) (includes the angle of attack) and
the thickness distribution τ(x). The cavity thickness, h(x), is an unknown and has to be
determined as part of the solution.

The problem can be formulated in terms of the horizontal (with respect to the incoming flow)
and the vertical perturbation velocities, u and v respectively. Within the linearized hydrofoil
theory, it is assumed that u, v << U∞. The linearized kinematic boundary conditions are
applied on the slit, 0 < x < 1, as follows:

• On the lower foil surface

v− = U∞
∂ηl
∂x

; 0 ≤ x < 1, y = 0−. (3.8)

• On the upper foil surface (after the cavity)

v+ = U∞
∂ηu
∂x

; l < x ≤ 1, y = 0+. (3.9)

• On the cavity surface

v+ = U∞

(
∂ηu

∂x
+

∂h

∂x

)
; 0 < x ≤ l, y = 0+. (3.10)

The dynamic boundary condition (3.5) becomes:

q2c = (1 + σ)U2∞,

and when neglecting the higher order terms we obtain

u+ =
σ

2
U∞; 0 < x ≤ l, y = 0+. (3.11)

The condition at infinity (3.6) becomes:

u, v → 0 as x, y →∞. (3.12)

The Kutta condition requires

u, v = finite at x = 1, y = 0. (3.13)
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The cavity closure condition requires the cavity to close at the cavity trailing edge:

h(l) = 0. (3.14)

Often in the case of plane two-dimensional flows, analytic functions of a complex variable
can be used to great advantage to represent the velocity field. Thus the objective is to find
a velocity field w = u− iv which satisfies equations (3.8)-(3.14). These equations constitute
a classical Hilbert problem with mixed boundary conditions and can be treated using the
principles of complex variable analysis (Newman, 1977).

cavity

0 1

U∞

y

x

l

−m+mc2

m
2

−m2

m+mc
2

−γ+γca2

γ+γcf
2

−γ+γcf2

γ+γca
2

Figure 3.4: The partially cavitating hydrofoil problem reduced to vorticity and source dis-
tributions along a slit on the x-axis.

An alternative way of treating the previously defined Hilbert problem is by conveying the
physical conditions applicable to the flow indicated in Figure 3.3 to the banks of a slit along
the x-axis and evaluating the relevant functions along y = 0 as displayed in Figure 3.4. The
conditions (3.2) and (3.6) can be automatically satisfied by constructing the foil with the
partial cavity using distributions of sources and vortices.

The source and vortex densities are given by m(x) and γ(x) respectively. As the Laplace
equation (3.2) is linear, an additional source distribution given by mc(x) can be added in
way of the cavity to account for the cavity thickness. The alteration in circulation arising
from the presence of the cavity is accounted for by introducing the vortex distributions γcf
(forward, in way of the cavity) and γca (aft of the cavity). Thus for given cavitation number
σ and foil geometry, we obtain three integral equations and a closure condition to solve for
the four unknowns: mc, γcf, γca and the cavity length l. This procedure is outlined by Breslin
& Andersen (1994).

Modification of Linear Theory
The linearized cavity theory is seriously flawed in that it predicts the wrong effect of the foil
thickness on the cavity shape for partially cavitating hydrofoils. The linearized cavity theory



36 Chapter 3. Partially Cavitating Flow Theory

predicts that the extent and the volume of the cavity increases with increasing foil thick-
ness and otherwise constant flow conditions. However, experiments and nonlinear theories
(Uhlman Jr, 1987) predict that the partial cavity size decreases with increasing foil thick-
ness. This would seem natural as thicker hydrofoils have larger leading-edge radii which are
known to delay cavitation inception and are therefore expected to generate shorter cavities.

This defect of the linearized theory can be rectified by introducing leading-edge corrections
into the cavity problem (Kinnas, 1991). By the conventional cavity theory, the horizontal
perturbation velocity on the cavity is given by (3.11), i.e. u+ = (σ/2)U∞. In analogy to the
Lighthill correction in case of fully-wetted flow (see e.g. Breslin & Andersen (1994)), Kinnas
developed a procedure by which the cavity velocity, qc, remains constant after Lighthill’s
rule has been applied at the leading edge. For this to be the case, the cavity velocity is given
by

qc = U∞
√
1 + σ = (U∞ + u+)

√
x

x+ ρL
2

, (3.15)

where ρL is the leading-edge radius of the hydrofoil. Introducing (3.15) gives a horizontal
perturbation velocity that now varies with the chord position as follows:

u+ = U∞

(
√
1 + σ

√
x

x+ ρL
2

− 1

)
. (3.16)

The linearized cavity problem with the modified u+ can then be formulated in terms of source
and vorticity distributions as before (Kinnas, 1991). The final solutions can be expressed in
terms of integrals of known quantities. Including the leading-edge corrections produces the
correct effect of the foil thickness on the cavity size.

3.2.2 Nonlinear Theory

Numerical schemes based on the linear cavity theory including the leading-edge correction
have been found to predict the unsteady cavity characteristics on propellers within reasonable
qualitative agreement with experimental or full-scale observations. However, details of the
cavity flow at the blade leading edge and tip cannot be computed reliably, either due to
the breakdown of the linear cavity theory or the employed leading-edge corrections. This
precipitates the need for alternative models to obtain accurate solutions that account for
the nonlinear effects close to the foil leading edge and in the region where the cavity closes.
In the following, the fully nonlinear theory which forms the basis for the development of a
low-order potential-based boundary element method to solve the two-dimensional partially
cavitating hydrofoil problem is outlined.

A partially cavitating hydrofoil with chord length c = 1 subject to a uniform inflow U∞ at an
angle of attack α and with ambient pressure p∞ is considered, as shown in Figure 3.5. The
cavity detaches from the foil surface at point D on the suction side of the foil and rejoins
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the foil at point L. In the present work, the point D is kept fixed and unless otherwise
mentioned, it will coincide with the foil leading edge. However, a method similar to that of
Brewer & Kinnas (1996) can be applied to determine its position.

sc

α

U∞

l

λl

y

x
D

T

L

n

KBC : ∂φ∂n = −U∞ · n

Kutta
condition

DBC : p = pv

sf

Figure 3.5: Partially cavitating two-dimensional hydrofoil; nonlinear theory.

It is assumed that the fluid is inviscid and incompressible and that the resulting flow is
irrotational. The total velocity flow field q can be expressed in terms of either the total
potential, Φ, or the perturbation potential, φ, as follows

q = ∇Φ = U∞ +∇φ.

The total and perturbation potentials are related as follows

φ = Φ(x, y)−Φin(x, y),

where the inflow velocity potential Φin corresponds to the uniform inflow:

Φin(x, y) = U∞(x cos α+ y sin α).

The perturbation potential φ will satisfy Laplace’s equation in the domain outside the hy-
drofoil and the cavity

∇2φ = 0. (3.17)

In addition to the above, the following boundary conditions on φ are applied:

Kinematic boundary condition: The flow is required to be tangent to the wetted blade
and cavity surface. This can be formulated as follows

∂φ

∂n
= −U∞ · n on the wetted foil and cavity surface, (3.18)

where n is the unit normal to the blade surface.
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Dynamic boundary condition on the cavity: The pressure is required to be constant
on the cavity surface. Applying Bernoulli’s equation and the definition of the cavitation
number

σ =
p∞ − pv
ρ
2
U2∞

,

the magnitude of the total velocity on the cavity surface, qc, is found to be constant:

qc = U∞
√
1 + σ. (3.19)

Kutta condition:

∇φ finite at the trailing edge. (3.20)

Condition at infinity:

∇φ→ 0 at infinity. (3.21)

Cavity termination model: A termination model must be applied at the end of the cavity.
A pressure recovery termination model is employed, by which the velocity (i.e. pressure) in
a transition zone (of length λl as shown in Figure 3.5) departs from its constant value on
the cavity between D and T according to a prescribed algebraic law in the transition zone
between T and L

qtr = U∞
√
1 + σ(1− f(sf)), (3.22)

where f(sf) is defined as follows:

f(sf) =

{
0 if sf < sT ,

A
(
sf−sT
sL−sT

)ν
if sT ≤ sf ≤ sL,

(3.23)

where sf is the arc-length of the foil measured beneath the cavity, measured from the cavity
leading edge, and A (0 < A < 1) and ν (ν > 0) are arbitrary constants. The pressure
law termination model ensures slope continuity of the cavity surface and simulates the real
attenuation of pressure which is observed in steady flow two-dimensional experiments.

In addition to the above boundary conditions, it is assumed that the cavity height vanishes
at its trailing edge:

h(sL) = 0. (3.24)

As in the case for fully wetted flow (see (2.31)), the equation to be solved is given by Green’s
theorem. Thus the perturbation potential, φP , at any point P on the cavity and the foil is
given by

πφP =

∫
S

(
−φ

∂ ln r

∂n
+

∂φ

∂n
ln r

)
ds−

∫
W

∆φW
∂ ln r

∂n
ds (3.25)

where r is the distance from the surface element ds, on the combined foil/cavity surface S,
to the point P , and ∆φW is the potential jump in the wake.
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3.3 Numerical Formulation

As outlined in the nonlinear theory in the previous section, the flow around a partially
cavitating hydrofoil can be treated as a potential flow. This favours the application of
boundary element methods (BEM) to obtain a numerical solution to the problem. Various
velocity-based BEMs have been applied for the analysis of flows around two- and three-
dimensional partially and supercavitating hydrofoils. These include methods by Uhlman Jr
(1987) and Lemonnier & Rowe (1988) for partially cavitating two-dimensional hydrofoils. In
each of these BEMs, the panels are placed on the cavity boundary, whose shape is determined
by an iterative process which terminates when both the kinematic and the dynamic boundary
conditions are satisfied.

Recently, a potential-based (i.e. based on Green’s identity for the perturbation potential)
BEM was developed by Kinnas & Fine (1990) for the nonlinear analysis of the flow around
partially and supercavitating hydrofoils. It has been found that when applying this method
to partially cavitating hydrofoils (with the cavity length and the cavity detachment point
known and the cavitation number unknown) the method requires fewer iterations than the
velocity-based BEMs to converge to the final cavity shape. Furthermore, it is found that the
first step in the iterative method, in which the dynamic boundary condition is satisfied on
the hydrofoil surface beneath the cavity, predicts a cavity shape which is very close to the
correct nonlinear shape.

In the fixed-length code PCPAN (Partially Cavitating PANel method) the nonlinear cavity
boundary and the cavitation number are determined by an iterative process until both
the kinematic and the dynamic boundary conditions are satisfied on the computed cavity
surface. A detailed description of PCPAN is given by Kinnas & Fine (1993a). For the
sake of completeness, a condensed description of the potential-based BEM is included in the
following.

3.3.1 Cavity Shape for fixed Cavity Length

The perturbation potential φP at a point on the foil or the cavity must satisfy Green’s
formula (3.25). On the wetted part of the foil, the value of ∂φ/∂n is known and given by
the kinematic boundary condition (3.18). A general expression for the velocity on the cavity
including the transition zone is given by the following algebraic law:

∂φ

∂sc
+

∂Φin

∂sc
= qc(1− f(sf)). (3.26)

where sc (cf. Figure 3.5) is the arclength of the cavity and f(sf) is given by (3.23). An
expression for φ on the cavity can be found by integrating (3.26):

φ(sc) = φ(0)− Φin(sc) + Φin(0) + qc

∫ sc

0

(1− f(sf))dsc. (3.27)
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Thus, we need to numerically invert the integral equation (3.25) subject to the boundary
conditions (3.18) and (3.27). The cavity and the foil are discretized into N straight panels
whose vertices lie on the foil and cavity surface, S. Nc of these panels lie on the cavity while
the remaining Nw = N −Nc panels lie on the wetted part of the foil. The constant strength
dipole panel in the wake is equivalent to two equal and opposite vortices, one at the foil
trailing edge and the other at infinity. The shape of the wake panel therefore does not affect
the solution and is considered to be a straight line connecting the trailing edge with infinity.

A spacing of the panel boundaries that concentrates a greater number of panels close to the
foil leading and trailing edge and cavity trailing edge (i.e. in regions where sharp velocity
gradients are expected) is implemented. This could either be a full cosine spacing, a double-
cosine spacing or a so-called blended spacing (described by Kinnas et al. (1994)). The
continuous source and dipole distributions on each panel are approximated by constant
strength distributions. The equation (3.25) is applied, in its discretized form, at the mid-
points of the panels. The Kutta condition (3.20) is numerically implemented by employing
the Morino condition (Morino & Kuo, 1974):

∆φW = φ+TE − φ−TE, (3.28)

where φ+TE and φ−TE are the potentials at the upper and lower trailing-edge panels respectively.

A total of N + 1 unknowns needs to be determined. These comprise Nw dipole strengths
φ, at the panels which represent the wetted part of the foil, Nc source strengths, ∂φ/∂n, at
the panels which represent the cavity and finally the cavity velocity qc, or equivalently (via
(3.19)), the cavitation number, σ.

Green’s formula (3.25) provides N equations. The additional equation required to determine
the N+1 unknowns is obtained by applying the cavity closure condition. The cavity surface,
and thus sc is unknown and needs to be determined in an iterative manner. As a first
iteration, the cavity panels are placed on the foil underneath the cavity. At each successive
iteration, the edges of the cavity panels are relocated on the updated cavity surface, which
was computed at the end of the previous iteration. The cavity height hc is taken normal to
the present iteration cavity surface and represents the amount by which the cavity surface
needs to be updated in order for the kinematic boundary condition (3.18) to be satisfied. It
can be shown that the following relationship is valid up to first order in hc (Kinnas & Fine,
1990):

qc(1− f(sf))
dhc

dsc
=

∂φ

∂n
+

∂Φin

∂n
. (3.29)

Combining (3.24) and (3.29), gives the the N + 1’th equation, namely the cavity closure
condition:∫ scL

0

∂φ

∂n

dsc
1− f(sf)

= −

∫ scL

0

∂Φin

∂n

dsc
1− f(sf)

, (3.30)

where scL is the total arclength of the cavity surface. Once the solution is found and the
values of ∂φ/∂n have been computed for the cavity panels, the incremental cavity thickness
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can be computed by integrating (3.29). The new position of the cavity surface and the new
cavity arc length, sc, can then be determined and used in the next iteration.

The value of φ(0) in (3.27) corresponds to the value of the perturbation potential at the
cavity detachment point, D, as shown in Figure 3.5. In the numerical scheme, the unknown
φ(0) is expressed via a cubic extrapolation in terms of the unknown potentials on the wetted
panels in front of the cavity.

The numerical method outlined above has been extensively tested and validated in Kinnas
& Fine (1990). The effects of varying the parameters that describe the cavity termination
model: A, λ and ν, have also been investigated by Kinnas & Fine (1993a).

3.3.2 Results
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Figure 3.6: Converged cavity shape after 6 iterations of PCPAN for a NACA 16-006 foil at
α = 3◦ and l/c = 0.5.

Figure 3.6 shows a sample case for a partially cavitating NACA 16-006 foil at angle of attack
α = 3◦. A total of 200 panels is used and a converged cavity shape of length l/c = 0.5
detaching from the leading edge, is obtained after 6 iterations of PCPAN. The length of the
transition zone λ = 0.15. The attenuation of the pressure in the transition zone is clearly
illustrated in the corresponding pressure distribution shown in Figure 3.7. Over the length
of the cavity up to the beginning of the transition zone, the negative pressure coefficient
equals the value of the computed cavitation number, σ = 0.67585.

In the sample case treated above, the cavity is seen to re-attach to the foil in a smooth
manner through the transition zone in the cavity closure region. However, for certain com-
binations of the input parameters, it is possible to produce re-entrant jet-like behaviour in
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Figure 3.7: Pressure distribution after 6 iterations of PCPAN for a NACA 16-006 foil at
α = 3◦ and l/c = 0.5.

the cavity closure region of a partially cavitating hydrofoil using PCPAN. For this to occur
the transition zone must be infinitely small (λ → 0) and a large number of panels must be
used to discretize the foil and the cavity surface. Furthermore, a panel arrangement using
blended spacing must be employed.

Figure 3.8 shows the solution in the cavity closure region after 3 iterations of PCPAN for a
NACA 16-006 hydrofoil with angle of attack α = 4◦ and the fixed cavity length l/c = 0.6.
It should be mentioned that the cavity shape in this case does not represent a converged
solution. In fact, continuing the iterative process for the case shown in Figure 3.8 leads
to a non-physical result in that the cavity surface intersects the foil surface downstream
of the point of re-attachment to the foil and the numerical scheme breaks down due to
panel intersection. The cause for this effect is that with each iteration the cavity panels
are successively updated by the cavity height in a direction normal to the present iteration
cavity surface. Thus, in the case where the pressure recovery termination model is effectively
abandoned (as λ = 0), the solution does not converge. This necessitates the introduction of
an alternative cavity closure model, for instance a re-entrant jet model.

The objective in the following is to enhance the ability of PCPAN to predict the cavity shape
in cases that display a re-entrant jet. Therefore, the flow conditions at the downstream end
of the cavity are revisited, with the aim of formulating a re-entrant jet cavity closure model
that can be incorporated within the framework of PCPAN.
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Figure 3.8: Cavity closure region showing a jet-like structure after 3 iterations of PCPAN
for a NACA 16-006 foil at α = 4◦ and l/c = 0.6.
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Chapter 4

Re-Entrant Jet Modelling of Partial
Cavity Flows

As mentioned in the previous chapter, the re-entrant jet cavity termination model is the
most physically realistic model. The analytical study of the re-entrant jet flow in the theory
of cavitation has been restricted primarily to the case of a flat plate (Birkhoff, 1948) or wedge
obstacles which are symmetrically disposed to the incident uniform flow. Shiffman (1948,
1949) used an approach to the free boundary problem based on the reflection principle by
which he extended the theory of the jet model to include axisymmetric flows past polygonal
obstacles. Gilbarg & Serrin (1950) showed the mathematical necessity for the jet model of
the cavity and solved the flow problem for an inclined flat plate and wedge. As opposed
to Shiffman’s method which is independent of velocity, Gilbarg & Serrin (1950) used the
conformal mapping of the velocity plane onto the plane of the complex velocity.

Birkhoff (1948) adopted a more physical approach, using simple considerations concerning
the conservation of mass and momentum to calculate the thickness of the re-entrant jet
formed by the symmetric flow past an obstacle. In the current study, we choose to adopt a
similar approach to extend the results obtained by Birkhoff (1948) to the case of a partially
cavitating hydrofoil.

4.1 Downstream End of Cavity

In the following, the flow at the downstream end of the cavity is revisited. Over its entire
length, the free surface of a partial cavity or a supercavity is concave toward the guiding
surface. Thus the stream must eventually close either upon itself, as is the case for the long
supercavity shown at the bottom of Figure 3.1, or on the rigid surface as shown for the
partial cavity in the same figure. In both cases, the liquid stream will undergo a direction
change. This situation is similar to any free stream of liquid impinging upon a solid surface.

45
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This is represented in Figure 4.1, which shows a two-dimensional stream approaching a solid
surface with an average velocity V1 and at an angle α. The falling stream divides into two
parts flowing parallel to the solid surface.

α

V1, q1

t3

V2, q2

t2

V3

q3

Figure 4.1: 2D stream approaching a solid boundary

The division of discharge q1 per unit width of the sheet of water can be obtained from
calculations based upon the continuity, energy and momentum relations. In Knapp et al.
(1970) an example of the free fall stream over a ventilated weir is described to illustrate the
accumulation of liquid to form a pool and the presence of a well-defined back-flowing jet.

However in the case of a fixed cavitation cavity, the flow conditions at the downstream end
are complicated by the fact that there is a continuous field of flow on the convex side of
the interface. Therefore the computation of q3 must take into account the integration of the
momentum of the entire flow passing this cross section, as well as the pressure distribution
within the liquid. The pressure on the interface can be assumed to be constant. In the case
of a large cavity formed by a body of revolution, the upstream flow represented by q3 is called
the re-entrant jet. This upstream flow is necessary at the downstream end of all cavities,
barring special cases in which the stream approaches the guiding surface asymptotically.

As is evident from experimental observations, which will be elaborated upon in the next sec-
tion, the flow conditions at the downstream end of the cavity have far reaching consequences
for the global behaviour of the cavity.

4.2 Re-Entrant Jet and Fixed Cavity Cycle

High-speed Video (HSV) studies of the fixed cavities confirm the physical inconsistency in
assuming that the re-entrant flow represents a steady state. Experimental evidence suggests
the flow is not steady and instead a regular cyclical break-off process has been established.

Details of the cyclic behaviour of fixed partial cavities were studied by Knapp in the High
Speed Water Tunnel at the California Institute of Technology as part of an investigation
of the mechanics of damage (Knapp et al., 1970). More recently de Lange & de Bruin
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(1998) made experimental observations in the cavitation tunnel at the Delft University of
Technology with the aid of an HSV set that revealed the mechanism leading to the formation
and shedding of cavity structures.

The break-off cycle as observed by de Lange & de Bruin (1998) is drawn schematically in
Figure 4.2 for a cavitating stationary two-dimensional hydrofoil. The mechanism illustrated
here is similar to the one observed by Knapp for a cavity section on a two-dimensional body
with a semi-circular nose, parallel mid-section and ogival afterbody. In accordance with the
various stages shown in Figure 4.2, the break-off cycle can be described as follows:

1. A new cavity starts to form immediately following a preceding break-off.

2. The new cavity continues to increase in length until a certain maximum after which a
strong re-entrant jet is formed at the closure of the cavity.

3. The jet is directed toward the foil leading edge with a velocity which is the same as
the velocity on the cavity surface.

4. The re-entrant jet reaches the cavity near the leading edge and impinges on the cavity
interface.

5. The rear part of the cavitation sheet breaks off and transforms into a bubble cloud.
The fact that the momentum of the jet is in the direction opposite to the main flow
generates a large amount of circulation around the cloud. The front part of the cavity
is reduced to a tiny sheet cavity, which will grow again as the break-off cycle re-starts.

The large size of the collapsing cloud causes this type of cavitation to be quite violent.

It has been reported by de Lange & de Bruin (1998) that at low angles of attack, or low
Reynolds number, the re-entrant jet does not have sufficient momentum to overcome the
combined effects of viscosity and interaction with the outer cavity surface, as a result of
which it cannot reach the leading edge of the cavity. Thus for low Reynolds numbers,
viscosity is of more importance. For low angles of attack, the sheet cavity is thinner and
the momentum of the jet is less. However the re-entrant jet still feeds a layer of liquid with
low velocities on the profile inside the cavity, resulting in an irregular pattern of shedding of
much smaller cloud/vortex structures.
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Figure 4.2: The break-off cycle
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Experimental observations of re-entrant flow had also been made by Furness & Hutton
(1975). They investigated the growth and collapse of fixed cavities in a two-dimensional
convergent-divergent nozzle. In this case the re-entrant jet invaded the growing cavity from
the downstream end and travelled upstream along the wall. Furthermore, Furness & Hutton
(1975) observed that the re-entrant jet was hardly formed before the cavity was fully devel-
oped and that the maximum speed of the re-entrant jet was in fact slightly smaller than the
free stream velocity of the cavity.

More recently, Le et al. (1993) carried out experiments using a plano-convex foil for which
they observed the shedding of large vapour pockets into the cavity wake. They too attributed
this phenomenon to the presence of a cyclic re-entrant jet. Le et al. (1993) were able to
conclude that for thick cavities the jet can go against the main flow over a significant part
of the cavity length, whereas for thin cavities this counterflow will not be possible partly
because the jet momentum will be small and the space available for its motion is too narrow.

Another interesting effect observed during experiments is the three-dimensional nature of the
re-entrant jet. For observations made by de Lange & de Bruin (1998) of a two-dimensional
profile placed at a sweep angle, the three-dimensional effects manifested themselves through
a strong spanwise velocity component of a jet, directed from the forward part towards the
backwards, swept part of the foil. However, it is important to note that from a local per-
spective, the flow near the closure of the cavity can still be considered to be two-dimensional
as the gradients in the direction parallel to the cavity closure line are small.

Subsequently, when the flow is fully two-dimensional, the re-entrant jet will be two-dimen-
sional as well. Both for the fully two-dimensional case and for the swept profile, de Lange &
de Bruin (1998) show that the path lines for material points will fold at straight or slanted
cavity trailing edges respectively as if reflected by mirrors. This law of reflection has also
been observed in numerical calculations (Dang & Kuiper, 1999; de Lange & de Bruin, 1998).

The extensive experimental work carried out by Schöön (2000) facilitates a detailed study
of the flow phenomena associated with unsteady cavitation and in particular those sub-
processes that lead to cloud cavitation. Schöön (2000) identified one such sub-process as
being the presence of a liquid jet that re-enters sheet cavities from their downstream edges
thus causing a part of the sheet cavity to be cut off. He also verified the possibility of shock
waves in a re-entrant jet which were manifested by local increases in the jet thickness.
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4.3 Including the Re-Entrant Jet in PCPAN

As described in section 3.3, the fixed-length code PCPAN accounts for the steady flow past
a partially cavitating hydrofoil. It is our intention to incorporate the option of applying a
re-entrant jet cavity closure model in PCPAN, bearing in mind the various features of the
re-entrant jet flow outlined in the previous section.

The motivation behind this approach is the possibility of making use of the good convergence
and cavity prediction properties of PCPAN to subsequently calculate the theoretical height
of the re-entrant jet. The next step involves modifying the calculated cavity shape by
constructing and including the re-entrant jet after which one can iterate on the new cavity
shape for a fixed cavitation number. This method is vindicated by observations that establish
that the jet is hardly perceptible until the cavity is almost fully developed. Furthermore, it
allows for a more accurate prediction of the size of the jet based on the calculated forces, by
using a scheme similar to Birkhoff (1948).

In relation to the break-off cycle shown in Figure 4.2, the proposed steady model of a partially
cavitating hydrofoil with a re-entrant jet cavity closure model would effectively model the
break-off cycle up to a point between stage 2 and stage 3. Thus it would preclude the study
of unsteady effects due to the re-entrant jet impacting at the leading edge of the cavity.

The preliminary study and the procedure for incorporating the re-entrant jet cavity closure
model in PCPAN are outlined in the following.

4.3.1 Conservation of Mass

A re-entrant jet cross section is introduced as a boundary of the problem, on which surface
a normal velocity into the cavity is prescribed which equals the free-stream velocity on the
cavity surface qc as shown in Figure 4.3.

Mass conservation at positions at infinity upstream and downstream of the partially cavitat-
ing hydrofoil prescribes an equal mass flow. This condition is usually satisfied automatically
in the case of external flows. However in the case of some internal flows, added steps will
need to be taken in order to ensure that the total mass flux through the boundaries of the
flow domain is zero. In Kinnas (1997) the formulation of the 2-D water jet inlet problem
is considered for a given flow rate Q. In this case a sink with strength 2Q is placed at the
opening to provide a net flow rate through the semi-infinite flow domain equal to Q.

For the flow situation illustrated in Figure 4.3, we ensure a mass flux (per unit length)
through the re-entrant jet surface equal to ρqch, where h denotes the height of the re-entrant
jet, by introducing a source with velocity potential φsource = (Q/2π) ln(r) at a specified posi-
tion in the fluid domain. The strength of the source Q = hqc = hU∞

√
1 + σ corresponding

to the flux through the re-entrant jet surface.
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Figure 4.3: Sketch of a cavitating 2D blade with a re-entrant jet. The thick curve denotes
the foil surface. The source singularity is placed close to the blade trailing edge.

Naturally, the effect of the source needs to be included in the kinematic boundary conditions
on the wetted foil and cavity surface as well as the re-entrant jet surface. This is done as
follows

∂φ

∂n
= −U∞ · n−

∂φsource

∂n
on the wetted foil and cavity surface. (4.1)

∂φ

∂n
= −U∞

√
1 + σ −U∞ · n−

∂φsource

∂n
on the jet surface. (4.2)

The normal derivative

∂φsource

∂n
=

∂φsource

∂r

(
n · r

|r|

)
.

Inserting the expression for the source strength Q and substituting in (4.1) and (4.2) yields
the following kinematic boundary conditions

∂φ

∂n
= −U∞ · n−

U∞h
√
1 + σ

2πr

(
n · r

|r|

)
on the wetted foil and cavity surface, (4.3)

∂φ

∂n
= −U∞ · n− U∞

√
1 + σ

(
1 +

h

2πr

(
n · r

|r|

) )
on the jet surface. (4.4)

When including the re-entrant jet model, the pressure recovery termination model is aban-
doned. In practice, this is done by setting the length of the transition zone, λ = 0, cf. Figure
3.5.
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4.3.2 Computing the Height of the Re-Entrant Jet

In the following, the theoretical height of the re-entrant jet is calculated by applying the
continuity and momentum balance equations on a control volume of the fluid shown by the
shaded region in Figure 4.4.

h∞
c

1

2

y

n

h
c

qc
β

D
α

U∞
α

β

x

h
c

Figure 4.4: The control volume for the continuity and momentum balance equations.

The considered control volume, as shown in Figure 4.4, is the fluid enclosed by the streamlines
that end in the stagnation points at the leading edge of the foil and downstream the aft end
of the cavity and the streamlines representing the cavity and jet surfaces.

In the shown configuration, it is assumed that the thickness of the jet is constant after having
entered the cavity at an angle β with respect to the x-axis, i.e. β is the slope of the tangent
to the foil at the location of the re-entrant jet. This assumption is justified by the fact that
the velocity throughout the section of the jet equals the free stream velocity on the cavity
surface, qc. Furthermore, the pressure forces acting on the physical boundary of the control
volume are ignored. Under these assumptions, the continuity equation and the momentum
balance equations can be applied at the end sections 1 and 2 (see Figure 4.4) of the control
volume to derive an expression for the non-dimensional jet height, h/c.

The continuity equation that prescribes conservation of the mass in the control volume is
given by:

−ρV1A1 + ρV2A2 = 0 ⇒
A2
A1

=
V1
V2

, (4.5)

where Ai and Vi denote magnitudes of the cross-sectional area vectors and the flow velocity
vectors at section i of the control volume respectively. Therefore we get the following relation
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between the thickness of the control volume section far upstream, h∞, and the height of the
re-entrant jet, h:

h

h∞
=

U∞
qc

. (4.6)

The momentum equation in the x-direction yields

D cos(α) = −ρU2∞h∞ cos(α)− ρq2ch cos(β). (4.7)

Inserting h∞ = h
(

qc
U∞

)
= h
√
1 + σ (derived from equation (4.6) and the definition of the

cavitation number σ cf. (3.19)) in (4.7) and expressing the drag (per unit length) D by
the drag coefficient CD = D/

(
1
2
ρU2∞c

)
, the following expression for the non-dimensionalized

height of the re-entrant jet is derived:

h

c
=

CD cos(α)

2[
√
1 + σ cos(α) + (1 + σ) cos(β)]

, (4.8)

where the negative sign that would otherwise purely indicate the direction of the flow velocity
vector at the re-entrant jet section, has been ignored in the above expression. For α = β = 0

h

c
=

CD

2(
√
1 + σ + 1 + σ)

,

which is the thickness as derived in Birkhoff (1948) of the re-entrant jet formed by the
symmetric flow past an obstacle. In the numerical implementation, the drag force per unit
length is evaluated by pressure integration over the combined foil and cavity surface.

4.3.3 Implementing the Re-Entrant Jet Model

The first step towards including a re-entrant jet cavity closure model in the current version of
PCPAN involves the calculation of the theoretical height of the re-entrant jet. This is done
in a separate subroutine, jetht, for which the input values include the cavitation number σ
and the drag coefficient CD which are calculated in the last iteration of PCPAN using the
pressure recovery termination cavity closure model.

The re-entrant jet height is calculated using equation (4.8). The cavity shape is then updated,
firstly by erecting the jet surface as a section with length h/c normal to the foil, at the point
where the cavity calculated in PCPAN re-attaches to the foil, and subsequently increasing
the cavity thickness distribution linearly from the detachment point to the jet. Thus in the
following, the jet surface panels refer solely to the panels used to model the cross-section
where the jet enters the cavity. The current analysis does not trace the path of the jet inside
the cavity.

An example of this procedure is illustrated in Figure 4.5 for a NACA 16-006 hydrofoil with
zero camber, at angle of attack α = 3◦ and with l/c = 0.4. For future reference, this sample
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Figure 4.5: The initial guess for iterations with the jet is based on a converged solution
found using PCPAN. The above is for a NACA 16-006 foil at α = 3◦ and lPCPAN/c = 0.4.

case will be referred to as Case A. Figure 4.5 shows the combined foil/cavity surface for the
initial guess. The length of the transition zone for the converged solution found by PCPAN,
λ = 0.1. Note that the ordinate of the last cavity panel is “lifted” in a direction normal
to the foil surface by the calculated theoretical height of the re-entrant jet, h/c. This is
illustrated in the close-up of the downstream end of the cavity shown in Figure 4.6. Hence,
xjet/c = lPCPAN/c.

Another output from jetht is the position of the source, (xs, ys), which is placed at a point
along the direction vertically in line with the foil trailing edge at a user-specified distance.

The iterative procedure to find the converged cavity shape using the re-entrant jet closure
model is based on the initial guess created by jetht and performed by repeatedly calling
the subroutine pcjet. The subroutine pcjet sets up and solves the matrix equation system
derived from Green’s second identity (3.25) for the compound foil (combined foil/cavity
surface) including the jet surface in a manner similar to PCPAN. The modified kinematic
boundary conditions (4.3) and (4.4) are applied on the foil/cavity panels and the jet surface
panels respectively. The left-hand-side matrix and the right-hand-side matrix are computed
exactly as in PCPAN. The difference from using the pressure termination model, is that the
cavity velocity is now no longer unknown. Therefore before solving the equation system,
the dimension of the system must be reduced by one. The unknowns are then the dipole
strengths, φ, at the panels representing the wetted part of the foil and the re-entrant jet
surface, and the source strengths ∂φ/∂n at the panels which represent the cavity. Thus the
total number of unknowns is equal to the number of panels used to discretize the compound
foil surface.

At each successive iteration, the edges of the cavity panels are relocated on the updated
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Figure 4.6: A close up of the cavity closure region is shown for the solution displayed in
Figure 4.5

cavity surface, which was computed at the end of the previous iteration. However, the jet
surface is kept fixed. The cavity length is simply calculated as the maximum value of the
non-dimensionalized coordinate x/c for the cavity panels.
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Figure 4.7: Convergence history in the cavity closure region for NACA 16-006 section, α = 3◦,
σ = 0.72271, l/c = 0.40063, h/c = 0.00171, 290 panels (including 10 panels to model the
jet)

An example of the convergence1 history for a partially cavitating hydrofoil with a re-entrant
jet is shown in Figure 4.7. As can be seen, the solution converges after 18 iterations. In-
specting the source strengths ∂φ/∂n between iterations reveals that the largest deviation
occurs close to the intersection of the cavity and the re-entrant jet.

1The iterative process is assumed to have converged when the absolute changes in the cavity volume, the
lift coefficient, the drag coefficient and the cavity length are less than 10−5 between successive iterations.
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4.4 Results with a Re-Entrant Jet Closure Model

4.4.1 Sample Case A

In this section, we follow up on the results for a numerical calculation for the cavity flow
with a re-entrant jet carried out for the sample case A, i.e. for a NACA 16-006 section with
zero camber and at an angle of attack, α = 3◦, as presented above. The position of the jet
surface, xjet/c = 0.4 while the position of the source (xs, ys) = (1.0, 0.074), i.e. it is placed at
a specified distance vertically above the foil trailing edge. A total of 290 panels were used.
The solution converges after 18 iterations (cf. Figure 4.7) with the re-entrant jet surface
and cavitation number σ = 0.72271 (obtained after 4 iterations with PCPAN). Table 4.1
shows the changes in the cavity volume, denoted by V/c2 in two dimensions, and the lift
coefficient, CL, and the drag coefficient, CD, when implementing the re-entrant jet model
as compared to the pressure recovery termination model used in PCPAN. It is seen that
the cavity volume is reduced by approximately 4 %. The reduction in the lift and the drag
coefficient can be attributed to the modified pressure distribution caused by the change in
the termination model.
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Figure 4.8: Pressure distribution for the converged solution on the NACA 16-006 section,
α = 3◦, σ = 0.72271.

Figure 4.8 shows the pressure distribution for the converged solution. Note the presence of
a stagnation point (−Cp = −1) at the aft end of the cavity. The cavity closure region for
the converged solution (Figure 4.9) clearly illustrates the re-entrant jet.

A way of assessing the accuracy of the solution is to use the output geometry, i.e. the
combined foil and cavity surface, from the partially cavitating hydrofoil routine contained
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l/c V/c2 CL CD

PCPAN (λ = 0.1) 0.40000 0.00791 0.39131 0.01039
Re-Entrant Jet 0.40063 0.00758 0.37546 0.00947

Table 4.1: Comparison between PCPAN with pressure termination model and with re-
entrant jet model for NACA 16-006 at α = 3◦ and σ = 0.72271.
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Figure 4.9: Cavity closure region for the converged solution on the NACA 16-006 section,
α = 3◦, σ = 0.72271.

in pcjet as the input to the fully wetted code FWC (described in Chapter 2). Thus, only
the kinematic boundary condition will be enforced. Figure 4.10 shows that the pressure
distributions obtained in the two cases are virtually identical except at a point close to the
foil leading edge and in the cavity closure region where the fully-wetted code smoothens out
the abrupt drop in the magnitude of the negative pressure coefficient.

Figure 4.11 shows the solution after another 7 iterations for which the jet surface is moved
upstream such that xjet/c = 0.392. This results in the generation of another 12 panels
increasing the total number of panels to 302. The more pronounced re-entrant jet structure
leads to a slight increase in the cavity volume, as V/c2 = 0.00763. The values for the lift,
drag and the cavity length are CL = 0.37403, CD = 0.00946 and l/c = 0.40099 respectively.
It should be noted that the cavity shown in Figure 4.11 does not represent a converged
solution. The implications of moving the jet surface upstream will be discussed in more
detail in section 4.4.3.
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Figure 4.10: Assessing the accuracy of the converged solution on the NACA 16-006 section,
α = 3◦, σ = 0.72271 by making a comparison with the pressure distribution obtained using
the fully wetted code FWC on the converged compound foil generated by pcjet
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Figure 4.11: Cavity closure region for the solution with the re-entrant jet moved upstream
on the NACA 16-006 section, xjet/c = 0.392, α = 3◦, σ = 0.72271.
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Assessing the Implementation of the Re-Entrant Jet Model

Before proceeding with a more detailed validation of the re-entrant jet model, it would seem
appropriate to elaborate upon the factors that were considered in formulating the model
proposed in the preceding sections.

A major difference between two earlier methods: the boundary element method formulation
proposed by Kinnas & Fine (1990) and the velocity based boundary integral formulation
by Uhlman Jr (1987), and the current model with a re-entrant jet cavity closure model is
that in the current model, a part of the boundary upon which Green’s second identity is
applied is open. This part is represented by the re-entrant jet surface. This particular feature
necessitates the introduction of a singularity in the domain to account for the flux through
this opening in the boundary of the domain. From a point at infinity the flow through the jet
surface will be viewed as that of a sink. Hence the suggestion to place a sink singularity close
to the jet surface or at an arbitrary point in the interior of the domain may seem reasonable.
Kuiper (1998) mentions the use of a sink to absorb the flow in order to be able to cut off
the calculation of the cavity shape as soon as a re-entrant jet is formed. Calculations made
with a sink placed at an arbitrary position in the fluid domain to model the “disappearance”
of fluid via the re-entrant jet were however unsatisfactory (Krishnaswamy, 1999) as they
produced irregular velocity distributions close to the foil trailing edge.

The present steady state model changes the perspective as it instead, prescribes the use of
a source at a position in the fluid domain that compensates for the “disappearance” of the
mass flowing through the jet surface. In the absence of a free surface, the source helps to
model the dynamic effect that causes the flow to turn and re-enter the partial cavity. Thus
while essentially the source can be regarded as a mathematical appendage to the model, it
serves as a tool to implement a more physically realistic simulation of the partially cavitating
flow problem.

In the following, results obtained using the re-entrant jet cavity closure model in PCPAN will
be compared with the numerical calculations carried out by Dang & Kuiper (1998) who also
used a re-entrant jet cavity closure model, and Uhlman Jr (1987) who used a termination
wall model. Furthermore, the robustness of the model will be investigated by treating cases
where the cavity detaches from a point downstream of the foil leading edge and by studying
the effect of moving the jet surface further upstream below the partial cavity.

4.4.2 Comparison of Results

In analogy to the numerical results presented by Dang & Kuiper (1998), a parametric analysis
is performed by a series of calculations for NACA 16 series sections with different thickness
to chord ratio and zero camber. Dang & Kuiper (1998) firstly assumed an initial cavity shape
(for a fixed cavitation number) which they then iterated. Upon convergence a re-entrant jet
with a certain thickness was automatically formed. Furthermore they found that 100 steps
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NACA 16-006 at α = 4◦

σ l/c tmax/c xtmax/c V/c2 h/c CL CD

0.85343 0.66376 0.05565 0.40582 0.02652 0.00462 0.62533 0.02726
0.89569 0.50117 0.04241 0.30920 0.01541 0.00358 0.52843 0.02113
0.99976 0.36594 0.03268 0.22818 0.00876 0.00294 0.48803 0.01817
1.09559 0.29687 0.02778 0.18908 0.00615 0.00264 0.47860 0.01734
1.19681 0.23862 0.02325 0.15247 0.00421 0.00235 0.46723 0.01618
1.29588 0.19583 0.01948 0.13272 0.00297 0.00215 0.45629 0.01517

Table 4.2: Results for NACA 16-006 calculated using pcjet

NACA 16-009 at α = 4◦

σ l/c tmax/c xtmax/c V/c2 h/c CL CD

0.82652 0.69923 0.04702 0.43111 0.02333 0.00377 0.59925 0.01957
0.90746 0.47048 0.03190 0.29415 0.01099 0.00239 0.51881 0.01382
1.00393 0.33697 0.02283 0.21442 0.00591 0.00190 0.48636 0.01144
1.09344 0.26754 0.01877 0.17620 0.00393 0.00162 0.48114 0.01084
1.19421 0.20689 0.01436 0.13763 0.00243 0.00139 0.47135 0.00965
1.30206 0.15856 0.01026 0.11443 0.00142 0.00120 0.46412 0.00877

Table 4.3: Results for NACA 16-009 calculated using pcjet

NACA 16-012 at α = 4◦

σ l/c tmax/c xtmax/c V/c2 h/c CL CD

0.83512 0.66015 0.03416 0.41888 0.01587 0.00247 0.56529 0.01149
0.91806 0.42613 0.02128 0.27881 0.00677 0.00139 0.51064 0.00783
1.01357 0.29018 0.01359 0.20319 0.00319 0.00100 0.49160 0.00608
1.14449 0.18350 0.00692 0.13573 0.00123 0.00069 0.48350 0.00450

Table 4.4: Results for NACA 16-012 calculated using pcjet

were always needed to achieve a result with a maximum error of 1 % between the calculated
velocity on the cavity surface and the prescribed freestream cavity velocity.

In almost all the calculations2, the results of which are listed in Tables 4.2,4.3 and 4.4, a
total of 260 panels was used over the cavity-foil system. The number of panels for the jet
cross section is always 10. In all the calculations and comparisons made in the following,
the angle of attack α = 4◦. For the NACA 16-009 section and the NACA 16-012 section,
it is found that the convergence is relatively fast with a maximum of 40 steps required to
obtain a result with converged values of the cavity volume, the lift coefficient and the drag

2For the NACA 16-006 section and σ = 0.99976 a total of 280 panels was used, while for the NACA
16-009 section and σ = 1.00393, 210 panels were used
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coefficient. Here, the total number of steps includes the iterations made using PCPAN to
obtain a suitable value of the cavitation number σ which is subsequently used in pcjet.
Calculations performed for the NACA 16-006 section required up to 84 steps in the case for
σ = 0.99976. This was due to a persistent deviation in the calculation of the cavity velocity
at the intersection of the cavity and the re-entrant jet. In fact, this part was in general where
the maximum deviation between iterations occurred in the calculations.

The cavity shapes and pressure distributions corresponding to the cases listed in Tables 4.2-
4.4 are shown in Appendix A. It is generally seen that for l/c < 0.3, the pressure distribution
close to where the cavity attaches to the jet becomes highly irregular. This would raise doubts
as to the justification of using the re-entrant jet model for these cases. However, they are
included to complete the validation of the implemented method against the results obtained
by Dang & Kuiper (1998). For some of the cavities longer than half the chord length, the jet
structure, while being present as l/c > xjet/c, is not very prominent. This will change when
the jet surface is moved further upstream as will be shown in a later section. Furthermore,
this change will produce a more regular pressure distribution in the cavity closure region.

Ultimately the most correct way of validating numerical calculations is to compare these
results with corresponding experimental measurements. However more often than not, it is
seen that results derived using a particular numerical method are compared to calculations
using an alternative numerical solution method for the same problem. This is a commonly
accepted practice and with a view to getting a first-hand evaluation of the accuracy of a
proposed method, this approach can be justified.

Figure 4.12 shows a comparison between curves for three sections showing the re-entrant jet
thickness as a function of the cavitation number obtained using the method described by
Dang & Kuiper (1998) and the formula (4.8) where the drag coefficient CD is found using
results obtained from PCPAN. It is seen in all cases that the re-entrant jet thickness decreases
with increasing cavitation number, and furthermore that the re-entrant jet is thicker in a
thinner profile (t/c = 0.06) and thinner on a thicker profile (t/c = 0.12). The fact that the
curves for the respective sections almost coincide, initially affirms the numerical consistency
between PCPAN and the method used by Dang & Kuiper (1998). Thus it would seem that
the initial iterations made using PCPAN provide us with a useful basis for the subsequent
steps using pcjet where the re-entrant jet closure model is enforced. The following figures
shed some light on the compatibility between the results obtained using pcjet and those
obtained by Dang & Kuiper (1998). One would expect a reasonably good agreement between
the two, as both methods employ a re-entrant jet cavity closure model, though implementing
it in different ways.

Figure 4.13 shows that the re-entrant jet thickness is always a certain percentage (between
6 % and 12 %) of the maximum cavity thickness tmax/c irrespective of the cavitation number
and the profile thickness. The mutual location of the curves calculated by Dang & Kuiper
(1998) and those calculated using pcjet for the individual sections concurs with results that
establish that the thickness of the re-entrant jet is greater for thinner foils and vice versa.
It is also seen when comparing the corresponding curves for each of the foil sections that
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Figure 4.12: Comparing the re-entrant jet thickness h/c versus the cavitation number σ for
NACA 16 sections of varying thickness. The results obtained by Dang & Kuiper (1998) (D
& K) are compared with those derived using the drag coefficient calculated using PCPAN
in formula (4.8).

the curves calculated using pcjet are always above those of Dang & Kuiper (1998). This is
because the values of tmax/c found using pcjet are marginally smaller than their counterparts
found by Dang & Kuiper (1998).

In Figure 4.14 it is seen that the maximum cavity thickness is consistently situated at a
point that is approximately between 60 % and 70 % of the cavity length irrespective of the
cavitation number and the profile thickness. Once again it is seen that the curves calculated
using pcjet are always above those of Dang & Kuiper (1998), i.e. the maximum cavity
thickness is located further downstream in the solutions found using pcjet.

A combination of the results illustrated in Figures 4.13 and 4.14 seems to indicate that the
cavity shapes calculated using pcjet are slightly more elongated than the corresponding
cavities found by Dang & Kuiper (1998). This could be attributed to the influence of the
source singularity on the cavity panels. However a direct comparison of the cavity shapes
would be required to establish this effect.
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Figure 4.13: Comparing the re-entrant jet thickness as a percentage of the cavity maximum
thickness versus the cavity length for the present method and that of Dang & Kuiper (1998)
(D & K).

0.2 0.3 0.4 0.5 0.6 0.7
0.55

0.6

0.65

0.7

0.75

x tm
ax

/l

l/c

NACA 16−012        
NACA 16−012 (D & K)
NACA 16−009        
NACA 16−009 (D & K)
NACA 16−006        
NACA 16−006 (D & K)

Figure 4.14: Comparing the maximum cavity thickness positions for the present method and
that of Dang & Kuiper (1998) (D & K).
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Figure 4.15: The cavity length l/c as a function of α/σ for the present method using pcjet
and the method used by Dang & Kuiper (1998) (D & K).
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Figure 4.16: Cavity volume comparison between present method using pcjet and method
used by Dang & Kuiper (1998) (D & K).
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A comparison between the calculated cavity lengths for the two numerical methods with the
re-entrant jet is shown in Figure 4.15. It is found that the results for the NACA 16-009
section are very close to each other. However the cavity predicted by the present method
is slightly shorter for the NACA 16-006 section but longer for the NACA 16-012 section as
compared to those calculated by Dang & Kuiper (1998). In accordance with the nonlinear
cavitation theory, both methods predict a decrease in the cavity length with increasing foil
thickness.

Figure 4.16 shows that the present method underpredicts the cavity volume for the NACA
16-006 section and the NACA 16-009 section in relation to the results obtained by Dang &
Kuiper (1998). However, the cavity volume results for the NACA 16-012 section are close
to each other.

To further assess the difference of the cavity prediction results between the present method
and other nonlinear methods, comparisons are made with calculations made by Uhlman Jr
(1987) in which he used a termination wall cavity closure model. Uhlman Jr (1987) used a
velocity-based method in which the cavitation number is calculated for a prescribed cavity
length. Once again, the calculations are performed on NACA 16 series sections at an angle
of attack, α = 4◦, for different cavitation numbers. Figure 4.17 shows that the results for
the NACA 16-009 section agree quite well, while the cavity predicted by the present method
is longer for the NACA 16-006 section but shorter for the NACA 16-012 section.
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Figure 4.17: The cavity length l/c as a function of α/σ for the present method using pcjet
and the method used by Uhlman Jr (1987).

With regard to the cavity volume, as shown in Figure 4.18, the trend of the present method
is maintained in that it underpredicts the cavity volume as compared to the method imple-
mented by Uhlman Jr (1987).
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Figure 4.18: Cavity volume comparison between present method using pcjet and method
used by Uhlman Jr (1987).

The comparisons made between the present method using pcjet and the methods imple-
mented by Dang & Kuiper (1998) and Uhlman Jr (1987) validate the current formulation of
the partially cavitating hydrofoil problem. In particular, the results for the NACA 16-009
section coincide well for the three methods. It should however be emphasized that a com-
parison with experimental results would represent an ideal validation of the present method.
However, this is made difficult by the general paucity of two-dimensional experimental mea-
surements owing largely to the difficulties involved in performing experiments in conditions
that represent a two-dimensional flow.

Several important factors need to be taken into consideration when making comparisons with
experimental measurements. These include the viscosity, the boundary layer separation and
the wall effects in experiments. In real flow, the influence of the boundary layer is manifested
by a de-cambering of the foil section in question. An accurate way of treating this de-
cambering is to actually calculate the boundary layer development on the section surface.
Viscous/inviscid calculations performed by Kinnas et al. (1994) for a two-dimensional section
vindicate the need for a good description of the boundary layer. It is not feasible to make
simple comparisons based on equal angle of attack or equal lift coefficient. In an equal angle
of attack comparison, the potential method will always overestimate the cavity length and
volume as the negative pressure on the suction-side is always overpredicted. On the other
hand, in an equal lifting coefficient comparison, the potential theory always underpredicts
the negative pressure peak.

Dang & Kuiper (1998) use a simple empirical method to de-camber a NACA 66 (MOD)
a = 0.8 section in order to make comparisons with experimental measurements made by
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Shen & Dimotakis (1989a). The agreements they obtained were good. In the present work,
as will become apparent in the next chapter, we have the ability to carry out boundary
layer calculations for partially cavitating hydrofoil sections. Hence in the present context, it
would be more appropriate to compare the available experimental data with results of the
viscous calculations that will be carried out in the next chapter. The challenging aspect is
to account for the influence of the re-entrant jet flow on the development of the boundary
layer.

Thus before proceeding to include the viscous effects in our model, further numerical inves-
tigations of the method implemented in pcjet are carried out. These include investigating
the effect of moving the re-entrant jet surface further upstream and allowing the cavity to
detach from a point downstream of the foil leading edge.

4.4.3 Moving the Jet Surface

Some of the results for xjet/c = 0.4 on a NACA 16-006 section at α = 3◦ and σ = 0.72271
have already been shown in section 4.4.1 to illustrate the effects of the additional subroutines
that incorporate the re-entrant jet model into PCPAN. As seen in Figure 4.11 the re-entrant
jet structure is enhanced by moving xjet/c to 0.392.
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Figure 4.19: Comparing the velocity profiles for the NACA 16-006 section at α = 3◦ and
σ = 0.72271; converged solution for xjet/c = 0.4 (top); solution after jet is moved to 0.392

The moving of the jet surface also has a positive influence on the distribution of the total
velocity, ∂Φ/∂s, as is shown in Figure 4.19. The top half shows the velocity distribution of
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Figure 4.20: Close-up of the cavity closure region with indication of the direction of the flow

the cavity closure region for the converged solution shown in Figure 4.9 where xjet/c = 0.4. As
expected the velocity along the cavity surface equals qc =

√
1 + σ =

√
1 + 0.72271 = 1.3125.

In this case where the re-entrant jet behaviour is not so pronounced, the jet panels have a
small tangential velocity component that gradually approaches zero as the jet re-attaches to
the foil. However in the case where the jet surface is moved upstream such that xjet/c = 0.392,
the tangential velocity components of nearly all the jet panels are close to zero in accordance
with the physical model which prescribes a normal velocity (now almost parallel to the foil
surface) into the cavity equal to the free-stream velocity on the cavity surface, qc. The points
A, B and C on the two figures correspond to the point where the cavity attaches to the jet
surface, the point where the jet attaches to the foil and the stagnation point aft the end of
the cavity respectively. The locations of these three points are marked in Figure 4.20 that
shows a close-up sketch of the cavity closure region and the direction of the flow in this
region.

Figure 4.21 clearly shows the stagnation point (−Cp = −1) aft the end of the cavity. It
should however be stressed that the shown cavity shape does not represent a converged
solution. Continuing the iterative process with the jet moved upstream seems to induce
an oscillatory behaviour in the cavity solution, which is apparent in the interchange of the
values of the force coefficients between iterations. One should be careful when trying to
interpret this phenomenon as the calculation of the forces is done by a surface integration
of the pressures which in itself induces errors.

Figure 4.21 does in fact show the presence of pressures close to where the cavity attaches
to the jet that are lower than the prescribed vapour pressure and thereby velocities that
are larger than the maximum speed resulting from the steady Bernoulli equation. This
necessarily plays a part in the iterative evolution of the cavity.

We now turn our attention to a case with a NACA 16-009 profile at 4◦ angle of attack
and σ = 1.3 for which extensive experimental observations have been made as reported by
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Figure 4.21: Pressure distribution for the solution on the NACA 16-006 section at α = 3◦

and σ = 0.72271 after the jet is moved to xjet/c = 0.392

de Lange & de Bruin (1998). To obtain σ = 1.3 in the present code, a cavity length which is
much shorter than that observed in the experiments is needed ((l/c)PCPAN/c = 0.15 compared
to (l/c)exp./c ≈ 0.45). Thus we need to lower the value of the numerical cavitation number to
obtain a compatible cavity shape. This can be justified by the fact that in the experiment,
the actual pressure in the cavity can be larger than the vapour pressure e.g. due to surface
tension or blockage or also due to the concentration of cavitation nuclei in the fluid.

Thus adopting the same approach as de Lange & de Bruin (1998), the numerical calculations
are performed at a reduced value of the cavitation number, σ = 1.0334. Using an unsteady,
potential-based boundary integral numerical formulation, de Lange & de Bruin (1998) ob-
served that the formation of the jet starts at an early stage while the cavity is still rapidly
growing. Thus when using pcjet, the position of the jet surface is moved upstream from
xjet/c = 0.31 to 0.26350 already after 5 iterations. Continuing to iterate with the steady
code pcjet once again produces an oscillatory behaviour in the cavity shape and the pres-
sure distribution. As can be seen in Figure 4.22, the re-entrant jet structure is pronounced.
The calculations show that the cavity shape, while not converging, only changes very slightly
between iterations at the points close to where the cavity surface approaches the jet surface.
The pressure distribution (see Figure 4.23) displays a small peak in this zone which reinforces
the oscillatory nature of the solution as described before.

Moving the re-entrant jet surface even further upstream in order to try and simulate the
impingement of the jet on the cavity surface causes the numerical scheme in pcjet to break
down as the cavity surface intersects the foil at the aft end of the cavity. This is illustrated in
Figure 4.24 where the jet surface is positioned at xjet/c = 0.186. This would seem to suggest



70 Chapter 4. Re-Entrant Jet Modelling of Partial Cavity Flows

0 0.05 0.1 0.15 0.2 0.25 0.3

0

0.01

0.02

0.03

0.04

0.05

0.06

x/c

y/
c

Foil  
Cavity

Figure 4.22: Cavity closure region for the solution with the re-entrant jet moved upstream
on the NACA 16-009 section, xjet/c = 0.26350, α = 4◦, σ = 1.03340

that in order to proceed further with the calculations, it would be necessary to introduce
terms that take into account the unsteady nature of the flow at this stage. But even this
may not be sufficient as indicated by the results obtained by de Lange & de Bruin (1998) in
which the computations have been stopped when the jet touches the upper cavity surface.
Thus the complex mechanism by which a cloud like structure with high vorticity detaches
from the cavity and moves downstream is not captured in the numerical formulation of the
model.

The cases treated above serve to determine the limitations of the re-entrant jet cavity closure
model as implemented in pcjet in so far one wishes to treat the flow as a steady flow. Thus
as predicted at the outset, with regard to the break-off cycle illustrated in Figure 4.2, the
steady code would effectively model the break-off cycle up to a point between stage 2 and
stage 3. The questions that this gives rise to are: in what way can one use the data obtained
from implementing the steady code in pcjet on a partially cavitating hydrofoil and how does
it compare with its likewise steady counterparts?

Firstly, the present method can give an indication of the amount of fluid entering the cavity
and provide an approximation to the unsteady nature of the re-entrant flow. It should
be kept in mind that the time-span of the break-off cycle is very short and can seldom be
captured by the naked eye. Thus the solution found by the present method is probably a good
representation of the process that can actually be observed during experiments with partially
cavitating flow. Secondly, the present method requires fewer steps to arrive at a converged,
steady solution with a more physically realistic cavity closure model. Furthermore, the
theoretical basis of the re-entrant jet model implemented in the present work has been
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Figure 4.23: Pressure distribution for the solution with the re-entrant jet moved upstream
on the NACA 16-009 section, xjet/c = 0.26350, α = 4◦, σ = 1.03340
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Figure 4.24: Cavity closure region for the solution with the re-entrant jet moved further
upstream on the NACA 16-009 section, xjet/c = 0.186, α = 4◦, σ = 1.03340

reinforced by considering the mass and momentum conservation equations.
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4.4.4 Moving the Cavity Detachment Point

As discussed in section 3.1.2, the location of the cavity detachment point can have a sig-
nificant bearing on the size and shape of the cavity. Typically, a partial cavity will detach
downstream of the laminar boundary layer separation point. In the following, the viscous
cavity detachment criterion as formulated by Franc & Michel (1985) is disregarded. Instead
we confine ourselves to focusing on the numerical consequences of moving the cavity de-
tachment point downstream of the foil leading edge, while naturally assessing the physical
validity of the obtained solutions. The cavity detachment point can be specified as an input
parameter in PCPAN. However, the actual detachment that the code selects will depend on
the panelling because the cavity must begin at a panel boundary (Kinnas & Fine, 1993a).

We consider a NACA 16-006 section at an angle of attack, α = 4◦, and a cavity for which
lPCPAN/c = 0.50. A total of 290 panels is used of which 10 are used to model the re-entrant
jet surface. The location of the cavity detachment point is denoted by lD/c. In all the cases
considered so far, the cavity detaches at the leading edge, i.e. lD/c = 0. For the given
values of σ and α, and lD/c = 0 a converged solution is obtained after 40 iterations of pcjet
preceded by 5 steps of PCPAN from which the jet is constructed. Using the fully wetted code,
FWC, on the compound foil generated in this case, it is found that the location of the fully
wetted pressure minimum (x/c)−Cminp = 0.0000650. In all the subsequent cases presented in
the following where lD/c > 0, the cavity detachment point is placed well downstream of the
minimum pressure point.

NACA 16-006 at α = 4◦

lD/c σ h/c V/c2 CL CD l/c No. of iterations

0 0.89488 0.00356 0.01538 0.52809 0.02111 0.50114 40
0.001 0.86440 0.00324 0.01409 0.52140 0.01887 0.50231 30
0.002 0.84433 0.00301 0.01332 0.51768 0.01731 0.50059 30
0.005 0.80840 0.00261 0.01201 0.51160 0.01467 0.50044 15
0.010 0.76106 0.00215 0.01036 0.50415 0.01165 0.50024 22

Table 4.5: Investigating the influence of moving the location of cavity detachment point lD/c
for a NACA 16-006 section at α = 4◦

Table 4.5 shows the results obtained for various values of the cavity detachment point upto
1 % of the chord length. In all the cases for which lD/c > 0, the position of the source
singularity (xs, ys) = (1, 0.07898). Furthermore, in all the calculations, the re-entrant jet
was constructed after 5 initial steps of PCPAN. Some general conclusions that can be drawn
from Table 4.5 are that σ and V/c2 decrease as the cavity detachment point is moved
downstream of the location of the fully wetted pressure minimum, and that fewer iterations
are required to obtain a converged solution as compared to the cases with leading edge cavity
detachment.

As a sample case, the solution for lD/c = 0.002 is considered. Figure 4.25 shows how
the cavity detaches smoothly from the foil surface while the downstream end of the cavity
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Figure 4.25: Solution for NACA 16-006 section at α = 4◦, lD/c = 0.002, σ = 0.84433. The
cavity detaches smoothly from the foil surface (top); the re-entrant jet is formed in regular
fashion (bottom).

displays a regular re-entrant jet structure as in the cases with leading edge cavity detachment.
However the corresponding pressure distribution shown in Figure 4.26 suggests that the
cavity in this case has been set to detach too far aft, as there are pressures close to the
foil leading edge that are lower than the cavity pressure (corresponding to negative pressure
coefficients higher than the cavitation number). Furthermore, a pressure peak is observed
close to where the jet intersects the cavity. We seek to remedy the latter discrepancy by
moving the jet upstream after 5 iterations of pcjet below the cavity such that xjet/c = 0.4975.
A converged solution is obtained after another 20 iterations and the corresponding pressure
distribution (see Figure 4.27) does indeed rectify the result at the aft end of the cavity.
However, moving the jet has no effect on the pressure distribution close to the foil leading
edge.

Thus in the cases treated above for the NACA 16-006 section, it has been verified that
only in the case where the cavity detaches from the foil leading edge a physically tangible
solution is obtained. However this does not necessarily imply that the foil leading edge
represents the correct cavity detachment point. The latter need not correspond to the
minimum pressure point as shown in experiments conducted by Franc & Michel (1985). As
discussed in the previous chapter, experimental evidence suggests that the primary factor
governing the location of the cavity detachment is viscosity through the behaviour of the
boundary layer. The pressure-gradient distribution on the wetted region of a cavitating foil
must lead to vapour pressure at detachment. Furthermore, an adverse pressure gradient will
generate laminar separation just upstream of detachment, i.e. cavity detachment takes place
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Figure 4.26: Pressure distribution for the solution with a NACA 16-006 section at α = 4◦,
lD/c = 0.002, xjet/c = 0.5, σ = 0.84433.
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Figure 4.27: Pressure distribution for the solution with a NACA 16-006 section at α = 4◦,
lD/c = 0.002, σ = 0.84433 and with the jet surface moved slightly upstream such that
xjet/c = 0.4975.

just downstream of the boundary-layer separation.
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Figure 4.28: Pressure distribution for the solution with a NACA 16-009 section at α = 3◦,
lD/c = 0.0025, σ = 0.66229.

The findings made in the preceding sections make the inclusion of the viscous effects in
our model all the more necessary. This will be the main objective of the next chapter. As
preparation for the viscous analysis, we seek a case with non-leading-edge cavity detachment
that produces a physically feasible solution. Based on the observations made so far, it would
seem natural to try performing calculations on a thicker foil. Therefore we consider a NACA
16-009 section at angle of attack, α = 3◦ and a cavity for which lPCPAN/c = 0.50. For future
reference, this case will be referred to as Case B. The length of the transition zone for the
pressure recovery termination model, λ, is reduced from 0.1 to 0.05. A total of 260 panels is
used. The cavity detaches at lD/c = 0.0025 and after 4 iterations of PCPAN, the cavitation
number σ = 0.66229. The position of the source (xs, ys) = (1, 0.07290). A converged
solution with the re-entrant jet cavity closure model is obtained after just 16 iterations with
the following results for the jet height, the cavity volume and the lift and drag coefficients
respectively:

h/c = 0.00123, V/c2 = 0.00800, CL = 0.38531, CD = 0.00638.

As can be seen in the Figure 4.28, the pressure distribution upstream of the cavity detach-
ment point remains higher than the vapour pressure. However as was the case for the NACA
16-006 section, the calculations with pcjet again produce a pressure peak close to where the
cavity intersects the jet.

It should be noted that the numerically calculated lift coefficient is larger than the value of
the lift coefficient CL = 2πα = 0.329 (for α = 3◦) in fully wetted flow. Figure 4.29 shows a
comparison between the pressure distribution found using the fully-wetted code, FWC, on
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Figure 4.29: Comparing the pressure distribution for cavitating and fully wetted flow for a
NACA 16-009 section at α = 3◦, lD/c = 0.0025, lPCPAN/c = 0.50.

the cavitating (lPCPAN/c = 0.50) and the fully wetted NACA 16-009 profile at α = 3◦. For
the cavitating profile, CL = 0.38706, while for fully wetted flow CL = 0.35041. The lift is
calculated by integrating the pressure distribution. Therefore, as suggested by Figure 4.29,
the area under the pressure curve corresponding to the cavitating profile is greater than
that under the fully-wetted pressure distribution. Interestingly, the pressure calculation
performed in FWC on the compound foil eradicates the pressure peak observed in Figure
4.28.

Returning to the use of pcjet, as proposed before, the jet surface is moved upstream such
that xjet/c = 0.4975. This induces 6 extra panels to the geometry such that a total of 266
panels is now used. A converged solution is obtained after another 22 iterations (i.e. in all
38 iterations with the jet). While the cavity volume remains unchanged, the lift and the
drag are only slightly reduced. The results are as follows:

h/c = 0.00123, V/c2 = 0.00800, CL = 0.38431, CD = 0.00637

Figure 4.30 shows how the cavity detaches smoothly downstream of the foil leading edge
at lD/c = 0.0025 and the regular re-entrant jet structure at the aft end of the cavity. The
corresponding pressure distribution (see Figure 4.31) is devoid of the irregularities encoun-
tered in previous cases upstream of the cavity detachment point and close to where the
jet and the cavity surface intersect. Thus the calculations with the thicker NACA 16-009
section provide us with a good candidate for sample runs using a boundary layer solver on a
compound foil with non-leading-edge cavity detachment and the re-entrant jet cavity closure
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Figure 4.30: Solution for NACA 16-009 section at α = 3◦, lD/c = 0.0025, σ = 0.66229. The
cavity detaches smoothly from the foil surface (top); the re-entrant jet is formed in regular
fashion (bottom).

model. At this stage, it would seem natural to try and make a study for the NACA 16-009
section analogous to the one for the NACA 16-006 section, the results of which are listed
in Table 4.5. However, calculations show that moving the cavity detachment point further
downstream on the NACA 16-009 section for the same values of σ and lPCPAN/c again gives
pressures upstream of the cavity detachment point that are lower than the vapour pressure.

With a view to gaining a better understanding of the mechanism of the re-entrant jet model,
the calculations with lD/c > 0 for the NACA 16-006 section are not in vain. They highlight
the quick convergence of the present method and show how moving the detachment down-
stream helps to stabilize the iterative process when the jet surface is moved upstream below
the cavity. However, they also emphasize the need for including the viscous effects in the
current formulation of the partially cavitating hydrofoil problem.
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Figure 4.31: Pressure distribution for the solution with a NACA 16-009 section at α = 3◦,
lD/c = 0.0025, σ = 0.66229 and with the jet surface moved slightly upstream such that
xjet/c = 0.4975.



Chapter 5

The Viscous Calculations

The following chapter addresses the issue of viscosity in partially cavitating flow. Several
codes have been developed in the past to perform viscous cavity analysis; some of these
have been based on the “thin” cavity method. In this method, both the cavity and the
displacement thickness are assumed to be “small” with respect to the cavity length. However
the numerical method CAV2DBL presented by Brewer (1995) solves the boundary layer on
the cavity surface resulting from the fully non-linear cavity analysis performed in PCPAN.
Thus the method couples the existing inviscid flow solution to a boundary layer solver.
The latter was developed by Drela (1989) for the analysis of the flow around low Reynolds
number airfoils, and later used by Hufford et al. (1994) for analyzing the viscous flow around
propeller blades. The objective of the present viscous study is to modify and apply the
technique employed in CAV2DBL to perform boundary layer calculations on compound foil
shapes generated using the subroutine pcjet, i.e. for cavity shapes displaying a re-entrant
jet structure. A key issue is the effect of the change in the flow direction on the development
of the boundary layer in the cavity closure region.

5.1 Coupling Between Potential Flow and Boundary

Layer Solvers

In the field of airfoil analysis and for the development of design algorithms, one would
employ one of two distinct approaches: a full Reynolds-averaged Navier-Stokes approach
or an interacted viscous-inviscid approach. Often the speed of the zonal approach will
outweigh the slight accuracy advantages of a Navier-Stokes approach. In the zonal approach,
the viscous and inviscid flows would be strongly coupled e.g. through a wall transpiration
boundary condition on the inviscid flow.

Such an approach is also ideal for the study of high Reynolds number flows, as encountered
in the present analysis of the flow around hydrofoil sections in an unbounded fluid domain.
For these cases there are two dominant regions in the flowfield (see Figure 5.1):
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1. The outer flow region (away from the solid boundaries) where the viscous effects are
negligible. Solving for the inviscid flow in this region provides information about the
pressure distribution and related forces.

2. The thin boundary layer (near the solid boundaries) where the viscous effects cannot
be neglected. Solution of the boundary layer equations will provide information about
the shear stress distribution and the related forces due to friction.

Viscous effects are not negligible

Viscous effects are negligible

x

Ue

y

U∞

Figure 5.1: Flow regions in a high Reynolds number flow

In order to obtain a solution for the entire flow field, the solution of the outer potential flow
must be appropriately coupled to that of the inner viscous boundary layer. The latter gives
information about the displacement effects due to the slower velocity inside the boundary
layer as a result of the no-slip condition. As can also be seen in Figure 5.1, the boundary
layer is characterized by a rapid change in the tangential velocity.

From the outer potential flow point of view, the boundary condition prescribing zero normal
velocity can be moved from the body surface to an imaginary distance δ∗, that is called the
displacement thickness and is defined as

δ∗ =

∫ ∞
0

(
1−

u

Ue

)
dy.
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The displacement thickness indicates the extent to which the surface would have to be
displaced in order to be left with the same flow rate of the viscous flow, but with an inviscid
velocity profile u(y) = Ue = constant, where the edge velocity, Ue, indicates the velocity
outside of the boundary layer.

Another useful parameter in empirical correlations is the momentum thickness

θ =

∫ ∞
0

u

Ue

(
1−

u

Ue

)
dy,

which is related to the missing momentum in an equivalent inviscid flow.

The coupled potential flow and boundary layer equations can be solved by an iterative pro-
cedure in which the inviscid edge velocity distribution obtained by solving the potential
flow field over the body is used in the solution of the boundary layer equations and sub-
sequently updated until a converged solution for the boundary layer equations is obtained.
This procedure will be discussed in further detail in the following sections.

5.2 The Viscous Model (CAV2DBL)

CAV2DBL stands for CAVitating 2-Dimensional Boundary Layer code. This code is a sec-
ondary tool that is used for the analysis of the viscous flow around cavitating hydrofoils. It
is based on the XFOIL boundary layer solver developed by Drela (1989). To analyze the flow
around a partially-cavitating hydrofoil, one must first generate the non-linear cavity shape
using PCPAN or pcjet. The input foil geometry to CAV2DBL then describes the surface
bounding both the foil and cavity, i.e. the compound foil. Further details regarding the
input and output to and from CAV2DBL are given by Brewer (1995, 1996). The following
sections briefly outline the theoretical background for the boundary layer solver and the
coupling mechanism between the inviscid solution and the viscous solver.

5.2.1 The Boundary Layer Equations

The viscous flow is assumed to be confined to within a thin boundary layer of the foil and the
wake surface. The effect of viscosity on the inviscid flow is accounted for by adding blowing
sources of strength σ̂ to the foil and cavity surface.

σ̂ =
d(Ueδ

∗)

ds
, (5.1)

where Ue is the velocity at the edge of the boundary layer, δ∗ is the displacement thickness
and s is the arc-length along the foil or wake surface. The product m = Ueδ

∗ denotes the
mass defect.

For a given edge velocity distribution, Ue, the following boundary layer equations are solved
(Drela, 1989; Drela & Giles, 1987; Schlichting, 1968; White, 1991):
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1. The momentum integral equation

dθ

ds
+ (H + 2)

θ

Ue

dUe

ds
=

Cf

2
, (5.2)

where θ is the momentum thickness, H = δ∗/θ is the momentum shape factor and
Cf = 2τwall/(ρU

2
e ) is the friction coefficient.

2. The kinetic energy shape parameter equation which is found by combining the standard
integral momentum equation and the kinetic energy thickness equation as shown by
Drela & Giles (1987)

θ

H∗
dH

ds

dH∗

dH
=

2Cd

H∗
−

Cf

2
+ (H − 1)

θ

Ue

dUe

ds
, (5.3)

where H∗ = θ∗/θ is the kinetic energy shape parameter and Cd is the dissipation
coefficient.

3. A third equation which is different depending on whether the flow is laminar or tur-
bulent.

• For laminar flow, a rate equation which models the growth of the amplitude ñ
of the most amplified Tollmien-Schlichting wave, also called the transition distur-
bance amplification variable:

dñ

ds
=

dñ

dReθ

dReθ
ds

. (5.4)

The term (dñ/dReθ) gives the correlation of the spatial growth ratio computed
from the solutions to the Orr-Sommerfeld equation, while the second right-hand-
side term (dReθ/ds) is obtained from properties of the Falkner-Skan profile family.

• For turbulent flow, a rate equation for the maximum shear stress coefficient, also
called the shear stress lag equation:

δ

Cτ

dCτ

ds
= 5.6(C1/2τEQ

− C1/2τ ) + 2δ ×

(
4

3δ∗

[
Cf

2
−

(
Hk − 1

6.7Hk

)2]
−

1

Ue

dUe

ds

)
,

(5.5)

where Cτ = τmax/(ρU
2
e ) is the shear stress coefficient, CτEQ is the equilibrium

shear stress coefficient and Hk is the kinematic shape parameter. Equation (5.5)
accounts for deviations of the outer layer dissipation coefficient from the local
equilibrium value.

In laminar flow, equations (5.2),(5.3) and (5.4) are solved with respect to the three unknowns:
δ∗, θ and ñ. In turbulent flow, equations (5.2),(5.3) and (5.5) are solved with respect to the
unknowns: δ∗, θ and Cτ . To close the integral boundary layer equations, auxiliary variables
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are defined in terms of θ, δ∗, Cτ and Ue or suitable combinations hereof (Drela & Giles,
1987).

Each system of equations is solved numerically using Newton’s method (Brewer, 1995; Kinnas
et al., 1994). The transition from laminar to turbulent flow is defined when ñ becomes equal
to a specified critical value: ncrit. However, the option for specifying the transition point on
either side of the hydrofoil is also available.

5.2.2 Viscous/Inviscid Flow Coupling

The derivation of the wall transpiration model coupling the viscous flow with the inviscid
flow that is outlined in the following was presented by Kinnas et al. (1994). It is included
here for the sake of completeness. Furthermore, it will help to highlight certain aspects
that need to be taken into consideration when performing viscous calculations for a partially
cavitating hydrofoil with a re-entrant jet cavity closure model, as will be seen in a later
section.

The presence of the blowing sources (5.1), will modify Green’s formula for the inviscid,
partially cavitating hydrofoil problem (3.25) as follows

πφv =

∫
S

(
−φv

∂ ln r

∂n
− ln r(U∞ · n)

)
ds−

∫
W

∆φvW
∂ ln r

∂n
ds+

∫
S∪W

σ̂ ln r ds, (5.6)

where φv is the perturbation potential along the foil modified due to viscous effects. The
potential φv satisfies the kinematic boundary condition

∂φv

∂n
= −U∞ · n+ σ̂ on the wetted foil and cavity surface. (5.7)

Collecting the terms with φv in equation (5.6) yields the following

πφv +

∫
S

φv
∂ ln r

∂n
ds+

∫
W

∆φvW
∂ ln r

∂n
ds = −

∫
S

ln r(U∞ · n)ds+

∫
S∪W

σ̂ ln r ds. (5.8)

Defining linear operators A, B and C as follows

A{f} = πf +

∫
S

f
∂ ln r

∂n
ds+

∫
W

∆fW
∂ ln r

∂n
ds, (5.9)

B{f} =

∫
S

f ln r ds, (5.10)

and

C{g} =

∫
S∪W

g ln r ds, (5.11)
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the equation (5.8) can be modified as follows

Aφv = B{−(U∞ · n)}+ C{σ̂}. (5.12)

Thus, the viscous perturbation potential can be found by inverting the equation (5.12)

φv = A−1 ◦ B{−(U∞ · n)}+A
−1 ◦ C{σ̂}, (5.13)

where A−1 is the inverse operator of A. The first term on the right-hand-side of (5.13) is
the perturbation potential in inviscid flow, i.e.

φv = φinv +A−1 ◦ C{σ̂}. (5.14)

The magnitude of the total velocity at the edge of the boundary layer, Ue, can then be
determined from:

Ue = U∞ · s+
∂φv

∂s
= U inv

e +D{σ̂}, (5.15)

with s being the unit tangent vector to the foil or the wake surface. U inv
e denotes the

magnitude of the total velocity on the foil or wake surface in inviscid flow, i.e.

U inv
e = U∞ · s+

∂φinv

∂s
. (5.16)

The operator D is defined as:

D =

[
d

ds

]
◦ A−1 ◦ C. (5.17)

Using the expression in (5.1), the equation (5.15) may be written as:

Ue = U inv
e +D

{
d(Ueδ

∗)

ds

}
. (5.18)

Thus the inviscid flow is coupled with the viscous flow via a wall transpiration model which
gives the edge velocity at each panel in terms of the inviscid edge velocity and the mass
defect term as follows:

Ue = U inv
e + E(Ueδ

∗), (5.19)

where E is a linear operator defined as:

E = D ◦

[
d

ds

]
. (5.20)

The boundary layer equations are solved first with the inviscid edge velocity distribution.
Once δ∗ is found, Ue is updated via (5.19) and the boundary layer equations are solved again.
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This process continues until the solution to the boundary layer equations converges. The foil
and its wake are discretized with N and NW linear panels respectively. The boundary layer
variables δ∗, θ, Cτ (or ñ) and the edge velocity Ue are defined at the edges of each panel.
The viscous Green’s formula (5.6) is discretized and as in the inviscid calculations, constant
source and dipole distributions are assumed over each panel. The blowing source strength
on each panel, σ̂, is also assumed to be constant with its value given from:

∆m

∆s
, (5.21)

where m denotes the mass defect term Ueδ
∗ (Hufford et al., 1994).

The method described above is implemented for partially cavitating hydrofoils under the
following conditions:

• The two-phase flow near the cavity surface is ignored and the fluid/vapour interface is
treated as constant pressure, free streamlines.

• The skin friction coefficient Cf (can be calculated from the wall shear stress) is forced
to zero on the cavity surface.

• The boundary layer equations are integrated over the non-linear cavity and foil surface.

The code CAV2DBL provides as output: the convergence history of the boundary layer
equation system, the boundary layer thickness and the inviscid and the viscous pressure
distribution. Furthermore, the inviscid and viscous forces are calculated (Brewer, 1996).

The inviscid lift and drag coefficients are calculated by integrating the pressures over the
compound foil surface

Cinv
L =

∫
Cinv
P nyds, (5.22)

Cinv
D =

∫
Cinv
P nxds. (5.23)

The inviscid contribution to the drag, Cinv
D , is attributed to the drag of the cavity and can

be explained by the attenuation of pressure near the trailing edge of the cavity.

The viscous lift coefficient Cvis
L represents the lift due to both the pressure forces and the

viscous forces and is given as

Cvis
L =

∫
Cvis
P nyds. (5.24)



86 Chapter 5. The Viscous Calculations

The viscous drag, Cvis
D , is computed using the “far wake” approximation as follows

Cvis
D =

2θ∞
c

. (5.25)

When running a partially-cavitating hydrofoil, Cvis
L should be used as the correct lift and

the drag should be computed as the sum of the viscous and the inviscid contributions:

CD = Cinv
D + Cvis

D . (5.26)

5.3 Preliminary Results

As a prelude to analyzing the viscous flow around a partially cavitating hydrofoil with a
re-entrant jet cavity closure model, numerical tests are performed using the viscous code
CAV2DBL to analyze the effect of the curvature of the cavity closure region on the devel-
opment of the boundary layer.

In the following analysis, the numerical tests are consistently performed for a NACA 16-006
section with fixed cavity length l/c = 0.6 and at an angle of attack, α = 4 degrees. In all
cases: the cavity detaches smoothly from the foil leading edge, the flow is assumed to be
unbounded by tunnel walls and the Reynolds number, Re = 2.68× 106.

The choice of this particular hydrofoil section and the listed parameter values is based on
previous analysis of the partially cavitating flow using PCPAN in which it is seen that for
λ sufficiently small1 and with a suitably large number of panels, it is possible to generate
a re-entrant-jet-like cavity closure. Thus comparisons can be made with the same foil for
different curvature of the cavity closure region.

Figure 5.2 shows the cavity trailing edge region for different values of the cavity termination
model parameter, λ, generated by running PCPAN with blended spacing of the panels. The
blended spacing panel arrangement ensures a smooth transition of the panel size in the
vicinity of the cavity start and end. It is seen that for the cases λ = 0.1 and λ = 0.0, the
cavity profile has a turning point close to its trailing edge. Particularly in the case where
λ = 0.0, as seen before, the cavity closure region resembles a re-entrant jet.

The case for λ = 0.2 gives an initial indication of the problems CAV2DBL might have, in
obtaining a converged solution to the boundary layer equations for a compound foil with
blended spacing. As shown in Figure 5.2, the curvature of the cavity in this case does not
change sign close to the cavity trailing edge and it re-attaches smoothly to the foil surface.
However, CAV2DBL did not give a converged solution when the transition on the suction
side was forced to the cavity detachment point.

1As defined in Chapter 3, λ denotes the length of the end-zone of the cavity where the pressure recovery
termination cavity closure model is enforced
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Figure 5.2: Cavity closure region for different lengths of the transition zone using blended
spacing in PCPAN

However when allowing CAV2DBL to search for transition on both the suction side and the
pressure side, a converged solution was obtained after 5 iterations with the following force
coefficients:

Cinv
L = 0.562673 , Cvis

L = 0.520450 , Cinv
D = 0.002334 , Cvis

D = 0.005348.

The transition on the suction side is found to be at approximately half the cavity length
(x/c = 0.32).

The cases with λ = 0.1 and λ = 0.0 are treated with free transition on the pressure side and
the suction side. When treating these cases with CAV2DBL, the code is modified such that
it ignores the stagnation2 point aft of the cavity trailing edge on the suction side of the foil.
The reason for this is that CAV2DBL indexes the panels by first searching for the stagnation
point close to the foil leading edge by sweeping the foil surface velocities to detect a change of
sign, starting from the foil trailing edge on the suction side. On the suction side, the panels
are numbered in clockwise direction, starting at the first half-panel above the stagnation
point and similarly, but anti-clockwise, on the pressure side as described by Brewer (1995).

Further modifications of the code are required in order to take into account the presence of
negative inviscid edge velocities on the suction side of the compound foil close to the cavity
trailing edge. This leads to problems in setting up the boundary layer equation system

2Normally this point is not detected when using the pressure recovery cavity termination model. The
case where λ = 0.0 with blended spacing is an exception. However, as mentioned in Chapter 3, continuing
the iterative process for this case eventually leads to a non-physical solution.
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(Newton system) for the given interval or station on the foil, as the system coefficients and
residuals in the laminar interval are calculated using logarithmic differences requiring positive
values of the edge velocities. Currently this problem is remedied by averaging between the
velocities of the neighbouring panels if a negative edge velocity is encountered on the suction
side of the foil when setting up the Newton system. The results for λ = 0.1 and λ = 0.0
presented in the following are calculated based on this approximation.

The values of the computed force coefficients for different values of λ are summarized in
Table 5.1.

Cinv
L Cvis

L Cinv
D Cvis

D

λ = 0.2 0.562673 0.520450 0.002334 0.005348
λ = 0.1 0.568202 0.518278 0.001781 0.006170
λ = 0.0 0.574804 0.501101 0.002072 0.006754

Table 5.1: Force coefficients calculated in CAV2DBL for cases with blended spacing of panels

It is seen that in the two cases where the cavity profile has a turning point close to its trailing
edge (λ = 0.1 and λ = 0.0), the viscous lift and the inviscid drag are reduced compared to
the case where λ = 0.2. However the viscous drag increases considerably due to the increased
momentum thickness downstream of the cavity trailing edge for these two cases. See Figure
5.3
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Figure 5.3: Momentum thickness, θ/c along the suction side of the foil

Further evidence of the increased drag in the case where λ = 0.0 is seen in Figure 5.4, by
the very large value (almost 8 % of the chord length) of the displacement thickness close to
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the cavity trailing edge which consequently gives a large value of θ∞. This extreme effect
must be attributed to the tendency of the code to “streamline” the boundary layer around
the compound foil. This phenomenon is naturally most pronounced close to the end of the
cavity, as illustrated in Figure 5.5 which shows a sketch of the boundary layer imposed on
the cavitating hydrofoil.
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Figure 5.4: Displacement thickness, δ∗/c along the suction side of the foil in the cases with
blended spacing

The decrease in the lift coefficients due to the inclusion of viscous effects is also reflected in
the inviscid and viscous pressure distributions on the foil as shown in Figure 5.6. It is seen
that the viscous pressure distribution is no longer constant over the entire extent of the cavity
and that the area under it is reduced in comparison to the inviscid pressure distribution.
Thus, the viscous solution has perturbed the dynamic boundary condition that requires the
pressure distribution to be constant on the cavity. Kinnas et al. (1994) derived a method to
estimate the “error” in the cavitation number and the cavity shape. They concluded that
the error was relatively small.

The results presented above serve as an appetizer for the viscous calculations for partially
cavitating hydrofoils with a re-entrant jet cavity closure model. One would expect the
added presence of the re-entrant jet to compound the difficulties caused by the change
in the direction of the flow in the cavity closure region. Furthermore, the presence of the
stagnation point at the aft end of the cavity must be taken into consideration when analyzing
the development of the boundary layer close to the end of the cavity.
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Figure 5.5: Boundary layer imposed on the cavitating foil.
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Figure 5.6: Viscous and inviscid pressure distribution on the foil; blended spacing, λ = 0.2
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5.4 Viscous Calculations with the Re-Entrant Jet

It is worthwhile reiterating the significance of performing viscous calculations for partially
cavitating hydrofoils. The sensitivity of the leading edge sheet cavity to the pressure distribu-
tion on the suction side of the profile is a case in point. Ultimately, the inclusion of viscous
effects is essential for validating numerical results by comparing them with experimental
measurements.

As observed by Shen & Dimotakis (1989b), the viscosity not only has a strong effect on
cavitating flow, but on wetted flow as well. Their experimental results showed that the lift
coefficient of a NACA 66 (MOD) a = 0.8 (t/c = 0.09, f/c = 0.02) section from experiment
is 0.538 at an angle of attack α = 3 degrees, when the Reynolds number Re = 5 × 106.
Potential theory predicts a lift coefficient of 0.626 which is approximately 16 % larger than
the experimental value. Correspondingly, the calculated negative pressure distribution is
higher than the measured one. The transition points of the boundary layer in the above case
are reported to be at 5.5% of the chord length on the suction side and 76.4% of the chord
length on the pressure side. As mentioned in the previous chapter, in real flow, the section
is decambered by the boundary layer. Dang & Kuiper (1998) who also used a re-entrant
jet model, chose not to carry out boundary layer calculations, based on the assessment that
the deference of the pressure distribution not only results from boundary layer flow, but
also from the blockage of the test section, even if this blockage is small. Instead they chose
to decamber the foil using a simple empirical method and subsequently performed inviscid
calculations on the equivalent decambered foil for given cavitation number.

In the present analysis, however, it would seem natural to try and exploit the availability
of the interacted viscous-inviscid code CAV2DBL which has been seen to produce good
results for the cavitating profiles generated using PCPAN. Furthermore, the viscous analysis
is facilitated by the added ability of CAV2DBL (and PCPAN/pcjet) to model the tunnel
walls using the principle of images. The actual dimensions of the tunnel are specified as input
parameters to the code. Initially, however, the previous analysis is followed up by considering
the sample cases in unbounded flow presented in the previous chapter, namely Case A with a
NACA 16-006 section and Case B for the NACA 16-009 section and non-leading-edge cavity
detachment.

5.4.1 Sample Cases in Unbounded Flow

In the original formulation of CAV2DBL (Brewer, 1995, 1996), a large part of the code
exploits the symmetric3 nature of the panelling of the compound foil. Introducing panels to
model the re-entrant jet section breaks this symmetry. Furthermore, the geometry of the
jet panels complicates the calculation of the influence coefficients of the blowing sources, as

3For an even total number of panels, the number of panels used on the suction side of the foil equals the
number used on the pressure side of the foil.
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this involves a double derivative (with respect to the foil arc length s) in accordance with
the definition of the linear operator E (5.20) used to couple the inviscid solution with the
viscous solver. Hence, initially, in order to minimize the effect of the perturbation caused
by the presence of the re-entrant jet panels, a minimum of two jet panels is used in the
following two sample cases which have already been treated in the inviscid analysis. The
other modifications that need to be made in order to accommodate the re-entrant jet involve
the indexing of the panels. Furthermore, the sign of the blowing source strengths should be
changed for the panels close to the re-entrant jet along which the direction of the flow is
reversed, as the gradient d/ds is in a direction opposite to the positive x-direction. As in
the case with the jet-like behaviour (with λ = 0) presented in the previous section, as a first
approximation, the stagnation point at the aft end of the cavity is ignored.

Case A: NACA 16-006, α = 3◦, lPCPAN/c = 0.4, xjet/c = 0.4
It is seen that the solution obtained using pcjet with a reduced number of panels differs
from the solution obtained using 290 panels (presented in section 4.4.1) by less than 1

2
% for

the cavitation number, the cavity volume, the lift coefficient and the cavity length, and by
approximately 1% on the drag coefficient. A comparison is shown in Table 5.2. In both
cases a total of 18 iterations is required to obtain a converged solution with the re-entrant
jet cavity closure model. The position of the source and the height of the re-entrant jet are
unchanged from the case with 290 panels, i.e. (xs, ys) = (1.0, 0.074) and h/c = 0.00171.

σ V/c2 CL CD l/c

290 panels 0.72271 0.00758 0.37546 0.00947 0.40063
202 panels 0.72296 0.00761 0.37453 0.00957 0.40059

Table 5.2: Comparison of solutions with different number of panels with a re-entrant jet
model for NACA 16-006 at α = 3◦, xjet/c = 0.4 and h/c = 0.00171.

It should be mentioned that the choice of a large number of panels in the preceding cal-
culations with the re-entrant jet stems from the desire to make a good initial guess of the
jet solution based on a cavity shape from PCPAN that already displays a re-entrant jet-like
behaviour. As observed before, a large number of panels is required in order to obtain the
latter. However, the results in Table 5.2 suggest that the qualitative shape of the initial
guess does not have a significant effect on the iterative process with the re-entrant jet.

Thus, in the following, the basis for the comparisons made to assess the influence of the
re-entrant jet, consists of the compound foils of the cavitating NACA 16-006 section at
α = 3◦ generated using the pressure recovery termination cavity closure model in PCPAN
(200 panels) and with a re-entrant jet using pcjet (202 panels). For the former solution
λ = 0.1, σ = 0.72296, V/c2 = 0.00794, CL = 0.39067 and CD = 0.01039. Figure 5.7 shows
the foil profiles in the cavity closure region for the two cases. In both cases the viscous solver
converged after 8 iterations.

The differences in the development of the boundary layer is best illustrated by comparing
the displacement thickness and the momentum thickness for the two cases. Figure 5.8 shows
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Figure 5.7: The cavity closure region for the partially cavitating NACA 16-006 at α = 3◦. A
comparison between the profiles found using PCPAN (lPCPAN/c = 0.4) and pcjet (xjet/c = 0.4,
2 jet panels).

that the curved profile of the re-entrant jet in the cavity closure region induces a thicker
boundary layer aft of the cavity. Furthermore, the peak in the displacement thickness curve
for the re-entrant jet solution is sharper than for the solution based on the compound foil
generated by PCPAN. Similarly, the momentum thickness curve for the viscous re-entrant jet
solution lies above its viscous PCPAN-based counterpart (see Figure 5.9) over the length of
the foil and in the wake. As a consequence, based on the far-wake approximation, one would
expect the viscous drag for the re-entrant solution to be slightly larger. This is confirmed in
Table 5.3 which shows a comparison between the converged viscous solutions obtained using
CAV2DBL for the two cases.

Transition points Inviscid Forces Viscous Forces
S.S. P.S. Cinv

L Cinv
D Cvis

L Cvis
D

Sol. based on PCPAN 0.3350 0.9273 0.37906 0.00111 0.32471 0.00521
Sol. based on pcjet 0.2163 0.9227 0.37740 0.00075 0.32942 0.00543

Table 5.3: Solutions found using CAV2DBL on NACA 16-006 foil at α = 3◦ for lPCPAN/c =
xjet/c = 0.4. S.S. denotes the suction side of the cavitating foil and P.S. the pressure side.

The negative viscous pressure distribution for the re-entrant solution displays a behaviour
similar to cases with a pressure termination model in that it does not remain constant over
the extent of the cavity and lies below its inviscid counterpart except for a small interval
close to where the cavity detaches (see Figure 5.10). Thus, as shown in Table 5.3, for the
solution based on pcjet, Cvis

L < Cinv
L . A comparison between the two viscous pressure

distributions (see Figure 5.11) shows that as opposed to the case based on PCPAN, the
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Figure 5.8: The suction side displacement thickness for the viscous solutions (using
CAV2DBL) of the partially cavitating NACA 16-006 at α = 3◦ based on the compound
foils generated by PCPAN (lPCPAN/c = 0.4) and pcjet (xjet/c = 0.4).

viscous re-entrant jet solution produces a small pressure peak close to the foil leading edge.
In the inviscid calculations such an effect is normally attributed to the fact that the cavity
detaches too far aft, thus producing pressures close to the foil leading edge that are lower
than the cavity pressure. However, by closely monitoring the iterative viscous calculations
it has been observed by the author that this effect possibly results from the influence of the
blowing sources on the panels close to the re-entrant jet surface.

In order to rule out the possibility of a connection between the pressure peak and the point of
detachment, viscous calculations are also performed on a case with non-leading-edge cavity
detachment. A suitable case for this particular investigation is Case B that was treated at
the end of the previous chapter. Once again, as for Case A, the number of panels is reduced
such that the calculations in PCPAN are performed using 200 panels while a minimum of
2 additional panels is used to model the jet surface. The viscous calculation for Case B is
treated in the following.
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Figure 5.9: The suction side momentum thickness for the viscous solutions (using CAV2DBL)
of the partially cavitating NACA 16-006 at α = 3◦ based on the compound foils generated
by PCPAN (lPCPAN/c = 0.4) and pcjet (xjet/c = 0.4).
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Figure 5.10: The inviscid and viscous pressure distribution for the re-entrant jet solution of
the partially cavitating NACA 16-006 at α = 3◦ i.e. based on the compound foil generated
by pcjet (xjet/c = 0.4).
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Figure 5.11: Viscous pressure distribution for the solutions (found using CAV2DBL) of the
partially cavitating NACA 16-006 at α = 3◦ based on the compound foils generated by
PCPAN (lPCPAN/c = 0.4) and pcjet (xjet/c = 0.4).
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Case B: NACA 16-009, α = 3◦, lD/c = 0.0025, lPCPAN/c = 0.5, xjet/c = 0.5
As in the previous case, using a reduced number of panels does not significantly affect the
solution obtained using the re-entrant jet cavity closure model as is evident from Table 5.4.

σ V/c2 CL CD l/c

260 panels 0.66229 0.00800 0.38531 0.00638 0.50001
202 panels 0.66157 0.00800 0.38398 0.00638 0.50002

Table 5.4: Comparison of solutions with different number of panels with a re-entrant jet
model for NACA 16-009 at α = 3◦, lD/c = 0.0025, xjet/c = 0.4 and h/c = 0.00123. In both
cases the converged solution is found after 16 iterations of pcjet

Transition points Inviscid Forces Viscous Forces
S.S. P.S. Cinv

L Cinv
D Cvis

L Cvis
D

Sol. based on PCPAN 0.3562 0.8757 0.38987 0.00210 0.31472 0.00496
Sol. based on pcjet 0.0061 0.8678 0.38851 0.00165 0.31841 0.00587

Table 5.5: Solutions found using CAV2DBL on NACA 16-009 foil at α = 3◦ for lD/c = 0.0025,
lPCPAN/c = xjet/c = 0.5. S.S. denotes the suction side of the cavitating foil and P.S. the pressure
side.

The trends observed for the NACA 16-006 section with regard to the differences in the
forces between the viscous re-entrant jet solution and the viscous solution based on the
pressure recovery termination model are seen again for the NACA 16-009 section (see Table
5.5). The increased momentum thickness downstream of the cavity trailing edge (see Figure
5.12) results in a slightly larger viscous drag for the solution based on pcjet. Similarly, the
boundary layer is thicker for the case with the re-entrant jet (see Figure 5.13). The viscous
lift coefficient for the re-entrant jet solution is less than the inviscid lift coefficient, despite
the pronounced peak in the viscous pressure distribution close to the foil leading edge (see
Figure 5.14).

Figure 5.15 shows the comparison between the pressure distributions for the two viscous
solutions. It is seen that detaching the cavity aft of the foil leading edge has no bearing on
the occurrence of the pressure peak in the case with the re-entrant jet. This confirms the
assumption that the decrease in the viscous pressure close to foil leading edge is a consequence
of the presence of the re-entrant jet and not due to the cavity detaching too far aft of the
foil leading edge.
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Figure 5.12: The suction side momentum thickness for the viscous solutions (using
CAV2DBL) of the partially cavitating NACA 16-009 at α = 3◦ with lD = 0.0025 based
on the compound foils generated by PCPAN (lPCPAN/c = 0.5) and pcjet (xjet/c = 0.5).
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Figure 5.13: The suction side displacement thickness for the viscous solutions (using
CAV2DBL) of the partially cavitating NACA 16-009 at α = 3◦ with lD = 0.0025 based
on the compound foils generated by PCPAN (lPCPAN/c = 0.5) and pcjet (xjet/c = 0.5).
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Figure 5.14: The inviscid and viscous pressure distribution for the re-entrant jet solution
of the partially cavitating NACA 16-009 at α = 3◦ with lD/c = 0.0025 i.e. based on the
compound foil generated by pcjet (xjet/c = 0.4).
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Figure 5.15: Viscous pressure distribution for the solutions (found using CAV2DBL) of the
partially cavitating NACA 16-009 at α = 3◦ with lD = 0.0025 based on the compound foils
generated by PCPAN (lPCPAN/c = 0.5) and pcjet (xjet/c = 0.5).
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5.4.2 Comparison with Experimental Results

A true assessment of the viscous re-entrant jet calculations can be obtained by making com-
parisons with available experimental results. The accuracy of CAV2DBL using compound
foils generated by PCPAN has been well documented by Brewer (1995) and Brewer & Kinnas
(1996).

The objective now is to investigate whether the inclusion of the re-entrant jet enhances
the compatibility of CAV2DBL with experimental results. To this effect, a case for the
NACA 66(MOD), a = 0.8, t/c = 0.09, f/c = 0.02 is considered in accordance with the
experimental measurements carried out by Shen & Dimotakis (1989a). They tested the
cambered two-dimensional NACA 66 (MOD) section in a high speed water tunnel to study
both leading-edge sheet cavitation and mid-chord transient streak cavitation. Concurrent
with making qualitative cavitation observations, they measured the lift, drag and pressure
coefficients.

The test section of the tunnel was 1270mm long, 762mm high and 152mm span. The model
dimensions of the NACA 66 (MOD) laminar airfoil section were 125.4mm chord and 125.4mm
span. Distributed roughness was applied on the hydrofoil model to minimize the scale effects
on cavitation inception and cavitation extent between the Reynolds numbers at model and
full-scale. The Reynolds number based on the chord was Re = 2× 106. It should be noted
that the cavity length and pressure coefficients reported for the experimental measurements
were based on time-averaged estimates.

The case considered in the following is for an angle of attack, α = 4◦ and cavity length
l/c = 0.36. In the experiments, this condition was achieved for the cavitation number
σ = 0.91. Using 10 images to model the tunnel walls, a dimensionless tunnel height equal
to approximately 5 and assuming that the trailing-edge elevation from the tunnel center-
line equals -0.02, the inviscid numerical calculations are initially performed using PCPAN
(200 panels, solution converges after 10 iterations) and pcjet (202 panels i.e. 2 jet panels;
converged solution obtained after 30 iterations).

σ l/c CL

Experimental (S & D) 0.91 0.36 0.670
PCPAN 1.10998 0.35976 0.78551
pcjet 1.10998 0.36024 0.75817

Table 5.6: Comparing the inviscid solutions including wall effects with an experimental
measurement for the partially cavitating NACA 66(MOD), a = 0.8, t/c = 0.09, f/c = 0.02
at α = 4◦

The comparison between the experimental result and the inviscid solutions given in Table
5.6 shows that the inviscid solutions grossly overpredict the values of the cavitation number
and the lift coefficient despite the inclusion of the wall effects by the principle of images. If a
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fixed cavitation number potential method had been used, the cavity length would have been
overpredicted (Dang & Kuiper, 1998).

Using CAV2DBL to perform viscous calculations on the compound foils generated by PCPAN
and pcjet, converged solutions are obtained after 7 iterations in both cases. The transition
points are set at 13% of the chord length on the suction side and 89% of the chord length
on the pressure side. The Reynolds number is set to 2× 106 while a 1% turbulence level is
assumed, i.e. the critical maximum amplification rate of the Tollmien-Schlichting waves in
two dimensions is set to 2.623 (Brewer, 1996).

σv l/c CL

Experimental (S & D) 0.91 0.36 0.670
Solution based on PCPAN 0.95543 0.35976 0.62271
Solution based on pcjet 0.97652 0.36024 0.63465

Table 5.7: Comparing the viscous solutions found using CAV2DBL with an experimental
measurement for the partially cavitating NACA 66(MOD), a = 0.8, t/c = 0.09, f/c = 0.02
at α = 4◦

Table 5.7 shows the results of the viscous calculations where the viscous cavitation number
for the numerical calculations is calculated by averaging the value of −Cvis

p over the extent
of the cavity where the pressure distribution is roughly constant. Figure 5.16 shows that
the tendency of the re-entrant jet solution to display a small pressure peak close to the foil
leading edge persists for the viscous calculations.
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Figure 5.16: Comparing the viscous pressure distribution for the viscous solutions (using
CAV2DBL) with the experimental data for the partially cavitating NACA 66(MOD), a = 0.8,
t/c = 0.09, f/c = 0.02 at α = 4◦.
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5.5 Assessing the Viscous Re-Entrant Jet Model

The main objective of implementing a re-entrant jet cavity closure model and subsequently
coupling the inviscid solution to a boundary layer solver was to obtain a solution that depicts
the real-flow situation as closely as possible. The results in the previous section would seem
to suggest that there is still some ground to be covered before this goal can be achieved.

The apparent discrepancy in the pressure distribution close to the foil leading edge for the
viscous re-entrant jet solution is exacerbated by moving the jet further upstream. Thus
when solving for a compound foil as illustrated in Figure 5.17, where the jet surface for the
cavitating NACA 16-009 section is set at x/c = 0.496, the viscous solver fails to converge.
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Figure 5.17: Cavity closure region for a converged solution with the jet moved upstream on
the NACA 16-009 section at α = 3◦ with lD/c = 0.0025, lPCPAN/c = 0.5, xjet/c = 0.496

A close inspection of the viscous routine reveals that this effect is caused by the influence
of the blowing source distribution over the panels close to and on the re-entrant jet surface
where the direction of the flow is reversed. Corresponding to these panels where the sign
of the flow direction changes, the coefficients of the influence matrix represented by the
linear operator E (5.20), become very large compared to those for the rest of the compound
foil. Subsequently when updating the edge velocity distribution in accordance with the
wall transpiration model (5.19) which involves including the source effects from the entire
compound foil, it is apparently the panels close to where the cavity detaches that “suffer”
the most. The sketches shown in Figure 5.18 highlight the differences in the flow situations
that the viscous code needs to deal with in case of a re-entrant jet as compared to the
normally smooth profile obtained when using PCPAN. The flow direction along that part of
the compound foil with the re-entrant jet that produces high values for the blowing source
self-influence coefficients is indicated by dashed arrows.
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Figure 5.18: Sketch of the flow direction in the cavity closure region for a compound foil
based on the inviscid re-entrant jet solution (left) and for a cavitating solution based on the
pressure termination model (right).

A plausible suggestion to help mitigate the adverse effect of the blowing sources close to the
jet would be to simply set the source strengths to zero over the extent of the jet. This change
has been implemented and tested. However it did not eradicate the persistent influence of
the other panels for which the flow direction is reversed. These results strongly suggest that
the implemented physical model needs to be extended in order to cope with the complexity of
the re-entrant flow. A more detailed description is required to account for the development of
the boundary layer on either side of the stagnation point aft of the cavity. Another question
that can be raised is whether it is feasible to ignore the two-phase flow in the cavity closure
region. Unfortunately, the time constraints on the current study have precluded an in-depth
analysis of these issues.

Thus, the analysis presented above represents an effort to model the real flow around a
partially cavitating hydrofoil using a quick, inviscid panel method in conjunction with a
boundary layer solver to obtain a viscous solution to the problem. While not being quite
the improvement on the original solution method of CAV2DBL that had been hoped for, the
implementation of the viscous re-entrant jet model sheds some light on the factors concerning
the flow in the cavity closure region that need to be taken into consideration and highlights
some of the limitations of the existing viscous code.
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Chapter 6

Conclusion and Recommendations for
Future Work

The main objective of the present work has been to implement a re-entrant jet cavity closure
model for the case of a partially cavitating two-dimensional hydrofoil. To this end, an
already existing boundary element method modelling the partially cavitating problem has
been modified so as to include a re-entrant jet. The next step in the analysis has been to
couple the inviscid re-entrant jet solution to a viscous solver to study the development of
the boundary layer on the partially cavitating hydrofoil.

In the present work, a systematic approach has been adopted to outline the various aspects
of two-dimensional flow around hydrofoils at increasing levels of complexity; starting with
the fully-wetted potential flow and leading up to the viscous analysis of partially cavitating
flow.

Prior to formulating the fully-wetted code, FWC, for the analysis of the flow around a
two-dimensional hydrofoil section, the basic principles underlying potential-flow theory have
been presented. These include the derivation of Green’s second identity in two dimensions.
The code FWC is a constant-potential boundary element or so-called panel method. It has
been validated by comparisons with the analytical solution for an elliptical section and the
available experimental data for an ONERA-120 airfoil section. The ability of FWC to treat
the flow around very thin foil sections has been enhanced by implementing a velocity Kutta
condition. Finally, in the wetted flow analysis, a method has been devised to deal with
foil sections with finite trailing-edge thickness. This has involved performing calculations
on an extrapolated version (with zero trailing-edge thickness) of the original foil section, in
this case a NACA 66 (TMB-modified) section with specified thickness and camber. The
values of the lift coefficients calculated for the modified, equivalent section at various angles
of attack has been seen to compare favourably with the data derived using an empirical
formula (Brockett, 1966).

The study of the partially cavitating hydrofoil was preceded by a brief review of the studies
performed to analyze cavity detachment and to formulate various cavity closure models
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for partial cavities. With regard to the latter, the present work has focused on two main
termination models: the pressure recovery termination model, also referred to simply as the
pressure model, and the re-entrant jet cavity closure model.

The linear theory for a partially cavitating hydrofoil has been outlined and its shortcomings
have been highlighted. This has led to the nonlinear formulation of the partially cavitating
problem which, within the framework of potential-theory, has been used as the basis for
the implementation of the fixed-length code PCPAN (Partially Cavitating PANel method)
(Kinnas & Fine, 1990). This code employs the pressure model to describe the cavity closure.
A sample case has been presented for which the cavity displays a re-entrant jet-like behaviour
before the iterative process breaks down. This necessitates the incorporation of a re-entrant
jet closure model to the original formulation of PCPAN.

Various experimental sightings of the re-entrant jet have been reviewed including evidence
of a regular cyclical break-off process caused by the impingement of the re-entrant jet on the
cavity surface. The re-entrant jet cavity closure model has been implemented as an extension
to PCPAN through the subroutine termed pcjet. The important features of this procedure
are outlined in the following:

• The theoretical height of the re-entrant jet is calculated based on the converged values
of the drag coefficient and the cavitation number calculated by PCPAN. An initial
guess of the cavity shape with a re-entrant jet is then constructed. These calculations
are performed in the subroutine jetht.

• A source singularity is introduced in the fluid domain to account for the mass flux
through the part of the domain boundary represented by the re-entrant jet surface.

• For fixed cavitation number σ, the subroutine pcjet determines the nonlinear cavity
boundary (excluding the re-entrant jet which is kept fixed) and the cavity length by
an iterative process until both the kinematic boundary condition (modified due to the
presence of the source singularity) and the dynamic boundary condition are satisfied.

The re-entrant jet closure model implemented in PCPAN through pcjet has been validated
by making comparisons with the numerical results obtained by Dang & Kuiper (1998) and
Uhlman Jr (1987). These comparisons validate the accuracy of the present method while
also emphasizing its quick convergence properties, which will acquire added significance when
the method is extended to three dimensions. The robustness of the re-entrant jet closure
model has been investigated by moving the jet surface upstream and subsequently continuing
the iterative process. This has been seen to enhance the re-entrant structure of the cavity
solution while also having a positive effect on the total velocity distribution. However, it
has also been observed to have an adverse effect on the convergence of the iterative scheme.
Furthermore, it turned out that moving the re-entrant jet surface too far upstream under
the cavity caused the numerical scheme to break down as the calculated cavity intersected
the foil surface. The re-entrant jet model coped well with cases where the cavity detaches
slightly downstream of the foil leading edge.
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The theory behind the code CAV2DBL (Brewer, 1995) that couples an existing inviscid
flow solution to a boundary layer solver has been presented. The effect of viscosity on the
inviscid flow is accounted for by adding blowing sources. Preliminary calculations have been
performed for compound foils generated using the pressure model in PCPAN to investigate
the effect of the curvature of the cavity closure region on the development of the boundary
layer. These calculations have shown that the boundary layer is very thick close to the
end of the cavity as the viscous solver seeks to “streamline” the boundary layer around the
compound foil. Changes regarding the indexing of the panels have been made to CAV2DBL
to enable the code to treat compound foils that include a re-entrant jet. The presence of the
latter is seen to induce a pressure peak on the viscous pressure distribution close to the foil
leading edge. This phenomenon has been attributed to the influence of the blowing source
distribution over the panels close to and on the re-entrant jet surface where the direction
of the flow is reversed. Comparisons with experimental results have shown that the viscous
re-entrant jet solution only represents a small improvement on the boundary layer solution
based on an inviscid solution generated using the pressure model in PCPAN.

The present formulation of the re-entrant jet cavity closure model using pcjet in conjunction
with PCPAN represents an improvement on previous implementations in that it exploits the
properties of PCPAN to make an accurate prediction of the height of the re-entrant jet and
construct a good initial guess for the re-entrant solution. The latter is documented by the
quick convergence of pcjet.

One of the salient features of the model is the inclusion of the source singularity, which
is seen to work favourably for most cases when placed close to the foil trailing edge. The
author believes that this is related to the inherent unsteady nature of the re-entrant jet
model. A natural extension to the current model would be to include the unsteady effects.
The solution method should subsequently be extended to treat the unsteady flow in three
dimensions especially in light of the strongly three-dimensional nature of the re-entrant jet.

It is obvious that further changes have to be made to the viscous code for it to cope with
the complexity of the re-entrant flow. These changes should comprise an alternative method
to calculate the effect of the blowing source influence coefficients on the panels close to and
on the re-entrant jet surface. A robust viscous re-entrant jet formulation will further aid the
investigation of various cavity detachment criteria which was one of the secondary objectives
of the viscous analysis in the present work.

Finally, it must be reiterated that the availability of extensive and well-documented experi-
mental data is of paramount importance for a comprehensive validation of the derived theory.
Some of the parameters that would have been interesting to have had accurate measurements
of in the present work pertain to the cavity shape, parameters such as the cavity volume,
the location of the maximum cavity thickness and the height of the re-entrant jet in cases
where its presence has been established.
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Appendix A

Results for the NACA 16 Series
Sections

A.1 NACA 16-006 at α = 4◦

The following section contains the cavity shapes and the corresponding pressure distributions
for the results listed in Table 4.2.
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(b) Pressure distribution

Figure A.1: σ = 0.85343, l/c = 0.66376, V/c2 = 0.02652, h/c = 0.00462, xjet/c = 0.6624
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(b) Pressure distribution

Figure A.2: σ = 0.89569, l/c = 0.50117, V/c2 = 0.01541, h/c = 0.00358, xjet/c = 0.500
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(b) Pressure distribution

Figure A.3: σ = 0.99976, l/c = 0.36594, V/c2 = 0.00876, h/c = 0.00294, xjet/c = 0.365
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(b) Pressure distribution

Figure A.4: σ = 1.09559, l/c = 0.29687, V/c2 = 0.00615, h/c = 0.00264, xjet/c = 0.29
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(b) Pressure distribution

Figure A.5: σ = 1.19681, l/c = 0.23862, V/c2 = 0.00421, h/c = 0.00235, xjet/c = 0.232
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(b) Pressure distribution

Figure A.6: σ = 1.29588, l/c = 0.19583, V/c2 = 0.00297, h/c = 0.00215, xjet/c = 0.19

A.2 NACA 16-009 at α = 4◦

The following section contains the cavity shapes and the corresponding pressure distributions
for the results listed in Table 4.3.
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(b) Pressure distribution

Figure A.7: σ = 0.82652, l/c = 0.69923, V/c2 = 0.02333, h/c = 0.00377, xjet/c = 0.699
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(b) Pressure distribution

Figure A.8: σ = 0.90746, l/c = 0.47048, V/c2 = 0.01099, h/c = 0.00239, xjet/c = 0.47
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(b) Pressure distribution

Figure A.9: σ = 1.00393, l/c = 0.33697, V/c2 = 0.00591, h/c = 0.00190, xjet/c = 0.336
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(b) Pressure distribution

Figure A.10: σ = 1.09344, l/c = 0.26754, V/c2 = 0.00393, h/c = 0.00162, xjet/c = 0.263
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(b) Pressure distribution

Figure A.11: σ = 1.19421, l/c = 0.20689, V/c2 = 0.00243, h/c = 0.00139, xjet/c = 0.202
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(b) Pressure distribution

Figure A.12: σ = 1.30206, l/c = 0.15856, V/c2 = 0.00142, h/c = 0.00120, xjet/c = 0.155

A.3 NACA 16-012 at α = 4◦

The following section contains the cavity shapes and the corresponding pressure distributions
for the results listed in Table 4.4.
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(b) Pressure distribution

Figure A.13: σ = 0.83512, l/c = 0.66015, V/c2 = 0.01587, h/c = 0.00247, xjet/c = 0.66
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(b) Pressure distribution

Figure A.14: σ = 0.91806, l/c = 0.42613, V/c2 = 0.00677, h/c = 0.00139, xjet/c = 0.426
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(b) Pressure distribution

Figure A.15: σ = 1.01357, l/c = 0.29018, V/c2 = 0.00319, h/c = 0.00100, xjet/c = 0.290
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(b) Pressure distribution

Figure A.16: σ = 1.14449, l/c = 0.18350, V/c2 = 0.00123, h/c = 0.00069, xjet/c = 0.182
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Appendix B

The Fully Wetted Code (FWC)

B.1 A Sample Case

The following section describes the input and output for the fully wetted code, FWC. The
sample run treated in this section is for the fully wetted flow around a NACA 16-009 section
at an angle of attack of 3◦. The foil is discretized into 250 panels. FWC calculates the
pressure distribution and the lift for the input geometry which is read from a file specifying
the number of panels on the first line and otherwise containing the ordinates for the offset
points describing the input geometry. In the present case, the first few lines of the file
’sample.foil’ are as follows:

250

1.00000 .00000

.99984 .00004

.99963 .00009

.99923 .00019

.99856 .00035

.99751 .00060

.99600 .00096

.99396 .00144

.99133 .00205

. .

. .

The code FWC is run by typing

fwc
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in the command line and in the considered example, the following screen dialogue takes
place:

Name of input file (max. 15 chart.)

sample.foil

Are the points in clockwise-order (Y or N)?

n

Enter angle of attack in degrees

3.0

Do you want to use a velocity Kutta condition (Y or N)?

y

LIFT COEFFICIENT = .350412

The first three questions and answers are self-explanatory. The code FWC affords the option
of employing a velocity Kutta condition (2.42) instead of the default, classic Morino Kutta
condition (2.38). As described in Chapter 2, this is particularly desirable when performing
calculations for very thin foils.

FWC generates an output file ’cp.dat’ which contains the input geometry and the corre-
sponding pressure distribution. Furthermore, the calculated lift coefficient is output to the
screen. A plot of the calculated pressure distribution is shown in Figure B.1
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Figure B.1: Pressure distribution on a NACA 16-009 section at α = 3◦. The lift coefficient
CL = 0.350412.



Appendix C

The Re-Entrant Jet Model: A Sample
Run

C.1 Input/Output for a Sample Run

The following section describes the input and output for a sample run with a re-entrant jet
cavity closure model using the subroutines jetht and pcjet in conjunction with PCPAN. For
a detailed description of that part of the input that is intrinsic to PCPAN see the manual
by Kinnas & Fine (1993a).

Changes made to the subroutines from the original version of PCPAN are tagged with
paddy. Therefore to see all of the author’s changes, type the following command in the
source directory:

grep ‘‘paddy’’ *.f

The sample run treated in this section is for a NACA 16-006 symmetric foil at an angle of
attack of 3◦. The initial fixed cavity length is assumed to be l/c = 0.4. The foil is discretized
into 280 panels around the chord and only 4 iterations are performed to obtain a cavity shape
from which an initial guess for subsequent iterations with a re-entrant jet can be calculated.

ENTER ROOT FILE NAME FOR THIS RUN (12 chars. max)

<PCPAN> sample

ENTER NUMBER OF PANELS (even-max 200)

<PCPAN> 280

ENTER MAXIMUM NUMBER OF ITERATIONS

<PCPAN> 4
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ENTER X-COORDINATE OF CAVITY TRAILING EDGE

<PCPAN> .40

ENTER X-COORDINATE OF CAVITY LEADING EDGE (or NLE)

<PCPAN> .0

ENTER LENGTH OF TRANSITION ZONE

<PCPAN> .1

ENTER TRANSITION FRACTION, AFJ

<PCPAN> .5

ENTER THE TRAILING WAKE THICKNESS, DEL0 & QCDEL

<PCPAN> 0,1

IS THE FLOW BOUNDED BY HORIZONTAL WALLS?

<PCPAN> n

SELECT TYPE OF THICKNESS FORM

0 ..... READ-IN GEOMETRY

1 ..... ELLIPSE

2 ..... NSRDC MOD NACA 66 WITH PARABOLIC TAIL

3 ..... NACA 16

4 ..... VLR

5 ..... NACA 4-DIGIT

6 ..... RAE 101

7 ..... NACA 65A

8 ..... 2nd ORDER JOUKOWSKI

9 ..... HEAVY FOIL

<PCPAN> 3

ENTER THICKNESS/CHORD RATIO

<PCPAN> .06

ENTER CAMBER/CHORD RATIO

<PCPAN> 0.0

ENTER ANGLE OF ATTACK IN DEGREES

<PCPAN> 3.0

ACTUAL CAVITY LENGTH = .400000 LCAV =197

Iter # 1 Sigma= .73257 Volume= .00704 Cl= .40644 Cd= .01114

Iter # 2 Sigma= .74535 Volume= .00813 Cl= .39976 Cd= .01012

Iter # 3 Sigma= .72180 Volume= .00794 Cl= .39075 Cd= .01038

Iter # 4 Sigma= .72271 Volume= .00791 Cl= .39131 Cd= .01039

QCDEL =1.31252

Note that the cavity detaches at the leading edge of the foil. The length of the transition
zone λ = 0.1.
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In the next step the re-entrant jet cavity closure model is applied,

DO YOU WANT TO MODEL THE CAVITY WITH JET?

<PCPAN> y

ENTER NUMBER OF JET PANELS (even-max 20)

<PCPAN> 10

ENTER POSITION OF SOURCE (between 0.0 and 0.2)

<PCPAN> .075

POSITION OF SOURCE: XS= 1.00000, YS= .07404

RE-ENTRANT JET HEIGHT= .00171, LCAV= 207

ENTER MAXIMUM NUMBER OF ITERATIONS WITH JET

<PCPAN> 23

ENTER NUMBER OF ITERATIONS AFTER WHICH TO MOVE JET SURFACE?

<PCPAN> 18

SIGMA= .72271

JIter # 1 Volume= .00761 Cl= .37754 Cd= .00963 Cavl= .40042

JIter # 2 Volume= .00757 Cl= .37606 Cd= .00950 Cavl= .40039

JIter # 3 Volume= .00756 Cl= .37567 Cd= .00947 Cavl= .40040

JIter # 4 Volume= .00757 Cl= .37558 Cd= .00947 Cavl= .40043

JIter # 5 Volume= .00757 Cl= .37555 Cd= .00947 Cavl= .40047

JIter # 6 Volume= .00757 Cl= .37553 Cd= .00947 Cavl= .40049

JIter # 7 Volume= .00757 Cl= .37551 Cd= .00947 Cavl= .40052

JIter # 8 Volume= .00757 Cl= .37550 Cd= .00947 Cavl= .40054

JIter # 9 Volume= .00757 Cl= .37549 Cd= .00947 Cavl= .40056

JIter # 10 Volume= .00758 Cl= .37549 Cd= .00947 Cavl= .40057

JIter # 11 Volume= .00758 Cl= .37548 Cd= .00947 Cavl= .40058

JIter # 12 Volume= .00758 Cl= .37547 Cd= .00947 Cavl= .40059

JIter # 13 Volume= .00758 Cl= .37547 Cd= .00947 Cavl= .40060
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JIter # 14 Volume= .00758 Cl= .37547 Cd= .00947 Cavl= .40061

JIter # 15 Volume= .00758 Cl= .37546 Cd= .00947 Cavl= .40062

JIter # 16 Volume= .00758 Cl= .37546 Cd= .00947 Cavl= .40062

JIter # 17 Volume= .00758 Cl= .37546 Cd= .00947 Cavl= .40063

JIter # 18 Volume= .00758 Cl= .37546 Cd= .00947 Cavl= .40063

The source is placed at a point along the direction vertically in line with the foil trailing edge
at a distance calculated by multiplying a user-specified factor (in this case 0.075) with the y-
coordinate of the normal to the trailing edge panel. The code outputs the exact coordinates
of the location of the source and the value of the theoretical jet height h/c. The code
provides the option to move the jet surface inwards after a certain number of iterations. If
however, the user does not wish to exercise this option, the input for the number of iterations
after which to move the jet surface must be set equal to the maximum number of iterations
with the jet. In the shown sample run, the code will move the jet inward and repanel the
compound foil after 18 iterations.

DO YOU WANT TO MOVE JET AND REPANEL?

<PCPAN> y

ENTER NEW POSITION OF JET (fraction of original point of reattachment)

<PCPAN> .995

NEW POSITION OF JET SURFACE, x/c= .39800

SELECT TYPE OF THICKNESS FORM

0 ..... READ-IN GEOMETRY

1 ..... ELLIPSE

2 ..... NSRDC MOD NACA 66 WITH PARABOLIC TAIL

3 ..... NACA 16

4 ..... VLR

5 ..... NACA 4-DIGIT

6 ..... RAE 101

7 ..... NACA 65A

8 ..... 2nd ORDER JOUKOWSKI

9 ..... HEAVY FOIL

<PCPAN> 3

ENTER THICKNESS/CHORD RATIO

<PCPAN> .06

ENTER CAMBER/CHORD RATIO

<PCPAN> .0
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NUMBER OF NEW PANELS = 7

TOTAL NUMBER OF PANELS = 297, LCAV = 213

Continuing iterations with re-entrant jet ......

JIter # 19 Volume= .00760 Cl= .37503 Cd= .00949 Cavl= .40068

JIter # 20 Volume= .00761 Cl= .37497 Cd= .00949 Cavl= .40070

JIter # 21 Volume= .00761 Cl= .37489 Cd= .00949 Cavl= .40071

JIter # 22 Volume= .00761 Cl= .37485 Cd= .00948 Cavl= .40072

JIter # 23 Volume= .00761 Cl= .37485 Cd= .00948 Cavl= .40073

t_(max)/c = .02543 x_(tmax)/c = .25248

To move the position of the re-entrant jet surface, the user must provide the new point where
the jet attaches to the foil as a fraction of the original point of attachment. Since this entails
repanelling the foil surface to concentrate sufficient panels close to the point where the jet
surface attaches to the foil, the user must once again provide the necessary inputs related to
the geometry of the foil.

The code outputs the number of new panels generated by moving the jet surface and subse-
quently the total number of panels, before continuing to iterate toward a solution with the
new jet surface. After the last iteration, the code outputs the maximum cavity thickness
and its position.

C.2 Output files

The following files are output in addition to the files generated by PCPAN as listed by
Kinnas & Fine (1993a):

1. sample.jpan: Contains the coordinates of the panel nodes on the combined foil/cavity/-
jet surface and provides an initial guess for the shape of the cavity with the re-entrant
jet

2. sample.cav2: Contains the coordinates of the cavity surface and the re-entrant jet
surface
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3. sample.pan2: Contains the coordinates of the panel nodes on the combined foil/cavity/-
jet surface from the final iteration with the re-entrant jet

4. sample.foil2: Contains the coordinates of the panel nodes on the foil surface after the
jet surface has been moved and the foil has been repanelled accordingly

5. sample.vel: Contains the calculated total tangential velocity component for each panel

C.3 Sample Input File

To run PCPAN with the option of applying a re-entrant jet cavity closure model as shown
in the first section of the appendix, the code can be run in batch mode by typing

../source/pcpan < PCPAN.IN

where PCPAN.IN is the batch input file containing the following text:

sample ROOT FILE NAME

280 NUMBER OF PANELS

4 NUMBER OF ITERATIONS

.40 <=CAVITY TRAILING EDGE

.0 <=CAVITY LEADING EDGE

.1 LENGTH OF TRANSITION ZONE

.5 TRANSITION FRACTION, AFJ

0,1 TRAILING WAKE THKNESS, DELO & QCDEL

n IMAGES?

3 SELECT TYPE OF THICKNESS FORM

.06 THICKNESS

0.0 CAMBER

3.0 <=ANGLE OF ATTACK

y MODEL WITH JET

10 NUMBER OF JET PANELS

0.075 FACTOR (POSITION OF SOURCE)

23 NUMBER OF ITERATIONS WITH RE-ENTRANT JET

18 NO. OF ITERATIONS AFTER WHICH TO MOVE JET & REPANEL

y RE-PANEL/MOVE JET INWARD?

.995 NEW POSITION OF JET SURFACE (fraction of original)

3 SELECT TYPE OF THICKNESS FORM

.06 THICKNESS

0.0 CAMBER
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Changes made to CAV2DBL

All changes made to the subroutines from the original version of CAV2DBL are tagged with
paddy. Therefore to see all of the author’s changes, type the following command in the
source directory:

grep ‘‘paddy’’ *.f

File Line # Date Comment
cav2dbl.f 43 20/10/99 make new common block with IWRC
cav2dbl.f 334 18/4/00 modify value of “nstag” when treating a

compound foil with a re-entrant jet
cav2dbl.f 362 11/5/99 compute inviscid edge velocities

using 3-point interpolation
cav2dbl.f 440 10/6/00 d/dx is -d/ds for those panels on

suction side close to and on the re-entrant jet
cav2dbl.f 514 10/6/00 add number of jet panels to “nstag”
cav2dbl.f 3346 20/10/99 include common block IWRC in subroutine VISCAL
cav2dbl.f 3673 10/3/00 modify the vector XC to conform to VISCAL

convention
cav2dbl.f 3696 12/5/99 extra condition added to ensure

that stagnation point close to the cavity
trailing edge is skipped in subroutine STFIND

Table D.1: The most important changes made to the source code file “cav2dbl.f”
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File Line # Date Comment
xbl.f 762 13/5/99 change sign of inviscid edge

velocity U2 on suction side
if it is negative in subroutine MRCHUE

xbl.f 1209 10/5/99 change sign of inviscid edge
velocity U2 in subroutine BLSYS
if it is negative and give warning

xbl.f 2832 5/2/99 redefine the boundary
variable QINF

Table D.2: The most important changes made to the source code file “xbl.f”
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