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Executive Summary

The overall objective of the present study has been to develop rational analytical and nu-
merical calculation models for quantification of the consequences of collision accidents. The
work has primarily been focused on high-speed craft (HSC) built in lightweight materials
such as aluminium and FRP sandwich.

Crushing experiments conducted on full-scale aluminium plate intersections reveal that the
crushing behaviour is highly affected by material fracture during the deformation. Several
fracture criteria from the literature have been reviewed, and three fracture models have been
compared with material experiments covering a wide range of stress states. It has been found
that a fracture criterion by Rice and Tracey (1969) agrees well with the experiments with
a high triaxiality and that a fracture criterion by Cockcroft and Latham (1968) agrees well
with the experiments with a low, or even a negative triaxiality. Based on these two fracture
models a new fracture criterion, denoted the RTCL fracture criterion, is proposed and the
fracture criterion is implemented in the FE-program LS-DYNA as a user subroutine. The
crushing behaviour of the full-scale aluminium plate intersections has been simulated by
LS-DYNA and the implemented fracture criterion, and the simulations agree well with the
experiments.

New closed-form solutions for the dissipated energy during axial compression of aluminium
plate intersections have been developed, and the effect of fracture is included analytically
based on the fracture criterion by Cockcroft and Latham (1968). Good agreement between
the analytical models and the experiments is found. The crushing behaviour of two high-
speed ferries has been analysed by numerical and analytical methods and the results are
compared with the existing regulations for high-speed craft IMO (2000).

Several failure criteria for first-ply failure of unidirectional composites (UD’s) from the lit-
erature are compared with experiments conducted on composite specimens. It is found that
a failure criterion by Chang and Chang (1987) agrees well with the experiments on UD’s.
A progressive failure procedure by Chang and Chang (1987) has been implemented in a
small laminate computer program and as a user subroutine in LS-DYNA. Simulations of the
progressive damage behaviour of laminated composites show that the response is reasonably
well predicted by the progressive failure procedure.

Crushing tests have been conducted on six full-scale sandwich intersections and the crushing
response has been simulated by LS-DYNA and the implemented progressive failure proce-
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dure. The results show that the ultimate force agrees well with the experiments while the
crushing force after the peak is significantly underpredicted.

The main contributions from the present work are the RTCL fracture criterion for ductile
fracture in aluminium, a user subroutine implemented in LS-DYNA for simulation of the
crushing behaviour of an aluminium structure subjected to fracture during large plastic
deformations, new analytical closed-form solutions for the energy dissipation in aluminium
plate intersections during axial crushing taking the effect of fracture into account, and a user
subroutine for LS-DYNA for calculation of the progressive failure behaviour of laminated
composites and the crushing behaviour of sandwich structures.

A summary overview of the thesis is given in the following. The main aspects covered by
this thesis are:

1. Probabilistic and deterministic collision analysis of two high-speed ferries.

2. Establishment of mathematical models for calculation of the response of aluminium
bow structures subjected to crushing.

3. Establishment of mathematical models for calculation of the crushing response of sand-
wich structures subjected to crushing.

The work concerning probabilistic and deterministic collision analysis of two high-speed craft
(HSC) is based on previous theory by Pedersen (1995) and Pedersen and Zhang (1998), and
it includes the following:

• Probabilistic collision analysis of two types of high-speed ferries. Two collision scenarios
are considered for a monohull and a catamaram vessel: The HSC colliding with a RoRo
ferry and the HSC colliding with a large tanker. The analyses show that the HSC is
most likely the striking vessel.

• Deterministic analysis of the outer mechanics. The analyses of the outer mechanics of
a HSC involved in a collision reveal that the energy released for crushing can be up to
150% of the kinetic energy of the HSC before impact.

The work concerning mathematical models for calculation of the crushing response of alu-
minium bow structures includes:

• Crushing experiments on full-scale aluminium intersections. The experiments reveal
that the crushing response is highly affected by material fracture. The energy dissipa-
tion is approximately reduced by 50% and the existing crushing models do not account
for this.
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• Establishment of fracture criterion. Several fracture criteria from the literature are
reviewed and a new fracture criterion is established by combining a fracture criterion
proposed by Cockcroft and Latham with a fracture criterion proposed by Rice and
Tracey. The fracture criterion is denoted the RTCL fracture criterion.

• Validation and implementation of the proposed fracture criterion in LS-DYNA. The
combined fracture criterion is implemented in the commercial non-linear FE-program
LS-DYNA and validated by material tests on aluminium in terms of tensile tests,
compression of cylinders and bulger tests.

• Establishment of analytical crushing models including the effect of fracture. Based
on a simplified energy method, new crushing models are developed for the crushing
behaviour before and after onset of fracture for aluminium plate intersections. A math-
ematical model for the fracture onset is developed on the basis of an idealised folding
mechanism and the fracture criterion by Cockcroft and Latham. Good agreement is
found between the analytical models and experiments on full-scale aluminium intersec-
tions and experiments on small-scale bow structures performed by Amdahl and Stornes
(2001).

• Validation of the fracture criterion applied in numerical crushing simulations. The ex-
periments on small-scale aluminium bow structures performed by Amdahl and Stornes
are simulated by LS-DYNA and the implemented fracture criterion. Good agreement is
found between the experiments and the numerical predictions. The crushing responses
of two high-speed ferries are simulated and compared with those of the analytical
crushing models. Good agreement is found between analytical and numerical results.

The work concerning mathematical models for the crushing behaviour of sandwich structures
includes:

• Tensile and compressive tests on unidirectional composites and [±45]s-laminates.

• Establishment of failure criterion for unidirectional composites. Several failure criteria
from the literature are reviewed and a model by Chang-Chang agrees well with the
experiments performed on unidirectional composites.

• Establishment of constitutive material model and progressive failure procedure for
laminates. A constitutive material model which includes a non-linearity in the shear
relation and a progressive failure procedure is implemented in a computer program.
Good agreement is found between the calculation procedure and the experiments on
laminates.

• Implementation of constitutive material model with progressive failure in LS-DYNA.
The material model and the failure criterion by Chang-Chang coupled with progressive
failure are implemented in LS-DYNA and validated on the experiments performed on
laminates.
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• Crushing experiments on full-scale sandwich intersections. Sandwich intersections from
three sandwich vessels, made of E-glass/polyester laminates and polyurethane core,
are subjected to axial crushing. Values of compressive force and end shortening are
measured. Characteristic failure modes and crushing behaviours are observed and
described.

• Numerical crushing simulations of sandwich structures. The crushing tests performed
on sandwich intersections are simulated by LS-DYNA and the implemented material
model. The simulations display the main characteristic failure modes and crushing
behaviours, such as progressive failure of the laminates, debonding of the core and the
laminate and localised core crushing. Good agreement is found between the ultimate
compressive force determined by the simulations and the experiments, while the mean
crushing force is significantly underpredicted compared to the experiments.



Synopsis

Formålet med dette studium har været at udvikle rationelle analytiske og numeriske bereg-
ningsmetoder til at kvantificere konsekvenserne af kollisioner. Arbejdet har primært været
fokuseret p̊a hurtigfærger (HSC) bygget af letvægtsmaterialer s̊a som aluminium og FRP
sandwich.

Knusningsforsøg med fuldskala-pladeelementer i aluminium viser at brud i strukturen under
knusningsdeformationen p̊avirker det strukturelle respons signifikant. En række brudmod-
eller fra litteraturen er blevet vurderet og heraf er tre blevet udvalgt og sammenlignet med
eksperimenter for forskellige spændingstilstande. Analysen viser at et brudkriterium af Rice
og Tracey (1969) passer godt med eksperimenter ved en høj spændingstriaksialitet, mens et
brudkriterium af Cockcroft og Latham (1968) passer godt ved lave og negative spændings-
triaxialiteter. Baseret p̊a disse observationer er et nyt brudkriterium, RTCL-brudkriteriet,
udviklet samt implementeret i Femprogrammet LS-DYNA som en materialealgoritme. Knus-
ningsforsøgene med fuldskala-pladeelementerne er simuleret med LS-DYNA og det imple-
menterede brudkriterium og resultaterne er i overensstemmelse med eksperimenterne.

Nye analytiske beregningsmodeller for energioptagelsen i aluminiums-pladeelementer udsat
for aksial knusning er udviklet og effekten af brud er medtaget analytisk baseret p̊a brudkri-
teriet af Cockcroft og Latham. Der er god overensstemmelse mellem de analytiske modeller
og eksperimenterne. Knusningsresponset af to hurtigfærger er analyseret med de numeriske
og de analytiske metoder og resultaterne er sammenlignet med de eksisterende regler for
hurtigfærger i IMO (2000).

En række svigtkriterier fra litteraturen for førstesvigt af ensrettede fiberkompositter er sam-
menlignet med eksperimenter. Analysen viser at et svigtkriterium af Chang og Chang (1987)
passer godt med eksperimenterne. En materialemodel af Chang og Chang for progressiv de-
gradering af materialeegenskaberne i fiberkompositter er implementeret i LS-DYNA som en
materialealgoritme. Numeriske simuleringer med LS-DYNA, af laminater under træk og
tryk, viser at metoden passer godt med de eksperimentale værdier.

Knusningsforsøg er udført p̊a seks sandwichelementer og forsøgene er simuleret med LS-
DYNA og den implementerede materialemodel. Analysen viser at den ultimative kraft passer
godt med forsøgene, mens middelknusekraften ligger under de målte værdier.
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De væsentligste bidrag fra dette studium er RTCL-brudkriteriet som er en ny model for
duktilt brud i aluminium, en materialemodel for LS-DYNA som inkluderer RTCL-kriteriet
og som kan bruges til at simulere brud under knusning og brud ved store deformationer,
nye analytiske modeller for energioptagelsen under knusning af aluminiumspladestrukturer,
som medtager effekten af brud og en materialemodel for LS-DYNA for progressiv degrader-
ing af materialeegenskaberne for kompositter, som kan bruges til at simulere knusning af
sandwichstrukturer, samt ultimativ styrke af laminater.
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The symbols used in this thesis are generally explained when first introduced. A chapter
reference is given for multiple defined symbols.
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A Calibration constant (Chapter 3)

Aeff Effective resisting area

Ao Original area

Aij Membrane stiffness tensor

B Breadth of vessel

B Calibration constant (Chapter 3)

B Width (Chapter 4)

B
(α)
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C Critical value of fracture integral
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c Flange length

c Sound speed (Chapter 5)
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D Depth of vessel

D Damage (Chapter 3)

Dcr Critical damage

D
(α)
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Dij Collision diameter

dfs Frame spacing

E Young’s modulus

Edis Dissipated energy (Chapter 5)

E11 Stiffness in fibre direction

xiii
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Eeff Effective stiffness
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Ekin Kinetic energy

Et Tangent modulus

Ėi Rate of internal energy
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e Engineering stress
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F Force

Fi Failure index
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FP Plastic potential in CDM

f Porosity

f
(α)
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fc Critical porosity
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f ∗
u Ultimate porosity

ḟ Rate of porosity

G Shear modulus

G12 Shear modulus

H Plastic folding wavelength

H/D Height over diameter ratio

h Length/heigth of plate intersection

ja Mass coefficient of moment around the centre of gravity for ship a

K Material constant in power hardening material law

K Constant in GTN model

L Length

Ls Characteristic element length

Loa Length overall

Lwl Length of water line

L
(α)
j Length of class j ship in waterway no. α

lel Element length

M Mass
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Ma Mass of striking ship

Mb Mass of struck ship

Mo Plastic moment

m Scale factor in radial return plasticity

ma,x,ma,y Added mass coefficients for surge and sway motions for striking ship

mb,x,mb,y Added mass coefficients for surge and sway motions for struck ship

Na Possible number of collision events

No Plastic in-plane force

Nx, Ny, Nxy Unit membrane forces

Nship−ship Expected number of ship-ship collisions

n Material exponent in power hardening material law

P Probability

P Compressive force (Chapter 4)

Pm Average crushing force

Q
(α)
j Traffic flow of class j ship in waterway no. α

Qij Stiffness tensor

Qij Rotated stiffness tensor

Qt
ij Stiffness tangent tensor

q Material constant in the Cowper-Symonds model for strain rate effects

q1, q2, q3 Constants in GTN model

r Damaged equivalent plastic strain

R Value in fracture model by Hancock and Mackenzie

Ra Radius of the ship mass inertia around the centre of gravity

S Curve length

Sc Shear strength

So, so Material constants in CDM

s Engineering strain

sij Deviatoric stress tensor

s∗ij Deviatoric trial stress tensor

t Time

t Material thickness (Chapter 4)

Ui Coefficient related to the rotated stiffness properties

u In-plane displacement

Vij Relative velocity between two ships

V
(α)
j Speed of class j ship in waterway α

v Velocity

v̇ax, v̇ay, ẇa Accelerations of ship a during a collision
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w Out-of-plane displacement

Xt Longitudinal tensile strength

Xc Longitudinal compressive strength

xa, ya Local coordinate system in ship a

xi Internal variable

Y Associated damage variable

Yt Transverse tensile strength

Yc Transverse compressive strength
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zj Lateral deviation from ideal course of class j ship
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α Angle between ship a course and impact force system

α Material constant in CDM model (Chapter 3)

α Strain ratio (Chapter 3)

α Non-linear shear parameter (Chapter 6)

β Collision angle

β Deformation angle (Chapter 4)

β̇ Rate of deformation angle

βf Deformation angle at fracture initiation

δf Compressive displacement at fracture initiation

δ̇ Displacement rate

ε Uniaxial strain

ε̇ Uniaxial strain rate

εij Strain tensor

εαβ Two-dimensional strain tensor

ε̇ij Rate of strain tensor

εαβ,k Local strain components in k′th ply

εx, εy, εxy Global strain components in a laminate

εeq Equivalent strain

ε̇eq Equivalent strain rate

εo Uniaxial fracture strain

εo,th Threshold value of uniaxial fracture strain
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εf,th Threshold value of triaxial fracture strain

εp
ij Plastic strain tensor

ε̇p
ij Rate of plastic strain tensor

ε
p(n+1)
eq Accumulated plastic strain in time step n + 1

ε̇p
kk Trace of plastic strain rate tensor

εz Axial strain

εθ Circumferential strain

γ12 Shear strain

κ Curvature

η Effective crushing distance

λ̇ Rate of plastic multiplier

ν Poisson’s ratio

ν21 Minor Poisson’s ratio

ν12 Major Poisson’s ratio

Ω Overlapping area of two crossing waterways

Ψ Helmholtz’ free energy
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σ Uniaxial stress
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e von Mises’ trial stress

σo Flow stress
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Chapter 1

Introduction

1.1 Overview and Background

The present thesis Crushing and Fracture of Lightweight Structures is part of a greater
research area, Rational Design of Ship Structures against Accidental Loads. Today, ships
vary from conventional vessels, such as tankers or bulk carriers built in conventional mild steel
and designed on the basis of many years of experience, to front-end technology high-speed
craft (HSC) made of sophisticated lightweight materials such as composites, high strength
steels and aluminium alloys. It is clear that design procedures have to cover a wide range of
applications and materials, and with the continuing development of faster vessels in highly
optimised designs, the demand for research in this area will continue as the accidental loads
and consequences, due to lack of experience, are more or less unknown. The purpose of the
present thesis has been to contribute to the understanding of the structural behaviour of
structures of high-speed ferries involved in collision events.

Since the tragic loss of the Titanic, which gained public attention across the world, the de-
mands for better safety have increased continually. Accidents at sea can generally be divided
into categories of grounding accidents, collision accidents, fire accidents and structural fail-
ure, which covers the remaining part of accidents at sea. Looking 20 years back in time all
types of accidents have received enormous media coverage, exemplified by the grounding and
severe oil spill of the Exxon Valdez in Alaskan waters, the fire accident of the Scandinavian
Star, the sinking of the Estonia due to a defect bow door, the grounding and sinking of the
Norwegian high-speed ferry the Sleipner and lately the sinking of the tanker the Prestige off
the coast of France, due to structural failure of the hull beam. The public and political focus
associated with the media coverage of shipping disasters has historically put a pressure on
the maritime society to improve regulations for safety at sea which shows that this area of
naval architecture is highly relevant. In line with these aspects it is clear that mathematical
models for quantification of the consequences of accidental loads are highly desirable in order
to create rational ship designs.
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2 Chapter 1. Introduction

If safety is divided into categories of passive and active safety, an example of improvement
of the passive safety for tankers was the requirement for double hulls which followed the
grounding event of the Exxon Valdez. A related field is the automotive industry, which has
experienced tremendous improvement in passive safety for cars by developing mathematical
models based on numerous crash tests. Some of these methodologies have been successfully
applied to ship’s structures but crash tests of full-scale ship’s structures are limited due to
the high costs involved. The continuing development of FE-programs and faster computers
have replaced car crash tests by numerical simulations, and it is clear that this technology
can be adapted to ship’s structures as shown by several researchers.

Procedures for calculating the ultimate strength and the energy dissipation in lightweight
structures are needed in order to improve the passive safety for high-speed craft from acci-
dental loads in grounding or collision events. Existing models for tearing and crushing are
developed on the basis of the ductile behaviour of mild steel and do not take into account
the fracture behaviour of aluminium, nor the progressive failure behaviour of composite
laminates. The main purpose of the present thesis has been to develop mathematical mod-
els for calculating the crushing response of the bow structures of high-speed craft built in
aluminium or FRP sandwich.

1.2 Objectives and Scope of the Work

With the overall objective of improving the safety of ship’s structures from accidental loads,
the present thesis focuses on crushing and fracture of lightweight structures and as indicated
in the title, the present work also applies to other lightweight structures outside the maritime
world.

The work focuses on the understanding of the crushing mechanics in aluminium structures,
which is a common building material for high-speed ferries, and sandwich structures made of
E-glass/polyester laminate and polyurethane core, which is used much less than aluminium
but for example in the vessels of the Royal Danish Navy.

Crushing experiments of aluminium intersections show many similarities with the crushing
behaviour of steel structures. Existing analytical crushing models are reviewed but they
overestimate the energy dissipation in aluminium structures due to the strong effect of frac-
ture. The challenge has been to create new analytical crushing models and to find a suitable
fracture criterion which can be used in both analytical and numerical procedures.

Crushing experiments on sandwich structures do not display any of the characteristics shown
for aluminium or steel structures. The experiments reveal a complex mixture of failure modes
and that the laminate is the main load carrying element. Tensile and compressive tests are
performed on unidirectional composites and laminates, in order to establish a constitutive
material model and a progressive failure procedure which can be implemented in LS-DYNA
to simulate the crushing response of a sandwich structure.
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The thesis is composed as follows:

Chapter 2 presents probabilistic and deterministic collision analyses of two types of high-
speed ferries. Given a collision the probabilistic analysis determines that the HSC is most
likely the striking vessel. Based on the external mechanics, the deterministic collision analysis
determines the fraction of available kinetic energy released for crushing of the involved ship’s
structures.

In Chapter 3 several fracture criteria from the literature are reviewed. A new fracture
criterion denoted the RTCL fracture criterion, which combines a fracture criterion proposed
by Cockcroft and Latham (1968) with a fracture criterion by Rice and Tracey (1969), is
presented. The RTCL fracture criterion is implemented as a user-defined material model
in the commercial FE-program LS-DYNA. The implemented fracture criterion is compared
with more complicated continuum damage mechanics models. The RTCL fracture criterion
is validated for a wide range of stress states, based on tensile tests, compression of cylinders
and bulger tests.

Chapter 4 presents new analytical crushing models for aluminium structures taking the effect
of fracture into account. Crushing experiments on aluminium intersections reveal that the
effect of fracture reduces the energy dissipation significantly compared to structures made
of ductile metals like mild steel. Analytical crushing models are developed for the crushing
response of aluminium intersections before and after fracture onset. The models are based
on idealised folding mechanisms and a simplified energy method. An analytical model for the
fracture onset is developed on the basis of the fracture criterion by Cockcroft and Latham.
The crushing models are validated upon the crushing experiments conducted on full-scale
aluminium intersections.

Chapter 5 presents numerical crushing simulations of aluminium structures. The experi-
ments on aluminium intersections and the crushing experiments on small-scale bow sections
conducted by Amdahl and Stornes (2001) are simulated by LS-DYNA and the RTCL frac-
ture criterion. Good agreement is found between numerical results and experiments. The
experimental results from the Amdahl and Stornes tests are compared with the analytical
crushing models. FE-models of the bow structures of two HSC are created in order to simu-
late the crushing response. Mesh sensitivity analyses reveal that the fracture constant in the
RTCL fracture criterion has to be decreased in order to obtain the correct energy dissipation
when large elements are used in the FE-model. The fracture constant is calibrated to agree
with the mesh size used in the FE-models of the bow structures. The crushing responses
of the two bow structures are simulated by LS-DYNA and the RTCL fracture criterion and
the results are compared with predictions on the basis of the developed analytical crushing
models. The numerical results agree surprisingly well with the analytical results.

Chapter 6 presents a progressive failure procedure for laminated composites. A constitutive
material model for unidirectional composites, which includes a non-linear shear relation, is
implemented in a small computer program based on classical laminate theory. Tensile and
compressive tests are conducted on unidirectional composites (UD’s) and laminates. The
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constitutive material model is validated on the basis of the tensile tests on UD’s. Several
failure criteria from the literature are compared with the experiments on UD’s. It is found
that a failure criterion proposed by Chang and Chang (1987) agrees well with experiments.
A progressive failure procedure which combines the constitutive material model and the
Chang-Chang failure criterion is implemented in the previously mentioned laminate program.
Progressive failure analyses are performed on laminates, showing reasonable agreement with
the experiments. The failure procedure is implemented as a user-defined material subroutine
in LS-DYNA.

Chapter 7 presents axial crushing experiments of sandwich structures. Experiments are per-
formed on structural sandwich elements from three sandwich vessels. Characteristic failure
modes of the sandwich intersections during axial crushing are identified and described. The
crushing responses of the sandwich elements are simulated by LS-DYNA and the imple-
mented material model. The simulations display the characteristic failure modes observed
in the experiments. It is found that the ultimate force agrees well with the experiments
while the mean crushing force is significantly lower than measured in the experiments.



Chapter 2

Probabilistic Collision Analysis and
External Dynamics

High-speed craft (HSC) have a risk profile, which is distinctly different from that of conven-
tional vessels, due to different hull building material, structural layout, compartmentation
and operation. Therefore, both the frequency and the consequences of collision and ground-
ing accidents must be expected to be different from conventional ships. The probability of
a collision accident is a complex function of the crew, the vessel, the environment and the
ship traffic. With increasing service velocity the time to make the necessary assessments
and manoeuvres decreases rapidly. A fast ferry sailing 50 knots may be sighted visually or
detected on radar from a distance of say 8 miles. Thus there may be less than 5 minutes be-
fore a collision occurs if the other vessel is also a fast vessel. During the 5 minutes the other
vessel shall be detected, the course and the speed estimated and the situation assessed. This
will take some minutes. Thereafter there must also be time for the aversive manoeuvres.
The length of this time slot depends on the manoeuvrability of the vessels. That means
that the collision avoidance situation is completely different from that of traditional vessels.
With increasing use of high-speed ferries, such meeting situations are expected to occur more
frequently in the future.

(a) (b)

Figure 2.1: (a) Fast monohull ferry. (b) Fast catamaran ferry.
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6 Chapter 2. Probabilistic Collision Analysis and External Dynamics

In order to investigate the character of collision events for HSC, two high-speed ferries are
studied in the following. Figure 2.1 shows the two vessels. The principal dimensions are
given in Table 2.1.

Table 2.1: Principal dimensions of two HSC.

Vessel Catamaran Monohull

Loa (m) 78.00 95.00

Lwl (m) 66.08 86.84

B (m) 23.40 17.40

D (m) 2.95 3.40

Displacement (tonnes) 910 1560

Speed (knots) 42 32

No. of cars 160 160

No. of pass. 600 600

Two collision scenarios are studied:

• HSC colliding with a RoRo ferry

• HSC colliding with a large tanker

2.1 Collision Probability Modelling

The following collision probability analysis is based on Pedersen (1995). The main principle
of the method is to determine the number of possible ship accidents Na, i.e. the number
of collisions if no aversive manoeuvres are made. This number Na of possible accidents is
then multiplied by a causation probability Pc in order to find the actual accident frequency.
The causation probability Pc is the fraction of the accident candidates which result in an
accident.

For calculation of the number of possible ship collision candidates Na, consider two crossing
waterways where the ship traffic is known and has been grouped into a number of different
ship classes according to vessel type, dead weight tonnage or length, loaded or ballasted,
with or without bulbous bow etc. Figure 2.2 shows such two crossing waterways and the
overlapping area Ω. By summing all the class j ships of waterway 2 on collision course with
all relevant class i ships on waterway 1 during the time ∆t, the following expression can be
used to calculate the possible number of collision events:

Na =
∑

i

∑
j

∫ ∫
Ω(zi,zj)

Q
(1)
i Q

(2)
j

V
(1)
i V

(2)
j

f
(1)
j (zi)f

(2)
j (zj)VijDijdA∆t (2.1)
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Figure 2.2: Crossing waterways with risk area of ship-ship collision from Pedersen (1995).

Here Q
(α)
j represents the traffic flow (i.e. the number of ships per unit of time) of class j

ships in waterway α and V
(α)
j the associated speed. The lateral distribution of the ship traffic

of class j in waterway α is denoted f
(α)
j , Dij is the geometric collision diameter defined in

Figure 2.3, and finally the relative velocity Vij is determined as

Vij =

√(
V

(1)
i

)2

+
(
V

(2)
j

)2

− 2V
(1)
i V

(2)
j cos Θ (2.2)

Figure 2.3: Definition of geometric collision diameter, Dij.
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As mentioned before the expected number of ship-ship collisions is then determined as

Nship−ship = PcNa (2.3)

The causation probability Pc can be estimated on the basis of observations, i.e. available
accident data collected in various locations and then transformed to the area of interest.
Another approach is to analyse the cause leading to human inaction or external failures and
set up a fault tree procedure. Observations by Fujii et al. (1974) have shown that for ordinary
ship traffic the causation factor Pc is in the range 0.5 10−4 - 2 10−4 . A procedure based on a
Bayesian network method for calculation of Pc as a function of bridge layout, manning etc.
has been presented in Hansen and Pedersen (1998). This procedure could probably be used
to identify the change in causation factors which must be expected for HSC.

To investigate whether the character of collisions involving fast vessels differs from ship-ship
collisions between ordinary ships, the calculation model for the collision diameter Dij is
expressed in the form

Dij = D
(1)
i + D

(2)
j (2.4)

Here D
(1)
i is the apparent collision diameter seen from vessel i in waterway 1, i.e. the

collision diameter for the case where vessel i in waterway 1 is the striking vessel. Similarly,
the apparent collision diameter for the case where vessel j in waterway 2 is the striking
vessel, i.e. striking vessel i in waterway 1, is denoted D

(2)
j . From Figure 2.4 it follows that

Figure 2.4: Definition of geometric collision diameters, D
(1)
i and D

(2)
j .
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D
(1)
i =

L
(2)
j V

(1)
i sin Θ

Vij

+ B
(1)
i


1 −

(
sin Θ

V
(2)
j

Vij

)2
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(2.5)

Similarly, for the case where vessel j in waterway 2 is striking vessel i in waterway 1 the
apparent collision diameter is

D
(2)
j =

L
(1)
i V

(2)
j sin Θ

Vij

+ B
(2)
j


1 −

(
sin Θ

V
(1)
i

Vij

)2



1/2

(2.6)

The probability of vessel i in waterway 1 striking vessel j in waterway 2 given a collision is
then found to be

P [vessel i → vessel j|Collision] =
D

(1)
i

Dij

(2.7)

Similarly, the probability of vessel j in waterway 2 striking vessel i in waterway 1 is found
to be

P [vessel j → vessel i|Collision] =
D

(2)
i

Dij

(2.8)

Given a collision, Figure 2.5 shows the probability that a RoRo vessel of the length L1=186m,
the breadth B1=26m and the speed V1=9m/s or a tanker of the length L1=300m, the breadth
B1=55 m and the speed V1=7m/s is hit by the fast monohull ferry.
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Figure 2.5: The probability that a given fast monohull ferry is the striking vessel in a collision
with a RoRo vessel or a tanker as a function of the angle θ between routes if a collision takes
place. (a) HSC colliding with a RoRo vessel. (b) HSC colliding with a large tanker.
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From Figure 2.5 it is seen that in about 70 to 90% of all collisions the high-speed monohull
will be the striking vessel. Similarly, Figure 2.6 shows the probability that the catamaran
ferry is the striking vessel. It is seen that the probability that the catamaran is the striking
vessel in a given collision is higher than for the monohull.
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Figure 2.6: The probability that a given fast catamaran ferry is the striking vessel in a
collision with a RoRo vessel or a tanker as a function of the angle θ between routes if a
collision takes place. (a) HSC colliding with a RoRo vessel. (b) HSC colliding with a tanker.

2.2 External Dynamics of Collisions involving HSC

The previous collision probability analysis shows that a high-speed ferry will most likely be
the striking vessel in a collision. In order to determine the consequences of a collision the
first step is to determine the fraction of the available kinetic energy which is released for
crushing of the involved ship’s structures.

For this porpuse, an analytical method for the determination of the energy loss and the
impact impulse has been developed for arbitrary ship-ship collisions by Pedersen and Zhang
(1998). At the start of the calculation, the ships are supposed to have surge motion and sway
motion, and the subsequent sliding and rebounding in the plane of the water surface during
the collision are analysed. The energy loss for dissipation by structural deformations of the
involved structures is expressed in closed-form expressions. The procedure is based on rigid
body mechanics, where it is assumed that there is negligible strain energy for deformation
outside the contact region and that the contact region is local and small. This implies
that the collision can be considered as instantaneous and each body is assumed to exert an
impulsive force on the other at the point of contact. The model includes friction between
the impacting surfaces so that situations with glancing blows can be identified.
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To illustrate the assumptions behind the method, consider a striking ship (A) which sails at
a forward speed of Vax and a speed of Vay in the sway direction. Ship (A) collides with the
struck ship (B), sailing at a forward speed of Vb1 and a sway speed of Vb2. An XYZ-coordinate
system is fixed to the sea bottom. The Z-axis points in a direction out of the water surface,
the X-axis lies in the symmetry plane of the striking ship pointing towards the bow, and
the origin of the XYZ-system is placed so that the midship section is in the YZ-plane at
the moment of impact. The origin of a ξη -system is located at the impact point C, the ξ-
direction is normal to the impact surface, the angle between the X-axis and the η-axis is α,
and the angle between the X-axis and the 1-axis is β, see Figure 2.7.

Figure 2.7: The coordinate system used for analysis of ship-ship collision.

The equations of motion of the striking ship (A), due to the impact force components Fξ in
the ξ- direction and Fη in the η-direction, can be expressed as

Ma(1 + max)ν̇ax = −Fξ sin α − Fη cos α

Ma(1 + may)ν̇ay = −Fξ cos α + Fη sin α (2.9)

MaR
2
a(1 + ja)ω̇a = Fξ (yc sin α − (xc − xa) cos α) + Fη (yc cos α + (xc − xa) sin α)

Here Ma is the mass of the striking ship, ν̇ax, ν̇ay, ω̇a denote the accelerations during the
collisions of the striking ship in the X- and Y-directions and the rotation around the centre
of gravity, respectively. The radius of the ship mass inertia around the centre of gravity is
Ra, the coordinate of the centre of gravity of the striking ship is (xa, 0), the coordinate of the
impact point is (xc, yc), the added mass coefficient for the surge motion is max, the added
mass coefficient for the sway motion is may and the added mass coefficient of moment for
the rotation around the centre of the gravity is ja.
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Similarly, the motions of the struck ship can be expressed as

Mb(1 + mbx)ν̇ax = −Fξ sin(β − α) − Fη cos(β − α)

Ma(1 + mby)ν̇ay = −Fξ cos(β − α) + Fη sin(β − α) (2.10)

MbR
2
b(1 + jb)ω̇b = Fξ ((yc − yb) sin α − (xc − xb) cos α) +

Fη ((yc − yb) cos α + (xc − xb) sin α)

By introduction of a transformation of the coordinates in Eqs. (2.9) and (2.10), the relative
accelerations ξ̈a-ξ̈b and η̈a-η̈b at the impact point C can be expressed as functions of the
impact forces Fξ and Fη. By integration of the impact forces in the time domain the impact
impulses are found to be functions of the initial velocities, and by integration of the impact
forces in the domain of relative motions the energy released for crushing is determined, see
Pedersen and Zhang (1998).

As mentioned before, the collision probability analysis shows that given a collision, the high-
speed craft will most likely be involved in head-on collisions. Therefore, as a first example it
is assumed that the fast monohull ferry strikes respectively a RoRo vessel and a large tanker
at different collision angles and locations. Before the collision, the speed of the striking HSC
is 32 knots while the RoRo vessel and the tanker are sailing at a speed of respectively 18 and
15 knots. The calculated results for the total kinetic energy loss are shown in Figure 2.8.
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Figure 2.8: Energy released for crushing when an 86 m long monohull high-speed ferry strikes
respectively a conventional vessel and a tanker, at different collision angles and locations.
The energy is normalised by the kinetic energy of the HSC before impact. (a) Monohull
striking a 186m long, 25,000 dwt. conventional vessel. (b) Monohull striking a 300m long,
300,000 dwt. tanker

The energy released for crushing is normalised with the kinetic energy of the HSC before
impact. 1 means that 100% of the initial energy of the HSC is dissipated in crushing. It
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is seen that the effect of the collision angle is significant, while the collision location has
a weak influence on the energy loss. The reason for this is that the masses of the struck
vessels are large compared to the mass of the striking HSC. During the collision, the induced
sway motions of the conventional vessel are very small. It should be noted that the energy
released for crushing can be up to 150% of the kinetic energy of the HSC before impact and
even higher for specific collision locations, which is due to a high relative velocity between
the colliding vessels at certain collision angles. The differences in the energy loss between
collision with a RoRo ferry and with a large tanker are small.

Similarly, Figure 2.9 shows the associated energy loss for a catamaran ferry involved in a
head-on collision with respectively a RoRo ferry and a large tanker. It is seen that the kinetic
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Figure 2.9: Energy released for crushing when a 66 m long catamaran high-speed ferry strikes
respectively a conventional vessel and a tanker, at different collision angles and locations.
The energy is normalised by the kinetic energy of the HSC before impact. (a) Catamaran
striking a 186m long, 25,000 dwt. conventional vessel. (b) Catamaran striking a 300m long,
300,000 dwt. tanker.

energy to be absorbed in the crushing of the ship’s structures is determined mainly by the
relative velocity of the two vessels. The energy released for crushing is relatively lower for
the catamaran ferry compared with that of the monohull ferry. This is explained by the
difference in displacement between the two vessels. The analysis shows that the difference
in energy loss between collision with a RoRo ferry and with a large tanker is negligible, and
that the energy released for crushing can be up to 120% of the kinetic energy of the HSC
before impact and up to 150% in critical collision locations. In the IMO rules for HSC, IMO
(2000), the energy released for crushing is given as

Ekin,IMO =
1

2
Mv2 (2.11)
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where M is the mass and v the speed. This corresponds to a non-dimensional energy of
1 in Figures 2.8 to 2.9. Figures 2.8 to 2.9 show that this estimate in certain situations is
unconservative.

Figure 2.10 shows the energy loss involved when a fast ferry strikes a floating 20 foot con-
tainer. It is assumed that the container is flooded with water the weight is estimated to
36 tonnes. Rotation around the horizontal axis of the container is not considered in the
analysis. The energy loss is normalised by the initial kinetic energy of the striking fast
ferry. The energy loss released for crushing of the structures has a maximum of 4 and 6%,
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Figure 2.10: Energy released for crushing when a high.speed monohull or catamaran strikes a
floating container. The energy is normalised by the kinetic energy of the HSC before impact.
(a) Monohull striking a floating container. (b) Catamaran striking a floating container.

respectively, of the initial kinetic energy when hitting the container midship. The present
analysis of the external dynamics shows that the amount of energy released for crushing in
ship-ship collisions is significantly higher than in ship collisions with floating objects, which
is expected.

2.3 Concluding Remarks

The probability analysis of two fast ferries reveals that the character of collision accidents
involving HSC can be expected to be different from that of collisions involving conventional
vessels. Due to the high speed of the vessels, the analysis shows that HSC are most likely the
striking vessel and it follows that it is relevant to consider head-on collision scenarios of HSC
compared to for example side impacts. The analysis of the external dynamics of collisions
involving HSC shows that the energy released for crushing of the involved structures can
be up to 150% of the kinetic energy of the HSC before the impact, due to a high relative
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velocity between the colliding vessels at certain collision angles. The energy loss associated
with collisions with floating objects like containers is small compared to the energy loss
involved in ship-ship collisions. It should be noted that collisions with floating objects
cannot be compared directly with ship-ship collisions as the damages on the hull must be
expected to be different from ship-ship collisions.



16 Chapter 2. Probabilistic Collision Analysis and External Dynamics

This page is intentionally left blank.



Chapter 3

Ductile Fracture in Metals

3.1 Introduction

Urban et al. (1999) performed crushing experiments on full-scale cruciforms and T-intersections
made of aluminium. The experiments show that the crushing behaviour is highly affected
by fracture generated in the material during the deformation, which results in a significant
reduction of the energy dissipation, compared to a crushing response without fracture. Fig-
ure 3.1 shows the crushing experiment performed on a cruciform plate intersection of a height
of h = 360mm and a plate thickness of t = 8mm. As shown in Figure 3.1, fracture is gener-

Figure 3.1: Crushing experiment on full-scale aluminium cruciform plate intersection of a
plate thickness of t = 8mm.

17
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ated in the material close to and in the plate intersection line. During further deformation,
the fracture fronts are travelling along this line. The effect of the crack opening is to change
the boundary conditions for the plate fields to generally decrease membrane deformation,
which consequently results in a lower resisting force of the plate intersection. It is clear from
the experiments that this effect has to be taken into account in both analytical predictions
and numerical simulations of the crushing behaviour, in order to obtain an accurate energy
absorption.

The challenge is therefore to find a suitable fracture criterion which realistically models frac-
ture in aluminium in different stress states and a fracture criterion which can be implemented
in a finite element code.

3.1.1 Plastic Instabilities

The plastic instability known as ’diffuse necking’ is referred to numerous times in the present
thesis and the phenomena is briefly explained in this section. Plastic instabilities can be
seen in a tensile test. During the plastic deformation of the specimen, the cross-sectional
area is gradually shrinking along with the elongation. Initially the deformation is uniformly
distributed along the specimen, but at a certain point the deformation localises, which results
in the forming of a ’diffuse neck’. Further deformation will cause the deformation to localise
in a ’local neck’.

Consideré (1885) analysed the problem of diffuse necking. If elastic strains are neglected,
the volume of the tensile test specimen is constant during the deformation:

d(l A) = 0 ⇒
ldA + Adl = 0 ⇒ (3.1)

dl

l
= −dA

A
= dε

where A and l are the cross-sectional area and the length. The axial force in the specimen
is the true stress times the current area of the cross-section, P = σA. Before the initiation
of the diffuse neck, the increase in the true stress is larger than the decrease of the cross-
sectional area. However, at some point the strain hardening of the material cannot keep up
with the decrease of area and the diffuse neck is created, dP = d(σA) = 0, i.e.

dσ

σ
+

dA

A
= 0 (3.2)

As a result of combining with Eq. (3.1) the plastic instability point is

dσ

dε
= σ (3.3)
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For a strain hardening material which obeys a power hardening law

σ = Kεn (3.4)

where K and n are material constants, obtained from the true stress-strain curve, the plastic
instability point is found as

ε = n (3.5)

In a tensile test of a material following Eq. (3.4), the diffuse neck will start at an axial strain
equal to the material hardening exponent, n.

3.1.2 User Coding in Commercial Codes

The choice between commercial codes or an in-house code is always a topic of discussion in
research projects. In-house codes are usually highly specialised and offer full access to the
source code providing the needed flexibility for implementation of a fracture criterion. How-
ever, the availability of pre- and postprocessing tools, material models, element formulations
etc. is usually limited in in-house codes. On the other hand, commercial codes provide gen-
eral calculation procedures for various problems in the field of physics and include a variety of
material models, element formulations, plasticity formulations, contact algorithms, solvers,
pre- and postprocessing facilities, but source code access is usually limited due to rights pro-
tection. Some codes, however, facilitate implementation of user-defined subroutines by a set
of subroutines made available for user call. The explicit time integration analysis FE-code
of LS-DYNA is suitable for modelling both material and geometric non-linearities and has
good contact algorithms. In the present study, user coding has been integrated in LS-DYNA
with the user-defined material option UMAT, LS-DYNA (2001).

3.2 Historical Overview

The list of available fracture criteria in the literature is long and a historical overview is
given in the following. Prediction of the onset of fracture of crackfree bodies has traditionally
been treated in the field of metal forming, while ductile fracture from a pre-existing crack
has been treated by researchers in the area of fracture and damage mechanics. Research in
the two closely related areas has proceeded almost independently over the past four decades.
Atkins (1997) gives an excellent historical overview of the development of fracture criteria
in the two fields and starts his review article by the following words: ”Many old empirical
criteria for the onset of fracture in metal forming are versions of the type ’hydrostatic stress
- effective strain’ path dependent relations now popular in ’damage mechanics’ and in the
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’local approach’ fracture mechanics” which exemplifies the link between research in metal
forming and fracture mechanics.

In many metal forming processes a large amount of deformation is imposed on the material.
The process is usually limited by the ductility of the material which means the ability of
the material to accept large amounts of deformation without fracture. Thus the material is
subjected to degradation during the metal forming and fracture occurs when the degradation
reaches a critical degree. Rogers (1971) explains that this degradation in expected properties
can be correlated with the degree of structural damage introduced into the metal during its
deformation history. The term ’structural damage’ refers to the forming of voids and cracks
found in the material following extensive deformation.

The favourable influence of high compressive hydrostatic pressure on increasing ductility has
been known since the pioneering work by Bridgman (1944, 1952). A popular calibration test
is the notched round tensile specimen with different (a/R)-ratio, which results in different
triaxiality σm/σe calculated based on the Bridgman formula. The tensile tests of notched
specimen permits fracture models to be calibrated for different triaxialities. During plastic
deformation the accumulated equivalent strain εeq is assumed to be constant across the cross-
section but the associated stress components vary. In particular the triaxiality, σm/σe rises
from 1/3 at the surface to a maximum at the centre given by

σm

σe

=
1

3
+ ln

(
1 +

a

2R

)
(3.6)

where R is the radius of the notch and a is the radius of the specimen at the base of the
notch. Note that Bridgman’s analytically based formula is not valid for R/a ≤0.1.

Many researchers in the past have come to the conclusion that the existence of a tensile
component of the stress state seems to be a necessary condition for fracture. But this is not
sufficient and associated strains have to reach a value in combination with the stresses to
produce cracking. An obvious suggestion for a fracture criterion is the plastic work/volume
given by the area under the true stress - true strain curve. This, however, cannot be adequate
as a criterion for ductile fracture as explained by Cockcroft and Latham (1968). Depending
on the shape of the necking region in a tensile specimen, there is an increase in the hydrostatic
stress. According to Bridgman the plastic strain and the von Mises effective stress are
uniform across the neck, but the hydrostatic stress varies from 1/3 on the surface to a peak
value in the centre. Plastic work/volume concerns the area under the effective stress-strain
curve and is not influenced by the shape of the necked region. A criterion based on plastic
work therefore predicts that the neck shape should have no effect on tensile fracture strain,
which is contrary to experience.

While the combined stress and strain criterion of a plastic work/volume cannot be a universal
ductile fracture criterion, it is likely that a criterion dependent on the hydrostatic stress may
display all the required features. This conclusion has been arrived at, both by empirical
routes, porous plasticity and by void growth mechanics modelling.
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Several fracture criteria are proposed in the literature. Atkins (1997) divides the available
fracture criteria into five categories: empirical criteria, void growth models, porous plasticity,
damage mechanics and initiation/propagation connection. The most commonly used empir-
ical criteria, void growth models, porous plasticity models and continuum damage mechanics
(CDM) are described in the following.

3.2.1 Empirical Criteria

Datsko and Yang (1960) found good agreement between surface strains at fracture in a
bending plate and the surface strains at fracture from tensile tests. This is true when the
simple work/volume fracture criterion is used, because both plate bending and a tensile test
reflect the same loading history:

∫ εf

0

σedεeq = C (3.7)

where σe is the equivalent stress, εeq is the equivalent strain and C is a constant for a given
material, depending on temperature and strain rate and determined by experiment. This
agreement should not be expected in cases where the stress states and loading histories are
different. For proportional and monotonic loading the equivalent stress is a unique function
of the equivalent strain and hence the plastic work criterion may be formulated as

∫ εf

0

dεeq = C (3.8)

The value C is independent of the loading path and the stress state and therefore has similar
limitations as the above mentioned criterion. Despite the lack of physical justification as a
fracture criterion, this criterion has become very popular, since the equivalent strain is given
as output in most non-linear finite element codes.

Cockcroft and Latham (1968) recognised the role of tensile stress in ductile fracture and
modified the work/volume criterion by introducing the dependency of the maximum principal
stress. It is suggested that fracture occurs when the tensile strain energy reaches a critical
value.

∫ εf

0

σIdεeq = C (3.9)

where σI is the maximum principal stress component. The criterion was applied to a large
number of tests and qualitative agreement between the predictions of the criterion and the
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observed behaviour existed in all cases for steel, aluminium and copper alloys. Hoffman-
ner (1971) performed a similar investigation and applied the criterion by Cockcroft-Latham
and found complete agreement. Wierzbicki and Werner (2000) investigated the experimen-
tal fracture locus determined by compression of cylinders, the so-called upsetting test and
showed, by using plane stress plasticity theory, that the fracture locus could be transformed
to

∫ εf

0

σI

σe

dεeq = C (3.10)

which is a normalised version of the Cockcroft and Latham fracture criterion and equivalent
to the fracture criterion given in Oh et al. (1979).

3.2.2 Void Growth Models

It is generally agreed that ductile fracture in metals containing inclusions or hard second
phases is governed by the three phases of void nucleation, growth and coalescence. Early
studies on ductile failure mechanisms go back to the beginning of the 1960’s. The pioneering
work on void growth models is associated with the names of McClintock (1968), who modelled
a series of uniformly sized, uniformly spaced cylindrical holes, and Rice and Tracey (1969),
who investigated the growth of a single spherical hole. These authors came to the conclusion
that fracture occurs when a damage function reaches a critical value related to the inclusion
spacing-to-size ratio (l/2r). Damage functions usually take the form

D =

∫
f

(
σm

σe

)
dεeq (3.11)

where σm is the hydrostatic stress, σe is the equivalent stress and f is the triaxiality function.
In the simplified analysis by McClintock, the triaxiality becomes

f

(
σm

σe

)
=

σm

σe

(3.12)

while in the Rice-Tracey model, the triaxiality function is

f

(
σm

σe

)
= exp

(
3

2

σm

σe

)
(3.13)

It is noted that in the original work by McClintock ductile fracture is assumed to be path
independent, while in the Rice-Tracey model ductile fracture is assumed to be strictly path
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dependent. Consider a tensile test with proportional loading and without the Bridgman
correction. For the Rice-Tracey model the triaxiality function is 3σm/2σe = 1/2 and hence
the damage at fracture is

D = 1.65εo (3.14)

with εo being the uniaxial failure strain. Based on investigations of a spherical void in a
triaxial principal stress field by Rice and Tracey, Hancock and Mackenzie (1976) found that
a reference failure strain

εf = 1.65εo exp

(
−R

σm

σe

)
(3.15)

can be defined for proportional loading, relating the critical strain in the uniaxial case εo

to the triaxial case εf and where R originally has the value of R = 1.5 in the Rice-Tracey
model. In case void growth only begins after a certain threshold value, εo,th, the failure
reference strain becomes

εf − εf,th = 1.65(εo − εo,th) exp

(
−3

2

σm

σe

)
(3.16)

Fischer et al. (1995) defines the damage indicator and normalises so that D = 1 at fracture:

dD =
dεeq

εf

(3.17)

With this normalisation it follows that the Rice-Tracey based damage indicator is given as

D =

∫
1

1.65εo

exp

(
3

2

σm

σe

)
dεeq (3.18)

A similar damage function can be defined for the reference strain given by Hancock and
Mackenzie (1976)

D =

∫
1

1.65εo

exp

(
R

σm

σe

)
dεeq (3.19)

Gänser et al. (2000) found from experiments that R = 2. A damage function by Norris et al.
(1978) takes the form

D =

∫
1

εo

(
2

1 − σm

σe

)
dεeq (3.20)
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Based on the Norris model, Atkins (1981) proposed an empirical damage function given as

D = c1

∫ (
1 +

1

2dεθ

dεz

)(
2

1 − c2
σm

σe

)
dεeq (3.21)

with εz denoting the axial strain and εθ the circumferential strain. c1 and c2 are calibrating
parameters. Gänser et al. (2000) applied the damage functions by Hancock-Mackenzie and
Atkins to compression of cylinders and found good agreement between experiments and
predictions. This is surprising as the assumptions for the void growth models only hold for
stress states of sufficiently high positive stress triaxiality and are not valid for compression
of cylinders where at least one principal stress is negative.

3.2.3 Porous Plasticity

Oyane (1972) postulated that ductile fracture occurs when the volume fraction of voids
reaches a critical value. Gurson (1977) proposed a constitutive model for porous plasticity
based on the analysis of the plastic stress field in a material containing microcavities. The
constitutive model was based on the study of a single spherical void in a ductile and homo-
geneous and incompressible matrix and led to the following basic equation for the yielding
criterion:

F (σe, σkk, f, σy) =

(
σe

σy

)2

+ 2f cosh

(
3

2

σm

σy

)
− (1 + f 2) (3.22)

where σe is the equivalent von Mises stress, σm is the hydrostatic stress and σy is the current
yield stress. The effect of the porosity f is to shrink the yield surface in analogy with a
softening of the material. When the porosity f reaches unity, the yield surface is reduced
to a point and the stress-carrying capacity is zero. On the other hand, for zero porosity,
the Gurson yield criterion reduces to the standard von Mises yield criterion. Tvergaard and
Needleman (1984), Tvergaard (1981) modified the Gurson model to include the effect of
multiple-void arrays by introducing three constants:

F (σe, σkk, f, σy) =

(
σe

σy

)2

+ 2q1f
∗ cosh

(
q2

3

2

σm

σy

)
− (1 + (q3f

∗)2) (3.23)

where q2 = 1 and q1 = q3. The above formulation is abbreviated to the GTN (Gurson,
Tvergaard and Needleman) model. The GTN model describes the growth of a given popu-
lation of voids. Coalescence is the final phase of the void growth process, where the porosity
increases rapidly, leading to material failure. In order to take this into account Tvergaard



3.2 Historical Overview 25

and Needleman (1984) proposed a two-slope process. The porosity evolution remains equal
to the original formulation as

ḟ = (1 − f)ε̇p
kk (3.24)

where the porosity evolution is a function of the volumetric change of the plastic deformation,
until the total accumulated value is below a critical porosity level fc. When this value is
exceeded, porosity starts to accelerate according to

f ∗ =

{
f for f ≤ fc

fc + K(f − fc) for f > fc
(3.25)

where

K =
f ∗

u − fc

ff − fc

(3.26)

where fc is the value at which the coalescence process starts, ff is the porosity value at
fracture and f ∗

u = 1/q1 is the ultimate porosity value.

Bonora (1999) compared the GTN model with a CDM approach (continuum damage me-
chanics) by Lemaitre (1985b). As mentioned by Bonora, the Gurson model describes in a
fairly accurate manner the evolution of the growth process of a single isolated void, however,
it is always assumed that coalescence occurs by internal necking of the ligament between
cavities, which is contrary to experiments showing that coalescence is controlled by localised
shear across the ligament, especially in high-triaxiality conditions where microvoids remain
spherical during the growth phase. In addition to this, the formation and the growth of
voids are more complex than postulated in the model, as voids can nucleate while previously
nucleated voids are still growing and/or others are already coalescing. Apart from these
theoretical considerations the practical use of the GTN is claimed to be limited due to the
large number of parameters used in the model. A total of 12 parameters is required.

3.2.4 Continuum Damage Mechanics

As an alternative to the porosity based models, Lemaitre (1985b) proposed the continuum
damage mechanics (CDM) as a set of constitutive equations coupled with the damage evo-
lution. The fundamental concept of CDM is to describe the microscopical changes during
deformation, such as void nucleation and growth, on the macroscopic material properties.

As mentioned by Bonora (1999), the non-linear damage model only requires five material
parameters, which can all be measured in a simple tensile test, whereas the GTN requires
12 parameters which are not directly measurable in a simple test, but have to be estimated
on the basis of metallurgical observations or fitted numerically by FEM. The isotropic CDM
can be extended to include anisotropic damage as proposed by Chow and Wang (1987) and
Murakami (1987).
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3.3 Discussion of Fracture Criteria

A variety of failure criteria and methods for ductile fracture have been presented. The com-
plexity varies from the simple empirical work/volume failure criteria to complex void growth
models, porous plasticity and CDM methods. The advantage of the empirical models is
their simplicity, but many of them lack the dependency of the triaxiality, which is a neces-
sary feature according to the void growth models. However, the empirical fracture criterion
proposed by Cockcroft and Latham features the dependency of the triaxiality implicitly, as a
triaxiality function can be obtained on the basis of plane stress plasticity and an experimen-
tally determined fracture locus, as shown by Wierzbicki and Werner (2000). The empirical
models can be applied directly by postprocessing of the results from FE-calculations because
the models are uncoupled with the constitutive equations. Void growth models have been
shown to agree well with experimental results for moderate and high positive triaxiality, but
because cavities can only grow under hydrostatic tension, it is not expected that the mod-
els are valid for negative triaxiality. The porous plasticity based models are fairly complex
and have to be implemented in a finite element code as the ductile failure mechanisms are
coupled with the constitutive equations. However, the real disadvantage is that the model
parameters cannot be obtained by a simple tensile test. The CDM method is also a coupled
framework, however, this method has the big advantage that it only requires a maximum
of five material parameters which can all be obtained in a simple tensile test. Based on
the above considerations the simple Cockcroft-Latham failure criterion and the linear and
non-linear CDM method by Lemaitre and Bonora are selected for the further work.

3.4 Cockcroft and Latham Failure Criterion

Kudo and Aoi (1967) performed axial compression of cylinders, the so-called upsetting test,
and observed that the points of failure in the principal strain space formed a straight line
with a slope of −1/2 and the intercept εo. These results were later confirmed and extended
by Kuhn and Dieter (1978) and Thomason (1990). Figure 3.2 shows the experimental results
obtained by Kudo and Aoi, for ratios of height vs. diameter H/D between 0.5 and 2.5. The
different strain paths to failure are obtained by changing the friction of the cylinder ends and
by changing the aspect ratio H/D. During the deformation of the cylinder the axial strain
εz is compressive while the circumferential strain εθ is tensile. In case of frictionfree ends,
fracture is not observed and the strain path will follow homogeneous compression. When
friction is applied to the ends, the cylinder is compressed while barrelling, and the strain
path departs from the linear path. Fracture is observed to occur on the barrelled periphery.
The failure line suggests a fracture locus in the principal strain space as a straight line with
the slope -1/2 and the intercept εo given by

εθ +
1

2
εz = εo (3.27)
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Figure 3.2: Strain trajectories in compression of cylinders after Kudo and Aoi (1967).

where εo is the uniaxial strain at failure. The material on the surface of the cylinder is in a
state of plane stress as the surface is tractionfree.

The following derivation of the Cockcroft-Latham fracture criterion is based on Wierzbicki
and Werner (2000). Rewriting the fracture locus in Cartesian coordinates and using a
coordinate system located on the cylinder surface with the 1st and 2nd axis in the surface
plane and the 3rd axis normal to the surface (θ → 1, z → 2, r → 3, see Figure 3.2), the
experimental fracture locus becomes:

ε1 +
1

2
ε2 = εo (3.28)

According to J2-flow theory the yield potential may be written on the form

Fvm(σij) =
3

2
sijsij = σ2

e (3.29)

where sij = σij − δijσkk/3 is the stress deviator and σe is the effective von Mises stress.
Following the rule of normality the rates of plastic strains are

ε̇p
ij = λ̇

∂Fvm

∂σij

= λ̇3sij (3.30)

where λ̇ is the plastic multiplier. The plastic multiplier is determined by uniaxial tensile
test. Consider the one-dimensional uniaxial stress state σ11 = σe = σ, all other σij = 0 and
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ε11 = εe
11 + εp

11 = ε. From Eq. (3.30) it follows that ε̇ = λ̇3s = λ̇3(σ − σ/3) = λ̇2σ and thus
the plastic multiplier is given as

λ̇ =
ε̇

2σ
(3.31)

Inserting the plastic multiplier into Eq. (3.30) and neglecting elastic strains, the total strain
increments, ε̇ij = ε̇e

ij + ε̇p
ij, are given as

ε̇ij =
3

2
sij

ε̇eq

σe

(3.32)

where ε̇eq is the equivalent strain increment. Using the assumption of plane stress state in
the (1, 2)-plane and with negligible shear components, σ11 and σ22 �= 0, other σij = 0, the
strain rates are given as

ε̇11 =

(
σ11 − 1

2
σ22

)
ε̇eq

σe

(3.33)

ε̇22 =

(
σ22 − 1

2
σ11

)
ε̇eq

σe

where the equivalent strain increment is

ε̇eq =
2√
3

√
ε̇2
11 + ε̇2

22 + ε̇11ε̇22 (3.34)

as shear strains are assumed to vanish. By inverting Eq. (3.33), the normalised stress com-
ponents becomes

σ11

σe

=
2√
3

ε̇11 + 1/2ε̇22√
ε̇2
11 + ε̇2

22 + ε̇11ε̇22

(3.35)

σ22

σe

=
2√
3

ε̇22 + 1/2ε̇11√
ε̇2
11 + ε̇2

22 + ε̇11ε̇22

It should be noted that σ11 is the maximum principal stress as the shear strain increment is
zero. Eqs. (3.34) and (3.35) can now be rewritten in terms of the ratio α = ε̇11/ε̇22:

σ11

σe

=
2√
3

α + 1/2√
1 + α + α2

(3.36)

σ22

σe

=
2√
3

1 + α/2√
1 + α + α2



3.4 Cockcroft and Latham Failure Criterion 29

and

ε̇eq =
2√
3

√
1 + α + α2ε̇22 (3.37)

From the definition of the mean hydrostatic stress σm = σkk/3 it follows that

σm

σe

=
1√
3

1 + α√
1 + α + α2

(3.38)

The experimental fracture locus from the upsetting tests can now be expressed in terms of
the strain increment ratio α. As the fracture locus is given in total strains at fracture the
following relations applies

ε11 =

∫
dε11 =

∫
αdε22

ε22 =

∫
dε22 (3.39)

which are inserted into the fracture locus Eq. (3.28):

∫ (
α +

1

2

)
dε22 = εo (3.40)

It is noted that the strain ratio α is assumed to be constant in Eqs. (3.39) and (3.40) which is
not the case in the experiments, where the strain paths deviate from linearity, see Figure 3.2.
The term (α+1/2) is identified as the enumerator of σ11/σe in Eq. (3.36) and hence it follows
that

∫
α + 1

2√
1 + α + α2

√
1 + α + α2dε22 = εo (3.41)

The first part under the integral is recognised as the normalised principal stress while the
second part is the increment of equivalent strain. The equation assumes the final form:

∫
3

4

σ11

σe

dεeq = εo (3.42)

which is identical to the fracture criterion given by Cockcroft and Latham normalised by
σe, as σ11 is the maximum principal stress. It should be noted that the above derivation
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builds on J2-flow plasticity theory, an empirical fracture locus, plane stress and proportional
loading. There is no evidence that this formulation is valid for a triaxial stress state because
it has been derived on the basis of plane stress. To put the Cockcroft-Latham criterion on
the same form as the other void growth criteria, the triaxiality function is determined by
eliminating α from Eq. (3.38) and inserting into Eq. (3.36):

fCL

(
σm

σe

)
=

σ11

σe

= 2
1 + σm

σe

√
12 − 27

(
σm

σe

)2

3σm

σe
+

√
12 − 27

(
σm

σe

)2
(3.43)

This triaxiality function was first recognised by Wierzbicki and Werner (2000). Recall the
triaxiality functions by Rice-Tracey and Norris, Eqs. (3.18) and (3.20),

fRT

(
σm

σe

)
=

1

1.65
exp

(
3

2

σm

σe

)
(3.44)

and

fN

(
σm

σe

)
=

2

3
(
1 − σm

σe

) (3.45)

The triaxiality functions are compared in Figure 3.3. It should be noted that in uniaxial
compression the triaxiality is σm/σe = −1/3, while σm/σe = 1/3 in uniaxial tension and
σm/σe = 2/3 in biaxial plane stress tension. The three triaxiality functions differ very little
for low positive triaxiality, while differences appear for negative or high positive triaxiality.
The Cockcroft-Latham criterion predicts no fracture in uniaxial compression. This is consis-
tent with experiments. The Rice-Tracey and Norris models both predict fracture in uniaxial
compression, which does not agree with observations. This is, however, not surprising as
the void growth models are based on a sufficiently high positive triaxiality to drive the void
growth. At a high triaxiality the Cockcroft-Latham fracture criterion differs significantly
from the Rice-Tracey and Norris criteria and hence it is not expected that the Cockcroft-
Latham criterion is valid for a triaxiality higher than 1/3. This is in line with observations
by Kuhn (1988), who observed that the slope of the failure line is closer to -1 than -1/2 for εz

close to zero, see Figure 3.2. At εz = 0 the triaxiality is 1/
√

3. The Cockcroft-Latham failure
criterion is therefore only expected to be valid for tri-axiallities in the range of −1/3 to 1/3.
To overcome this limitation the Rice-Tracey model is used in the following in combination
with the Cockcroft-Latham criterion, so that the Rice-Tracey model is used for a triaxiality
higher than 1/3 while the Cockcroft-Latham criterion is used in the range from −1/3 to 1/3.
The combined fracture criterion is denoted the RTCL fracture criterion.
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Figure 3.3: Comparison of triaxiality functions by Cockcroft-Latham, Rice-Tracey and Nor-
ris.

3.4.1 Numerical Implementation in LS-DYNA

The Cockcroft-Latham failure criterion combined with the failure criterion by Rice-Tracey
is implemented in the non-linear explicit finite element program LS-DYNA. LS-DYNA has
an interface allowing the user to implement custom-made material models in a predefined
subroutine environment. The programming of the material model is done in Fortran language
and the code file is compiled with the LS-DYNA source code, (LS-DYNA, 2001).

Strain rates and stresses are conveniently transformed into the local element coordinate
system before entering the user subroutine, and transformations back to the global coordinate
system are done after exiting the user subroutine. This simplifies matters and the material
model therefore consists in calculating the updated stress tensor σ

(n+1)
ij in time step n + 1

based on the strain rate tensor ε̇
(n)
ij and the stress tensor σ

(n)
ij at time step n.

The failure criterion is combined with an elastic-plastic material model. The constitutive
material model is based on J2-flow theory with isotropic hardening and radial return. The
governing equations for the material model are shown in Appendix A. The algorithm for
plastic loading is briefly outlined below.

If the effective stress exceeds the von Mises yield criterion then:



32 Chapter 3. Ductile Fracture in Metals

1) Calculate the plastic strain increment

∆εp
eq =

σ
∗(n+1)
e − σ

(n)
y

3G + Et

where σ
∗(n+1)
e is the von Mises trial stress, σ

(n)
y is the yield stress from the previous time

step, G is the shear modulus and Et is the tangent modulus obtained from the material law.

2) Update the plastic strain

εp(n+1)
eq = εp(n)

eq + ∆εp
eq

where εn
p is the accumulated effective plastic strain from the previous time step.

3) Update the yield stress

σ(n+1)
y = σ(n)

y + Et∆εp
eq

4) Compute the scale factor

m =
σ

(n+1)
y

σ
∗(n+1)
e

5) Scale the deviatoric stresses back to the yield surface

s
(n+1)
ij = ms

∗(n+1)
ij

The stress tensor is then determined from the updated deviatoric stress tensor finishing the
material calculation.

The state variables, i.e. the accumulated effective plastic strain, εeq, and the yield stress,
σy, are stored as history variables. The tangent modulus is given by the true stress-strain
curve obtained by a tensile test. For a power hardening material law σy = K εn the tangent
modulus is Et = dσ/dε = n K εn−1. It is usually sufficiently accurate, due to the small time
steps of an explicit code, to use the total strain εeq from the previous time step and therefore
the radial return algorithm does not require any iterations, when solid elements are used.
For shell elements, a state of plane stress is required and this leads to an iteration of the
out-of-plane stress component to obtain plane stress state.
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After the material calculation has finished, it is checked whether failure occurs in the ma-
terial. The failure model is based on the damage integral Eq. (3.11) with an associated
triaxiality function. Failure occurs when the integral reaches a critical failure value. The
damage integral

D =

∫
fRTCL

(
σm

σe

)
dεeq (3.46)

is calculated numerically from the the updated mean stress σm and effective stress σe where
the combined triaxiality function is defined as

fRTCL

(
σm

σe

)
=




fRT

(
σm

σe

)
for σm

σe
≥ 1

3

fCL

(
σm

σe

)
for − 1

3
≤ σm

σe
< 1

3

(3.47)

where the triaxiality functions are given in Eqs. (3.43) and (3.44). It should be noted that
the combined function is continuous in the point 1/3. The material model with the failure
criterion is coupled to an element kill routine in LS-DYNA, and elements are deleted from
the calculation if the damage function reaches the critical failure value.

3.5 Continuum Damage Mechanics and Comparisons

The framework for continuum damage mechanics applied to ductile fracture was first pre-
sented by Lemaitre (1985a,b). Continuum damage mechanics is abbreviated to CDM. In
the framework of CDM the term D is used to indicate the deterioration of the material
capability to carry loads. A physical definition of the damage variable D can be given by
considering that the presence of a damage state is reducing the effective resisting nominal
area. Consider a damaged body and a reference volume element dV at a given point. The
volume is cut by a plane with a normal n. Ao is the nominal intersection area and Aeff is
the effective resisting intersection area reduced by the presence of microdefects. The damage
variable can thus be given as

Dn = 1 − An
eff

An
o

(3.48)

According to this definition the damage variable depends on the normal n and can therefore
be anisotropic. If for simplicity the damage is assumed to be isotropic, i.e. independent of
the orientation, the damage state can be completely characterised by the scalar D given as

D = 1 − Aeff

Ao

(3.49)
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The introduction of the damage variable leads to the concept of effective stress, which is
the stress calculated over the effective resisting area. Consider a uniaxial stress state with a
force F acting on the area Ao the usual stress given as σ = F/Ao is obtained. In the presence
of damage the effective resisting area is Aeff = Ao(1−D) and the effective stress is given as

σeff =
σ

1 − D
(3.50)

In case of a multiaxial stress state the operator 1/(1 − D) can be applied to all the stress
components. It is assumed that the so-called ’strain equivalence hypothesis’ is valid, and
thus the constitutive equations for the damaged material are the same as for the virgin
material, only the stress is replaced by the effective stress. By use of the concept of effective
stress, D can be expressed as a function of the stiffness reduction:

D = 1 − Eeff

Eo

(3.51)

It is observed from experiments that plastic flow can take place without damage and, on
the other hand, that damage can happen without plastic flow. By decoupling damage and
plasticity dissipations, the total dissipation potential can be written as the following linear
superposition:

F = Fp(σ,R; D) + FD(Y ; εp
eq, D) (3.52)

where Fp is the dissipation potential associated with plastic deformation and FD is the
dissipation potential associated with the damage process. The damage potential FD is a
function of the damage variable D, and the associated damage variable Y .

The effective plastic strain rate ε̇eq is

ε̇p
eq =

(
3

2
ε̇p

ij ε̇
p
ij

)1/2

(3.53)

The plastic dissipation potential is

Fp(σ,R; D) =
σe

1 − D
− R(r) − σy (3.54)

where σy is the initial yield stress and the material curve R(r) is given as a function of the
’damaged’ plastic strain, r

R(r) = Krn (3.55)
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and K and n are material constants. Using the rule of normality the plastic strain rate is

ε̇p
ij = λ̇

∂Fp

∂σij

= λ̇
3

2

ṡij

1 − D

1

σij

(3.56)

and the ’damaged’ plastic strain rate is

ṙ = −λ̇
∂Fp

∂R
= λ̇ = ε̇p

eq(1 − D) (3.57)

The rate of damage is

Ḋ = −λ̇
∂FD

∂Y
(3.58)

In his original work, Lemaitre (1985b) proposed a linear damage potential:

FD =
So

so + 1

(−Y

So

)so+1
1

1 − D
(3.59)

and So and so are material constants, however, multiaxial experiments show that so � 1.
The associated damage variable Y is defined as

Y = − σe

2E(1 − D)2
f

(
σm

σe

)
(3.60)

where the triaxiality function is defined as

f

(
σm

σe

)
=

2

3
(1 + ν) + 3(1 − 2ν)

(
σm

σe

)2

Note that the triaxiality function is symmetric in point of σm/σe = 0 and hence the behaviour
is quite different from the triaxiality functions from the McClintock and the Rice-Tracey
analysis, Eq. (3.12) and Eq. (3.13) as these functions are decreasing for a decreasing value
of triaxiality, while this is opposite for the function proposed by Lemaitre.

The rate of damage Ḋ is

Ḋ =

(−Y

So

)
λ̇

1 − D
=

(−Y

So

)
ε̇p

eq (3.61)
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Substituting Y from Eq. (3.60) into the rate of damage it follows that

Ḋ =


 σef

(
σm

σe

)
2ESo(1 − D)2


 ε̇p

eq (3.62)

If ductile damage occurs at a large strain and with a perfectly plastic material behaviour
then

σe

1 − D
= const = σth (3.63)

where σth is the threshold stress where damage starts. The only material parameter which
remains to be determined is therefore σ2

th/2ESo, which can be identified by a uniaxial tensile
test. Consider now a uniaxial tensile test with (σm/σe = 1/3, ε̇eq = ε̇p), where εp is the
uniaxial plastic strain, the rate of damage reduces to

Ḋ =
σ2

th

2ESo

ε̇p (3.64)

The behaviour of the damage process is characterised by an initial and a final condition
defined by the threshold εth and the rupture strain εo:

D = 0 for εp ≤ εth (3.65)

D = Dcr for εp = εth

Integrating the rate of damage with the given bounds of plastic strains the damage is given
as

D =
σ2

th

2ESo

εp + const or D = Dcr
εp − εo,th

εo − εo,th

(3.66)

It should be noted that the damage evolution law is a linear function of the effective ac-
cumulated plastic strain and that the material parameter σ2

th/2ESo is determined by three
material constants, namely the critical damage Dc and the threshold and uniaxial fracture
strains εo,th and εo.

Based on experimental observations and the highly non-linear nature of the three stages
of nucleation, void growth and coalescence, Bonora (1997) proposed a non-linear damage
potential as function of the accumulated effective plastic strain

FD =

[
1

2

(
− Y

So

)2
So

1 − D

]
(Dcr − D)α−1/α

(εp
eq)2+n/n

(3.67)
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where So is a material constant, α is the damage exponent characteristic of the material,
and n is the material hardening exponent. Using the damage evolution law and following
the same procedure as for the linear damage model the rate of damage is

Ḋ = α
(Dcr − Do)

1/α

ln(εf ) − ln(εf,th)
f

(
σm

σe

)
(Dcr − D)α−1/α

ε̇p
eq

εp
eq

(3.68)

In the uniaxial case the above reduces to

D = Do + (Dcr − Do)

{
1 −

[
1 − ln(εp/εo,th)

ln(εf/εf,th)

]α}
(3.69)

The relation between the plastic accumulated strain in the triaxial and in the uniaxial state
is

ln

(
εo

εo,th

)
= f

(
σm

σe

)
ln

(
εf

εf,th

)
(3.70)

On the assumption that the effect from the triaxiality on the threshold strain is negligible,
the effective accumulated strain at failure can be estimated as

εf = εo,th

(
εo

εo,th

)1/f(σm
σe

)
(3.71)

In the linear damage model presented by Lemaitre (1985b) the relation between the failure
strain in the triaxial state and in the uniaxial stress state is

εo − εo,th = (εf − εf,th)f

(
σm

σe

)
(3.72)

and hence

εf =
εo − εo,th

f
(

σm

σe

) + εo,th (3.73)

According to Hancock and Mackenzie (1976) the triaxiality dependent strain to failure can
be written on the form

∫
dεeq

εo

(
σm

σe

) = 1 (3.74)
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On comparing with the general form of the fracture criterion Eq. (3.11), it is found that the
triaxial fracture strain can be written on the following form:

εf =
εo

f
(

σm

σe

) (3.75)

where f
(

σm

σe

)
is the triaxiality function and εo is the uniaxial failure strain. For the Rice-

Tracey triaxiality function the triaxial fracture strain becomes

εf = 1.65εo exp

(
−3

2

σm

σe

)
(3.76)

which is also recognised in Eq. (3.15). For the Norris model it follows that

εf =
3
(
1 − σm

σe

)
εo

2
(3.77)

and finally for the Cockcroft-Latham failure criterion the failure strain is given as

εf =
εo

fCL

(3.78)

The five models are compared in Figure 3.4. Values of εo,th = 0.06 and εo = 1.1 are used
for the Bonora and Lemaitre models while a uniaxial failure strain of εo = 1.1 is used for
the Rice-Tracey, Norris and Cockcroft-Latham models. The Bonora model agrees very ac-
curately with the experimental values of failure strains, while in this region of triaxiality
the Rice-Tracey model slightly overestimates the failure strain. The Lemaitre model over-
estimates the failure strain. The Norris model compares well for moderate low triaxiality
in the range of 1/3 to 2/3 while the model, due to the linear nature, fails to predict cor-
rect failure strains for a high triaxiality. The Cockcroft-Latham diverges significantly from
both Bonora, Lemaitre, Rice-Tracey and Norris for a triaxiality higher than 1/3, however,
only the Cockcroft-Latham correctly predicts no failure in pure compression σm/σe = −1/3.
Based on the above comparison the non-linear damage model presented by Bonora (1997)
gives the best fit to experimental values, and it is expected that the non-linear CDM model
works well in a broad range of triaxialities except in the range -1/3 to 1/3. The linear and
nonlinear CDM methods are implemented in LS-DYNA as user defined material models by
Törnqvist (2003).
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Figure 3.4: Failure strain models compared with experiments on steel from Needleman and
Tvergaard (1984).

3.6 Numerical Verification

A verification of the proposed combined Cockcroft-Latham and Rice-Tracey fracture criterion
(RTCL) and the linear and non-linear CDM models is given in the following. A test series
including tensile tests, upsetting test and bulger tests has been conducted on a type 6082-
T6 aluminium alloy in order to identify the material parameters for the CDM models and
to calibrate the RTCL fracture criterion. This test series is denoted ’test series I’ in the
following and consists of 6 dog-bone shaped specimens with a quadratic cross-section for
tensile testing, 4 round specimens for tensile testing and 8 cylinders for axial compression.
The specimens are shown in Figure 3.5. The specimens are cut out from a rolled aluminium
plate of a thickness of t = 10mm, in angles of 0o, 45o and 90o relative to the rolling direction
in order to determine any anisotropic effects. The dimensions of the specimens from test
series I are shown in Figure 3.6.

3.6.1 Test Description

The tensile and compressive tests were performed at DTU in Denmark on an MTS hydraulic
test machine with a maximum capacity of 100kN . Values of crosshead displacement and
load were logged during the test, with a ’Spider 8’ logging device connected to a PC.
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Figure 3.5: Specimens from test series I.

In the tensile test an extensometer with a large measuring range was fitted on the specimen
in order to be able to measure accurately the entire axial deformation until failure. An
extensometer with a gauge length of 50mm and a measuring range of +25mm,−5mm was
used. Strain gauges were also used in the first tensile tests, but it was found that this method
was very time consuming because the strain gauges had to be replaced after every unloading
due to the fairly small measuring range of standard strain gauges. Comparison of the strain
gauge and extensometer results, however, showed that the extensometer gave sufficiently
accurate results.

During the tensile tests, the specimens were succeedingly unloaded and reloaded in order
to determine the changing modulus of elasticity and thereby the damage evolution law
of the material. A plastic deformation of approximately 1mm was typically applied to
the specimens between each unloading. In addition the cross-sectional area was measured
manually after each unloading. A small deformation rate was applied to eliminate any strain
rate effects. A loading rate of 0.5mm/min was used.

A special tool fitting the jaws in the hydraulic test machine was made for the compression
tests. The tool was made with two parallel surfaces for equal, compressing of the cylinders.
Due to the small dimensions of the cylinders and the barrelling effect during deformation,
the extensometer was fitted on the compression tool. The cylinders were loaded until a crack
was detected visually on the surface of the deformed cylinder.
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Figure 3.6: Dimensions of specimens from test series I.

3.6.2 Identification of Ductile Damage Parameters

According to Lemaitre (1985b) the linear damage model is characterised by the material
constant So, which again is determined by three material constants. These are the uniaxial
damage strain threshold εth, which indicates when the damage processes are initiated, the
uniaxial strain to failure εf , which is the strain at failure, and the critical damage at failure
Dcr.

The non-linear damage model by Bonora (1997) requires two additional material parameters,
the damage exponent, which determines the shape of the damage evolution law as a function
of the effective accumulated plastic strain εp, and finally the initial damage Do, which is
present in the microstructure. Do is usually taken to be equal to zero as the damage is
evaluated through the loss of stiffness with respect to the initial Young’s modulus.

It is shown in the following how the ductile damage parameters for the two CDM models
can be identified on the basis of a simple tensile test.

The nominal stress-strain curves from the tests of the specimens Q2, Q4 and Q6, with
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quadratic cross-section areas, are shown in Figure 3.7. The figure indicates the frequency
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Figure 3.7: Nominal stresses and strains from specimen Q2, Q4 and Q6 with angles 0o, 45o

and 90o relative to the rolling direction.

of the successive unloadings and reloadings of the specimens during the tests. The un- and
reloading frequency was intensified in the initial part and in the end of the tests to gain
more experimental results here, but typically a plastic strain deformation corresponding to
2% was used in between each unloading.

It is seen that the stress-strain curves are approximately similar for the three directions.
However, minor differences appear and the tests show that the initial yield stress is higher
in the 45o and 90o directions than in the 0o direction. The fracture strains are comparable
in the 0o and 45o directions, while this value is 12% lower in the 90o direction.

Figure 3.8 presents the results from the tensile tests on the round specimens R5 and R6. The
figure shows that the stress-strain curves are approximately the same in the two directions.
However, the initial yield stress is slightly higher in the rolled direction and the fracture
strain is 12% lower in the 90o direction. These features are also seen for specimens Q2, Q4
and Q6.

The overall level of the fracture strains is lower for the round specimens compared to the
quadratic ones, which indicates that a geometric effect exists on the necking behaviour.
The tensile tests show that it is a reasonable approximation to assume that the material
is in-plane isotropic, due to the fairly small differences in yield stress between the three
directions. However, the tests also reveal that the fracture strain differs by 12% depending
on the material direction.
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Figure 3.8: Nominal stresses and strains from specimens C5 and C6 with angles 0o and 90o

relative to the rolling direction.

In order to determine the damage evolution law, it is necessary to transform the measured
values of stresses and strains into true values. The relations between nominal values and
true values of stress and strain are

ε = ln (1 + e)

σ = s(1 + e)

where σ and ε denote true values of stress and strain and s and e denotes the measured nom-
inal values. Values of true stresses and strains based on the extensometer measurement and
the manual measurements of the cross-section area are given for specimen Q6 in Figure 3.9.
From the experiment the strain at fracture is εo = 0.33. As indicated in Figure 3.9, the
stress-strain curve based on the extensometer is not valid for strains higher than ε = 0.12.
This is due to the necking behaviour of the specimen, which means that strains are local-
ising in a small section of the specimen. The result is therefore that the strains measured
by the extensiometer become far too low as strains are not uniformly distributed along the
specimen.

The damage evolution is found from the unloading and reloading slopes of the true stress-
strain curve in Figure 3.9 and the damage is simply calculated by

D = 1 − Eeff

Eo

(3.79)
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Figure 3.9: True values of stresses and strains from tensile test on specimens Q6 based on
extensometer and manual measurements of the cross-section area.

where Eeff is the effective Young’s modulus and Eo is the initial Young’s modulus. Fig-
ure 3.10 shows the measurements of Young’s modulus and the corresponding damage evolu-
tion as functions of the effective accumulated plastic strain. The critical damage at fracture
is found directly from the definition of the damage variable Eq. (3.48):

Dcr = 1 − Af

Ao

(3.80)

where Af is the fractured cross-sectional area and Ao is the initial cross-sectional area. The
critical damage is found to be Dcr = 0.28. The damage exponent α and the threshold strain
εo,th are obtained by plotting the double-logarithmic values of the damage and the plastic
strain. The double-logarithmic plot is shown in Figure 3.11. From the curve fit it is found
that the damage exponent is α = 0.44. The threshold strain is given by

εo,th = εcr exp (− exp (C/α)) (3.81)

where C = 0.62 is the constant term in the curve fit. The threshold strain is found to be
εo,th = 0.0015. The material parameters are summarised in Table 3.1 and compared to values
for aluminium and steel from Bonora (1997).
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Figure 3.10: (a) Young’s modulus E as a function of the effective accumulated plastic strain.
(b) Damage D as a function of the effective accumulated plastic strain.

Table 3.1: Damage parameters for steel and aluminium

Material εo,th εo Dcr Do α

6082-T6 0.0015 0.33 0.28 0 0.44

Al2024-T3, (Bonora, 1997) 0.0092 0.33 0.188 0 0.68

Al-Li 2091, (Bonora, 1997) 0.0077 0.10 0.14 0 0.45

Steel 1015, (Bonora, 1997) 0.259 1.4 0.065 0 0.2173

Steel 1045, (Bonora, 1997) 0.223 0.95 0.065 0 0.2173

Steel 1045, (Bonora, 1997) 0.129 0.64 0.065 0 0.2

It is seen that the obtained values are in the range of values for aluminium given by Bonora
(1997). It should also be noted that the values for steel are significantly different.

The material parameter for the linear damage model is given by

So =
σ2

f

2E

εo − εo,th

Dcr

(3.82)

where σf is the true stress at fracture. Using the material parameters found from the test it
follows that So = 1.40. The linear and non-linear damage models are compared in Figure 3.12
with the experimental values obtained by the tensile tests from Figure 3.10(b).

It is seen in the figure that the non-linear model very accurately estimates the experimentally
obtained damage values for the tested aluminium.
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Figure 3.11: Double-logarithmic plot of damage versus plastic strain.
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Figure 3.12: Comparison of non-linear and linear damage models with experimental values
from Figure 3.10(b).

The model slightly overestimates the damage in the plastic strain range of 0.08 to 0.1. How-
ever, experimental values for plastic strains higher than 0.08 may be inaccurate because of
necking. The figure further shows that the linear model only provides a rough approximation
of the measured non-linear damage behaviour.

The constitutive stress-strain relation for the material is now found from the definition of
the effective stress:

σeff =
σ

1 − D
(3.83)
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where in this case σ denotes the uniaxial true stress measured in the experiment and where
D is the damage evolution given in Figure 3.12. It should also be noted that, for the CDM
models, the effective stress is given as a function of the damaged effective accumulated plastic
strain r where

r = εp
eq (1 − D) (3.84)

The constitutive stress-strain relations for the non-linear and linear damage models are given
in Figure 3.13.
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Figure 3.13: Constitutive stress-strain relations for the non-linear Bonora model and the
linear Lemaitre model.

The obtained constitutive relations for the Lemaitre and the Bonora models are used in the
following simulations.

3.6.3 Identification of Material Properties for RTCL Model

The constitutive material model for the RTCL model is based on a power hardening material
law on the form

σy = Kεn (3.85)

where the material parameters C and n are determined from the true stress-strain curve.
The optimum curve fit is shown in Figure 3.14, with C = 419 and n = 0.075. The power
hardening law slightly under predicts the initial yield stress and the yield stress for strains
higher than 0.18. Alternatively, a constant tangent modulus can be used for strains higher
than 0.18. The RTCL fracture criterion is calibrated in the following section.
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Figure 3.14: Constitutive stress-strain relation for the RTCL model.

3.6.4 Simulations of Tensile Tests

The tensile test of specimen Q6 is simulated by the RTCL model and the two CDM methods.
The tensile test is simulated by using both a solid and a shell FE-model. Figure 3.15 shows
the two FE-models.

(a) (b)

Figure 3.15: FE-models of tensile test specimen. (a) FE-model with solid elements. (b)
FE-model with shell elements.

The solid model includes 9000 elements and 10868 nodes. A constant stress solid element
is used. The shell model includes 80 Belytschko-Tsay shell elements and 102 nodes. Only
75mm of the prismatic centre part of the specimen is included in the FE-model and symmetry
in the width direction is used. The displacements are measured over 50mm of the FE-model
corresponding to the gauge length of the extensometer used in the tensile test. One end of
the FE-model is fixed in the axial direction, while a velocity of 1m/s is applied to the free
end. The density of the material is mass-scaled by a factor of 100 to increase the size of the
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time steps. The response can be considered quasi-static according to a very small amount
of kinetic energy compared to the internal energy.

Figure 3.16 shows the simulation of the tensile test by the solid FE-model and the RTCL
material model, viewing towards the centre (symmetry) plane. Plots of accumulated effec-
tive plastic strains and the triaxiality are given in the figure. A displacement of 8.4mm,
corresponding to the displacement at fracture in the tensile test, is applied to the FE-model.

(a) (b)

Figure 3.16: Simulation of the tensile test by the RTCL model. (a) Accumulated effective
plastic strain. (b) Triaxiality.

(a) (b)

Figure 3.17: Simulation of the tensile test by the RTCL model. (a) Damage before fracture
initiation. (b) Damage after fracture initiation.

The figure shows that the plastic strains are non-uniformly distributed across the midsection
of the specimen and attain a maximum in the centre, due to the necking behaviour. The
triaxiality has a maximum value of approximately 0.5 in the centre of the neck, while this
value is close to 1/3 at a small distance, equivalently to the material thickness, away from
the midsection.
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The RTCL fracture criterion is calibrated by simulating the tensile test to the point of
fracture initiation and the critical value of the damage integral is simply the accumulated
damage, which is stored in a history variable in the user-defined material subroutine. The
critical value of the damage integral is found to be 0.36 and this value is used in the following
fracture analysis of the upsetting tests and the bulger tests. Figure 3.17 shows the damage
before and after fracture initiation. A value of 1 corresponds to fracture initiation.

(a) (b)

Figure 3.18: Simulation of the tensile test by the Lemaitre model. (a) Damage before fracture
initiation. (b) Damage after fracture initiation.

(a) (b)

Figure 3.19: Simulation of the tensile test by the Bonora model. (a) Damage before fracture
initiation. (b) Damage after fracture initiation.

The maximum value of damage is located in the centre of the necking area. This means that
the crack is initiating in the centre of the midsection and propagates out towards the surface.
This is in line with experimental observations, however, it is often difficult to detect the first
fracture, as the propagation grows very fast. Figure 3.18 shows the simulation of the tensile
test by the CDM model by Lemaitre. The figure shows plots of accumulated damage in the
time steps before and after fracture initiation. A value of 0.28 corresponds to the critical
damage value and hence initiation of fracture.
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(a) (b)

Figure 3.20: Simulation of the tensile test by the RTCL model and the shell FE-model. (a)
Triaxiality. (b) Damage before fracture initiation.

(a) (b)

Figure 3.21: Simulation of the tensile test by the shell FE-model and the Lemaitre and the
Bonora material models. (a) Damage after fracture initiation calculated by the Lemaitre
material model. (b) Damage after fracture initiation calculated by the Bonora material
model.

The CDM model by Lemaitre correctly predicts maximum values of damage in the centre of
the midsection of the specimen, where fracture starts and the extent of damage is generally
very similar to the result calculated by the RTCL model. Figure 3.19 shows the simulation
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of the tensile test by the CDM model by Bonora and the corresponding plots of accumulated
damage.

The Bonora model predicts, in line with both the RTCL model and the Lemaitre CDM
model, that maximum damage is located in the centre of the specimen and that fracture
starts here. However, the damage calculated by the RTCL and the Lemaitre models seems
to be limited to the necking area while in the Bonora model the damage is spread out in the
entire structure.

Figure 3.20 shows the simulation of the tensile test by the shell FE-model and the RTCL
fracture criterion. The figure shows plots of triaxiality and the accumulated damage before
fracture initiation.

It is seen that the shell FE-model correctly predicts the necking behaviour of the tensile
specimen and that the maximum triaxiality is located in the centre of the necking area. The
maximum damage, and hence the location of fracture initiation, is also correctly located in
the centre of the specimen. Figure 3.21 shows the tensile test simulated by the shell FE-
model and the material models by Lemaitre and Bonora. The figure shows that both models
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Figure 3.22: Triaxiality for solid and shell models by the RTCL, Lemaitre and Bonora
material models. (a) Solid FE-model. (b) Shell FE-model.

correctly predict fracture initiation in the centre of the specimen. The shell FE-model shows,
similarly to the solid FE-model, that the damage calculated by the Lemaitre material model
is more localised in the necking area than that calculated by the Bonora model. It is obvious
that crack propagation cannot be simulated correctly by the present shell FE-model, due
to the relatively coarse mesh. The element size in the shell FE-model of the tensile test
corresponds to the element size used later in the simulations of the bulger tests. The same
mesh size is used in order to avoid any incompatibility between the results from the tensile
test simulations and the bulger test simulations. Figure 3.22 presents the triaxiality as a
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function of the displacement during the tensile test in the centre element of the shell and
the solid FE-model, calculated by the three material models.
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Figure 3.23: Displacement versus force calculated by the RTCL, Lemaitre and Bonora ma-
terial models and compared with the experiment. (a) Solid FE-model. (b) Shell FE-model.

It is seen that the triaxiality is constant at a value of 1/3 until necking starts and increases
to 0.45-0.5 at fracture. This shows that the assumption of a uniaxial stress state in a tensile
test is only valid until the beginning of necking. The differences between the three material
models are small, however, the solid FE-model predicts slightly higher triaxiality at fracture
than the shell FE-model and the beginning of necking seems to be slightly delayed in the shell
FE-model. It should be noted that the relatively coarse shell FE-model accurately predicts
the correct triaxiality, which is the key parameter in determining the fracture initiation. The
above comparison shows that shell elements can be used to predict fracture initiation and
that it is reasonable to use shell elements in the following analysis of the bulger test.

Table 3.2: Calculated and measured values of fracture displacements for the tensile test.

Solid FE-model Shell FE-model

Experiment 8.4mm 8.4mm

RTCL 8.2mm 8.4mm

Lemaitre 8.3mm 8.6mm

Bonora 8.3mm 8.5mm

Figure 3.23 presents the force as function of the displacement calculated by the three material
models compared with the measured values.
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The two figures show that both FE-models with the three material models very accurately
calculate the axial force and the point of fracture. The fracture displacements for the simu-
lations and the experiment are given in Table 3.2.

3.6.5 Simulations of Upsetting Tests

The upsetting tests are simulated in the following by the RTCL model and the two CDM
methods. The calibrated value of the RTCL fracture criterion, from the previous section, is
used for the RTCL model, while the ductile damage parameters found from the tensile tests
are used by the CDM models to predict the structural response and the fracture initiation
of the upsetting tests. Simulations of the compression behaviour of cylinders with different
height to diameter ratios, H/D = 0.7, 1.0 and 1.4, are described in the following.

Due to the axisymmetric nature of the upsetting test, it is convenient and efficient to use a
2-D axisymmetric FE-model of the cylinder and the boundary conditions. The 2-D axisym-
metric element 15 in LS-DYNA (2001) is used. The boundary conditions are modelled by
a segment based 2-D contact surface. The friction coefficient between the cylinder surface
and the contact surface is taken to be 0.6, based on a simple friction test between steel and
aluminium. This coefficient is expected to be high, as the surfaces of the cylinder and the
upsetting tool were scratched before starting the tests, to obtain a high coefficient of friction.
The FE-model of upsetting test H/D = 1.0 is shown in Figure 3.24.

Figure 3.24: FE-model of upsetting test with aspect ratio H/D = 1.0 (FE-model is reflected).

The FE-model of H/D = 1.0 contains 1520 2-D axisymmetric solid elements. The contact
surfaces only contain 10 elements each. This is sufficient because the contact surface is
so-called segment based. The upper contact surface is velocity controlled with an average
downward velocity of 1m/s. The density of the material is mass-scaled by a factor of 100
to increase the time step. The kinetic energy is in general in the range of 0.1% of the
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internal energy and as strain rate effects are not included, the response is considered to be
quasi-static.

Initial simulations showed an un-physical deformation of elements on the cylinder surface
next to the contact surface, which led to premature fracture by use of the CDM methods.
This problem was solved by using hourglass method 6 in LS-DYNA instead of hourglass
method 1, which is the default method in LS-DYNA. The mesh sensitivity of the model was
investigated by using a mesh twice as coarse as shown in Figure 3.24 and the results were
not sensitive to this large change. The FE-models were run with different friction coefficients
and it was found that the results did not vary with a friction coefficient above 0.5, while the
response varied significantly with friction coefficients below 0.5. The CPU time required to
solve the FE-model of H/D = 1.5 with 2120 elements was 431 CPU seconds.

Figure 3.25 shows the simulation of upsetting test H/D = 1.0 calculated with the RTCL
model. The figure shows the accumulated effective plastic strain and the triaxiality in the
time step before fracture initiation.

(a) (b)

Figure 3.25: Simulation of upsetting test H/D = 1.0 by the RTCL model. (a) Accumulated
effective plastic strain. (b) Triaxiality.

(a) (b)

Figure 3.26: Simulation of upsetting test H/D = 1.0 by the RTCL model. (a) Damage in
the time step before fracture initiation. (b) Damage in the time step after fracture initiation.

Is is seen that a significant amount of barrelling of the cylinder is generated due to the friction
between the contact surface and the cylinder surface. The barrelling behaviour of the FE-
model agrees well with experimental observations. Accumulated effective plastic strains are
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high in the centre of the cylinder, while these are low closer to the contact surfaces. It should
be noted that if a criterion solely based on plastic strains is used, the model will predict initial
fracture in the centre of the cylinder which is not correct. Due to the barrelling effect of
the cylinder, circumferential tensile strains are generated on the perimetry of the cylinder,
which means that the triaxiality is expected to reach a maximum on the free surface. It is
seen that the RTCL model correctly predicts a high triaxiality on the free surface and low
triaxiality in the centre of the cylinder, where the stress state is predominantly compressive.
Figure 3.26 shows the damage in the cylinder in the time step before and after fracture
initiation. A value of 1 corresponds to fracture initiation.

(a) (b)

Figure 3.27: Simulation of upsetting test H/D = 1.0 by the CDM model by Lemaitre. (a)
Accumulated effective plastic strain. (b) Triaxiality.

(a) (b)

Figure 3.28: Simulation of upsetting test H/D = 1.0 by the CDM model by Lemaitre. (a)
Damage in the time step before fracture initiation. (b) Damage in the time step after fracture
initiation.

The values of the damage is maximum on the perimetry of the cylinder and hence the RTCL
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model correctly predicts the location of initial fracture. The damage below the contact
surface is approximately zero due to the low triaxiality. Figure 3.26(b) shows how the
elements are deleted from the FE-model as more elements reach the critical damage value.
A 2-D model obviously gives a precise picture of the stress and strain state in the cylinder
during the compression, however, it cannot be expected that the model gives a correct picture
of the crack propagation as cracks are observed to propagate with an angle of 45o relative
to the symmetry line of the cylinder.

Figure 3.27 shows the simulation of the upsetting test H/D = 1.0 by use of the linear CDM
model by Lemaitre. The figure presents plots of accumulated effective plastic strains and
the triaxiality in the time step before fracture initiation.

The CDM model correctly predicts high accumulated effective plastic strains in the centre
of the cylinder and smaller plastic strains near the horizontal contact surfaces. The high
triaxiality on the free surface and small triaxiality below the contact surface are consistent
with the RTCL model. Figure 3.28 shows the accumulated damage in the time step before
and after initial fracture. A value of 0.28 corresponds to the critical damage value and hence
fracture initiation.

It is seen that the axial compression of the cylinder at fracture initiation is significantly less
for the CDM model compared to the RTCL model. The linear CDM model predicts that
the maximum value of damage is located inside the cylinder and hence that fracture starts
inside the cylinder and not on the free surface, which is incorrect. Figure 3.28 shows elements
deleted inside the cylinder by the ’element kill’ routine. Figure 3.29 shows the simulation
of the upsetting test H/D = 1.0 by the use of the non-linear CDM model by Bonora. The
figure presents plots of accumulated effective plastic strains and the triaxiality in the time
step before fracture initiation.

The CDM model by Bonora correctly predicts high accumulated effective plastic strains in
the centre of the cylinder and lower values closer to the free surface and the contact surfaces.
The qualitative behaviour of the accumulated effective plastic strains is similar to the result
obtained by the Lemaitre model, however, the plastic strains seem to extent over more area
compared to the simulation by the Lemaitre model, see Figure 3.27. The Bonora model
predicts a high triaxiality in a wide band across the cylinder, which is significantly different
from the simulation by the RTCL model, Figure 3.25. The triaxiality does not attain a
maximum on the perimetry of the cylinder, which is considered to be incorrect. Figure 3.30
shows the accumulated damage in the time step before and after initial fracture. A value of
0.28 corresponds to the critical damage value and hence fracture initiation.

The location of maximum damage, and hence fracture initiation, is inside the cylinder similar
to the simulation by the Lemaitre model and thus only the RTCL model correctly predicts
fracture initiation on the perimetry of the cylinder. Figure 3.31 shows the triaxiality as
a function of the axial compression displacement in an element on the perimetry of the
cylinder, calculated by the three material models.
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(a) (b)

Figure 3.29: Simulation of upsetting test H/D = 1.0 by the non-linear CDM model by
Bonora. (a) Accumulated effective plastic strain. (b) Triaxiality.

(a) (b)

Figure 3.30: Simulation of upsetting test H/D = 1.0 by the CDM model by Bonora. (a)
Damage in the time step before fracture initiation. (b) Damage in the time step after fracture
initiation.

The triaxiality starts at a value of −1/3 corresponding to homogeneous compression. As
a result of the barrelling behaviour, tensile stresses are generated on the perimetry of the
cylinder and the triaxiality increases to a maximum value of 0.5 for the RTCL model (i.e. J2-
plasticity). The Lemaitre and Bonora material models exhibit a similar behaviour, however,
both models diverge from the path, generated by the RTCL model, after fracture initiation.

Figure 3.32 gives the measured values of end shortening and compressive loads on the up-
setting tests compared with the numerical results.
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Figure 3.31: Triaxiality during deformation on the perimetry of the cylinder. (a) H/D = 0.7.
(b) H/D = 1.0.
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Figure 3.32: End shortening versus compressive force for upsetting tests. Experiments and
simulations. (a) H/D = 0.7. (b) H/D = 1.0.

It should be noted that the upsetting tests are only simulated to the point of fracture initia-
tion. The figure shows that both CDM models significantly underpredict the end shortening
distance at initial fracture, while the RTCL model accurately calculates the response up to
fracture. Both CDM models overestimate the compressive force, while the compressive force
calculated with the RTCL model agrees very well with the experiments. Calculated and
experimental values of end shortening distance at initial fracture are given in Table 3.3 for
the upsetting tests H/D = 0.7, 1.0 and 1.42.
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Table 3.3: Calculated and experimental values of end shortening distance at fracture initia-
tion for upsetting tests H/D = 0.7, 1.0 and 1.42.

H/D = 0.7 H/D = 1.0 H/D = 1.42

Experiment 3.5mm 5.7mm 6.3mm

RTCL 3.6mm 5.5mm 6.2mm

Lemaitre 1.8mm 2.2mm 2.3mm

Bonora 1.7mm 2.2mm 2.5mm

It is seen that the CDM models generally underpredict the end shortening distance at frac-
ture by a factor of approximately two. The end-shortening distance at fracture initiation
calculated by the RTCL model agrees well with the experiments.

3.6.6 Simulations of Bulger Tests

Törnqvist (2003) performed so-called bulger-tests on 10mm thick plates of 6082-T6 type
aluminium at the University of Reading in UK. The material used for the tensile and up-
setting tests is identical to the material used for the bulger tests. The main principle of
the bulger test is to pressurise the aluminium plate from the inside and by fixing the outer
boundaries of the plate, a biaxial state of stress is created in the plate. The test is run
until fracture starts. The tests are performed with a circular and an elliptically shaped
die in order to create different biaxial stress states. Figure 3.33 shows the bulger and the
aluminium plate after being tested to fracture in the bulger test.

The bulger tests are simulated in the following by the RTCL material model and the two
CDM material models. The FE-model of the circular die consists of 29168 elements and
29866 nodes and the elliptically shaped FE-model of the die uses 22352 elements and 22887
nodes. The Belytschko-Tsay shell element is used and it should be noted that the element
size is the same as that used in the shell FE-model of the tensile test. A friction coefficient
of 0.3 is applied to the contact surface between the die and the plate. A so-called ’airbag’
option in LS-DYNA is used to pressurise the plate and a linearly increasing volume rate
is applied to the model until fracture. The total required CPU times are approximately
10h and 7.5h for respectively the circular- and the elliptically shaped FE-models. The two
FE-models are shown in Figure 3.34.

As seen from Figure 3.34(a), the FE-model of the bulger test consists of three main parts,
an oil container modelled with shell elements and an airbag option, providing the pressure
to the plate, the dye and finally the aluminium plate situated between the die and the oil
container.
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(a) (b)

Figure 3.33: Bulger and fractured aluminium plate after test. (a) Bulger. (b) Aluminium
plate.

(a) (b)

Figure 3.34: FE-models of bulger test containing of dye and oil container. (a) Circular die.
(b) Elliptic die.

The simulation of the bulger test with the elliptic die and the RTCL material model is shown
in Figure 3.35 in the time step before fracture initiation. The figure presents plots of the
accumulated effective plastic strains and the triaxiality.
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(a) (b)

Figure 3.35: Simulation of elliptic bulger test by RTCL material model. (a) Plastic strains.
(b) Triaxiality.

(a) (b)

Figure 3.36: Simulation of elliptic bulger test by RTCL material model. (a) Accumulated
damage before fracture initiation. (b) Accumulated damage after fracture initiation.

The maximum plastic strains with values of εp
eq = 0.2 are located in the centre of the plate

and decay in the direction of the boundaries. The triaxiality is approximately constant over
the entire free span of the plate area with a value of 0.65 for the elliptic dye and 2/3 for the
circular dye. It is noted that this is equivalent to twice the triaxiality of that in a tensile
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test or a pure biaxial state of stress. Figure 3.36 shows the accumulated damage in the time
step before and a few steps after fracture initiation. A value of 1 corresponds to fracture
initiation.

The maximum values of accumulated damage appear in the centre of the plate. The location
of initial fracture calculated by the RTCL material model, as shown in Figure 3.36(b), agrees
well with experimental observations. The plastic strains and the triaxiality calculated by
the two CDM models are similar to the results obtained by the RTCL material model and
they are therefore not shown. Figure 3.37 gives the accumulated damage calculated by the
two CDM material models in the time step after fracture initiation. A value of of 0.28
corresponds to fracture initiation.

(a) (b)

Figure 3.37: Simulation of elliptic bulger by Lemaitre and Bonora material models. (a)
Accumulated damage after fracture initiation by Lemaitre material model. (b) Accumulated
damage after fracture initiation by Bonora material model.

The figure shows that both CDM material models correctly predict the location of fracture
initiation. The simulations of the bulger tests are compared with experiments in Figure 3.38.
Corresponding values of added volume and measured pressure for the elliptic and the circular
bulger tests are given in the figure.

It is seen that the three material models very accurately follow the measured values of added
volume and corresponding pressure. The differences in the curves are mainly the point of
fracture initiation. The RTCL material model and the Lemaitre CDM model compare well
with the structural response and the point of fracture is reasonable well predicted. The
structural response is also well predicted by the Bonora CDM model but the model signif-
icantly under-predicts the point of fracture. Values of added volume at fracture initiation
are given for experiments and simulations in Table 3.4.
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Figure 3.38: Calculated values of added volume and pressure for simulations and experi-
ments. (a) Elliptic FE-model. (b) Circular FE-model.

Table 3.4: Calculated and experimental values of added volume at fracture initiation for
elliptic- and circilar bulger test.

Elliptic Circular

Experiment 19.6l 55.6l

RTCL 19.2l 49.0l

Lemaitre 19.2l 51.8l

Bonora 13.0l 30.2l

It is seen that the RTCL fracture criterion and the CDM model by Lemaitre agree well with
the experiments while the non-linear CDM model by Bonora significantly underestimates
the point of fracture initiation.

3.7 Concluding Remarks

The present analysis shows that only the RTCL fracture criterion of the three tested fracture
models agrees with the experiments conducted on tensile tests, upsetting tests and bulger
tests. These tests cover a wide range of stress states with a triaxiality ranging from -1/3 in
the upsetting tests to 2/3 in the bulger tests, and it has been shown that the RTCL fracture
criterion in this range of triaxiality correctly determines the onset of fracture. The analysis
reveals that the prediction of fracture by the CDM methods is incorrect for a negative
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triaxiality. However, the analysis also shows that the CDM method by Lemaitre correctly
determines the fracture onset for a positive triaxiality as that of the tensile tests and the
bulger test. Figure 3.39 presents the principal strain paths from numerical simulations of the
tensile test, the upsetting tests and the bulger tests by LS-DYNA and the RTCL fracture
criterion. It is seen that the strain trajectories from the upsetting tests agree with the results

Figure 3.39: Principal strain paths from numerical simulations of the tensile test, the upset-
ting tests and the bulger tests by LS-DYNA and the RTCL fracture criterion.

obtained by Kudo and Aoi in Figure 3.2, and that the fracture points from the upsetting
tests and the tensile test form a straight line with a slope of -1/2 and the intercept εo. The
fracture points from the bulger tests form a straight line with a slope of -1, which is in
agreement with observations by Kuhn (1988), who notes that the slope of the fracture line is
close to -1 for ε2 close to zero. It is noted that Törnqvist (2003) made a similar investigation
on ductile fracture of steel and aluminium.

Simulations of the tensile tests by use of shell elements show that the fracture onset is
correctly calculated by the RTCL fracture criterion, which is important because it is not
practical to use solid elements in a numerical crushing analysis of a ship’s bow structure.
The RTCL fracture criterion is applied in numerical crushing simulations of aluminium
structures in Chapter 5.
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Chapter 4

Analytical Crushing Modelling of
Bow Structures

The analysis in Section 2.2 showed that in shipping traffic involving HSC and slower working
conventional vessels, the HSC is typically the striking vessel. The outer mechanics of a HSC
involved in a collision was also analysed and the energy released for crushing was determined.
In order to solve fully the collision scenario it remains to consider the internal mechanics of
the bow structure of the HSC subjected to crushing.

Probably the most well-known model for estimation of the deformation energy involved in
ship collisions was proposed by Minorsky (1959). Minorsky analysed 50 collision accidents
and found a linear relationship between the dissipated energy and the volume of deformed
material. It should be noted that the Minorsky model cannot be applied directly to the
analysis of bow crushing as Minorsky only considered the collision damages from side impacts
by assuming a rigid bow. However, the Minorsky model still gives an indication of the relation
between volume of deformed material and energy dissipation. The model by Minorsky has
been widely used for side impacts, but due to the changing ship’s structures and the use of
new materials like aluminium, high strength steel or FRP, it is unlikely that the Minorsky
formula will agree for a HSC.

For bow crushing analysis several other calculation methods exist, like the finite element
method, analytical crushing modelling and hybrid methods.

The finite element method has been used extensively since the late 1980’s by the car industry
to simulate car crashes. The method has proved to be so effective in the prediction of the
crushing response that some experiments are replaced by numerical simulations. The car
industry currently handles overnight calculations by FE-models containing more than 1
million elements, and due to the continuing development of faster computers, computing
time is obviously becoming less critical. Collision and grounding events have also been
simulated successfully by FE methods, see Kim et al. (1996) and Amdahl and Kavlie (1992).

67
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Hybrid methods combine the structural behaviour of an idealised superelement, in terms of
a global stiffness, with the finite element method, see Paik and Pedersen (1996). Hybrid
methods are not considered in the present work.

Analytical crushing modelling is based on simple closed-form solutions for the dissipated
energy during plastic deformations. Compared to the finite element method, the analytical
models are considered less accurate, since effects like elasticity, strain hardening, strain rate
effects and temperature are omitted or in few cases included very crudely, while these effects
are directly coupled in the finite element method. However, several authors have obtained
good agreement with experiments. The crushing response for a bow section can be estimated
by a hand calculator, while a numerical simulation may last weeks.

The theory of analytical crushing modelling is based on an simplified energy method, the
so-called ’kinematic method’ (Amdahl, 1983; Jones, 1989; Wierzbicki, 1983), which is an
extension of the ’upper bound theorem’ to finite deformations. The basic idea is that the
external work rate must equal the rate of internal energy dissipated into the structure by
plastic deformations. The list of authors who studied axial crushing of metal structures is
rather long and only a small fraction is given here. Amdahl (1983) studied axial crushing
of cruciforms, T-elements and circular shells and made experiments on 1:5 scale models
of ship’s bows and stiffened elliptic crosssections made of mild steel. Abramowicz (1983)
studied axial crushing of metal columns and in Abramowicz (1994) the crushing resistance
of Y-, T,- and X-sections was investigated. Wierzbicki and Abramowicz (1983) studied the
crushing behaviour of plate intersections. Wierzbicki (1983) studied the crushing response
of thin-walled structures and Wierzbicki (1999) extended the theory to include the crushing
response of structures with large aspect ratios.

Urban et al. (1999) performed experiments on cruciforms and T-sections made of aluminium
and found that the crushing response is dominated by fracture. Existing crushing models
rely on fully ductile material behaviour, i.e. fracture is not included and will consequently
not agree with the energy dissipated in an aluminium structure during crushing. The fol-
lowing chapter is concerned with the analytical crushing modelling of aluminium structures
subjected to fracture.

4.1 The Kinematic Method

In the limit load analysis of structures, two theorems for the collapse load are considered.

Lower bound theorem:

The structure can carry an external load or is at the point of collapse, if a
statically admissible stress state can be found so that the stress state is on or
inside the yield surface at every point of the structure.
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Upper bound theorem:

The structure cannot carry the external load and will collapse, if a kinematically
admissible displacement increment field exists, for which the work of external
forces exceeds the internal plastic work in the structure.

The lower bound theorem requires a statically admissible stress state, while the upper bound
theorem requires a kinematically admissible displacement increment field. If the two methods
yield the same collapse load, then an exact solution is found. The practical use of the lower
bound theorem is limited, since it is complicated to determine the stress field analytically
in a structure at the point of collapse, while in comparison with the upper bound theorem,
the admissible displacement increment field can be derived from a deformation mechanism.

The ’kinematic method’ is an approximation of the upper bound theorem, by extending the
displacement increments to finite deformations. Several authors, see Amdahl (1983),Wierzbicki
and Abramowicz (1983) have used the method to determine the dissipated energy in a struc-
ture during crushing and shown that the results agree surprisingly well with experiments.
The kinematic method is used in the following to determine the energy dissipated in a
structure during crushing.

From the upper bound theorem it follows that the external load applied to the deformable
structure must equal the rate of internal energy stored or dissipated in the structure:

P δ̇ = Ėi (4.1)

where P is the force in the direction of the displacement rate δ̇, Ėi is the rate of internal
energy and δ̇ is the displacement rate. The force P can be determined from

P =
Ėi

δ̇
(4.2)

if rates of internal energy Ėi and displacement δ̇ are known. The (̇)-notation indicates the
time derivative ∂()/∂t. Multiplying Eq. (4.1) by ∂t the energy balance is expressed in terms
of increments:

P dδ = dEi (4.3)
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4.2 Energy Dissipation in Plastic Deformations

The basis of the kinematic method is the calculation of the dissipated energy in plastic
deformations. Consider first the material behaviour. It is assumed that the material is rigid-
perfectly plastic, i.e. there is no strain hardening of the material and elastic deformations are
disregarded. For a material following the von Mises yield criterion, the plane stress version
is written as

Fvm = σ2
11 − σ11σ22 + σ2

22 + 3σ2
12 − σ2

o = 0 (4.4)

where σo is the uniaxial yield stress. In the present idealisation of the material behaviour, σo

is considered to be constant. In reality the flow stress σo is a function of the strain history
and the strain rate. As a first approximation the flow stress is taken as the average value of
the yield stress σy and the ultimate stress σu, σo = (σy + σu)/2. For a material obeying the
so-called ’normality rule’, the plastic strain rate is given as

ε̇p
ij = λ̇

∂F

∂σij

(4.5)

where λ̇ denotes a load increment and F is the yield surface. The ’normality rule’ implies
that if the yield surface is smooth, the plastic strain rate is in the direction of the outward
normal of the yield surface, which is called ’normality’.

By integrating over the volume, the rate of dissipated energy is given by

Ė =

∫
σij ε̇ijdV (4.6)

where dV is the volume element. For a rigid-plastic material, by use of Eqs. (4.4) and (4.5),
this reduces to

Ė =

∫
σoε̇eqdV (4.7)

where ε̇eq is the equivalent plastic strain rate given as

ε̇eq =

√
2

3
ε̇p

ij ε̇
p
ij (4.8)



4.3 Energy Dissipation in Bending and Membrane Deformation 71

For a problem in a state of plane stress, the dissipated rate of energy is given as

Ė =

∫
2√
3
σo

√
ε̇p,2
11 + ε̇p,2

22 + ε̇p
11ε̇

p
22 + ε̇p,2

12 dV (4.9)

Likewise, if the material follows Tresca’s yield function and it is in the state of plane stress,
the rate of dissipated energy is obtained in terms of principal strain rates:

Ė =

∫
σo{|ε̇p

1|, |ε̇p
2|, |ε̇p

1 + ε̇p
2|}maxdV (4.10)

4.3 Energy Dissipation in Bending and Membrane De-

formation

Consider a thin plate in a Cartesian coordinate system. The x- and y-coordinates are located
in the middle plane of the plate with the z-coordinate in the perpendicular direction, normal
to the middle plane. For a thin plate the two out-of-plane shear components ε13 � ε23 � 0
and the out-of-plane normal stress component σ33 � 0 are negligible and thus we may assume
plane stress condition. For the deformation of the plate area S the rate of internal dissipated
energy in terms of a bending and a membrane contribution is

Ėi = Ėm + Ėb =

∫
S

Nαβ ε̇αβdS +

∫
S

Mαβκ̇αβdS α, β = 1, 2 (4.11)

where Nαβ, Mαβ are components of the force and moment tensors and ε̇αβ, κ̇αβ are increments
of corresponding generalised strains and curvatures.

The usual strain definition for moderately large strains is applied in the following:

εαβ =
1

2
(uα,β + uβ,α) +

1

2
w,αw,β + zκα,β (4.12)

where uα is the in-plane displacement in the α-direction and w is the out-of-plane displace-
ment.

The instantaneous force can be calculated from Eq. (4.2) if the rate of dissipated energy
and the deformation rate are known, Ėi/δ̇. The remaining part of this section presents the
two basic deformation mechanisms observed in crushing experiments and the corresponding
expressions for Ėi/δ̇.
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4.3.1 In-plane Deformation of a Plate Strip

Consider the simple problem of a plate strip subjected to the uniaxial stress σ11. According to
the upper bound theorem a kinematically admissible displacement field is required. Assume

ux(x, y) = δ
x

L
(4.13)

Applying the strain definition from Eq. (4.12), the following constant strain field and the
corresponding strain rate field are obtained:

εxx =
δ

L
and ε̇xx =

δ̇

L
(4.14)

If the plate strip is free to contract in the y-direction then εii = 0 ⇒ εyy = −1/2εxx since
εzz = εyy. From Eq. (4.9) it follows that

Ėi = t

∫
S

σo

˙|δ|
L

dS

= σoBtδ̇ (4.15)

The quantity No = σot is denoted the plastic membrane force in the following. It should be
noted that the rate of internal dissipated energy is independent of the length of the deforming
zone L for rigid plastic material behaviour. For plane strain Eq. (4.9) gives

Ėi =
2√
3
σoBtδ̇ (4.16)

4.3.2 Bending Deformation of a Plate Strip

Consider now the bending of a plate strip of the width B and a Cartesian coordinate system
with x- and y-axes in the centre of the plate. For a change in curvature by κ̇ the strain
components are

ε11 = −zκ

ε22 = ε33 = −1

2
ε11
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and the corresponding strain rates are

ε̇11 = −zκ̇

ε̇22 = ε̇33 = −1

2
ε̇11 (4.17)

Using the von Mises yield criterion from Eq. (4.9) and that σ11 must be taken as −σo for
x3 <0 and σo for x3 >0, the rate of dissipated energy is given as

Ėi =

∫ x+∆x

x

{∫ t/2

−t/2

Bσo|zκ̇|dz

}
dx

= B

∫ x+∆x

x

σot
2

4
|κ̇|dx (4.18)

The quantity Mo = σot
2/4 is denoted the plastic moment in the following. If the rate of

curvature κ̇ has the same sign throughout the interval x to x + ∆x and as the curvature can
be defined as the change in the angle φ per length, then the rate of internal energy can be
written as

Ėi = MoB

∫ x+∆x

x

∣∣∣∣∣ ḋφ

dx

∣∣∣∣∣ dx = MoB|∆̇φ| (4.19)

In plane strain Eq. (4.19) gives

Ėi =
2√
3
MoB|∆̇φ| (4.20)

The equations show that for a rigid-plastic material the bending energy is independent of
the length of the bending hinge. It is only a function of the total change of angle over the
hinge and normally it is assumed that the hinge is discrete.

4.4 Axial Crushing of Plate Intersections

When a thin-walled structure is subjected to a load that exceeds the ultimate strength, the
structure will often deform in a regular folding pattern. Two examples of regular folding
patterns of thin-walled structures are given in Figure 4.1. Figure 4.1(a) shows the folding
behaviour of an aluminium square column after axial compression and Figure 4.1(b) shows
the bulbous bow of a vessel after a collision accident. It is seen, especially in Figure 4.1(a),
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(a) (b)

Figure 4.1: Regular folding pattern of thin-walled structures. (a) Folding behaviour of a
thin-walled aluminium square column. (b) Folding of bulbous bow after collision accident,
from Lehmann and Yu (1995).

that the folding pattern is characterised by a constant folding wavelength. The wavelength
is denoted H. Ideally, this means that each folding mechanism has a total length of 2H and
a new fold will be formed after an axial shortening of δ = 2H. The total folding length
is in reality shorter due to material thickness etc., and the crushing distance is defined as
δ = η2H where η expresses the relative effective crushing distance. This value is usually
taken to be η = 2/3, (Abramowicz, 1983). By considering an idealised folding mechanism,
that fulfils the restrictions of the upper bound method, the energy balance gives an average
force

Pm =
Ei

η2H
(4.21)

where Ei is the dissipated energy determined from a kinematically admissible strain field.
In the typical crushing behaviour of a structure, a long buckling wave is initially formed.
Exceeding the ultimate load, the structure starts to collapse and the crushing mechanism
will adjust itself to a level of instantaneous minimum energy dissipation by changing the
wavelength. This phenomenon can be modelled mathematically by minimising the dissipated
energy with respect to an idealised folding length, H. This method is referred to as ’least
upper bound’. The folding length can therefore be determined from a minimisation of the
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mean force Pm with respect to the folding length H:

∂Pm

∂H
= 0 (4.22)

It should be noted that in the mathematical simplification of crushing problems it is of-
ten assumed that the folding length H stays constant throughout the crushing. This is an
approximation to the real behaviour. Crushing experiments show that the initially formed
buckling wavelength is significantly longer than the plastic folding length generated during
crushing, and small variations in the length of the plastic wavelength are seen during the
crushing. The concept behind the analytical crushing modelling is that each plate intersec-
tion of the bow structure, in the axial direction, is considered as an isolated element with
no interaction with the neighbouring elements or plate intersections. Therefore, the total
energy dissipated in the structure during crushing can simply be calculated by summing the
energy for each of the elements identified between the frame sections of the bow. The most
common types of plate intersections in a ship’s structure are the L-element, the T-element
and the cruciform (X-element). Figure 4.2 shows the bow section of an HSC. The L-, T- and

Figure 4.2: Bow section of a HSC with plate intersections of L- and T-elements.

X-elements are identified at the deck and side plating intersections. The following section
presents the closed-form solutions for the basic crushing elements based on idealised folding
mechanisms and the kinematic energy method.
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4.4.1 Existing Crushing Models

Consider one fourth of the square column shown in Figure 4.1(a) and the simplest element,
namely the L-element is identified. Wierzbicki and Abramowicz (1983) analysed the folding
pattern of the square column and found that an idealised folding mechanism can be described
by the so-called ’sliding toroidal surface mechanism’. The mechanism is shown in Figure 4.3.
It is assumed in the analysis that a toroidal surface is formed in the plate intersection of the

Figure 4.3: Sliding toroidal surface mechanism of L-element.

flanges. The plastic energy dissipated in the mechanism is related to deformation processes
in the three marked areas in Figure 4.3. The first contribution of dissipated energy is related
to the extension and compression of the material shown in area 1. The energy dissipated in
area 2 is generated by the horizontal hinge lines. The energy dissipated in area 3 is related
to the vertical moving hinge line. The analysis by Wierzbicki and Abramowicz (1983) leads
to the following closed-form solution for the mean crushing force of an L-element:

Pm,L = 1.52σo
3

√
(ta + tb)(t2aca + t2bcb)(t2a + t2b)

1

η
(4.23)

for ta = tb = t and ca = cb = c the above reduces to

Pm,L

Mo

= 12.2 3

√
c

t

1

η
(4.24)



4.4 Axial Crushing of Plate Intersections 77

where t and c are the material thickness and the flange length and Mo and σo are the plastic
bending moment and the flow stress respectively.

Amdahl (1983) analysed the crushing behaviour of T-elements and cruciforms and found
that the folding pattern of the cruciform element can be described by a so-called ’straight
edge mechanism’, and that the T-element will collapse in a combination of a sliding toroidal
surface mechanism shown previously and a so-called ’one flange extension mechanism’. The
derivations of the following closed-form solutions for T- and cruciform elements are presented
in detail in Appendix B, and the expressions are given on a more general form than originally
presented by Wierzbicki and Abramowicz (1983), Abramowicz (1983) and Amdahl (1983).

The straight edge mechanism and the one flange extension mechanism are shown in Fig-
ure 4.4. Consider the straight edge mechanism first. The basis for the idealised folding

(a) (b)

Figure 4.4: Idealised folding mechanisms for T- and cruciform elements. (a) The straight
edge mechanism. (b) The one-flange mechanism.

mechanism is that the intersection line between the flanges will remain vertical and straight
during the deformation. It is assumed that all deformations are localised in the triangular
sections with in-plane deformations and the forming of hinge lines. The triangular sections
are defined by the plastic wavelength H and by the distance kH in the horizontal direction.
The idealised folding mechanism is shown in detail in Figure 4.5. The energy dissipated in
the mechanism is related to three types of deformations. Bending of the horizontal plastic
hinges, membrane deformation of the two triangular areas I and II and, finally, bending of
the inclined and vertical hinges. From the analysis by Amdahl (1983) it follows that the
mean crushing force for a cruciform element is

Pm,X = σo

(
5.70t3/2c1/2 + 1.43t2

) 1

η
= Mo

(
22.80

√
c

t
+ 5.73

)
1

η
(4.25)
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Figure 4.5: Idealised folding mechanism for cruciform element, the straight edge mechanism.

The collapse mode of the one flange extension consists of three basic mechanisms, see Fig-
ure 4.4(b). The forming of horizontal hinge lines, a stretching zone in the flange and a
stretching of the material which originally forms the intersection of the flanges. Following
the analysis by Amdahl (1983), the closed-form solution for the mean crushing force of a
T-intersection is given as

Pm,T = 3.48σo
3
√

t5c
3

√[
0.87 + 0.69

(c

t

)1/4
]2

1

η

= 13.93Mo
3

√
c

t
3

√[
0.87 + 0.69

(c

t

)1/4
]2

1

η
(4.26)

If we on the other hand assume that the T-element will collapse in the straight edge mech-
anism mode then the dissipated energy is simply

ET =
3

4
EX ⇒ Pm,T =

3

4
Pm,X (4.27)

where ET and EX are the total energies dissipated in the T- and the cruciform element
respectively, and the mean crushing force is hence

Pm,T = σo

(
4.27t3/2c1/2 + 1.08t2

) 1

η
= Mo

(
17.10

√
c

t
+ 4.30

)
1

η
(4.28)

Amdahl (1983) performed crushing experiments on cruciform elements and found good agree-
ment with the theoretical predictions. It is, however, questionable if the models are valid
for a crushing response dominated by fracture as the analytical models are based on a fully
ductile material behaviour.
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4.5 Full-scale Experiments on Aluminium Intersections

Experiments were conducted on full-scale aluminium plate intersections in order to compare
the crushing response with the existing models. The test series consisted of three T-elements
and three cruciforms of a plate thickness ranging from t = 4mm to 12mm. This covers the
typical thickness range used in an aluminium HSC structure. The t = 4mm and t = 8mm
intersections were made of a 5083-T2 aluminium alloy and the t = 12mm intersections were
made of a 6061-T6 alloy. The stress-strain curves are shown in Figure 4.6. The 5083-T2
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Figure 4.6: Stress-strain curves for 5083-T2 and 6061-T6 aluminium alloys. (a) t = 4mm.
(b) t = 12mm.

alloy is the most ductile of the two materials, while the flow stress is higher for the 6061-T6
alloy. The average flow stresses are σo = (σu + σy)/2 = 234MPa and σo = 303MPa. The
dimensions of the aluminium intersections are given in Table 4.1

Table 4.1: Dimensions of full-scale aluminium plate-intersections. Plate thickness (t), flange
width (c), height of element (h) and width-over-thickness ratio (c/t).

Element type t(mm) c(mm) h(mm) c/t

X-element 4 70 180 18

X-element 8 140 360 18

X-element 12 210 210 18

T-element 4 70 180 18

T-element 8 140 360 18

T-element 12 210 210 18

The experiments were performed in the test facility at DTU in Denmark. The plate intersec-
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tions were compressed axially in a hydraulic press with a capacity of 10, 000kN , and values
of compressive loads and displacements were measured with a PC during the test. A small
compression velocity was used in order to obtain a quasi-static crushing response. Figure 4.7
shows the collapse mechanism of the t = 8mm cruciform.

(a) (b)

Figure 4.7: Crushing behaviour of aluminium cruciform of a plate thickness t = 8mm. (a)
Before fracture initiation at a shortening of δ = 15mm. (b) After fracture initiation at a
shortening of δ = 44mm.

(a) (b)

Figure 4.8: Fractured flange of t = 8mm aluminium cruciform.

The collapse mechanism before fracture onset in Figure 4.7(a) is identified as being close to
the straight edge mechanism, since the intersection line of the flanges remains straight, while
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at the same time horizontal plastic hinges and in-plane deformations are generated. After
a certain point fracture starts and two vertical crack fronts are generated. It is seen that
the onset of fracture clearly changes the folding mechanism as membrane forces are relieved
due to the separation of the flanges. The collapse mechanism after fracture onset is thus
dominated by bending action in the horizontal plastic hinge lines.

Figure 4.8 shows one of the fractured flanges of the t = 8mm aluminium cruciform. It is
seen that fracture is located in the virgin material next to the welds as well as in the welds.
The crack propagation seems to follow the direction of the intersection line consistently and
at a certain point cracks are formed in the plastic hinge due to bending strains.

Figure 4.9 shows the crushing behaviour of the t = 8mm T-element. The initial collapse

(a) (b)

Figure 4.9: Crushing behaviour of aluminium T-element of a plate thickness t = 8mm. (a)
Before fracture initiation. (b) After fracture initiation.

mechanism in Figure 4.9(a) is identified as the straight edge mechanism while at further
compression a secondary collapse mechanism is initiated. However, the crushing response
is still dominated by the forming of plastic hinges and in-plane deformations close to the
intersection line. The experimental load-displacement curves are shown in Figure 4.10 for
the t = 4mm and t = 8mm intersections. Fracture initiation is seen in the curves as an in-
stantaneous drop in compressive force. At fracture initiation the forces decrease significantly
by more than 50% for the cruciform intersections, while this effect is less pronounced for the
T-intersections. The experimental results are compared with the existing crushing models
in terms of an instantaneous crushing force in Figure 4.10. The instantaneous crushing force
is based on the existing analytical crushing models and given in Appendix B. An effective
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Figure 4.10: Experimental load-displacement curves for aluminium intersections and exist-
ing analytical crushing models. (a) t = 4mm. (b) t = 8mm.

crushing distance of η = 1 is used. The existing crushing models underpredict the crushing
forces in the initial part of the crushing while the agreement is better after fracture starts.

The experiments clearly show that the crushing behaviour of aluminium intersections is
dominated by fracture and therefore has to be included in the analysis.

4.6 Analytical Crushing Models with Fracture

New analytical crushing models which take the effect of fracture into account are proposed
in the following. The closed-form solutions are based on the simplified upper bound energy
method, the kinematic method. The analysis is based on the following assumptions:

(i) The material is rigid-perfectly plastic with an average flow stress, σo.

(ii) The plane stress state is governed by the von Mises yield condition and the associated
flow rule.

(iii) Only axial compression is considered so that the rate of external work is Ėe = P δ̇, where
P is the instantaneous force and δ̇ is the corresponding rate of displacement.

(iv) The folding process is determined by a constant plastic folding wavelength H.

The crushing behaviour before and after fracture onset is considered separately in the fol-
lowing analysis.
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4.6.1 Crushing before Fracture

The experiments show that the crushing behaviour is governed by the forming of a system of
stationary hinge lines and by localised deformation near the intersection line of each flange.

Figure 4.11: Idealised folding mechanism for cruciform.

A kinematically admissible deformation model for the crushing behaviour is shown in Fig-
ures 4.11 to 4.12.

The flange length is denoted c, H is the plastic folding wavelength and β is the angle rotation
of the horizontal plastic hinges. The crushing distance is given by

δ = 2H(1 − cos β) (4.29)

The angle rotation β is the controlling parameter in the deformation process. The present
idealised folding mechanism implies that energy is dissipated by membrane deformation
of the triangular areas and bending deformation in the plastic hinge lines. Consider for
simplicity one flange in the following analysis. The deformation process of the triangular area
next to the flange intersection is shown in Figure 4.12. It is assumed that the plastic region
ABC of membrane deformations is triangular and defined by the plastic folding wavelength
and the distance CB = H. A local coordinate system (ξ, η) is defined with its origin at
point C. The coordinate system is located in the plane of the shell and rotates during the
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Figure 4.12: Simplified model of the localised deformation in plate intersections.

deformation in order to stay fixed in the plane of the deformed shell. The displacements of
points A and B are

uB
ξ = uo

ξ = uξ(H, 0) = H

(√
1 + sin2 β − 1

)

uA
η = uo

η = uη(0, H) = −δ

2
= −H(1 − cos β) (4.30)

and the corresponding velocities are

u̇o
ξ = H

sin β cos β√
1 + sin2 β

β̇

u̇o
η = −H sin ββ̇ (4.31)

From the triangular shape of the plastically deformed region the velocity fields of displace-
ments are linear functions of ξ and η. The velocities are given as

u̇ξ(ξ, η) = u̇o
ξ

ξ

H

u̇o
η(ξ, η) = u̇o

η

η

H
(4.32)
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From the definition of strain rates it follows that

ε̇ξξ =
∂u̇ξ

∂ξ
=

u̇o
ξ

H
=

sin β cos β√
1 + sin2 β

β̇

ε̇ηη =
∂u̇η

∂η
=

u̇o
η

H
= − sin ββ̇ (4.33)

ε̇ξη =
1

2

(
∂u̇ξ

∂η
+

∂u̇η

∂ξ

)
= 0

It should be noted that shear stresses vanish. The rate of dissipated energy is calculated
from the plane stress, von Mises yield criterion and the associated flow rule

Ėi =
2√
3
σot

√
ε̇2

ξξ + ε̇2
ηη + ε̇ξξε̇ηη + ε̇2

ξη

=
2√
3
σot

{
sin2 β cos2 β

1 + sin2 β
+ sin2 β − sin2 β cos β√

1 + sin2 β

}1/2

β̇ (4.34)

The square root in Eq. (4.34) cannot be integrated analytically but has to be determined
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Figure 4.13: Approximation of dissipated energy rate function for membrane deformation.
(a) g′(α). (b) g(α).

numerically. The square root term from Eq. (4.34) is denoted g′(β) in the following and
numerically integrated in Figure 4.13(b). The integral is approximated by a third order
polynomial given as

g(β) = −0.273β3 + 0.939β2 + 0.008β (4.35)
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The approximation is compared with the original function in Figure 4.13(a) and it is seen
that the approximated solution agrees well with the original. By integration of the rate
of dissipated membrane energy over the deformed material volume (tH2/2) and over the
deformation history β = 0 to β = βf , where βf is the end of the deformation process, the
dissipated membrane energy becomes

Em =
2√
3
σot

H2

2

{
Aβ3

f + Bβ2
f + Cβf

}
(4.36)

where A=-0.273, B=0.939 and C=0.008.

When the inclined hinge lines are neglected, the bending energy from the four horizontal
hinge lines is

Eb = 4cMoβf (4.37)

By application of the upper bound theorem, the work associated with the external load must
equal the internal dissipated energy during the deformation process:

Pmδf = Eb + Em (4.38)

and with δf = 2H(1 − cos βf ) it follows that

Pm =
2c

H
Mo

βf

1 − cos βf

+
tH

2
√

3
σo

Aβ3
f + Bβ2

f + Cβf

1 − cos βf

(4.39)

It is seen that the force Pm is both a function of the deformation history variable βf and the
plastic folding wavelength H. The value of Pm can now be minimised on the basis of the
fully deformed process at β = π/2 or on the basis of the actual deformation state. As men-
tioned previously, the plastic folding length is often assumed to remain constant throughout
the entire crushing, which is contrary to observations. Experiments show that the folding
wavelength does not remain constant but varies depending on the state of deformation. The
average crushing force is minimised by

∂Pm

∂H
= 0 (4.40)

where H minimises Pm for 0 < β < βf . From the minimisation it follows that the folding
wavelength becomes

H2 =

√
3ct

Aβ2
f + Bβf + C

(4.41)
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Figure 4.14: Normalised minimum crushing force and folding wavelength as functions of
deformation angle. (a) Normalised crushing force, Pm. (b) Normalised folding wavelength,
H.

and the minimised force becomes

Pm =

√
ct3√

3
σo

√
Aβ4

f + Bβ3
f + Cβ2

f

1 − cos βf

(4.42)

The normalised crushing force and folding wavelength are depicted in Figure 4.14. It is seen
that the folding wavelength is a weak function of the deformation angle in the range 0.5 to
1.5. In this range the average folding length is approximately

H = 1.32
√

ct (4.43)

The crushing force for a cruciform element is simply determined by summing the dissipated
energy from four flanges:

Pm,X = 4Pm = 4

√
ct3√

3
σo

√
Aβ4

f + Bβ3
f + Cβ2

f

(1 − cos βf )
(4.44)

By assuming a T-intersection fold in the same idealised folding mechanism as a cruciform
intersection the crushing force is given as

Pm,T = 3Pm = 3

√
ct3√

3
σo

√
Aβ4

f + Bβ3
f + Cβ2

f

(1 − cos βf )
(4.45)
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4.6.2 Crushing after Fracture

The experiments show that fracture starts in the material close to the intersection line. Two
cracks are formed, each propagating along the intersection line of the flanges. An idealised
folding mechanism for the fractured crushing behaviour is shown in Figure 4.15.

Figure 4.15: Idealised folding mechanism for a fractured flange.

Four different hinge lines are considered in the mechanism. These are l1 and l4, which are
the horizontal hinge lines. Rebending of the inclined hinge line l2 occurs, while a new hinge
line l3 is formed due to bending of the previously plane triangular area. The lengths and
rotations of the four hinge lines are given in Table 4.2

Table 4.2: Lengths and rotations of hinge lines.

i li θi

1 c − H π/2 − βf

2
√

2H φtot

3 H π/2

4 c π/2 − βf

where

φη = arctan (sin βf ), φξ = βf , φtot ≈
√

φ2
η + φ2

ξ =
√

2βf (4.46)
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and βf is the angle deformation at fracture. If one flange is considered , the dissipated energy
in bending deformation is calculated by

Eb = {2(c − H)(π/2 − βf ) + 4Hβf + Hπ + 2c(π/2 − βf )}Mo (4.47)

The dissipated membrane energy is zero in the idealised deformation mechanism and as the
work from the external load must equal the internal dissipated energy the crushing force is
calculated by

Pmδf = Eb (4.48)

where the crushing distance from β = βf to π/2 is given as

δf = 2H cos βf (4.49)

As the membrane contribution is zero in the considered folding mechanism, the plastic
folding wavelength cannot be determined by minimisation. At the onset of fracture the
folding length is determined by the unfractured crushing response. Therefore the folding
wavelength from Eq. (4.43) is used. For a cruciform intersection with dissipated bending
energy from four flanges, the crushing force is

Pm,X = Mo

{
6.06

√
c

t
(π/2 − βf ) + 12βf

}
/ cos βf (4.50)

The mean crushing force for a T-intersection is calculated by considering three flanges instead
of four for the cruciform. The mean crushing force for a T-element becomes

Pm,T = Mo

{
4.55

√
c

t
(π/2 − βf ) + 9βf

}
/ cos βf (4.51)

This completes the energy calculations and the crushing forces before and after fracture
initiation can now be calculated on the basis of the presented closed-form solutions. The
remaining unknown parameter is the angle deformation at fracture βf , which is determined
in the following.
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4.6.3 Fracture Initiation Model

Numerical simulations of upsetting tests in Chapter 3 showed that the fracture criterion
by Cockcroft and Latham (1968) predicts the onset of fracture in aluminium with good
accuracy. The mathematical formulation of the criterion is rather simple and the criterion
can be applied analytically.

The stress state of the flange, near the intersection line, is assumed to be a state of plane
stress. Consider the idealised local collapse mechanism in Figure 4.16. The stress state is in
the fourth quadrant of the plane stress space (tension/compression) as the stress component
in the η-direction is in compression, while the stress component in the ξ-direction is in
tension. Recalling the upsetting tests, with plane stress state on the surface of the cylinder,
compressive stresses in the load direction and tensile stresses in the circumferential direction.
The stress state of the compressed cylinder is consequently similar to that in the flange of the
considered plate intersection and hence the fracture criterion by Cockcroft-Latham might
correctly predict the onset of fracture of plate intersections during axial crushing. Based
on these considerations the fracture criterion by Cockcroft and Latham (1968) is applied
analytically in the following.

The simplified model of the deformation mechanism before fracture initiation is shown in
Figure 4.16. From the previous section the strain rates are given by Eq. (4.34).

Figure 4.16: Simplified model of the localised deformation in plate intersections.

ε̇ξξ =
sin β cos β√
1 + sin2 β

β̇

ε̇ηη = − sin ββ̇ (4.52)

ε̇ξη = 0
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The total strains are found by integrating over the deformation process:

εξξ =

∫ βf

o

ε̇ξξ(β)dβ =
√

1 + sin2 βf − 1

εηη =

∫ βf

o

ε̇ηη(β)dβ = −(1 − cos βf ) (4.53)

εξη = 0

Bending strains are zero along the η-axis at ξ = 0 as the intersection line remains straight
during the deformation process. However, bending strains are present along the ξ-axis. It is
assumed that the bending deformation is localised to the area ABC and that the curvature
is equally distributed along CB, see Figure 4.16. From the kinematics in Figure 4.16 the
radius R of the curve is given as

R = H
1 + sin2 β

2 sin β
(4.54)

and the curvature κηη is

κηη =
1

R
=

2 sin β

1 + sin2 β

1

H
(4.55)

The bending strain in the ξ-direction is

εb
ξξ =

t

2
κηη =

t

H

sin β

1 + sin2 β
(4.56)

and εb
ηη = εb

ξη = 0. It should be noted that the bending strain is a function of the wavelength
while the membrane strains are independent. The resulting theoretical strain path, based
on Eqs. (4.53) and (4.56), is shown in Figure 4.17.

It is seen that the average slope of the theoretical strain path is approximately -1. In order
to obtain an analytical solution, an approximated strain path with a slope of -1 is used in
the following. This approximation is investigated further in Chapter 5.

α =
ε̇ξξ

ε̇ηη

= −1 ⇒ ε̇ξξ = −ε̇ηη, εξξ = −εηη (4.57)

From the von Mises yield criterion and the normality rule it follows that

σξξ = −σηη (4.58)
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Figure 4.17: Strain path from simplified strain model.

The plane stress yield criterion is

σ2
ξξ + σ2

ηη − σξξσηη = σ2
o ⇒ σξξ =

σo√
3

(4.59)

The flow rule and the yield criterion implies that shear stresses vanish and the principal
stress becomes

σI = σξξ (4.60)

The equivalent strain rate is

ε̇eq =
2√
3

√
ε̇2

ξξ + ε̇2
ηη + ε̇ξξε̇ηη + ε̇2

ξη =
2√
3
ε̇ξξ = − 2√

3
ε̇ηη (4.61)

as ε̇ξη = 0 and ε̇ξξ = −ε̇ηη. Inserting into the fracture criterion in Eq. (3.42) and using the
compressive strain velocity from Eq. (4.53), it follows that

εo =

∫ βf

o

−1

2
sin βdβ =

1

2
(1 − cos βf ) (4.62)

where εo is a fracture constant. From the global kinematics of the plate intersection the
axial crushing distance at fracture initiation is δf = 2H(1− cos βf ). Eliminating βf between
Eq. (4.62) and the global kinematics, the following expression for the fracture initiation is
obtained:

δf = 4Hεo (4.63)
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where the wavelength H according to Eq. (4.43) is given as

H � 1.32
√

ct for 0.5 < βf < 1.5 (4.64)

The analytical crushing modelling for cruciform and T-intersections is then completed and
the theoretical models can be compared to the experiments. The mean crushing force before
fracture initiation is given by Eqs. (4.44) and (4.45), the crushing force after fracture is given
by Eqs. (4.50) and (4.51) and the onset of fracture is given by Eq. (4.63). It only remains
to determine the fracture constant.

The fracture constant is obtained from a tensile test. According to Eq. (3.42), with a uniaxial
state of stress σx = σI = σe, the fracture constant is εo =

∫
3σI/4σedεeq = 3/4

∫
dεeq =

3/4εeq. This is only true if there is no necking, as necking of the specimen will produce an
increase of the triaxiality. The effect of this is on the other hand considered to be small
because limited necking at fracture was observed for the tested aluminium specimen in the
present chapter. The fracture constant can alternatively be determined from a numerical
simulation as shown in Chapter 3. The accumulated effective plastic strain is found by
measuring the fractured cross-sectional area of the t = 4mm and t = 8mm aluminium
specimen. The following values are found, εo = 3/4 0.34 = 0.25 for t = 4mm and εo = 0.23
for t = 8mm, respectively.

4.6.4 Material Flow Stress

The average material flow stress is determined for the t = 4mm, 8mm and 12mm aluminium
intersections in the following.

Consider first the average membrane flow stress. The average membrane flow stress, σo,m,
is given by the material curve based on the average accumulated equivalent strain for the
membrane deformation, εeq,m,av. From the analysis of the crushing behaviour before fracture
initiation, it follows from Eq. (4.34) that the rate of equivalent plastic strain is given as a
function of the deformation angle β.

ε̇eq,m =
2√
3

{
sin2 β cos2 β

1 + sin2 β
+ sin2 β − sin2 β cos β√

1 + sin2 β

}1/2

β̇ (4.65)

The accumulated equivalent plastic strain is found by numerical integration of Eq. (4.65)
and is presented in Figure 4.18. The average value of the accumulated equivalent plastic
strain is calculated from

εeq,m,av =

∫ βf

0

εeq,m(β)dβ/βf (4.66)
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Figure 4.18: Accumulated equivalent plastic strain.

The average accumulated plastic strain in membrane deformation is given in Figure 4.19.
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Figure 4.19: Average accumulated equivalent plastic strain.

The deformation angle βf at fracture is given as

βf = arccos

(
1 − δf

2H

)
(4.67)

where the compressive displacement at fracture initiation δf is given by Eq. (4.63) and
the folding wavelength H is given in Eq. (4.64). The average flow stress associated with
membrane deformation is given in Table 4.3 for the three materials.

Bending of the flanges is modelled as discrete hinge lines, in the idealised crushing model.
In order to find an average bending strain, it is assumed that the bending deformation is
equally distributed along the plastic wavelength H as shown in Figure 4.20.
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Table 4.3: Membrane flow stress.

Material 4mm 8mm 12mm

εf 0.33 0.31 0.27

εo 0.25 0.23 0.20

βf 1.04 1.00 0.93

εeq,m,av 0.27 0.25 0.23

σo,m (MPa) 310 290 365

Figure 4.20: Bending deformation in intersection flange.

From the geometry, the radius R of the curved line S is given as

R =
H

4 sin β
(4.68)

The curvature rate κ̇ is given as

κ̇ =
1

Ṙ
=

4 cos β

H
β̇ (4.69)

The bending strain rate is given as

ε̇b(z) =
4z

H
cos ββ̇ (4.70)
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On the assumption of plane stress and ε̇ξξ = ε̇b(z), ε̇ηη = −1
2
ε̇ξξ and ε̇ξη = 0 the equivalent

strain rate becomes

ε̇eq,b =
2√
3

√
ε̇2

ξξ + ε̇2
ηη + ε̇ξξε̇ηη =

4

H
cos βzβ̇ (4.71)

The accumulated plastic strain over the entire deformation process is then

εeq,b(β) =
4

H
sin β (4.72)

The average accumulated equivalent bending strain is

εeq,b,av(βf ) =
2

tβ

∫ t/2

o

∫ βf

o

εeq,b(z)dβdz =
t

H

1 − cos βf

βf

(4.73)

The average flow stress of membrane and deformation is given as

σo =
√

σm,oσb,o (4.74)

The resulting flow stresses are given in Table 4.4.

Table 4.4: Flow stress.

t (mm) εeq,b,av σb,o (MPa) σm,o (MPa) σo (MPa)

4 0.09 270 310 290

8 0.08 250 290 270

12 0.08 350 365 360

4.7 Comparison with Experiments and Concluding re-

marks

The crushing forces calculated by the analytical models are compared with experiments in
Figure 4.21.
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Figure 4.21: Predicted crushing forces versus experiments. (a) t=4mm. (b) t=8mm.

It is seen that the analytical models qualitatively give a good prediction of the fracture
dominated crushing response. The resulting mean crushing forces are calculated over a
length corresponding to 2H and compared with experiments in Table 4.5. The calculated

Table 4.5: Calculated mean crushing forces versus experiments.

Element Prediction Experiment

Cruciform, t=4mm 96kN 101kN

T-element, t=4mm 72kN 70kN

Cruciform, t=8mm 360kN 322kN

T-element, t=8mm 270kN 281kN

crushing forces agree surprisingly well with the experiments and the analytical results are
within 3-12% of the experimental values of the mean crushing forces. The calculated crushing
force before fracture initiation agree well with the experiments, while the crushing force after
fracture initiation is slightly overestimated by the models. The predicted onset of fracture
in terms of displacement (end-shortening) is compared with experiments in Table 4.6.

The present chapter shows that a fracture dominated crushing behaviour of aluminium plate
intersections is significantly different from that of a structure made of ductile metal without
fracture during the deformation. Comparison with existing analytical crushing models gives
a poor agreement with the measured values of crushing forces. On the basis of experimental
observations and the theory of analytical crushing modelling, new closed-form solutions for
cruciforms and T-intersections are developed. An analytical model for the fracture onset is
developed on the basis of an idealised folding mechanism and the Cockcroft-Latham fracture
criterion, which was validated for a negative triaxiality in the previous chapter. A comparison
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Table 4.6: Displacement at onset of fracture. Prediction versus experiments.

Element Prediction Experiment

Cruciform, t=4mm 21.1mm 19.0mm

T-element, t=4mm 21.1mm 25.7mm

Cruciform, t=8mm 39.0mm 39.7mm

T-element, t=8mm 39.0mm 54.9mm

with the crushing experiments conducted on full-scale aluminium plate intersections shows
that the analytical crushing models agree well. The analytical crushing models are used in
the following chapter to analyse the crushing responses of two HSC bow structures.



Chapter 5

Numerical Crushing Simulations of
Aluminium Structures

Several fracture criteria and methods were reviewed in Chapter 3 and three of these were
tested against experiments. The study shows that a combined fracture criterion by Rice and
Tracey (1969) and Cockcroft and Latham (1968), referred to as the RTCL fracture criterion,
agrees well with experiments for a wide range of stress states.

The crushing responses of various aluminium structures are analysed in the following chapter
by use of numerical tools. Crushing simulations are performed by the commercial, non-linear
explicit FE-program LS-DYNA and the implemented RTCL fracture criterion in order to
include fracture in the response. The aim of the study is to validate the new RTCL fracture
criterion in crash analysis. The simulations are compared with the experiments on full-scale
aluminium intersections and the crushing experiments on aluminium box sections performed
by Amdahl and Stornes (2001). The results from experiments and numerical simulations
are compared with the developed analytical crushing models. In order to test the analytical
models for large assembled aluminium structures, the crushing behaviour of two HSC is
simulated by LS-DYNA. The results are compared with the existing rules in IMO (2000) for
acceleration and damage extent.

5.1 Simulations of Full-scale Aluminium Intersections

In this section, numerical simulations of the experiments on full-scale aluminium intersec-
tions are presented. The tests and specimens are described in Chapter 4. The experiments
show that fracture has a significant effect on the crushing response and therefore should be
included. The fracture criterion is calibrated in the following.

99
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5.1.1 Calibration of RTCL Fracture Criterion

Tensile tests have been conducted on the materials t = 4mm, 8mm and 12mm corresponding
to the aluminium intersections. The fracture criterion is calibrated by numerical simulations
of the tensile tests. The total elongation at fracture obtained from the tensile test is applied to
the FE-model and the critical fracture value is given directly from the implemented material
user subroutine at the point of fracture. The mesh sensitivity of the calibrated fracture
value is investigated by use of three different coarseness of the FE-models. The element side
length lel varies from 2.4mm to 6mm. The FE-models of the t = 8mm specimen are shown
in Figure 5.1.

(a) (b) (c)

Figure 5.1: FE-models of t = 8mm specimen. (a) Coarse mesh, lel=6.0mm. (b) Medium
mesh, lel=4.3mm. (c) Fine mesh, lel=2.4mm.

The constitutive material behaviour is determined from the nominal stress-strain curve. The
true stress-strain curve is calculated from

ε = ln (1 + e) and σ = s(1 + e) (5.1)

where s and e are the nominal stress and strain from the tensile test and ε and σ are true
values of stress and strain. The material behaviour can either be given to LS-DYNA in terms
of a power hardening material law or directly in terms of the obtained true stress-strain curve.
The advantage of using the true material curve directly is obviously that certain values are
direct measurements, while on the other hand the power law model is an approximation to
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the material behaviour. However, it is often preferred to use the power law model since this
model provides an extrapolation of the material behaviour after the onset of necking. The
power hardening material law is written

σe = Kεn
eq (5.2)

where n is the hardening exponent, K is a constant, σe is the effective von Mises stress and
εeq is the equivalent strain. n and K are determined from the true stress-strain curve, before
necking. The true stress-strain curves and the corresponding power hardening material laws
are shown in Figure 5.2. It is seen that the power hardening material model provides a good
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Figure 5.2: True stress-strain curves and power hardening material curves. (a) 5083-T2
aluminium alloy, t=4mm and t=8mm. (b) 6061-T6 aluminium alloy, t=12mm.

approximation to the material behaviour before onset of necking. It should be noted that the
material properties of the 5083-T2 alloy have a weak dependency on the material thickness.
The obtained values of n and K are given in Table 5.1

Table 5.1: Values of n and K for 5083-T2 and 6061-T6 aluminium alloys.

n K (MPa)

t=4mm, (5083-T2) 0.29 602

t=8mm, (5083-T2) 0.29 585

t=12mm, (6061-T6) 0.19 619

If the true stress-strain curve is used directly, instead of using the power law, it implies that
the material behaviour after necking has to be approximated. A rational way of doing this
is to adjust the material curve after necking until the numerical force-displacement curve
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agrees with the experiment. This approach is called the ’modified material curve’ in the
following.

In the present study, the stress-strain curves have been extrapolated beyond the point of
necking, and the three specimens t = 4mm, 8mm and 12mm have also been simulated by
the power hardening law. Figure 5.3 shows the deformed mesh of the coarse FE-model of
the t = 8mm specimen. The diffuse necking behaviour, seen as a local decrease of the width

Figure 5.3: Numerical simulation of t=8mm aluminium specimen with a diffuse neck. Coarse
FE-model.

in the centre of the FE-model, is correctly simulated in the numerical calculation by the
modified true stress-strain curve, while the power law model fails to predict the necking
behaviour. It should be noted that a localised neck was not created in the specimens during
the tensile tests, as fracture initiated before this state was reached. The diffuse necking
behaviour observed in the experiments and the associated decrease in the cross sectional area
are generally smaller compared to for example the necking behaviour observed in ductile steel
specimens. The width of the necked section in Figure 5.3 is w = 26.2mm, which agrees well
with the measured width of w = 26.35mm of the fractured cross-section. The experimental
force-displacement curve and the numerical simulations by the two material models are
presented in Figure 5.4.

It is seen that the power hardening material law fails to predict the onset of necking in
terms of a decreasing force. This is correctly simulated by the modified material model. The
simulations show that the slope of the resulting stress-strain curve, see Figure 5.4(b), has to
be decreased after a strain corresponding to the necking onset in order to predict correctly
the onset of diffuse necking. The calibrated fracture constant for the RTCL fracture criterion,
Eq. (3.46), is given in Table 5.2 for the three different meshes.

Table 5.2: Mesh sensitivity of calibrated fracture constant for t=8mm.

D

Coarse mesh, lel=6.0mm 0.27

Medium mesh, lel=4.3mm 0.26

Fine mesh, lel=2.4mm 0.26



5.1 Simulations of Full-scale Aluminium Intersections 103

0

20

40

60

80

100

0 5 10 15 20 25 30

Fo
rc

e 
(k

N
)

Displacement, δ (mm)

Tensile test
Power law

Modified material curve

(a)

0

50

100

150

200

250

300

350

400

450

500

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

σ 
(M

Pa
)

ε (%)

Power law
Modified material curve

(b)

Figure 5.4: (a) Numerical calculation of force-displacement curve versus experiment for
t=8mm. (b) Resulting true stress-strain curve and power hardening material law.
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Figure 5.5: Calculated force-displacement curves versus experiments. (a) t=4mm. (b)
t=12mm.

The calibrated fracture constant is more or less insensitive to the mesh size. The calcu-
lated force-displacement curves for the t = 4mm and t = 12mm specimens are shown in
Figure 5.5. The material model with the modified material curve correctly calculates the
onset of necking, which is not the case of the power hardening material law. The calibrated
fracture values are given in Table 5.3 for different mesh sizes.

The calibrated fracture constants are used in the crushing simulations of the full-scale alu-
minum plate intersections.
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Table 5.3: Mesh sensitivity of calibrated fracture constants for t=4mm and t=12mm.

t=4mm D

Coarse mesh, lel=10.7mm 0.31

Medium mesh, lel=4.6mm 0.31

Fine mesh, lel=2.1mm 0.31

t=12mm D

Coarse mesh, lel=8.8mm 0.27

Medium mesh, lel=5.3mm 0.33

Fine mesh, lel=2.1mm 0.39

5.1.2 Strain Rate Effects in Aluminium

The yield criterion, which governs the plastic flow stress, is assumed to be independent of
the strain rate ε̇. However, the plastic flow stress of some materials is sensitive to the strain
rate, also called viscoplastic behaviour. It is well known that for example mild steel exhibits
significant strain rate sensitivity. By increasing the strain rate from say 0.2s−1 to 100s−1, the
initial yield stress in mild steel doubles and it is obvious that this effect has to be included,
when the crushing response of steel structures at high speed is considered.

The behaviour of aluminium is significantly different in comparison to steel and it is com-
monly assumed that aluminium is strain rate insensitive. Figure 5.6 shows the compressive
material behaviour at different strain rates for a 6061-T6 aluminium alloy. It is seen that

Figure 5.6: Dynamic uniaxial compression tests on aluminium 6061-T6, 1 unit of ordinate
is 103lbf/in2, from Jones (1989).

the aluminium alloy is essentially strain rate insensitive in the interval of 0.009s−1 to 910s−1.
This agrees well with observations by Yadav et al. (1995), who found that the material is
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strain rate insensitive below strain rates of 103s−1. Some authors even report that some
aluminium alloys exhibit negative strain rate behaviour, see Rashkeev et al. (2002),Mukai
et al. (1995).

(a) (b)

Figure 5.7: Rate sensitivity of aluminium 6061-T6 alloy. (a) Dependency of strain rate of
6061-T6 alloy, from Lee and Lin (1997). (b) Rate sensitivity diagram for 6061-T6 alloy at a
fixed strain of 6%, comparison with other experimental results, from Yadav et al. (1995).

Figure 5.8: Percentage increase in the plastic flow stress at ε=0.06 between ε̇ = 10−3s−1 and
ε̇ = 103s−1 for various aluminium alloys. σo is the static plastic flow stress and σ′

o is the
dynamic plastic flow stress. 1 unit of ordinate is 103lbf/in2, from Jones (1989).

Mukai et al. (1995) tested an IN905XL aluminium alloy and found that the material exhibited
a negative strain rate sensitivity of the flow stress up to 10s−1. However, the conclusion was
that the flow stress is a weak function of strain rates below 10s−1 and that it is a strong
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positive function of strain rates up to 103s−1. Rashkeev et al. (2002) note that negative
strain rate sensitivity is primarily observed for 5xxx (Al-Mg) alloys. Figure 5.7 shows the
material behaviour of aluminium alloy 6061-T6 for high strain rates.

It is seen in Figure 5.7(b) that the flow stress of the aluminium alloy is clearly insensitive to
strain rates below 103s−1, while the material exhibits significant strain rate sensitivity above
103s−1. Figure 5.8 shows the strain rate sensitivity for various aluminium alloys.

Cowper and Symonds (1957) suggested the following relation between the static flow stress
and the flow stress at a strain rate ε̇:

σo(ε̇)

σo(ε̇ = 0)
= 1 +

(
ε̇

D

)1/q

(5.3)

It is clear from the present review of strain rate effects in aluminium that it is only relevant
to include strain rate sensitivity for strain rates above ε̇ = 103s−1. The following numerical
simulations of the crushing behaviour of two HSC will reveal if the strain sensitivity should
be included.

5.1.3 Crushing Simulations

The crushing experiments on the full-scale aluminium intersections are simulated by LS-
DYNA in the following. The calibrated fracture values from the previous section are used
and fracture initiation is based on the RTCL fracture criterion.

The finite element models of the aluminium intersections include approximately 8000 el-
ements. This corresponds to an element length of lel = 3mm, 6mm and 12mm for the
t =4mm, 8mm and 12mm aluminium intersections, respectively, and agrees with the ele-
ment sizes used in the FE-models of the tensile specimens. However, the fracture calibration
in the previous section showed that the dependency on the element size is negligible when
only fracture initiation is considered.

The Belytschko-Tsay shell element with 7 out-of-plane integration points is used. This
element is an under-integrated shell element with one in-plane integration point. The under-
integrated shell element is computationally efficient but the simplifications of the element
behaviour, compared to a fully integrated element, may in some cases lead to zero energy
modes. This effect is called hourglassing. Hourglassing is suppressed in LS-DYNA by various
hourglass methods. Two general hourglass methods are implemented in LS-DYNA; one
based on stiffness and another based on viscosity. It is recommended to use the stiffness
based method in quasi-static analysis with low velocities, while the viscosity based form is
usually preferred in dynamic analysis. In the present quasi-static analysis the stiffness based
hourglass method is used. The RTCL material model checks for failure in each integration
point and the stiffness is removed from the integration point when fracture is detected.
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The load carrying capacity of a ’damaged’ element is based on the remaining integration
points. Elements are deleted from the calculation, by an ’element kill’ routine, when all
integration points in the elements are deleted. A sensitivity analysis shows that 5 to 7 out-
of-plane integration points are needed to obtain a realistic stress-strain distribution through
the elements and to capture the correct strains in the outer fibres of the elements during
large deformations.

A global sinusoidal imperfection with an amplitude corresponding to a small fraction of
the plate thickness is applied to the FE-models. Various values of imperfections have been
tested. Imperfections only change the initial part of the response, i.e. the ultimate load,
while the mean crushing force is more or less unaffected. It is found that an amplitude in the
region of 10% of the plate thickness gives realistic results. Realistic boundary conditions are
imposed on the models by using contact elements between the end plates of the intersections
and the ramming and supporting plates. Self-contact of the folding flanges is included in the
FE-model by an automatic contact algorithm. During the simulation, the supporting plate
is fixed and a downward velocity is applied to the ramming plate. A ramming velocity of
1m/s is used. Later a sensitivity study on the effect of this velocity is made. In order to
avoid numerical instabilities in the explicit time integration, the current time step has to be
less than

∆t =
Ls

c
(5.4)

where Ls is the characteristic element length and the c is the sound speed c =
√

E/ρ(1 − ν2).
It is common to use the minimum distance between nodes to obtain the characteristic length.
This is true for a truss element where the characteristic length is determined by the smallest
distance between two neighbouring nodes in the FE-model, while for shell elements this
distance is determined by the smallest distance of two nodes. In structural analysis 0.9∆t
is commonly used. The minimum time step in a simulation is determined by the smallest
deformable element in the FE-model, and it follows from the equation that the time step
for the entire calculation will decrease for very distorted elements. To avoid small time
steps of largely deformed elements with a small Ls, the density can be increased locally in
the FE-mesh. This technique is called mass scaling and automatic mass-scaling is currently
available in version 960 of LS-DYNA. Mass-scaling is used in the following simulations. The
total added mass is usually in the range of 20%. A quasi-static response can be verified by
comparing the kinetic energy of the system with the internal energy. It is generally assumed
for plastic FE-analysis that the response is quasi-static if the kinetic energy is less than 5%
of the internal energy. However, the present simulations show that the ratio of kinetic and
internal energy should be in the range of 1% to obtain a realistic ultimate load. The analyses
further show that the structure is most sensitive to dynamic effects near the elastic-plastic
buckling behaviour, while the post-buckling response is less sensitive to dynamic effects.
Figure 5.9 shows the numerical simulation of the t = 8mm aluminium intersection and the
experiment. It is seen that the calculated folding behaviour agrees well with the experiment.
The folding mechanism is identified as the straight edge mechanism described in Chapter 4.
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(a) (b)

Figure 5.9: Numerical simulation of aluminium cruciform t = 8mm. (a) Simulation. (b)
Experiment.

After a certain displacement, fracture is predicted by the RTCL fracture criterion and ele-
ments near the intersection line are deleted. The location of the fracture initiation agrees well
with the experiment, see Figure 5.9(b), and further compression deletes elements along the
intersection line as observed in the experiments. The calculated force displacement curves
for the t = 8mm intersections are compared with experiments in Figure 5.10.

The buckling load is generally overpredicted in the simulations, while the post-buckling force
before fracture initiation is slightly lower than in the experiments for both intersections.
This indicates that the flow stress in compression should be higher than the actually used
material curve. However, the calculated forces still agree well with the experiments. Fracture
is predicted in the cruciform at a displacement of 38.4mm, which is close to the 38.3mm
obtained in the experiment. The crushing force after fracture initiation is slightly higher than
in the experiment, however, the crushing force curve still agrees well with the experiment.
Fracture is not predicted in the simulation of the T-element. This is mainly due to the
folding behaviour, which is significantly different from that of the cruciform after buckling.
The simulation of the t = 8mm T-element is shown in Figure 5.11.

The simulation correctly predicts the folding behaviour of the T-element. A second order
folding mode is generated after buckling, which results in bending of the base plates. This
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mechanism would be restrained by the surroundings in a large compound structure, and
hence it is likely that the element folds in a straight edge mechanism as the cruciform.
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Figure 5.10: Calculated force displacement curves versus experiments for t=8mm intersec-
tions. (a) Cruciform. (b) T-element.

This hypothesis will be investigated later. The simulations reveal that the present folding
behaviour of the T-element suppresses fracture initiation. The total dissipated energies for
the t = 8mm intersections during the crushing are given in Table 5.4.

Table 5.4: Dissipated energy during crushing for t=8mm intersections.

Element type Simulation, Edis (kJ) Experiment, Edis (kJ) Error (%)

Cruciform 29.4 29.9 1

T-element 18.6 21.0 11

The calculated energy dissipation agrees within 11% of the experiment. Figure 5.12 shows
the calculated and the experimental crushing forces for the t = 4mm intersections.

The calculated forces for the t = 4mm intersections show the same general behaviour as
for the t = 8mm intersections. The calculated crushing force for the cruciform is higher
before fracture and lower after fracture compared to the experiment. However, the overall
behaviour agrees reasonably well with the experiment. The crushing force for the T-element
is low compared with the experiment in the entire range and no fracture is predicted, which
is in agreement with the experiment. Fracture starts in the cruciform at δ = 18mm in the
experiment, compared to δ = 22mm in the simulation.
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(a) (b)

Figure 5.11: Numerical simulation of t=8mm T-element. (a) Simulation. (b) Experiment.

The total dissipated energies for the t = 4mm intersections are given in Table 5.5. The
calculated energy dissipation is within 14% of the experiment. Figure 5.13 presents the
calculated crushing forces for the t = 12mm intersections. The calculated crushing forces
are generally higher than seen in the experiments and do not agree well with the experiments.
In the experiment, fracture of the cruciform starts at a displacement of δ = 23mm and the
intersection loses nearly the entire compressive strength.
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Figure 5.12: Calculated force-displacement curves versus experiments for t=4mm intersec-
tions. (a) t=4mm, cruciform. (b) t=4mm, T-element.
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Table 5.5: Dissipated energy during crushing for t=4mm intersections.

Element type Simulation, Edis (kJ) Experiment, Edis (kJ) Error (%)

Cruciform 4.2 4.5 8

T-element 2.6 3.0 14

From the simulation, the predicted fracture onset is at δ = 50mm, which is considerably
more than in the experiment. The earlier fracture onset in the experiment is due to a
significant amount of failure of the welds during the compression. This effect is not included
in the FE-models. The calculated crushing force for the T-element is also higher than in
the experiment and fracture is not predicted in the simulation. In the experiment fracture
initiates at δ = 27mm.
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Figure 5.13: Calculated force displacement curves versus experiments for t=12mm inter-
sections. (a) t=12mm, cruciform.(b) t=12mm, T-element.

Compared to the t = 4mm and 8mm intersections, the t = 12mm intersections experience
considerably severer welding fracture, which explains the low crushing forces. The simu-
lations clearly show that the RTCL fracture criterion cannot correctly predict a fracture
behaviour dominated by failure of the welds. However, the criterion still accurately predicts
the onset of fracture for the t = 4mm and 8mm intersections where fracture starts equally
in the virgin material and the welds, which indicates that the welds have approximately the
same strength as the virgin material. The experiments also show that the energy absorption
is very low if the welds are weak. Consequently, the welds should have the same strength as
the virgin material, which seems to be the case for the t = 4mm and 8mm intersections.

The paths of principal strains from an element near the intersection line are given in Fig-
ure 5.14 and compared with the approximate strain path used for the analytical fracture



112 Chapter 5. Numerical Crushing Simulations of Aluminium Structures

prediction, see Chapter 4.
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Figure 5.14: Strain path in outer fibre of element near the intersection line.

The simulations show that the strain paths are more or less independent of the material
thickness. The strain path for the t = 12mm is slightly different from t = 4mm and 8mm,
but it should be noted that also the material behaviour of t = 12mm is significantly different
from the t = 4mm and 8mm. This justifies the assumption that the strain path of a
collapsing intersection is determined by the folding kinematics. The approximated strain
path underestimates the simulated strain path. Fracture initiation can be estimated on the
basis of the analytical fracture model in Eq. (4.63). The numerical and analytical fracture
initiations are compared in Table 5.6. The difference between analytical and numerical
fracture onset is less than 3%.

Table 5.6: Analytical and numerical prediction of displacement at onset of fracture.

Element type Analytical model Simulation Error (%)

Cruciform, t=4mm 21.1mm 21.6mm 2

Cruciform, t=8mm 39.0mm 38.4mm 2

Cruciform, t=12mm 51.6mm 50.3mm 3

The crushing simulations of the aluminium intersections show that the energy dissipation
agrees within 1-14% of the experimental values, if the crushing is not dominated by failure of
the welds. The simulations further show that the RTCL failure criterion correctly predicts
the onset of fracture and that the following post-buckling behaviour agrees well with the
experiments. Until now the analytical models have only been validated for the crushing
response before fracture and a short part of the post-buckling response.
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Figure 5.15: Calculated force-displacement curves versus analytical models for intersections.
(a) t=4mm, cruciform. (b) t=4mm, T-element. (c) t=8mm, cruciform. (d) t=8mm, T-
element. (e) t=12mm, cruciform. (f) t=12mm, T-element.
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In the experiments 25-40% of the total length of the intersections are crushed. In order
to compare the analytical models with the entire crushing response, the intersections are
crushed entirely in the simulations. A ramming velocity of 1m/s and mass-scaling of distorted
elements are used. The analytical crushing models are compared with the simulations of the
t = 4mm intersections in Figure 5.15(a,b).

The analytical models correctly follow the response before fracture and after fracture, the
crushing force agrees well with the simulations. The simulations show that the intersections
regain strength after a certain crushing distance, denoted the effective crushing distance.
At this distance the element is fully compressed. From the numerical simulation it follows
that the effective crushing distance is 0.73 and 0.80 for respectively the cruciform and the
T-element. In the experiment the effective crushing distance was measured to be 0.72 for
the t = 4mm cruciform.

Figure 5.15(c,d,e,f) presents the simulation of the t = 8mm and 12mm intersections com-
pared with the analytical models. It is seen that the analytical models generally agree well
with the structural response from the simulations. The analytical predictions of the average
crushing forces calculated over the entire crushing response are compared with the numerical
results in Table 5.7.

Table 5.7: Analytical predictions and numerical calculations of the average crushing forces.

Element type Analytical model (kN) Simulation (kN) Error (%)

Cruciform, t=4mm 72 78 8

Cruciform, t=8mm 267 264 1

Cruciform, t=12mm 732 623 17

T-element, t=4mm 53 46 16

T-element, t=8mm 198 167 18

T-element, t=12mm 541 548 1

The mean crushing forces are estimated within 18% of the numerical results.

5.1.4 Strain Rate and Inertia Effects

The literature review of strain rate effects in aluminium alloys in Section 5.1.2 reveals that
the flow stress is only sensitive to strain rates for strain rates larger than 1000s−1. In order
to investigate the magnitude of the strain rates in a structure during axial crushing, the
t = 4mm and 8mm cruciforms are simulated with crushing velocities between v = 1m/s
and 20m/s. Figure 5.16 presents the numerical simulations of the t = 4mm cruciform for
velocities of v = 1m/s and v = 10m/s. The simulations show that the structural response
is affected by the crushing velocity. More folds are generated at a high velocity, which
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consequently results in a higher energy dissipation. This difference is due to inertia effects
and not strain rate effects as will be argued below.

(a) (b)

Figure 5.16: Numerical simulation of t=4mm cruciform for various velocities. (a) v=1m/s.
(b) v=10m/s.
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Figure 5.17: Calculated force displacement curves for crushing velocities of v=1m/s, 5m/s,
10m/s and 20m/s. (a) t=8mm, cruciform. (b) t=4mm, cruciform.

The calculated force-displacement curves are given in Figure 5.17. The simulations show that
the ultimate load rises significantly when the ramming velocity is increased. For a velocity
less than v = 5m/s, the crushing response of the cruciform is more or less quasi-static, in
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terms of the crushing force. Consider the t = 8mm intersection. At a ramming velocity
of v = 5m/s the maximum effective strain rate is ε̇eq = 50s−1 and thus significantly lower
than 1000s−1 which is the limit for strain rate sensitivity in aluminium. The strain rate in a
plastic hinge is ε̇eq = 25s−1 in the outer fibre and nearly zero at a distance from hinge lines
and the intersection line.
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Figure 5.18: Simulation of T-element with c/t=75, h=1m, t=15mm for different velocities

At a velocity above v = 5m/s the crushing force increases significantly in the entire range
of the crushing response. This means that the analytical models only agree well with the
simulations for impact velocities less than v = 5m/s.

A similar analysis has been performed on a T-intersection with height h = 1m, plate thickness
t = 15.0mm and c/t = 75 for crushing velocities between v = 5m/s and 20m/s. The height
of the plate intersection corresponds to the actual frame spacing of the two HSC analysed
later in this chapter. The results are presented in Figure 5.18. The analysis show that the
ultimate compressive force in the initial part of the crushing increases as function of the
crushing velocity, while in the following part of the crushing response, the compressive force
is more or less unaffected by the crushing velocity up to v = 20m/s.

5.1.5 Numerical Simulation of T-intersection with c/t=50

The full-scale crushing experiments were performed on intersections with a width-to-thickness
ratio of c/t = 18. Until now it has been shown that both numerical simulations and the
analytical models agree well with the experiments, for the tested aspect ratio. In order to
validate the analytical models for a large aspect ratio, simulations have been performed on
a t = 8mm cruciform and T-intersection with an aspect ratio of c/t = 50. The FE-models
contain 32800 and 29800 shell elements for the cruciform and T-intersection, respectively.
Belytschko-Tsai shell elements with 7 out-of-plane integration points are used. Distorted
elements are mass-scaled and a ramming velocity of v = 1m/s is used. A sequence of the
simulation on the T-intersection is presented in Figure 5.19.
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Figure 5.19: Simulation of T-element with c/t=50.

The simulation shows that the T-element folds in a straight edge mechanism and the second
order folding effect with bending of the base plates, which is seen in the full-scale experiments
is not observed. Fracture starts in the elements next to the intersection line. Figure 5.20
shows a sequence of the crack propagation in the flange.

Figure 5.20: Crack propagation in T-element with c/t=50, t=8mm.

The crack propagates along the intersection line, which agrees well with the full-scale ex-
periments. It is obvious that the crack propagation in the FE-model is dependent on the
element size, and it should be noted that element deletion is a very crude way of simulating



118 Chapter 5. Numerical Crushing Simulations of Aluminium Structures

crack propagation as the crack tip mechanics is on a microscale, while the used elements are
on a macroscale. However, the procedure still seems to capture the global effect of the inter-
section correctly, which is to release membrane forces in the flanges. Thus energy is mainly
dissipated in bending deformation of the flanges after fracture initiation. The numerical and
analytical crushing forces are given in Figure 5.21.
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Figure 5.21: Numerical and analytical crushing force of T-element with c/t=50, t=8mm.

The analytical model agrees well with the force levels before and after fracture initiation.
The mean crushing forces are 286kN and 248kN for the simulation and the analytical model,
respectively.

5.1.6 Calibration of Fracture Constant for Large Elements

The previous numerical simulations of crushing problems show that the global behaviour of
the plate intersections and the crack propagation can be described reasonably well by the
used element discretisation. The simulations also show that the energy dissipated in the
structure during crushing, is affected by the forming of a crack in the intersection line, as
the effect of fracture is to release membrane forces in the flanges. This consequently means
that in a simulated crushing process with too little fracture, the energy calculation is too
high while, on the other hand, excess fracture near the intersection line will lead to an under
prediction of the energy dissipation. In the FE-models used so far a discretisation with 60
elements across the flange is used, see Figure 5.19. In the following crushing simulation
of two HSC structures, FE-models with an element size of Lel = 0.1m is used and with a
frame spacing of 1-1.2m, this results in an element discretisation with 10-12 elements across
the flanges compared to 60 elements in the present FE-models. It is obvious that the crack
propagation is very sensitive to the mesh size for large elements and hence the fracture
constant has to be calibrated to the mesh size used in the FE-models of a HSC.

The crushing behaviour of a T-intersection and a cruciform with an aspect ratio of c/t = 50
has been simulated with mesh sizes corresponding to 60, 20 and 12 elements across the
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flanges. The fracture constant has been adjusted to achieve agreement between the crushing
forces as well as the crack propagation and the global collapse behaviour, with the FE-model
with a fine mesh. The simulations are presented in Figure 5.22.

Figure 5.22: Numerical simulation with three different mesh sizes.
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Figure 5.23: Crushing force for different mesh sizes. (a) Cruciform. (b) T-intersection.

It is seen that both the global collapse behaviour and the crack opening in the intersection line
are reasonably well described by the coarse mesh. The simulations show that the fracture
constant for the mesh with 20 and 12 elements between the transverse frames has to be
decreased to D = 0.18 and D = 0.12 respectively in order to agree with the FE-model with
60 elements across the flange. It is noted that Törnqvist (2003) investigated the relation
between mesh size and fracture constant. The crush force-displacement curves are given
in Figure 5.23. The crushing force curve for the FE-model with 20 elements between the
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transverse frames agrees well with the results from the fine mesh (60 elements). The crushing
force curve for the mesh with 12 elements across the flanges corresponds well with the fine
mesh until a displacement of 100mm where some fluctuations are seen in the force. However,
the average force still agrees well with the fine mesh.

A similar approach is used in the simulation of a T-intersection with height h = 1m, plate
thickness t = 15mm and c/t = 75. The height of the plate intersection corresponds to the
actual frame spacing in the two HSC analysed in the following.
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Figure 5.24: Calibration of fracture constant for coarse mesh.

In the FE-model with the fine mesh, 60 elements across the flange are used, which is equiv-
alent to an element length of Lel = 10mm. In the FE-model with the coarse 12 elements are
used across the flange equivalent to and element length of Lel = 100mm. The analysis show
that the fracture constant C has to be decreased to D = 0.12 in order to compare with the
crushing force obtained by the fine mesh. The crushing forces are presented in Figure 5.24.
A calibrated fracture constant of D = 0.12 is used in the crushing simulations of the two
HSC.

5.2 Crushing Experiments by Amdahl

Amdahl and Stornes (2001) investigated the energy dissipation in welded aluminium struc-
tures subjected to axial crushing and performed crushing tests on six box type specimens.

The side length of the box sections is 400mm and the frame spacing is 100mm and 133mm for
the transversely and longitudinally stiffened models, respectively. The thickness of the plates
is 4mm and they are made of an EN AW 5083-H321 alloy. The transverse frames are made of
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a 5mm EN AW 6082-T6 alloy. The models 2N and 2HT have only transverse frames, while
the models 3N and 3HT in addition have a deck and a bulkhead. Models 4N and 4HT are
longitudinally stiffened but are not considered in the following. The designations ”N” and
”HT” refer to a non-heat-treated (natural) and a heat-treated state of the aluminium alloy.
The plating material for the models is delivered in a hardened state and a heat treatment is
applied to the material in order to reduce the hardening. The heat treatment is described
in Amdahl and Stornes (2001).
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Figure 5.25: Tensile tests of EN AW 5083-H321 in non-heat treated and heat treated state
with base and welded material.

It is well known that welding creates a zone with reduced material properties, a so-called
HAZ. The width of the HAZ depends on various parameters, but as a rule of thumb 25mm
is often used. Amdahl and Stornes (2001) performed tensile tests on the EN AW 5083-
H321 alloy in heat-treated and non-heat-treated conditions for base and welded material.
Figure 5.25 shows the tensile stress-strain curves. The heat treatment causes a decrease of
the flow stress and increases the ductility. The reduction in flow stress is in the order of
5-10%. Welding of the material results in a reduction of the flow stress in the range of 11%,
while the nominal fracture strain is reduced by 40 − 44%. The crushing tests on models
2HT and 3N are simulated by LS-DYNA and the RTCL fracture criterion. The FE-models
include, respectively, 8600 and 20700 Belytschko-Tsai shell elements with 7 out-of-plane
integration points. The models contain the plating, transverse frames, decks and bulkheads.
The HAZ is included in the FE-models and assumed to extend 25mm on each side of the
welds. The material properties from the tensile tests are used.

A sinusoidal imperfection of the plating corresponding to 10% of the plate thickness is applied
to the models. A ramming velocity of 1m/s is used during the crushing simulation. It is
assumed that the calibrated fracture constant of D = 0.31 for t = 4mm 5083-T2 aluminium
alloy from Section 5.1.1 can be used on the present base material in both non-heat-treated
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and heat-treated condition. As the ductility is reduced by 50% a value of D = 0.15 is
used for the welded material. The numerical simulations of the crushing tests are shown in
Figure 5.26.

(a) (b)

(c) (d)

Figure 5.26: Crushing simulations of aluminium box sections. (a,b) Model 2HT. (c,d)
Model 3N.

In model 2HT fracture is correctly predicted in the welded corners of the box section. An
asymmetric folding pattern is generated, which is triggered by the applied imperfections.
The folding pattern and the locations of fracture correspond to the experimental observa-
tions. Fracture does not appear in the virgin material but is limited to the HAZ. The folding
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behaviour progresses to the next section after fully compressing the material between the
two first transverse frames. It should be noted that the present folding mechanism is not the
typical sliding toroidal mechanism, which is usually generated in axial crushing of square
tubes. If the asymmetric imperfections are omitted the FE-model will actually fold in the
sliding toroidal mechanism. Model 3HT folds in a symmetric folding pattern with alter-
nating in- and out-bound buckling of the plating. Fracture starts in the intersection lines
of plating and bulkheads/deck and after some delay fracture occurs in the corners. The
straight edge folding mechanism is identified in the T-elements while the corners fold in a
sliding toroidal mechanism. The simulated crushing force-displacement curves are compared
with the experiments in Figure 5.27.

0

100

200

300

400

500

600

700

800

0 50 100 150 200

Fo
rc

e 
(k

N
)

Displacement, δ (mm)

Experiment
Simulation, D=0.07
Simulation, D=0.15

(a)

0

200

400

600

800

1000

1200

0 50 100 150 200

Fo
rc

e 
(k

N
)

Displacement, δ (mm)

Experiment
Simulation, D=0.07
Simulation, D=0.15

(b)

Figure 5.27: Numerical and experimental crushing force-displacement relations for alu-
minium box sections. (a) Model 2HT. (b) Model 3HT.

The simulated crushing force curves generally agree well with the experiments. The crests
and troughs are reasonably well described by the simulations, and differences are mainly due
to the fact that several fields fold simultaneously in the experiments. The fracture initiation
agrees well with the experiments and it is seen that changing the critical fracture value from
0.07 to 0.15 has no significant effect on the following response. The average crushing forces
from the experiments and numerical simulations are compared in Table 5.8. The simulations
with a critical fracture value of D = 0.07 result in a low energy absorption compared to the
experiments, while for the critical fracture value of D = 0.15 the simulations agree within
15% and 5% for model 2HT and 3HT, respectively. By use of the analytical models an
average crushing force of 503kN and 212kN is found for 3HT and 2HT , respectively. It
should be noted that in the analytical calculation for 2HT , Eq. (4.24) is used and this model
does not include the effect of fracture. In the analytical calculation for 3HT the models
for T-intersections and cruciforms with fracture are used, and for the corner elements the
formula in Eq. (4.24) is used. The numerical simulations reveal that approximately 10% of
the total energy is dissipated into deformations of the transverse stiffening.
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Table 5.8: Average crushing forces for simulations and experiments.

2HT Pm (kN)

Experiment 312

Simulation, D = 0.15 264

Simulation, D = 0.07 231

Analytical, Eq. (4.24) 233

3HT Pm (kN)

Experiment 570

Simulation, D = 0.15 540

Simulation, D = 0.07 403

Analytical, D = 0.15 552

This effect is not included in the analytical models. This is accounted for by multiplying
the force by 1.1, so that 552kN and 233kN are obtained for 3HT and 2HT , respectively.
The present analysis shows that both the numerical simulations and the analytical models
predict the crushing response of an assembled aluminium structure with reasonable accuracy,
and the final step is therefore to apply and validate the analytical models on a HSC bow
structure.

5.3 Crushing Simulations of Two HSC

This section presents crash simulations of two aluminium HSC. The fast monohull ferry and
a fast catamaran ferry presented in Chapter 2 are analysed in the following. The purpose
of the following study is to validate the analytical crushing models for large complex and
compound aluminium structures which will experience fracture during crushing. In order to
do so, the numerical simulations are compared with the analytical crushing models, which
were initially validated on the full-scale tests on aluminium intersections and the experiments
on aluminium box sections performed by Amdahl and Stornes (2001).

Two full FE-models of the bow sections are created and the crash responses are simulated by
LS-DYNA and the RTCL fracture criterion. Both HSC are transversely stiffened with plate
thicknesses ranging from 6mm to 15mm. The FE-models include the outer plating, decks,
transverse frames and longitudinal bulkheads. The FE-models are shown in Figure 5.28 and
Figure 5.29. The two FE-models include 80,000 and 140,000 Belytschko-Tsai shell elements
with 7 out-of-plane integration points, respectively. The element size is approximately 0.1m
and a fracture constant of εf = 0.12 is used in the simulations. Different plate thicknesses are
included in the models, indicated by the various colours in the CAD models. The longitudinal
stiffening is not modelled directly. However, the effect of the longitudinal stiffening in terms
of local T- and L-stiffeners is included by smearing the stiffener area to the base plating. This
is a good approximation if the local stiffening is small compared to the global intersections.

The equivalent thickness smearing approach was studied in Urban et al. (1999). Figure 5.30
presents a crushing simulation of a longitudinally stiffened T-element. It is seen that during
the crushing the local T-stiffener rotates around its baseline.
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(a) (b)

Figure 5.28: CAD and FE-model of fast catamaran ferry. The FE-model contains 80,000
shell elements. (a) CAD model. (b) FE-model.

(a) (b)

Figure 5.29: CAD- and FE-model of fast monohull ferry. The FE-model contains 140,000
shell elements. (a) CAD model. (b) FE-model.

The contribution to the energy dissipation is therefore equivalent to increasing the plate
thickness of a plate without stiffening.
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Figure 5.30: Simulation of stiffened T-intersection.

Only half of the bow structures is modelled due to symmetry, and symmetry conditions are
applied in the symmetry line. This approximation is not expected to influence the results as
the folding pattern of the structure is symmetric around the symmetry line, except for the
longitudinal stiffening located in the symmetry line of the structure. This approximation is
only valid for a head-on impact and not an impact with a given angle relative to the line
of symmetry. Fixed boundary conditions are applied to the rear part of the FE-models. A
rigid ramming plate strikes the bow structures head-on at a constant velocity of 20m/s. It
should be noted that previous analyses proved the response to be quasi-static for crushing
velocities below 20m/s. This velocity corresponds to full speed of the vessels. Distorted
elements are mass-scaled. The solution time is 0.7s and the total CPU times required to
solve the FE-models were 92hours and 268hours, respectively. The crushing simulation of
the monohull HSC is shown in Figure 5.31.

The majority of deformations appear in the outer plating, the decks and the longitudinal
stiffening, while the transverse frames are less deformed. The crushing behaviour is pro-
gressive and plastic hinge lines are formed between the frames. The deformations travel
to the next space between the transverse frames after fully compressing the material of
plating, decks and longitudinal stiffening. The effective crushing distance is approximately
0.80, which corresponds well with the previous simulations on single intersections. Elements
are typically deleted in the intersection lines of the plates. The crushing simulation of the
catamaran HSC is shown in Figure 5.32.

Analytical crushing simulations are performed on the two bow structures in order to compare
with the numerical results. The bow structures contain mostly T-intersections, few corner
elements and no cruciform intersections.



5.3 Crushing Simulations of Two HSC 127

Figure 5.31: Crushing simulation of monohull HSC.

Figure 5.32: Crushing simulation of catamaran HSC.

The analytical crushing models from Chapter 4 are used. The analytical models have been
rederived to include different lengths and thicknesses. The crushing force for a T-intersection
before fracture is

Pm,T,bf = 1.34σo

√
(t2aca + t2bcb + t2ccc)(ta + tb + tc) (5.5)
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at βf = 1.02 in Eq. (4.45) where ’bf’ denotes ’before fracture’. The crushing force after
fracture is

Pm,T,frac =

[
0.38

(π

2
− βf

)√
(t2aca + t2bcb + t2ccc)(ta + tb + tc)

+ 0.75βf (t
2
a + t2b + t2c)

] σo

cos βf

(5.6)

where βf is a function of the fracture constant. The folding wavelength is given as

H = 1.32
√

(t2aca + t2bcb + t2ccc)/(ta + tb + tc) (5.7)

and the displacement at fracture initiation is

δf = 4Hεo (5.8)

where εo is the fracture constant. βf is given as

βf = arccos

(
1 − δf

2H

)
(5.9)

The average crushing force is given as

Pm,T =
Pm,T,bfδf + Pm,T,frac(dfsη − δf )

dfsη
(5.10)

where dfs is the frame spacing in the bow structure and η is the effective crushing distance.
The crushing force for a corner (L-)element is given as

Pm,L = 1.52σo
3

√
(t2a + t2b)(t

2
aca + t2bcb)(ta + tb) (5.11)

The numerical simulation of the monohull HSC is compared with the analytical calculation
in Figure 5.33.
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Figure 5.33: Numerical simulation and analytical crushing calculation of monohull HSC. (a)
Crush force. (b) Dissipated energy.
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Figure 5.34: Numerical simulation and analytical crushing calculation of catamaran HSC.
(a) Crushing force. (b) Dissipated energy.

The analytical crushing force agrees very well with the numerical result. This is also reflected
by the calculated energy dissipation in Figure 5.33(b).

The dissipated energy in various structural parts is given in Table 5.9.
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Table 5.9: Dissipated energy during crushing in structural parts.

Monohull HSC Edis (MJ)

Outer plating 42.2

Decks 14.1

Transverse frames 6.2

Longitudinal stiffening 5.2

Table 5.10: Dissipated energy during crushing in structural parts.

Catamaran HSC Edis (MJ)

Outer plating 103.5

Decks 46.7

Transverse frames 18.1

Longitudinal stiffening 20.1

The energy dissipated in the transverse frames amounts to 9% of the total dissipated en-
ergy. This energy is not included in the analytical models, in which it is assumed that the
transverse frames are rigid. The effect of this is included in the analytical calculation by
multiplying the force and energy by 1.1. The numerical simulation of the catamaran HSC
is compared with the analytical calculation in Figure 5.34.
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Figure 5.35: Present and original analytical crushing models. (a) Monohull HSC. (b) Cata-
maran HSC.
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It is seen that the analytical calculation of the crushing force correctly follows the average of
crests and troughs from the numerical simulation, however, the dissipated energy is slightly
underpredicted by the analytical models. The initial error in the dissipated energy is due to
the high peak force in the beginning of the numerical simulation, which is not predicted by
the analytical calculation.

The present analytical crushing models are compared with the existing crushing models
in Figure 5.35. It should be noted that the original crushing models are based on a fully
ductile material behaviour with no fracture. It is seen that the original models overpredict
the crushing force by a factor of two. Thus, the effect of fracture is roughly to reduce the
dissipated energy by a factor of two. Similar conclusions were drawn from the previous
analysis of the full-scale experiments.

5.4 Comparison with the IMO HSC Codes

The analytical crushing models are compared with the design acceleration levels given in the
regulations for HSC by IMO (2000) and IMO (1995). The design condition in IMO (1995) is
based on a head-on collision at operational speed with a vertical rock of a maximum height
of 2m above the waterline. In the analytical calculation of the crushing response of the two
HSC, it is assumed that only the plate intersections which are hit by the 2m high rock are
active and thus contribute to the total crushing forces during the collision. The acceleration
levels based on the analytical crushing models are compared with the predictions by the
IMO (1995) HSC code in Figure 5.36.
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Figure 5.36: Accelerations of the monohull and the catamaran ferries during a collision with
a vertical rock 2m above the water surface and comparison with the IMO (1995) HSC code
predictions. (a) Monohull HSC. (b) Catamaran HSC.
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The acceleration levels calculated by the analytical models are generally in agreement with
the predictions of the HSC code. The acceleration level of the monohull HSC is slightly lower
than that predicted by the HSC code, while for the catamaran this level is higher. It is seen
that the acceleration level is expected to be higher in a catamaran than in a monohull HSC,
which is also depicted by the results from the HSC code.

Figure 5.37 presents the expected extent of damage during a collision with a vertical rock 2m
above the waterline calculated by the analytical models and compared with the IMO (1995)
HSC code. The extent of damage for the monohull HSC calculated by the analytical models is
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Figure 5.37: Damage extent of the monohull and the catamaran during a collision with
a rigid wall 2m above the water surface and comparison with the IMO (1995) HSC code
predictions. (a) Monohull HSC. (b) Catamaran HSC.

severer than that predicted by the HSC, while for the catamaran HSC the analytical models
are in agreement with the HSC code prediction. The relatively large extent of damage in the
monohull might be partly explained by a lower acceleration level and thus a lower resisting
force, which leads to larger damage length compared to the HSC code. The analysis shows
that the damage length in a HSC can be up to 20 to 25 metres when the HSC is colliding with
a vertical rock 2m above the waterline at operational speed. This implies that in the design
of HSC the undamaged part of the HSC, after a collision, should have sufficient buoyancy
and stability to keep the vessel afloat. The loss of stability of HSC in grounding and collision
events was studied in Ravn et al. (2001), and it was shown that the two HSC have sufficient
stability to survive the considered collision scenario.

In the latest revision of the HSC code, IMO (2000), the design condition for collision is
based on a head-on collision with an infinitely large rigid wall, which means that the entire
material of the bow structure is activated in crushing and not only the material below 2m
above the waterline as in IMO (1995). This design condition is equivalent to that of the
crushing simulations studied in Section 5.3. The acceleration levels based on the analytical
crushing models are compared with the predictions by IMO (2000) in Figure 5.38.
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Figure 5.38: Accelerations of the monohull and the catamaran ferries during a collision
with a rigid vertical wall and comparison with the IMO (2000) HSC code predictions. (a)
Monohull HSC. (b) Catamaran HSC.

The acceleration levels calculated by the analytical crushing models generally agree with
the predictions by the IMO (2000) HSC code, however, the acceleration level calculated for
the monohull is slightly lower compared to the HSC code, while this level is higher for the
catamaran. The analysis show that the acceleration level in the catamaran is significantly
higher than in the monohull. Figure 5.39 presents the extent of damage based on the HSC
code and the analytical crushing models. The analysis show that the extent of damage in the
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Figure 5.39: Damage extent of the monohull and the catamaran during a collision with a
rigid wall and comparison with the IMO (2000) HSC code predictions. (a) Monohull HSC.
(b) Catamaran HSC.
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monohull, based on the analytical models, is larger than predicted by the HSC code and that
the extent of damage in the catamaran is smaller than predicted by the HSC code. Based
on the analytical crushing models, the expected damage lengths at collision at operational
speed is 21m for the monohull and 11m for the catamaran.

5.5 Concluding Remarks

The RTCL fracture criterion has been validated in crushing simulations of aluminium plate
intersections in the present chapter. The crushing experiments of the full-scale aluminium
plate intersections have been simulated by LS-DYNA and the RTCL fracture criterion. The
analysis shows that the crushing response is accurately calculated. Further, it has been
shown that the calculated onset of fracture during crushing agrees well with the experimental
observations. This is, however, not surprising as the path of principal strains in the location
of fracture initiation, see Figure 5.14, is close to that observed in the upsetting tests, see
Figure 3.2. Numerical crushing simulations of small-scale bow structures are in agreement
with experimental observations by Amdahl and Stornes (2001). The crushing responses of
two HSC have been simulated numerically. The results of crushing forces and dissipated
energies are compared with those of the analytical crushing models and it is seen that the
analytical calculations agree very well with the numerical results, which thus validates the
analytical models for a fracture dominated crushing response of large aluminium structures
in axial crushing. Comparisons with both the new and old HSC codes, IMO (1995, 2000),
show that the analytical crushing models agree with the IMO HSC codes.



Chapter 6

Progressive Failure in Composites

The purpose of the following chapter is to study the progressive failure behaviour of lami-
nates. The following analysis relies on the basic assumption that a layer consisting of fibres
and resin, in which the fibres are all oriented in one direction, can be idealised as a homoge-
neous anisotropic material. A layer consisting of fibres in one direction and resin is denoted
a unidirectional composite (UD), while a panel consisting of more than one unidirectional
composite with a given arbitrary stacking sequence is denoted a composite laminate or for
simplicity just a laminate.

The progressive failure behaviour of laminates is understood as the failure mechanisms which
occur in the subsequent layers of a laminate and their interaction during deformation. The
developed damage during deformation reduces the stress carrying capacity and results in a
decrease of the global laminate stiffness. After a certain deformation the progressive failure
behaviour results in a final, global failure of the laminate.

In the axial crushing response of FRP sandwich structures, which is studied by FE-methods
in the next chapter, it is essential to have a calculation procedure for correct prediction of the
macroscopic response of the laminates during crushing. This implies a model determining
the structural response of the laminate up to the ultimate load bearing capacity with the
interaction of subsequent failure in the plies during the deformation process. The objective
of the following study is therefore to develop a procedure for calculating the progressive
failure response in laminates.

Tensile and compressive tests have been performed on unidirectional composites and [±45]s-
laminates, in order to determine the constitutive behaviour of unidirectional composites, to
study various failure criteria and to study the progressive failure behaviour of laminates.

Failure in unidirectional composites differs significantly from ductile fracture in metals, due
to the complexity of a composite structure. A laminate consisting of several plies oriented
in various directions is not a homogeneous structure and results in several stress states each
corresponding to a ply.

135
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In failure analysis of laminates the common assumption is that ’first ply failure’ in the
laminate reduces the load carrying capacity of the failed fibres and/or matrix to zero, which
causes a redistribution of stresses in the laminate, while at the same time a new equilibrium
is reached. This, however, is from a mechanical point of view a reasonable assumption,
but as it will be shown later, it does not always agree well with experimental observations.
Further increase of the load causes failure in the next ply and in this way failure progresses
through the laminate until the last ply has failed.

6.1 Constitutive Material Model of UD’s with Non-

linear Shear Behaviour

Unidirectional composites normally have a linear elastic material behaviour until failure in
the fibre direction and in the transverse (matrix) direction. Material non-linearities in fibre
reinforced laminated composites can mostly be related to the non-linearity in the shear
stress/shear strain relation of a ply. As a result a [±45]s-laminate uniaxially loaded in the
0o direction exhibits non-linear behaviour, while a [0,±45, 90]s-laminate behaves linearly.

The non-linear elastic behaviour of unidirectional composites was studied by Hahn and Tsai
(1973). They noted that unidirectional fibre composites are usually considered to follow
linear elasticity. However, experiments show the appearance of severe non-linearity in the
longitudinal shear stress-strain relation, while in the fibre direction and in the transverse
direction strain is linearly related to stress. Non-linearity is also observed in the transverse
direction but the degree of non-linearity is small compared to the shear direction.

For most composites a small strain theory is valid as failure strains are usually below 5%
and kinematic non-linearity can be disregarded. Thus, the present problem can be effectively
described in the framework of non-linear elasticity. Plane stress is assumed. The non-linear
shear stress-strain relation proposed by Hahn and Tsai (1973) is given as

γ12 =
1

G12

σ12 + ασ3
12, where γ12 = 2ε12 (6.1)

where indices 1 and 2 refer to the material coordinate system with axes parallel and normal
to the fibres, respectively. G12 is the initial shear modulus and α is a material constant
describing the deviation from linearity. On the assumption of plane stress condition, out-of-
plane stress components σ13, σ23 and σ33 vanish and the orthotropic constitutive stress-strain
relation for a single ply is




σ11

σ22

σ12




(n)

=


 Q11 Q12 0

Q21 Q22 0

0 0 Q
(n)
66






ε11

ε22

2ε12




(n)

(6.2)
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where (n) indicates that Q66 changes as a function of the deformation state. The coefficient
Q66 is related to the shear stiffness of the ply, and as the effect of the non-linearity is to
’soften’ the effective shear stiffness for an increasing shear strain ε12, the stiffness coefficient
Q66 will vary depending on the state of shear deformation. The stiffness coefficients are given
by the engineering constants as

Q11 = E11/(1 − ν12ν21)

Q22 = E22/(1 − ν12ν21)

Q12 = ν21E11/(1 − ν12ν21)

Q21 = ν12E22/(1 − ν12ν21)

Q
(n)
66 = G∗

12

(6.3)

where G∗
12 is a reduced shear modulus determined by the non-linear shear behaviour. The

elastic properties of a unidirectional composite ply are

E11, E22, ν12, ν21, G12, α (6.4)

where E11 is the elastic modulus in the fibre direction, E22 is the elastic modulus in the
transverse direction and ν12, ν21 are major and minor Poisson’s ratios, respectively. νij is
defined as the contraction in the j-direction when uniaxial stress is applied in the i-direction.

νij = −εj

εi

(6.5)

for σi �= 0 and all other stresses zero. The elastic modulus and the major Poisson’s ratio are
determined by tensile testing while the minor Poisson’s ratio is given directly from symmetry
of the stiffness tensor Qij:

ν21 = ν12
E11

E22

(6.6)

Transformation of the above constitutive relation into a rotated global coordinate system
(x, y) located in the plane of the laminate gives
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(6.7)
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where

Q
(n)

11 = U
(n)
1 + U

(n)
2 cos(2θ) + U

(n)
3 cos(4θ)

Q
(n)

22 = U
(n)
1 − U

(n)
2 cos(2θ) + U

(n)
3 cos(4θ)

Q
(n)

12 = U
(n)
4 − U

(n)
3 cos(4θ)

Q
(n)

66 = U
(n)
5 − U

(n)
3 cos(4θ)

Q
(n)

16 = 1
2
U

(n)
2 sin(2θ) + U

(n)
3 sin(4θ)

Q
(n)

26 = 1
2
U

(n)
2 sin(2θ) − U

(n)
3 sin(4θ)

(6.8)

and

U
(n)
1 = 1

8
(3Q11 + 3Q22 + 2Q12 + 4Q

(n)
66 )

U
(n)
2 = 1

2
(Q11 − Q22)

U
(n)
3 = 1

8
(Q11 + Q22 − 2Q12 − 4Q

(n)
66 )

U
(n)
4 = 1

8
(Q11 + Q22 + 6Q12 − 4Q

(n)
66 )

U
(n)
5 = 1

8
(Q11 + Q22 − 2Q12 + 4Q

(n)
66 )

(6.9)

The above transformations are shown in Jones (1984). The angle θ denotes the anti-clockwise
angle between the global coordinate system (x, y) in the laminate and the local material
coordinate system (1, 2) in each subsequent ply. By application of classical laminate theory,
the membrane stiffness of a layered laminate becomes

A
(n)
ij =

N∑
k=1

Q
(n)

ij,ktk, i, j = 1, 2, 6 (6.10)

where k refers to a ply in the laminate, N is the total number of plies and tk is the cor-
responding thickness of the k′th ply. It should be noted that in the present analysis only
in-plane forces are considered and the bending stiffness tensor Dij and the coupling tensor
Bij are therefore omitted. The global membrane forces and the global strains are related as




Nxx

Nyy

Nxy




(n)

=


 A11 A12 A16

A12 A22 A26

A16 A26 A66




(n) 


εxx

εyy

2εxy




(n)

(6.11)

where Nxx, Nyy are membrane forces in the x- and the y-direction, respectively, and Nxy is
the membrane shear force. It should be noted the membrane forces are normalised by the
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length of the side to which they are applied. Given the load, the laminate strains, εxx, εxy

and εxy, are determined by inverting the membrane stiffness tensor:


εxx

εyy

2εxy




(n)

=


 A11 A12 A16

A12 A22 A26

A16 A26 A66




−1(n) 


Nxx

Nyy

Nxy




(n)

(6.12)

Local strains in each ply are determined from the laminate strains by the transformation


ε11

ε22

2ε12




k

= [T ]k




εxx

εyy

2εxy


 (6.13)

where [T ]k is a transformation matrix given by the angle between the global laminate coordi-
nate system and the local material coordinate system located in the k′th ply. From the local
strains given by Eq. (6.13), the local normal stress components σ11,k, σ22,k are determined
directly from the constitutive equation in Eq. (6.2), while the shear component σ12,k has to
be determined by numerical iteration. Based on the local shear strain εk

12 from Eq. (6.13),
the shear stress σk

12 is calculated in each ply from the shear relation Eq. (6.1) by a Newton
Raphson procedure. The reduced modulus G∗

12,k is calculated as

G
∗(n)
12,k =

σ
(n)
12,k

2ε
(n)
12,k

(6.14)

The local stress components σ11,k, σ22,k, σ12,k in each ply can now be determined for various
values of the external loads Nxx, Nyy, Nxy by looping the laminate analysis through Eq. (6.2)
to Eq. (6.14), until convergence of the reduced modulus G∗

12,k is obtained in all plies. This
method is referred to as the ’direct method’ in the following.

The laminate analysis can also be formulated as an incremental procedure and the consti-
tutive relation then takes the following form:
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dσ22

dσ12




(n)
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 Q11 Q12 0

Q21 Q22 0

0 0 Q
(n)
66
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dε11

dε22

2dε12




(n)

(6.15)

where t indicates that Qt
ij is a tangent stiffness matrix. The tangent stiffness of the shear

term is

Q
t(n)
66,k =

dσ12

dγ12

=
1

1/G12 + 3ασ
2(n)
12,k

(6.16)

while the remaining terms of Qt
ij, due to linear elastic behaviour in the fibre and the trans-

verse (matrix) direction, are equal to the stiffness coefficients in Eq. (6.2). Transformations
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to the global coordinate system are applied by Eqs. (6.8) and (6.9). In the incremental
procedure, the load is increased from N (n) to N (n+1) by a small increment ∆N :

N (n+1) = N (n) + ∆N (6.17)

The laminate strain increments are calculated in each load step by


dεxx

dεyy

2dεxy




(n)

=


 A11 A12 A16

A12 A22 A26

A16 A26 A66




−1(n) 


dNxx

dNyy

dNxy


 (6.18)

where A
−1(n)
ij is the inverted membrane tangent stiffness matrix. The laminate strain in-

crements are transformed into the local material coordinate system of the k′th ply, and
the stress increments dσ11, dσ22 and dσ12 are determined from Eq. (6.15). The local stress
components are updated by

σ
(n+1)
αβ,k = σ

(n)
αβ,k + dσαβ,k, α, β = 1, 2 (6.19)

The local strains are updated by

ε
(n+1)
αβ,k = ε

(n)
αβ,k + dεαβ,k, α, β = 1, 2 (6.20)

This method is referred to as the ’incremental method’ in the following. The direct and the
incremental methods are implemented in a small computer program.

6.2 Failure Criteria for Unidirectional Composites

The following section is concerned with failure criteria for unidirectional composites. Ten-
sile and compressive tests have been performed on 30 unidirectional glass fibre reinforced
polyester composite specimens.

The strength of a unidirectional composite ply is characterised by five constants:

Xt - Longitudinal tensile strength
Xc - Longitudinal compressive strength (positive value for ex. Xc = 299MPa
Yt - Transverse tensile strength
Yc - Transverse compressive strength (positive value for ex. Yc = 83MPa
Sc - Shear strength

The strength properties are obtained from uniaxial tensile and compressive tests on com-
posite specimens. At least five specimens are needed to obtain the strength properties, but
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it is recommended to use 3 to 5 specimens for each strength property due to large scatter in
the results. The normal strength properties Xt, Xc, Yt and Yc are obtained by tensile and
compressive tests in the fibre direction and in the transverse direction, respectively, while the
shear strength Sc is usually obtained by tensile tests on a [±45]s-laminate. It is emphasised
that the present failure criteria are only valid for unidirectional composites.

Several failure criteria are proposed in the literature and they can be categorised into three
categories: Limit criteria, interactive criteria and separate mode criteria.

6.2.1 Limit Criteria

The limit criteria predict ply failure based on the individual stress or strain components
present in the ply. The criteria are simple to apply and give the mode of failure, but neglect
the effect of stress interaction on the failure mechanism. The maximum stress failure criterion
is defined as

Maximum Stress:

σ1

Xt

≥ 1,
−σ1

Xc

≥ 1, Tensile and compressive fibre failure

σ2

Yt

≥ 1,
−σ2

Yc

≥ 1, Tensile and compressive matrix failure

σ12

Sc

≥ 1, Shear failure

where the stress components are determined in the material coordinate system, where σ1 is
the normal stress in the fibre direction, σ2 is the normal stress in the matrix material and
σ12 is the shear stress in the matrix.

The maximum strain criterion is obtained by shifting the stress and the strength properties
into the strain space.

6.2.2 Interactive Criteria

The interactive (or polynomial) criteria predict failure based on a combined stress state
similar to Hill’s yield criterion for orthotropic materials, by applying a quadratic polynomial
based on the strength properties. The criteria include the stress interaction but do not give
the mode of failure. Most interactive failure criteria for composite materials can be expressed
in terms of a single tensor polynomial failure criterion such as proposed by Tsai and Wu
(1971). Failure is assumed to occur when the following condition is satisfied:

Fiσi + Fijσiσj ≥ 1 (6.22)
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The two-dimensional form of Eq. (6.22) is expressed as

F1σ1 + F2σ2 + 2F12σ1σ2 + F11σ
2
1 + F22σ

2
2 + F66σ

2
6 ≥ 1 (6.23)

where σ6 = σ12 refers to the in-plane shear stress. Fi, Fij are given in the following depending
on the failure criteria used. The four most well known polynomial criteria for failure in
unidirectional composites are listed below.

Tsai-Wu:

From Tsai and Wu (1971) the failure indices are given as

F1 =
1

Xt

− 1

Xc

, F2 =
1

Yt

− 1

Yc

F11 =
1

XtXc

, F22 =
1

YtYc

F12 = −1

2

√
F11F22, F66 =

1

S2
c

(6.24)

It should be noted that F12 is based on an approximation and sometimes F12 = 0, see Jones
(1984), p.116-117.

Hoffman:

The failure indices for the Hoffman (1967) criterion are

F1 =
1

Xt

− 1

Xc

, F2 =
1

Yt

− 1

Yc

F11 =
1

XtXc

, F22 =
1

YtYc

F12 = − 1

2XtXc

, F66 =
1

S2
c

(6.25)

Tsai-Hill:

The failure indices for the Tsai (1964) criterion are

F1 = 0, F2 = 0

F11 =
1

X2
, F22 =

1

Y 2

F12 = − 1

2X2
, F66 =

1

S2
c

(6.26)
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where X = Xt for σ1 > 0, otherwise X = Xc, and Y = Yt for σ2 > 0, otherwise Y = Yc. By
inserting the indices into Eq. (6.23) the following well known formula is recognised:

σ2
1

X2
− σ1σ2

X2
+

σ2
2

Y 2
+

σ2
12

S2
c

≥ 1 (6.27)

Azzi-Tsai:

The Azzi and Tsai (1965) failure criterion is identical to that of Tsai-Wu with the exception
of the cross product term, which is taken as the absolute value:

F1σ1 + F2σ2 + 2F12|σ1σ2| + F11σ
2
1 + F22σ

2
2 + F66σ

2
6 ≥ 1 (6.28)

It is seen that the Tsai-Wu and the Hoffman criteria are almost similar and that the Tsai-Hill
and the Azzi-Tsai criteria are almost similar.

6.2.3 Separate Mode Criteria

In the separate mode criteria the failure modes of fibre failure and matrix failure are con-
sidered separately.

Hashin-Rotem:

Rotem and Hashin (1975) investigated failure in [±45]s-laminates and identified two different
failure modes. In the mathematical model, failure is separated into fibre failure and matrix
failure.

(
σ1

Xt

)
≥ 1, Tensile fibre failure(

σ2

Yt

)2

+

(
σ12

Sc

)2

≥ 1, Tensile matrix failure

(6.29)

Modified Hashin-Rotem:

Hashin (1980) identified four distinct failure modes, fibre and matrix failure modes in tension
and compression, respectively. The failure modes are modelled separately by the following
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piecewise failure surface:

(
σ1

Xt

)2

+

(
σ12

Sc

)2

≥ 1, Tensile fibre failure

(−σ1

Xc

)
≥ 1, Compressive fibre failure

(
σ2

Yt

)2

+

(
σ12

Sc

)2

≥ 1, Tensile matrix failure

(
σ2

2Sc

)2

+

[(
Yc

2Sc

)2

− 1

]
σ2

Yc

+

(
σ12

Sc

)2

≥ 1, Compressive matrix failure

(6.30)

It is seen that the failure criterion is an extension of the original Hashin-Rotem failure
criterion, for which reason it is often denoted the modified Hashin-Rotem failure criterion.

Chang-Chang:

Chang and Chang (1987) investigated post failure behaviour of bolted composite joints and
proposed a failure criterion which includes the non-linear shear behaviour. A shearing term
augments each failure mode:

τ =

σ2
12

2G12

+
3

4
ασ4

12

S2
c

2G12

+
3

4
αS4

c

(6.31)

and the failure criterion is defined as

(
σ1

Xt

)2

+ τ ≥ 1, Tensile fibre failure

(
σ2

Yt

)2

+ τ ≥ 1, Tensile matrix failure

(
σ2

2Sc

)2

+

[(
Yc

2Sc

)2

− 1

]
σ2

Yc

+ τ ≥ 1, Compressive matrix failure

(6.32)

The Chang-Chang failure criterion reduces to the modified Hashin-Rotem criterion for a
linear elastic shear behaviour, α = 0.
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6.2.4 Tensile and Compressive Tests on Unidirectional Composite
Specimens

First ply failure for unidirectional composites is studied in the following. Tensile and com-
pressive tests were performed on composite coupons in order to compare the failure criteria
presented in the previous section. The test series consisted of 30 UD specimens made of
E-glass fibres and polyester matrix.

The specimens were cut out of a 0.5m x 1.0m UD panel with a diamond saw and afterwards
machined in order to remove flaws and to obtain crack-free surfaces. The panel was made
by Danyard in Denmark using a traditional hand lay-up technique. The specimens were
cut out from the panel in five different angles, 0o, 30o, 45o, 60o and 90o relative to the fibre
orientation in order to create different stress states during the loading, see Figure 6.1. Six
specimens were made at each angle, three for tension tests and three for compression tests.

Figure 6.1: Unidirectional specimen.

The dimensions of the specimens were (250,25,4)mm and (125,25,4)mm (L,B,T) for the
tension and compression tests, respectively. The specimens were designed according to
ASTM D3410/D3410M-095a, D3039/D3039M-095a and D3518/D3518M-94. and the tests
were performed on a 250kN Instron hydraulic test machine.

The specimens were loaded until failure. Extensometers were fitted on the specimens in the
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tensile tests, while this was not possible in the compression tests due to limited space. The
results of ultimate strength as a function of the loading angle are given in Table 6.1.

Typical stress-strain curves obtained from the tensile tests are shown in Figures 6.2 to 6.3.
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Figure 6.2: Stress-strain curves for unidirectional specimens for 0o and 90o loading directions.
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Figure 6.3: Stress-strain curves for unidirectional specimens for 30o, 45o and 60o loading
directions.
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Table 6.1: Ultimate strength of unidirectional specimens.

Specimen Loading σult [MPa] Loading direction [deg.]

comp31 tensile 383.5 0

comp32 tensile 381.1 0

comp33 tensile 398.8 0

comp34 compression -280.0 0

comp35 compression -288.6 0

comp36 compression -328.5 0

comp37 tensile 68.6 30

comp38 tensile 56.3 30

comp39 tensile 56.7 30

comp40 compression -119.0 30

comp41 compression -124.9 30

comp42 compression -104.7 30

comp43 tensile 38.0 45

comp44 tensile 38.6 45

comp45 tensile 27.0 45

comp46 compression -77.8 45

comp47 compression -76.6 45

comp48 compression -75.2 45

comp49 tensile 22.1 60

comp50 tensile 28.2 60

comp51 tensile 21.0 60

comp52 compression -81,0 60

comp53 compression -81.7 60

comp54 compression -72.4 60

comp55 tensile 22.5 90

comp56 tensile 16.7 90

comp57 tensile 28.9 90

comp58 compression -83.8 90

comp59 compression -78.2 90

comp60 compression -85.8 90

The stress-strain relationship is seen to be linear for the 0o and the 90o loading angles, while
a deviation from linearity is seen for the 30o, 45o and 60o loading angles. The following
elastic stiffness properties and strength properties are found from the tests in the 0o and 90o

loading directions:
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Elastic properties:

E11 = 26.8 GPa
E22 = 6.7 GPa
ν12 = 0.266
ν21 = 0.067

(6.33)

Strength properties:

Xt = 388 MPa
Xc = 299 MPa
Yt = 23 MPa
Yc = 83 MPa

(6.34)

The shear modulus G12 and the non-linear shear parameter α cannot be determined directly
from the experiments but have to be determined from a laminate analysis. The developed
laminate program with the non-linear shear behaviour is used to analyse the tested unidi-
rectional composites.
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Figure 6.4: Laminate analysis of unidirectional composites including non-linear shear be-
haviour for 0o and 90o loading directions.
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Figure 6.5: Laminate analysis of unidirectional composites including non-linear shear be-
haviour for 30o, 45o and 60o loading directions.

In the laminate analysis, a membrane force Nxx is applied in the longitudinal x-direction
of the laminate with the subsequent composite ply rotated an angle relative to the x-axis,
equivalent to the angle used in the tensile test of the UD. The laminate is constrained in
the x-direction at the fixed end but otherwise the laminate is free to deform, meaning that
no constraints are put on the laminate strains of εyy, εxy. Consider the strain state at the
centre of a specimen during a tensile test. It is clear that in a real specimen, the laminate
strains εyy, εxy are affected by the hold of the test machine and especially the shear strains
might be expected to be affected. It is, however, too restrictive to assume that εxy = 0 if the
specimen is long. It is assumed in the following that the strains εyy, εxy are unconstrained
and this assumption will be investigated further by FE-analysis.

A laminate analysis is performed in the 45o loading direction, and the shear modulus G12 and
the non-linear shear parameter α are adjusted in the analysis to agree with the experimental
curve from the 45o loading direction. The following values are found:

G12 = 1.8 GPa
α = 1.40 10−24Pa−3 (6.35)

where the values of E11, E22, ν12 are given in Eq. (6.33). The results from the laminate
analysis are compared with those of the experiments in Figures 6.4 to 6.5.

It is seen in Figure 6.4 that the laminate analysis correctly predicts the response in the 0o

and 90o loading directions. The laminate analysis agrees well with the experiments in the
45o and 60o loading angles, while in the 30o loading angle the axial strain is overpredicted
by the laminate analysis for an axial strain larger than 0.3%.
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6.2.5 First-ply Failure of Unidirectional Composite

The failure criteria from the previous section are compared with experiments in the following.
In order to compare the failure criteria with experiments, the remaining strength property in
shear, Sc, has to be determined. If the shear strength is based on a tensile or compressive test
where the three stress components σ11, σ22 and σ12 are non-zero, then the shear strength will
depend on the fracture criterion used, as each criterion has different stress interactions. This
is of course not strictly physical as the shear strength is a unique value. The shear strength
can actually be determined directly by experiments if a pure shear state can be created.
This requires additional testing, which was not done in the present study. A shear strength
is determined for each failure criterion based on the experimental tensile and compressive
strengths from the 45o loading angle. The shear strengths are shown in Table 6.2 where
’mod. HR’ denotes the modified Hashin-Rotem failure criterion.

Table 6.2: Shear strengths for different failure criteria, calibrated from tension and compres-
sion tests.

Sc (MPa) Limit stress Tsai-Wu Hoffman Tsai-Hill Azzi-Tsai Hashin-Rotem mod. HR Chang-Chang

Tension 19.0 37.8 39.4 33.4 33.4 33.4 33.4 26.7

Compression 37.8 30.8 31.8 42.4 42.4 42.4 42.8 39.9

It is seen that the shear strength varies significantly depending on the used failure criterion.
Failure envelopes for the unidirectional composite can now be created with the different
failure criteria as a function of the loading angle and be compared with the experiments.
The failure envelopes are shown in Figures 6.6 to 6.7 with Sc calibrated from tension or
compression tests, respectively, in the 45o loading direction.

Consider first Figure 6.6. It is seen that the failure criteria result in similar failure envelopes
in tension while larger differences are seen in compression. All failure criteria agree well with
the experiments in tension, except the limit stress, which underestimates the failure stress.
In compression the Hashin-Rotem and the Chang-Chang agrees well with the experiments,
except for a loading angle of 30o, while the limit stress underpredicts the failure stress in the
entire range of loading angles in compression. The failure strengths predicted by the Tsai-
Wu and the Hoffman failure criteria in compression are generally higher than those predicted
by the Hashin-Rotem and the Chang-Chang criteria. The Tsai-Wu and the Hoffman agree
well with the experiments in compression, except for a loading angle of 45o where the failure
strength is overpredicted. The failure envelopes in Figure 6.7, calibrated on the basis of
the compression tests, are almost identical for the seven failure criteria. However, small
differences between the criteria are seen for loading angles less than 30o.

The comparison suggests that use of the Chang-Chang or the Tsai-Wu criteria gives the
smallest error compared to experimental values. It should be noted that the Hashin-Rotem
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criterion is included in Chang-Chang and that the Tsai-Wu and the Hoffmann criteria yield
identical results.
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Figure 6.6: Failure envelopes for various failure criteria. Calibrated from tension tests.
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Figure 6.7: Failure envelopes for various failure criteria. Calibrated from compression tests.
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6.3 Progressive Failure in Laminates

A progressive failure analysis of laminated composites is presented in the following. The
analysis is compared with experiments on [±45]s-laminates. The basic idea of progressive
failure in laminated composites is to couple a failure criterion with the non-linear laminate
analysis presented previously. The load is applied incrementally and failure is subsequently
checked in each layer of the laminate based on the local stress components from the laminate
analysis. If failure is detected, selected stiffness properties of the ply are set to zero depending
on the failure mode. This approach requires a failure criterion to handle separately the
different failure modes, which means that the interactive criteria are not suitable for this
purpose. The remaining failure criteria which separately handle failure modes are those
of limit stress, Hashin-Rotem, modified Hashin-Rotem and Chang-Chang. The comparison
shows that the Chang-Chang agrees reasonably well with the experiments and this criterion
is therefore used in the further work.

Four different failure modes are considered in a unidirectional composite:

• Tensile fibre failure mode

• Compressive fibre failure mode

• Tensile matrix failure mode

• Compressive matrix failure mode

If one of the four failure modes is detected, the corresponding stiffnesses are simply set to
zero. The four failure modes are given below.

Tensile fibre failure:

σ11 > 0 then

(
σ11

Xt

)2

+ τ

{
≥ 1 failed

< 1 elastic
(6.36)

At failure the following modulus and Poisson’s ratios are set to zero.

E11 = E22 = G12 = ν21 = ν12 = 0, after failure

Compressive fibre failure:

σ11 < 0 then

(
σ11

Xc

)2
{
≥ 1 failed

< 1 elastic
(6.37)

with E11 = ν21 = ν12 = 0, after failure
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Tensile matrix failure:

σ22 > 0 then

(
σ22

Yt

)2

+ τ

{
≥ 1 failed

< 1 elastic
(6.38)

with E22 = ν21 = G12 = 0, after failure

Compressive matrix failure:

σ22 < 0 then

(
σ22

2Sc

)2

+

[(
Yc

2Sc

)2

− 1

](
σ22

Yc

)
+ τ

{
≥ 1 failed

< 1 elastic
(6.39)

with E22 = ν21 = ν12 = G12 = 0, after failure

where the shearing term is

τ =

σ2
12

2G12

+
3

4
ασ4

12

S2
c

2G12

+
3

4
αS4

c

(6.40)

The above progressive failure procedure is implemented in both the direct and the incremen-
tal methods mentioned in Section 6.1. It should be recalled that the incremental method is
based on a stress update given as

σ(n+1) = σ(n) + dσ (6.41)

Fibre or matrix failure results in zero values of selected stiffness properties depending on
the failure mode. Assume for simplicity that the ply has failed in both fibre and matrix
failure, then all ply stiffness properties are zero and the stress increment in this layer is
therefore zero dσ = 0, according to Eq. (6.15). Thus, σ(n+1) = σ(n) after failure and it
follows that the stress in this ply remains a constant non-zero value throughout the analysis.
This methodology more or less resembles to a linear elastic ideal plastic material behaviour.

In the direct method, which is explained in Section 6.1, ply failure will result in zero stress
components in the present ply as the laminate analysis is based on a direct calculation with
the apparent stiffness properties, and not tangent stiffness properties as in the incremental
method. The real behaviour of progressive damage in laminates is probably somewhere
in between the two methodologies because damage is not an instantaneous process with
complete loss of stiffness, while at the same time it is too conservative to assume that a
failed ply can carry the same load as before failure.

In the following, ’direct’ refers to the direct method where the stress components are zero
after failure, and ’incremental’ refers to the incremental method where the stresses in a ply
remain constant after failure.
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6.3.1 Tensile and Compressive Tests of [±45]s-Laminates

Tensile and compressive tests were performed on [±45]s-laminates in order to investigate the
progressive behaviour at different loading angles and in order to test the two progressive
failure methods (direct and incremental).

Figure 6.8: [±45]s-laminate specimen.

A total of 30 laminated specimens was cut out from a 0.5m x 1.0m laminate panel at various
angles relative to the symmetry line of the panel, as shown in Figure 6.8.

The specimens were tested according to ASTM standards equivalent to the tests on uni-
directional composites. The ultimate strengths as functions of loading angles are given in
Table 6.3.

The tests were run at various loading velocities in order to assess the strain rate effects.
Figure 6.9 shows the ultimate strengths as functions of the strain rate in the 0o and 45o

loading directions.

It is seen that the ultimate strength is strain rate sensitive in the 0o direction, while this
effect is less significant in the 45o direction. This difference might be explained by the fact
that in the 0o direction the load is mostly carried by the matrix in terms of shear stresses,
while in the 45o direction the load is carried by the fibres. The dependency on the load
direction indicates that the matrix is strain rate sensitive while the fibres are less sensitive
to the strain rate. However, the strain rate values are based on few experiments and further
testing is needed in order to support the observations.
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Table 6.3: Ultimate strength of [±45]s-laminates.

Specimen Loading σo,ult [MPa] ε̇x [10−4 s−1] Loading direction [deg.]

comp1 tensile 91.4 2.25 0

comp2 tensile 86.8 1.13 0

comp3 tensile 85.0 1.13 0

comp4 tensile 86.0 1.13 0

comp5 tensile 84.4 1.13 0

comp1-b tensile 100.0 45.0 0

comp2-b tensile 93.6 4.5 0

comp3-b tensile 83.2 0.45 0

comp12 tensile 197.3 0.50 45

comp13 tensile 242.2 0.50 45

comp14 tensile 303.8 0.50 45

comp15 tensile 268.1 2.50 45

comp16 compression -228.8 1.13 45

comp17 compression -225.5 1.13 45

comp18 compression -194.1 1.13 45

comp19 compression -212.0 11.3 45

comp20 compression -238.8 22.5 45

comp21 tensile 145.7 1.13 30

comp22 tensile 155.2 1.13 30

comp23 tensile 151.0 1.13 30

comp24 tensile 155.0 2.25 30

comp25 tensile 165.2 4.50 30

comp26 compression -163.2 11.3 30

comp27 compression -156.0 1.13 30

comp28 compression -140.0 1.13 30

comp29 compression -154.4 1.13 30

comp30 compression -162.4 11.3 30

6.3.2 Progressive Failure Analysis of [±45]s-Laminates

A non-linear laminate analysis with progressive failure was performed on the [±45]s-laminate
by the direct and the incremental methods. The analysis is based on the strength properties
and the elastic material properties obtained from the tests on the unidirectional composite,
as it is assumed that the [±45]s-laminate consists of stacked plies equivalent to the tested
unidirectional composite. However, if the uncertainties involved in the manufacture of lami-
nates by hand lay-up are recalled, it is clear that it is not possible to obtain exactly the same
content of fibre and matrix and, differences in the elastic properties and strengths must be
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Figure 6.9: Strain rate effects on ultimate strength. (a) 0o loading direction. (b) 45o loading
direction.

expected. Initial analysis showed that the overall stiffness in the 45o direction of the laminate
agree well with the experiments, while in the 0o direction, where the load is mainly carried
by shear forces, the stiffness does not agree with the experiments. This indicates that the ply
stiffness properties of E11, E22 measured on the UD’s can be used directly, while the shear
stiffness properties of G12 and α have to be adjusted in order to agree with the tensile test
in the 0o loading direction of the laminate. From the laminate analysis the following values
are found:

G12 = 2.80 GPa
α = 4.0 10−25Pa−3

Sc = 85MPa
(6.42)

The results from the laminate analysis are compared with experiments in Figures 6.10 to 6.12.
It is seen in Figure 6.10 that both the direct and the incremental laminate analyses agree well
with the experiments in the 0o loading direction. The analysis correctly determines the non-
linear behaviour and the point of failure. In the 30o loading direction shown in Figure 6.11
the laminate analysis agrees with experimental data until an axial strain of 0.5%. The first
ply failure is indicated as a change of slope in the calculated curves and it is seen that both
methods correctly calculate this point at ε = 0.004. However, after this point both methods
give lower stress values than the experiment as a function of the same axial strain. It is
seen that the direct method results in larger strains compared to the incremental method
as a function of the same load, while at the same time the slopes of the two curves are the
same. The direct method results in larger axial strains because in the incremental method
the plies can still carry a load equal to the strength before ply failure, while in the direct
method stresses are zero after failure. In the 45o loading direction shown in Figure 6.12
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the applied load results only in normal stresses in the fibre and the matrix directions, and
therefore non-linearities due to the non-linear shear behaviour are correctly not seen in the
results. The first ply failure occurs in the matrix at a longitudinal strain of 0.4% indicated
by the change of the slope.
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Figure 6.10: Progressive failure analysis of [±45]s-laminate. Tension, 0o loading angle.
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Figure 6.11: Progressive failure analysis of [±45]s-laminate. Tension, 30o loading angle.
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Figure 6.12: Progressive failure analysis of [±45]s-laminate. Tension, 45o loading angle.

The behaviour after the first ply failure (0.004 < ε < 0.017) is correctly determined by
the incremental method and the final failure agrees well with the experimental data. The
direct method results again in larger strain as a function of the same load compared to
the incremental method, but the slope of the curve is equal to the curve determined by
the incremental method. It is seen that the progressive failure behaviour calculated by the
incremental method is generally closer to the real behaviour of the laminate, compared to
the response calculated by the direct method.

The ultimate strengths predicted by the two laminate analyses are compared with the ex-
periments in Table 6.4.

Table 6.4: Ultimate strength of [±45]-laminate.

σult (MPa) Laminate analysis Experiment Error (%)

0o, tension 86/86 86 -/-

30o, tension 128/140 151 15/7

45o, tension 214/190 248 14/23

30o, compression -186/-179 -150 24/19

45o, compression -197/-182 -216 9/16

It should be noted that the shear strength, Sc, is calibrated from the tensile test in the 0o

direction and thus the deviation from experiment is not given for this value in Table 6.4. The
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first value in the column ’Laminate analysis’ is calculated by the incremental method while
the second value is calculated by the direct method. The difference between the analytical
laminate analysis and the experimental results ranges from 7 to 24 %. The elongation at
final failure is compared with experiments in Table 6.5.

Table 6.5: Elongation at final failure of [±45]-laminate.

εult (MPa) Laminate analysis (%) Experiment (%) Error (%)

0o, tension 2.65/2.65 2.65 -/-

30o, tension 2.16/3.45 2.17 0/59

45o, tension 1.82/1.72 1.66 10/4

It should be noted that the strain at final failure is not compared for the compression
experiments as extensometers were not fitted on the specimens. It is seen that the deviation
for the 30o loading angle is very large when the direct method is used. Otherwise the
difference between analysis and experiments is between 0 to 10%.

6.4 Implementation of Chang-Chang Failure Criterion

in LS-DYNA

The constitutive orthotropic elastic material model with the non-linear shear behaviour
and the failure criterion by Chang and Chang (1987) has been implemented in the FE-
program LS-DYNA as a user-defined material subroutine. Progressive failure is implemented
as proposed by Chang and Chang (1987) by reducing the material properties associated with
the failure mode.

The material subroutine only applies for shell elements. The material model can handle
laminates consisting of unidirectional composite plies stacked in various directions. Each
UD ply is represented by one integration point and the orientation is given by the angle
between the shell element coordinate system and the local fibre direction of the ply.

Strain rates and stresses are rotated into the local material coordinate system of a ply before
entering the material subroutine and the stress tensor is updated in LS-DYNA by

σ(n+1) = σ(n) + ∆σ (6.43)
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where σ(n) is the stress tensor from the previous time step and the stress increment tensor is

∆σ =




∆σ11

∆σ22

∆σ12

∆σ23

∆σ31
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11 Qt
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d12

d23

d31




∆t (6.44)

where dij are strain rates and ∆t is the current time step. Qt
11 = Q11, Qt

22 = Q22 and
Qt

12 = Q12 are given previously and the out-of-plane shear terms are Qt
44 = Qt

55 = G12. It
should be noted that Qt

ij is a tangent stiffness matrix. The non-linear shear behaviour is
only included in the in-plane shear term Qt

66 and not in the out-of-plane shear terms Qt
44

and Qt
55. The in-plane shear tangent modulus is given as

Q
t(n+1)
66 =

1

1/G12 + 3ασ
2(n)
12

(6.45)

where σ
(n)
12 is calculated in the previous time step, t(n). The stress update of σ

(n+1)
12 can

alternatively be calculated from the non-linear shear equation in Eq. (6.1) based on the

updated in-plane shear strain, ε
(n+1/2)
12 , by a Newton Raphson procedure. However, the

difference between the two methods is insignificant due to the small time steps used in the
explicit time integration scheme, and the Newton Raphson approach is not used for reasons
of efficiency.

A trial stress is calculated on the basis of the above stress update and the four failure modes
from the Chang-Chang failure criterion are checked. If failure is detected, the associated
material properties are reduced or set to zero. Due to the incremental stress update used in
LS-DYNA, Eqs. (6.43) and (6.44), stresses are not reduced to zero after ply failure because
σ(n+1) = σ(n) when dσ = 0, as explained earlier in this chapter. This behaviour corresponds
to the behaviour of the incremental laminate analysis. However, in order to obtain zero
stresses after failure the stress components are reduced to zero by specifying σ(n+1) = 0 after
failure. This approach is denoted ’stress reduction’ in the following. The material subroutine
therefore includes the same functionalities as the two laminate analysis methods.

The material subroutine is linked to an element kill algorithm which removes a shell element
from the calculation when both matrix and fibre failure has occurred at each integration point
of the shell element. This corresponds to failure in all plies of the laminate. Alternatively, a
shell element can also be deleted on the basis of additional four failure parameters in terms
of critical strains, namely a critical fibre failure strain εft, a critical tensile matrix strain εmt,
a critical compressive matrix strain εmc and a critical shear strain εs. The shell element is
deleted if one of these strains is exceeded. In the ’stress reduction’ approach, ply failure and
element removal are based on fibre and/or matrix failure of all the subsequent plies, while in
the approach without stress reduction, element removal is based on the four critical strain
parameters.
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It is common in explicit time integration, which is used in LS-DYNA that element deletion
creates vibrations in the elastic solution. Vibrations in the solution are clearly undesirable
because they sometimes create a domino-like effect on the surrounding elements so that
elements are deleted due to stress peaks. In order to avoid vibrations in the solution the
stresses of a failed ply are reduced to zero over a number of time steps, usually 50 to 500.

6.5 Numerical Simulations of Unidirectional Compos-

ites and [±45]s-Laminates

The tensile and compressive tests performed on the unidirectional composites and the lam-
inates are simulated by the implemented material user subroutine. The results for the
unidirectional composites are compared with the experiments in Figures 6.13 to 6.14.

It is seen from Figure 6.13 that the calculated response for the 0o and 90o loading angles
agrees well with the experiments. After ply failure the stresses are reduced to zero over a
number of time steps. Figure 6.14 shows the simulations for the 30o, 45o and 60o loading
angles. The simulations agree well with the experiments in the 45o and 60o directions, while
the load is underpredicted for the 30o loading angle. It should be noted that the load in the
30o loading direction was also underpredicted in the laminate analysis, see Figure 6.5.
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Figure 6.14: Numerical simulation of tensile tests on unidirectional composites. Tension,
30o, 45o and 60o loading angles.

The tensile and compressive tests of the [±45]s-laminates are simulated by the implemented
user subroutine and the results are compared with the experiments in Figures 6.15 to 6.17.
The laminates have been simulated with and without stress reduction.

0

20

40

60

80

100

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

σ 
[M

Pa
]

ε

Experiment, 0 deg. 
Simulation, 0 deg. 

Simulation, 0 deg. - stress reduction 

Figure 6.15: Numerical simulation of tensile tests on a [±45]s-laminate. Tension, 0o loading
angle.
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Figure 6.16: Numerical simulation of tensile tests on a [±45]s-laminate. Tension, 30o loading
angle.
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Figure 6.17: Numerical simulation of tensile tests on a [±45]s-laminate. Tension, 45o loading
angle.

Figure 6.15 shows the simulation of the laminate at a loading angle of 0o. In this case the axial
load is mainly carried by shear stresses in the matrix. It is seen that the calculated response
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agrees well with the non-linear behaviour obtained in the experiment. Some deviation is
seen in the final part of the curve, however, the failure point of the laminate is still fairly
accurately calculated by the simulation.

Figure 6.16 shows the simulation of the 30o loading angle. The simulation agrees well with
the experiment until an axial strain of 0.5%. After this point the simulation underpredicts
the stress as a function of the same axial strain compared to the experiment. This behaviour
is similar to the results from the laminate analysis.

Figure 6.17 shows the simulation at a loading angle of 45o. It should be noted that at this
loading angle shear stresses are zero in the laminate. The simulation correctly calculates the
point of first ply failure at an axial strain of 0.4%. After this point the stiffness is reduced due
to degradation of the ply stiffness properties and this behaviour is also correctly calculated
by the simulation.

In Section 6.3.1 it was discussed how the boundary conditions at the fixed end and at the
hold of the specimen, where the load is applied, affect the strain state at the centre part of
the specimen, where the specimen according to the experiments fail. In the laminate analysis
it is assumed that the centre part is unaffected by the boundary conditions and can deform
unconstrained, which means that only εxx = 0 in the analysis and no constrains are put on
εyy and εxy. This hypothesis is investigated here by numerical simulations of the tensile test
on a [±45]s-laminate at a loading angle of 30o. The results are shown in Figure 6.18.
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Figure 6.18: Numerical simulation of tensile tests on a [±45]s-laminate for different boundary
conditions. Tension, 30o loading angle.

In ’Simulation, 30 deg.’ the specimen is only constrained in the loading (x-)direction at the
fixed end, while in ’Simulation - 30 deg. BC’ the specimen is also constrained for displace-
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ments in the y-direction and rotations. It is seen that the response until first ply failure is
similar for the two sets of boundary conditions, which indicates that the boundary conditions
are not affecting the response significantly. The simulation with the fully constrained ends
shows that laminate failure occurs close to the fixed ends, which is contrary to experiments.
It is concluded that with a fairly long specimen the centre part of the specimen will be unaf-
fected by the boundary conditions, which means that the assumptions made in the laminate
analysis are valid.

6.6 Concluding Remarks

A constitutive elastic orthotropic material model with a non-linear shear behaviour has been
implemented in a laminate analysis. Comparison with experiments shows that the elastic
non-linear behaviour observed in experiments is well described by the material model. Sev-
eral failure criteria have been compared with experimental results on UD’s, and it is found
that a failure criterion by Chang-Chang agrees well with the experiments for first ply failure.
A progressive failure analysis for laminates proposed by Chang-Chang is implemented in the
laminate analysis. In the laminate analysis, two different approaches have been adopted for
the calculation of the progressive failure behaviour. These are the ’incremental method’,
where the stress is kept constant in a ply after failure, and the ’direct method’, where the
ply stress is reduced to zero after failure. Comparison with experiments shows that the in-
cremental method agrees better with experiments than the direct method. The response and
the final laminate failure calculated by the incremental method agrees well with experiments
if the subsequent plies are oriented 0o, 90o or 45o relative to the loading direction, while
for other ply angles some deviation is seen. The ultimate laminate strengths are calculated
within 24% of the experimental results.

The elastic non-linear orthotropic material model with the progressive failure procedure by
Chang-Chang has been implemented as a user-defined material subroutine in LS-DYNA.
Progressive failure is modelled by degradation of ply stiffness properties as proposed by
Chang-Chang. A stress reduction option has been implemented in the subroutine to reduce
the stresses in a failed ply, which is equivalent to the ’direct method’ used in the lami-
nate analysis. Without this option, the calculation procedure resembles to the incremental
method used in the laminate analysis. Simulations of tensile tests on UD’s and [±45]s-
laminates show that the calculation procedure without stress reduction agrees better with
experimental results than that with stress reduction does.

The implemented material model for LS-DYNA, with the option to apply stress reduction,
is used in the following crushing simulations of sandwich structures.
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Chapter 7

Axial Crushing of Sandwich
Structures

The crushing behaviour of sandwich structures is studied in the following by experiments
and FE-simulations by LS-DYNA and the implemented material model.

A sandwich structure consists of the face layers, the core material and the adhesive joints
bonding the face layers to the core material. The face layers are usually made of high-
performance materials with a high stiffness and strength, while the core is a thick, lightweight
and low-performing material. In maritime applications the face layers most often consist of
various combinations of E-glass/carbon/kevlar fibres and epoxy/polyester/vinylester ma-
trix. Balsa, the first core material to be used in sandwich structures, is still in use to-
day among modern core materials such as honeycomb, polyvinyl chloride foam (PVC) and
polyurethane foam (PUR). The present study is focused on sandwich intersections made of
E-glass/polyester skin laminates and polyurethane foam core.

Full-scale crushing tests were performed on structural sandwich intersections from three
sandwich vessels. The intersections were compressed in a large hydraulic press and values
of load and end shortening displacement were measured. Strain gauges were fitted on the
specimens.

Numerical crushing simulations of the experiments are performed by LS-DYNA. Stiffness
properties and strengths found for the UD’s tested in the previous chapter are used as
input parameters in the FE-models. Progressive failure of the laminates during crushing
is simulated by the implemented material model and the results are compared with the
experiments.

167
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7.1 Crushing Experiments

Six experiments on full-scale structural sandwich intersections were performed at the BYG
laboratory at DTU in Denmark. The specimens are shown in Figure 7.1. The sandwich T-

(a) (b)

Figure 7.1: Sandwich specimens. (a) Large and medium sized sandwich intersections, GRT3,
GRX3, GRX2 and GRT2. (b) Small sandwich intersections, GRX1 and GRT1.

intersections denoted GRT3, GRT2 and GRT1 correspond to an upper deck and a side panel
connection, while the cruciform intersections denoted GRX3, GRX2 and GRX1 correspond
to an internal deck and a longitudinal bulkhead connection in the bow structure of a sandwich
vessel.

(a) (b)

Figure 7.2: (a) 1,000 tonnes capacity hydraulic press. (b) 50 tonnes capacity hydraulic press.

The dimensions of the sandwich intersections are given in Table 7.1. It should be noted that
’Thick skin’ in Table 7.1 refers to the extra laminate reinforcement of the flange connection of
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the large and the medium-sized intersections. The specimens were manufactured by Danyard
in Denmark. The sandwich intersections are assembled of an E-glass/polyester laminate and
a polyurethane core. The stacking sequence of the laminate is [0,±45, 90]s and each ply is
assumed to be equivalent to the tested unidirectional composites.

7.1.1 Test Equipment

Two hydraulic presses were used in the experiments. The two test rigs are presented in
Figure 7.2. The small and medium sized intersections (GRT1, GRX1, GRT2, GRX2) were

Table 7.1: Dimensions of sandwich intersections.

Sandwich intersections GRX1-GRT1 GRX2-GRT2 GRX3-GRT3

Height (mm) 165 365 550

Width (mm) 125 300 500

Material thicknesses

Core (mm) 3 30 90

Skin (mm) 3 3 3

Thick skin (mm) - 6 6

tested in the small test rig and the large intersections (GRT3, GRX3) were tested in the
large hydraulic press. Six to seven strain gauges were fitted on the sandwich specimens.
Figure 7.3 shows the locations of strain gauges a to d (strain gauges e and f are hidden by
the flange). A slow crushing velocity was applied in the initial part of the crushing test to
avoid strain rate effects. After the ultimate strength was reached the crushing velocity was
increased.

7.1.2 Crushing Behaviour

The crushing behaviour of the small sandwich cruciform is shown in Figure 7.4.

Four characteristic failure modes are identified during the crushing of the small sandwich
intersections.

• In the initial part of the crushing, the intersection is compressed axially without any
visual out-of-plane deformation of the flanges. The structure is globally stable. When
the ultimate load carrying capacity of the intersection is exceeded, the laminate fails
and white bands of damaged laminate are formed across the flanges. No indication of
failure, in terms of buckling or cracking noise, is given prior to this.
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Figure 7.3: Strain gauges on the small T-intersection, GRT1.

• In the following part of the crushing behaviour, out-of-plane buckling of the flange
appears and the white bands of damaged laminate are expanding.

• The extensive buckling and bending of the flanges induce shear failure in the core
and delamination of the laminates and debonding between core and laminate. The
laminate damage is still fairly located in the initially formed white bands.

• Further compression leads to a complete breakage of the laminate and a complex
contact mode of disintegrated laminate and fracture appears.

Figure 7.4(d) shows the specimen after an axial compression displacement of 100mm and it
is seen that several damage modes appear. The compressed structure is a complex mixture
of fractured pieces of laminate and fractured core material.

Figure 7.5 shows the crushing behaviour of the medium-sized sandwich cruciform. The
crushing behaviour of the midium-sized intersections is different from that of the small
intersections as the flanges have less tendency to buckling. However, the crushing scenario
has many similarities with that of the small intersections.

The following characteristics are identified for the medium-sized sandwich intersections.

• Initially, the intersection is compressed axially without any visual out-of-plane defor-
mation of the flanges. No visual indication of failure is given before the ultimate load
is exceeded. Failure of the laminate is seen as white bands across the flanges.
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(a) (b) (c) (d)

Figure 7.4: Crushing behaviour of the small sandwich cruciform, GRX1. (a) Forming of white
bands of damaged laminate after exceeding the ultimate load carrying capacity. (b) Extensive
buckling of the flange and debonding of core and skin. The skin damage is expanding and
core fracture begins. (c) Laminate is disintegrating and a complex contact mode of fractured
parts of laminate and core appears. Pieces of the matrix are breaking off. (d) Finally a very
complex mixture of disintegrated laminate and core fracture appears.

• Further compression leads to delamination followed by debonding and finally breakage
of the laminate. Figure 7.5(c) shows the deformation of the core material. It is seen
that the core is compressed very locally where the skin has failed, and it should be
noted that the core is compressed without expanding horizontally, i.e. a typical zero
Poisson’s ratio behaviour in the ’plastic’ region of the compressive core behaviour. The
core is more or less undeformed in the areas where the core is still supported by intact
laminate.

• The behaviour of the cruciform becomes very chaotic at deep compression, with a
complex mixture of laminate failure, fracture, delamination, debonding and compressed
core material.

The crushing response for the large sandwich intersections is similar to that of the medium-
sized intersections and therefore not repeated here. A general trend for the six tested inter-
sections is that no indication of failure is given before the ultimate load is exceeded. After
exceeding the ultimate load, white bands of damaged laminate are formed across the flanges
varying from 1 to 5cm in thickness depending on the specimen size. It is also observed
that the tested specimens show a large degree of global stability during the entire crushing
process and none fail in a global buckling mode. However, the cruciform intersections have
more global stability than the T-intersections, due to symmetry.
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(a) (b) (c) (d)

Figure 7.5: Crushing behaviour of medium sandwich cruciform intersection, GRX2. (a)
Forming of white bands of damaged laminate after exceeding the ultimate load carrying
capacity. (b) The damaged zone in the laminate is expanding. The skin is delaminating and
fracturing. The skin and the core are debonding. (c) The core is compressed locally where
the skin has failed. (d) Finally a very complex mixture of disintegrated laminate and core
compression appears.

7.1.3 Measured Crushing Forces

Figure 7.6 shows the crushing forces measured on the small sandwich intersections.

The specimens behave linearly up to the ultimate load carrying capacity. No indication of
failure is seen in the initial part of the load curve. When the ultimate load is exceeded,
the load decreases to a level of 20 to 30% of the ultimate load. After further compression
the load increases again. It is seen that the energy absorbed in the small T-intersection is
considerably lower than that in the small cruciform. Figure 7.7 shows the crushing forces
for the medium-sized sandwich intersections.

The intersections show a linear behaviour until a load level of approximately 80% of the
ultimate load. A small decrease in the load just before reaching the maximum capacity may
indicate a ply failure. The force drops significantly after exceeding the maximum load and
continues at an almost constant level. The ultimate force of the T-intersection is significantly
lower than that of the cruciform, while the force level at further compression is comparable
for the two. Figure 7.8 shows the crushing forces for the large sandwich intersections.

The behaviour of the large cruciform intersection is linear until a load level of 80% of the
ultimate load, when non-linearity is seen in the load curve. The force level drops by 25 to
50% after exceeding the ultimate load and continues to decrease at further compression. The
ultimate loads and the mean crushing forces are given in Table 7.2.
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Figure 7.6: Crushing forces of small sandwich intersections, GRT1 and GRX1.
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Figure 7.7: Crushing forces of medium-sized sandwich intersections, GRT2 and GRX2.
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Figure 7.8: Crushing forces of large sandwich intersections, GRT3 and GRX3.

Table 7.2: Ultimate loads and mean crushing forces of sandwich intersections.

Sandwich intersection GRX1 GRT1 GRX2 GRT2 GRX3 GRT3

Ultimate load, (kN) 47 122 386 688 1028 1749

Mean crushing force, (kN) 11 50 202 232 571 709

7.1.4 Measured Strains

The following four figures present the strains measured in the specimens during the crushing
test. The strains are given as a function of the compressive load normalised by the ultimate
load. Unity on the x-axis equals the maximum bearing capacity. Figure 7.9(a) shows the
strains measured on the small T-intersection. The curves denoted b, d, e and f are axial
compressive strains parallel to the loading direction, while the curves denoted a and c are
the transverse strains normal to the load direction and measured in the same locations as
b and d. It is seen that there is a significant difference between the curves of compressive
strains and the curves of transverse strains, (b, d, e, f). This difference probably results from
uneven loading of the structure. The maximum average compressive strain at failure is -0.5%
and the corresponding transverse strain is 0.3%. Figure 7.9(b) shows the strains measured
on the small cruciform intersection. The maximum average compressive strain is -0.8% and
the corresponding transverse strain is 0.5%. The measured strains are approximately linear
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Figure 7.9: (a) Measured strains in GRT1. (b) Measured strains in GRX1.

related to the normalised compressive load, and the responses of the small intersections can
therefore be considered linear elastic until ply failure occurs.

Figure 7.10(a) presents the strains measured on the medium-sized T-intersection. The max-
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Figure 7.10: (a) Measured strains in GRT2. (b) Measured strains in GRT3.

imum average compressive strain is -1.5% and the corresponding transverse strain is 0.7%.
Figure 7.10(b) shows the strains measured on the large T-intersection. The maximum aver-
age compressive strain is -1.4% and the corresponding transverse strain is 0.8%. It is seen
that the measured strains are not entirely linear related to the applied load. The average
maximum strains are given in Table 7.3. The highest strains appear in the large and the
medium-sized intersections while the strains measured on the small intersections are smaller.
It should be noted that the ultimate axial strain in tension of the [±45]s-laminate at the 45o
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Table 7.3: Maximum compressive and transverse strains.

Sandwich intersection GRT1 GRX1 GRT2 GRT3

Compressive strain (%) -0.5 -0.8 -1.5 -1.4

Transverse strain (%) 0.3 0.5 0.7 0.8

loading angle was measured to be 1.7%, which agrees reasonably well with the ultimate com-
pressive strains from the large and the medium-sized sandwich intersections. It should be
noted that the ultimate strain from the laminate is not directly comparable as the laminate
lay-up is [0, 90]s, while the lay-up in the sandwich structures is [0,±45, 90]s and the laminate
test is in tension, whereas the sandwich structure is loaded in compression. However, the
order of magnitude is still expected to be reasonably comparable as the main part of the
load is carried by plies in the 0o and 90o-directions and not the plies in the 45o direction.

7.2 Numerical Simulations

The following section presents numerical crushing simulations of sandwich structures by
LS-DYNA and the implemented material model.

7.2.1 Axial Crushing of Sandwich Structures

The finite element models of the sandwich intersections include the core, modelled by con-
stant stress solid elements, and the laminates, modelled by Belytschko-Tsay shell elements
with one in-plane integration point and eight out-of-plane integration points in order to
include a given laminate lay-up.

The core material model includes the three stages of compressive behaviour: the initial
elastic behaviour until yield, the following yielding of the core with a constant ’plateau
stress’ with zero Poisson’s ratio, and finally the densification stage at which the core is
fully compressed and acts like a solid material. The laminate material model includes the
[0,±45, 90]s stacking sequence of the laminate, and the progressive laminate failure during
deformation is calculated by the implemented material model both with ’stress reduction’
and without ’stress reduction’ approach after ply failure.

The interface between the core and the skin is modelled with a contact surface. Debonding
of the skin and the core is controlled by a quadratic shear and normal stress failure crite-
rion. Contact after debonding is controlled by an automatic contact option. The boundary
conditions acting on the finite element model are a support plate on which the sandwich in-
tersection rests and a ramming plate that compresses the intersection at a given displacement
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rate. A contact surface between the ramming plate and the top plate of the intersection and
a contact surface between the lower plate of the intersection and the support plate transfer
forces into the structure. The finite element model of the large sandwich cruciform is shown
in Figure 7.11.

Figure 7.11: Finite element of large sandwich cruciform, GRX3.

Figure 7.12 shows a picture sequence of the numerical simulation of the axial crushing of
the large sandwich cruciform. The numerical simulation has many similarities compared
with the experiments. Before the ultimate load is reached, the intersection is compressed
axially without out-of-plane deformation of the flange. After reaching the ultimate load,
the laminate fails and shell elements are deleted across the flange. The core is compressed
locally were the laminate has failed.
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(a) (b)

(c) (d)

Figure 7.12: Numerical crushing simulation of large sandwich intersection, GRX3. (a) The
intersection is compressed axially without out-of-plane deformation of the flanges. (b) Lam-
inate fails horizontally across the flange. The core is compressed locally where the laminate
has failed. (c) Damage is spreading out in the laminate. Laminate is de-bonding from the
core. (d) Final stage of the crushing.
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Further compression leads to more laminate damage and more shell elements are deleted.
Debonding between the laminate and the core is seen. The sandwich intersection is still
globally stable after 100mm of compression.

The crushing forces determined by the numerical simulations are compared with the exper-
iments in Figure 7.13 for the large sandwich intersections GRT3 and GRX3.
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Figure 7.13: Crushing simulation for large sandwich intersections (a) GRT3. (b) GRX3.
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Figure 7.14: Crushing simulation for medium sized sandwich intersections (a) GRT2. (b)
GRX2.

It is seen that the initial elastic responses agree well with the experiments. This indicates that
the ply stiffness properties of the UD’s used in the laminate lay-up are correct. The calculated
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ultimate loads from the simulations without stress reduction agree well with the experiments,
while the simulations with stress reduction significantly underpredict the ultimate loads.
The ultimate loads measured in the experiments are 1750kN and 1028kN for GRX3 and
GRT3, respectively. The calculated ultimate loads are 1437kN and 973kN in the simulation
without stress reduction and 1011kN and 704kN in that with stress reduction for GRX3
and GRT3, respectively. After exceeding the ultimate load the force decreases significantly
in the simulations. The calculated crushing forces after exceeding the ultimate loads are
approximately 50% of the experimental values.

Figure 7.14 shows the calculated crushing forces for the medium sized sandwich intersections
GRT2 and GRX2 compared with the experiments. The ultimate loads from the simulations
without stress reduction compare very well with the experiments while in the simulations
with stress reduction the ultimate loads are significantly lower than in the experiments. The
crushing force after the ultimate loads are for both simulations significantly lower than the
experimental results.

Figure 7.15 show the calculated crushing forces for the small sandwich intersections GRT1
and GRX1 compared with the experiments.
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Figure 7.15: Crushing simulation for small sandwich intersections (a) GRT1. (b) GRX1.

It is seen that the calculated ultimate loads are higher than the ultimate loads from the
experiments. Note that there is no difference in the ultimate loads between the two sim-
ulations. The calculated crushing forces after exceeding the ultimate loads are generally
significantly lower that the experimental values. The calculated ultimate loads for the six
sandwich intersections are compared with the experiments in Table 7.4.
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Table 7.4: Calculated and experimental ultimate loads for sandwich intersections.

Sandwich intersection Simulation (kN) Experiment (kN) Error (%)

GRT1 89 47 89

GRX1 167 122 37

GRT2 375 386 3

GRX2 646 688 6

GRT3 973 1028 5

GRX3 1437 1749 18

Table 7.5: Calculated and experimental average crushing forces for sandwich intersections.

Sandwich intersection Simulation (kN) Experiment (kN) Error (%)

GRT1 4 11 64

GRX1 7 50 86

GRT2 60 202 70

GRX2 138 232 41

GRT3 309 571 46

GRX3 457 709 36

Table 7.6: Calculated (with stress reduction) and experimental ultimate loads for sandwich
intersections.

Sandwich intersection Simulation (kN) Experiment (kN) Error (%)

GRT1 89 47 89

GRX1 167 122 37

GRT2 267 386 31

GRX2 471 688 32

GRT3 704 1028 32

GRX3 1011 1749 42

It is seen that the calculated ultimate loads compare well with the experiments on the
medium sized and large intersections, while large deviations are seen for the small intersec-
tions. The average crushing forces calculated over a crushing distance of 80mm are given in
Table 7.5.

It is seen that the average crushing forces are generally under predicted by the numerical sim-
ulations. The calculated average crushing forces are approximately 50% of the experimental
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values for the medium and large sandwich intersections. The ultimate loads calculated with
the ’stress reduction’ approach are compared with the experiments in Table 7.6 for the six
sandwich intersection.

The calculated ultimate loads compares with 31 to 42% of experimental values for the
medium and large intersections while for the small intersection the difference is 37 and
89%. It is seen, as mentioned before that the simulations without stress reduction compares
better with the experiment.

Figure 7.16 shows the strains at locations a to f from the numerical simulation of the large
sandwich T-intersection, GRT3.
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Figure 7.16: Strains in large T-intersection, GRT3. Numerical simulation vs. experiment.
(a) Simulation. (b) Experiment.

It is seen that the positive transverse strains from the finite element model are lower compared
to the experiment, while the compressive strains are slightly larger. The overall behaviour
compares well with the experiment and it is seen that the non-linear behaviour at F/Fult =
0.65 is calculated correct by the numerical model

7.3 Concluding Remarks

Numerical simulations of six sandwich specimens show that the initial crushing responses
and the ultimate loads for the tested medium sized and large sandwich intersections can be
calculated reasonable well and the results of ultimate loads compare within 3 to 18% of the
experimental values. However, the simulations of the small sandwich intersections show that
the ultimate loads are over predicted with 37% and 89% compared to the experiments. This
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indicates that a damage mechanism during the crushing behaviour of the small intersections
is not correctly captured by the FE-models. It is noted that the same values of ply strengths
properties and de-bonding (between core and laminate) strengths properties have been used
in all the FE-models. The simulations have been performed with and without the stress
reduction approach and it is concluded that the approach without stress reduction compares
better with the experimental results. The average crushing forces calculated over a distance
of 80mm are approximately 50% lower than the experimental values for the medium and
large sandwich elements while this deviation is 64 to 86% for the small sandwich elements.
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Chapter 8

Conclusions and Recommendations
for Further Work

8.1 Conclusions

The objective of the present work has been to contribute to the understanding of the struc-
tural behaviour of high-speed ferries involved in collision events. The work has been focused
on the crushing behaviour of aluminium structures and sandwich structures made of E-
glass/polyester laminates and polyurethane core.

The thesis consists of three main parts. The first part is a collision risk assessment of HSC
based on previously published theory. The second and main part of the thesis is dedicated
to ductile fracture and crushing mechanics of aluminium structures, while the final part of
the thesis is on the crushing mechanics of sandwich structures.

A probabilistic collision analysis is conducted on two fast ferries to assess the relevant collision
scenarios for HSC. The collision scenarios include collisions with a RoRo ferry and a large
tanker and it is shown that if a collision takes place, the HSC is most likely the striking vessel,
which results from the high operational speed of HSC compared to that of conventional
vessels. The probabilistic collision analysis therefore suggests that it is more relevant to
consider head-on collision events than for example side impacts. The outer mechanics of
HSC involved in head-on collisions is analysed for different collision angles. It is revealed
that for critical collision angles the energy released for crushing can be up to 150% of the
available kinetic energy of the HSC before the impact. This shows that the estimate given in
IMO (2000) is in some cases unconservative. An analysis of the outer mechanics of a collision
scenario with a HSC colliding with a floating container shows that the energy released for
crushing is up to 6% of the initial kinetic energy, however, collisions with floating objects can
not be compared with ship-ship collisions as the damages are expected to be significantly
different in the two scenarios.

185
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Crushing experiments are conducted on full-scale aluminium plate intersections, and they
show that the crushing response is significantly different from that of structures made of
mild steel, due to fracture generated during the deformation. The effect of fracture is to
reduce the membrane energy in the flanges. Thus, the resisting force of a fractured plate
intersection is lower compared to that of an intact flange as the load is then carried only
by bending of the flanges. The experiments clearly demonstrate that fracture has to be
included in both analytical and numerical crushing procedures. On this basis, a study on
ductile fracture in metals is initiated. Several fracture methods are reviewed and two CDM
methods by Lemaitre (1985a) and Bonora (1997), respectively, and an empirical fracture
criterion by Cockcroft and Latham (1968) and a void growth model by Rice and Tracey
(1969) are selected for the further work.

On the basis of analytical considerations and experimental data from Kudo and Aoi (1967) a
new fracture criterion is proposed which combines the Rice-Tracey model and the Cockcroft-
Latham model depending on the stress triaxiality. To validate the RTCL fracture criterion
and the two CDM methods for different stress states; tensile tests, upsetting tests and bulger
tests are conducted on a 6082-T6 aluminium alloy. These experiments cover a wide stress
triaxiality ranging from -1/3 in the upsetting tests to 2/3 in the bulger tests. Numerical
simulations of the experiments by LS-DYNA show that the RTCL fracture criterion correctly
predicts the fracture onset, while the CDM methods fail to predict the fracture onset for a
negative triaxiality. The RTCL fracture criterion is implemented as a user.defined material
model in LS-DYNA in order to simulate crushing of aluminium structures subjected to
fracture.

The measured values of crushing forces from the crushing experiments of full-scale plate inter-
sections are compared with predictions based on the existing analytical crushing models, and
it is found that the models do not correctly account for fracture in the crushing behaviour.
The theory for analytical crushing modelling is outlined and new crushing models which ac-
count for fracture are developed. The models include the crushing behaviour of T-elements
and cruciforms before and after fracture starts. An analytical model for the fracture initia-
tion of plate intersections during crushing is developed on the basis of the Cockcroft-Latham
fracture criterion. The developed closed-form solutions are compared with the crushing ex-
periments and agree within 3-12% of the measured values of mean crushing forces. The
calculated displacements at fracture initiation agree within 1-12% of the measured values for
the cruciforms, while for the T-intersections the agreement is less accurate, namely 18-29%.

In order to validate the RTCL fracture criterion in axial crushing of aluminium structures,
the crushing experiments conducted on full-scale aluminium plate intersections are simulated
by LS-DYNA. The simulations show that both the onset of fracture and the entire crushing
behaviour before and after fracture agree very well with the experiments. The predicted
dissipated energies agree within 1-14% of the measured values for the t = 4mm and 8mm
plate intersections, while for the t = 12mm plate intersections the energy dissipation is
significantly overestimated compared to the experiments. This difference relies on severe
failure of the welds of the 12mm plate intersections, which is not accounted for in the analysis.
The crushing experiments reveal that fracture in the t = 4mm and 8mm intersections occurs
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equally in the virgin material and in the welds, while in the t = 12mm intersections fracture
is in most cases located in the welds. This indicates that the welds in the t = 12mm
intersections are relatively weaker compared with the t = 4mm and 8mm intersections, and
the numerical results clearly show that the simulations are inaccurate for a fracture behaviour
dominated by failure of the welds. The crushing experiments on small-scale bow structures
by Amdahl and Stornes (2001) are simulated by LS-DYNA and the RTCL fracture criterion.
It is found that the crests and troughs observed the in experiments are accurately reproduced
by the numerical simulations. The calculated energy dissipations are within 5-15% of the
measured values. The analytical crushing models are also applied to the small-scale bow
structures and the analytical results agree within 3-25% of the measured values. The crushing
behaviour of two HSC bow structures is simulated to validate the analytical crushing models
on large complex aluminium structures. The FE-models of the bow structures consist of
80,000 to 140,000 shell elements and include the outer plating, the decks, the transverse
frames and the longitudinal stiffening. The numerical results are compared with analytical
crushing calculations and it is found that the analytical models very accurately calculate
the crushing responses of the two HSC bow structures. The dissipated energies from the
analytical calculations agree within 11% of the numerical results.

The analytical crushing models are compared with the regulations for HSC given in IMO
(2000) and IMO (1995). The design condition for the acceleration levels of HSC during a
collision event in IMO (1995) is based on a head-on collision with a vertical rock 2m above the
waterline, while in IMO (2000) the design condition is a head-on collision with an infinitely
large rigid wall. It is found that the acceleration levels agree within 11-23% of the estimates
of IMO (1995, 2000). The analysis shows that the expected acceleration levels for the two
analysed HSC are in the range of 0.6-1.4g based on of the design condition in IMO (1995)
and 0.9-2.6g based on the design condition in IMO (2000). The analysis reveals that the
catamaran generally experiences higher accelerations than the monohull. From the analysis
it is found that the damage lengths for the two HSC are expected to be 20-25m when the
rock is hit at operational speed and 11-21m when the HSC collides with an indefinitely large
rigid wall.

The final part of the thesis has been dedicated to the crushing behaviour of sandwich struc-
tures with the overall objective to develop numerical and analytical calculation procedures
for sandwich crushing. The challenge has been to develop a constitutive material model
which uses the elastic stiffness properties and the strength properties of a UD to predict the
progressive failure behaviour of a complex laminate.

Compressive and tensile tests are conducted on UD’s and laminates in order to study the
progressive failure behaviour of composites. Eight failure criteria for composites are com-
pared with the experiments, and it is found that a failure criterion by Chang and Chang
(1987) accurately calculates first ply failure. A non-linear elastic orthotropic material model
with progressive failure is implemented in a small laminate program and in LS-DYNA as a
user-defined material model. The non-linear material behaviour is validated upon the ex-
periments on UD’s. The progressive failure model is based on the failure criterion by Chang
and Chang. Two different approaches have been adopted in the material algorithm, namely
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the ’direct method’ and the ’incremental method’. The direct method implies that stresses
in a failed ply are reduced to zero after ply failure, while the incremental method implies
that the stresses are kept constant after ply failure. From a mechanical point of view it is
most correct to use the direct method as it is commonly assumed in failure mechanics of
composites that a failed ply loses the entire strength after failure. However, the present work
shows that the incremental method agrees better with experimental results. The progressive
failure response of a [±45]s-laminate is calculated reasonably accurately for various loading
angles, and the ultimate strength is calculated within 24% of the experimental results.

Crushing experiments are conducted on six full-scale structural sandwich elements from three
vessels. The characteristic failure modes include progressive laminate failure, core crushing,
delamination, debonding and complex contact modes. The experiments are simulated by
LS-DYNA and the implemented material model. The simulations demonstrate that char-
acteristic failure modes such as progressive laminate failure, core crushing and debonding
are correctly reproduced by the FE-model. The ultimate crushing forces agree within 3-18%
of the measured values. The crushing forces after exceeding the ultimate load are signifi-
cantly lower than measured in the experiments. At present, this cannot be explained and
further research in this area is needed to reveal the differences between the numerical and
the experimental results.

The main contributions from the present study have been the proposal of a new fracture
criterion for aluminium, a user-defined material model for LS-DYNA which includes the
RTCL fracture criterion, new closed-form solutions for energy dissipation in aluminium plate
intersections subjected to fracture during crushing, a full numerical crushing simulation of
two HSC subjected to fracture, a small laminate program for analysis of progressive failure
in laminates and finally a user-defined material model for LS-DYNA for progressive failure
analysis of laminates.

8.2 Recommendations for future Work

The analysis of the outer mechanics of two HSC shows that the energy released for crushing
can be up to 150% of the available kinetic energy of the HSC before impact, due to the
relative velocity between the colliding vessels at certain collision angles. It is mentioned that
this value is higher than proposed by the IMO (2000). In order to gain more insight into the
actual amount of energy dissipated in the HSC bow, a collision scenario with a HSC striking
a vessel with a deformable side can be analysed by LS-DYNA.

The triaxiality function for the Cockcroft-Latham fracture criterion, used in the RTCL frac-
ture criterion, is derived on the basis of plane stress state. It is recommended to perform
more experiments in triaxial stress states with negative triaxiality, for further justification
of the proposed fracture criterion.
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It is shown that the RTCL fracture criterion correctly predicts the onset of fracture, however,
the crack propagation has not been investigated directly in the present study. It is recom-
mended to conduct simple experiments where a crack can be followed during the deformation,
in order to test the fracture model in crack propagation.

The crushing experiments on the 12mm aluminium intersections reveal that the crushing
response is dominated by failure of the welds. It should be investigated if the crushing
response can be simulated correctly by simply assuming that the material in the intersection
line has a lower fracture constant compared to the virgin material.

In the study of the progressive failure behaviour of laminates it is shown that the incremental
method is closer to experimental results than the direct method. This has not been explained
and more work in this field is therefore recommended.

The crushing simulations of sandwich intersections show that the ultimate load is correctly
calculated, however, the simulations also show that the mean crushing force is significantly
lower than the measured values. This has not been explained and simple experiments like a
four-point bending test could be used for further study of the progressive failure of laminates.
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Appendix A

Implementation of the RTCL Fracture
Criterion in LS-DYNA

User-defined material models can be implemented in the object version 960 of LS-DYNA.
The material algorithm is written in the Fortran programming language and included in the
source file ’dyn21.f’.

Stresses and strain rates are rotated into the local element coordinate system before entering
the material subroutine. This simplifies the calculation procedure significantly as rotational
terms vanish from the calculation and hence the procedure consists in calculating the updated
stress tensor σ

(n+1)
ij based on the stress and strain rate tensors σ

(n)
ij , ε̇

(n)
ij from the previous

time step n.

The combined RTCL fracture criterion is implemented in the user-defined material sub-
routine in combination with J2-flow theory, an elastic-plastic material model with isotropic
hardening and radial return. The governing equations for the calculation procedure are given
in the following.

LS-DYNA is based on forward Euler integration. Consider the one-dimensional problem,
the acceleration at time step n is given as

ẍ(n) =
f

(n)
ext − f

(n)
int

m
(A.1)

where f
(n)
ext and f

(n)
int are the external and internal forces and m is the mass. Using the central

difference theorem, the acceleration is integrated numerically and the velocity is

ẋ(n+1/2) = ẋ(n−1/2) + ẍ(n)∆t (A.2)
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where ∆t is the current time step. The position at time step n + 1 is similar given as

x(n+1) = xn + ẋ(n+1/2)∆t (A.3)

and the strain rate is calculated by

ε̇(n+1/2) =
ẋ(n+1/2) − ẋ(n−1/2)

l(n+1)
(A.4)

where l(n+1) is the length. The final step in this loop is to update the stress. The updated
stress tensor σ

(n+1)
ij and the corresponding internal force are calculated in the constitutive

material model based on the stresses σ
(n)
ij and strain rates ε̇

(n+1/2)
ij .

The pressure p, the deviatoric strain rate ε̇d
ij, the deviator stress sij and the volumetric strain

rate ε̇v are given as

p = −1
3
σijδij

sij = σij + pδij

ε̇v = ε̇ijδij

ε̇d
ij = ε̇d

ij − 1
3
ε̇vδij

The incremental deviatoric and volumetric strain values are

∆εd
ij = ε̇

d(n+1/2)
ij ∆t

∆εv
ij = ε̇

v(n+1/2)
ij ∆t

ε
v(n+1)
ij = ε

v(n)
ij + ∆εv

ij

(A.5)

where ∆t is the current time step. The deviatoric stress tensor is updated elastically by

s
∗(n+1)
ij = s

(n)
ij + 2G∆εd

ij (A.6)

where ∗ denotes that s
∗(n+1)
ij is a trial value, G is the shear modulus and K is the bulk

modulus. The effective von Mises trial stress is given as

σ∗(n+1)
e =

√
3

2
s
∗(n+1)
ij s

∗(n+1)
ij (A.7)

If the effective stress exceeds the yield stress

σ∗(n+1)
e − σ(n+1)

y ≤ 0 (A.8)
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where σ
(n+1)
y is the current value of the yield stress, then the von Mises’ yield criterion is

violated and the stress is scaled back to the yield surface with radial return.

s
(n+1)
ij =

σ
(n+1)
y

σ
∗(n+1)
e

s
∗(n+1)
ij = ms

∗(n+1)
ij (A.9)

The plastic strain increment is found by subtracting the deviatoric part of the strain incre-
ment from the total deviatoric increment

∆εp
ij = ∆εij −

s
(n+1)
ij − s

(n)
ij

2G
(A.10)

Recalling that the total strain increment is

∆εij =
s∗,n+1

ij − s
(n)
ij

2G
(A.11)

and substituting into Eq. (A.10), the plastic strain increment takes the form

∆εp
ij =

s∗,n+1
ij − s

(n+1)
ij

2G
(A.12)

Substituting Eq. (A.9) into the plastic strain increment, it follows that

∆εp
ij =

1 − m

2G
s
∗(n+1)
ij =

1 − m

2Gm
s
(n+1)
ij = ∆λs

(n+1)
ij (A.13)

where ∆λ is the increment of the plastic multiplier. Substituting this into the incremental
version of Eq. (3.32), the following expression is obtained

∆εp =
2

3

σ
(n+1)
y

s
(n+1)
ij

∆εp
ij =

1 − m

3Gm
σ(n+1)

y =
σ
∗(n+1)
e − σ

(n+1)
y

3G
by using m =

σn+1
y

σ
∗(n+1)
e

(A.14)

For isotropic hardening the updated yield stress is

σ(n+1)
y = σn

y + Et∆εp (A.15)
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where Et is the tangent modulus, Et = dσ/dε. Inserting the updated yield stress into
Eq. (A.15), the plastic strain increment is conveniently given in terms of the current trial
stress and the yield stress from the previous time step

∆εp =
σ
∗(n+1)
e − σ

(n)
y

3G + Et
(A.16)

The algorithm for plastic loading is shortly outlined below. If the effective stress exceeds the
von Mises yield criterion then:

1) Calculate the plastic strain increment

∆εp =
σ
∗(n+1)
e − σ

(n)
y

3G + Et

2) Update the plastic strain

εp(n+1) = εp(n) + ∆εp

3) Update the yield stress

σ(n+1)
y = σ(n)

y + Et∆εp

4) Compute the scale factor

m =
σ

(n+1)
y

σ
∗(n+1)
e

5) Scale the deviatoric stresses back to the yield surface

s
(n+1)
ij = ms

∗(n+1)
ij
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The updated stress tensor, which is returned from the material algorithm, is determined from
the updated deviatoric stress tensor. After the material calculation has finished is follows to
check whether ductile fracture has occured. The damage integral is given as

D =

∫
f

(
σm

σe

)
dεeq (A.17)

where σm is the mean stress and σe is the effective stress . The triaxiality function for the
RTCL fracture criterion is defined as

f

(
σm

σe

)
=




fRT

(
σm

σe

)
for σm

σe
≥ 1

3

fCL

(
σm

σe

)
for − 1

3
≤ σm

σe
< 1

3

(A.18)

Fracture is indicated when the damage integral reach a critical value. The material model
is coupled to an element kill algorithm in LS-DYNA, which removes elements after failure.
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Appendix B

Energy Dissipation in X- and
T-intersections

The energy dissipation in X and T-plate intersections are determined in the following for a
ductile crushing behaviour without fracture. In order to use the analytical crushing models in
calculations of real bow structures, the models originally presented by Abramowicz (1983)
and Amdahl (1983) are rederived in a more general form, which includes different flange
lengths and thicknesses. The analytical closed-form solutions shown in the following are
compared with the new analytical crushing models on analytical crushing calculations of
two HSC.

Amdahl (1983) reports on the basis of experiments that various collapse mechanisms during
crushing of T-intersections, cruciforms and corner (L)-elements are observed. Four basic
deformation mechanisms are described in detail by Kierkegaard (1993). Experiments con-
ducted on X-elements show that the collapse behaviour can be idealised with a so-called
straight edge mechanism, see Figure B.1. The energy dissipated in the structure during
crushing is approximated by the sum of the following energy terms

EX = 8E2 + 4E6 + 4E7 (B.1)

where the energy term E2 relates to the energy absorbed in the vertical plastic hinges, E6

relates to the energy absorbed during stretching and compressing of the material in the
kH-area and finally E7 which relates to the horizontal plastic hinge lines. E2 is given as

E2 = Mocπ (B.2)

where Mo is the plastic moment and c is the length of the flange. The plastic moment is
given as

Mo =
σ0t

2

4
(B.3)
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Figure B.1: Straight edge mechanism.

σo is the flow stress and t is the thickness of the flange. Rewriting E2 for different lengths
and thicknesses of the flanges

E2 = π
1

2

(
σot

2
a

4
ca +

σot
2
b

4
cb

)
(B.4)

E6 is given as

E6 =
2√
3
NoH

2

(√
k2 +

1

4
arcsin

1√
4k2 + 1

+ k

)
(B.5)

where H is the folding length, No the plastic membrane force and k is a factor defining the
two triangular sections in the X-element. The factor k is found by minimisation of the energy
dissipation in the early stage of the crushing. Kierkegaard (1993) calculates the factor to be
k=0.5733. Rewriting the energy for different thicknesses it follows that E6 is given as

E6 =
2√
3
1.1189

1

2
(σota + σotb) H2 (B.6)

E7 is given as

E7 = 2.8688HMo (B.7)
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and

E7 = 2.8688
1

2

(
σot

2
a

4
+

σot
2
b

4

)
H (B.8)

The total energy now becomes

Etot = 3.1415σo

(
t2aca + t2bcb

)
+ 2.5840σo (ta + tb) H2 + 1.4344σo

(
t2a + t2b

)
H (B.9)

The mean crush force is found from

Pm =
E

δ
(B.10)

where δ is the crushing distance. Abramowicz (1983) proposed an effective crushing length
because a structure cannot be crushed completely. The effective crushing distance is intro-
duced as a constant, η. The effective crushing length varies from one structure to another
structure, however, the value is typically in the range of 0.75-0.85. The mean crush force
becomes

Pm =
E

η2H
(B.11)

The mean crush force for the X-element is

Pm =

(
1.5708σo

(
t2aca + t2bcb

) 1

H
+ 1.2920σo (ta + tb) H + 0.7172σo

(
t2a + t2b

)) 1

η
(B.12)

The folding length is found by minimising of the mean crushing force with respect to H.

dPm

dH
= −1.5708σo

(
t2aca + t2bcb

) 1

H2
+ 1.2920σo (ta + tb) = 0 (B.13)

The folding wave length is

H = 1.1026

√
(t2aca + t2bcb)

(ta + tb)
(B.14)
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substituting into Eq. (B.12) it follows that

Pm,X = σo

(
2.8492

√
(t2aca + t2bcb) (ta + tb) + 0.7172

(
t2a + t2b

)) 1

η
(B.15)

for ta=tb=t and ca=cb=c it follows

Pm,X = σo

(
5.6984t3/2c1/2 + 1.4344t2

) 1

η
(B.16)

or

Pm,X

Mo

=

(
22.794

√
c

t
+ 5.7376

)
1

η
(B.17)

The mean crush force for a T-element collapsing in a straight edge mechanism is simply
found from

ET =
3

4
EX (B.18)

and therefor

Pm,T =
3

4
Pm,X (B.19)

as the T-element has three flanges compared to four of a cruciform. The mean crushing force
for a T-element is

Pm,T = σo

(
1.4246

√
(2t2aca + t2bcb) (2ta + tb) + 0.3586

(
2t2a + t2b

)) 1

η
(B.20)

for ta=tb=t and ca=cb=c it follows

Pm,T = σo

(
4.2738t3/2c1/2 + 1.0758t2

) 1

η
(B.21)

or

Pm,T

Mo

=

(
17.095

√
c

t
+ 4.3032

)
1

η
(B.22)
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Figure B.2: Sliding toroidal mechanism.

Amdahl (1983) also considers an alternative crush mechanism for the T-element, by assuming
a combination of a sliding toroidal mechanism and a one flange extension mechanism for
crushing of the T-element. The energy absorption in the T-element is

ET = 2E1 + 6E2 + 2E3 + E4 + E5 (B.23)

E1 relates to the energy absorbed in area 1, see Figure B.2. E1 is given by

E1 = 2NoHrJ1(ψo) (B.24)

where H is the folding length, r the rolling radius and J1(ψo) is approximated by

J1(ψo) � 0.5779
1

tan ψo

(B.25)

Rewriting E1 for a right-angled T-element, ψo=π/4

E1 = 2Hr
1

3
(2σota + σotb) 0.5779 (B.26)

The energy absorbed in the plastic hinges E2 is written as

E2 = π
1

3

(
2σot

2
a

4
ca +

σot
2
b

4
cb

)
(B.27)
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The term E3 relates to the triangular area 3, see Figure B.2, and is given as

E3 = 2Mo
H2

r
J3(ψo) (B.28)

where

J3(ψo) =
1

2

(
cos ψo

sin2 ψo

+ ln
1 + cos ψo

sin ψo

)
(B.29)

E3 then becomes

E3 = 2
1

3

(
2σot

2
a

4
+

σot
2
b

4

)
H2

r
1.1478 (B.30)

The energy absorbed by stretching material, see Figure B.3 and by bending of the hinge line
at the intersection between the flanges is

Figure B.3: One flange extension mechanism.

E4 = NoH
22ψo (B.31)

and for ψo=π/4

E4 =
1

3
(2σota + σotb) H21.5708 (B.32)
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and

E5 = 4MoHψo (B.33)

E5 =
4H

3

(
2σot

2
a

4
+

σot
2
b

4

)
0.7854 (B.34)

The total absorbed energy is

Etot = 0.7705σo (2ta + tb) Hr + 1.5708σo (2t2aca + t2bcb) + 0.3826σo (2t2a + t2b)
H2

r
+

0.5236σo (2ta + tb) H2 + 0.2741σo (2t2a + t2b) H (B.35)

The mean crush force is

Pm =
[
0.3853σo (2ta + tb) r + 0.7854σo (2t2aca + t2bcb)

1
H

+ 0.1913σo (2t2a + t2b)
H
r
+

0.2618σo (2ta + tb) H + 0.1371σo (2t2a + t2b)]
1
η

(B.36)

According to Amdahl (1983), a function on the form

Pm = A1r + A2
1

H
+ A3

H

r
+ A4H + A5 (B.37)

can be minimised by

Pm =


3 3

√
A1A2A3

3

√√√√[
0.87 + 0.54

(
A4

A1A3

)3/4

(A1A2A3)
1/4

]2

 1

η
(B.38)

when the small constant term is neglected. The constants A1 to A4 are given as

A1 = 0.3853σo (2ta + tb) (B.39)

A2 = 0.7854σo

(
2t2aca + t2bcb

)
A3 = 0.1913σo

(
2t2a + t2b

)
A4 = 0.2618σo (2ta + tb) (B.40)
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Inserted in Eq. (B.38) yields

Pm,T = 1.1605σo
3
√

(2ta + tb)(2t2aca + t2bcb)(2t2a + t2b) (B.41)

3

√[
0.87 + 0.69

(
(2ta+tb)

(2ta+tb)(2t2a+t2b))

)3/4

((2ta + tb)(2t2aca + t2bcb)(2t2a + t2b))
1/4

]2
1
η

for ta=tb=t, ca=cb=c it follows

Pm,T = 3.4815σo
3
√

t5c
3

√[
0.87 + 0.69

(c

t

)1/4
]2

1

η
(B.42)

or

Pm,T

Mo

= 13.926 3

√
c

t
3

√[
0.87 + 0.69

(c

t

)1/4
]2

1

η
(B.43)

B.1 Instantaneous Crushing Force

The instantaneous crushing force can be calculated from

Pm =
Ė

δ̇
(B.44)

where Ė is the energy rate as a function of the deformation angle β and δ̇ is the displacement
rate. From geometry the displacement is

δ = 2H(1 − cos β) (B.45)

and the displacement rate is

δ̇ = 2H sin ββ̇ (B.46)

Consider first a cruciform intersection collapsing in the idealised straight edge folding mecha-
nism. From the previous section the total energy dissipation is given by the following energy
contributions

EX = 8E2 + 4E6 + 4E7 (B.47)
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and the dissipated energy rate is hence

ĖX = 8Ė2 + 4Ė6 + 4Ė7 (B.48)

The first contribution resulting from bending action of the flange is given by

Ė2 = 2Mocβ̇ (B.49)

The second contribution resulting from membrane deformation in the triangular sections
near the intersection line of the flange is

Ė6 = NokH2 (ε̇I + ε̇II) (B.50)

where

ε̇I =
sin 2β

k
√

3
√

1 − cos2 2β
4k2+1

β̇ (B.51)

and

ε̇II =
2√
3

sin ββ̇ (B.52)

and k = 0.5733. The last contribution resulting from bending action of the inclined and
vertical hinge lines is

Ė7 = 2HMo|ψ̇| (B.53)

where

|ψ̇| =
4k cos 2β

sin2 2β + 4k2
β̇ (B.54)

Summing up the terms of dissipated energy rates, the instantaneous crushing force is now cal-
culated directly from Eq. (B.44) as a function of the deformation angles. The instantaneous
crushing force for a T-intersection is simply

PT =
3

4
PX (B.55)
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Appendix C

HAZ in 5082-T2 Aluminium Alloy

Hardness tests have been performed on a piece of material cut out from the t = 8mm
aluminium T-intersection to asses the HAZ of the aluminium alloy. It is well known that
welding of some materials causes significant changes on the material parameters, such as the
flow stress and the fracture strain. The T-intersections and the cruciform elements tested in
crushing are welded together. In order to determine the correct energy dissipation during
crushing, it is important to know the correct material flow stress, especially in the material
close the the plate intersection where large deformations are present. A piece of material has
been cut out from the crushed T-intersection at a location just below the top plate where
the intersection is relatively undeformed, in order to quantify the flow stress and HAZ in the
material. The material piece is shown in Figure C.1. The hardness test is the well known

Figure C.1: Material piece for hardness test.
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Rockwell RC15N hardness test. Hardness measurements are performed across the welding at
various locations relative to the baseline of the material piece, indicated by the z-coordinate.
The x-coordinate indicates the distance from the symmetry line. The hardness values have
been transformed into values of yield stress and are shown in Figure C.2. The yield stress is

0

50

100

150

200

-40 -30 -20 -10 0 10 20 30 40

σ o
 (

M
Pa

)

x-coordinate (mm)

z=2mm
z=4mm
z=6mm
z=8mm

z=10mm
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Figure C.2: Flow stress across welding, measured by Rockwell RC15N hardness test.

fairly constant across the weld and the average yield stress is approximate 155MPa, which
corresponds well with the yield stress of 152MPa measured in the tensile test of the t = 8mm
tensile specimen. The flow stress is marginally higher in the material at x = 15mm. This
corresponds well with plastic deformation of the piece. It is seen in Figure C.1. that the left
part is deformed and the increase in the yield stress is therefor caused by strain hardening
of the material. Three very low values of flow stress in seen at x = 0mm. This is probably
due to local voids in material and not HAZ.

The hardness measurements reveal that the yield stress of the aluminium alloy have not
been altered significantly due to the welding. The material flow stress determined by tensile
testing can therefore be used for the material located close to the intersection line.
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