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Executive Summary

Ships are today dimensioned by use of design rules given by the classi�cation societies and
the international maritime authorities. It is important that these design rules ensure that
the ships are built with an acceptable level of safety.

One of the catastrophic events a ship can experience is collapse of the hull girder. Such
an event will imply a risk of loss of human lives and a risk of polluting the environment,
dependent on ship type. After the grounding of the Exxon Valdez in Alaska a new design
practice is used in the design of tankers. It is demanded that new tankers are built with
double bottom and double sides in order to avoid/minimize oil outow in grounding and
collision. This is an example of a tendency towards distinguishing between ship types as
regards safety against catastrophic events.

Distinguishing between ship types is not yet reected in the design rules regarding the
longitudinal strength. In order to avoid collapse of the hull, the design rules prescribe a
maximum stress level which must not be exceeded under a prescribed bending moment and
shear force loading. This seems to be a very hard-and-fast way to avoid an extremely complex
event and it must be expected that the safety level of ships varies signi�cantly.

In order to evaluate the reliability of collapse of the hull it is necessary to have a tool
which can calculate the strength of the hull, and furthermore, to have a probabilistic method
for evaluation of the probability that the loading on the hull exceeds the strength. Such a
probabilistic analysis demands much computer time, which makes it necessary that the
calculation of the strength of the hull is fast and e�ective.

However, it is not only the loading on the hull which is an uncertain parameter. Also the
strength of the hull is uncertain due to uncertainties of the material parameters, e.g. the yield
stress and the modulus of elasticity, uncertainties of the geometry of plates and sti�eners, un-
certainties of imperfections, e.g. initial deections of plates and sti�eners, and uncertainties
of initial stresses induced during the manufacture of the ship structure, e.g. welding-induced
residual stresses. Therefore, the calculation model for evaluating the strength of the hull has
to take account of these uncertainties.

An idealized deterministic model which calculates the strength of the hull exposed to ver-
tical bending and which considers the uncertainties mentioned above, is therefore developed
in the present project. The model takes account of the following parameters:
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iv Executive Summary

� Yield stress.

� Modulus of elasticity.

� Initial deection of the plates.

� Initial deection of the sti�eners.

� Welding residual stresses.

A linearized model for evaluating which of the above parameters contributes the most
to the uncertainty of the strength of the hull has been formulated. By application of the
linearized model to di�erent ship types it is shown that the uncertainty of the yield stress
practically contributes all the uncertainty of the strength. This result is important because
it means that the remaining uncertain parameters can be considered as deterministic par-
ameters in a reliability analysis. Thus much computer time can be saved.

The calculation model for evaluation of the strength of the hull exposed to vertical bend-
ing is veri�ed by experimental results, �nite element results, and other idealized methods.
Even in the case of extreme imperfections and residual stresses the model gives good re-
sults. This is demonstrated in Proceedings of the 12th International Ship and O�shore

Structures Congress, 1994, which is a part of the present thesis. In this publication the
model contributes to a comparison between experimental results and results from other
idealized methods.

However, a vertical bending moment is not the only loading component a ship is exposed
to. The loading also consists of a horizontal bending moment, a vertical and horizontal shear
force, a torsion moment, and a hydrostatic pressure on the bottom and the sides of the hull.
Both the shear forces and the torsion moment introduce shear stresses into the structure
which is not accounted for in the original method. Therefore, another calculation model
has been developed which takes account of the behaviour of the plates exposed to combined
direct stress and shear stress.

The original model can be used at locations close to midship where the vertical bending
moment has its maximum and the shear stresses are small. The new model makes it possible
to evaluate the strength of the hull at locations away from midship where the vertical bending
moment is small and the vertical shear force has its maximum.

The new model is used to evaluate the strength of a double-hull tanker exposed to
combined vertical bending and shear. The result of the analysis shows that the shear force
only reduces the ultimate bending moment slightly, at least for this particular structure.
However, no general conclusions can be drawn because the double-hull structure implies a
large shear area and thus a large vertical shear strength. It may be that other ship types,
e.g. bulk carriers, show another tendency.

By application of the new model it is possible to evaluate the "distribution of safety"
along the hull under combined stochastic bending and shear. This is done by formulating
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the mean outcrossing rate - i.e. the relative frequency by which the loading exceeds the
strength - at di�erent locations of the hull when the ship sails in a stationary stochastic sea
state. By comparing the mean outcrossing rates at the di�erent locations of the hull, the
reliability at these locations can be compared.

The mean outcrossing rates at 3 di�erent locations (0:3 � Lpp, 0:5 � Lpp og 0:7 � Lpp) have
been calculated for the double-hull tanker structure. The result of the analysis shows that
the mean outcrossing rate at midship is signi�cantly larger than the mean outcrossing rates
at the other two locations. This indicates that the design rules overdimension the hull at
the ends of the ship relative to the conditions amidships. In this particular case the bending
strength has to be reduced by approximately 15% at the locations 0:3 � Lpp and 0:7 � Lpp in
order to obtain the same mean outcrossing rates at all the locations.
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Dansk resume

Skibe bliver i dag bygget ud fra designregler givet af klassi�kationsselskaberne og s�farts-
myndighederne. Det er vigtigt, at disse designregler sikrer, at skibe bliver bygget med et
acceptabelt niveau af sikkerhed.

En af de mest katastrofale h�ndelser, et skib kan komme ud for, er kollaps af skrog-
bj�lken. En s�adan h�ndelse vil medf�re en risiko for tab af menneskeliv samt en risiko
for milj�forurening, afh�ngig af hvilken skibstype der er tale om. Efter Exxon Valdez
ulykken i Alaska er en ny praksis taget i anvendelse i designet af tankskibe. Der kr�ves
nu f.eks. dobbeltbund og dobbeltside i nye tankskibe for at undg�a/minimere olieudl�b ved
grundst�dning og kollision. Dette er et eksempel p�a en tendens til at skelne mellem skib-
styper, hvad ang�ar sikkerhed mod katastrofale h�ndelser.

Denne skelnen mellem skibstyper afspejler sig endnu ikke i designreglerne, hvad ang�ar
langskibsstyrken. For at undg�a kollaps af skrogbj�lken foreskriver designreglerne et mak-
simalt sp�ndingsniveau, som ikke m�a overskrides under en foreskreven moment- og tv�r-
kraftbelastning. Dette er en meget unuanceret m�ade at fors�ge at sikre sig imod et yderst
komplekst h�ndelsesforl�b, og det m�a forventes, at resultatet af disse simple designregler er,
at sikkerhedsniveauerne for skibe i dag varierer v�sentligt.

For at kunne vurdere sikkerheden mod kollaps af skrogbj�lken er det n�dvendigt at have
et redskab, som kan beregne styrken af skrogbj�lken, samt en probabilistisk metode, som
kan vurdere sandsynligheden for, at belastningen p�a skrogbj�lken overskrider den ultimative
styrke. En s�adan probabilistisk analyse er meget beregningskr�vende, hvilket n�dvendigg�r,
at beregningen af styrken af skrogbj�lken b�r v�re hurtig og e�ektiv.

Det er ikke kun belastningen p�a skrogbj�lken, som er en usikker parameter. Ogs�a styrken
af skrogbj�lken er usikker, idet der er usikkerhed p�a materialeparametre, f.eks. ydesp�nd-
ing og elasticitetsmodul, p�a geometrien af plader og stivere, p�a imperfektioner, f.eks. initielle
udb�jninger af plader og stivere, og p�a initielle sp�ndinger induceret i produktionen, f.eks.
svejsesp�ndinger. Derfor b�r beregningsmodellen for kollaps af skrogbj�lken tage hensyn
til disse usikkerheder.

En idealiseret deterministisk model til beregning af styrken af skrogbj�lken udsat for
et b�jende moment, som tager hensyn til de ovenn�vnte usikkerheder, er derfor udviklet i
n�rv�rende projekt. Modellen tager hensyn til usikkerheder p�a f�lgende parametre:
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� Flydesp�nding.

� Elasticitetsmodul.

� Initielle udb�jninger af pladefelter.

� Initielle udb�jninger af stivere.

� Initielle sp�ndinger som f�lge af svejsning.

En lineariseret model til at vurdere, hvilke af ovenst�aende parametre der bidrager mest til
usikkerheden p�a styrken af skrogbj�lken, er formuleret. Ved brug af den lineariserede model
p�a forskellige skibstyper viser det sig, at usikkerheden p�a ydesp�ndingen stort set bidrager
med hele usikkerheden p�a styrken. Dette resultat er vigtigt, idet det betyder, at de �vrige
usikre parametre kan betragtes som deterministiske st�rrelser i en p�alidelighedsanalyse.
Herved spares meget beregningstid.

Beregningsmodellen for kollaps af skrogbj�lken udsat for et b�jende moment er veri�ceret
mod experimentelle resultater, �nite element beregninger samt andre idealiserede modeller,
og det vises, at modellen giver gode resultater. Selv i tilf�lde af ekstreme imperfektioner
og svejsesp�ndinger har modellen vist sig at give gode resultater. Dette er demonstreret i
Proceedings of the 12th International Ship and O�shore Structures Congress, 1994, som er en
del af n�rv�rende afhandling. I denne publikation bidrager modellen til en sammenligning
mellem eksperimentelle resultater og resultater fra andre idealiserede metoder.

Imidlertid er et b�jende moment ikke den eneste belastning, som skibe bliver udsat
for. Belastningen best�ar, foruden af et vertikalt b�jningsmoment, ogs�a af et horisontalt
b�jningsmoment, af vertikal og horisontal forskydningskraft, af et torsionsmoment samt et
hydrostatisk tryk p�a skibets bund og sider. F�lles for forskydningskr�fterne og torsion-
smomentet er, at de introducerer forskydningssp�ndinger i konstruktionen, som den f�rst
udviklede beregningsmodel for kollaps af skrogbj�lken ikke tager hensyn til. Derfor er en
anden beregningsmodel udviklet, som tager hensyn til pladernes opf�rsel, n�ar de uds�ttes
for kombineret normal- og forskydningssp�ndinger.

Den f�rst udviklede model er brugbar omkring midtskibs, hvor det vertikale b�jnings-
moment er maksimalt, og forskydningskr�fterne er sm�a, mens den nye model g�r det muligt
at evaluere styrken af skrogbj�lken v�k fra midtskibs, hvor det vertikale b�jningsmoment
er sm�at, mens den vertikale forskydningskraft har maksimum.

Den nye model er brugt til at evaluere styrken af et dobbelt-skroget tankskib belastet
med kombineret vertikal b�jning og forskydning. Resultatet af analysen viser, at forskyd-
ningskraften kun reducerer det maksimalt tilladelige b�jningsmoment ganske lidt i dette
tilf�lde. Der kan dog derudfra ikke laves nogle generelle konklusioner, idet en dobbelt-
skrogskonstruktion medf�rer et stort forskydningsareal, og dermed en stor styrke over-
for vertikale forskydningskr�fter. Det kan vel vise sig, at andre skibstyper, som f.eks.
massegodsskibe, udviser en anden tendens.
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Med den nye model er det muligt at evaluere "fordelingen af sikkerheden" langs skrog-
bj�lken under en kombineret stokastisk moment- og forskydningskraftbelastning. Dette er
gjort ved at formulere udkrydsningsraten - dvs. den relative hyppighed for at belastnin-
gen overskrider styrken - for forskellige positioner langs skrogbj�lken, n�ar skibet sejler i en
station�r stokastisk s�tilstand. Ved at sammenligne udkrydsningsraterne p�a de forskellige
positioner kan sikkerheden mod kollaps p�a disse positioner ligeledes sammenlignes.

Udkrydsningsraterne p�a 3 forskellige positioner (0:3 �Lpp, 0:5 �Lpp og 0:7 �Lpp) er beregnet
for det dobbelt-skrogede tankskib. Resultatet af analysen viser, at udkrydsningsraten midt-
skibs er v�sentligt st�rre end udkrydsningsraterne p�a de andre positioner. Dette indikerer, at
designreglerne overdimensionerer konstruktionen i skibets ender relativt til forholdene midt-
skibs. I dette specielle tilf�lde skal b�jningsstyrken reduceres med ca. 15% p�a positionerne
0:3 � Lpp og 0:7 � Lpp for at opn�a samme udkrydsningsrater ved alle positioner.
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Chapter 1

Introduction

Ships are today scantled by use of design rules given by the classi�cation societies and
international and national maritime authorities. The design rules are continuously revised
as the design practice changes through the years or the rules at certain points prove to be
insu�cient.

After the capsizing of the Herald of Free Enterprise in 1987 the damage stability rules
were changed for new as well as for old ships. This is only the latest change of the damage
stability rules since the development of the rules was initiated back in 1913 as a consequence
of the tragic loss of the Titanic, where 1,500 people lost their lives. Despite the improvements
of the rules through the years, they recently proved not to be su�cient, when the Estonia
lost its bow, capsized, and sank in the Baltic Sea in September 1994. 900 people lost their
lives in this tragedy. An extensive research programme has been initiated after the loss of
the Estonia. In the �rst place the focus of the research is on preventing the initiation of a
similar accident by revising the rules for the scantling of the bow, and in the second place it
is sought to prevent an accidental loss of the bow from developing into capsizing of the ship
by demanding a longitudinal subdivision of open car decks.

The English engineer Isambard Kingdom Brunel wrote once in the 19th century: ...the
most useful and valuable experience is that derived from failures and not from successes. A
more recent quotation on the same subject sounds: ...it is the success of engineering which
holds back the engineering knowledge, and it is its failures which provide the seeds of further

development. These quotations are certainly applicable to the way the damage stability
rules have been developing. But the question is whether this way of rule development is
satisfactory. Could the large ship disasters have been foreseen and prevented by attacking
the rule development in another way? This might be possible by introducing the concept of
safety engineering into the rule development.

The concept of safety engineering has been applied in the construction of nuclear power
plants with great success, at least in the western countries. On several occasions the former
Soviet Union was warned of the safety level at its nuclear power plants - warnings based on
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2 Chapter 1. Introduction

safety analyses. Unfortunately, the warnings were ignored and the result was the meltdown
of the Chernobyl nuclear power plant.

Common to the tragedies mentioned above is that the events which led to the tragedies
are known and therefore it is possible to focus attention on these events in order to prevent
the same events from happening to future constructions.

From 1990 to 1992, 44 bulk carriers and tankers were lost at sea. The events which
caused these losses are unknown, but it is expected that the losses were caused by major
structural failures. The fact that most of the 44 ships were more than 20 years old indicates
that it is likely that the major structural failures were caused by heavy corrosion. In order
to prevent similar accidents from happening in the future it is necessary to investigate the
e�ect of corrosion on the strength of ship hulls.

It is an important task to perform a thorough safety analysis of a ship hull. A number
of catastrophic basic events, of which only a few are mentioned above, need to be identi�ed
and analysed. It is the objective of the present thesis to contribute to the safety analysis of
ship hulls by addressing the event of hull girder collapse caused by wave induced loading.

The thesis is compiled as follows. In Chapter 2 an idealized deterministic method for
calculating the strength of a midship section exposed to vertical bending is described. The
method takes account of uncertainties due to material parameters (yield stress and modulus
of elasticity), initial deection of the plates and the sti�eners, and welding-induced residual
stresses. The method is used to evaluate the e�ect of the imperfections on the ultimate
strength of a ship hull.

In Chapter 3 the method described in Chapter 2 is veri�ed against an experiment and
results from other idealized deterministic methods.

In Chapter 4 the method described in Chapter 2 is extended to inclusion of the vertical
shear force in the collapse analysis of the hull girder. The new method is demonstrated on a
double-hull tanker structure in order to achieve the interaction of vertical bending and shear
on the hull girder collapse.

In Chapter 5 the mean outcrossing rate is formulated for hull girder collapse under com-
bined vertical bending and shear in a stationary stochastic sea state. The mean outcrossing
rates are calculated at 3 di�erent locations along the hull for the double-hull tanker analysed
in Chapter 4. The mean outcrossing rates are calculated for both an as-built cross-section
and for a corroded cross-section.

Finally, in Chapter 6 conclusions from the present study and recommendations for future
work are given.



Chapter 2

Strength of Midship Sections Exposed

to Vertical Bending

The aim of this chapter is to describe the strength of structural systems by means of prob-
abilistic tools. It is especially the purpose to deal with the strength of a midship section
subjected to vertical bending.

One of the �rst methods for calculating the ultimate strength of a midship section was
suggested by Caldwell [3]. In the method the structural members were lumped into panels
and as the collapse load was known, either from experiments or analytical methods for each
panel, the collapse moment of the midship section was estimated by simple summation. In
this way the method indirectly accounted for buckling of compressed members as well as
yielding of tensile members.

However, Caldwell's method does not account for the post-collapse strength of the struc-
tural members which signi�cantly inuence the collapse strength. This problem was ad-
dressed by Smith [28]. Smith considered each sti�ened panel to be a number of beam-columns
each of which was attached to a certain width of plate. Elasto-plastic behaviour of the beam-
columns and buckling of the plating were accounted for by dividing the cross-section of the
beam-columns into horizontal �bres and by loading the structure incrementally. The corre-
sponding stress increment in each �bre was derived by use of the slope of the stress-strain
curve (for the sti�ener) and the average stress-strain curve (for the plate). By application
of this method the post collapse behaviour of the midship section could be traced.

Smith's pioneering e�ort has inspired several researchers in this area. A few of their
methods must be mentioned. The methods di�er mainly in the way the average stress-strain
curves for the beam-column elements are derived. Rutherford and Caldwell [27] made a
thorough analysis of the VLCC Energy Concentration which collapsed during discharge of
oil in Rotterdam 1980. The analysis treats the sensitivity of the ultimate capacity due to
material properties, e�ects of manufacture, corrosion, modelling uncertainties, and lateral
pressure. Yao et al. [34] formulated a method which explicitly takes account of initial

3
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deection and residual stresses for the plating together with initial deection of the sti�eners.
The method is veri�ed against available experimental data and �nally the method is applied
to the hull structure of a bulk carrier. Yao et al. [35] improved the latter method by including
the combined torsional-exural behaviour of the beam-columns.

Another type of method is the Idealized Structural Unit Method (ISUM) proposed by
Ueda et al. [32]. This method adopts the �nite element terminology which relates the nodal
point force increments to the nodal point displacement increments through an incremental
sti�ness matrix. The main di�erence between the FEM and the ISUM is the size of the
elements. The ISUM uses large elements where one structural member is considered to be
one element. The number of degrees of freedom is thus considerably decreased and a large
amount of computer time is saved. The ISUM is continuously developed by other researchers,
e.g. Ueda et al. [31], Paik [21], and Bai et al. [2], to cover items like sti�ened and unsti�ened
plate elements and specialized beam-column elements.

In order to apply probabilistic methods, it is necessary that the structural analysis is
e�ective with respect to consumption of computer time. Therefore, the method developed
in this report is based on a simple beam-column approach to the actual behaviour of the
structural components.

In order to quantify the e�ect of imperfections on the ultimate strength, the method
should be able to take into account di�erent kinds of imperfections. The proposed procedure
is able to take account of:

� Initial deection of the sti�eners.

� Initial deection of the plating between sti�eners.

� Residual stresses caused by welding.

The method is veri�ed against experimental results obtained by Dow [6] by performing
a collapse experiment on a 1/3-scale frigate model. Further veri�cation is made against
�nite element analyses and in both cases a good correlation has been found between the
present beam-column method and the other methods. Finally, as exempli�cation, the col-
lapse strength of a container ship and a VLCC is estimated.

In conclusion, a simple method for estimating the signi�cance of the uncertain nature of
the imperfections and material parameters is proposed. This method is applied to di�erent
ship types and the most signi�cant imperfection is identi�ed.

2.1 Method of Analysis

The method used in the collapse analysis is a beam-column approach to the actual behaviour
of the structure. It is assumed that collapse occurs locally between two adjacent frames,
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which means that any overall deformation behaviour of the structure is neglected. The
structure is divided into a number of beam-columns each consisting of a sti�ener and a part
of the plating. A beam-column is assumed to react independently of adjacent beam-columns,
which implies that the behaviour of a beam-column is only a function of how the ends of the
beam are displaced and rotated.

For each beam the stress-strain curve is generated by dividing the behaviour into 4
di�erent regions:

1. Plastic tension region.

2. Elastic tension region.

3. Elastic compression region.

4. Unloading region (in compression).

Stress

COMPRESSION

Strain

REGION 1 REGION 2 REGION 3 REGION 4

TENSION

Figure 2.1: Typical stress-strain curve for a single beam-column element.

A typical stress-strain curve is shown in Figure 2.1. In the following sections the behaviour
of the beam-column in each of the regions is described.
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2.1.1 Plastic Tension Region

In this region the whole beam is plasticized. The material behaviour is assumed to be
elastic-perfectly plastic, which implies that the slope of the stress versus strain curve is zero.

σ0 σR
σ0

Figure 2.2: Idealized welding-induced stress pattern in welded plate.

At what strain this region is reached depends on the residual stress. The idealized stress
pattern for welding-induced residual stresses used in this procedure is shown in Figure 2.2.
The stress in the heat-a�ected zones is assumed to be equal to the yield stress. This means
that when the plate is loaded in tension, only the middle part of the plate is e�ective, which
results in a decreased sti�ness in the tension region compared with the residual stress-free
plate. The ultimate tension load Pt is not a�ected by the residual stresses and is assumed
simply to be equal to the squash load, i.e.

Pt = �0A (2.1)

where �0 is the yield stress of the material and A is the area of cross-section of the beam-
column. It is assumed that the slope of the stress-strain curve in the elastic tension region
is linear and that the slope is equal to the initial slope. According to this assumption, the
displacement �t at the boundary between the plastic and the elastic tension region is equal
to

�t = L
A0

BB@A�
bt
�R
�0

1 +
�R
�0

1
CCA
�0
E

(2.2)

where L is the length of the beam-column, �R is the residual stress in the plate, b and t are
the breadth and thickness of the plate, respectively, and E is the modulus of elasticity.
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2.1.2 Elastic Tension Region

In the elastic tension region the slope of the stress-strain curve is assumed to be linear, see
Figure 2.1. The region ranges from the end of the plastic tension region to the strain where
the stress becomes zero. The slope is dependent on the residual stress as described in Section
2.1.1.

2.1.3 Elastic Compression Region

w0

q

L/2

P
0w+w

θ

Figure 2.3: Beam-column de�nition.

In the elastic compression region the slope of the stress-strain curve is non-linear, see Figure
2.1. The behaviour of the beam-column in this region is derived from the linear Bernouilli-
Euler beam theory with the beam section, i.e. the plating, changing with the load. The
change of the beam section is estimated iteratively from the edge stress at the location of
the plate at the middle of the beam-column by means of the e�ective width of the plate.
The stress distribution in the cross-section at the middle of the beam is derived by use of
the following assumptions (see Figure 2.3):

� The beam-column is loaded at the ends with a normal force P and laterally with the
line load q.

� The rotations at the ends of the beam are prede�ned and equal to �.

� The initial deection of the beam is assumed to be in the shape of one half sine wave
(zero deection at the ends) and has the magnitude w0 at the middle of the beam.

� The geometry of the beam is de�ned by the cross-sectional area AE, the second moment
of area IE, and it has the length L.
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By application of these assumptions, the stress distribution at the middle of the beam
becomes

�(z) = � P

AE
� w0EzP�

2

L2(P � PE)
� Eqz

P
+

�Ez

sin �L
2

 
w0P�

L(P � PE)
+

Lq

2P
+ �

!
(2.3)

where

� =
q

P
EIE

PE = EIE
�
�
L

�2
At a �rst glance at Eq. (2.3) it seems that the buckling load is equal to PE, i.e. the

buckling load for a simply supported beam-column. But even though the right-hand side of
Eq. (2.3) is not de�ned for P = PE, the equation has a limiting value for P ! PE. The
actual buckling load is, as expected, equal to the buckling load for a clamped beam-column,
which is 4 � PE.

eσ

x
z

Figure 2.4: Stress distribution in beam cross-section.

In Eq. (2.3) both the cross-sectional area AE and the second moment of area IE are
functions of the loading since the e�ective width of the plate changes with the edge stress.
Therefore AE and IE have to be determined iteratively. This is done in the following way
(see Figure 2.4):

1. Calculate the edge stress �e = �(z-position of the plate) based on an e�ective width
factor K1 (=1.0 in the �rst iteration). (The e�ective width factor is de�ned as the
average in-plane stress in the plate divided by the edge stress, i.e. Ki = �av=�e).

2. Calculate a new e�ective width factor K2 for the edge stress of the plate equal to �e.
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3. If jK1 �K2j < � then the e�ective section is found, otherwise let K1 = K2 and restart
at item 1.

The above procedure converges very fast. In Section 2.3 the concept of e�ective width is
reviewed and an alternative method is proposed which explicitly takes account of the welding
induced residual stresses and the initial out-of-plane deection.

When the sectional parameters are known, the corresponding displacement at the neutral
axis is calculated by application of the linear relation:

� =
PL

EAE

(2.4)

Actually, the out-of-plane deection of the beam-column also contributes to the axial dis-
placement by a non-linear contribution. This contribution has been found to be insigni�cant
compared to the contribution in Eq. (2.4).

Eqs. (2.3) and (2.4) together with the above-mentioned methodology can easily be ma-
nipulated in order to obtain a procedure giving the end force P as a function of the end
displacement � and the rotation �.

These relations are valid until the capacity of the beam-column is reached. The capacity
of the beam-column is estimated by applying a �rst-yield criterion to the location of the
extreme �bre at the middle of the beam-column. This collapse criterion is described and
veri�ed in Section 2.4.

2.1.4 Unloading Region

In this region the loading decreases with increasing end displacement, which gives a negative
slope of the stress-strain curve. Plastic mechanisms are often used to describe the post-
collapse behaviour of structures. The basic assumption applied in the plastic mechanism
concept is that the material behaviour is rigid-plastic. This means that the material strain
is zero until the stress reaches the yield stress. Further straining of the material happens at
a constant stress level equal to the yield stress.

The concept of plastic mechanism to describe the behaviour of the post-collapse of the
beam-columns is adopted in the present method. The same approach is e.g. used by Paik
[22] and Rutherford and Caldwell [27].

It is assumed that 3 plastic nodes form after the collapse load of the beam-columns has
been reached, namely one at the middle of the beam-column and one in each end of the
beam-column. In the following derivation the beam-column is assumed to be prismatic.
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b(  )η
= a1η H

η

= a2η

b(  )η

P

η

H

tensioncompression

w

P

Figure 2.5: Plastic node con�guration.

The force equilibrium of the beam-column can be expressed as (see Figure 2.5):

2
Z a1

0
�0(�) b(�) d� �

Z H

0
�0(�) b(�) d� = P (2.5)

2
Z H

a2
�0(�) b(�) d� �

Z H

0
�0(�) b(�) d� = P (2.6)

For the prescribed axial force P , Eqs. (2.5) and (2.6) are used to �nd the coordinates a1 and
a2 of the boundary between the tension and the compression areas. When these coordinates
are known, the deection w at the middle of the beam-column can be found from the moment
equilibrium:

Z a1

0
�0(�) b(�) � d� �

Z H

a1
�0(�) b(�) � d�

+
Z a2

0
�0(�) b(�) (� � w) d� �

Z H

a2
�0(�) b(�) (� � w) d� = 0

m (2.7)

w =

R a1
0 �0(�) b(�) � d� � RHa1 �0(�) b(�) � d� + R a2

0 �0(�) b(�) � d� � RHa1 �0(�) b(�) � d�RH
a2
�0(�) b(�) d� � R a20 �0(�) b(�) d�

One of the major di�culties in dealing with idealized methods is to achieve C0 continuity
between the elastic tension region and the unloading region in a consistent way. In the
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e
t

δp

w

L/2
w

Figure 2.6: De�nition of axial plastic displacement.

literature on idealized methods this problem is not addressed thoroughly. A way of solving
the problem is suggested in the following.

From the collapse analysis of the beam-column, the collapse load, and the total deection
we
t is known. The total deection is the sum of the initial and the load induced deection.

If the collapse load is inserted into Eqs. (2.5), (2.6), and (2.8), another deection wp
t is

found which is di�erent from we
t . If the di�erence between we

t and wp
t is small then it seems

reasonable to consider we
t as an initial deection just before the unloading path is initiated.

Any further straining is then considered to be plastic. The plastic contribution to the axial
displacement is found from the total deection as follows (see Figure 2.6):

�p = 2

0
@
s
L2

4
� we

t
2 �

s
L2

4
� w2

1
A ' 2

�
w2 � we

t
2
�

L
(2.8)

The total axial displacement is found by adding the plastic displacement �p and the elastic
displacement given by Eq (2.4).

The plastic mechanism chosen for the present analysis is only one out of many thinkable
mechanisms. Other mechanisms can be found in Kierkegaard [14], Amdahl [1], and Murray
[17].

The mechanisms found in [17] generally result in a faster unloading path, which might
be essential in obtaining a good description of the post-collapse behaviour of the hull girder.

2.2 System Analysis

When the stress-strain curves are known the system analysis can be easily performed. As
mentioned earlier, it is assumed that collapse of the structure occurs between two adjacent
transverse frames as the frames are assumed not to deform (plane sections remain plane).
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The position of the frame is described by two parameters which are the translation of the
origin of the plane � and the angle of rotation �. The translation is found by demanding
that the summation of the end forces of all beams N is zero, which leads to a procedure for
establishing the relationship between the bending moment M and �, i.e.

M(�) =
X
i

P (�i) zi (2.9)

by use of the equality constraint

N =
X
i

P (�i) = 0 (2.10)

where �i = � � 2 � zi and zi is the position of the i'th beam-column.

Several methods of �nding the ultimate bending capacity Mu of the hull section automa-
tically have been investigated. The �nal version ended at a procedure which applies bisection
to the derivative of the moment versus rotation relationship, i.e.

Mu =

(
M(�)

�����dMd� = 0 ^N = 0

)
(2.11)

where

dM

d�
= �2X

i

z2i
@Fi
@�i

+
2
�P

i zi
@Fi
@�i

�2
P

i
@Fi
@�i

(2.12)

A value for � where dM=d� = 0 practically never exists since the load-deection curves are
only C0. However, a shift in sign of dM=d� within a narrow range of � indicates a solution
to the optimization problem.

Applications of these procedures are given in Section 2.5.

2.3 The E�ective Width Concept

As mentioned previously, the e�ective width is de�ned as the ratio between the edge stress
�e and the average stress �av. In the following review, the e�ective width is called K, with
subscript depending on the author who has proposed the formulation.
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A number of researchers have formulated their proposal for the e�ective width ratio. The
most well-known expression is the one proposed by von Karman (KK = 1:9=�2), which was
later extended by Faulkner [7]. Faulkner's expression is the most widely used in analyses of
marine structures and takes the form

KF =
�av
�e

=

8><
>:

2

�
� 1

�2
for � > 1

1:0 for � � 1
(2.13)

where

� =
b

t

r
�e
E

(2.14)

and b is the breadth of the plate, t is the thickness, and E is the modulus of elasticity. It is
noted that KF is only a function of what we may call the global parameters which are the
parameters that do not contain information related to the imperfections. It is also obvious
that the behaviour of the plates depends on the imperfections such as initial deections and
residual stresses. Therefore, we can consider Faulkner's expression as an average value which
includes some residual stresses and some initial deections.

Soares [29] has proposed two other expressions for the e�ective width ratio based on
Faulkner's expression but extended to describing the e�ective width explicitly as a function
of initial deections and residual stresses. One expression describes the e�ective width ratio
only as a function of the initial deection, while the other expression also includes the residual
stress.

The expression only including the initial deection is as follows:

KS = KF

�
1� (0:626� 0:121 �)

y0
t

�
(2.15)

while the expression which also includes the residual stress is written

KS = 1:08KF

��
1� �KF

1:08KF

�
(1 + 0:0078 �)

��
1� (0:626� 0:121�)

y0
t

�
�
0:665 + 0:006� + 0:36

y0
t
+ 0:14�

�
for � > 1 (2.16)

where y0 is the initial out-of-plane deection, �t is the width of the heat a�ected zone caused
by welding, and

�KF =
2�

(b=t)� 2�

Et

E
(2.17)



14 Chapter 2. Strength of Midship Sections Exposed to Vertical Bending

The ratio Et=E is taken to be:

Et

E
=

8><
>:
 

a3�
2

a4 + 0:25�4

!2

for 0 � � � 1:34

1:0 for � > 1:34

(2.18)

where

a3 = 3:62 a4 = 13:1 for simple supports
a3 = 6:31 a4 = 39:9 for clamped supports

(2.19)

The above constants are derived through a regression analysis performed on a large number of
experimental test data with the aim of obtaining a good agreement of the ultimate capacity.

Another way of deriving the e�ective width expression and the most direct way is of
course 'simply' to solve the plate equations, which was done by Murray [17]. The governing
equations were �rst derived by von Karman and later extended by Marguerre to inclusion
of initial out-of-plane deections. The Marguerre equations have the following form:

r4� + Et(y;zzw;xx � 2y;xzw;xz + y;xxw;zz + w;xxw;zz � w2
;xz) = 0 (2.20)

L(w) = Dr4w � (�;xx(y + w);zz � 2�;xz(y + w);xz + �;zz(y + w);xx)� p = 0 (2.21)

where w is the out-of-plane deection, y is the initial out-of-plane deection, ();xx = @2()=@x2

etc., and � is de�ned through

�;xx = Nz �;zz = Nx �;xz = �Nxz (2.22)

where Nx and Nz are the normal forces per unit length in the x-direction, and z-direction,
respectively, and Nxz is the in-plane shear force per unit length.

At �rst glance, it seems impossible to obtain an analytical solution to the Marguerre
equations. However, Murray has found an approximate solution for an imperfect plate loaded
in one of the in-plane directions and in the out-of-plane direction. Actually, 3 solutions are
obtained covering 3 cases of in-plane boundary conditions on the unloaded edge. The 3 cases
are:

1. The edges are kept straight but the total in-plane load is zero.

2. The edges are kept straight and �xed (u=0).
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3. The edges are free, i.e. the edge stresses are zero.

The �rst of the boundary conditions above is the one Murray uses when the e�ective
width expression is derived, which seems reasonable when the sti�ened panels are loaded in
only one direction.

Now, the solution to the Marguerre equations is found in the following way. Murray
assumes that the functions y and w can be written as

y = y0 cos(�x) cos(�z) (2.23)

w = w0 cos(�x) cos(�z) (2.24)

where

� =
�

b
and � =

�

L

By inserting Eqs. (2.23) and (2.24) in Eq. (2.20), the solution for � which satis�es
boundary condition 1 becomes

�

Et
= �w0(w0 + 2y0)

16

 
�2

�2
cos2(�z) +

�2

�2
cos2(�x)

!
+
�av
E

x2

2
(2.25)

The solution to Eq. (2.21) is found by adopting the Galerkin method, i.e. by integrating
the weighted residual over the plate area in the following way:

Z L
2

�L
2

Z b
2

� b
2

w � L(w) dx dz = 0 (2.26)

This integration is quite tedious to make by hand, but it can easily be performed analytically
by use of computer codes like MATHEMATICA [33]. The solution is given by the following
algebraic equation in the magni�cation factor m = (w0 + y0)=y0:

(�4 + �4) y0
2

8
m3 +

0
B@2�2 �av

E
+

2D (�2+�2)
2

E t
� (�4 + �4) y20

8

1
CA m �

2D (�2 + �2)
2

E t
= 0 (2.27)
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where �av is the average stress in the loaded direction and D = Et3=(12(1� �2)) is the plate
sti�ness.

In the special case of square and long plates, � = �, Eq. (2.27) becomes

�2y20
8

m3 +

 
�av
E

+
�2t2

3(1� �2)
� �2y20

8

!
m� �2t2

3(1� �2)
= 0 (2.28)

The normal stress distribution in the loaded direction is given by

�z = �av +
E(m2 � 1)�2y20

8
cos(2�x) (2.29)

The e�ective width K, which is de�ned as the ratio between the applied average stress and
the edge stress (�z at x = � b

2
), is found to give the following from Eqs. (2.28) and (2.29):

KM =
�av
�e

=
1 + 2m(m+ 1)C

1 + 4m(m+ 1)C
(2.30)

where

C =
3(1� �2)

16

�
y0
t

�2

The assumption Murray uses to de�ne the ultimate plate strength is that the edge stress
becomes equal to the yield stress. The e�ective width at collapse is therefore found by
solving Eqs. (2.28) and (2.29) for the magni�cation factor m by use of �z = ��0 and x = b

2
.

A graphical comparison between the three mentioned proposals is shown in Figures 2.7
to 2.9.

We now apply Eq. (2.16) to a plate contained in the 1/3 scale frigate model subjected to
experiments by R.S. Dow in [6]. Both the residual stresses caused by welding and the initial
deections are in this case very large.

The 2 mm plating of the deck structure in Dow [6] has the following data:

b = 200 mm (plate width)
t = 2 mm (plate thickness)
y0=t = 3 (initial deection ratio)
� = 18 (width of heat a�ected zone)
� = 3:44 (plate slenderness)
KF = 0:49 (e�ective width according to Faulkner)
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Figure 2.7: E�ective width ratio K as a function of � for y0
t
= 0:1.
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Figure 2.8: E�ective width ratio K as a function of � for y0
t
= 0:3.
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Figure 2.9: E�ective width ratio K as a function of � for y0
t
= 0:5.

By use of the above data, Eq. (2.16) returns the value

KS = 0:02

This value is obviously too small as the experimental data used to obtain KS falls outside
the data in this example and another method must be searched for.

The same methodology as the one used by Murray is adopted in the following in order
to extend Murray's method to considering residual stresses as well.

It is assumed that the distribution of the residual stresses caused by welding has the well-
known rectangular shape shown in Figure 2.2. The width of the heat a�ected zones along
the unloaded edges is �t and the stress in this zone is equal to the yield stress (tension).
The residual stress distribution must be self-equilibrating, which gives the following relation
between the width factor � and the welding-induced stress �R at the middle part of the plate:

�t =
b �R

2 (�0 + �R)

In Figure 2.10 two stress-strain curves for the plate panel contained in Dow's frigate
model are shown. The most pronounced di�erence between the two curves is the change
in sti�ness at point P in Figure 2.10. This change is caused by excessive yielding of the
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Figure 2.10: Comparison of stress-strain curves for plate with and without residual stresses.

middle part of the plate, leaving only the heat a�ected zones near the edges of the plate to
be e�ective when the load is increased.

Now we assume that the shape of the stress-strain curve before point P is governed by
the Marguerre equations and that the behaviour after point P is linear with the sti�ness E�

given by

E� =
2�t

b
� E =

�R
�0 + �R

� E

The only problem left is to de�ne the position of point P . This point is assumed to be
reached when the sum of the residual stress and the load induced normal stress in the loaded
direction �rst becomes equal to the yield stress. The assumed stress distribution at point P
is shown in Figure 2.11.

The mathematical formulation based on Murray's method is straightforward as �z��R =
��0 at x = b

2
� �t in Eq. (2.29), i.e.

�0 � �R + �av +
E(m2 � 1)�2y20

8
cos

�
�
�
1� �R

�0 + �R

��
= 0 (2.31)

Eqs. (2.28) and (2.31) now give the relation between m and �av. The mean edge stress is
found by inserting the values for m and �av, found above, into Eq. (2.30) and eliminating �e.
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Figure 2.11: Assumed stress distribution when point P is reached.

The values corresponding to point P are now referred to with supscript * and the e�ective
width can be written as

K =

8>><
>>:

Eq. (2.30) for �e < ��e

��av +
E�

E
(�e � ��e)

�e for �e > ��e

(2.32)

The above function is based on some simple assumptions and will in the following be veri�ed
by comparison with a result from a �nite element analysis.

A comparison between the results obtained through the modi�ed analytical method and
the �nite element code PANFEM, cf. Tzcazla and Hansen [30], has been performed. The
analysed plate panel is the same as used earlier. The parameters referring to point P are
found to be

m� = 1:15
��av = 0:34 � �0
��e = 0:64 � �0
E� = 0:34 � E

The stress-strain curve for the FEM and the analytical method is shown in Figure 2.12. It
is seen that the sti�ness for the analytical method is smaller than for the FEM results. This
di�erence could of course be caused by the simplicity of the method, but also the fact that
the analytical method is based on the assumption that the deection �eld is square in shape
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Figure 2.12: Comparison between numerical and analytical results.

could explain the reduced sti�ness. However, the method reects the trend of the stress-
strain curve and is in reasonable agreement with the �nite element result. This method is
adopted in the beam-column analysis.

2.4 Collapse Criterion for Beam-Columns

In this section a comparison between the collapse criterion calculated by the present idealized
method and experiments is given. The experiments are described in Rutherford [26]. 24
di�erent sti�ened plate panels with simple supports at the ends were tested. The panels
were loaded eccentrically at a measured distance from the plate. The fact that the panels
were simply supported at the ends implies that the stress distribution expressed by Eq. (2.3)
cannot be used, but instead it is necessary to derive a similar expression which is valid for
the simply supported boundary condition. The derivation of Eq (2.3) was made in a similar
way.

In the following, the behaviour of a simply supported elastic beam-column with initial
deection, loaded at both ends with a force located at a distance e from the neutral axis,
is considered. An equally distributed load (force/length) along the length is applied. See
Figure 2.13.

The di�erential equation describing the deection in the z-direction of a beam is given
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Figure 2.13: De�nition of the sign convention used in the description of a beam-column.

by

EIE
@2w

@x2
=M (2.33)

where E is the modulus of elasticity, IE is the e�ective second moment of area around the
instantaneous neutral axis, w is the deection function, and M is the moment around the
instantaneous neutral axis.

The displacement in the x-direction is given by

EAE
@u

@x
= �P (2.34)

where AE is the e�ective area of the beam section. In the present case

M = �(w + w0 � e)P +
qx2

2
� qLx

2
(2.35)

By assuming that the initial deection w0 can be written as a Fourier series the di�erential
equation, Eq. (2.33), becomes

EIE
@2w

@x2
+ Pw = �P X

n=1

�
an sin

n�x

L

�
+ Pe+

qx2

2
� qLx

2
(2.36)
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The solution to the above equation which satis�es the boundary conditions for a simply
supported beam-column is

w = C1 sin(�x) + C2 cos(�x) +
X
n=1

anP sin n�x
L�

n�
L

�2
EIE � P

� qx

2P
(L� x) + e� EIEq

P 2
(2.37)

where

� =

s
P

EIE

C2 = �
�
e� EIEq

P 2

�

C1 =
C2(1� cos�L)

sin�L

The third term of the right hand side of Eq. (2.37) is singular when the denominator becomes
zero. This happens when

P = PE =
�
n�

L

�2
EIE (2.38)

which is recognized as the Euler buckling load PE when n = 1. The moment distribution
now becomes

M = EIE
@2w

@x2

= �EIE
�
C1�

2 sin�x+ C2�
2 cos�x� q

P

�
+
X
n=1

anPPE
P � PE

sin
n�x

L
(2.39)

When the moment is known the normal stress distribution �xx over the cross section of the
beam is obtained through

�xx(x; z) = �M(x)z

IE
� P

AE
(2.40)

In some methods only the last term of Eq. (2.39) is used to express the moment. 1 This
is only correct when the load P is close to the Euler load PE. Such an approximation must

1By solving Eq. (2.40) with respect to P , only by use of this term, the so-called Perry-Robertson formula
is obtained. This is used by e.g. Rutherford [26] and others in ultimate capacity analysis.
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be introduced into the analysis with care. In the following, all the terms of Eq. (2.39) will
be used.

Sti�ened plate panels may collapse in a number of collapse modes. Therefore, it is
necessary to check as regards each of the failure modes when an analysis is performed. The
collapse modes to be concerned are:

� Plate-induced collapse where yielding �rst appears at the middle of the plate.

� Sti�ener-induced collapse where yielding �rst appears at the outer �bre of the sti�ener.

� Sti�ener tripping where the sti�ener loses its stability.

At the present stage, only the two �rst items in the above list are incorporated in the analysis.
Both failure modes are described through the same equation

�0 �
����Ew;xxz0 � P

AE

����
x=L=2

= 0 (2.41)

where z0 is the coordinate of either the middle of the plate or of the outer �bre of the
sti�ener depending on which collapse mode we wish to describe. The z-axis has its origin
in the neutral axis of the beam-column and the geometrical parameters AE and IE are
calculated for the actual e�ective width.

Solving Eq. (2.41) gives as a maximum four solutions for P of which the lowest value is
the collapse load. In the following, a comparison is made between experimental data and
di�erent e�ective width formulations. The geometries and material parameters of the test
panels are shown in Tables 2.1 and 2.2.

A numerical analysis of the 24 test panels gives the results shown in Table 2.3. The
mean and standard deviation of the error (%) is calculated for each of the 3 e�ective widths
proposed by Faulkner (Eq. (2.13)), Soares (Eq. (2.15)), and Murray (Eqs. (2.30) and (2.29)).

To �nd an explanation for the large deviations of maximum capacity, we have to look at
the way the e�ective widths are derived. All e�ective width ratios used in this section are
derived by focusing attention only on the behaviour of the plate. When such a simple model
is extended to being used in an analysis of the complicated behaviour of sti�ened plates,
some deviation must be expected.

2.5 Application of the Procedure

In the following sections, the application of a procedure, based on the method described in
Sections 2.1 and 2.2, is demonstrated on 4 di�erent structures.
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Table 2.1: Geometry of 24 sti�ened plate panels. b is the breadth of the plate between
sti�eners, t is the thickness of the plate, hw is the height of the web, tw is the thickness of
the web, bf is the breadth of the ange, tf is the thickness of the ange, and L is the length
of the panel.

No b=mm t=mm hw=mm tw=mm bf=mm tf=mm L=mm

1 88.4 3.07 17.4 4.88 12.7 6.17 244
2 147 2.62 30.4 4.83 12.7 6.22 384
3 221 2.54 54.1 4.9 12.7 6.1 638
4 236 2.01 43.6 4.8 12.7 6.25 523
5 88.4 3.07 17.4 4.88 12.7 6.17 488
6 147 2.62 30.4 4.83 12.7 6.22 767
7 221 2.54 54.1 4.9 12.7 6.1 1275
8 236 2.01 43.6 4.8 12.7 6.25 1046
9 88.4 3.07 17.4 4.88 12.7 6.17 732
10 147 2.62 30.4 4.83 12.7 6.22 1151
11 221 2.54 54.1 4.9 12.7 6.1 1913
12 236 2.01 43.6 4.8 12.7 6.25 1570
13 88.4 3.1 26.4 3.1 0 0 262
14 177 3.05 17.5 4.85 12.7 6.15 244
15 265 3.07 34 4.95 12.7 6.2 422
16 295 2.57 30.5 4.9 12.7 6.12 384
17 88.4 3.1 26.4 3.1 0 0 523
18 177 3.05 17.5 4.85 12.7 6.15 488
19 265 3.07 34 4.95 12.7 6.2 843
20 295 2.57 30.5 4.9 12.7 6.12 767
21 88.4 3.1 26.4 3.1 0 0 785
22 177 3.05 17.5 4.85 12.7 6.15 732
23 265 3.07 34 4.95 12.7 6.2 1265
24 295 2.57 30.5 4.9 12.7 6.12 1151
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Table 2.2: Material parameters and geometrical imperfections for 24 sti�ened plate panels.
�0p and �0s are the yield stress of plate and sti�ener, respectively, �f = Pc=P0, where Pc is
the collapse load from experiments and P0 is the squash load.

No �0p=MPa �0s=MPa E=MPa y0=mm w0=mm e=mm �f
1 250 283 190000 0 0.05 1.9 0.976
2 250 262 190000 0 0.04 -0.9 0.733
3 256 247 190000 0 0.21 -2.6 0.713
4 221 250 190000 0 0.16 -2.7 0.567
5 225 259 190000 0.08 1.20 1.9 0.824
6 239 259 190000 0.76 0.78 -0.9 0.75
7 270 246 190000 1.47 1.08 -2.6 0.621
8 247 259 190000 2.73 0.49 -2.7 0.515
9 230 283 190000 0 1.78 1.9 0.716
10 239 258 190000 0 1.53 -0.9 0.660
11 239 252 190000 0 3.37 -2.6 0.494
12 249 266 190000 0 1.13 -2.7 0.448
13 253 261 190000 0 0.04 0.11 0.988
14 242 269 190000 0 0.07 -0.4 0.764
15 227 267 190000 0 0.15 -1.5 0.569
16 244 273 190000 0 0.07 -2.1 0.506
17 229 256 190000 0.10 0.37 0.11 0.822
18 229 246 190000 0.62 0.19 -0.4 0.656
19 253 266 190000 2.0 .35 -1.5 0.563
20 261 247 190000 2.14 0.24 -2.1 0.455
21 258 262 190000 0 0.88 0.11 0.696
22 242 262 190000 0 0.40 -0.4 0.515
23 244 262 190000 0 0.81 -1.5 0.491
24 239 267 190000 1.46 0.52 -2.1 0.384
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Table 2.3: Analytical results compared with experimental data.

D.Faulkner C.G.Soares N.W.Murray
No �F Error=% �S Error=% �M Error=%

1 .816 -16.4 .817 -16.3 .797 -18.3
2 .784 7.0 .841 14.7 .736 .4
3 .631 -11.5 .673 -5.6 .660 -7.5
4 .521 -8.1 .554 -2.2 .599 5.6
5 .707 -14.2 .707 -14.2 .687 -16.6
6 .726 -3.1 .697 -7.1 .601 -19.9
7 .569 -8.4 .537 -13.6 .574 -7.5
8 .474 -7.9 .440 -14.6 .561 8.9
9 .567 -20.7 .739 3.3 .556 -22.4
10 .598 -9.5 .648 -1.8 .554 -16.1
11 .439 -11.2 .470 -4.9 .451 -8.6
12 .383 -14.6 .409 -8.7 .466 4.0
13 .979 -.9 .981 -0.7 .957 -3.1
14 .738 -3.4 .795 4.1 .706 -7.5
15 .586 3.1 .630 10.7 .606 6.5
16 .484 -4.4 .519 2.5 .585 15.6
17 .903 9.8 .903 9.8 .873 6.2
18 .730 11.3 .727 10.9 .627 -4.5
19 .542 -3.8 .492 -12.6 .532 -5.5
20 .455 .0 .446 -1.9 .557 22.5
21 .563 -19.1 .518 -25.6 .556 -20.1
22 .589 14.3 .637 23.7 .563 9.2
23 .440 -10.3 .473 -3.6 .464 -5.6
24 .381 -.9 .380 -1.0 .451 17.4

Mean/% -5.1 -2.3 -2.8
Std./% 9.2 11.0 12.3
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2.5.1 Collapse Analysis of Nishihara Box Girders

In Nishihara [19], experiments to obtain the ultimate capacity were performed on a number
of ship-like cross-sections loaded by pure bending. The initial imperfections of the cross-
sections are not reported, which makes a direct comparison between the experimental results
and the results from the present method di�cult. Therefore, it was decided to use one of the
cross-sections as a basis for numerical analysis by application of the �nite element method,
with well-known initial imperfections.

B.L.

50 x 3

180 x 3 180 x 3

180 x 3

180 x 3

180 x 3

180 x 3

180 x 3 180 x 3

L=900

Figure 2.14: Cross-section used as a basis for numerical analysis (all units are mm).

The cross-section used as a basis is shown in Figure 2.14 and the sectional parameters
are given in Table 2.4. The modulus of elasticity and the yield stress are 207000 N/mm2 and
245 N/mm2 respectively. 4 di�erent models with the following characteristics were made:

1. Only plate imperfections were imposed on this model. The initial deections of the
plating were in the shape of two half sine waves between frames, and one half sine wave
between sti�eners. The magnitude of the initial deection was chosen to be t/2 = 1.5
mm. The sti�eners were not a�ected by the initial deections.

2. On this model only plate imperfections were imposed for the compressed deck panel in
the direction of the sti�ener. The imposed deection was in the shape of one half sine
wave between frames and one half sine wave between the sides of the cross-section.
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Table 2.4: Sectional parameters for the Nishihara box girder.

Sectional area 0.0104 m2

Second moment of area 0.000867 m4

Position of elastic neutral axis 0.360 m
Plastic moment 672 kNm
Position of plastic neutral axis 0.360 m
Sectional modulus 0.00241 m3

Elastic moment (�rst yield) 590 kNm

The magnitude of the deection at the middle of the section was chosen to be 2L/300
= 6 mm.

3. The same as the above model, except that the direction of the initial sti�ener imper-
fection was towards the plating.

4. The basis for the last model was model number 1, but with residual stresses being
imposed on the plating. The magnitude of the residual stresses was �R=�0 = 0:50.

2

43

1

Figure 2.15: Sketch of imperfections used in FEM analysis.

A sketch of the initial imperfections is shown in Figure 2.15.

The Finite Element Models

The �nite element code used in the analysis was MARC. A 4-noded shell element (element
number 75) with 5 layers in the thickness was used. Unfortunately, in the MARC code it



30 Chapter 2. Strength of Midship Sections Exposed to Vertical Bending

is not possible to impose initial deections directly via the strain expressions. Therefore, it
was necessary to make a preprocessor which imposed the initial deections by moving the
nodal points. Another preprocessor was also made which made it possible to de�ne residual
stresses in the FEM model.

1/2 length

Load section

Test section

Figure 2.16: Sketch of the FEM model.

The same mesh basis was used for all 4 models. Because of symmetry, only a quarter
of the test section was modelled. At the end of the test section, another section was added
through which the test section was loaded, see Figure 2.16. This was done in order to get
a more realistic loading procedure which allowed the plate panels to redistribute in-plane
stresses after buckling. The thickness of all members of the load section including sti�eners
was set equal to 6 mm.

The model was loaded incrementally with force vectors at the end of the load section in
order to ensure the overall loading to be a pure bending moment without a net normal force.
The ends of each of the sti�eners were also loaded although Figure 2.16 does not show it.

When collapse analyses by use of the �nite element method are dealt with, it is important
to use the correct equation solver. The solver should be able to decrease the load in order
to trace the whole equilibrium path and overcome e.g. points of buckling or the point where
the ultimate capacity is reached. The MARC computer code o�ers a constant arc length
solver which is able to overcome the mentioned problems. This solver was used.

Anyway, there were some di�culties in obtaining the ultimate capacity point due to lack
of convergence. The di�culties were caused by a stress concentration close to one of the
loading points located in the load section, combined with the material model, which was
assumed to be elastic-perfectly plastic. This di�culty was overcome by de�ning a strain-
hardening material model for the loaded section with a tangent modulus equal to E=100.
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Results of the Finite Element Analyses

Table 2.5: Results of �nite element analyses.

No Identi�cation Capacity/kNm

1 Plate imperfections 525
2 Sti�ener imperfections (+) 525
3 Sti�ener imperfections (-) 583
4 Residual stresses 520

All models were loaded incrementally and after each increment the percentage of the
total load was written in a log �le. After examination of the log �le the maximum load was
found. The results are given in Table 2.5.

Results of the Beam-Column Analyses

The most remarkable results of the �nite element analyses are the considerable di�erence in
the ultimate capacities for the sti�ener imperfection modes and that the e�ect of residual
stresses is negligible even though the residual stresses are large.

The �rst attempt at residual stress con�guration gave poor results (ultimate capacity '
435 kNm). The stress plots produced by the �nite element method were analysed and they
showed that the residual stresses were redistributed throughout the plate panels, leaving only
a narrow yielded region close to the attachment between the sti�eners and the plates. This
cannot simply be true and the explanation has to be sought in the way the �nite element
method deals with the residual stresses.

The residual stresses are introduced in the �nite element analysis in two steps. In the
�rst step the residual stress is imposed on the actual stress state of the structure in order
to �nd the location of the stress �eld in relation to the yield surface. In the second step
a force vector is generated at the boundaries of the stress �eld which contains the residual
stresses. In the FEM mesh used in the present analysis, the yielded zone of the residual stress
distribution only stretched over a single element, which resulted in few force vectors by means
of which the residual stress distribution could be modelled. Actually, the structure cannot
express the di�erence between the actual stress distribution and another linearly varying
stress distribution.

The conclusion of the above is that when the idealized residual stress distribution is to
be modelled, a much �ner mesh close to the yielded zones is required than the one used
in the present analysis. By examining the distribution of the force vectors, resulting from
the residual stress �eld, along the boundaries of the structure, it seems reasonable to use
�R=�0=0.25 in the following beam-column analysis instead of �R=�0=0.50.
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Figure 2.17: Moment versus rotation of the frames for Nishihara model.

By application of the above de�nition of the residual stresses, the moment versus rotation
relations for the 4 models are as shown in Figure 2.17. The correlation between the �nite
element results and the beam-column results is satisfactory, regarding the ultimate capacities.

2.5.2 Collapse Analysis of Dow's Frigate Model

In this section a collapse analysis of a 1/3-scale frigate model is made by use of the above-
mentioned method. The geometry, imperfections, and material parameters are given in
detail in Section 3.1. Further details of the frigate model can be found in Dow [6]. First the
stress-strain curves for 3 di�erent beam-columns are given and then the system analysis is
performed. In chapter 3 the present collapse analysis of the frigate model is compared with
other methods.

Results of Analyses

The stress-strain curves for beams 1, 2, and 3 (see Figure 3.1) with residual stresses are
shown in Figure 2.18. It must be emphasized that the curves are derived for constant values
of end rotations corresponding to the value of rotation at the collapse of the hull section.
These are:
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For beam 1 : � = 0.00032 rad
For beam 2 : � = 0.00000 rad
For beam 3 : � = -0.00032 rad
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Figure 2.18: Stress-strain curve for beams 1, 2, and 3 with residual stresses.

The di�erence in sti�ness on each side of the origin is caused by the di�erence of e�ective
width in compression and in tension. In compression the e�ective width is controlled by the
geometrical imperfection of the plate while, in tension, the e�ective width is controlled by
the residual stress. In tension the heat-a�ected zones at the longitudinal edges of the plate
are non-e�ective because they are plasticized.

The sudden change in sti�ness in the elastic compression region is due to the middle part
of the plate being plasticized, so that only the edges of the plate are able to gain further
load.

The stress-strain curves for beams 1, 2, and 3 without residual stresses are shown in
Figure 2.19. These curves are also derived for constant values of end rotations. In this case
the di�erence in sti�ness on each side of the origin is smaller than in the case with residual
stresses, but the ultimate strength in compression is much larger. In the elastic compression
region, the e�ective width factor only di�ers slightly from unity (about 0.94 for all beams)
all the way to the collapse. Especially for beam 1, which has a very slender plate part, this
might seem odd since buckling of the plate could be expected. However, because of the large
initial deection of the plate in a mode di�erent from the buckling mode, the plate does not
buckle and a larger collapse load than in the case of the perfect beam is achieved.

In Figure 2.20 the moment versus curvature is shown both for the structure with and
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Figure 2.19: Stress-strain curve for beams 1, 2, and 3 without residual stresses.
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without residual stresses and for the perfect structure without any imperfections, and the
experimental results obtained by Dow [6] are plotted in order to compare the experimental
and the analytical results.

For the ultimate capacity, good agreement is found between the experimental results
obtained by Dow and the analytical curve with residual stresses and initial deections.
However, some di�erence between the slopes of the curves is noticed. There may be two
reasons for this, one is the idealized model used for describing the residual stresses in the
analytical method and another is the way the curvature of the hull is calculated for both
curves. Which of these explanations is the most signi�cant is di�cult to decide.

Another remarkable result of the analysis is that the ultimate capacity of the structure
with initial deections and no residual stresses is larger than the ultimate capacity of the
perfect structure. The explanation of this result is that the initial deection is not in the
shape of the buckling mode, which tends to strengthen the capacity of the deck plating.

2.5.3 Collapse Analysis of a Container Ship

In this section the result of a collapse analysis of a container ship is given. The ship is 190
m long with a dead weight of 34,150 tons. The midship section is shown in Figure 2.21. The
frame spacing for the bottom structure is 1.634 m and 3.268 m for the side structure. The
material parameters and imperfections are chosen to be those in Table 2.6 and the sectional
parameters are given in Table 2.7.

Table 2.6: Material parameters and imperfections for the container ship.

�0 356 MPa Yield stress for upper-side structure.
236 MPa Yield stress for lower-side and for bottom structure.

�R �0/10 Residual stress.
�p t/10 Plate imperfection.
�s L/500 Sti�ener imperfection.

The moment versus rotation is shown in Figure 2.22. Collapse in sagging begins by
compression failure of the extreme deck sti�eners but later in the loading history, collapse is
dominated by tension failure of the bottom structure. Collapse in hogging is purely due to
compression failure of the bottom structure.

2.5.4 Collapse Analysis of a VLCC

In this section the result of a collapse analysis of a VLCC is given. The VLCC tanker is
320 m long with a dead weight of 280,000 tons and it is built as a single-hull structure. The
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Figure 2.21: Midship section of the container ship.

Table 2.7: Sectional parameters for the container ship.

Sectional area 1.43 m2

Second moment of area 54.6 m4

Position of elastic neutral axis 6.64 m
Plastic moment 2.32 GNm
Position of plastic neutral axis 7.39 m
Sectional modulus (deck) 4.98 m3

Sectional modulus (bottom) 8.23 m3

Elastic moment (�rst yield) 1.77 GNm
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Figure 2.22: Moment versus rotation for the container ship.

midship section is shown in Figure 2.23 and the material parameters and imperfections are
chosen to be those given in Table 2.8. The sectional parameters are given in Table 2.9.

Table 2.8: Material parameters and imperfections for the VLCC.

�0 310 MPa Yield stress.
�R �0/10 Residual stress.
�p ' t/20 Plate imperfection.
�s L/200 Sti�ener imperfection.

The moment versus rotation is shown in Figure 2.24. Collapse in sagging is purely
controlled by compression failure of the deck sti�eners, while collapse in hogging is controlled
by both compression failure of the bottom sti�eners and yielding of the deck sti�eners.

2.6 Distribution Sensitivity

In order to estimate the inuence of the stochastic variables on the distribution of the
ultimate capacity, it is necessary to de�ne a methodology which is able to describe this
e�ect. The �rst step is to establish an expression for the mean and the variance of the
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Figure 2.23: Midship section of the VLCC.

Table 2.9: Sectional parameters for the VLCC.

Sectional area 3.54 m2

Second moment of area 531.7 m4

Position of elastic neutral axis 14.0 m
Plastic moment 12.3 GNm
Position of plastic neutral axis 12.6 m
Sectional modulus (deck) 32.6 m3

Sectional modulus (bottom) 38.6 m3

Elastic moment (�rst yield) 10.1 GNm
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Figure 2.24: Moment versus rotation for the VLCC.

ultimate capacity. We assume that the ultimate capacity M can be linearized around a
certain point X0 giving the linear expression Ml:

Ml(X) =M(X0) +rM(X0) � (X �X0) (2.42)

The mean value of Ml then becomes

E[Ml] = M(X0) +rM(X0) � (E[X]�X0) (2.43)

and the variance

Var[Ml] = (rM(X0))
T � Cov[XT �X] � rM(X0) (2.44)

In the case of mutual independence of X the above covariance matrix simply becomes the
variance matrix. In this case Var[Ml] can be written as

Var[Ml] =
NX
i=1

a2i Var[Xi] (2.45)

where ai is the i'th component of rM(X0). Each term of the above equation contributes
a positive quantity to the variance of the ultimate capacity, and it is now easy to judge the
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e�ect of the uncertainty of each of the stochastic variables on the uncertainty of the ultimate
capacity. By dividing Eq.(2.45) by Var[Ml] and splitting the right-hand side of Eq. (2.45)
into terms each referring to a certain group of uncertain parameters, we obtain the following
expression for the importance factor Ij of the j'th group:

Ij =

PNj
i=1 a

2
i Var[Xi]

Var[Ml]
(2.46)

All Ij satisfy the relation

NgX
j=1

Ij = 1 (2.47)

where Ng is the number of groups.

In this case it seems natural to split the uncertain parameters into 5 groups, namely:

� Plate imperfections.

� Sti�ener imperfections.

� Residual stresses.

� Yield stress.

� Modulus of elasticity.

The information needed in order to perform the above calculations is the variance of each
of the groups of uncertain parameters together with the gradient of the ultimate capacity.
A numerical calculation of the gradient of the ultimate capacity has been used and what
remains is to judge the uncertainties of the imperfections and stresses.

2.6.1 Examples

The method has been applied to Dow's 1/3-scale frigate model, the container ship, and the
VLCC tanker, which were all analysed in the previous sections. The coe�cient of variation
is chosen to be 10% for all variables and X0 is chosen to be equal to the assumed mean
values for all variables. The results of these analyses are given in Table 2.10.

It is seen from Table 2.10 that the uncertainty of the yield stress contributes to practically
all the uncertainty of the collapse moment. This result is veri�ed by a more thorough analysis
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Table 2.10: Importance factors for 3 di�erent ship types.

Group ID Frigate Container VLCC

Yield stress 0.9884 0.8697 0.8642
Residual stresses 0.0000 0.0000 0.0001
Plate imperfections 0.0000 0.0001 0.0001
Sti�ener imperfections 0.0000 0.1092 0.0470
E-modulus 0.00116 0.0210 0.0886

in Friis Hansen and Hansen [9], and Friis Hansen [8]. The results suggest that all but the
uncertainties in the yield stress can be omitted and replaced by their mean values in a
probabilistic collapse analysis. However, a COV of 10% for the yield stress and for the
modulus of elasticity is large compared to typical experimental values. Typical COV values
for the yield stress are 5-6% and they are even smaller for the modulus of elasticity. A result
of this is naturally that the importance factors for the yield stress and the E-modulus become
smaller while the remaining importance factors become equally larger. On the other hand,
we must expect a certain correlation in the yield stress for each of the sti�eners due to a
certain system in the manufacture procedure. The result of such a correlation is an increase
in the importance factor related to the yield stress, which is a tendency in the opposite
direction. Therefore, it is judged that the results presented above are realistic.
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Chapter 3

Comparison of Method with Other

Methods

It is the aim of this chapter to present a comparison between di�erent computer codes used
to estimate the ultimate hull girder strength of a 1/3 scale frigate model subjected to vertical
bending. The model used as a basis for the present analysis is reported in [6], where results
from a collapse experiment are also given.

A part of this chapter is published in ISSC [13] where it was the author's job to gather
his own as well as other researchers' results of the collapse analysis in order to compare the
di�erent methods.

In order that all researchers should use the same de�nition of the model, some guidelines
were given in which the geometry, the imperfections, and the material parameters were
de�ned explicitly.

3.1 De�nition of the Model

The geometry of the midship section is shown in Figure 3.1 and the geometry of the sti�eners
in Figure 3.2. Figure 3.3 shows a sketch of the position of the frames (FRM) and the
bulkheads (BHD) relative to the mild steel section and the replaceable section. All data
given below is related to the scale model.

An expression for the geometrical initial imperfection of the sti�eners and the plating in
the deck and the side shell structure for the replaceable section (from FRM 42 to FRM 46)
was de�ned.

The expression for the initial deection of the deck sti�eners reects the overall initial
deection of the central deck sti�ener and the mean deection of the sti�eners between the
frames.

43
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Figure 3.1: The midship section of the 1/3 scale frigate model.
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Figure 3.2: Details of longitudinal sti�eners.
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Figure 3.3: Sketch of positions of bulkheads and frames.

For the deck structure the deection is expressed as

�decks = �
�
w0 sin

�x

4l
+ wd

s

����sin �xl
����
�
� cos �y

B

where

l = 18" = 457.2 mm Frame spacing
B = 4100 mm Breadth of section
w0 = 13.0 mm Deection between bulkheads. (See Figure 6(a) in [6])
wd
s = 2.0 mm Deection between frames.

The coordinate system is positioned with the x-axis in the longitudinal direction (origin at
FRM 42 pointing towards increasing frame numbers), the y-axis in the horizontal direction,
and the z-axis pointing upwards.

For analyses involving a single frame space, only the value of wd
s is relevant.

For imperfections of sti�eners on the side shell, the following shape was used:

�sides = vss

����sin �xl
����

where

vss = 1.1 mm

This expression reects the mean value of the initial deection of the side shell sti�eners.
�sides is positive in the direction of the ingoing normal to the side shell.
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The initial deection of the plates between sti�eners �p was de�ned to be in the shape
of one half sine wave in both the longitudinal, and transverse directions with the following
maximum midpoint values:

�p=b = 0.030 for deck plating
�p=b = 0.010 for side shell plating

where b is the breadth of plate between sti�eners.

The residual stress in the plate between sti�eners is assumed to have the well known
idealized square shape which forms a self equilibrated stress pattern in the longitudinal
direction (see Figure 2.2). The magnitude of the stress in the two outer zones is assumed to
be equal to the tension yield stress while the stress magnitude of the middle zone is given by

�R = -125 N/mm2 for 2 mm plating

�R = -147 N/mm2 for 3 mm plating

These stresses are very large and may cause problems in cases where a method of analysis
based on an e�ective width approach is used.

The exact behaviour of the material is not known. Therefore, the material is suggested
to be linear elastic-perfectly plastic with the following parameters:

E = 207 � 103 N/mm2 Modulus of elasticity.

�0 = 245 N/mm2 Yield stress.
� = 0.30 Poisson's ratio.

By use of the information above, the following parameters are obtained for the midship
section:

A = 5:59 � 104 mm2 Sectional area.
I = 5:95 � 1010 mm4 Second moment of area.
z0 = 1:43 � 103 mm Elastic neutral axis measured from keel.
Wdeck = 4:35 � 107 mm3 Section modulus at deck.
Wkeel = 4:21 � 107 mm3 Section modulus at keel.
Mp = 1:29 � 1010 Nmm Plastic moment.
zp = 1:37 � 103 mm Plastic neutral axis measured from keel.

3.2 Behaviour of the Structure during Loading

As mentioned earlier, in [6] the midship section was subjected to a sagging collapse exper-
iment. At a low stress level during loading, the deck structure buckled in an overall mode
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between BHD 41 and 49. Later, as the load approached the collapse load, the deck struc-
ture started to show an interframe collapse behaviour superimposed on the overall deected
shape. The side shell showed interframe collapse behaviour only.

It is important to note that, because of the slenderness of the deck structure, it showed
overall buckling behaviour during loading. Few of the computer codes used in this chapter
are able to take account of this overall e�ect, but all include interframe collapse modes.

3.3 Methodologies Used

In general, two methods were used, one was a beam-column approach and the other the
Idealized Structural Unit Method (ISUM) approach. In the following, a description of each
of the computer codes is given.

Amdahl, Norwegian Institute of Technology, Norway. Beam-columnmodel of the whole struc-
ture between frames 41-47. The longitudinal sti�eners and transverse frames with at-
tached plating were modelled as unsymmetric I-pro�les. In the elastic range the plate
ange was assumed fully e�ective, in the elasto-plastic range the e�ective width was
calculated in accordance with DNV Classi�cation Note No. 30.1; the expression for
plate induced failure was used for compression members and the expression for sti�ener
induced failure for tension members. Plate imperfections and residual stresses were not
taken explicitly into account. The sti� corners in the transverse frame were modelled
by giving the two elements forming the upper corner of the frame increased E-modulus
and yield strength.

Caridis, National Technical University of Athens, Greece. An analytical approach which,
on the basis of e�ective width, used an estimate of interframe collapse allowing for
the presence of initial deections and residual stresses. After the collapse mode had
been identi�ed, the stress-strain curves were obtained by application of an e�ective
width formulation. No attempt was made to allow for post collapse unloading. The
stress-strain curves were used to describe the progressive collapse behaviour following
Smith's approach and assumptions, [28]. The calculations were carried out by means
of a standard spreadsheet package. Buckling and failure of each panel under compres-
sion and failure of each panel under tension were duly included. Allowance for hard
spots was also made, when it was necessary. This methodology was not intended to
replace numerical approaches but was considered as an alternative, suitable for design
procedures.

Chen, Shanghai Jiao Tong University, China. Beam-columnmodel taking overall behaviour
into account. Every sti�ener with its attached plate was regarded as one element. In
deck corners and for tension elements, only yielding was considered to take place.
When an element was subjected to compression, the average stress-average strain re-
lationship of each element with initial deection and residual stress was generated by
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the computer program FUSRA, based on an analytical-numerical approach to elasto-
plastic behaviour of plates by perturbation technique. Both the loading and unloading
cases were considered.

After an increment of the curvature of the hull, the corresponding stress distribution of
the midship section could be found by means of the stress-strain curves of each beam-
column element. The neutral axis of the midship section was updated by an iteration
process and the sagging bending moment was computed on the basis of Smith's method.

Dow, DRA Dunfermline, UK. Beam-columnmodel assuming that collapse occured between
adjacent frames. The stress-strain curves were generated by use of a linearized incre-
mental �nite element procedure. The cross section of the beam-column was divided
into a number of �bres. If the stress (including residual stress) in a �bre exceeded
the yield stress, the �bre was assumed not to contribute to the sti�ness for the next
increment. Allowance was made for elastic unloading of yielded �bres.

It must be emphasized that the imperfections used by this participant were somewhat
di�erent to those given at the beginning of this chapter.

Estefen, University of Rio de Janeiro, Brasil. Finite element analysis of the whole frigate
model using the ANSYS University version. Two di�erent mesh re�nements were
considered. A coarse mesh involving only beam elements was employed between the
�nal bulkhead and bulkhead 41 and between bulkhead 49 and the initial bulkhead. A
�ne mesh involving both beam and triangular shell elements was employed between
bulkheads 41 and 49.

In the coarse mesh region, the plating was simpli�ed by using the e�ective width
concept in association with the respective beam elements. Some longitudinal sti�eners
were substituted by a reduced number of longitudinals with similar cross-sectional
inertia. In the �ne mesh region, the plating was fully discretized by triangular shell
elements.

Transversal symmetry was used along the whole length of the frigate. Beam edges
at the frigate extremes had transversal displacements prescribed. Rotations of the
beam edges at frigate extremes were incrementally applied to simulate the collapse
and post-collapse behaviour. Initial geometrical imperfections were included while
residual stresses were excluded due to limitations of the ANSYS University version.

The stress-strain curves for the three selected beam-columns were generated with AN-
SYS, but they were not used in the collapse analysis of the hull.

Damonte, CETENA, Italy. The collapse analysis was performed by application of the com-
mercial code for structural design, MAESTRO. All the structural elements between
BHD 41 and 49 were modelled (sti�ened plates, longitudinal and transverse girders,
sti� corners) by use of the "strake" element included in the program library.

The moment-curvature relationship was calculated step by step with the simple beam
theory, imposing an incremental curvature on the overall structure. For each element,
the strain was calculated by assuming a linear distribution through the cross section.
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The behaviour of the elements was described in terms of load-shortening curves. Panels
in tension and sti� corners (tension and compression) behaved without unloading, while
panels in compression behaved with an unloading pattern after collapse.

The failure modes incorporated in the program were yielding (tension and compres-
sion), beam-column buckling, and lateral-torsional buckling of sti�eners. Plate buck-
ling and grillage general instability were not included.

Neither initial imperfections nor residual stresses are considered.

Hansen, Technical University of Denmark, Denmark. The method described in Chapter 2
was used.

Paik, Pusan National University, Korea. ISUM model assuming that collapse occured be-
tween adjacent frames. Four kinds of ISUM units were used, namely the idealized
beam-column unit, the idealized unsti�ened plate unit, the idealized sti�ened plate
unit, and the hard element. The hard element is a purely arti�cial unit in which
neither buckling nor yielding occurs. The element shows purely elastic behaviour dis-
regarding the stress state in the element.

Symmetric boundary conditions at the centre line and restriction of rigid body motion
were prescribed. The bending curvature for the hull was applied incrementally. In the
analysis, it was assumed that the cross-section remained plane.

Rutherford, Lloyd's Register, UK. Beam-column model assuming that collapse occured
between adjacent frames. The stress-strain curve for each beam-column element was
generated by use of the theory described in [26]. The procedure was originally intended
to be applied to much stockier structures and to more moderate residual stress levels
than that considered here. The results presented later was, for this code, given without
taking account of residual stresses.

Yao, Hiroshima University, Japan. Beam-column model based on Smith's method [28], but
using an analytical method to obtain the average stress-strain relationship of elements
consisting of a sti�ener and attached plating. The details of the analytical method are
described in [34] and [35]. Collapse was assumed to occur between adjacent frames.

3.4 Results of the Analyses

In order to explain di�erences in the results obtained by the participants, it was agreed to
present the stress-strain relationships of three individual beam-column elements together
with the moment-curvature relationship of the midship section. The beam-column elements
are marked and numbered in Figure 3.1. However, not all participants were able to produce
these curves owing to the method used. Curves for the three elements are presented in
Figures 3.4 to 3.6 and the moment-curvature relationship is presented in Figure 3.7.
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Figure 3.4: Stress-strain relationship for beam-column 1.

A signi�cant discrepancy is observed in Figures 3.4-3.6 between the stress-strain curves,
even in the prediction of initial sti�ness. This is caused by the use of di�erent e�ective width
formulations together with large initial deections in the plate. In the case of large initial
deections, it is important that the e�ective width procedure can be accommodated to the
actual initial deection shape.

When e�ective width formulations are derived it is commonly accepted that only the
component of the initial deection, which is in the shape of the critical buckling mode of
the plate, need be considered, since this component dominates the behaviour of the plate
when the buckling load is approached. However, in the present case, the actual (assumed)
shape of the initial deection is di�erent from the critical mode. Therefore, if the large value
of the initial deection, given above, is used without considering the e�ect of the shape, a
signi�cant reduction of the sti�ness must be expected.

As an example of the latter, we consider the plating of beam-column 1, which has the
following data:

b=L = 200mm/457.2mm Loaded breadth/length of plate.
�p=b = 0.030 Initial deection/breadth.
b=t = 100 Breadth/thickness.

The initial e�ective width ratio, K0, (equal to the initial sti�ness ratio) of the plate can
be determined by solving the Marguerre di�erential equations, as it is assumed that the
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Figure 3.5: Stress-strain relationship for beam-column 2.
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Figure 3.6: Stress-strain relationship for beam-column 3.
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deection function has the same shape as the initial deection function. The boundaries are
assumed to be simply supported and constrained to remain straight and the plate is loaded
on the shorter edge only. The solution for this is

K0 = 1� 2C�4

2(1 + �2)2 + C(1 + 3�4)

where

C = 3(1� �2) � (�p=t)2
� = n b=L
n = Number of half sine waves in longitudinal direction.

Inserting n = 1 and n = 2 in the above formula gives K0 = 0:94 and K0 = 0:61
respectively, which leads to a signi�cant discrepancy in the sti�ness of the beam-column
depending on which formulation is used. This result can explain some of the disagreement
between the results from the participants.

Another di�erence results from the way the residual stresses are handled by the partici-
pants both in tension and in compression, especially in the present case where the residual
stresses are very large compared with those typically found in ship structures. Under tensile
load, it must be expected that only the middle part, i.e. the part carrying compressive resid-
ual stresses, is e�ective because the heat a�ected zones at the edges of the plate are already
yielded in tension. Therefore, it is also in tension possible to de�ne an e�ective width ratio,
KR, caused by the residual stresses equal to

KR =
b� 2�t

b
= 1� �R

�0 + �R
;

where �t is the width of heat-a�ected zones (see Figure 2.2).

For the 3 mm bottom plating, the e�ective width factor becomes KR = 0:63, which leads
to a signi�cant reduction of the sti�ness of the beam-column and thereby a reduction of the
total bending sti�ness of the hull.

In compression, residual stresses tend to decrease both the buckling stress and the ulti-
mate strength of the plate and hence reduce the ultimate bending capacity of the hull.

The moment-curvature curve for the hull, shown in Figure 3.7, also shows large dis-
crepancies between the results from the participants. The lack of correlation in the initial
bending sti�ness is mainly caused by the reasons mentioned above.

Another signi�cant discrepancy arises from the poor de�nition of the post collapse be-
haviour and the results obtained suggest that this aspect needs to be reconsidered. A
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Figure 3.7: Moment-curvature relationship for midship section.

common way of modelling the post collapse behaviour of a single beam-column element is
to assume that simple plastic hinges form either only at the middle of the beam-column
or both at the middle and at the ends of the beam-column. However, the actual plastic
mechanisms formed are not simple and other e�ects such as sti�ener buckling can cause the
negative slope of the unloading path to become signi�cantly steeper. Imposing a more rapid
unloading behaviour on a single beam-column results naturally in more rapid unloading of
the moment-curvature curve and also tends to decrease the ultimate bending capacity of the
hull.

Finally, the e�ect of boundary conditions has to be considered. In general, participants
who assume simply supported ends for the beam-columns predict lower values of the bending
strength than the participants who use more realistic boundary conditions. From a designer's
point of view, the simply supported boundary condition may be preferable in order to obtain
conservative results, whereas for a researcher, who wants accurate results, the more realistic
boundary conditions are preferable.



Chapter 4

Ultimate Capacity of Cross-Section

Exposed to Bending and Shear

The purpose of this chapter is to describe an idealized method of analysing the ultimate
capacity of a ship cross-section subjected to a combined loading composed of a bending
moment and a shear force. The method is in principle similar to the method described
in Chapter 2 where the loading was pure bending. However, in the present analysis it is
necessary to judge the e�ect of an additional loading component, the shear force, and how
this component a�ects the load-deection behaviour of a single beam-column.

The distribution of shear stresses caused by a unit shear force in a typical ship hull cross-
section is shown in Figure 4.1. It is noticed that the maximum shear stress is found in the
side structure plating of the cross-section and that the shear stresses in the sti�eners are
small compared to the shear stress in the plating. This fact indicates that the e�ect of the
shear stress distribution is largest for the plating of the structure and that the shear stresses
in the sti�eners as a �rst approximation can be neglected.

When the cross-section exposed to a shear force is exposed to an additional bending
moment for which the large stresses are positioned at the deck and the bottom positions, it
must be expected that the e�ect of a combined bending moment and shear force is largest
at the deck and bottom corners.

If we assume that the shear force is constant along the part of the ship length where we
want to calculate the ultimate capacity and that the shear stress is constant between two
adjacent sti�eners, then the shear stress distribution along an isolated plate is also constant.
This assumption is used as boundary condition in the plate analysis described later. A
constant shear force distribution along the length of the ship results in a linearly varying
bending moment. However, this variation is neglected, and the ultimate bending moment is
calculated as the mean value of the bending moment along the particular length of the ship.

55
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When the plate behaviour is found the beam-column behaviour can be analysed and after
that the system analysis can be performed in order to determine the ultimate moment given
a certain value of the shear force.

The calculation of the capacity of a cross-section can be formally divided into the following
parts:

� Find shear stress distribution in the cross-section caused by a unit shear force.

� Scale the shear stress linearly with the shear force in order to �nd the shear stress for
each plate involved.

� Find the buckling direct stress and the ultimate direct stress for constant shear stress
for each of the plates involved.

� De�ne the load-deection curve for each of the sti�eners using the description of the
plate characteristics found in the item above.

� Finally, �nd the moment versus rotation relationship for the particular cross-section
and determine its maximum.

This procedure is described in more detail in the following.

4.1 Shear Stress Distribution in the Cross-Section

The determination of the shear stress distribution in the cross-section is a standard procedure
in the analysis of thin-walled structures. The theory is described in standard textbooks on
the subject, cf. Pedersen and Jensen [23], and Hughes [11]. In Figure 4.1 the result of such
a calculation is shown. The result will be used later in this chapter.

4.2 Behaviour of Plates under Combined In-Plane Load-

ing

This section deals with thin plates exposed to combined loading. Especially, the focus will
be on plates exposed to uni-axial in-plane direct stress and shear stress.

As in the case of uni-axial compression, the collapse of the plate can be divided into
3 categories: Elastic buckling followed by plastic yielding, elasto-plastic buckling followed
by yielding, and pure yielding. When the plate buckles and shear stresses are present the
deection cannot be well described by simple mathematical functions (if a series expansion is
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Figure 4.1: Shear stress distribution in tanker structure exposed to a unit shear force.
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used, the number of functions involved has to be extensive), which implies that the Galerkin
expansion used earlier in the case of uni-axial compression is not usable.

The collapse load of the plate can be described by interaction formulae of the following
form, cf. Pedersen and Jensen [24]:

�
�

�u

�a1
+
�
�

�u

�a2
� 1 = 0 (4.1)

where �u is the collapse stress in uni-axial compression, which is known from Section 2.3,
and �u is the collapse stress in pure shear. The coe�cients a1 and a2 are normally depending
on the aspect ratio of the plate. In [24] the coe�cients are taken to be a1 = a2 = 2 and
they are applicable to relatively small shear stress levels. For typical ship plating, the elastic
buckling stress in shear is larger than the yield stress and therefore �u can be assumed to be
equal to the yield stress in shear, �u = �0 = �0=

p
3.

However, the interaction formulae do not give any information, neither about the mean
axial stress nor about the edge stress at collapse which are important in the description of
how the sti�ener and the plate interact. In order to �nd these stresses, a numerical method
has been developed which is able to �nd these stresses.

The numerical method is a perturbation solution to the von Karman equations. The
choice of the von Karman equations implies that initial deection of the plate is neglected.
The equations are solved by the �nite di�erence method which gives a good description of
the buckling deection pattern for pure shear. The force and moment equilibria which are
solved in the following are given below. The force equilibrium in the x- and the z-directions
gives the two following equations:

Nx;x +Nxz;z = 0

Nz;z +Nxz;x = 0 (4.2)

By employing the elastic constitutive equations for plane stress and by assuming that the
curvatures can be approximated by the second derivatives of the deection, the in-plane
forces become

Nz =
Z
t
�zdt =

Et

1� �2
(�z + ��x) (4.3)

Nx =
Z
t
�xdt =

Et

1� �2
(�x + ��z) (4.4)

Nxz =
Z
t
�xzdt =

Et

2(1 + �)
�xz (4.5)
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and the moment equilibrium becomes

Dr4w �Nzw;zz � 2Nxzw;xz �Nxw;xx = 0 (4.6)

The strain expressions neglecting second order terms for the in-plane displacements, but
keeping the second order terms of the deection, give the following equations:

�z = v;z +
w2
;z

2
(4.7)

�x = u;x +
w2
;x

2
(4.8)

�z = v;x + u;z + w;zw;x (4.9)

The equations are written in the same form as described by Murray [17] where the
deection and the in-plane displacements are expanded in a loading parameter � close to the
buckling load (� = 0). The lateral deection is written

w(x; z) =
1X

n=1;3

w(x; z)(n)�n: (4.10)

The in-plane displacement in the x- and the z-directions is written

u(x; z) =
1X

n=0;2

u(x; z)(n)�n

v(x; z) =
1X

n=0;2

v(x; z)(n)�n (4.11)

respectively. By substituting the 3 series expansions above into the expressions for the mean
in-plane stresses (or rather mean stresses times the thickness of the plate), these become

Nz =
1X

n=0;2

N (n)
z �n +

1X
m=1;3

1X
n=1;3

N (nm)
z �(n+m)

Nx =
1X

n=0;2

N (n)
x �n +

1X
m=1;3

1X
n=1;3

N (nm)
x �(n+m) (4.12)

Nxz =
1X

n=0;2

N (n)
xz �

n +
1X

m=1;3

1X
n=1;3

N (nm)
xz �(n+m)
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where

N (n)
z =

Et

1� �2
(v(n);z + �u(n);x )

N (n)
x =

Et

1� �2
(u(n);x + �v(n);z )

N (n)
xz =

Et

2(1 + �)
(v(n);x + u(n);x )

N (nm)
z =

Et

2(1� �2)
(w(m)

;z w(n)
;z + �w(m)

;x w(n)
;x )

N (nm)
x =

Et

2(1� �2)
(w(m)

;x w(n)
;x + �w(m)

;z w(n)
;z )

N (mn)
xz =

Et

2(1 + �)
w(m)
;z w(n)

;x (4.13)

The series expansion of Nx, Nz, Nxz, and w is now inserted into Eqs. (4.2) and (4.6) and
the terms of the same order of � are collected. This gives an in�nite number of successive
linear partial di�erential equations which can easily be solved numerically. The �rst few of
these equations become

N (0)
z;z +N (0)

xz;x = 0 (4.14)

N (0)
x;x +N (0)

xz;z = 0 (4.15)

Dr4w(1) �N (0)
z w(1)

;zz � 2N (0)
xz w

(1)
;xz �N (0)

x w(1)
;xx = 0 (4.16)

N (2)
z;z +N (2)

xz;x = �(N (11)
z;z +N (11)

xz;x) (4.17)

N (2)
x;x +N (2)

xz;z = �(N (11)
x;x +N (11)

xz;z) (4.18)

Dr4w(3) � N (0)
z w(3)

;zz � 2N (0)
xz w

(3)
;xz �N (0)

x w(3)
;xx =

(N (2)
z +N (11)

z )w(1)
;zz + (N (2)

x +N (11)
x )w(1)

;xx + 2(N (2)
xz +N (11)

xz )w(1)
;xz (4.19)

The solution to the �rst two equations is the pre-buckling displacements known in advance,
which implies that these equations need not be solved.
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Eq. (4.16) is recognized as the eigenvalue problem, which gives the buckling load and the
deection pattern immediately after buckling, but not the magnitude of the deection.

Eqs. (4.17) and (4.16) give the in-plane displacement pattern after buckling, but since
the magnitude of the right-hand side of the equations is unknown the solution of the equa-
tions only gives a "scaling" between the post-buckling in-plane displacements and the post-
buckling out-of-plane deection.

The left-hand side of Eq. (4.19) is seen to be formally equal to the left-hand side of the
eigenvalue problem in Eq. (4.16). This means that in order to obtain a solution to Eq. (4.19),
the part of the right-hand side of Eq. (4.19) which is in the shape of w(1) has to be zero.
1 This gives a second relation between the magnitude of the post-buckling deection and
the magnitude of the post-buckling displacements, and each of the magnitudes can now be
found.

The boundary conditions used in the analysis are the following:

� u;xx = 0 for x = � b
2
and v;zz = 0 for z = �L

2
(the plate edges remain straight).

� v;xz = 0 for x = � b
2
and u;xz = 0 for z = �L

2
(the shear stress has the same magnitude

at the edges of the plate).

� w = 0 at all edges, w;xx at x = � b
2
, and w;zz = 0 for z = �L

2
(the plate is simply

supported).

� R b
2

�b
2

Nzdx = P for z = �L
2
and

R L
2

�L
2

Nxdz = 0 for x = � b
2
, where P is the prescribed

load.

A numerical routine has been made which calculates the buckling load and the post-
buckling behaviour. The program uses the inverse iteration scheme to �nd the buckling load.
This ensures that the buckling load found is the lowest load, which is the desired one. Only in
the case of pure shear loading this method cannot be applied directly since two numerically
equal buckling loads exist, namely �Nxz;cr. However, even then the inverse iteration scheme
can still be used after some manipulations. This will be described below. The inverse
iteration scheme works in the following way. The eigenvalue problem is formulated as

(A� �B)� = 0 ) A
�1
B� = ��1� (4.20)

Now, let the initial guess w0 be given as a combination of all the eigenvectors

w0 =
NX
i=1

Ci�i (4.21)

1This can easily be seen by multiplying each side of Eq. (4.19) by w(1). Since the left-hand side is a
self-adjoint di�erential operator, say L(), (with certain boundary conditions, present in this analysis) and
since L(w(1)) = 0, then the left-hand side becomes zero.
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After p iterations we obtain

w1 = A
�1
Bw0 = C1�

�1
1 �1 + C2�

�1
2 �2 + � � �

w2 = A
�1
Bw1 = C1�

�2
1 �1 + C2�

�2
2 �2 + � � �

� (4.22)

�
wp = A

�1
Bwp�1 = C1�

�p
1 �1 + C2�

�p
2 �2 + � � �

If j �1 j<j �2 j< :::: <j �N j then the iteration converges towards the eigenvector correspond-
ing to the numerically lowest eigenvalue. The eigenvalue is found by dividing each term of
wp�1 by wp. Now, if �1 = ��2 = �, as in the case of pure shear loading, then the last 3
iterations of the inverse iteration scheme become

wp�2 = C1�
�(p�2)�1 + C2�

�(p�2)�2 + � � �
wp�1 = C1�

�(p�1)�1 � C2�
�(p�1)�2 + � � �

wp = C1�
�p�1 + C2�

�p�2 + � � �
(4.23)

In this case the eigenvalue squared is found by dividing each term of wp�2 by wp and the
eigenvector is found to be �1 � wp + ��1wp�1.

The rest of the equations are ordinary linear equations when formulated as a �nite dif-
ference problem, and they are solved by using standard routines. However, it must be men-
tioned that since the system matrices are very sparse, a routine which utilizes this sparsity
is advantageous.

The buckling modes for pure direct stress, pure shear stress, and intermediate combined
stresses are shown in Figures 4.2a and 4.2b for the side ratio b=L = 1:00 and in Figures
4.3a and 4.3b for the side ratio b=L = 3:00. The title of the plots in the two Figures
(PHI= #) refers to the ratio between the direct stress and the shear stress where Nz=Nxz =
tan(�=2 � PHI).

The buckling interaction curves for the same two side ratios are shown in Figure 4.4. The
coe�cients kz and kxz are de�ned in the usual way dependent on the buckling direct stress
�z;cr and the buckling shear stress �xz;cr, as follows:

�z;cr = kz
�2E

12(1� �2)

�
t

b

�2

�xz;cr = kxz
�2E

12(1� �2)

�
t

b

�2
(4.24)
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Figure 4.2a: Buckling modes for pure direct stress, pure shear stress, and intermediate
combined stresses for b=L = 1:0 (Nz=Nxz = tan(�=2 � PHI)), (PHI = 0 to 4=9).
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PHI = 5/9
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Figure 4.2b: Buckling modes for pure direct stress, pure shear stress, and intermediate
combined stresses for b=L = 1:0 (Nz=Nxz = tan(�=2 � PHI)), (PHI = 5=9 to 1).
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Figure 4.3a: Buckling modes for pure direct stress, pure shear stress, and intermediate
combined stresses for b=L = 3:0 (Nz=Nxz = tan(�=2 � PHI)), (PHI = 0 to 4=9).
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Figure 4.3b: Buckling modes for pure direct stress, pure shear stress, and intermediate
combined stresses for b=L = 3:0 (Nz=Nxz = tan(�=2 � PHI)), (PHI = 5=9 to 1).
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The buckling coe�cient for pure direct stress is well known to be kz = 4 for square and long
plates, which is clearly shown in Figure 4.4 for kxz = 0.

The numerical procedure has been veri�ed with the results from Murray [17].
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Figure 4.4: Buckling interaction curves for side ratios of b=L = 1:0 and b=L = 3:0.

Now an elastic pre-buckling, buckling, and post-buckling analysis can be performed. But
since the analysis of hull girder collapse is governed mostly by the plastic behaviour of the
material, it is questionable whether an elastic analysis is of any use at all. However, in
Chapter 2 the situation was the same where the description of plate collapse was performed
on the basis of an elastic post-buckling analysis, and the following considerations are made
in order to investigate whether the same approach can be adopted in the case of combined
loading.

Several collapse criteria can be thought of, none of which can be argued to be the best.
The only way to decide which of the criteria is the best, or good enough, is to compare
results from a numerical analysis with results from experiments or other numerical methods
which model the elasto-plastic behaviour of the material thoroughly.

The von Mises stress distribution over the plate area for a square plate and di�erent
direct stress to shear stress ratios are shown in Figures 4.5a and 4.5b. From the �gure it is
seen that for large direct stress to shear stress ratios, which are the most relevant for ship
structures, the von Mises stress level is largest at the unloaded edges. This indicates that a
collapse criterion should be based on the stresses in this area.
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Figure 4.5a: Distribution of the von Mises stress in the plate for pure direct stress, pure
shear stress, and intermediate combined stresses for b=L = 1:0 (Nz=Nxz = tan(�=2 � PHI)),
(PHI = 0 to 4=9).
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Figure 4.5b: Distribution of the von Mises stress in the plate for pure direct stress, pure
shear stress, and intermediate combined stresses for b=L = 1:0 (Nz=Nxz = tan(�=2 � PHI)),
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The collapse criterion suggested here is that: Collapse of the plate occurs when the mean

von Mises stress at the midplane of the plate along one of the unloaded edges reaches the

yield stress. This collapse criterion gives a relation from which the loading parameter � can
be found. For the case of plane stress, the square of the von Mises stress �v is given by

�2v = �2x + �2z � �x�z + 3�2xz (4.25)

The collapse criterion is then expressed as

�20t
2 � 1

L

Z L
2

�L
2

(N2
x +N2

z �NxNz + 3N2
xz)dz

�����
x=b=2

= 0 (4.26)

where, for the �nite number of terms in the series expansion used in the present analysis,

Nx = (N (2)
x +N (11)

x )�2

Nz = N (0)
z + (N (2)

z +N (11)
z )�2

Nxz = N (0)
xz + (N (2)

xz +N (11)
xz )�2 (4.27)

By inserting the above relations in the collapse criterion, we obtain the following second-order
algebraic equation in �2:
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The collapse criterion has been veri�ed against experiments described in [18] where plates
with 3 di�erent plate slendernesses were tested in combined loading. The experimental and
the numerical results are compared in Figure 4.6. It must be mentioned that only the plate
with the lowest plate slenderness (b=t = 60) is relevant for ship structures, but for veri�cation
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Figure 4.6: Collapse interaction curves for 3 plate slenderness ratios. Experimental and
numerical results.
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of the proposed collapse criterion also the high plate slendernesses are relevant. It is the
author's opinion that the collapse criterion is indeed usable.

The stresses which are relevant to consider at collapse are the mean axial stress in the
loaded direction and the mean edge stress in the loaded direction at the position of the
unloaded edges (x = �b=2). These two stress components are used to de�ne the e�ective
width at collapse and will be used later in the description of the load-deection curves for
the sti�eners with attached plating.

All what is needed now in the plate analysis is to describe the plate behaviour when the
direct stress is tension. In tension the stress distribution is simply uniform and collapse is
reached when the von Mises stress in an arbitrary point reaches the yield stress.

(Compression)

Average direct stress
(Compression)

Mean edge stress

5

1

2 3

4

Figure 4.7: Idealized plate behaviour.

The idealized behaviour of the plate for a constant level of shear stress can now be
described. The plate is assumed to behave as shown in Figure 4.7. In the �gure the average
direct stress is plotted versus the mean edge stress. Actually, the mean edge stress does not
increase after the point of collapse in compression and tension, but the mean axial strain
does. So the mean edge stress in Figure 4.7 should be interpreted as the mean axial strain
times the Youngs modulus. The characteristics of the points in Figure 4.7 are described
below.

1. The buckling stress is reached.
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2. The ultimate capacity of the plate is reached. The perturbation analysis gives the
average stress and the corresponding mean edge stress.

3. The mean edge stress, or rather mean edge strain times the Youngs modulus, reaches
the yield stress. This point is used later in the analysis of beam-column behaviour to
identify the ultimate capacity of the beam-column.

4. The von Mises stress reaches the yield stress. This point is the ultimate capacity of
the plate in tension.

5. The mean edge stress reaches the yield stress. This point is used later in the analysis
of the beam-column.

In order to complete the description of the plate behaviour we need also to consider
the post-collapse behaviour. However, it was chosen to skip this description because such
behaviour is only signi�cant when the yield stress of the plate di�ers extensively from the
yield stress of the sti�ener.

4.3 Behaviour of Beam-Columns in Combined Loading

The largest di�erence between the beam-column behaviour in uni-axial loading and in com-
bined loading is that, in combined loading, it is assumed that the beam-column collapses
after the plate collapses while for uni-axial loading it is assumed that the beam-column col-
lapses when the plate reaches its collapse load. The reason why the beam-column can be
loaded beyond the load where the plate collapses is that the sti�ener is still able to resist an
increased load since it has not reached its yield stress yet (this is at least true if the plate and
the sti�ener yield stresses are equal). The assumed idealized behaviour of the beam-column
is shown in Figure 4.8. The numbering of the points in Figure 4.8 refers to the numbers in
Figure 4.7.

In compression point 1 is reached when the plate buckles. After plate buckling, the
sti�ness is reduced and after further loading point 2 is reached. At point 2, the plate reaches
its collapse load and the sti�ness is once again reduced. The sti�ener has not yet reached
its yield stress so the load can still be increased until the sti�ener reaches its yield stress at
point 3. Point 3 is the ultimate capacity for the beam-column in compression and after that
the load starts to decrease. The unloading path is, as for the uni-axial loading, described by
the plastic node method dealt with in Section 2.1.4.

The tension behaviour di�ers slightly from the compression behaviour since no plate
buckling occurs. At point 4, the von Mises stress in the plate reaches the yield stress and
the sti�ness is reduced since the average plate stress cannot be further increased. At point 5,
the sti�ener reaches the yield stress and no further load can be applied to the beam-column.
The material is assumed to be elastic-perfectly plastic which implies that after point 5 the
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Figure 4.8: Idealized behaviour of the beam-columns in combined loading.
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sti�ness is zero. When the axial displacement reaches the point of necking the load is rapidly
increased (numerically decreased) to zero. However, it is in the present formulation assumed
that hull girder collapse is reached before necking initiates so necking is not considered.
Necking might be important for the post-collapse behaviour of the hull girder, which was
demonstrated by Paik [22] in his collapse analysis of the hull girder of Dow's frigate model.
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Figure 4.9: Load-deection curves demonstrating the e�ect of di�erent levels of shear stress
in the plating.

A typical result for a beam-column with di�erent levels of shear stress in the plating is
shown in Figure 4.9. The shear stress levels range from �xz=�0 = 0:0 to 1.0 by 0.1. The ends
of the beam-column are clamped and the initial rotation at the ends of the beam is zero.
The geometry and the constitutive parameters are given below.

Breadth of plate : 0.8 m
Thickness of plate : 14.0 mm
Height of web : 0.3 m
Thickness of web : 10.5 mm
Breadth of ange : 0.1 m
Length of section : 3.925 m
Sti�ener imperfection : 19.6 mm

Youngs modulus (plate and sti�ener) : 210000 MN/m2

Poissons ratio (plate and sti�ener) : 0.3

Yield stress (plate and sti�ener) : 353 MN/m2
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Now the hull girder collapse can be analysed in exactly the same way as for uni-axial
loading. For pure shear force loading, the collapse load of the structure is assumed to be
equal to the sum of the projected shear capacities of each of the plates. This is demonstrated
by an example in the next section.

4.4 Example: Collapse of a Double-Bottom Tanker Struc-

ture in Combined Loading

Figure 4.10: Midship section of the double-bottom tanker structure.

In this section the application of the procedure formulated in the previous section will be
demonstrated by a collapse analysis of a double-bottom tanker structure. Actually, two
collapse analyses are performed: One for the as-built cross-section and one for a corroded
cross-section.

The cross-section is shown in Figure 4.10. The corroded cross-section is de�ned by
reducing the plate thickness of the original cross-section in the ratio 2 to 3 on di�erent
locations. The ratio of the corrosion rates cr used in the analysis is also shown in Figure 4.10
and is to be interpreted so that if the thickness reduction of the side structure at a certain
time is 1 mm then the thickness reduction of the deck structure at the same time is 2/3 mm.
The reduction of the thicknesses is performed so that the section modulus becomes equal to
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Table 4.1: Sectional parameters for the original cross-section.
Plastic neutral axis : 4.39 m
Plastic moment : 2341 MNm
First-yield moment : 1436 MNm
Sectional area : 1.40 m2

Second moment of area : 49.5 m4

Elastic neutral axis : 6.46 m
Section modulus (deck) : 5.42 m3

Section modulus (keel) : 7.67 m3

Table 4.2: Sectional parameters for the corroded cross-section.
Plastic neutral axis : 4.38 m
Plastic moment : 2118 MNm
First-yield moment : 1292 MNm
Sectional area : 1.26 m2

Second moment of area : 44.5 m4

Pos. of neutral axis : 6.47 m
Section modulus (deck) : 4.88 m3

Section modulus (keel) : 6.89 m3

Max. plate reduction : 20.5 %

90% of the minimum section modulus prescribed by the IACS requirements [12]. However,
the maximum plate thickness reduction must not exceed 25% of the initial plate thickness.
This is a RINA requirement, cf. [5].

The cross-sectional parameters for the two cross-sections are given in Tables 4.1 and 4.2
for the original and the corroded cross-sections, respectively. It is noticed from Table 4.2
that the section modulus for the corroded cross-section actually is reduced to 90% of the
original one since the maximum plate thickness reduction is only approximately 20%. It
should be mentioned that the parameters given in Tables 4.1 and 4.2 are calculated for half
of the whole cross-section.

The moment versus rotation relationship for �xed shear force for the as-built cross-section
is shown in Figure 4.11. The curves in the �gure represent di�erent levels of shear force. The
levels of the plastic moment and the �rst yield moment (zero shear force) are also given in
the �gure. The corresponding ultimate capacities are shown in the interaction chart, Figure
4.12. It is seen from the �gures that, for low levels of shear force, the moment capacities are
almost not a�ected. The moment capacity does not start to decrease until the time when
the shear force level is closing in on the shear force capacity.
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Figure 4.11: Moment versus rotation for the as-built cross-section.
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Figure 4.12: Ultimate capacity interaction chart for the as-built cross-section.
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Table 4.3: Results from the collapse analysis for the as-built section.
Shear force capacity : 81.1 MN
Moment capacity (sagging) : 1631 MNm � 70% of plastic moment
Moment capacity (hogging) : 2027 MNm � 87% of plastic moment

The "staircase shape" of the moment versus rotation curves close to the points where
the maximum moments are reached (see Figure 4.11) is caused by simultaneous collapse of a
large number of identical beam-columns in compression. After collapse of the beam-columns,
the sti�ness of the beam-columns starts to increase (the sti�ness is still "negative"), which
may cause the moment versus rotation rate to increase and in fact to become positive after
collapse.
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Figure 4.13: Moment versus rotation for the corroded cross-section.

The moment versus rotation relationship and the corresponding interaction chart for
the corroded cross-section are shown in Figures 4.13 and 4.14, respectively. Further, the
moment capacities for zero shear force in hogging and sagging and the shear force capacity
for zero moment are summarized in Tables 4.3 and 4.4 for the as-built and the corroded
cross-sections, respectively. These values are used in the next chapter.
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Figure 4.14: Interaction chart for the corroded cross-section.

Table 4.4: Results from the collapse analysis for the corroded section.
Shear force capacity : 68.2 MN
Moment capacity (sagging) : 1403 MNm � 66% of plastic moment
Moment capacity (hogging) : 1761 MNm � 83% of plastic moment



Chapter 5

Mean Outcrossing Rate for a

Cross-Section under Combined

Loading

In this chapter the "reliability distribution" with respect to the ultimate strength along a
ship hull will be investigated. So far we have been concerned only with the reliability of the
midship section exposed to pure bending, but what is the reliability level at locations away
from midship? In order to construct a ship in an economical way, an equal distribution of the
reliability level along the hull should be aimed at. In this chapter a formulation is suggested
which is able to compare the reliability level at di�erent locations along a ship hull. This is
done by using mean outcrossing rates.

5.1 Mean Outcrossing Rate Formulation

In this section the mean outcrossing rate through a capacity barrier of the combined loading
process of shear force and bending moment at di�erent locations along the hull is formulated.
The mean outcrossing rate � is de�ned as the mean value of the probability of the stochastic
loading process crossing the capacity barrier in the time interval from t = T to t = T +�t
as �t! 0. The mean outcrossing rate will �rst be formulated for a single location along the
hull where failure is achieved when the limit state function G(t) crosses the barrier �. The
limit state function is implicitly a function of time through the loading process. Later the
formulation is extended in order to calculate the total mean outcrossing rate for the series
system composed of several limit state functions along the length of the hull. The mean
outcrossing rate at a single location is written as, cf. Madsen [15] and Hagen [10]:

�s = lim
�t!0

1

�t
P (G(t) < � \G(t +�t) > �)

81
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= lim
�t!0
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Figure 5.1: De�nition of the areas of integration in de�ning the mean outcrossing rate.

The area corresponding to the intersection in Eq. (5.1) is the wedge shown in the upper-
most sketch in Figure 5.1. The "probability contents" in the wedge can be written as the
di�erence between the two lowermost sketches in Figure 5.1. Therefore, the mean outcrossing
rate can be written as

�s = lim
�t!0

1

�t

n
P ( _G > 0 \G+ _G�t > �)� P ( _G > 0 \G > �)

o
(5.2)

This equation is simply the de�nition of di�erentiation and the mean outcrossing rate ends
up with

�s =
@

@�
P ( _G > 0 \G+ _G� � � > 0)

�����
�=0

(5.3)

The expression above is recognized as the parametric sensitivity factor of the probability of
the parallel system composed of the two events, F1 = _G > 0 and F2 = G+ _G�� � > 0, with
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respect to the dummy variable � at � = 0. Standard computer codes used for probabilistic
analyses, e.g. PROBAN [20], can be used to calculate the sensitivity factor.

In the present analysis the limit state function is formulated as

G = G(M(t); Q(t)) = G(Msw +Mwi(t); Qsw +Qwi(t)) = � = 0 (5.4)

where index ()sw refers to the still-water loadings and index ()wi refers to the wave induced
and time dependent loadings. By use of this formulation the two events F1 and F2 become

F1 =
@G

@M
_Mwi +

@G

@Q
_Qwi

F2 = G+ �

 
@G

@M
_Mwi +

@G

@Q
_Qwi

!
(5.5)

When the joint probability distribution of Mwi, Qwi, _Mwi, and _Qwi is known, the mean
outcrossing rate is easily calculated either by applying the FORM/SORM or simulation
techniques.

The formulation above is applicable to the single component failure, i.e. to a single
location along the hull. However, in order to estimate the total mean outcrossing rate of
the hull subjected to combined loading, a series system of components representing di�erent
locations along the hull must be formulated. The mean outcrossing rate for a series system
has been derived by Hagen [10]. Let index i refer to the location along the hull, then the
mean outcrossing rate is given by

�c =
@

@�

NX
i=1

P (
N\
j=1

j 6=i

Gj < 0 \ F1;i > 0 \ F2;i > 0) (5.6)

Each of the N terms can be interpreted as the mean outcrossing rate of, say, the i'th compo-
nent conditional on the rest of the components being safe. This also means that the weakest
location along the hull can be pointed out as the largest of the N terms.

The mean outcrossing rate is used to evaluate the probability of failure by use of the
Poisson process. The probability of failure having occurred in the time interval from t = T0
to t = T + �t (PF (T + �t)) can be formulated as the probability of failure occurring in
the time interval from t = T0 to t = T (PF (T )) or failure occurring in the time interval
from t = T to t = T + �t. The probability of failure occurring in the latter time interval
is the probability of not having failure from t = T0 to t = T (1 � PF (T )) and of failure
occurring from t = T to t = T +�t (��t). If the failure probability in all the time intervals
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is independent, which is the basic assumption used in de�ning the Poisson process, then the
failure probability can be found as follows:

PF (T +�t) = PF (T ) + (1� PF (T ))��t)

PF (T ) +
@PF
@t

�t = PF (T ) + (1� PF (T ))��t)
@PF
@t

+ �PF = � (5.7)

The solution of the di�erential equation above gives the following failure probability:

PF (T ) = 1� (1� PF (T0)) exp

 
�
Z T

T0
�(t)dt

!
(5.8)

where PF (T0) is the failure probability at time t = T0. For the special case where � is time
independent and PF (T0 = 0) = 0, the failure probability becomes

PF (T ) = 1� exp(��T ) (5.9)

5.2 Example: Mean Outcrossing Rate for a Double-

Hull Tanker in Combined Loading

The aim of this section is to calculate the mean outcrossing rate of a double hull tanker
exposed to combined loading. Three di�erent locations along the hull are treated: At x =
0:3Lpp, x = 0:5Lpp, and x = 0:7Lpp (x = 0 at AP). The section geometry is assumed to
be equal at the three locations and given by the cross-section analysed in Section 4.4. This
assumption agrees with the rules for the classi�cation of ships, cf. DNV [4]. The mean
outcrossing rate is calculated �rst as a single event with no correlation between the sections
and, �nally, as the correlated event where only one of the locations fails while the others are
safe, i.e. as the series system de�ned in the previous section.

5.2.1 Limit State Formulation

As described in Section 5.1 the limit state function is formulated so that

G(Q;M)

(
< 0) the structure is safe
> 0) the structure has failed

(5.10)
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Note that the sign convention is di�erent from the sign convention normally adopted in
reliability calculations. Actually, the limit state function is not only dependent on the loading
process, but also on other stochastic variables such as yield stress, sti�ener imperfections,
etc. It would be possible to include these stochastic variables in the outcrossing analysis, but
it would be a very tedious task. Instead the e�ect of these stochastic variables is modelled
by including a model uncertainty factor whose main purpose is to model the uncertainty due
to the yield stress, see Section 2.6. The limit state function used in the present analysis is
written as

G(Q;M; km) =

8>>>>>>><
>>>>>>>:

���� M

kmM0H

����
�1H

+

����� Q

kmQ0

�����
�2H

� 1 for M > 0

���� M

kmM0S

����
�1S

+

����� Q

kmQ0

�����
�2S

� 1 for M < 0

(5.11)

whereM0H andM0S are the moment capacities atQ = 0 in hogging and sagging, respectively,
Q0 is the shear force capacity at M = 0, �() are constants which are to be �tted to the data
points in Figures 4.12 and 4.14, and km is the model uncertainty factor. Various ways
of including a model uncertainty factor can be discussed. As previously mentioned, the
uncertainty of the capacities is mainly due to the uncertainty in the yield stress. This
implies that the same model uncertainty factor can be applied to all the capacities (M0H ,
M0S, and Q0). km is assumed to be log-normally distributed with the mean value 1.0, COV
10%, and lower limit 0.0. The log-normal distribution is chosen because the yield stress is
normally modelled by this distribution. However, the COV is slightly higher than normally
used for the yield stress in order to model additional uncertainties.

Table 5.1: Coe�cients in limit state formulation.
Cross-section M0H M0S Q0 �1H �2H �1S �2S

[MNm] [MNm] [MN]
As-built 4054 -3263 162.1 3.57 2.04 4.96 3.24
Corroded 3521 -2806 136.5 4.24 2.11 6.08 2.77

The coe�cients of the limit state function referring to the as-built and the corroded
cross-sections are shown in Table 5.1. The �tted limit state function and the numerical
results are compared in Figure 5.2.

5.2.2 Combined Loading Formulation

It is the purpose of the loading analysis to establish the joint distribution of the shear forces,
Q1, Q2, and Q3, the bending moments, M1, M2, and M3, and their time derivatives, _Q1,
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Figure 5.2: Fitted limit state functions compared with numerical results.

_Q2, _Q3, _M1, _M2, and _M3. The indices refer to the location x1 = 0:3Lpp, x2 = 0:5Lpp, and
x3 = 0:7Lpp. It is beyond the scope of this thesis to go into detail about the de�nition
of the loading analysis. Here, only the results of the loading analysis are given. Only a
short-term loading analysis has been made for a particular sea state, a particular ship speed,
and a particular angle of entrance between the ship and the waves, namely signi�cant wave
height Hs = 8:0 m, signi�cant peak period Ts = 10:0 s, ship speed V = 15 knots, and head
sea. The bending moments and shear forces are obtained by applying the linear strip theory
originally by Gerritsma and Beukelman, cf. Petersen [25] and Pedersen and Jensen [23]. The
linear theory and the stationary sea state imply that the joint distribution of the loading
becomes multi-normal, cf. Madsen et al. [16]. The multi-normal distribution is uniquely
described by the mean values of the loading and the covariance matrix (or the mean values,
the standard deviations, and the correlation coe�cients). The result of the loading analysis
is shown in Tables 5.2 and 5.3 where the standard deviations and the correlation coe�cients
are given, respectively. The mean values of the loading process are equal to the still water
induced loadings, which are also stochastic variables, but in this particular example it was
decided to take the still-water loadings from the classi�cation rules, DNV [4]. The rules
prescribe the numerical minimum still-water bending moments in hogging and sagging, and
the corresponding still-water shear forces at each station of the hull. The values prescribed
by the rules for this particular ship are shown in Table 5.4. Usually, for tanker structures
in a full-load condition, the still-water bending moment will be in sagging and it will be
largest close to midship, but anyway the values prescribed by the classi�cation society in
both hogging and sagging will be applied in the calculation of the mean outcrossing rates.
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Table 5.2: Standard deviation of the loadings.
Location 1 2 3
X-position 0:3Lpp 0:5Lpp 0:7Lpp

�Q [MN] 4.32 4.22 5.06
�M [MNm] 186 243 192
� _Q [MN/s] 2.65 2.50 3.02
� _M [MNm/s] 108 145 111

Table 5.3: Correlation coe�cients of the loading.

Q1 M1
_Q1

_M1 Q2 M2
_Q2

_M2 Q3 M3
_Q3

_M3

Q1 1.00 0.69 0.00 0.55 0.13 0.95 -0.85 0.10 -0.85 0.82 -0.19 -0.39
M1 0.69 1.00 -0.52 0.00 -0.52 0.84 -0.74 -0.45 -0.91 0.35 0.25 -0.82
_Q1 0.00 -0.52 1.00 0.71 0.82 -0.09 0.09 0.95 0.19 0.37 -0.86 0.80
_M1 0.55 0.00 0.71 1.00 0.75 0.46 -0.50 0.84 -0.26 0.82 -0.88 0.38
Q2 0.13 -0.52 0.82 0.75 1.00 0.00 0.00 0.88 0.23 0.61 -0.84 0.69
M2 0.95 0.84 -0.09 0.46 0.00 1.00 -0.89 0.00 -0.94 0.78 -0.17 -0.53
_Q2 -0.85 -0.74 0.09 -0.50 0.00 -0.89 1.00 0.01 0.84 -0.68 0.16 0.59
_M2 0.10 -0.45 0.95 0.84 0.88 0.00 0.01 1.00 0.17 0.52 -0.95 0.79
Q3 -0.85 -0.91 0.19 -0.26 0.23 -0.94 0.84 0.17 1.00 -0.56 0.00 0.65
M3 0.82 0.35 0.37 0.82 0.61 0.78 -0.68 0.52 -0.56 1.00 -0.64 0.00
_Q3 -0.19 0.25 -0.86 -0.88 -0.84 -0.17 0.16 -0.95 0.00 -0.64 1.00 -0.60
_M3 -0.39 -0.82 0.80 0.38 0.69 -0.53 0.59 0.79 0.65 0.00 -0.60 1.00

Table 5.4: Still-water bending moments and corresponding shear forces.
Location 1 2 3
X-position 0:3Lpp 0:5Lpp 0:7Lpp

Msw (sagging) [MNm] -746 -746 -746
Qsw [MN] -21.9 17.5 21.9
Msw (hogging) [MNm] 825 825 825
Qsw [MN] 24.3 19.4 -24.3
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5.2.3 Mean Outcrossing Rate as a Single Event

The result of the outcrossing analysis as a single event is given below. The outcrossing rate
for the i'th location is written as

�s;i =
@

@�
P
�
_G(Qi;Mi; _Qi; _Mi; km) > 0 \

G(Qi;Mi; km) + _G(Qi;Mi; _Qi; _Mi; km) � > 0
����
�=0

(5.12)

The expression above is valid in this particular example where the capacities of all the sections
are assumed to be equal. The functions have been programmed and linked with the reliability
analysis program PROBAN. Both the FORM, the SORM, and directional simulation were
used and a comparison of the results showed very good agreement. Especially in this case
where the limit state functions are "elliptical" it is necessary to compare the results from
the FORM/SORM with the results from simulations in order to trust the results from the
FORM/SORM.

The results from the SORM analysis for the as-built cross-section are shown in Tables
5.5 and 5.6 for the still-water bending moment in sagging and hogging, respectively, and the
results for the corroded cross-section are shown in Tables 5.7 and 5.8.

It is seen from the results in Tables 5.5 to 5.8 that the mean outcrossing rates are much
larger amidships (location 2) than the mean outcrossing rates at locations 1 and 3 in all 4
loading cases. This indicates that collapse is most likely to occur amidships and that the
classi�cation rules might be too conservative at locations away from midship, at least in
this particular example of a double-hull tanker. The shear area for double-hull tankers is,
however, much larger than for e.g. single-hull tankers which could explain the large di�erence
in the reliability levels. Whether collapse is most likely to occur in hogging or sagging is
much dependent on the still-water bending moment, but considering that the still-water
bending moment in the full-load condition is in sagging, then collapse is most likely to occur
in sagging.

It is further seen from the results that there is a large di�erence between the mean
outcrossing rates for the as-built and the corroded cross-sections. However, whether the
safety level of the corroded cross-section is satisfactory has to be judged from a long-term
statistics analysis which gradually takes account of the decrease of strength due to corrosion.

From the design points in Tables 5.5 to 5.8 it is seen that collapse amidships most likely
occurs in pure bending while collapse away from midship most likely occurs in combined
bending and shear. This is due to the correlation between the shear force and the bending
moment. Amidships the shear force and the bending moment are almost un-correlated while
at location 1 the correlation is positive and at location 3 the correlation is negative. If the
design points were plotted into the limit state plot (Figure 5.2) it would be seen that the
vectors ( _Qi; _Mi) were all, of course, a tangent to the limit state function and all the vectors
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Table 5.5: Result from outcrossing analysis for still-water bending moment in sagging (as-
built cross-section).

Location (i) 1 2 3
X-position 0:3Lpp 0:5Lpp 0:7Lpp

Outcrossing Rate
�s;i 3:459 � 10�16 s�1 9253 � 10�16 s�1 8:872 � 10�16 s�1
Joint Design Point

Q
����Q��Q

�Q

���� -39.7 MN (4.1) 17.6 MN (0.0) 39.0 MN (3.4)

M
����M��M

�M

���� -1817 MNm (5.8) -2056 MNm (5.4) -1842 MNm (5.7)

_Q
����� _Q�� _Q

� _Q

����
�

7.63 MN/s (2.9) 12.0 MN/s (4.8) 10.7 MN/s (3.5)

_M
����� _M�� _M

� _M

����
�

-16.3 MNm/s (0.2) 2.81 MNm/s (0.0) 21.3 MNm/s (0.2)

km
����km��km

�km

���� 0.565 (4.4) 0.631 (3.7) 0.572 (4.3)

Importance Factors
Joint loading 51.1 % 58.6 % 51.6 %
km 48.9 % 41.4 % 48.3 %

Table 5.6: Result from outcrossing analysis for still-water bending moment in hogging (as-
built cross-section).

Location (i) 1 2 3
X-position 0:3Lpp 0:5Lpp 0:7Lpp

Outcrossing Rate
�s;i 5:807 � 10�19 s�1 1635 � 10�19 s�1 14:75 � 10�19 s�1
Joint Design Point

Q
����Q��Q

�Q

���� 44.6 MN (4.7) 21.2 MN (0.4) -45.3 MN (4.1)

M
����M��M

�M

���� 1931 MNm (5.9) 2251 MNm (5.9) 1951 MNm (5.9)

_Q
����� _Q�� _Q

� _Q

����
�

-7.10 MN/s (2.7) -13.0 MN/s (5.2) -9.94 MN/s (3.3)

_M
����� _M�� _M

� _M

����
�

65.7 MNm/s (0.6) 60.6 MNm/s (0.4) -92.1 MNm/s (0.8)

km
����km��km

�km

���� 0.521 (4.8) 0.564 (4.4) 0.527 (4.7)

Importance Factors
Joint loading 46.4 % 54.0 % 46.6 %
km 53.6 % 46.0 % 53.4 %
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Table 5.7: Result from outcrossing analysis for still-water bending moment in sagging (cor-
roded cross-section).

Location (i) 1 2 3
X-position 0:3Lpp 0:5Lpp 0:7Lpp

Outcrossing Rate
�s;i 1:204 � 10�12 s�1 536:9 � 10�12 s�1 2:805 � 10�12 s�1
Joint Design Point

Q
����Q��Q

�Q

���� -37.9 MN (3.7) 17.7 MN (0.0) 37.3 MN (3.0)

M
����M��M

�M

���� -1702 MNm (5.1) -1912 MNm (4.8) -1726 MNm (5.1)

_Q
����� _Q�� _Q

� _Q

����
�

6.77 MN/s (2.6) 10.7 MN/s (4.3) 9.51 MN/s (3.2)

_M
����� _M�� _M

� _M

����
�

-17.0 MNm/s (0.2) 5.21 MNm/s (0.0) 22.5 MNm/s (0.0)

km
����km��km

�km

���� 0.618 (3.8) 0.683 (3.2) 0.626 (3.7)

Importance Factors
Joint loading 54.3 % 61.8 % 54.6 %
km 45.7 % 38.2 % 45.4 %

Table 5.8: Result from outcrossing analysis for still-water bending moment in hogging (cor-
roded cross-section).

Location (i) 1 2 3
X-position 0:3Lpp 0:5Lpp 0:7Lpp

Outcrossing Rate
�s;i 1:715 � 10�15 s�1 241:8 � 10�15 s�1 3:726 � 10�15 s�1
Joint Design Point

Q
����Q��Q

�Q

���� 42.7 MN (4.3) 20.5 MN (0.3) -43.8 MN (3.8)

M
����M��M

�M

���� 1838 MNm (5.4) 2134 MNm (5.4) 1858 MNm (5.4)

_Q
����� _Q�� _Q

� _Q

����
�

-6.56 MN/s (2.5) -12.0 MN/s (4.8) -9.20 MN/s (3.0)

_M
����� _M�� _M

� _M

����
�

56.7 MNm/s (0.5) 33.8 MNm/s (0.2) -79.7 MNm/s (0.7)

km
����km��km

�km

���� 0.565 (4.4) 0.614 (3.9) 0.572 (4.3)

Importance Factors
Joint loading 49.1 % 56.3 % 49.1 %
km 50.9 % 43.7 % 50.9 %
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would be directed anticlockwise. This is because the most likely direction of the rotation of
the loading process is anticlockwise, which is seen by calculating the probability:

P ((Qi;Mi) rot. anticlockwise) = P (Qi
_Mi �Mi

_Qi > 0)

For all 3 locations, the probability above exceeds 0.85.

Finally, the importance factors in Tables 5.5 to 5.8 indicate that the uncertainties of the
strength and the loading process are almost equally important and that none of them can
be excluded from the mean outcrossing rate calculations.

It could be interesting to �nd out how much the capacities can be reduced at the loca-
tions away from midship in order to obtain the same mean outcrossing rates at the outer
locations as for the location amidships. For this purpose a (very rough) estimate was made
by performing a parameter study on the bending moment capacity, (M0s), at location 1
for the as-built cross-section and for the still-water bending moment in sagging, i.e. the
target mean outcrossing rate was approximately 10�12, see Table 5.5. This analysis resulted
in a 14% reduction of the bending moment capacity. A similar analysis was performed for
the shear force capacity, Q0, which resulted in a reduction of about 50% of the shear force
capacity.

5.2.4 Mean Outcrossing as Correlated Events

The outcrossing rate as a correlated event is given by Eq. (5.6) and in this particular example
the mean outcrossing is given by

�c =
@

@�

3X
i=1

P

0
BB@

3\
j=1

j 6=i

G(Qj;Mj; km;j) < 0 \ _G(Qi;Mi; _Qi; _Mi; km;i) > 0 \

G(Qi;Mi; km;i) + _G(Qi;Mi; _Qi; _Mi; km;i) � > 0
����
�=0

(5.13)

It is straightforward to implement the above formulation in PROBAN. However, it was not
possible for PROBAN to perform a FORM analysis of any of the 3 parallel systems so instead
the directional simulation method was used. The result showed the same trends as for the
outcrossing analysis formulated as a single event (the outer locations did not contribute
much to the total outcrossing rate). The results are not given here because it can easily be
shown that the upper and lower bounds of �c can be written as

max(�s;i) < �c <
3X
i=1

�s;i (5.14)

Since the mean outcrossing rates at the locations away from midship are much smaller than
the rate amidships then �c ' �s;2.
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Chapter 6

Conclusion and Recommendations

6.1 Conclusion

It has been the objective of this thesis to contribute to a thorough safety analysis of a ship
hull by formulating a method for reliability analysis of the collapse of the hull girder exposed
to wave loading.

An idealized deterministic method for analysing the ultimate strength of the hull girder
exposed to vertical bending has been made. It takes account of structural and material
imperfections, such as initial deection of the sti�eners and the plates, and residual stresses
caused by welding. Veri�cation of the method is made against experiments, results obtained
by the �nite element method, and other idealized methods. The method has proved to give
good results, even in the case of extreme imperfections.

The method has been applied to a number of ship types to estimate which of the imper-
fections contributes the most to the uncertainty of the hull girder strength. The analyses
show that the yield stress is the single most important uncertain parameter. This means that
the remaining uncertainties can be replaced by their mean values in a reliability analysis.
Thus, a lot of computer time can be saved.

In order to include the vertical shear force loading in the collapse analysis, a new method
has been formulated which is in principle similar to the previously developed one except that
the new method takes account of the behaviour of the plates exposed to combined direct
stress and shear stress.

The new method has been applied to a double-hull tanker structure. This collapse analy-
sis shows that the shear force only decreases the ultimate bending moment slightly in the
range of the shear force relevant to this particular ship. However, since this particular ship
has double sides, it has a relatively larger vertical shear area compared to other single-hull
constructions. Other ship types, like bulk carriers, might show another tendency.

93



94 Chapter 6. Conclusion and Recommendations

The mean outcrossing rate has been formulated for hull girder collapse under combined
vertical bending and shear in a stationary stochastic sea state. The mean outcrossing rates
are calculated at 3 di�erent locations (0:3Lpp, 0:5Lpp, and 0:7Lpp) along the hull for the
double-hull tanker, both for the as-built cross-section and for a corroded cross-section. The
trend is the same in both of the analyses, namely that the mean outcrossing rate amidships
is much larger than the mean outcrossing rates closer to the ends of the ship. This indicates
that the scantlings prescribed by the design rules are conservative at positions away from
midship relative to the situation amidships. In order to obtain the same mean outcrossing
rate at all 3 locations, the ultimate bending strength at the locations near the ends of the
ship have to be decreased by approximately 15 %.

6.2 Recommendations for Future Work

The work presented in this thesis ends here, but it is not �nished. A number of interesting
subjects can be investigated further by the proposed methods and some improvements of the
methods can be made. If the work should be continued the following subjects would have
been treated:

� A tripping collapse criterion should be included in the collapse analysis of the beam-
columns.

� The e�ect of the hydrostatic pressure on the sides and the bottom of the ship should
be investigated.

� The post-collapse behaviour of the beam-columns can be investigated further in order
to try to get a better description of the post-collapse behaviour of the hull.

� The collapse analysis for combined bending and shear can be extended to inclusion
of the e�ect of the torsion moment in order to investigate the e�ect of torsion on the
ultimate strength of the hull.

� A long-term mean outcrossing rate analysis should be made on the basis of the short-
term analysis formulated in the present thesis.

� Finally, a number of di�erent ship types should be analysed by the proposed methods
in a number of short-term sea states, or on the basis of a long-term analysis, in order
to obtain a basis for general conclusions on the e�ect of combined loading.
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