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Abstract 

Calculations of the propagation properties of ion density perturbations 
and waves through collisionless plasmas with Maxwellian velocity distri
bution functions are presented. The calculations are based on the linear
ized Vlasov equation, which is solved with the perturbation as a boundary 
value. Solutions are presented for various values of the ratio between 
electron and ion temperature and for various drift velocities of the back
ground plasma and of the perturbations at the boundary. Some of the re
sults are compared with those obtained in a simple Landau treatment of 
the problem. 
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I. INTRODUCTION 

Propagation of ion density perturbations through collisionless plasmas 

has been studied intensively in recent years . The main purpose has been 

to verify experimentally theoretical results obtained from calculations based 

on the linearized Vlasov equation. In most cases the theoretical calculations 

have been performed under various simplifying assumptions and approxi

mations. Arguments against the validity of the obtained resul ts and the con

clusions drawn after comparing them with experiments have been raised by 

severa l authors ~ ' in recent yea r s . 

In this paper we consider an infinite homogeneous plasma with density 

n and calculate propagation properties of longitudinal density perturbations 

along a constant magnetic field (B = 0 also included). We describe the e lec

t rons by their fluid equation 

(1) 

and assume quasi-neutrality* n. = n . The linearized Vlasov equation for 

the ions can thus be written 

af(x j V , t ) = 2 1 ^ o ^ 1 9n(x,t) 
a t 

where 

2 

(2) 

T e / m i > n(x,t) = f f (x ,v , t )dv 

and where the ion velocity distribution function, f (v), of the background 

plasma is related to n through 

"o = / fo<v> d v • 

The equations (1) and (2) are valid for slow (t ) ) " " ; ) and long wave

length (X ) ) ^n-hvp) phenomena, such as propagation of ion acoustic waves 

and density perturbations in Q-mac hines and many other steady-state p las 

mas. 

We consider density perturbations excited at x » 0 by some source 

(grid, photo ionization, electron beam ionization, e tc . ) , and propagating 
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through the background plasma along the x-axis. The ion velocity distribu
tion function in the source-generated perturbation at x * 0 is called g(v). 
Thus [ v | g(v) is proportional to the number of ions with velocity v created 
or absorbed per time unit by the source. In this paper we consider two kinds 
of perturbations: a) short pulses generated by activating the source during 
a short time (&(t)). and b) sine waves generated by activating the source 
by an oscillating signal. 

The mathematical procedure used in calculating the propagation proper-
ties for the short pulses has been described elsewhere '. It was found that 
pulses propagate in a self-similar manner, i. e. that the perturbed density 
n and the perturbed ion velocity distribution function f can be written as 

n ( x , t ) = l h ( £ ) (3) 

and 

f(X,v,t)=Ik(£, v) , (4) 

where t is the time after the pulse was released at x - 0. 
The functions h and k are calculated from (2), and are found to depend 

on f (v), on g(v) and on the electron temperature. 
Although most interest, experimentally and theoretically, has been de

voted to waves, propagation properties of a pulse much more clearly reveal 
the physical phenomena, such as wave-particle interaction described by (2) * '. 
Furthermore propagation of short pulses is interesting because the functions 
(3) and (4) are nothing but the Green's functions of equation (2) and they can 
therefore be used to calculate propagation properties of waves ' and all other 
kinds of perturbations. From the Green's functions considerable physical in
sight into wave phenomena can be gained. 

In calculating the propagation properties of waves we have used the tech
nique described in ref. 5. This technique is mathematically the same as to 
perform convolution integrals of the Green's functions. We have calculated 
the amplitude, ampn, and the phase, f n* of the wave density as functions of 
the dlmensionless distance, x «/c„ from the source. In some cases we have 
also calculated the amplitude, amp., and the phase, <F« of the perturbed ion 
velocity distribution function for various values of the velocity v. 

In this report we give results obtained for cases where f (v) and g(v) 
are drifting Maxwellians of the form, 
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fo(v) cc exp(-<v-vd)7cr) (5) 

g(v) cc exp(-(v-vdg)2/Ci
2

g) . (6) 

v . and v . are the drift velocities of the background plasma and of the 
perturbation, respectively, c. is related to the ion temperatures through 

2 2 
c. = 2*T / m . , and similarly c. = 2xT. / m . . The propagation properties 
are calculated for various values of the parameters 3 = T ,/T., v . / c , 
v , / c . and T./T. . We also present a few results obtained for cases where 
f (v) and g(v) consist of two drifting Maxwelllans (double -humped function). 

As a starting point we take the case v . = v . = 3c. = 3c. and present 
detailed calculations for various e-values. We then change the parameters 
around this standard case and discuss a comparison between the obtained 
results. Throughout the report we try to give a physical explanation of the 
shapes of the calculated curves. A survey of the cases treated is seen in 
table I. 

U. RESULTS 

Figs. 1 to 5 show propagation properties of pulses and waves through 
our standard plasma with parameters: v . = v , = 3c. = 3c. . The temper
ature ratio, T

e / T i » i s varied from one figure to another. The density in a 
pulse propagating into a plasma with T = 0 is shown in fig. la). This is 
the case of freely streaming ions (rhs-side in equation (2) = 0) where the 
propagation is determined only by the distribution, g(v), in the density 
pulse generated at the source. Fig. tb) shows calculated values of the per
turbed ion velocity distribution function for three v-values. In calculating 
the f-function, we have assumed that these functions are measured experi
mentally with an electrostatic ion energy analyser, which has a resolution 
in velocity equal to c,/4 ', 

As the temperature ratio T /T. i s increased (figs. 2 to 5) the collec
tive interaction term (rhs-side term in equation (2)) starts to be of import
ance. We note an increase in pulse velocity in the figures marked a) and 

an undershoot on the f-curves in the figures marked b). This latter feature 
4 7̂  is easy to demonstrate experimentally ' '. At high temperature ratios, we 

notice furthermore a tendency for the pulses to split up inU two (see also 
the insert in fig. 5a)); this phenomenon has been explained elsewhere K 
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The rather complicated shape of the f-curves in fig. 5b) can be understood 
physically by arguments as those used to explain the undershoot in ref. 7. 

Figs. 1c) to 5c) show as functions of xw/c. the amplitude, amp , and 
the phase, * , of the density in waves generated by activating the source 
with a frequency u. For the case of freely streaming ions shown in fig. 1, 
the damping of the wave is caused by phase mixing; in this case it does not 
approach an exponential curve for large x u/c.. With increasing temperature 
ratios the damping rate increases close to the grid, but for large xu/c . -
values we find a continuously weaker damping and that the amplitude ap
proaches an exponentially damped curve. In table I a comparison is given 
between our results and those obtained by solving the problem by consider
ing only the first pole in a simple Landau treatment. The oscillating nature 
of the amplitude seen for x w/c. up to about 20 in figs. 3c) and 4c) is caused 
physically by a beating between a slow wave and a fast one associated with 
the slow and the fast pulses just discussed. 

Finally figs. Id) to 5d) show the amplitude, amp., and the phase, <p« 
of the perturbed icn velocity distribution function in a wave; amp. and f * 
are also calculated as functions of x u/c. and they are shown for three v-
values. In the case of freely streaming ions in fig. Id) the amplitude is of 
course constant and the phase increases proportionally to the distance from 
the source (f(x,v) = g(v) exp(i wx/v)). As the temperature ratio is increased 
we note oscillations in the amplitude and the phase curves. These oscilla
tions are caused by collective effects and can be understood by simple phys
ical arguments as those used in ref, 7. 

At high T/T.-values (order 5 to 10) our code used in computing prop
agation properties of waves is not very accurate for small xu/c,-values; 
we have indicated this lack of accuracy by dotting the curves in figs. 5c) 
and 5d). 

It is also of interest to know the amplitude and the phase of the per
turbed ion velocity distribution function f(v) in a wave at various distances 
from he source. Figs. 6 to 8 show these quantities calculated for our stand
ard plasma for three Te/T.-values. In the case T / T . • 0 as in fig. 6 the 
amplitude of f(v) is given by the distribution, g(v), in the perturbation ex
cited at the source and it is independent of distance from source. The phase 
is also simple as it is proportional to x w/v. The phase is shown in fig. 6 
as a function of v/c. calculated at three distances from the source. 

Fig. 7 shows the amplitude of f(v) calculated at three distances from 
the source for T g = T.. Only a very small difference between the amplitude 
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curves in fig. 7 and those in fig. 6 is noticed. The phase curves for T -
T. (not shown in fig. 7) coincide nearly completely with those in fig. 6 ob
tained for T = 0. 

e 
In fig. 8 we treat the case T • 5 T.. Here we note a clear difference ** e i 

from the case of freely streaming particles in fig. 6 as a pronounced oscil

lation in the amp f , . - cu rves . The curves in fig. 8a) to 8d) are calculated 

for four values of xu /v . Again in this case the f -curves are very similar 

to *hose shown in fig. 6 and therefore not shown. 

The oscillations in the amp« .-curves in fig. 8 are clearly caused by 

collective interactions. The following arguments explain the oscillations 

physically. When f(v) is measured at a fixed position, we expect that col

lective interaction between source and point of measurement will cause a 

periodicity in f(v) with a period in v-space which is determined by the vel

ocity of those particles that have crossed an entire number, N, of wave

lengths between source and point of measurement. An ion with the velocity, 

v N , has crossed N wavelengths if 

phase m 

T S v - (7) vphase 

where v . is the phase velocity of the wave and N is an integer 

K 2 " v p h a s e
 S J 

Furthermore, because the collective term is proportional to df (v)/dv we 

expect a phase shift of 180° around that v-value for which df (v)/dv - 0. 

From equation (7) we note: 

a) the period in the oscillation in f(v) decreases with increasing N, 

i. e. with decreasing velocity, 

b) the period decreases with distance from the source. 

For the case treated in fig. 8 v D n a g e " 5. 1 Cj. A comparison between 

the calculated curves in fig. 8 and equation (7) Bhows complete agreement. 
81 

Similar oscillations in f(v) have been found in calculations by Buzzi ' . 

As the oscillations are direct signature of collective particle-wave inter

action, it would be very interesting to demonstrate them experimentally. 

The very simple dependence of distance given by equation (7) would facilitate 

such an experiment. 
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The curves in figs. 1 to 8 are calculated for our standard case: v . -
3 c , v .„ * 3c. and T, = T. . We now show some examples of what happens 
when these parameters are changed independently. In the following we only 
present curves showing the propagation of the density of short pulses 
(marked a) and curves showing the amplitude, amp , and the phase, <p , 
of waves (marked b). In the calculations shown in figs. 9 to 11 we have 
chosen the drift velocity of the undisturbed plasma v . - 2c. and kept v , -
3c and TjT. = 1 as in the standard case. In the case of T = 0 we of 
course obtain the same results as for the standard case. Hence we give re 
sults only for relatively high Te/T\-vaIues. Fig. 9 treats the case T^/T^ = 
2. We notice that the pulse shown in fig. 9a) moves with a slower velocity 
than the one in the standard case calculated for the same temperature ratio 
and shown in fig. 4a). This is to be expected because the drift velocity of 
the background plasma is now decreased. For the same reason the phase 
velocity, as deduced from the • -curves in fig. 9b), i s lower than that de
duced from fig. 4c. We also note that we do not see the tendency for the 
pulses to split up into two as in the standard case. This is because the slow 
pulse moves against the drift of the background plasma; only when the prop
agation velocity of this pulse is lower than the drift velocity of the back
ground plasma as in the standard case we see the pulse for x ) 0. For the 
same reason we have no slow wave propagating and therefore we do not 
have an oscillating nature in the amp -curve in fig. 9b as was the case in 
fig. 3c* Figs. 10 and 11 show the corresponding curves for T /T, = 5 and 
10, respectively. The discussion just given is also valid for the figures. 

In figs. 9 to 11 we showed the effect of changing the drift velocity, v , , 
of the background plasma. We now turn to the situation when the drift vel
ocity, v , , of the source-induced perturbation is changed. Again we confine 
ourselves to relatively high T/T.-values , where collective interaction i s 
of importance. The results are shown in figs. 12 to 17. 

For the cases treated in figs. 12 to 14 the drift velocity, vd , in the 
source-induced perturbation i s below that of the background plasma. We 
notice on all three figures that the pulses again split up into two: one with 
a velocity essentially equal to v . and a fast one with a velocity that in
creases with T e /T . . It is an interesting feature to note that the perturbed 
density goes negative between the two pulses. Having realized that the pulse 
splits up into two in this case it is possible to understand physically that the 
perturbed density can go negative between the pulses. The majority of the 
ions in the background plasma have velocities around v . , i- e. velocities 



-11 -

between those of the two pulses. Therefore the ions in the background plas

ma running between the two pulses have been overtaken by the fast pulse 

and thus received a net acceleration; furthermore, when close to the slow 

pulse, these ions are acted upon and accelerated by the field associated 
7) with this pulse . Therefore the velocity of these ions is increased and, 

because of the equation of continuity n < v ) = const, n has to decrease. 

In the case of waves we expect a pronounced effect of beating between 

the waves associated with the slow and the fast pulse. In figs. 12b to 14b 

we see that this beating causes a strong oscillation in the wave amplitude 

and also in the phase. 

The curves shown in figs. 15 to 17 are calculated for cases where v t 

dg 
is above the drift velocity of the background plasma. In this case we prefer
entially excite the fast ion acoustic pulse and not the slow one. The density 
pulse is therefore very narrow and it goes negative after the main pulse for 
the same reason as discussed above. In the case of waves the oscillating 
nature of the amplitude (see figs. 15b to 17b) is much less than in figs. 12b 
to 14b. (Note the change in the abscissa scale). 

Finally, in figs. 18 to 23 we show the effect of changing the width of the 
distribution function g(v). We keep v . = v , = 3c. as for the standard case 
and look first at the case T. /T. = 5, i. e. at the case where g(v) is a very 
narrow distribution function. The shape of the density pulse for the case of 
freely streaming ions as shown in fig. 18a is of course much narrower than 
in the corresponding standard case as shown in fig. la. As the temperature 
ratio T /T . is increased as in figs. 19a and 20a, the shape of the density 
curve for pulses changes. We first notice a weak knee on the curve for 
T /T . = 1, and for T_/T- = 5 (fig. 20a) we have three maxima on the curve 
or three separate pulses propagating. The slow and fast pulses can be in
terpreted as ion acoustic pulses as already discussed. The pulse between 
them is made up of the ions in the source-induced perturbation; the con
tribution from these ions now appears as a separate pulse because the 
spread in g(v) is very small. When we look at the amp -curves in figs. 21b 
we again notice the tendency for a strong oscillation in amp to occur when 
the density in the short pulses has two or more maxima. 

When we turn to the case where g(v) is a very wide function as in figs. 
21 to 23, which are calculated for T. /T. » 0.2, we do not see the contri
bution from the ions in g(v) as a single pulse any more. By comparing the 
amp -curves in fig. 20b) and fig. 2?b) we see that the oscillating nature 
does not depend very much on whether the density curve for the pulse has 
two or three maxima. 
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In experiments in single-ended Q-machines one often has an ion vel
ocity distribution function in the background plasma with two maxima K 
We therefore also treat such plasma; in the calculation we have chosen 
f (v) to have the form 

[ 2 2 o 2 f 

exp(-(v-vd)) / c . ) + exp(-(v-vd2) /c £ ) I 
(8) 

We present calculations of the density in short pulses and of amp and <• 
for waves for two cases. In fig. 24 the parameter values are v . . - c,, 

vd2 ' 3 c i ' Tde = 3 c i ' T i = T i e a n d T e ' T i = '" to flg" 2 5 w e h a v e u s e d t h e 

same parameters except that T /T. = 5. A comparison between the curves 
in fig. 24 and the corresponding ones in fig. 3 shows that the propagation 
properties for pulses and waves in a plasma with T = T. are rather un
affected by the shape of fQ(v). This is because the collective interaction 
is weak at these relatively low T/T. -va lues . When T /T. is increased 
tc 5 as in fig. 25 we note a considerable change: the pulse splits up into 
t vo, a fact which for the case of waves causes a very strong oscillation in 
the amp -curve. 

In many experimental situations as for instance in grid excitation of 
waves and pulses in single-ended Q-machines ' the distribution function 
in the source-induced perturbation differs from a Maxwellian. We now 
show the effect of changing g(v) from a simple Maxwellian to a distrbution 
function with two maxima of the form 

g(v) • const rexp(-(v-vd g ])
2 /c2) + exp(-(v-vd g 2)2/c2) 1 0) 

We have performed the calculations for v , = 3c. as in the standard case. 
For the drift velocities of the two humps in g(v) we have chosen v , . = 
c. and vd 2 " 3c,, respectively. Fig. 26a shows the propagation of a pulse 
for the case T e /Tj • 0. We note that the result is very similar to that ob
tained for the standard case and shown in fig. 1a except for a relatively 
higher density at large tc,/x-values. This is caused by the slow ions in 
g(v) which appear after the main pulse. As the temperature ratio is in
creased as in figs. 27a and 28a we notice a much stronger tendency for 
the pulse to split up into two than for the standard case. This is because 
the ions in the slow hump in g(v) preferentially excite the slow pulse. As 
discussed before, when a pulse has a strong tendency to split up into two, 
the amplitude of a wave will have a strong oscillating nature; this effect 
is seen very pronounced in fig. 28b. 
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III. DISCUSSION AND CONCLUSIONS 

In this work we have presented exact numerical calculations of the 
propagation properties of pulses and waves through collisionless plasmas. 
We have shown that the propagation depends very strongly on the velocity 
distribution function in the background plasma, on the velocity distribution 
in the source-induced perturbation and on the temperature ratio T _/T.. It 
is probably most interesting to note that the wave amplitude oscillates in 
many cases. As our calculations are based on the linearized Vlasov equation 
(2), such oscillations, when seen experimentally, should not mistakenly be 
interpreted as being caused by nonlinear effects. The calculations also show 
that the difference in propagation properties between the case of freely 
streaming ions (T /T. = 0) and the case with collective interaction fT ^ 
0) is not always very pronounced. Therefore it is offhand difficult to think 
out experiments that clearly demonstrate the effect of the collective inter
action term in equation (2). The undershoot seen on the curves in figs. 2b 

7) to 5b is caused by collective interaction ' and has been seen experimen-
tally '. For the wave case the oscillations in the amp-, .-curves shown in 
figs. 7 and 8 are also clear effects of collective interaction. With known 

4) technique ' it should be possible to see such oscillations experimentally. 

Because they have a very characteristic dependence on distance from source 
as given by equation (7), an experimental observation of this dependence 
would provide a clear-cut signature of collective interaction. 

We have confined ourselves to present calculation of amp_ and w for 
xu/c.-values up to 50 (except in figs. 15 to 17). In most cases, as is evi
dent from the curves, xu/c . - 50 corresponds to 2 to 3 wavelengths so we 
consider only the "near field". 

Traditionally (see ref. (10)) calculations of wave propagation have been 
simplified by considering only the dielectric function 

« M - l - d i k f _ £ l l d v = 1 - _ l i z ' ( ' • •*?• ) , e pi J kv- w TA 2 \ c. J 

(10) 

where d is the electron Debye length and Z is the plasma dispersion 
function'1'. 

By solving the equation e(k, u) - 0, one gets a number of (k, ui)-values, 
each of which corresponds to a Landau mode of the form exp(-ifut-kx)). 
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discussion of the validity of this approximation was given by Gould . We 
have solved the equation s(k, u) = 0 for the cases presented in the figures 
in this report. From the "first pole" ' we have calculated the phase vel
ocity, v . , and the damping rate */X. In table I we compare the results 
of the first pole approximation with exact calculations of the same quanti
ties performed for zu/c . = 50. 

The signature ~ in front of the calculated ft/X-values indicates that 
we see a strong change in this quantity with xu/c. around x u/c- = 50. It 
is evident from table I that the "first Landau pole" approximation generally 
does not lead to a solution with satisfactory accuracy. On the whole the 
agreement between our results and those obtained with the "first pole" ap
proximation gets worse at lower x w/c.-values. We may therefore conclude 
that the "first Landau pole" approximation is dissatisfactory for calcula
tions of propagation properties of waves in the near field t ( ( 2-3 X), 
where experiments are normally done . Details in the exciting mechanism 
is as important for the wave as the dielectric properties of the plasma. 
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Fig. 6. Amplitude and phase of the perturbed ion velocity distribution 
function in a wave. T^T. = 0, VJ/CJ = 3, v ^ ^ = 3. Tj /T . g = 1. 

amp. 

1 » 3 * It,— 5 

Fig. 7. Amplitude of the perturbed ion velocity distribution function in 
a wave at three distances from exciter. T /T. = 1, v . / c . » 3, v . V c . = 

e1 i d' i dg' i 
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