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ii Resumé (in Danish)Global optimering for strukturelt designmed Generaliseret Benders'DekompositionDenne afhandling præsenterer anvendelsen af globale optimeringsmetoder til atdesigne optimale mekaniske strukturer. Hovedformålet med projektet er at un-dersøge nye modeller og metoder til at designe optimale kompositte, lamineredestrukturer. Afhandlingen viser desuden udviklingen af en væsentlig forbedring i for-muleringen af den Generaliserede Benders' Dekomposition (GBD) teknik for struk-turelle optimeringsproblemer. Denne forbedrede teknik benyttes først til at de-signe optimale gitterstrukturer, hvilket vises med �ere eksempler. Forbedringerneaf denne metode udnyttes dernæst progressivt til alle de forskellige anvendelser,som er studeret i afhandlingen. Den udviklede GBD metode og algoritme benyttestil at løse minimum eftergiveligheds- og minimum vægtproblemer. Den forbedredemetode gjorde det speielt muligt at løse simple minimum eftergivelighedsproble-mer for global optimalitet for numeriske eksempler med op til 23.000 designvariablemed en lille numerisk tolerane. Metoden er generaliseret til at inkludere relevantelokale brudkriterier for kompositte, laminerede strukturer. Da lokale brudkriteriergenerelt ikke er konvekse, gør det opgaven med at bevise global optimalitet sværereog mere tidskrævende. Flere forskellige heuristiske metoder foreslås og benyttes tilyderligere at forbedre GBD algoritmen. Disse heuristiske metoder testes, og detvises, at de har en væsentlig ind�ydelse på konvergensen af GBD metoden. Hoved-bidraget til denne afhandling er at forbedre GBD algoritmen, som bliver brugt til atoptimere strukturelle designproblemer. Disse forbedringer kan let generaliseres tilmange forskellige konvekse problemstillinger i området indenfor mikset heltalsopti-mering. Denne afhandling repræsenterer desuden det første arbejde med at løse forglobal optimalitet for strukturelle designproblemer, der inkluderer brudkriterier, oghar numeriske eksempler med op til 400 designvariable.



iiiSummaryGlobal Optimization for StruturalDesign by Generalized Benders'DeompositionThis thesis presents the appliation of global optimization methods to the designof optimal mehanial strutures.The main objetive of the projet is to investigate new models and methodsfor the design of optimal omposite laminated strutures. The thesis shows as wellthe development of a signi�ant improvement in the formulation of the GeneralizedBenders' Deomposition (GBD) tehnique in strutural optimization problems. Thisimproved tehnique is used at �rst in the design of optimal truss strutures, whereseveral numerial examples are showed. Furthermore, the improvements in thismethod are used progressively along the thesis in all appliations.The developed GBD method and algorithm is applied in the resolution of mini-mum ompliane and minimum weight problems. In partiular, these improvementsallowed us to solve simple minimum ompliane design problems to global opti-mality in numerial examples of up to 23.000 design variables, with a quite smallnumerial tolerane. The method is generalized for the inlusion of relevant loalfailure riteria for omposite laminated strutures. In general, loal failure riteriafuntions are non onvex, whih makes the task of proving global optimality evenmore di�ult and time onsuming.Besides, several heuristis have been proposed and used to improve the perfor-mane of the already improved GBD algorithm. These heuristis are tested andproved to be of signi�ant impat in the onvergene of the GBD method.The main ontribution of this thesis is to provide a signi�ant improvementin the GBD algorithm, whih are applied in strutural design problems. Theseimprovements an be easily generalized to all kinds of onvex problems in the mixedinteger optimization �eld. Besides, this thesis represents the �rst work addressingthe resolution to global optimality of strutural design problems inluding loalfailure riteria, and having numerial examples of strutural design problems of upto 400 design variables.
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Chapter 1Introdution
Contents1.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21.1.1 Free Material Optimization Approah . . . . . . . . . . . . . 51.1.2 Disrete Material Optimization Approah . . . . . . . . . . . 51.2 Material Properties . . . . . . . . . . . . . . . . . . . . . . . . 61.3 Composite Laminated Strutures . . . . . . . . . . . . . . . . 71.4 Relevant Criteria for the Design Problem . . . . . . . . . . . 81.4.1 Mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91.4.2 Compliane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91.4.3 Additional Linear Constraints . . . . . . . . . . . . . . . . . . 101.4.4 Loal Failure Criteria in Composite Laminated Strutures . . 101.5 Relevant Optimization Models . . . . . . . . . . . . . . . . . 111.6 Global Optimization . . . . . . . . . . . . . . . . . . . . . . . . 121.6.1 Elements of Convex Optimization . . . . . . . . . . . . . . . 121.7 Mixed-Integer Optimization . . . . . . . . . . . . . . . . . . . 131.7.1 Generalized Benders' Deomposition . . . . . . . . . . . . . . 13The main subjet of this thesis is the optimal design of mehanial strutures.More spei�ally, this thesis aims to develop models, methods and algorithms todesign optimal omposite laminated strutures by means of mathematial program-ming. We use a standard method for mixed integer optimization alled GeneralizedBenders' Deomposition (GBD, [13℄) to attak the onsidered optimization models.Composite laminates are high tehnology manufature strutures, providing e�-ieny in the physial properties of the struture, while keeping the overall weightat a low level. This type of strutures has beome popular in the 20th entury, prin-ipally in the aeronautis industry, but also in many other areas of the engineeringindustry. As a matter of fat, this thesis has been inspired by the wind turbineblade design proess, whih inludes a signi�ant amount of omposite laminatedstrutures as a requirement in the design proess.The methods we have developed onsider several design riteria in the optimiza-tion models. This thesis onsiders in general, the situation of solving these designoptimization models to global optimality. Among the important design riteria weonsider we an mention the global sti�ness (ompliane), weight and spei� loalfailure riteria.



2 Chapter 1. IntrodutionThis thesis onsists in a 8 hapters. Chapter one is the introdution the thesis,hapter two shows the resume of the artiles inluded in the thesis. Chapter threeto seven onsist of �ve artiles being the main work of this thesis. Artiles 1, 2and 3 (hapters 3, 4 and 5 respetively) deal with the theory of the GBD methodapplied to general topology optimization problems, and numerial appliations intruss topology design problems. Artiles 4 and 5 address the onrete problem ofdesigning omposite laminated strutures.In this introdution, we set a ommon nomenlature to be used throughout thethesis. Nevertheless, we do not use exatly the same notation for all of the artiles.In exhange, the notation for eah artile is adapted to the spei� appliation thatis being addressed. In general, the notation is learly desribed in the problem for-mulation of eah artile. For the understanding of this thesis, we assume a basiknowledge in optimization, �nite element method theory, statis, and material si-enes. In the following, a brief introdution will help to understand the neessarybasi onepts, models and methods desribed in the thesis.1.1 PreliminariesThe optimization design problems we onsider need the understanding of a fewimportant onepts, whih are brie�y desribed here. Sine in this thesis the use ofoptimal design models is applied to strutural design problems, we use the wordsdesign and struture in the same sense. Another important onsideration is thatsine the optimization models used in this thesis are applied to optimal design,the use of the word design variable often replaes the standard nomenlature ofdeision variables of the Optimization �eld (even though in the models we present,other physial quantities are involved in the optimization problem, they are notonsidered truly deision variables, sine they are restrited to satisfy the governingequations).Consider a domain Ωc ∈ R
2 or R

3, with piee-wise di�erentiable boundary. Ωcis alled the ontinuous design domain, and de�ne the physial limits in whih thedesign problem will be formulated. Suppose now the existene of a set of loads(external stati fores) f1(w), . . . , fm(w) ∈ F(Ωc), where F(Ωc) represents the set ofadmissible stati loads (volume, surfae and point fores) in Ωc. In order to have astati mehanial model, suitable support (or boundary onditions) onditions needto be imposed. To simplify the modeling, we suppose that these support onditions�x the design in a subset Ωfix of the boundary of the design spae (i.e., Ωfix ⊂ ∂Ωc).There are many ways to de�ne what a design is, for pratial or abstrat math-ematial purposes. In this thesis, the onept of design will be onsider as anymathematial objet (element in a �nite or in�nite dimensional vetor spae) thatde�nes uniquely the physial representation of a design through a mathematialmodel. This de�nition is in fat vague, but the relation between a design as a realobjet and a mathematial representation is not trivial from the abstrat point of



1.1. Preliminaries 3view. So for our purposes a design will be aepted as any funtion of the type
D : Ωc −→ E

ω −→ (pr1(w), . . . , prq(w)),where E represents the spae of physial properties de�ning the given design.At the �rst level, we an for example de�ne a design by the distribution of anyset of material properties throughout the design domain (mass density, sti�ness,et).With respet to the mehanial model, we suppose (for simpliity) that onlysurfae or puntual loads are applied over the boundary of the design domain ∂Ωc.For a given design, the stati equations, or ontinuous equilibrium equations, relatingthe stress tensor funtion σl(w) for eah load fl are given by
∇ · σl(w) = 0, in Ωc,

σl(w) · n̂ = fl(w), in ∂Ωc,
(1.1)where n̂ represents a unit vetor in the normal diretion of the boundary ∂Ωc. Thestress is a physial quantity that ould be de�ned as �the intensity of the internalfores ating between partiles of a deformable body aross any given plane� (seefor example [3℄, or any basi text in ontinuum mehanis).Equation (1.1) represents the governing equations of the design problem, and itrepresents the strong formulation of the stati problem. The orresponding weakformulation of (1.1) an be obtained for example from the virtual work priniple,and it is given by

−

∫

Ωc

δεij(w)σij(w)dV +

∫

∂Ωc

δuj(w)fjdS = 0, ∀uj admissible. (1.2)Here, ε = {εij} represent the Cauhy's strain tensor (see for instane [22℄, or anytext in basi ontinuum mehanis). Through this thesis, the Cauhy's strain tensorwill be just alled strain tensor. The strain tensor is a physial measure of thedeformation of a ontinuum body and it is de�ned as
ε(w) =

1

2
(∇u(w)T + ∇u(w)).For the sope of this thesis, linear elastiity is onsidered. This means that thestress tensor and the strain tensor are related through Hook's low

σ(w) = E(w)ε(w). (1.3)The weak formulation (1.2) is used to build the �nite element model through a�nite element disretization. This disretization means that the ontinuous domain
Ωc is replaed by a disretized design spae Ωd, omposed of n �nite elements.There are several disretization methods to treat weak formulations of partialdi�erential equations. Among them we an mention the Finite Element Method
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F1

F2
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?

Design Space

Boundary Conditions F3

External ForcesFigure 1.1: Representation of the disretized design spae, boundary onditions andexternal loads related to a strutural design problem(FEM, or FE method) disretization (see for instane [20, 9, 4℄), the Finite VolumeMethod (FVM) disretization (see for example [11, 24℄), and the �nite di�erenedisretization ([19, 4℄). The most popular among these within the �eld of struturaland mehanial analysis is the FE method. In the last �ve years a new variationof the �nite element method, alled isogeometri analysis method (referenes) hasbeome quite popular, and has already shown promising results. It is possible thatin the lose future, this new analysis tehnique will take over the �nite elementmethod, at least in the �eld of strutural analysis. In this thesis, all disretizedmodels have been built by standard FE method (shell elements disretization in thease of laminated strutures). The orretness of the onsidered analysis models isnot questioned, and they are not the subjet of this thesis. The reader an refer toany text in �nite element methods for further details of this method.The disretization of the design spae supposes as well the disretization of allquantities involved in the governing equations, suh as external loads, displaementsand boundary onditions of the problem. A simple example of a 2 − D disretizeddomain and boundary onditions is illustrated in �gure 1.1.The �nite element formulation of the equilibrium equations, related to the strongand weak formulations (1.1) and (1.2) is given by
K(x)ul = fl, l = 1, . . . ,m, (1.4)where K(x) ∈ R

d×d is alled the sti�ness matrix of the FE model, ul ∈ R
d is thedisretized displaement, and fl ∈ R

d \ {0} is the disretized external load relatedto the ontinuous load distribution fl(w) ∈ F(Ωc). In all artiles being part of thisthesis, the equilibrium equations are formulated in the FE form (1.4).
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?

Material 1

Material 2

Material 3Figure 1.2: Disrete material optimization approah. For eah design element, theseletion among several andidate material has to be done.1.1.1 Free Material Optimization ApproahIf the design is de�ned by its stress-strain tensor E(w), w ∈ Ωc, and the spae of allpossible tensor is de�ned as the natural design spae, the optimal design formulationsobtaining through this modeling is alled Free Material Optimization (FMO, see[16℄). One of the onsequenes of disretizing the design spae is that the materialproperties tensor E(w) is replae by a disretized tensor Ed(t), t ∈ Ωd = {0, 1}n,where n is the dimensional size of the design spae. The disretization simpli�esthe size of the material properties tensor, taking it from a in�nite dimensionalfuntion spae, to a �nite dimensional vetor spae. the FMO approah is able toformulate problems to obtain the best distribution of the material tensor propertiesin Ωd. In addition, FMO allows to establish well formulated problems, with strongmathematial properties, suh as onvexity properties, neessary for onvergene toglobal optimality. The FMO �eld has shown a onsiderable ontributions to thestrutural design �eld. However, this approah supposes that the spae of allowedmaterial properties is larger than the set of existing materials in nature. Therefore,it is possible that the results obtained by the FMO approah do not give realizabledesigns. This is urrently one of the main researh lines in FMO nowadays.1.1.2 Disrete Material Optimization ApproahThe approah we hoose to use instead, is the so alled Disrete Material Opti-mization, DMO (stegmann-lund2005). In this approah, we onsider for eah designelement, a given �nite set of nc andidate materials, eah one desribed by a spei�material properties (strain-stress tensor) E1, . . . , Enc . The situation is representedin �gure 1.2, where the hoie among three andidate materials has to be done.This approahes supposes that a design is de�ned as a sequene E(t1), . . . , E(tn)of n strain-stress tensors, one per design element. This means that for the j-th designelement, the strain-stress tensor is given by the onditional funtion
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E(tj) =















E1, if Material 1 is hosen,...
Enc

j
, if Material nc

j is hosen.This ondition for the seletion of the material an also be modeled with binaryvariables by introduing a double index variable xij ∈ {0, 1}, for eah material i andfor eah design element j.
xij =

{

1, if material i is hosen for the element j.

0, otherwise. (1.5)
x = {xij}ij is known throughout this thesis, as the design variable vetor or simplydesign variable. Note that the design variable vetor x is a vetor in {0, 1}ñ, with
ñ = nc ·n and the double index should not be onfused with matrix oe�ients rep-resentation. This de�nition of the design variables needs the inlusion of a seletionondition to be valid. This seletion ondition supposes that among all availableandidate materials in a design element, only one of them must be hosen. Thisondition is represented by the seletion material onstraint

nc
∑

i=1

xij = 1, ∀j = 1, . . . , n.In the partiular ase where one of the material andidates is void, the DMO problembeomes a topology optimization problem (see [6℄). This means that in a sense, theDMO is in fat, a generalization of the topology optimization approah.1.2 Material PropertiesWhen formulating the DMO problem, the pre-seletion of the set of andidate ma-terials to be inluded in the optimization problems is quite important for the resultsof the optimization proess. For example, it is lear that if the seletion is doneamong materials with too similar harateristis, the optimization proess may beworthless. Or, if two materials with similar harateristis but one of them withbetter material properties, the optimization proess will always hoose the materialwith better harateristis (unless prie onstraints are onsidered). Therefore it isimportant to preselet an heterogeneous set of material andidates, where a trade-o�between the di�erent strength of the andidates has to be done (normal sti�ness,shear sti�ness, mass density, prie, et.). In this thesis, two types of andidate ma-terials are onsidered. First, we onsider Isotropi materials, whih are de�ned asmaterials having the same mehanial behavior independently of the diretion ofthe loal stresses. The seond type of andidate material we onsider is the lassof Orthotropi Materials, de�ned as materials with di�erent mehanial behavior,depending on the orientation of the loal stresses, but their mehanial behavior
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Figure 1.3: Graphial representation of a omposite material omposed of unidi-retional �ber and a matrix material. This type of material is usually used in thedesign of omposite laminated strutures.an be omputed at any orientation by using a rotation matrix with respet to theprinipal axes of the material oordinate system. Orthotropi materials are a par-tiular ase of anisotropi materials, for whih this rotational relationship betweenthe mehanial behavior with respet to the orientation does not neessarily exists.1.3 Composite Laminated StruturesThe main appliation of this thesis onerns the design of optimal omposite lami-nated strutures. Therefore we introdue here brie�y this type of strutures.First we start by de�ning the onept of omposite material. Composite mate-rials refers to �two or more materials ombined on a marosopi sale to form auseful third material� ([15℄). This de�nition emphasizes that the ombination of thematerials must be done at a marosopi sale, i.e., the material is omposed of twoor more faes, whih an be distinguished by naked eye. It also means that materialsombined at a mirosopi sale (i.e, no faes an be distinguished by naked eye)are not omposite materials (for instane, alloying of metals). Composite materialsan be lassi�ed in four di�erent groups, depending on the nature of the mixtureforming the material. For the sope of this thesis, we onsider omposite materialsin the sense of materials omposed of �bers of materials embedded in a matrix (seeFigure 1.3).The matrix material an be of any nature, suh as organi, metalli, erami orarbon. The orret ombination of the matrix material and the �ber material im-proves the mehanial properties of the resulting omposite material in omparisonwith the material in bulk form. The matrix material gives support to the �bers,and it allows a better distribution of the �bers, minimizing at the same time, thepresene of imperfetions in the material. Besides, it is a mean for the transmissionof fores among the �bers. In most of the ases, this type of omposite materialsbehaves as orthotropi materials.
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Figure 1.4: Graphial representation of the lay-out of a omposite laminated stru-ture. The design problem onsists in hoosing the material to be used in eah layer,and the angle orientation in the ase of unidiretional omposite materials.Composite laminated strutures refers to strutures omposed of �layers of atleast two di�erent materials that are bonded together� ([15℄). The layers are stakedtogether through the matrix material (see Figure 1.3).One of the most onvenient ways to produe high performane strutures is todesign omposite laminated strutures, where the layers are omposed of ompositematerials and possible other types of materials. If on top of this, we use optimizationtehniques for the design of this type of strutures, we an improve substantially thephysial response of the strutures. For example, we an improve sti�ness, strength,weight, orrosion resistane, wear resistane, aousti insulation, thermal insulation,et. These properties an of ourse not be improved all of them at the same time.This is not really a problem, sine it is very unlikely to require a struture to satisfyall these properties simultaneously.The design of omposite laminate strutures through optimization tehniquesmay have a onsiderable impat in the performane of the strutures. By using theDMO approah, we an develop optimization models to determine the best distribu-tion of a set of andidate materials being part of the omposite laminated struture.If we also onsider angle orientation, we an develop optimization models to deidethe optimal distribution of the material and angle orientation of the material inthe struture. Note that the formulation of the optimization model is one thing,and to solve it is a omplete di�erent problem. This thesis deals with developingoptimization models and methods apable of solving these models for the design ofoptimal omposite laminated strutures.1.4 Relevant Criteria for the Design ProblemIn this thesis we deal with a number of global and loal riteria for the designof optimal strutures. Among the global riteria onsidered, we an mention theompliane or the weight, while about loal riteria, we an mention loal failureriteria. These funtions will be brie�y desribed in the next subsetions.



1.4. Relevant Criteria for the Design Problem 91.4.1 MassThe mass is one of the most important riteria in strutural optimization. Designingthe lightest struture satisfying all the strutural requirements is often the goal inmany appliations. If ρ(w) is the density distribution of a given design in theontinuous design spae Ωc, its mass is omputed by.
M(ρ) =

∫

Ωc

ρT (ω)dω.Considering the �nite and design element disretization, ρ ∈ R
ñ is the vetor ofdensities related to the design variable x ∈ {0, 1}ñ (given by (1.5)). Then, theorresponding mass is omputed as the produt

ρT x.This form for the mass of designs is used through the thesis.1.4.2 ComplianeThe ompliane is a measure of the global sti�ness of the struture. More spei�ally,it measures the deformation work made by an external load. It is also one of themost relevant riteria in the strutural optimization �eld, mainly beause of itsstrong mathematial properties (onvexity, auto-adjointness), that simpli�es theanalysis and optimization proess. The ompliane cl(u) due to the external load
fl(w) is given by

cl(u) =

∫

Ωc

fl(w)T ul(w)dωc.Considering the �nite and design element disretization, the disrete ompliane anbe expressed as
cl(ul) = fT

l ul,If the equilibrium equations (1.4) have a unique solution, the displaement �eld ulis a funtion of the design variables, i.e., ul = ul(x). where ul ∈ R
d is the solution(if this exists) to the equilibrium equations (1.4). Sine the equilibrium equationsrelate the design variable x with the displaement �eld ul, the displaement �elddepends on the design variable ul = ul(x). This dependeny allows us to write thedisrete ompliane as a funtion on the design variable x

cl(x) = fT
l ul(x).This is the form for the ompliane onstraint that is used in this thesis.



10 Chapter 1. Introdution1.4.3 Additional Linear ConstraintsWe inlude this item to over other potential interesting riteria to be inluded inthe model. For example, ost funtions may have a major importane in pratialappliations. However, sine from the mathematial point of view, they are weight-type riteria, we did not expliitly inluded them in any of the formulations of thisthesis. Nevertheless, it is worth to mention it, to motivate the appliation of thesemethods in real design problems. Other relevant onstraints orrespond to lineardesign onstraints, whih may derive from tehnial requirements to be satis�ed bythe out oming design. If A ∈ R
p×n is a matrix, and b ∈ R

p is a given vetor, thenthe p additional linear onstraints an be represented by a linear onstraint of thetype
A · x ≤ b.1.4.4 Loal Failure Criteria in Composite Laminated StruturesBy loal failure riteria we mean the design restritions based on loal information ofa struture, whih is able to predit (hopefully in a onservative way) the loal failure(frature, delamination, fatigue, et.) of the struture. We represent immediatelythe loal failure funtion in the �nite/design element disretization. Then, the loalfailure riteria takes the general form

F (x, ul) ≤ 0,where F is in general, a non linear vetorial funtion in its domain
F : R

ñ × R
d −→ R

q

F (x, u) −→ (F1((x, u), . . . , Fq(x, u))

F (x, u) is in most of the ases a funtion on the strain or stress tensor (sine thesean be modeled as funtions in x and u), but this is not the only possibility. Forexample, if Fj(x, u) =‖ σj(x, u) ‖∞, j = 1, . . . , n, the loal failure riteria onsideredis the maximum strain riterion. If Fj(x, u) =‖ εj(x, u) ‖∞, j = 1, . . . , n, we aretalking about the maximum strain riterion. The Tsai-Wu and Tsai-Hill riteria areseond degree polynomial funtions in the stress tensor. We an �nd a large numberof loal failure riteria in the literature. For isotropi material, a number of failureriteria are used with great preision and orrespondene with experiments (VonMisses, Tresa, et., not treated in this thesis). On the other hand, for ompositelaminated strutures, there is not a lear deision with respet to the most onvenientloal failure riteria to be onsidered, nor this thesis addresses this issue. Along thisthesis, four loal failure riteria are studied; The maximum strain riterion, themaximum stress riterion, the Tsai-Wu and the Tsai-Hill riteria. But, as it will bestated in the onlusion, the method developed in this thesis is able to handle anytype of loal failure design restritions.



1.5. Relevant Optimization Models 111.5 Relevant Optimization ModelsAs it was pointed out in the previous setion, the topology optimization formulationis a partiular ase of the multimaterial DMO formulation. This means that wean state the general ase of the DMO problem, without exluding the topologyoptimization ase. The modeling of the DMO problem, ombined with the FEdisretization, and the relevant funtions introdued in the previous setion, allowsus to formulate the design problems treated in this thesis. These are mainly twoformulations. The �rst formulation is the minimum ompliane problem, subjetedto mass, loal failure, and linear design onstraintsminimize
x∈R

ñ

u1,...,um∈R
d

max
1≤l≤m

{fT
l ul}subjet to K(x)ul = fl, l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n,

F (x, ul) ≤ 0, l = 1, . . . ,m,

Ax ≤ b,

x ∈ {0, 1}ñ,

(1.6)
where M is the mass limit for the design of the struture. The seond design problemonsidered in this thesis is the minimum weight problem, subjeted to ompliane,loal failure, and linear design onstraintsminimize

x∈R
ñ

u1,...,um∈R
d

ρT xsubjet to K(x)ul = fl, l = 1, . . . ,m,

fT
l ul ≤ Cl, l = 1, . . . ,m,

nc
∑

i=1

xij = 1, j = 1, . . . , n,

F (x, ul) ≤ 0, l = 1, . . . ,m,

Ax ≤ b,

x ∈ {0, 1}ñ,

(1.7)
where Cl > 0 is the limit for the ompliane value. In eah hapter of this thesis, theneessary assumptions are stated learly in the problem formulation setion. In arti-les 1, 2, and 3, we study problems (1.6) and (1.7) applied to topology optimizationproblems (inluding perfet approximated void in truss topology problems) withoutfailure riteria (i.e., exluding the ondition F (x, u) ≤ 0 from the model). Artile4 onsiders Problem (1.6) applied to the design of omposite laminated strutureswithout loal failure riteria, and artile 5 onsiders the omplete version of thesetwo problems.



12 Chapter 1. Introdution1.6 Global OptimizationIn this Thesis, the ultimate goal is to solve problems (1.6) and (1.7) to global opti-mality. This means that we want to �nd a ouple (x∗, u∗) ∈ R
ñ ×R

d being a globaloptimal solution of problems (1.6) or (1.7). Global optimization requires an extrae�ort when treating optimization problems with respet to standard optimizationmethods. While the latter are only foused in the searh of loally optimal solutions,global optimization methods are foused in �rst, �nding optimal solutions, and se-ond, proving the non existene of better solutions in the entire design spae. Forsome unonstrained optimization problems, �nding a global optimal solution an bedone in few steps, and maybe even analytially (for instane for smooth boundedanalytial funtions with a few loal minima, where one of them is neessarily aglobal optimum). For other optimization problems this task may be pratially im-possible. The state of the art is that only a small fration of the problems treatedwith standard optimization methods an be treated suessfully with global opti-mization methods. The di�ulty of this task depends basially in how easily wean disard the existene of better solutions in the design spae. This an be doneautomatially when additional mathematial properties are satis�ed. One of thisproperties is onvexity of the optimization program. The reason is that for onvexoptimization problems, loal optimality and global optimality are equivalent on-epts. Another important onditions for global optimization are the strong dualityproperties (see, for example [12℄). These properties allow us to solve an alternativelinear problem to optimality (the so alled dual optimization problem), and by thismean, to �nd valid lower bounds of the global optimal objetive value for the orig-inal optimization problem. If the objetive value of a design found is equal to thelower bound found by solving the dual problem, then both, the primal and the dualproblem were solved to global optimality.The following results are of great importane in global optimization, and inpartiular for this thesis.1.6.1 Elements of Convex OptimizationFor a deeper understanding in onvex optimization, see [8℄. Consider the generiminimization problem minimize
x∈Rñ

f0(x)subjet to fi(x) ≤ bi, i = 1, . . . ,m,
(1.8)where fi : R

ñ −→ R, i = 1, . . . ,m. We de�ne here the onept of a onvex optimiza-tion problem, whih is used many times along the thesis. We begin by de�ning theonept of a onvex funtion.De�nition 1. The funtion fi(x) is said to be onvex, if it satis�es
fi(αx + (1 − α)y) ≤ αfi(x) + (1 − α)fi(y)for all x, y ∈ R

n, and for all α ∈ [0, 1].



1.7. Mixed-Integer Optimization 13If the funtions fi(x) are of lass C 1(Rn), they neessarily satisfy
f (y) ≥ f (x) + ∇f (x)T (y − x), (1.9)for all x, y ∈ R

n.De�nition 2. The problem (1.8) is said to be a onvex problem if all funtions
fi(x), i = 1, . . . ,m, are onvex.These onepts are important for the results ahieved in this thesis. In partiular,the theoretial onvergene to global optimality of the GBD algorithm applied toproblems (1.6) or (1.7) is based on the onvexity of some reformulations-relaxationsof these two problems.1.7 Mixed-Integer OptimizationProblems (1.6) and (1.7) orrespond to non linear mixed 0 − 1 programs. A Mixed0-1 program is an optimization program, where some of the deision variables (thedesign variables) an only take the values 0 or 1. The lass of mixed 0− 1 programsis a subset of the lass of mixed-integer programs. Mixed Integer Optimization isthe sub-area of the optimization �eld developing the theory and methods for solvingmixed integer programs. This lass of problems is also subdivided in the lass ofthe linear mixed integer problems, and the lass of the non linear mixed integerproblems.In general, solving a mixed integer problem is a quite di�ult task. In exhange,when it a mixed integer problem is solved, it is solved to global optimality. This isdue to the fat that in mixed integer programming, the onept of loal optimumdoes not apply.Among the most popular methods for solving mixed integer programs, we anmention the branh-and-bound methods ([7℄, [1, 2℄, [14℄, [17℄, and [25℄)), the branh-and-ut methods ([23℄), the Outer Approximation method ([10℄), and the General-ized Benders' Deomposition ([13, 21, 18, 5℄).1.7.1 Generalized Benders' DeompositionAs it was already mentioned, in this thesis we used the Generalized Benders' De-omposition method (for a detailed explanation of the method, see [13℄) to treatproblems (1.6) and (1.7). The priniple of the method is brie�y explained in eah ofthe artiles of this thesis. The method onsists in replaing the original mixed 0− 1problem by two sequenes of simpler optimization programs. The �rst sequene ofprograms onsiders only the design variable (plus an additional salar ontinuousvariable). This sequene is alled the sequene of master problems (or sequene ofrelaxed master problems). These master problems intend to approximate the pro-jetion of the onsidered non linear funtion in the spae of 0 − 1 variables. Thisapproximation is made by linear funtions added iteratively as onstraints in the



14 Chapter 1. Introdutionmaster problems. These linear onstraints are alled GBD uts. Figure 1.7.1 showsa representation of the approximation of an objetive funtion by GBD uts. Fromthis �gure it is also possible to see that the validity of the method should rely onsome onvexity assumptions. This fat is formally stated and proven in the thesis(for the ase of problems (1.6) and (1.7)). The GBD uts an be use to approximatea non linear objetive funtion, in whih ase they are alled GBD optimality uts,or simply optimality uts. Otherwise, they ould be use to approximate a non linearonstraint, in whih ase they are alled GBD feasibility uts, or simply feasibilityuts (only if no onfusion ould be done with other types of feasibility ut). In thease of problems (1.6) and (1.7), and through this thesis, the non linear funtiononsidered is the ompliane funtion (1.4.2), so the GBD uts in this ontext ouldalso be alled ompliane uts. The oe�ients of the GBD uts (i.e., the oe�ientsdetermining the GBD ut) are obtained by solving the seond sequene of problemsof the method. This sequene of problems onsiders only the ontinuous variables(in the ase of problems (1.6) and (1.7), it orresponds to the displaement �eld
u ∈ R

d). This sequene is alled the sequene of subproblems, and in the ase ofproblems (1.6) and (1.7), they orrespond to the analysis problem (1.4). In general,the GBD method uses the dual optimization information of the subproblem (1.4)to obtain the oe�ients of the GBD uts. In the thesis it was also proven that asuitable reformulation of the subproblem (1.4) is required to have the theory behindthe GBD method to hold. The method aims to get �rst order approximations of theompliane funtion in the projeted spae (the spae of 0−1 variables). This ouldbe done easily by simple di�erentiation, if we ould obtain the projetion of the nonlinear funtions in the spae of 0− 1 variables. Sine this is not always possible, theGBD onsiders the use of dual optimization information, by omputing the optimalLagrange multipliers of the subproblems. These optimal Lagrange multipliers areused to ompute the value of the gradients of the funtions in the projeted spae,with no need to ompute them expliitly analytially or by �nite di�erenes.
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Figure 1.5: Graphial representation of the lassial GBD method for approximatinga onvex objetive funtion.
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Chapter 2Summary of Results
This hapter desribes brie�y the ontents of the �ve artiles that are part of thisthesis and the relationship among then. It summarizes the ontributions and theimpat of the thesis, as a whole researh projet. The thesis ontributes in a sig-ni�ant way in the areas of Mixed Integer Optimization, Global Optimization andStrutural Optimization. Brie�y, artiles 1 and 2 desribe the theory for applyingorretly the Generalized Benders' Deomposition method for Topology Optimiza-tion problems. Artile 3 desribes a signi�ant improvement in the GBD method fortopology design problems, that ould be generalized to a large lass of mixed integerproblems. Artile 4 shows the appliation of this method in the design of ompositelaminated strutures through the disrete material optimization approah, as wellas new improvements in the tehnique, by means of the use of heuristis. Finally, ar-tile 5 desribes the inlusion of loal failure riteria in the modeling, and proposedan algorithm based in the same optimization method to obtain globally optimalsolutions.
GBD Method for Topology Optimization: Method andTheoretial Properties (Appendix A)This artile onsiders the non-linear mixed-integer optimization programs that ap-pear in strutural topology optimization. The artile presents a Generalized Ben-ders' Deomposition (GBD) method for solving single and multiple load minimumompliane (maximum sti�ness) and minimum weight problems to global optimal-ity. We present the theoretial aspets of the method when treating topology designoptimization problems. We show a proof of �nite onvergene and onditions forobtaining global optimal solutions to single load re-enforement problems, i.e. stru-tural optimization problems for whih no holes an be reated. The method is alsolinked to, and ompared with the Outer-Approximation approah and 0 � 1 semidef-inite programming formulations of the onsidered problems. Artile 1 ontains alltheoretial aspets related to the GBD method applied to topology optimizationproblems.



20 Chapter 2. Summary of ResultsGBD Method for Topology Optimization: Extension andNumerial Experiments (Appendix B)In Artile 2, the method and the theoretial results from artile 1 are general-ized to pure topology optimization problems under multiple load onditions. Someheuristis, inluding non onvex reformulation to obtain good andidate solutions,inlusion of the GBD ut related to the ontinuous relaxation, and the use of om-binatorial Benders' feasibility uts are suggested to aelerate the method. Animplementation of the algorithm is desribed in detail. A set of truss topology op-timization problems are solved numerially to global optimality. Artile 2 is morebased in numerial experienes, related to the theory built in Artile 1.New GBD Method for Topology Optimization UsingLevel Set Cuts (Appendix C)This artile onsiders the use of a new type of Generalized Benders' Deomposition(GBD) method, modifying the lassial proedure. GBD solves non linear mixed in-teger problems, by solving a sequene of linear mixed integer problems. The lassialmethod inludes at eah instane of this sequene, one or several linear onstraints(or uts), obtained from the solution of the previous problem in the sequene. Thenew proposed method onsiders the level set of the lowest available upper boundfor the optimal objetive funtion. Then, it searhes for a non (neessarily) feasibledesign at this level set, and it forms a linear onstraint (GBD ut) from this `'levelset� design. This new type of non feasible uts are stronger than the lassial GBDuts and numerial results show that in pratie they lead to faster onvergene.The method is derived theoretially and spei�ally for lassial strutural topologyproblems, but it an be generalized to a larger lass of non-linear mixed integerproblems, where the mixed problem an be reformulated as an integer problem witha ontinuous onvex relaxation. In this ase, global solutions are guaranteed. A setof numerial benhmark examples for strutural topology optimization problems aresolved to global optimality. At this point the method has not yet got to its mostpowerful form. This is attained in artile 4.Disrete Multimaterial Optimization:Combining Ap-proahes for Global Optimization (Appendix D)Artile 4 onsiders appliation of the theory and algorithm developed in the previousartiles, but applied in the design of omposite laminated strutures. In addition, itinludes heuristis in ombination with the GBD method, so the resulting ombinedalgorithm maximizes it omputational power to onvergene to global optimality.In this artile we formulate omposite laminate design problems as disrete materialoptimization problems. By using this modeling, we state standard minimum om-



2.1. Contributions and Impat 21pliane problems in their original Mixed Integer Problem (MIP) formulation, whihwe aim to solve to Global optimality. We use di�erent tehniques for ontinuousand disrete optimization, and a Generalized Benders' Deomposition algorithm forobtaining globally optimal solutions. By solving the ontinuous relaxation of themixed integer problem, a onsiderable amount of information is passed to the mixedinteger problem. This is mainly due to a onvexity property of the ontinuous relax-ation of the original problem. In partiular, we use an e�ient heuristi tehnique,whih is very likely to �nd lose-to optimal solutions. This tehnique onsists insolving a orresponding sub-MIP problem, based on the solution the ontinuous re-laxation of the original MIP optimization problem. This heuristi an be also usedto improve the performane of other optimization tehniques in the �eld of MixedInteger Optimization. A number of numerial examples of design of omposite lam-inated strutures is presented. Several of them were solved to global optimality,and the strengths of the method are disussed in extension. Numerial examples ofmedium size disretization of up to 23.000 design variables gives promising resultsof solving large design problems to optimality, onsidering a small tolerane. At thesame time, the independene of the design disretization with respet to the �niteelement disretizations allows the method to be used in real life design problemsand still obtain global solutions.Global Optmization for Strutural Design Problem withLoal Failure Criteria (Appendix E)This artile onsiders the inlusion of loal failure riteria in multi-material stru-tural design problems, stated in a non-linear mixed 0-1 formulation. Our maingoal is to formulate models and methods allowing us to solve the design problemto global optimality. We use the Generalized Benders' Deomposition (GBD). Theloal failure riteria we onsider are the maximum strain, the maximum stress, theTsai-Hill, and the Tsai-Wu riteria. We reformulate the lassial formulation of thefailure riteria, into a set of onvex inequalities, forming a set of onvex onstraints.Inluding these reformulations on the design problem, we obtain a mixed 0 − 1problem with onvex ontinuous relaxation. We an therefore use the GeneralizedBenders' Deomposition and/or the Outer Approximation approahes to onstrutan algorithm solving the design problem to global optimality. A ostumized GBDalgorithm able to attak minimum ompliane and minimum weight problems on-sidering any type of loal failure riteria is proposed. A numerial example for �berangle optimization is tested and solved to global optimality by use of the proposedalgorithm.2.1 Contributions and ImpatThis thesis supplies ontributions in several areas of researh. In partiular, it isthe �rst work in Global Optimization applied to the design of omposite laminated



22 Chapter 2. Summary of Resultsstrutures whih inludes loal failure riteria. Besides, it provides a method whihan be applied for any existing loal failure riteria, independently of its mathemat-ial properties. This is due to the fat that the method only used the evaluationof the failure riterion, in an approval/rejetion proedure for the adidate designs.The method is based on the algorithm related to the orresponding loal failureriterion-unonstrained optimization problem. The �exibility of the method is aonsequene of the fat that we do not used gradient information of the failure fun-tions, neither we need to use any potential onvexity properties of the loal failurefuntions. In a more general perspetive, this thesis produed a signi�ant amountof theoretial and numerial onstributions to the strutural optimization �eld. Inpartiular, it is the only existing work in applying the Generalized Benders' Deom-position method in strutural design problems. In addition, all theoretial aspetsregarding the onvergene of the method in a �nite number of steps, the onver-gene to global optimality of the method were studied, opening and losing thissub-researh area. In addition, the thesis presents a new method for Mixed integerOptimization, whih is a GBD related method. The method is developped from atheoretial point of view for strutural design problems. All theoretial results formthe GBD method an be obtained to the new method. The improvement in numer-ial performane of the proposed method is dramati. On top of this improvement,a number of heuristis were used to improve even more the numerial performaneof the method, and suesful numerial examples were presented.
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Generalized Benders’ Decomposition for Topology

Optimization Problems – Part 1: Method and Theoretical

Properties
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Abstract

This two part article considers the non-linear mixed-integer optimization programs
that appear in structural topology optimization. The main objective of this work is
to present a generalized Benders’ decomposition (GBD) method for solving single
and multiple load minimum compliance (maximum stiffness) and minimum weight
problems to global optimality. The GBD technique is a classical method for mixed-
integer programming, in which the non-linear mixed-integer program is replaced by a
sequence of linear mixed-integer programs.

Part one presents the theoretical aspects of the method, including a proof of finite
convergence and conditions for obtaining global optimal solutions to single load re-
enforcement problems, i.e. structural optimization problems for which no holes can be
created. The method is also linked to, and compared with the Outer-Approximation
approach and 0 – 1 semidefinite programming formulations of the considered problems.

In the second part, the method and the theoretical results are generalized to pure
topology optimization problems under multiple load conditions. Several ways to accel-
erate the method are suggested and an implementation is described in detail. Finally,
a set of truss topology optimization problems are numerically solved to global opti-
mality.

Mathematical Subject Classification (2000): 90C90, 74P05, 74P15

Keywords: Structural Topology Optimization, Global Optimization, Generalized
Benders’ Decomposition, Outer-Approximation.

1 Introduction

We consider structural topology optimization problems with discrete design variables, in
particular minimum compliance (maximum stiffness) and minimum weight problems. For
an overview of the field of topology optimization we refer to [7]. We study the mentioned
problems in mixed 0 – 1 formulations, from the theoretical point of view. Up to now,
numerical experiences have shown that discrete formulations of topology optimization
problems cannot be efficiently solved when the number of design variables becomes large.
Topology optimization problems have however only recently been treated by different
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global optimization techniques, such as the branch-and-bound technique for non-linear
mixed integer optimization, see e.g. [8] and [2, 3].

We propose to solve this kind of topology design problems by using generalized Benders’
decomposition (GBD, see [15]). Benders developed in the 1960’s a technique for solving
linear mixed-integer problems (Benders’ Decomposition, see [6], 1962), and it was extended
to non-linear mixed-integer problems by Geoffrion (GBD, see [15], 1972) and Lazimy (
GBD, extended version, [20], 1986). The proposed method solves these problems, under
certain conditions, to a global optimum. This skill rarely appears in the standard non-
linear optimization methods used in the field of structural topology optimization. The
models and methods mainly used in the field, in general, only guarantee locally optimal
designs (if they at all find feasible designs).

The GBD technique is based on solving a sequence of linear mixed integer optimiza-
tion programs, which approximate the original non-linear mixed integer program. These
programs can be solved by any method for linear mixed integer optimization, as for exam-
ple, branch-and-cut ([24]), or branch-and-bound ([16], [19], and [27]) methods. The GBD
algorithm forms a monotone sequence of lower and upper bounds of the optimum value,
which we prove to converge in a finite number of iterations for the considered problems.

This article is organized as follows. Section 2 presents the mixed 0 – 1 formulations
of the considered minimum compliance and minimum weight problems, as well as the
assumptions considered throughout this article. Section 3 develops the theory related to
the application of the GBD for the minimum compliance problem, for the re-enforcement
scenario, and in the single load case. Section 4 presents the formal and precise statement
of the GBD technique for the minimum compliance problem. Section 5 presents the
theoretical basis to apply GBD to the single load minimum weight problem. In Section
6, the theorem of convergence of the method in a finite number of steps is stated and
proved. The proof of the convergence of the algorithm to a global optimum is shown in
Section 7. Section 8 presents the formulation of the Outer-Approximation method for
the minimum compliance problem and its relationship with the presented GBD approach.
Section 9 presents an equivalent mixed 0 – 1 semi definite programming formulation of
the minimum compliance problem and its relationship with the presented GBD approach.
Finally, Section 10 contains a brief summary of the results presented in this article.

In the second part of the article, the main results are generalized to pure topology op-
timization problems under multiple load conditions. These generalizations are important
for practical applications, for example design of advanced composite structures. In the
second part we also present several ways to accelerate the proposed basic GBD method.
Finally, we present the details of an implementation and the numerical experience obtained
from solving a set of truss topology optimization problems to global optimality.

2 Problem Statement

We consider a closed-bounded design domain Ωc ⊂ R
2 or Ωc ⊂ R

3, with ∂Ωc of class C 1.
The design space related to Ωc corresponds to the power set P (Ωc) of Ωc (i.e., the set
of all subsets of Ωc). P (Ωc) has infinite cardinality. For numerical purposes, the design
space Ωc is discretized into a finite set of n small design regions, ΩD = {D1, . . . ,Dn}, with
∪ni=1

Di = Ωc, Di ∩ Dj = ∅, if i 6= j. A 0 – 1 design variable is linked to each Di. The
discrete design space corresponds now to the power set of ΩD, P (ΩD), of cardinality 2n.
Typically (but not necessarily), these design regions coincide with the finite elements that
are used to compute the response (displacements, stresses, etc.) of the structure under
loading. The design variables can represent thicknesses, areas, or densities of a given
isotropic design material in each of the elements. They can also, as in the case of design
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of composite structures, represent a choice of available composite materials. A design
is characterized by a vector element x in the discrete design set χD = {0, 1}n, where
n is the number of design variables induced by the discretization. In order to ensure
that the problem is mathematically well formulated, we assume that suitable boundary
conditions and external loads are imposed. The design problem consists in finding the
optimal vector x∗ ∈ χD that minimizes the objective function (compliance, weight, etc.),
under some restrictions in the design space χD. Throughout, we consider optimal design
of mechanical structures in linear elasticity, subjected to static forces. We assume that
the response of the structure is computed using the finite element method (see e.g. [9]).

The vector x ∈ χD will throughout be denoted the design variable vector, or simply
the design variable. The elastic equilibrium equations, relating an external force f applied
to the structure and the corresponding displacement u, are given by

K(x)u = f. (1)

Here, u ∈ R
d is the vector of displacements, and f ∈ R

d represents a given external static
load for each of the d degrees of freedom introduced by the discretization of the design
space. The stiffness matrix K(x) ∈ R

d×d is a function of the design variable x, and we
assume that the load vector f is independent of the design x.

The first of the problems we study is the minimum compliance (maximum stiffness)
problem, which is formulated as

minimize
x∈Rn,u∈Rd

fTu

subject to K(x)u = f,

ρTx ≤M,

Ax ≤ b,
x ∈ χD = {0, 1}n.

(2)

In (2), M > 0 is the maximum amount of material allowed for the structure, and ρ ∈ R
n

is the vector of material densities. The constraints Ax ≤ b state a general set of linear
inequalities involving only the design variable. The second problem formulation we study,
is the minimum weight problem

minimize
x∈Rn,u∈Rd

ρTx,

subject to K(x)u = f,

fTu ≤ C,
Ax ≤ b,
x ∈ χD = {0, 1}n,

(3)

where C > 0 is the maximum allowed compliance for the structure. Problems (2) and (3)
are both non-linear mixed 0 – 1 programs. They are also non-convex problems, due to the
integer nature of the design variables, and the non-linearity of the equilibrium equations
(1).

Denote the sets

XM ={x ∈ [0, 1]n | ρTx ≤M},

Xb ={x ∈ [0, 1]n | Ax ≤ b},

X ={0, 1}n ∩XM ∩Bb.

(4)
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2.1 Assumptions

A summary of the important assumptions we consider throughout this article is the fol-
lowing:

(A-1) The stiffness matrix K(x) is symmetric, affine in x, and positive definite for all
x ∈ {0, 1}n. The matrix K(x) is given by

K(x) = K0 +
n

∑

j=1

xjKj, (5)

where Kj ∈ R
d×d is the symmetric positive semi definite element stiffness matrix

for the j-th design variable, and K0 ∈ R
d×d is a given symmetric positive definite

matrix (K0 ≻ 0). We assume that

K0 = ηs

n
∑

j=1

Kj , (6)

with 0 < ηs ≪ 1. ηs will be called the re-enforcement parameter.

(A-2) The compliance and mass limits, C and M respectively, satisfy C > 0 and 0 < M <
∑n

j=1
ρj, where ρj ≥ 0 for all j = 1, . . . , n.

(A-3) The external load f ∈ R
d \ {0}.

(A-4) There are no special assumptions on A and b, except for the requirement that the
feasible set related to the constraint Ax ≤ b is non empty.

The first assumption states that we are in a re-enforcement scenario. In this situation,
there already exists some given design, described by the matrix K0, and the objective is
to find out where to re-enforce this pre-existing design in an optimal way. The assumption
(A-1) will be relaxed in the second part of the article, where we allow the introduction of
holes in the structure. The second and third assumptions are stated to avoid trivial, or
no solutions to the considered problems.

3 GBD for the Minimum Compliance Problem

In this section, we present the Generalized Benders’ Decomposition (GBD), applied to
the single load minimum compliance problem (2). We consider the situation of a re-
enforcement scenario, where the global stiffness matrix K(x) is represented by (5) and
(6) in assumption (A-1), with ηs > 0. This ensures that K(x) is positive definite, for
all x ≥ 0. Hence, for any design vector x ∈ {0, 1}n, the equilibrium equations (1) have
a unique solution. These assumptions are introduced to keep the models and results as
simple as possible in this first stage. The generalization to a positive semidefinite stiffness
matrix and multiple load conditions are presented on the following sections .

GBD is, roughly speaking, based on splitting the problem (2) into two sequences of
simpler optimization programs. The first sequence of programs involves only the state
variable u, while the other sequence considers only the 0 – 1 design variable x. The
programs in the state variable u are called the “subproblems”. They correspond to solving
the analysis problem (1) for a fixed value of the design x, obtaining the corresponding
displacement u(x). The second sequence of problems is composed of linear 0 – 1 problems
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in the design variable x. Each one of these linear 0 – 1 programs is called a “relaxed
master problem”, and their output decides the convergence of the entire algorithm.

It is possible to prove, by using the projection theorem (see [12], Section 2.1, for
details), that the minimum compliance problem (2) is equivalent to the projected problem

minimize
x∈Rn

w(x)

subject to ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n,

(7)

where w(x) is the solution to the analysis problem

w(x) = minimize
u∈Rd

fTu

subject to K(x)u = f.
(8)

The problem (2) satisfies all the hypotheses stated in the projection theorem, and so, it
implies the equivalence between the problems (2) and the problem defined by (7) - (8).
This equivalence should be understood in the sense that both programs have the same
optimal solutions and objective values. Since we have split problem (2) into two eventually
simpler problems (7) - (8), our goal is to solve these two last problems, instead of the
problem (2). The analysis problem (8) is a linear problem, which in the re-enforcement
case (i.e., ηs > 0 in assumption (A-1)) has a unique solution. Thus, we can find an explicit
representation for the function w(x), since the optimal solution of the program (8) is the
vector u∗ = u(x) = K(x)−1f . In this case, we have that w(x) is given by

w(x) = fTu(x) = fTK(x)−1f. (9)

The original optimization problem given by (7) - (8) can, in this situation, be reduced to
the program

minimize
x∈Rn

fTK(x)−1f

subject to ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n,

(10)

which is a program stated only in the design variable x. Problem (10) is the classical
nested formulation of a minimum compliance problem (see e.g. [7] and [25]). It is a non-
linear 0 – 1 program, and its continuous relaxation (i.e., the problem obtained when the
condition x ∈ {0, 1}n is replaced by x ∈ [0, 1]n) is convex, as [25] showed that the function
w(x) = fTK(x)−1f is convex for x ∈ [0, 1]n, such that x > 0. Here, because of assumption
(A-1), convexity of w(x) holds in the whole space [0, 1]n.

The original idea of the GBD (see [15] for details), as a solution strategy, is to use the
dual formulation related to the subproblem (8), to define the function w(x). It is expected
that by using the dual formulation, a linear inequality involving the design variable x will
appear (these linear inequalities are denoted cuts). Note, that since the program (8) is a
linear program, it follows that it satisfies the strong duality property, i.e. the primal and
dual optimization programs have the same optimal value if they are both feasible. This
last fact allows us to write the function w(x), using the Lagrange function of the program
(8), as

w(x) = supremum
α∈Rd

{infimum
u∈Rd

{fTu+ αT [K(x)u− f ]}}. (11)
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By using linear duality theory, (11) can be re-written as the linear problem

w(x) = maximize
α∈Rd

−fTα

subject to K(x)α = −f,

which is similar to the analysis problem (8). The optimal solution of this last program is
given by α∗ = −u∗ = −K(x)−1f . The couple (α∗, u∗) is then, the optimal solution of the
primal-dual problem (11). Replacing it in (11), we obtain that w(x) can be represented
by the function

w(x) = w(α∗, u∗, x) = 2fTK(x)−1f − fT (K(x)−1)TK(x)K(x)−1f

= fTK(x)−1f,

and we obtain the same representation of the function w(x) as in (9). Thus, no im-
provements were made with this formulation, and neither did any linear relationship with
respect to x appear. As an alternative, [20] proposed to modify the primal formulation of
w(x), in such a way that the dual definition of w(x), defines by construction a set of linear
inequalities in the design variable x. These linear inequalities can be used to form an
equivalent linear optimization program, which is useful for numerical purposes. In order
to have such a representation of the function w(x), by using dual information, we need to
satisfy the strong duality property. The idea of [20], applied to the function w(x) defined
by (8), is given by the following non convex subproblem,

w(x) = infimum
z∈Rn,u∈Rd

fTu

subject to K(z)u = f,

z = x.

(12)

Hence, the corresponding dual definition of the function w(x), in case the strong duality
property held, is

w(x) = supremum
α∈Rd,ψ∈Rn

{ infimum
z∈Rn,u∈Rd

{fTu+ αT [K(z)u− f ] + ψT (z − x)}}

= supremum
α∈Rd,ψ∈Rn

{−ψTx− fTα+ infimum
z∈Rn,u∈Rd

{fTu+ αTK(z)u+ ψT z}}.
(13)

Unfortunately, this property does not hold for the problem (12). This can be seen by
looking in (13) at the program

P (α,ψ) = infimum
z∈Rn,u∈Rd

{fTu+ αTK(z)u+ ψT z},

and the following result.

Proposition 1. P (α,ψ) = −∞, for all (α,ψ) ∈ R
d × R

n.

Proof. The affine representation of the stiffness matrix (5), is represented in a more com-
pact way as K(z) = K0 + (∇zK(z))z. Here,

∂K(z)

∂zj
= Kj ,

where Kj is the local stiffness matrix related to the j-th design variable. It follows that
the gradient ∇zK(z) of the stiffness matrix K(z) is expressed by the “vector” of local
stiffness matrices
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∇zK = ∇zK(z) = {K1 K2 . . . Kn}. (14)

Therefore, we have

P (α,ψ) = infimum
z∈Rn,u∈Rd

{fTu+ αT [K0 + (∇zK)z]u+ ψT z}

= infimum
z∈Rn,u∈Rd

{[fT + αTK0]u+ ψT z + αT (∇zK)zu}.

Here we see that P (α,ψ) represents an unconstrained minimization problem, which is bi-
linear in the variables z ∈ R

n and u ∈ R
d. The coefficients involved in this problem never

become simultaneously zero, for any value of the Lagrange multipliers. In other words,
the equations

(fT + αTK0, ψ
T , αT∇zK) = (0, 0, 0), ∀ (α,ψ) ∈ R

d × R
n, (15)

have no solutions. This can be seen in the following way. If ηs = 0, then K0 = 0d×d,
and the vector at the left side in (15) becomes (fT , ψT , αT∇zK), which can not become
zero, since its first component fT 6= 0 is independent of (α,ψ). If now ηs > 0, Then
K0 is a positive definite matrix. Suppose there exists a couple (α∗, ψ∗) satisfying (15).
Then α∗ must be the unique solution of the linear system f + α∗TK0 = 0 (the existence
and uniqueness of α∗ come from the positive definiteness of the symmetric matrix K0).
Therefore, α∗ 6= 0 (otherwise it would imply f = 0, contradicting assumption (A-3)). The
third system of equations, αT∇zK = 0 implies that

Kjα
∗ = 0, ∀ j = 1, . . . , n. (16)

Now, the system f + α∗TK0 = 0 and the definition of K0 given by (6), necessarily mean
that

f + α∗T ηs

n
∑

j=1

Kj = 0

⇐⇒ f + ηs

n
∑

j=1

α∗TKj = 0,

(17)

and after (16), it follows that

f = 0, (18)

which is a contradiction with assumption (A-3). This proves the insolvability of (15). As
a consequence, the minimization problem defined by P (α,ψ) is unbounded, independently
of the values of (α,ψ), i.e.,

P (α,ψ) = −∞, ∀ (α,ψ) ∈ R
d × R

n.

This last result implies that for the primal subproblem (12), no optimal Lagrange multipli-
ers are available. Therefore, the representation of w(x) given by (13) is not equivalent to
(9), and hence, it is not valid. This problem arises from the lack of a necessary hypothesis
called stability (see [12]) for the primal subproblem, which [20] assumes when formulating
the method. This hypothesis is not satisfied here, and the non existence of the optimal
Lagrange multipliers is itself, a proof of it. The solution to this difficulty is to replace once
more the primal definition of the function w(x), for a new equivalent one, where these
two properties (duality and linearity of dual in the sense explained previously) hold at the
same time.
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3.1 GBD and Duality-Linearity Properties

In the GBD method, we must replace the definition of the function w(x) by an equivalent
one, where the strong duality property of its formulation holds. It is important as well,
that w(x) defines a set of linear inequalities with respect to the design variable x, as it
was the original idea of [20]. With this purpose in mind, we propose to define the function
w(x) as

w(x) = w̃(x, u(x)), (19)

where u(x) = K(x)−1f and w̃ : {0, 1}n × R
d −→]0,∞] is the function defined by the

program

w̃(x, u) = infimum
z∈Rn,v∈Rd

fTv

subject to K(z)v − f = 0,
v = u,

vzT = uxT ,

(20)

when this program is feasible, and w̃(x, u) = +∞, when it is not. Here, the use of the
semi open set ]0,∞] for the image of w̃(x, u) follows the fact that the function w̃ can not
attain the value 0 (If w̃(x, u) attained 0, from the positive definiteness of K(x), it would
imply v∗ = u = 0T in (20), which can never satisfy the constraint K(z)v − f = 0). Note
the special notation in the last constraint of (20). vzT = uxT is a simplification of the
notation for the representation of the set of constraints: vjzk = ujxk, for j ∈ {1, . . . , d}
and k ∈ {1, . . . , n}. Keeping this in mind, we will from now on simply write vz = ux.

After introducing this new definition for w(x), we need to show that this definition is
equivalent to (9). This means, we need to prove that

w(x) = w̃(x, u(x)), ∀ x ∈ {0, 1}n.

We start by taking an arbitrary x ∈ {0, 1}n. It is possible to see that the program (20) only
has feasible points of the type (x, u) satisfying u = u(x), where u(x) = K(x)−1f . For such
couples (x, u(x)), the only feasible, and therefore optimal solution to (20), corresponds to

z∗ = x,

v∗ = u(x),

in which case we have
w̃(x, u(x)) = fTu(x) = w(x). (21)

Since (21) is valid for an arbitrary x ∈ {0, 1}n, this proves that the definition (19) for the
function w(x) is equivalent to (9). Next, we prove that the strong duality property holds
for the program (20). The dual optimization problem related to (20) can be written as

Φc(x, u) = supremum
Γc∈R2d+nd

{l∗c (x, u,Γc)}, (22)

where the following definitions are introduced. Γc is defined as the triple

Γc = (α, δ, ν), α ∈ R
d, δ ∈ R

d, ν ∈ R
nd.

The function l∗c : {0, 1}n × R
d × R

2d+nd is defined as

l∗c (x, u,Γc) := infimum
z∈Rn,v∈Rd

{L ∗(x, u,Γc, z, v)},

L
∗(x, u,Γc, z, v) :=fTv + αT [f −K(z)v] + δT [v − u] + νT [vz − ux].

(23)
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In (23), the natural way to define the dual variable ν, related to the third constraint in
(20), is by using two artificial indexes l, k, but we remark that ν is a 1-dimensional vector
and this notation is not ambiguous

ν ∈ R
nd : νT [vz − ux] =

∑

l,k

νlk[vlzk − ulxk]

=
∑

l,k

νlk[zkvl − xkul]

= νT (zv − xu).

(24)

The first important result we can show in this section is the following strong duality result.

Theorem 1. The program (20) is a non-convex program. Even so the following strong
duality property holds

w̃(x, u(x)) = Φc(x, u(x)) = fTu(x). (25)

Proof. The program (20) is non convex, since its first and third constraints are bilinear
constraints in the v − z plane. To prove that the strong duality property (25) holds,
we need to prove that both the primal and dual programs (20) and (22), respectively, are
feasible for the same values of (x, u), and their optimal objective function values are equal.

Consider u = u(x) = K(x)−1f . Since we already know from (21) that w̃(x, u(x)) =
fTu(x), then we only need to prove that the dual program (22) has the same optimal
objective function value, i.e. that

Φc(x, u(x)) = fTu(x).

We remind the reader that the weak duality theorem holds always, even for non convex or
non regular optimization programs (see [17], p. 149 or [14], p. 9), without any additional
hypotheses. This means that we have the following property

Φc(x, u(x)) ≤ w̃(x, u(x)) = fTu(x). (26)

We need to prove that in (26), the inequality is actually, an equality. We start by looking
at the feasible set of the dual program (22). The weak duality property claims, more
specifically, that for minimization problems, the objective value of any feasible solution
of the dual problem, is not larger than the objective value of any feasible solution for
the primal problem. In particular, it is not larger than the optimal value of the primal
problem

l∗c(x, u(x),Γc) ≤ f
Tu(x), ∀ Γc, dual feasible.

By definition, the feasible set FD(x, u) of the dual program (22) is the subset of the space
of the Lagrange multipliers, for which the value of the dual objective function is finite

FD(x, u) = {Γc ∈ R
2d+nd : l∗c(x, u,Γc) > −∞}.

If the strong duality (25) property holds, it necessarily follows that for any x ∈ {0, 1}n,
we are able to find an optimal Lagrange multiplier, Γc(x), such that

l∗c(x, u(x),Γc(x)) = fTu(x).

It will be proven that the equality is attained for the following values of the multiplier
vectors
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Γc(x) = (α(x), δ(x), ν(x))
α(x) = u(x)
δ(x) = −xT∇xK(x)u(x)
ν(x) = ∇xK(x)u(x),

(27)

where ∇xK(x) is the gradient of the stiffness matrix given by (14), for the variable x
instead of z. We perform the replacements by steps. This will make the algebraic manip-
ulation more clear. As a first step, we start by replacing α(x) = u(x) in (23). By doing
this, (23) becomes

l∗c (x, u(x), α(x), δ, ν) = infimum
z∈Rn,v∈Rd

{L ∗(x, u(x), α(x), δ, ν, z, v)}

= infimum
z∈Rn,v∈Rd

{fT v + u(x)T [f −K(z)v] + δT [v − u(x)]

+ νT [vz − u(x)x]}

= infimum
z∈Rn,v∈Rd

{[fT − u(x)TK(z)]v + δT [v − u(x)]

+ νT [vz − u(x)x]}+ fTu(x).

Now we make the changes of variables z = x + ∆z, v = u(x) + ∆v, and use that the
stiffness matrix K(z) is affine, so we have K(x + ∆z) = K(x) + ∇xK(x)∆z. Then, we
obtain

l∗c(x, u(x), α(x), δ, ν) = infimum
∆z∈Rn,∆v∈Rd

{[fT − u(x)TK(x+ ∆z)][u(x) + ∆v] + δT∆v

+ νT [[u(x) + ∆v][x+ ∆z]− u(x)x]} + fTu(x)

= infimum
∆z∈Rn,∆v∈Rd

{[fT − u(x)T [K(x) +∇xK(x)∆z]][u(x) + ∆v]

+ δT∆v + νT [u(x)∆z + x∆v + ∆v∆z]}+ fTu(x)

= infimum
∆z∈Rn,∆v∈Rd

{−u(x)T∇xK(x)∆z[u(x) + ∆v] + δT∆v

+ νT [u(x)∆z + x∆v + ∆v∆z]}+ fTu(x),

where in the last equation above we used the equality f −K(x)u(x) = 0 in order to cancel
some of the terms. After some algebraic manipulations, we obtain

l∗c(x, u(x), α(x), δ, ν) = infimum
∆z∈Rn,∆v∈Rd

{[νT − u(x)T∇xK(x)][∆zu(x) + ∆z∆v]

+[δT + νTx]∆v}+ fTu(x).

At this point, we can see that if we choose the vectors ν(x)T = u(x)T∇xK(x) and δ(x)T =
−ν(x)Tx, we obtain

l∗c(x, u(x),Γc(x)) = fTu(x). (28)

Equation (28), together with the weak duality property (26) and definition (20), prove
that Γc(x) = (α(x), δ(x), ν(x)) chosen as (27), is an optimal solution for the dual problem
Φc(x, u(x)), with an optimal value

Φc(x, u(x)) = fTu(x),

which means that strong duality property holds, as it was stated.
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Corollary 1. The following equalities hold

w(x) = supremum
Γc

{l∗c (x, u(x),Γc)} = l∗c(x, u(x),Γc(x)) = fTu(x).

In addition, we have the following property for the l∗c -functions.

Property 1. The function l∗c defined by (23) is linear in x, and it has an explicit rep-
resentation, when the arguments are the displacement field uk = u(xk), and any optimal
Lagrange multipliers Γkc (for example, the ones given by (27)) related to a design xk. In
this case, the function l∗c is represented as

l∗c(x, u
k,Γc) =

{

l∗c(x, u
k, νk) = fTuk + νk

T
uk[xk − x], if u = uk,Γc = Γkc ,

−∞, otherwise.
(29)

Proof. Representation (29) is obtained by an algebraic manipulation of the definition for
the l∗c -function (23).

l∗c(x, u
k,Γkc ) = infimum

z∈Rn,v∈Rd

{fTv + αk
T
[f −K(z)v] + δk

T
[v − uk] + νk

T
[vz − ukx]}

= νk
T
uk[xk − x]

+ infimum
z∈Rn,v∈Rd

{fT v + αk
T
[f −K(z)v] + δk

T
[v − uk] + νk

T
[vz − ukxk]}

= νk
T
uk[xk − x] + l∗c (x

k, uk,Γkc )

= νk
T
uk[xk − x] + fTuk

= l∗c(x, u
k, νk).

For any Γc 6= Γkc , l
∗
c(x, u

k,Γc) represents an unbounded minimization problem, which
implies that l∗c (x, u,Γc) = −∞.

Note the simplified notation l∗c (x, u
k, νk) that has been introduced here. According to (29),

this notation is more convenient, and will be used instead of l∗c(x, u
k,Γkc ). The Lagrange

multiplier νk can be expressed (after (27)) as

νk =
(

uk
T
K1 uk

T
K2 . . . uk

T
Kn

)T

. (30)

As a consequence, the function l∗c (x, u
k, νk) can be explicitly represented, when its argu-

ments are the Lagrange multipliers given by (27)

l∗c (x, u
k, νk) =fTuk + νk

T
ukxk − νk

T
ukx

=fTuk +

n
∑

j=1

xkju
kTKju

k −

n
∑

j=1

xju
kTKju

k.
(31)

3.2 Master Problem

The results from the previous section allow us to give a sequence of equivalent formulations
of the minimum compliance program (2), leading to the proposed GBD formulation of this
problem. We start with the following result.

Proposition 2. Suppose (x1, u1) . . . , (xP , uP ), are all feasible points for problem (2).
Suppose as well that ν1, . . . , νP are the corresponding optimal Lagrange multiplier vectors
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given by (27). If (x∗, u∗) is an optimal solution for problem (2), then (x∗, y∗), y∗ = fTu∗

is an optimal solution for the problem

minimize
x∈Rn,y∈R

y

subject to l∗c(x, u
k, νk) ≤ y, ∀ k = 1, . . . , P,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n.

(32)

Proof. After the optimality of (x∗, u∗) for problem (2), it follows that (x∗, u∗) satisfies the
conditions ρTx∗ ≤M , Ax∗ ≤ b, x∗ ∈ {0, 1}n, and K(x∗)u∗ = f . Considering an arbitrary
k in {1, . . . , P}, and evaluating the l∗c -function (given by (29)) in x∗, we have

l∗c (x
∗, uk, νk) = fTuk + νk

T
uk[xk − x∗]. (33)

For νk given by (27), (33) can be written as

l∗c (x
∗, uk, νk) = fTuk + uk

T
∇xK(x)uk[xk − x∗] = fTuk +

n
∑

j=1

uk
T
Kju

k[xkj − x
∗
j ].

After (9), w(x) = fTK(x)−1f is the explicit representation of the compliance as a function
of x. It is known that −

∑n
j=1

xju(x
′)TKju(x

′) = ∇xw(x′)Tx for an arbitrary x′ ∈ {0, 1}n

(see [7]), and that w(xk) = fTK(xk)−1f = fTuk. Hence, we can write

l∗c(x
∗, uk, νk) = w(xk) +∇xw(xk)T [x∗ − xk]. (34)

Since the compliance w(x) is a convex function in [0, 1]n (see [25]), we have that

w(xk) +∇xw(xk)T [x∗ − xk] ≤ w(x∗) = y∗. (35)

Equations (34) and (35) imply that

l∗c(x
∗, uk, νk) ≤ y∗. (36)

Inequality (36) was obtained for an arbitray k ∈ {1, . . . , P}. Therefore, this inequality is
satisfied for all k = 1, . . . , P .

l∗c (x
∗, uk, νk) ≤ y∗, ∀ k = 1, . . . , P,

which is enough to prove that (x∗, y∗) is feasible for (32). Now, suppose that (x∗, y∗ =
w(x∗) = fTu∗) is not optimal for (32). Thus, there exists (x∗∗, y∗∗), optimal solution of
(32) with y∗∗ < y∗. The existence of (x∗∗, y∗∗) follows from the feasibility of (32), and
from the fact that the linear functions

hk : [0, 1]n −→ l∗c (x, u
k, νk), k = 1, . . . , P,

are bounded from below. In addition, we have that x∗∗ 6= x∗, since x∗ does not satisfy the
constraint l∗c(x

∗, u∗, ν∗) ≤ y∗∗, since l∗c(x
∗, u∗, ν∗) = w(x∗) = y∗ > y∗∗. On the other hand,

there exist the corresponding vectors u∗∗ and ν∗∗. Then, l∗c (x
∗∗, u∗∗, ν∗∗) = w(x∗∗) ≤ y∗∗

implies that w(x∗∗) < w(x∗). It is possible to check that (x∗∗, u(x∗∗)) is a feasible point
for problem (2), with a smaller objective function than (x∗, u∗). This is a contradiction
with the optimality of (x∗, u∗) for problem (2), proving the optimality of (x∗, y∗) for the
program (32).

An important consequence of Proposition 2 is that the cuts

l∗c (x, u
k, νk) ≤ y, k ∈ {1, . . . , P},

are valid cuts, being always satisfied for any optimal solution (x∗, u∗) of problem (2).
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3.3 GBD Approach

Program (32) is called the master problem, and includes a too large number of constraints
(P grows exponentially with the size of the problem). Obviously, this problem is impossible
to solve as stated in practice. The solution to this difficulty is to relax the master problem
(32), by considering only a few of the l∗c -constraints. Thus, after including N ≪ P of these
constraints l∗c(x, u

k, νk) ≤ y, k = 1, . . . , N , the relaxed master problem is set to

minimize
x∈Rn,y∈R

y

subject to l∗c(x, u
k, νk) ≤ y, ∀ k = 1, . . . , N,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n.

(37)

The idea behind GBD is that for a certain N ≪ P , the solutions of the programs (32) and
(37) are the same.

In this way, each l∗c function represents a linear constraint in the master problem, which
is called an optimality cut, or a compliance cut. Thus, the optimality cut related to xk is
given by

−νk
T
ukx− y ≤ −fTuk − νk

T
ukxk.

The relaxed master problem for the minimum compliance problem can, thus, be repre-
sented explicitly as the linear mixed 0 – 1 program

minimize
x∈Rn,y∈R

y

subject to −νk
T
ukx− y ≤ −fTuk − νk

T
ukxk, k = 1, . . . , N,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n,

(Pc)

where νk is given by (30). (Pc) is the representation of the relaxed master program used
in the numerical experiments in the second part of the article.

3.4 Principle Behind the GBD Algorithm

The principle behind the GBD algorithm is the following. At some stage of the algorithm
(say at iteration N), N relaxed master problems have been solved. Let us suppose for
simplicity, that for each relaxed master problem, exactly one optimal solution has been
found. The situation can be easily generalized if the relaxed master problem possesses
more than one solution. Therefore, there are in total N candidate designs. For each of
them, the compliance wk = w(xk) = fTu(xk), k = 1, . . . , N , has been computed, and
the smallest of them is set as the current upper bound UBN for the minimum compliance
design, i.e.,

UBN = min{w1, w2, . . . , wN}.

If w∗ is the global optimal compliance of the original, i.e. the non relaxed, master program
(32), then we have that

w∗ = min
k
{wk} ≤ UBN . (38)
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The existence of w∗ is guaranteed from the finiteness of {0, 1}n. Let Y N be the optimal
value of the relaxed master problem (Pc) at iteration N . Then, consider the fact that
this master problem corresponds to the relaxed master problem of the previous iteration
N−1, plus one additional constraint. This extra constraint is the one added at the current
iteration. This implies that the relaxed master problem at iteration N is necessarily
more constrained that the relaxed master problem at iteration N − 1. Hence, there is
consequently a relationship between the optimal values of two consecutive relaxed master
problems

Y N−1 ≤ Y N .

It follows that the sequence of optimal values of the relaxed master problems solved until
iteration N , forms a monotone non decreasing sequence

Y 1 ≤ Y 2 ≤ . . . ≤ Y N−1 ≤ Y N .

Remember that the relaxed master problem is a simplified version of the original master
problem, where most of the constraints have been removed. We conclude that the solution
of the relaxed master problem (Pc), is bounded at any iteration by the solution of the
original master problem (32), i.e.,

Y N ≤ w∗ (39)

The inequalities (38) and (39) can be written together as

Y N ≤ w∗ ≤ UBN .

The GBD technique is based on the expectation that these two sequences of bounds
(Y N , UBN ) will converge to the optimal value w∗ in a finite number of iterations. This
assumption is indeed, proven in the next sections. For a more detailed description of the
algorithm in a general framework, we refer the reader to [15].

4 Statement of the Method

In this section, we present the formal statement of the Generalized Benders’ Decomposition
(GBD) method to solve the minimum compliance problem (2). The assumptions consid-
ered are the same as in the previous sections, i.e. assumptions (A-1) – (A-4). The stiffness
matrix is given by assumption (A-1) and equations (5) and (6), with re-enforcement pa-
rameter ηs > 0. Generalizations to the pure topology case and the multiple load case
problems are shown in the second part of this article [22].

Algorithm 1

1. Set N = 1, the upper bound UB = +∞, the lower bound y∗ = −∞ and the
convergence tolerance ǫ ≥ 0. Find an initial design x1 ∈ [0, 1]n (x1 does not have to
satisfy x1 ∈ {0, 1}n) satisfying ρTx1 ≤ M and Ax1 ≤ b. Compute the displacement
field u1 = K(x1)−1f and the compliance C1 = fTu1.

2. Solve the first relaxed master problem

minimize
x∈Rn,y∈R

y

subject to −
n
∑

j=1

xju
1TKju

1 − y ≤ −fTu1 −
n
∑

j=1

x1
ju

1TKju
1,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n,

(M1)
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by any solver for linear-mixed integer programming. If the problem is infeasible,
stop and exit. Increase the mass bound M and restart. If the problem is feasible,
it necessarily has at least one optimal solution. This comes from the fact that the
function

h : {0, 1}n −→ R, h(x) = u1TKju
11T (x1 − x)

is bounded from below. Consequently, the value of y in the program (M1) is bounded
from below. Denote the found solution of (M1) by (x∗, y∗), and its optimal value y∗.
Set N = 2 and set the solution index i∗ = 2.

3. Set xN = x∗. Find a displacement field uN satisfying the equilibrium equations and
compute its compliance CN = fTuN . If CN < UB, then set UB = CN and i∗ = N .

4. If UB − y∗ ≤ ǫ, then stop. The optimal design found is xi
∗
, with optimal value

fTui
∗
. Otherwise, go to step 5.

5. Solve the relaxed master problem

minimize
x∈Rn,y∈R

y

subject to −νk
T
ukx− y ≤ −fTuk − νk

T
ukxk, k = 1, . . . , N,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n,

(40)

with
νk =

(

(K1u
k)T (K2u

k)T . . . (Knu
k)T

)T
,

by any solver for linear-mixed 0 – 1 programming. Denote the solution of this
program (x∗, y∗), and its optimal value y∗. Set N ← N + 1. Return to step 3.

5 GBD for Minimum Weight Problems

In this section, we discuss the details of a Generalized Benders’ decomposition (GBD)
method for the minimum weight problem (3), under assumptions (A-1) – (A-4). We
follow the same steps as for the minimum compliance problem (2), developed in Section 3.
We start by remarking that the weight function is a linear function in the design variables,
and it is independent of the displacements. Therefore, only one optimality cut is necessary
to represent the weight function exactly. This cut is identical to the weight function

l∗w(x) = ρTx.

5.1 Feasibility of the Compliance

The next aspect to consider is the situation where the current design at a certain iteration
of the algorithm does not satisfy the compliance constraint fTu ≤ C. This case is treated
by including a set of feasibility cuts for the compliance constraint in the master problem.
In order to describe these compliance feasibility cuts, the following result will be useful.

Proposition 3. Let x be a given design for which the equilibrium equations K(x)u−f = 0
possess at least one solution u(x). Then its compliance is infeasible, i.e., fTu(x) > C, if
and only if ∀ α ∈ R

d, ξ ≥ 0, δ ∈ R
d, ζ ∈ R

nd, ψ ∈ R
n, it holds that

lc∗(x, u(x), α, ξ, δ, ζ, ψ) < 0, (41)

where lc∗ is defined as
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lc∗(x, u, α, ξ, δ, ζ, ψ) := supremum
z∈Rn,v∈Rd

{αT [K(z)v − f ] + ξ[C − fT v]

+ δT [v − u] + ζT [zv − xu] + ψT [z − x]}.
(42)

Proof. Let us introduce, for simplicity, the following notation

lc∗(x, u,Γw) := lc∗(x, u, α, ξ, δ, ζ, ψ), (43)

where Γw ∈ R
2d+n+nd × R+ is defined as the vector

Γw = (α, ξ, δ, ζ, ψ), α ∈ R
d, ξ ∈ R+, δ ∈ R

d, ζ ∈ R
nd, ψ ∈ R

n.

Consider first an arbitrary x, such that the equilibrium K(x)u− f = 0 possesses at least
one solution u(x). Suppose that its compliance satisfies fTu(x) ≤ C. Then, evaluating
z = x, v = u(x) in (42) and (43), we obtain the inequality

lc∗(x, u(x),Γw) ≥ αT [K(x)u(x) − f ] + ξ[C − fTu(x)]+ δT [u(x)− u(x)]
+ζT [xu(x)− xu(x)] + ψT [x− x]

≥ ξ(C − fTu(x)) ≥ 0, ∀ ξ ∈ R
+,

and hence, lc∗(x, u(x),Γw) ≥ 0, ∀ Γw. Now suppose that x is such that its compliance is in-
feasible, i.e., fTu(x) > C. We will show that there exists Γw(x) = (α(x), ξ(x), δ(x), ζ(x), ψ(x)),
such that (41) holds, and one particular choice of vectors satisfying (41), is given by

α(x) = u(x), ζ(x) = −∇xK(x)u(x),
ξ(x) = 1, ψ(x) = 0,
δ(x) = f − u(x)TK0.

(44)

If now we make the change of variables: z = x + ∆z, v = u(x) + ∆v, and use that the
stiffness matrix K(z) is affine (i.e., K(x+∆z) = K(x)+∇xK(x)∆z), then we can simplify,
group common terms, and obtain

lc∗(x, u(x),Γw) = ξ(C − fTu(x)) +
supremum

∆v∈Rd,∆z∈Rn

{ ∆z{αT∇K(x)u(x) + ζTu(x) + ψ}

+∆v{αTK(x) + δT + ζTx− ξf}
+∆v∆z{αT∇K(x) + ζ}

}.

In order to have that lc∗(x, u(x),Γw) < +∞, the Lagrange multipliers must satisfy

αT∇K(x)u(x) + ζTu(x) + ψ = 0,
αTK(x) + δT + ζTx = ξf,

αT∇K(x) + ζ = 0.

This is obtained, in particular, when using the vectors given by (44). We have therefore
that

lc∗(x, u(x),Γw(x)) = C − fTu(x) < 0.

There is also a property for the linearity in x, and the explicit representation of the lc∗-
functions.

39



Property 2 The function lc∗ defined by (42) is linear in x, and has an explicit repre-
sentation, when the arguments are the Lagrange multipliers given by (44). This explicit
representation is given by

lc∗(x, u
k,Γkw) := lc∗(x, u

k, ζk) := C − fTuk + ζk
T
uk[xk − x].

Note the simplified notation lc∗(x, u
k, ζk) that has been introduced here. For practical

reasons, this notation is better suited than lc∗(x, u
k,Γkw), and will therefore be used in the

rest of the article.
This last property allows us to formulate a master problem for the minimum weight

problem (3), including cuts to prevent designs, for which the compliance constraint is not
satisfied. The relaxed master problem for the minimum weight problem (3) is given by

minimize
x∈Rn,y∈R

y

subject to l∗w(x) ≤ y,
lc∗(x, u

k, ζk) ≥ 0, ∀ k = 1, . . . , N,
Ax ≤ b,
x ∈ {0, 1}n.

Considering the explicit representation of the l-functions, we can get the following explicit
representation for the relaxed master problem

minimize
x∈Rn,y∈R

y

subject to ρTx ≤ y,

ζk
T
ukx ≤ C − fTuk + ζk

T
ukxk, ∀ k = 1, . . . , N,

Ax ≤ b,
x ∈ {0, 1}n.

(Pw)

6 Finite Convergence of the Method

The proof of finite convergence of the Genralized Benders’ Decomposition (GBD) method
for the minimum compliance problem (2) is presented in this Section. We consider the
single load case, and the assumptions (A-1) – (A-4).

Theorem 2 (Finite Convergence). Consider the design space XD = {0, 1}n and the as-
sumptions (A-1) – (A-4). The GBD algorithm (Algorithm 1 in Section 4), for the single
load minimum compliance problem (2), terminates in a finite number of iterations for any
given convergence tolerance ǫ ≥ 0.

Proof. The proof is similar to the proof of Theorem 2.4 in [15]. If problem (2) is infeasible,
the master problem (40) will exit with an infeasibility flag in the first iteration, stopping
the algorithm.

Otherwise, the sequence {xk, yk}k of solutions of the relaxed master problem will
satisfy the stopping criterion, at latest when two elements of this sequence have their
0 – 1 variables identical (i.e. xm = xn, m 6= n). First, fix the convergence tolerance
ǫ ≥ 0 arbitrarily. Consider (xm, ym) being the solution of the relaxed master problem at
iteration m.

1. Solve the equilibrium equations K(xm)u = f , obtaining the displacement field um.
Its compliance is given by fTum, satisfying fTum < ∞. Let UBm be the current
best compliance found until iteration m. Then, we necessarily have
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UBm ≤ fTum.

On the other hand, as shown in Proposition 1, there exist an optimal multiplier
vector νm and a solution um of the equilibrium equations. It is then possible to add
the cut l∗c(x, u

m, νm) ≤ y to the master problem.

Let y∗m be the optimal value of the master problem at iteration m. Then, y∗m is a lower
bound of the optimal solution of the minimum compliance problem (2). The sequence
{y∗k} is monotone non decreasing, i.e., y∗k ≤ y∗l , for k ≤ l. Suppose now that in a future
iteration of the algorithm (say iteration m + n0, where n0 is a positive integer number),
the pair (xm, ym+n0) turns out to be the solution of the master problem, i.e., xm+n0 = xm.
Since (xm+n0 , ym+n0) = (xm, ym+n0) is optimal for the master problem at iteration m+n0,
then (xm, ym+n0) must, in particular, satisfy:

l∗c(x
m, um, νm) ≤ ym ≤ ym+n0

.

Then, the strong duality result (Proposition 1) states that

l∗c(x
m, um, νm) = fTum,

where fTum is the compliance at the iteration m. We have the set of inequalities:

UBm ≤ fTum = l∗c(x
m, um, νm) ≤ ym ≤ ym+n0

⇐⇒ UBm ≤ ym+n0
.

This last inequality implies that the stopping criterion is satisfied, even for ǫ = 0. In
summary, we have that the sequence {xk, yk}k ((xk, yk) ∈ {0, 1}n × R) will satisfy the
stopping criterion whenever xk = xl, k 6= l. This fact, combined with the finiteness of the
design space {0, 1}n, implies that the stopping criterion will be reached in a finite number
of steps. Since m is arbitrary, this finishes the proof.

7 Convergence to Global Optima of GBD

In this section, we prove convergence to a global optimum of the presented Generalized
Benders’ Decomposition (GBD) method applied to the problems (2) and (3). Previously,
several authors have shown convergence results for GBD methods applied to particular
classes of nonlinear mixed-integer optimization problems. Convergence to global optima
of the GBD for a class of problems, where the objective and constraints are convex in the
continuous variables and linear in the discrete variables is shown in [28]. A general study
of the convergence properties of the GBD method, and in particular valid arguments for
the convergence to global optima, were presented in [23], when a continuous relaxation of
the projected problem on the discrete variables is convex.

Theorem 3 (Convergence to Global Optimum). If the assumptions (A-1) – (A-4) hold,
then the GBD algorithm (Algorithm 1 in Section 4) applied to the minimum compliance
problem (2), and adapted to the minimum weight problem (3), converges to a global opti-
mum in a finite number of steps.

Proof. We show the proof for the minimum compliance problem (2). The proof for the
minimum weight problem (3) is analogous.
In the previous section it was proved that the GBD method converges in a finite number
of steps N . Denote the best design obtained by the GBD algorithm by x∗, its compliance
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value w(x∗), and an exact optimal value of the master problem (40) at convergence by y∗.
This means that (x∗, y∗) is an exact optimal solution of the program

y∗ = minimize
x∈Rn,y∈R

y

subject to −
n
∑

j=1

xju
kTKju

k − y ≤ −2fTuk, ∀ k = 1, . . . , N.

x ∈ X,

(P ∗)

where X is defined by (4). We need to prove that w(x∗) is a ǫ-global optimum for the
mixed 0 – 1 minimum compliance problem (2). The convergence of the GBD algorithm
implies that

w(x∗)− y∗ < ǫ,

and that y∗ satisfies the system of inequalities

−
n
∑

j=1

xju
kTKju

k + fTuk +
n
∑

j=1

xkju
kTKju

k ≤ y∗, ∀ k = 1, . . . , N. (45)

It is known that −
∑n

j=1
xju(x

′)TKju(x
′) = ∇xw(x′)Tx for an arbitrary x′ ∈ XM (see for

example [7]). Then (45) can be rewritten as

∇xw(xk)T (x− xk) + w(xk) ≤ y∗, ∀ k = 1, . . . , N.

Suppose now that x∗ is not a ǫ-global optimum of the minimum compliance problem (2).
This means that there exists x∗∗ ∈ X, such that

w(x∗∗) < w(x∗)− ǫ and w(x∗∗) < y∗. (46)

Since the continuous relaxation of the projection of the compliance on the x-space, w(x)
is a convex function (see [25]), it satisfies

w(x∗∗) ≥ w(x) +∇xw(x)T (x∗∗ − x), ∀ x ∈ [0, 1]n.

In particular, this last condition is satisfied by the finite set of feasible designs {xk, k =
1, . . . , N}, obtained by the GBD algorithm

w(x∗∗) ≥ w(xk) +∇xw(xk)T (x∗∗ − xk), ∀ k = 1, . . . , N,

and we have that the pair (x∗∗, w(x∗∗)) satisfies all the constraints of the program (P ∗).
Therefore, (x∗∗, w(x∗∗)) is a feasible point to the program (P ∗), and hence it must satisfy
w(x∗∗) ≥ y∗, which is a contradiction to (46). This completes the proof.

8 The Outer-Approximation Method

In this section, we briefly present the application of the Outer-Approximation method
(OA, see [11], [12, 13], and [21]) to the minimum compliance problem (2). We are inter-
ested in how OA is related to the presented Generalized Benders’ Decomposition (GBD)
method, within in the context of this particular class of optimization problems. These two
techniques have been linked and compared for mixed-integer problems in some studies, see
e.g., [11]. The theory behind both methods rely mainly on the projection theory. The OA
method relies on the representation of convex sets by a collection of supporting planes,
while GBD uses duality theory to generate supporting planes. The OA method requires
almost the same assumptions as GBD, except that it requires in addition, convexity of
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the objective and constraint functions, and compactness of the domain related to the con-
tinuous variables. As a consequence, in order to apply this technique to the minimum
compliance problem (2), it is necessary to modify its formulation to satisfy the convexity
requirement. The reformulation of the minimum compliance problem (2) we use, is the
following

minimize
x∈Rn,y∈R

y

subject to fTK(x)−1f ≤ y,
x ∈ X,
y ∈ [fL, fU ],

(47)

where fL, fU are valid finite bounds for the objective function, and X is defined by (4).
Furthermore, OA requires some constraint qualifications to hold. In this case, problem
(47) satisfies some constraint qualifications for a fixed x. In addition, the function

C(x, y) : [0, 1]n × R −→ R, C(x, y) = fTK(x)−1f − y,

is a convex function ([25]). Nevertheless, this formulation requires the existence of the
inverse of the stiffness matrix. Therefore, the assumption (A-1) must consider only positive
definite stiffness matrices, i.e., K0 ≻ 0 (ηs > 0), and no further generalization can be
done. The OA method is based on the representation of the feasible set by a collection of
supporting planes. Thus, the feasible set of the problem defined by (47) can be represented
in an equivalent way as

fTK(xk)−1f +∇x(f
TK(xk)−1f)T [x− xk] ≤ y, ∀ xk ∈ X,

x ∈ X,
y ∈ [fL, fU ].

(48)

The gradient of the function C(x, y) = fTK(xk)−1f−y is given by ∂
∂x
C = ∂

∂x
(fTK(xk)−1f) =

−u(xk) ∂
∂x
K(xk)u(xk), where u(xk) = K(xk)−1f , and ∂

∂y
C = −1, see, for example [7]. Us-

ing this result, and the representation (48), we can formulate the following optimization
program

minimize
x∈Rn,y∈R

y

subject to
d(xk)Tx− y ≤ −fTu(xk) + d(xk)Txk, ∀ xk ∈ X,
x ∈ X,
y ∈ [fL, fU ],

(PO)

where d(xk) = ∂C(xk,y)
∂x

=
(

−uk
T
K1u

k −uk
T
K2u

k · · · −uk
T
Knu

k

)T

. We have the

following result.

Theorem 4. Program (PO) is equivalent to the minimum compliance problem (47), in
the sense that (x∗, y∗) solves (47), if and only if it solves (PO).

Proof. This theorem is a corollary of Theorem 1 in [21], applied to the program (47).

We finish by comparing the formulation of the OA problem (PO), with the master
problem of the GBD (Pc) in the re-enforcement case. We see that the cuts in (PO) are
exactly the same as the ones in (Pc). However, we can note two differences. The first
one is the condition y ∈ [fL, fU ] in (PO), which is a necessary condition in order to have
compactness in the feasible set for the variable y, and be able to use Theorem 1. In
practice, this condition is unnecessary, since the function y : {0, 1}n −→ R,
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y(z) = fTK(xk)−1f +∇x(f
TK(xk)−1f)T [z − xk],

is bounded from below. Therefore, y = y(z) is bounded from below as well. The bound
from above is not necessary either, since (PO) is a minimization program. The second
difference is the number of cuts included. (PO) includes one cut per feasible design xk,
which corresponds to a finite number of cuts, but it is still too many for numerical purposes.
This situation is solved in the same way as in the GBD method, i.e., by a relaxation
process. After the relaxation process, we obtain an algorithm which is equivalent to the
GBD algorithm (Algorithm 1 in Section 4).

9 GBD and Semidefinite Programming

In this section, we briefly present the application of a SemiDefinite Programming (SDP)
formulation of the minimum compliance problem (2). For details about semidefinite pro-
gramming, see for example [4], [10], [18], and [26]. Previously, there have been a number of
studies about the application of semidefinite programming to minimum compliance prob-
lems with continuous design variables, see e.g. [1] and [5]. We show a clear relationship
between the Generalized Benders’ Decomposition (GBD), and a semidefinite programming
formulation for the 0 – 1 minimum compliance problem (2). We keep all the assumptions
stated previously, except that assumption (A-1) is considered with ηs ≥ 0. Therefore, we
treat here the pure topology case. We start by restating an important result from [1],
about the compliance function and the equilibrium equations.

Proposition 4. Let x ∈ R
n, x ≥ 0, and y ∈ R be fixed. There exists u ∈ R

d satisfying

K(x)u = f and fTu ≤ y,

if and only if
(

y −fT

−f K(x)

)

� 0.

In particular, Proposition 4 is valid if x ∈ {0, 1}n. This allows us to equivalently reformu-
late the minimum compliance problem (2), as the mixed 0 – 1 semidefinite program

minimize
x∈Rn,y∈R

y

subject to

(

y −fT

−f K(x)

)

� 0,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n.

(SDP-1)

The condition of semi-positiveness of the matrix in the program (SDP-1)

(

y −fT

−f K(x)

)

� 0

can be expressed in an equivalent way as

(

α

v

)T (

y −fT

−f K(x)

)(

α

v

)

≥ 0 ∀ α ∈ R, v ∈ R
d

= α2y − 2αvT f + vTK(x)v ≥ 0 ∀ α ∈ R, v ∈ R
d.
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Without any loss of generality, we can consider only the case α = 1 (this can be shown,
by separately considering the cases α = 0 and α 6= 0), in which case it becomes

y − 2vT f + vTK(x)v ≥ 0, ∀ v ∈ R
d

⇐⇒ −vTK(x)v − y ≤ −2vT f, ∀ v ∈ R
d.

The mixed 0 – 1 formulation (SDP-1) of the minimum compliance problem (2), can there-
fore be rewritten as

minimize
x∈Rn,y∈R

y

subject to −vTK(x)v − y ≤ −2vT f, ∀ v ∈ R
d,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n.

(SDP-2)

Note that (SDP-2) is a semi-infinite linear mixed 0 – 1 program. Many of the constraints
can be discarded, obtaining as a result, a finite mixed 0 – 1 linear system. The constraints
in the (SDP-2) formulation includes

−vTK(x)v − y ≤ −2vT f, ∀ v ∈ R
d, (49)

which are equivalent to
Gx(v) ≤ y, ∀ v ∈ R

d, (50)

where Gx : R
n −→ R is the concave quadratic function

Gx(v) = −vTK(x)v + 2vT f.

If xk ∈ {0, 1}n is such that the function Gxk(v) has a maximizer, then we can replace the
set of constraints (50) by the smaller set of constraints

Gxk(v) ≤ y, ∀ v ∈ R
d maximizer of Gxk(v). (51)

Since Gxk(v) is a concave function, Gxk(v) has a maximizer, if and only if the first order
optimality condition G′

xk(v) = 0 has at least one solution. Note that G′
xk(v) = 0 implies

the equilibrium equations K(xk)v = f . Then, if uk is a solution of the equilibrium
equations, we have the valid cut

2fTuk − uk
T
K(x)uk ≤ y. (52)

On the other hand, if x∗ is such that Gx∗(v) has no maximizers, the equilibrium equations
have no solutions and the function Gx∗(v) is unbounded. As a consequence, ∀ y ∈ R, there
exits v∗ ∈ R

d, such that
y − 2v∗

T f + v∗
TK(x∗)v∗ < 0. (53)

If x∗ is an optimal solution of the problem (2), we need to find y = y∗ ∈ R, v∗ ∈ R
d, such

that (53) is still valid for x∗, but not for x∗

y∗ − 2v∗
T f + v∗

TK(x∗)v∗ ≥ 0. (54)

Following Proposition 4, a sufficient condition to have the inequality (54) holding, is that
y∗ satisfies y∗ ≥ C(x∗). That is, y∗ must be an upper bound for the optimal value of
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the compliance (i.e., we set y∗ = UB, where UB denotes an upper bound for the optimal
compliance). If λ∗ ∈ R

d is a solution of the feasibility program

H2(x∗) = minimize
λ∈Rd

0Tλ

subject to −2fTλ+ λTK(x∗)λ < 0,

then the couple y∗ = UB, v∗ = λ∗ creates a valid feasibility cut. In other words, these
results imply that we can exclude the design x∗ from the feasible set of the master problem,
by including the constraint

UB − 2λ∗
T f + λ∗

TK(x)λ∗ ≥ 0. (55)

Constraints of the type of (55) will be called SDP feasibility cuts or simply SDP cuts.
Considering that there could eventually exist infinite maximizers in (51), as well as infinite
solutions for the program H2(x), we have still potentially an infinite number of SDP cuts
to include (v∗ and y∗ are not necessarily unique). It is possible to prove that it is enough
to consider only one SDP cut per design. First, if Gxk(v) has one or several maxima, any
of them produces a valid constraint as (52), preventing xk from being the 0 – 1 part of
an optimal solution at the next master problem (unless the stopping criterion is satisfied
and xk is the optimal solution obtained by the algorithm). The inclusion of other maxima
leads to alternative optimality constraints and could potentially speed up the convergence
of the algorithm, but they are not necessary to guarantee convergence. Second, if Gx∗(v)
has no maxima, then x∗ is an infeasible design. It is enough to find one λ∗, solution of
H2(x∗), to assure that the SDP cut (55) excludes x∗ from the feasible set of the master
program.

In summary, the infinite system of constraints (49) is equivalent to the finite set of
constraints

Gx(u
k) ≤ y, uk ∈ R

d satisfies K(xk)uk − f = 0
UB −Gx(λ

k) ≥ 0, if K(xk)v − f = 0 has no solutions,
(56)

with λk a solution of the program H2(x
k). After the equivalence between the sets of

constraints (49) and (56), we can state a finitely constrained program, equivalent to (SDP-
2), given by

minimize
x∈Rn,y∈R

y

subject to −uk
T
K(x)uk − y ≤ −2fTuk, K(xk)v − f = 0 feasible,

−λk
T
K(x)λk ≤ UB − 2fTλk, K(xk)v − f = 0 infeasible,

ρTx ≤M,

Ax ≤ b,
x ∈ {0, 1}n.

(SDP-3)

Problem (SDP-3) provides a basis for an alternative algorithm to solve the minimum
compliance problem (2). This algorithm should be tested in numerical examples. In the
case of the minimum weight problem (3), only minor changes must be done to formulate
the corresponding semidefinite programming problem.

10 Final Remarks

The proposed Generalized Benders’ Decomposition (GBD) method has been applied to
minimum compliance and minimum weight topology optimization problems, considering
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a single load condition and a re-enforcement scenario. It was proven that the method
converges to a global optimum in a finite number of iterations. This is mainly a conse-
quence of two conditions. First, the convexity of the compliance as a function of the design
variables and second, a strong duality property holding for the subproblem, even though
this subproblem is not convex. The method has been linked to, and compared with the
Outer-Approximation method and Semi-Definite Programming (SDP) formulations of the
considered problems. In particular, GBD and OA generate the same optimality cuts in
the re-enforcement situation. The SDP formulations generate slightly different cuts, which
can be used to accelerate the rate of convergence in numerical computations. The algo-
rithm has been explicitly formulated and numerical experiments will indicate the practical
skills of the algorithm. In addition, the generalization to pure topology optimization prob-
lems with multiple load conditions are natural steps to follow the theoretical investigation
presented herein. These generalizations and numerical experiments are presented in the
second part of this article ([22]).
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Abstract

This two part article considers the non-linear mixed-integer optimization programs
that appear in structural topology optimization. The main objective of this work is
to present a generalized Benders’ decomposition (GBD) method for solving single
and multiple load minimum compliance (maximum stiffness) and minimum weight
problems to global optimality. The GBD technique is a classical method for mixed-
integer programming, in which the non-linear mixed-integer program is replaced by a
sequence of linear mixed-integer programs.

Part one presents the theoretical aspects of the method, including a proof of finite
convergence and conditions for obtaining global optimal solutions to single load re-
enforcement problems, i.e. structural optimization problems for which no holes can be
created. The method is also linked to, and compared with the Outer-Approximation
approach and 0 – 1 semidefinite programming formulations of the considered problems.

In the second part, the method and the theoretical results are generalized to pure
topology optimization problems under multiple load conditions. Several ways to accel-
erate the method are suggested and an implementation is described in detail. Finally,
a set of truss topology optimization problems are numerically solved to global opti-
mality. .
.

Mathematical Subject Classification (2000): 90C90, 74P05, 74P15

Keywords: Structural Topology Optimization, Global Optimization, Generalized
Benders’ Decomposition.

1 Introduction

We consider structural topology optimization problems with discrete design variables, in
particular classical minimum compliance (maximum stiffness) and minimum weight prob-
lems. We study the mentioned problems in non-linear mixed 0 – 1 formulations, both
from the theoretical and numerical points of view. The theoretical properties of a gen-
eralized Benders’ decomposition (GBD) method applied to re-enforcement problems were
presented in the first part of this article ([16]). The GBD technique is based on solv-
ing a sequence of linear mixed-integer optimization programs (relaxed master problems),
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†Department of Mathematics, Technical University of Denmark (DTU), Matematiktorvet, B. 303 S,
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that approximate the original non-linear mixed-integer program. These programs can be
solved by any method for linear mixed-integer optimization, as for example, branch-and-
cut methods (see e.g. [20] and [25]), or branch-and-bound (see e.g. [10] and [13]). The
GBD algorithm presented in [16] for single load minimum compliance problems forms a
monotone sequence of lower and upper bounds of the optimal value. This sequence and
the corresponding sequence of optimal solutions to the relaxed GBD master problem, were
proven to converge in a finite number of iterations to the optimal value and a globally
optimal design, respectively.

In this part of the article, we present generalizations of the method to pure topology
optimization problems under multiple load conditions, i.e. problems including real void
as a candidate material. We also present an implementation of the method and suggest
several techniques to improve the rate of convergence. Finally, we report on the numerical
experience obtained with the method, when applied to the design of two-dimensional truss
structures.

This second part of the article is organized as follows. Section 2 restates the mixed 0
– 1 formulation of the considered minimum compliance and minimum weight problems,
as well as the assumptions considered in this part of the article. Section 3 presents the
extension of the GBD presented in the first part to pure topology optimization problems
and to problems with multiple load cases. Section 4 states the GBD method for multiple
load minimum weight topology optimization problems. In Section 5, we suggest several
techniques to accelerate the numerical performance of GBD method applied to topology
optimization problems. Section 6 describes the implementation of the method used in
the numerical experiments. Section 7 presents the numerical examples for the problems
treated in this article, and finally Section 8 contains a brief discussion of the presented
results and an outline of the future work in this research field that will be carried out.

2 Problem Statement

For completeness, and to make this part of the article self-contained, we repeat most of
the section Problem Statement from the first part of the article ([16]).

We consider a closed-bounded design domain Ωc ⊂ R
2 or Ωc ⊂ R

3, with ∂Ωc of class
C 1. The design space related to Ωc corresponds to the power set P (Ωc) of Ωc (i.e., the set
of all subsets of Ωc). P (Ωc) has infinite cardinality. For numerical purposes, the design
space Ωc is discretized into a finite set of n small design regions, ΩD = {D1, . . . ,Dn},
with ∪n

i=1Di = Ωc, Di ∩ Dj = ∅, if i 6= j. A 0 – 1 design variable is linked to each Di.
The discrete design space corresponds now to the power set of ΩD, P (ΩD), of cardinality
2n. Typically (but not necessarily), these design regions coincide with the finite elements
that are used to compute the response (displacements, stresses, etc.) of a structure under
loading. The design variables can represent thicknesses, areas, or densities of a given
isotropic design material in each of the elements. They can also, as in the case of design
of composite structures, represent a choice of available composite materials. A design
is characterized by a vector element x in the discrete design set χD = {0, 1}n, where
n is the number of design variables induced by the discretization. In order to ensure
that the problem is mathematically well formulated, we assume that suitable boundary
conditions and external loads are imposed. The design problem consists in finding the
optimal vector x∗ ∈ χD that minimizes the objective function (compliance, weight, etc.),
under some restrictions in the design space χD. Throughout, we consider optimal design
of mechanical structures in linear elasticity, subjected to static forces. We assume that
the response of the structure is computed using the finite element method (see e.g. [3]).

The vector x ∈ χD will throughout be denoted the design variable vector, or simply
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the design variable. The elastic equilibrium equations relating an external force f applied
to the structure and the corresponding displacement u are given by

K(x)u = f. (1)

Here, u ∈ R
d is the vector of displacements, and f ∈ R

d represents a given external static
load for each of the d degrees of freedom introduced by the discretization of the design
space. The stiffness matrix K(x) ∈ R

d×d is a function of the design variable x, and we
assume that the load vector f is independent of the design x.

The first of the problems we study is the minimum compliance (maximum stiffness)
problem, which is formulated as

minimize
x∈Rn,u∈Rd

fTu

subject to K(x)u = f,

ρT x ≤M,

Ax ≤ b,

x ∈ χD = {0, 1}n.

(2)

In (2), M > 0 is the maximum amount of material allowed for the structure, and ρ ∈ R
n

is the vector of material densities. The constraints Ax ≤ b state a general set of linear
inequalities involving only the design variable. The second problem formulation we study,
is the minimum weight problem

minimize
x∈Rn,u∈Rd

ρT x,

subject to K(x)u = f,

fTu ≤ C,

Ax ≤ b,

x ∈ χD = {0, 1}n,

(3)

where C > 0 is the maximum allowed compliance for the structure. Problems (2) and (3)
are both non-linear mixed 0 – 1 programs. They are also non-convex problems, due to the
integer nature of the design variables, and the non-linearity of the equilibrium equations
(1).

Denote the sets

2.1 Assumptions

A summary of the important assumptions we consider throughout this article is the fol-
lowing:

(A-1) The stiffness matrix K(x) is symmetric, affine in x, and positive semi definite for all
x ∈ {0, 1}n. The matrix K(x) is given by

K(x) = K0 +
n

∑

j=1

xjKj, (4)

where Kj ∈ R
d×d is the symmetric positive semi definite element stiffness matrix for

the j-th design variable, and K0 ∈ R
d×d is a given symmetric positive semidefinite

matrix (K0 � 0). We assume that

K0 = ηs

n
∑

j=1

Kj , (5)
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with 0 ≤ ηs ≪ 1. In re-enforcement problems, we have ηs > 0, while ηs = 0 in pure
topology optimization problems. ηs will be called the re-enforcement parameter.

(A-2) The compliance and mass limits, C and M respectively, satisfy C > 0 and 0 < M <
∑n

j=1 ρj, where ρj ≥ 0 for all j = 1, . . . , n.

(A-3) The external load f ∈ R
d \ {0}.

(A-4) There are no special assumptions on A and b, except for the requirement that the
feasible set related to the constraint Ax ≤ b is non empty.

Assumptions (A-2) – (A-4) are identical to the corresponding assumptions in the first part
of the article [16]. The assumption (A-1) generalizes the first assumption in [16], since it
allows holes to be introduced in the structure.

3 Extensions of the Design Problem

In the first part of the article ([16]), we presented a Generalized Benders’ Decomposition
(GBD) method for the single load minimum compliance and minimum weight problems (2)
and (3), respectively. We considered the re-enforcement case, i.e. ηs > 0 in equation (5)
in assumption (A-1). Here we extend the presented method to pure topology optimization
problems, i.e. ηs = 0 in equation (5) in assumption (A-1), where infeasibility of the
equilibrium equations (1) may occur for a subset of the design space. Consequently, a
new type of cuts preventing this type of infeasibility is introduced. These cuts are the
so called GBD feasibility cuts. The second generalization presented here is the extension
to the multiple load case, where the worst-case compliance (over all load conditions) is
minimized. The master problems for these cases are formulated and some final remarks
are presented.

In the first part of the article, the relaxed GBD master problem for the single load
minimum compliance problem (2), was stated as

minimize
x∈Rn,y∈R

y

subject to l∗c(x, uk, νk) ≤ y, ∀ k = 1, . . . , N,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(6)

The relaxed GBD master problem for the minimum weight problem (3), was given by

minimize
x∈Rn,y∈R

y

subject to ρT x ≤ y,

lc∗(x, uk, νk) ≥ 0, ∀ k = 1, . . . , N,

Ax ≤ b,

x ∈ {0, 1}n,

(7)

where the functions, l∗c and lc∗ are defined as

l∗c(x, uk, νk) = fTuk + νkT
uk[xk − x],

lc∗(x, uk, νk) = C − fT uk + νkT
uk[x− xk], with

νk =
(

ukT
K1 ukT

K2 . . . ukT
Kn

)T

,

uk = K(xk)−1f,

(8)
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and xk is the solution of the k-th relaxed master problem. These master problems are
used in the investigations presented in this second part of the article.

Notation 1. In the definition of the functions l∗c and lc∗ given by (8), a special notation
is used. This notation will be used throughout the article. The expression

νkT
uk[xk − x] = νkT

ukxk − νkT
ukx,

should be understood in the following way. Each product of three terms

νT ux, with ν ∈ R
nd, u ∈ R

d, x ∈ R
n

is interpreted as

νTux =

d
∑

j=1

n
∑

k=1

ν(d[k − 1] + j)u(j)x(k).

In particular, using the expression of νk in (8), the νkT
ukxk terms are interpreted through-

out the article as

νkT
ukxk =

n
∑

j=1

xk
j u

kT
Kju

k.

3.1 Extension to General Topology Optimization Problems

The GBD method can be extended to the pure topology optimization case, where only
semidefiniteness of the stiffness matrix K(x) holds. This corresponds to consider the
assumption (A-1), with ηs = 0 in equation (5). This means that the stiffness matrix is no
longer affine, but linear in the design variables, i.e.,

K(x) =

n
∑

j=1

xjKj .

In this case, the matrix K(x) is in general singular. Thus, a design xk may eventually
lead to an infeasible set of equilibrium equations (1), preventing us to obtain a valid
displacement field uk. In case of infeasibility, we can not obtain a valid optimality cut (8)
for the master problem (6). In this situation, GBD includes a set of feasibility cuts, which
we derive in this section. We start by defining the linear least squares problem,

P1(x) = minimize
u∈Rd

‖ K(x)u− f ‖22

subject to ‖ u ‖2≤ Cls,
(9)

where Cls > 0 is a sufficiently large scalar. The following result is necessary to define the
feasibility cuts.

Proposition 1. Consider a stiffness matrix K(x) � 0. The equilibrium equations K(x)u−
f = 0 have no solutions, if and only if

ΦF(x) := infimum
λ∈Rd,φ∈Rnd

{supremum
z∈Rn,v∈Rd

{λT (K(z)v − f) + φT (vz − u∗(x)x)}} < 0, (10)
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where u∗(x) is any minimum norm solution

u∗(x) ∈ argmin
v∈Rd

P1(x),

and P1(x) is the least squares problem defined by (9). In particular, if we define

lf∗ (x, u, λ, φ) := supremum
z∈Rn,v∈Rd

{λT [K(z)v − f ] + φT [vz − ux]}, (11)

and set φ∗ = −λT∇xK(x), then l
f
∗ becomes

lf∗ (x, u, λ, φ∗) = λT K(x)u− fT λ. (12)

Proof. To prove that such u∗(x) exists, it is enough to prove that there exists a minimizer
of P1(x). This can be proven by using least squares theory for over-determined linear
systems in the rank-deficient case (rank(K(x)) < d), see for example [6, 7]. In particular,
the existence of a minimizer of P1(x) follows from the fact that in P1(x), a continuous
function is minimized over a closed bounded set (a compact set in R

d). P1(x) therefore
attains its extremes.

Note that problem (10) represents the dual formulation of the feasibility problem F(x),
given by

F(x) = supremum
z∈Rn,v∈Rd

0T z + 0T v

subject to K(z)v − f = 0,
vz − u∗(x)x = 0.

(13)

First, suppose that x is such that there exists a solution u(x) of the equilibrium equations
(1). It follows that since Cls is large enough, u(x) is at the same time, a solution of
the least squares problem (9). Therefore, we can suppose that u(x) = u∗(x). It is then
possible to see that (z = x, v = u(x)) is the unique optimal solution for (13). The weak
duality theorem (See [11], p. 149 or [8], p. 9) ensures that ΦF(x) ≥ F(x) = 0.

Suppose now that x is such that K(x)v − f = 0 has no solutions, and u∗(x) is a
minimizer of P1(x). We can show that there exist λ∗ ∈ R

d and φ∗ ∈ R
nd, for which

lf∗ (x, u∗(x), λ∗, φ∗) < 0.

These vectors are given explicitly by

λ∗ = λ(x) = f −K(x)u∗(x), (14)

φ∗ = φ(x) = −∇xK(x)λ∗. (15)

The definitions (10) of ΦF and (11) of l
f
∗ imply the validity of the inequality

ΦF(x) ≤ lf∗ (x, u∗(x), λ∗, φ∗). (16)

We make the changes of variables z = x + ∆z, v = u∗(x) + ∆v, and use the fact that the
stiffness matrix K(z) is linear in z (K(x + ∆z) = K(x) +∇xK(x)∆z). Then, we obtain

lf∗ (x, u∗(x), λ, φ) = supremum
∆z∈Rn,∆v∈Rd

{λT [[K(x) + ∆z∇xK(x)][u∗(x) + ∆v]− f ]

+ φT [u∗(x)∆z + ∆vx + ∆v∆z]}.

Since K(x) = ∇xK(x)x, we can simplify terms
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lf∗ (x, u∗(x), λ, φ) = supremum
∆z∈Rn,∆v∈Rd

{[φT + λT∇xK(x)][∆z∆v + u∗(x)∆z + x∆v]}

+ λT [K(x)u∗(x)− f ].

If we evaluate φ∗ = −∇xK(x)λ, then the supremum term is canceled

lf∗ (x, u∗(x), λ, φ∗) = λT K(x)u∗(x)− fT λ,

obtaining the representation (12) as wanted. To complete the proof, we need to find
λ∗ such that λ∗

T [K(x)u∗(x) − f ] < 0. There is an infinite number of vectors λ∗ ∈ R
d

satisfying this inequality. Take, for example λ∗ = f −K(x)u∗(x), in which case

l
f
∗ (x, u∗(x), λ∗, φ∗) = [f −K(x)u∗(x)]T [K(x)u∗(x)− f ]

= − ‖ K(x)u∗(x)− f ‖22< 0.

This last inequality, together with (16), finishes the proof.

Proposition 1 proves that if a given design xk is infeasible for the equilibrium (1), we can

find vectors uk
∗ , λk, and φk, such that l

f
∗ (xk, uk

∗ , λ
k, φk) < 0. By including the feasibility

cut l
f
∗ (x, uk

∗ , λ
k, φk) ≥ 0, we prevent the design xk from being feasible in the relaxed master

problem in the following iterations.
However, if x∗ is a global optimal solution for the considered problem, nothing ensures

that x∗ satisfies this feasibility cut, i.e. we can not ensure that x∗ satisfies l
f
∗ (x∗, uk

∗ , λ
k, φk) ≥

0. In order to do so, we start by recalling an equivalent reformulated version of a propo-
sition stated and proved in [1].

Proposition 2. Let x ∈ R
n, x ≥ 0, and y ∈ R be fixed. There exists u ∈ R

d satisfying

K(x)u = f and fTu ≤ y,

if and only if
y − 2fT v + vT K(x)v ≥ 0, ∀v ∈ R

d.

Theorem 1. Consider xk ∈ {0, 1}n, xk 6= 0n, an infeasible design for the equilibrium
equations (1), and the feasibility problem

H(xk) = minimize
λ∈Rd

0T λ

subject to λT K(xk)λ− fTλ < 0,
fT λ− UB ≥ 0,

(17)

where UB is a valid upper bound for the compliance c(x∗), with x∗ an optimal solution of
problems (2) or (3), and φk = −∇xK(xk)λk. Then, H(xk) possesses a solution λk ∈ R

d,
and the following inequalities are valid

l
f
∗ (xk, λk, λk, φk) < 0,

l
f
∗ (x∗, λk, λk, φk) ≥ 0.

Proof. We start by proving the existence of a solution for the feasibility program H(xk).
We do it by a contradiction argument. First, note that the function F 1

xk : R
d −→ R,

F 1

xk(v) = −fTv + vT K(xk)v is unbounded from both sides. In addition, the function F 2

xk :
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R
d −→ R+, F 2

xk(v) = vT K(xk)v is unbounded from above. Then, from the unboundedness

of F 1

xk , we can find λ0 ∈ R
d such that

λT
0 K(xk)λ0 − fTλ0 < 0.

Suppose now that the problem H(xk) is infeasible, i.e.,

∀ λ ∈ R
d : λT K(xk)λ− fTλ < 0 =⇒ fTλ− UB < 0

=⇒ fTλ < UB

=⇒ λT K(xk)λ < UB.

Equivalently we can write, by contraposition

∀ λ ∈ R
d : λT K(xk)λ ≥ UB =⇒ λT K(xk)λ− fTλ ≥ 0. (18)

The contradiction arises when looking at any vector λ1 ∈ R
d, such that λT

1 K(xk)λ1 ≥ UB.
Such λ1 exists, from the unboundedness of the function F 2

xk . It follows that the vector −λ1

also satisfies (−λ1)
T K(xk)(−λ1) ≥ UB, and whether λ1, or −λ1 (but not both) satisfies

λT K(xk)λ − fTλ < 0. This is a contradiction to (18), which proves the feasibility of the
problem H(xk).

Now, if λk is feasible for the problem H(xk), then it satisfies the inequality λkT
K(xk)λk−

fTλk < 0, or using the representation of the l
f
∗ -function given in Proposition 1, with

φk = −∇xK(xk)λk, uk = λk,

lf∗ (xk, λk, λk, φk) < 0.

Suppose now that we have a valid upper bound for the global optimal compliance UB

(i.e., a value UB such that fTu(x∗) ≤ UB). Then, by taking y = UB in Proposition 2,
we have a valid inequality for any x∗, global optimal design of problems (2) or (3)

UB − 2fT v + vT K(x∗)v ≥ 0, ∀v ∈ R
d,

or equivalently

−fTv + vT K(x∗)v ≥ fT v − UB, ∀v ∈ R
d.

Then any vector v ∈ R
d that satisfies UB− fTv ≥ 0, also satisfies −fTv + vT K(x∗)v ≥ 0.

In particular, λkT
K(x∗)λk − fTλk ≥ 0, or

lf∗ (x∗, λk, λk, φk) ≥ 0.

The real importance of this result is that it provides a method to generate valid feasibility
GBD cuts, preventing a set of infeasible designs to be feasible for the GBD master problem.
At the same time it ensures that none of the optimal solutions is cut away from its feasible
set. We have now a result, which arises as a consequence of Theorem 1.

Property 1. The function l
f
∗ (x, λ, λ, φ), defined by (11) is linear in x, and has an explicit

representation, when the other arguments are λk, φk, where λk is a solution of the feasibility
problem (17), and φk = −∇xK(xk)λk. This explicit representation is given by

lf∗ (x, λk, λk, φk) = lf∗ (x, λk, φk) = −φkT
λkx− fT λk. (19)

Consequently, the GBD feasibility cut is given by
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φkT
λkx ≤ −fTλk.

Now we can formulate a master problem, including cuts to prevent a design x, for which
the equilibrium equations (1) are infeasible, to be a solution of the master problem in the

following iterations. After including these l
f
∗ -cuts in the master problem (6), the relaxed

master problem for the minimum compliance problem (2), in the case ηs = 0, becomes

minimize
x∈Rn,y∈R

y

subject to l∗c(x, uk,Γk
c ) ≤ y, ∀ k = 1, . . . , p,

l
f
∗ (x, λk, φk) ≥ 0, ∀ k = 1, . . . , q,
ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(P ∗
cf )

Considering the explicit representation of the l
f
∗ -functions (19) and the l∗c -function in (8),

we can get an explicit representation of the relaxed master problem

minimize
x∈Rn,y∈R

y

subject to −νkT
ukx− y ≤ −2fT uk, k = 1, . . . , p,

φkT
λkx ≤ −fTλk, k = 1, . . . , q,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(Pcf )

with νk as in (8), φk = −∇xK(xk)λk, and λk a solution of the feasibility problem (17).
Note that we have simplified the expression for the l∗c -cuts in the program (Pcf ) to

−νkT
ukx− y ≤ −2fTuk, (20)

with respect to the l∗c -cuts (8) of the re-enforcement case. This simplification comes from

the fact that when ηs = 0 in (4), we have that νkT
ukxk = fTuk. Note as well that the

l∗c -cuts (20) are equivalent to the SDP optimality cuts derived in the first part of the
article ([16]). For the minimum weight problem (3), the formulation of the relaxed master
problem with ηs = 0 is analogous.

3.2 Generalization to the Multiple Load Case

In the multiple load case problem, we would like to design an optimal structure, which
is subjected to several load conditions f1, . . . , fm, and each of them is considered as a
different and independent scenario. We modify slightly some of the assumptions from the
single load case.

(A-2) The compliance and mass limits, Cl, l = 1, . . . ,m, and M respectively, satisfy Cl > 0,
∀l = 1, . . . ,m, and 0 < M <

∑n
j=1 ρj, where ρj ≥ 0 for all j = 1, . . . , n.

(A-3) Each of the loads f1, . . . , fm ∈ R
d is non null, i.e. fl 6= 0, ∀ l = 1, . . . ,m.

For simplicity, we consider ηs > 0 in assumption (A-1). The minimum weight problem
for a multiple load conditions case is formulated as
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minimize
x∈Rn,u1,...,um∈Rd

ρT x

subject to K(x)ul = fl, l = 1, . . . ,m,

fT
l ul ≤ Cl, l = 1, . . . ,m,

Ax ≤ b,

x ∈ {0, 1}n.

(21)

This program has m equilibrium equations, one per load condition, and m compliance
constraints, again, one per load condition.

For the problem (21), the GBD algorithm only includes a cut for each load condition for
which a design xk does not satisfy the corresponding compliance constraint. The relaxed
master problem related to the problem (21) is given by

minimize
x∈Rn,y∈R

y

subject to ρT x ≤ y

lc∗(x, uk
lj
, νk

lj
) ≥ 0,

k = 1, . . . , N,

j = 1, . . . ,mk,

Ax ≤ b,

x ∈ {0, 1}n,

(P ∗
wm)

where mk ≤ m counts the number of infeasible or active compliance constraints for the
design xk. Considering the representation of lc∗(x, uk

lj
, νk

lj
) given by (8), we can get an

explicit form for the relaxed master problem for the multiple load minimum weight problem
(21). It is given by

minimize
x∈Rn,y∈R

y

subject to ρT x ≤ y

−νk
lj

T
uk

lj
[x− xk] ≥ Clj − fT

lj
uk

lj
,

k = 1, . . . , N,

j = 1, . . . ,mk,

Ax ≤ b,

x ∈ {0, 1}n.

(Pwm)

Now, with respect to the minimum compliance problem, several possibilities for the ob-
jective function are available. For example, a worst case scenario for the compliance. In
this case, the objective function becomes

F (u1, . . . , um) = max
1≤l≤m

{fT
l ul}.

The minimum compliance problem for the multiple loads case is given by

minimize
x∈Rn,u1,...,um∈Rd

max
1≤l≤m

{fT
l ul}

subject to K(x)ul = fl, l = 1, . . . ,m,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(22)

This program has m equilibrium equations, one per load condition, and the objective
function considers m compliances. The relaxed master problem must include one cut per
load condition. In other words, given a design vector xk, an optimality cut l∗c(x, uk

l , νk
l ) ≤ y

must be included in the master program for each load condition l = 1, . . . ,m. In this case,
the relaxed master problem becomes
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minimize
x∈Rn,y∈R

y

subject to l∗c (x, uk
l , ν

k
l ) ≤ y,

k = 1, . . . , N,

l = 1, . . . ,m,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(P ∗
cm)

Considering the representation of l∗c (x, uk
l , ν

k
l ), given by (8), we can get an explicit form

for the relaxed master problem for the multiple load minimum compliance problem (22).
It is given by

minimize
x∈Rn,y∈R

y

subject to −νk
l

T
uk

l [x− xk]− y ≤ −fT
l uk

l ,
k = 1, . . . , N,

l = 1, . . . ,m,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(Pcm)

Important Remark 1. All the results presented in [16], valid for the re-enforcement case,
can be extended to the pure topology case (i.e., when ηs = 0 in (5)). Namely, Theorem 1,
Proposition 2 (stating the validity of the l∗c -cuts), and corollaries 1, 2, 3, in [16] can be
extended with minor changes in the proofs (propositions 1 and 3 of [16] consider already
ηs ≥ 0). Therefore, the generalization of the presented GBD method applied to (2), (3) to
the case ηs ≥ 0 is straightforward.

Important Remark 2. The GBD method here presented, applied to problems (2), (3) can
be extended to the case when multiple load conditions are imposed, including a feasibility
cut l

f
∗ (x, λk

l , λk
l , φ

k) ≥ 0 whenever a considered load fl, l = 1, . . . ,m, leads to a set of non
solvable equilibrium equations. If the equilibrium equations possess a displacement solution
for a given load, a compliance cut lc∗(x, uk

l , ζ
k
l ) ≥ 0 (in a minimum weight formulation, if

fT
l ul ≥ Cl, with Cl the compliance bound for the lth load case), or l∗c(x, uk

l , νk
l ) ≤ y (in a

minimum compliance problem) is included.

4 Statement of the Method

In this section, we present the formal statement of the Generalized Benders’ Decomposition
(GBD) method to solve the multiple load minimum weight problem (21). The assumptions
considered are the same as in the previous sections, i.e. assumptions (A-1) – (A-4). The
theoretical basis of the GBD algorithm for the minimum weight problem was presented
in the first part of the article. The convergence proofs in [16] can be generalized to show
finite convergence to a global minimum of the method stated below.

Algorithm 1: GBD for multiple load minimum weight problems

1. Set P = Q = 1, the upper bound UB = +∞, the lower bound y∗ = −∞ and the
convergence tolerance ǫ ≥ 0.

2. Solve the first relaxed master problem
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minimize
x∈Rn,y∈R

y

subject to ρT x ≤ y,

Ax ≤ b,

x ∈ {0, 1}n,

(M1)

by any solver for linear-mixed integer programming. If the problem is infeasible, stop
and exit. If the problem is feasible, it necessarily has at least one optimal solution.
This comes from the fact that ρT x ≥ 0, ∀x ∈ {0, 1}n =⇒ y ≥ 0. Denote the solution
of (M1) found by (x∗, y∗), and its optimal value y∗.

3. Do for all load cases l: { If x∗ is an infeasible design for the equilibrium equations
K(x∗)v = fl, compute a solution λQ ∈ R

d of the feasibility program

H(x∗) = minimize
λ∈Rd

0T λ

subject to λT K(x∗)λ− fT
l λ < 0,

fT
l λ−Cl ≥ 0.

Compute φQ and r
Q
E as

φQ =
(

(K1λ
Q)T (K2λ

Q)T · · · (KnλQ)T
)T

,

r
Q
E = −fT

l λQ,

and set Q← Q + 1.

Otherwise, if uP satisfies the equilibrium K(x∗)uP = fl, compute the compliance
CP

l = fT
l uP . If CP

l > Cl, compute νP and rP
C as

νP =
(

(K1u
P )T (K2u

P )T · · · (KnuP )T
)T

rP
C = Cl − fT

l uP − νP T
uP x∗

and set P ← P + 1. Add other feasibility cuts if available (cf. section on combina-
torial Benders’ cuts). }

4. If x∗ is a feasible design for all the equilibrium equations K(x∗)ul = fl, l = 1, . . . ,m,
and if fT

l ul ≤ Cl ∀ l and ρT x∗ < UB, then set UB = ρT x∗. If UB − y∗ ≤ ǫ, then
stop. The optimal design found is x∗, with optimal value ρT x∗. Otherwise, continue
to step 5.

5. Solve the relaxed master problem

minimize
x∈Rn,y∈R

y

subject to ρT x ≤ y,

−νkT
ukx ≤ rk

C , k = 1, . . . , P − 1,

φkT
λkx ≤ rk

E, k = 1, . . . , Q− 1,
Ax ≤ b,

x ∈ {0, 1}n,

by any solver for linear-mixed 0 – 1 programming. Denote the solution of this
program (x∗, y∗), and its optimal value y∗. Return to step 3.
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5 Accelerating GBD

Several ideas to accelerate the numerical performance of the Generalized Benders’ De-
composition (GBD) are reported in the literature. An overview of different techniques
used to accelerate GBD since this method was introduced in the early sixties is presented
in [18]. We discuss in particular two of these techniques, since they are relevant for our
investigation.

5.1 Pareto Optimal Cuts

In [14], it was proposed to discard cuts according to their relevance, measuring this by a
Pareto dominance relationship. We apply this idea on the compliance cuts generated by
GBD for the minimum compliance and minimum weight problems (2) and (3), respectively.
The study presented in [14] was done on a min-max formulation problem, and therefore,
for the problems we study here we need to adapt our definition of the Pareto dominance
relationship.

Definition 1. A cut lc∗(x, uj , νj) ≥ 0 is said to dominate another cut lc∗(x, ui, νi) ≥ 0 if
and only if

lc∗(x, uj , νj) ≥ lc∗(x, ui, νi), ∀ x ∈ [0, 1]n. (23)

with a strict inequality for at least one design. A cut l∗c (x, uj , νj) ≤ y is said to dominate
another cut l∗c (x, ui, νi) ≤ y if and only if

lc∗(x, uj , νj) ≤ lc∗(x, ui, νi), ∀ x ∈ [0, 1]n.

In [14], it was shown that for a general class of non-linear mixed-integer problems, the
inclusion of non dominated Pareto optimal cuts can improve the rate of convergence of
the lower bound towards the optimal solution. We have now the following result.

Proposition 3. Let lc∗(x, uj , νj) ≥ 0 and lc∗(x, ui, νi) ≥ 0 be two compliance cuts related to
two designs xj , xi ∈ [0, 1]n, with equilibrium solutions uj, ui ∈ R

d and Lagrange multipliers
νj, νi, as (8), respectively. If ηs = 0 and lc∗(x, uj , νj) ≥ 0 dominates lc∗(x, ui, νi) ≥ 0, then

fT uj ≤ fT ui.

The same condition applies for the cuts l∗c(x, uj , νj) ≤ y and l∗c(x, ui, νi) ≤ y.

Proof. The relationship (23) is written explicitly as

C − fT uj + νjT
uj(x− xj) ≥ C − fTui + νiT ui(x− xi), ∀ x ∈ [0, 1]n. (24)

If we evaluate the Pareto inequality (24) at x = 0, we obtain

−fTuj − νjT
ujxj ≥ −fTui − νiT uixi.

Using that fT uj = νjT
ujxj + ujT

K0u
j we simplify this last condition to

2fT uj − ujT
K0u

j ≤ 2fT ui − uiT K0u
i. (25)

In the case of pure topology problems (ηs = 0 in assumption (A-1)), K0 = 0d×d, and (25)
becomes

fT uj ≤ fT ui.

The proof for the l∗c -cuts is analogous.
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In other words, if ηs = 0, the Pareto dominance value of a cut lc∗(x, uj , νj) ≥ 0 (or a
cut l∗c(x, uj , νj) ≤ y) is measured by the value of its compliance c(xj) = fTuj . The lower
the compliance, the higher is the corresponding Pareto dominance value.

This means that if we consider cuts related to a design with a low value in compliance,
we expect these cuts to dominate in general a larger number of cuts than other cuts
coming from designs with a higher value of compliance. We can therefore expect that
these cuts are stronger and lead to faster convergence. This is computationally tested in
the numerical examples section.

5.2 Combinatorial Benders’ Cuts

When solving pure topology problems, we need to deal with the potential infeasibility of
the equilibrium equations (1). For this purpose, GBD includes feasibility cuts, which are
described in Section 3. However, the GBD feasibility cuts show in practice a weak capacity
of improving the lower bound of the GBD algorithm. In order to improve the convergence
of general linear mixed-integer optimization problems, [5] investigated the inclusion of
the so called combinatorial Benders’ cuts, which attack the mathematical source of the
infeasibility of an inconsistent linear system. These cuts are the result of finding the set of
subsystems of the original linear system, which are responsible for the infeasibility of the
inconsistent linear system. This type of subsystem is called an “irreducible inconsistent
subsystem of linear constraints” (IIS).

Given an inconsistent system, its set of IIS’s is in general not unique, and the number
of IIS’s grows exponentially with the size of the problem (see [4]). The search of inconsis-
tencies of a linear system has been studied by several authors, see for example [5, 9, 17, 24].
In the case of the problems (2) and (3), we need to find IIS’s related to the equilibrium
equations (1), when ever these equations are inconsistent for a given design. It is necessary
to reformulate the equilibrium equations (1), to obtain an explicit relationship between
an inconsistency of the equilibrium equations and the value of the design variables. The
equilibrium equations (1) are rewritten as the system

n
∑

j=1

Kjzj = f, (26a)

zj − u = 0, ∀ j ∈ N1(x), (26b)

zj = 0, ∀ j ∈ N0(x), (26c)

where the index sets N0(x) and N1(x) are

N0(x) := {j ∈ {1, . . . , n} | xj = 0},

N1(x) := {j ∈ {1, . . . , n} | xj = 1}.

In the equations (26), we want to find out which, among the equations (26b) and (26c),
are part of a short IIS (short IIS’s discard a bigger set of designs from being feasible at
the corresponding combinatorial cut). In order to find a minimal inconsistence set, the
following result, based on Farkas’s Lemma, is useful.

Theorem 2. Given the inconsistent system S = {x ∈ Qn | Cz = d}, the indices of the
minimal infeasible subsystems of S are exactly the supports of the vertices of the polyhedron

P = {w ∈ Qm | wT C = 0, wT d = −1}.
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Proof. The proof of this theorem is analogous to the one shown in [17], applied to an
inconsistent system of linear inequalities Cz ≤ d.

Theorem 2 is used to find IIS’s related to the system (26) (i.e., when Cz = d corre-
sponds to the system (26)). There are several heuristics to generate IIS’s (see, e.g. [5]
and [9]). All of them are based on introducing an auxiliary Linear Program (LP) with
feasible set in the polyhedron P . It is well known that an LP in a polyhedron P attains
its extremes at the vertices of P . Wisely changing the coefficients of its objective function
f(y) = bT y generates solutions at different vertices of the polyhedron P . For each solution
y∗ of the LP, and for each j0 such that y∗(j0) 6= 0, the equation numbered j0 in (26)
belongs to an IIS. Consequently, all non zero values of y∗ indicates the indices of an IIS Sl.
For m′ different objective vectors b1, . . . , bm′ , m′ different linear programs are formulated
and solved, and m′ solutions y∗1 , . . . , y

∗
m′ can be found. These solutions generate at most m′

IIS’s S1, . . . Sm′ . The shortest of them are taken to build combinatorial Benders’ cuts (by
shortest we mean, the IIS’s containing the least number of indices). More specifically, we
generate combinatorial Benders’ cuts, using the following heuristic based on the Theorem
2.

Combinatorial Benders’ cuts Algorithm

1. Consider a design x, such that the equilibrium equations (1) are inconsistent. Rewrite
the equilibrium equations (26) as Cz = d. Set l = 1 and let bl be the vector 1. Set
the initial set of IIS’s to Sl = ∅, and set the maximum number of iterations to lmax.

2. Solve the linear program

minimize
y

bT
l y

subject to CTy = 0,
dT y = −1.

(27)

If this linear program is successfully solved to optimality and an optimal solution y∗
is found, find the indices I0 = {i ∈ N : y∗(i) 6= 0}. I0 is the set of indices numerating
the constraints on the equilibrium equations (26). Then go to step 3. Otherwise, if
the program (27) is infeasible or unbounded, set Sl = ∅ and exit.

3. Form the set of indices Sl in the following way.

Set Sl = ∅. Do for all k: {

If I0(k) is related to one of the constraints
n
∑

j=1

Kjzj = f , do nothing. If I0(k) is

related to one of the constraints zj − u = 0 or zj = 0, set Sl = Sl ∪ j. }

4. Set bl+1 = bl and l← l + 1.

5. Modify the objective coefficients bl(j) as: Do for all j {,

bl(Sl(j))← 2bl(Sl(j)).}

In this way these indices become more expensive for the optimization program (27).
If the maximum number of iterations has been reached, i.e. l ≥ lmax, go to step 6,
otherwise, return to step 2.
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6. Do for all l: { If Sl 6= ∅, for each IIS Sl, the combinatorial Benders’ cut related to
the inconsistent system (26) is given by

∑

j∈Sl:xj=0

xj +
∑

j∈Sl:xj=1

[1− xj ] ≥ 1.}

Stop and exit.

5.3 GBD Heuristics for Finding Candidate Designs

In this section, we discuss some alternatives, based on different heuristics, to accelerate
the performance of the GBD method applied to the minimum compliance and minimum
weight problems, (22) and (21), respectively. As it was indicated in the first part of this
section, the inclusion of high Pareto dominance cuts (related to low compliance designs)
may accelerate the convergence of the GBD algorithm. We consider first, the application of
the GBD algorithm to an alternative formulation of the structural design problem, in such
a way that this modeling leads to a non convex projected problem. As it was indicated
in the previous sections, the GBD algorithm applied to the minimum compliance (and
minimum weight) problem converges to a global optimum in a finite number of steps.
This result is valid, since the corresponding relaxed projected problem on the design space
is convex. By dropping this convexity condition, the algorithm no longer guarantees the
convergence to global optima. In exchange, we expect to observe a much faster convergence
of the algorithm, and potentially good feasible designs could be generated in the process.
One example of such modeling, dropping the convexity assumption, is given by the SIMP
approach (see [2]), a material interpolation scheme with a penalization parameter p > 1.
For instance, the SIMP interpolation scheme changes the original minimum weight problem
(3), to the following mixed 0 – 1 problem

minimize
x∈Rn,u∈Rd

ρT x

subject to Kp(x)u = f,

fTu ≤ C,

Ax ≤ b,

x ∈ χD = {0, 1}n,

(28)

where the stiffness matrix K(x) in the assumption (A-1) is replaced by the matrix Kp(x)
modeled by

Kp(x) = K0 +

n
∑

j=1

x
p
jKj .

Clearly, formulation (28) does not change the value of the compliance, since Kp(x) = K(x)
for all x ∈ {0, 1}n. However, the gradient of the compliance as a function of the design
variables is changed by this modeling. Thus, after computing the Lagrange multipliers
for the GBD method applied to the problem (28), we obtain the following form for the
compliance cuts

C − fT uk + pνkT
uk(x− xk) ≥ 0,

with νk given by (8). The GBD algorithm applied to any non convex model will, in this
context, be called GBD heuristics, and when it is applied to a convex model, it will be
called global GBD. If the GBD method is applied to this interpolation model for p > 1
(the compliance and its gradient are well defined in {0, 1}n, and even in [0, 1]n, for p ≥ 1),

66



we expect convergence to occur quickly, but only few feasible designs of good quality (if
any at all) are found. An alternative to overcome this difficulty is to smooth the modeling,
by mixing a convex (p = 1) and a non convex (p > 1) interpolation scheme. Consider for
example, the stiffness matrix

Kα0,p(x) = K0 +

n
∑

j=1

[α0xj + [1− α0]x
p
j ]Kj , (29)

where a parameter 0 ≤ α0 ≤ 1 is introduced to control the combination of these two
different interpolation schemes. In practice, α0 controls the speed of convergence of the
algorithm. Using (29) to replace assumption (A-1), we obtain the mixed GBD compliance
cuts for the minimum weight problem (3)

lcα0
(x, uk, νk) ≥ 0,

lcα0
(x, uk, νk) = C − fTuk + νkT

uk(D −Dk),
(30)

while for the minimum compliance problem (2), the mixed GBD cuts are given by

lα0

c (x, uk, νk) ≤ y,

lα0

c (x, uk, νk) = fT uk + νkT
uk(Dk −D).

(31)

The vectors D,Dk ∈ R
n are given by

Dj = α0 + p[1− α0]xj , j = 1, . . . , n,

Dk
j = α0 + p[1− α0]x

k
j , j = 1, . . . , n.

The value of p seems to play a secondary role, and for numerical examples, a value of p = 2
will be used. On the other hand, the introduced parameter α0 connects homotopically the
gradients of the compliance related to two interpolations schemes (in this case, SIMP with
p = 1 and p = 2). This means that if the gradient of the compliance for p = 1 (C1(x))
and p = 2 (C2(x)) are respectively given by

∇xC1(x) : [0, 1]n −→ R
n
−,

∇xC2(x) : [0, 1]n −→ R
n
−,

then, it exists a continuous function (a homotopy) H : [0, 1]n × [0, 1] −→ R
n
−, given by

H(x, α0) = α0∇xC1(x) + [1− α0]∇xC2(x).

In particular, we have that

H(x, 0) = ∇xC1(x), and H(x, 1) = ∇xC2(x).

Therefore, a convenient value for the mixture parameter α0 will balance the the conver-
gence of the GBD heuristics and its closeness to the global GBD algorithm. Another
alternative for the modeling is to use the interpolation scheme suggested in [19]. By us-
ing this scheme we can expect similar results in convergence and capacity for generating
potential solutions to the problem.
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5.4 Numerical Procedure

When solving larger problems, the GBD method shows inefficiency in solving the relaxed
master problem. This efficiency, measured in time consumed for solving the master prob-
lem to optimality, is in general unpredictable, as in general for combinatorial problems.
Two ideas are proposed to overcome this serious problem. The first idea is based on the
computational experience that in general, most of the time spent by mixed-integer solvers
is used to prove optimality of the incumbent, while a small part of the time is spent in
actually finding the optimal solution. Solving the master problem to optimality is impor-
tant, because it allows us to measure precisely the lower bound, and therefore, to measure
correctly the convergence of the algorithm at the current stage. Nevertheless, since the
absolute gap between the lower and upper bounds is a non increasing sequence through the
iterations, it is important to measure it precisely, only as the stopping criterion is about
to be satisfied. We propose to solve the master problem to optimality only every fixed
number of iterations. This idea should help economizing the computational time, that
is generally waisted in proving optimality of master problems, when it is not important.
The second idea is to use GBD heuristics, with the mixed interpolation scheme (29), to
generate and accumulate many high Pareto value cuts, to be included as initial cuts for
the GBD algorithm. This is expected to give a higher rate of convergence of the algorithm.
The resulting algorithm, described qualitatively above, is stated properly now.

Algorithm 2: Method for the multiple load minimum weight problem (21)

1. Compute the solution xc of the continuous relaxation of the minimum weight problem
(21). Compute its compliances c1(x

c), . . . , cm(xc). Set mc = 0. Do for all load cases
l = 1 . . . ,m: { Set f = fl. If cl(x

c) ≥ Cl, set mc ← mc + 1, compute the vectors
uc

mc
, νc

mc
and the corresponding compliance cut Cmc

c : lc∗(x, uc
mc

, νc
mc

) ≥ 0, after (8).
} Set Nc = 0.

2. Set α0 = 0.01. If ηs = 0, we set a temporary value (for instance ηs = 0.001). Set
the stopping criteria for the master problem, for example a gap of 0.2% and a limit
time of 100[s]. Set a time limit for the heuristic procedure (for instance TH = 3[h]).
Set i = 1.

3. Include the cuts C1
c , . . . , Cmc

c , and the cuts C1, . . . , CNc (if Nc > 0) in the relaxed
master problem (P ∗

wm).

4. If i > 1, include the mixed cuts C1
α0

, . . . , Ci−1
α0

in the master problem. Solve the
master problem (P ∗

wm). Denote the incumbent of the master problem (x∗, y∗).

5. Do for all load conditions l = 1, . . . ,m: { Set f = fl and compute the compliance
cl(x

∗). If cl(x
∗) ≥ Cl, then set i ← i + 1, compute the vectors ui, νi after (8), and

the mixed compliance cuts Ci
α0

: lcα0
(x, ui, νi) ≥ 0 after (30). If Cl ≤ cl(x

∗) ≤ L, set
Nc ← Nc + 1 and compute the cut CNc : lc∗(x, ui, νi) ≥ 0 after (8).}

6. If cl(x
∗) ≤ Cl, for all l = 1, . . . m, and ρT x∗ ≤ UB, set UB = ρT x∗.

7. Evaluate the stopping criterion UB − y∗ = 0. If it is satisfied, then continue to step
8. Otherwise, return to step 4.

8. Increase the value of α0 by 0.01. If the current time t < TH , set i = 1 and return to
step 3. Otherwise continue to step 9.
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9. Set α0 = 1.0, and ηs to its original value, if it was changed in step 2. Set the stopping
criteria for the master problem to a gap of 0.05% or a time limit of 24 [h] every 30
iterations, and a gap of 0.1% or a time limit of 300[s] otherwise.

10. Consider the cuts C1, . . . , CNc and C1
c , . . . , Cmc

c as initial cuts for the global GBD
method. Run the GBD algorithm (Algorithm 1 in Section 4) until convergence, or
until the computational time limit TB is exceeded.

6 Implementation

The GBD method presented in this article is implemented in the numerical environment
and high level programming language matlab ([15]), for solving 2-D truss topology op-
timization problems. The solver used in the treatment of the master problem is the
commercial branch-and-cut solver for mixed-integer programming cplex version 9 ([12]).
The linear programs that appear while generating combinatorial Benders’ cuts are solved
by the Simplex solvers in cplex. The continuous relaxations of the minimum compliance
and minimum weight problems are modeled using the SIMP interpolation scheme [2], and
are numerically solved using the Method of Moving Asymptotes (MMA), see [21, 23]. The
matlab solver for non-linear optimization fmincon was used to compute optimal solutions
of the feasibility problem (17) and the feasibility problem used to compute the SDP cuts
(see the first part of the article [16]).

7 Numerical Examples for Truss Topology Optimization Prob-

lems

In this section, we present the numerical experience with the Generalized Benders’ De-
composition (GBD) method applied to a set of structural topology optimization problems.
Specifically, we attack truss topology optimization examples of the minimum weight and
minimum compliance problems, (21) and (22), respectively. A truss structure is an assem-
bly of long slender bars connected at frictionless nodes. The external loads are applied
only at the nodes. The design variables of the problems represent the area of the potential
bars in the structure. These areas belong to the discrete set xj ∈ {0, t1, . . . , tℓ}, where
0 < t1 < . . . < tℓ < +∞ are given values. The Young modulus Ei is scaled to unity for all
potential bars. The same is valid for the mass density. Therefore, we use the terms weight,
mass, and volume as equivalent ones. The tolerance for the feasibility of all constraints
is set to 10−5. All examples were run on an UltraSPARC IV processor, running at 1800
MHz.

7.1 Pareto cuts I

We start by investigating the numerical influence on the convergence speed for the Ben-
ders’ algorithm (Algorithm 1 in Section 4), when high Pareto value cuts are included,
i.e., compliance cuts obtained from designs with a low objective value. We consider the
program

minimize
x∈Rn

fTK(x)−1f

subject to ρT x ≤M,

Ax ≤ b,

x ∈ [ǫ, 1]n,

(32)

which is the (slightly perturbed) natural continuous relaxation of the nested formulation
of the minimum compliance problem in a single load case (see [2]). Here, ǫ represents
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Objective Cc Objective CPU [h:m:s] Iter. Gap (%)

Compliance yes 2.8978 0:17:44 233 0.030
single load no 2.8978 0:42:36 460 0.495

Compliance yes 3.0919 0:00:21 21 0.368
multiple load no 3.0919 0:00:47 67 0.029

Weight yes 9.3896 1:51:36 456 0.00
single load no 20.4570 72:03:25 3333 84.323

Weight yes 10.4787 01:23 79 0.00
multiple load no 10.4787 32:34 498 0.00

Table 1: Comparison of the performance of GBD including/discarding the compliance
cut(s) C l

c, l ∈ J , from the solution of the continuous relaxation.

a very small positive number. From the solution of this problem, we obtain an almost
optimal Pareto cut. This special cut is used for testing its influence on the convergence
speed on the Benders’ algorithm. Since (32) is a convex problem when the stiffness matrix
is affine in the design variables (for a proof, see [22]), any local minimum xc is also a
global solution. xc is in general, a non 0 – 1 design. This means that the compliance cut
Cc := l∗c (x, u(xc), ν(xc)) ≥ 0 is a valid inequality in [0, 1]n, and in particular, in {0, 1}n.
For the minimum weight problem (2) and in the multiple load case, the cuts C l

c, l ∈ J

(where J is an appropriate index set) are constructed analogously, by using the continuous
relaxation of the corresponding problem.

Any global solution xc of (32) has the property that its corresponding compliance cut
Cc is not dominated by any other feasible compliance cut in [ǫ, 1]n. Therefore, Cc is an
optimal Pareto cut, with respect to the Pareto dominance in Definition 1. Our purpose it
to test the influence of Cc on the convergence of the Benders’ algorithm. xc is calculated by
the solver for nonlinear optimization MMA (see [21]). We consider a cantilever example.
The design domain is shown in Figure 1(a). The 31 bar ground structure for this example
appears in Figure 1(b). For this example, we used a re-enforced structure with a stiffness
matrix given by (4) and (5), with ηs = 0.01, and a compliance bound of C = 3.0, or
mass bound of M = 9.5. Four instances of the problem were considered: Two minimum
weight, and two minimum compliance problems. Each of the four instances was solved
twice, using the standard Benders’ algorithm (Algorithm 1 for multiple load minimum
weight problems, and its corresponding version for the minimum compliance problem).
One instance included the cut(s) C l

c, l ∈ J from the beginning of the algorithm, while the
others did not. A general comparison of the performance of the algorithm on these four
examples is shown in Table 1. In this table, we have included the value of the objective
function of the best found feasible design, the CPU time for the Benders’ algorithm,
the number of iterations (master problems solved), and the relative optimality gap. The
relative optimality gap is defined as

Gap :=
UB − LB

UB
× 100,

with UB = upper bound for the global optimum (the objective function value of the
incumbent), LB = lower bound for the global optimum in the current iteration. The
stopping criterion of the algorithm is set for this example to Gap ≤ 0.5%. The optimal
solution to the single load minimum compliance example is shown in Figure 1(c).

Table 1 shows that in seven out of the eight instances, the stopping criterion was
satisfied within the time limit of 72[h]. We note an important difference in the CPU time
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1

1.5 f2

f1

(a) Design domain with boundary conditions
and external loads for the cantilever prob-
lem.

(b) Ground structure with 31 potential
bars.

(c) Optimal design to the single load (with
f = f1) minimum compliance problem with
design variables in the set {0, 1}.

Figure 1: The single load cantilever example.

and the number of iterations executed. In the cases where the optimal Pareto cut Cc was
included, both the CPU time, and the number of iterations were considerably lower. The
influence was in fact bigger on the minimum weight problems. In general, these differences
in performance show a clear positive influence of including the special cut(s) C l

c from the
solution of the continuous relaxation of the problems. The strength of the cut(s) C l

c, after
the Pareto dominance relationship (23), relies on the low value of the compliances of xc.
Consequently, we suggest that cuts related to low compliance designs should have a larger
influence on the convergence of the Benders’ algorithm. This implies that if we can find
low compliance designs by any mean, and include their corresponding compliance cuts at
the beginning of the algorithm, we can expect an acceleration of the convergence of the
algorithm. One example of a way to find low compliance designs is considering solutions
coming from the SIMP interpolation scheme for the problems (2) and (3) (or (22) and
(21)), with high penalization (say p > 3), in order to achieve convergence to (almost) 0
– 1 designs (see [2]). We will come back to this point after examining the influence of
combinatorial Benders’ cuts for pure topology design problems.

7.2 Combinatorial Benders’ cuts and SDP cuts

We investigate the use of combinatorial Benders’ and SDP feasibility cuts, in order to
accelerate the performance of the GBD method. These techniques apply only to pure
topology optimization problems, where the assumption (A-1) is taken with ηs = 0. Com-
binatorial Benders’ cuts were briefly described in Section 5, and SDP cuts were introduced
in the first part of this article [16].

The inclusion of combinatorial Benders’ and SDP cuts for infeasibility of the equi-
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librium equations (1) is tested on the same single load minimum compliance cantilever
example as shown above, but in the pure topology case (ηs = 0). We include two initial
compliance cuts, one generated by the solution from the continuous relaxation xc, and the
other cut, CS , generated by the solution for the SIMP interpolation scheme, xS , with a
final penalization of p = 6. In Table 2, we can see the results in performance comparing
the cases including/not including combinatorial Benders’ cuts and/or SDP cuts. The table
shows the objective function value upon termination, the CPU time consumed (CPU), the
number of master problems solved (Iter.), the number of Benders’ feasibility cuts (Feas.
cuts), combinatorial Benders’ cuts (Comb. cuts), and SDP cuts (SDP cuts). The last
column states the final relative convergence gap (Gap). The termination gap was set to
4%. For this problem, the number of master problems solved and the computation time
decreases as combinatorial Benders’ cuts and SDP cuts are included. This result indicates
a numerical advantage in including combinatorial Benders’ cuts and SDP cuts in the mas-
ter problem at each iteration, when treating pure topology problems. Note that there is an
important difference in the convergence of the algorithm when solving the pure topology
optimization problem, with respect to the re-enforced version of the same problem. While
the example considering re-enforcement (ηs = 0.01) converges in reasonable time, the pure
topology example (ηs = 0.0) takes a much longer time (34[h]:24[m] compared to 17[m]:44[s]
of the re-enforcement example) and many more iterations (1101 iterations, compared to
233 for the re-enforcement case) to achieve a much higher final gap (Gap = 3.948% com-
pared to 0.03%). This result suggests that the Benders’ algorithm might be better suited
for re-enforcement problems than pure topology optimization problems.

Objective CPU[h:m] Iter. Feas. Comb. SDP Gap (%)
cuts cuts cuts

2.946 46:34 1370 668 0 0 3.948
2.946 33:50 1169 437 446 0 3.948
2.946 34:24 1101 412 216 412 3.948

Table 2: Comparison of the performance of GBD including/not including combinatorial
Benders’ cuts and/or SDP feasibility cuts.

7.3 Pareto cuts II

A third experience is made, considering the same cantilever example, but including 5
potential areas for each bar, namely, xj ∈ {0, 0.2, 0.4, 0.6, 0.8, 1.0}. This modification
increments by 5 times the number of design variables in the problem. We set the stopping
criterion to a relative gap of 0.5%. We include the compliance cut related to the solution
xc of the relaxation (32) (C1). The results in Table 3 show that the CPU time limit of
72[h] was reached, and the algorithm stopped before converging. Nevertheless, in this
example, only 14 iterations were executed. The algorithm spent 5[m]:32[s] in iterations
1− 12, 43[h]:20[m]:24[s] in iteration 13, and 43[h]:05[m]:05[s] for iteration 14.

This example shows how in some situations, the solution of two consecutive master
problems can have such a different CPU time, which may have a huge impact on the
performance of the algorithm. We propose two actions to avoid this situation. First, we
introduce two relative tolerances for the resolution of the master problem. One of the gaps
is small (for example 0.05%), and it is used only every a certain number of instances of
the master problem. The other tolerance, the bigger one (for example 0.2%), is used in
most of the master problems. The second idea is to impose two time limits for execution
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Case UB LB CPU [h:m:s] Iter. Pareto cuts Gap (%)

C1 2.873 2.657 86:31:26 14 0 7.52
C2 2.706 2.698 0:12:02 31 327 0.30

Table 3: Comparison of the performance of GBD for a multi-area optimization example,
including only the compliance cut Cc related to the solution of the continuous relaxation
(C1), and the use of Algorithm 2 (C2).

of each master problem, depending on the corresponding tolerance of each iteration. This
implies that we could eventually exit a master problem with only an incumbent, which is
not optimal with respect to the given optimality tolerance. At the same time, we want
to use mixed Benders’ compliance cuts to generate as many initial cuts for the Benders’
algorithm as possible. Considering these two points, a modified algorithm was introduced
(Algorithm 2, described in Section 5). We used this algorithm to solve this problem, and
name this experience C2. This algorithm includes Benders’ mixed cuts (given by (30) and
(31)) to find many candidates designs with a high Pareto dominance value, to be included
in the master problem.

The experiment C2 reached the stopping criterion after 31 iterations in 12[m]:02[s]
after a heuristic stage time of 7[m]:44[s], generating 327 compliance cuts, see Table 3. In
these examples, no feasibility cuts were generated. A significant improvement due to the
inclusion of the heuristic stage of Algorithm 2 is observed. Not only an improvement in
the relative gap is attained, but also the computational time is dramatically reduced.

7.4 Numerical Experience

We attack 12 problem instances of the minimum compliance (22) and minimum weight
(21) problems, for a particular geometry of the design domain. Both single and multiple
load conditions, and single and multiple bar areas are considered. We also attack both,
the re-enforcement (ηs > 0) and the pure topology (ηs = 0) instances of the problems.

The considered geometry is presented in Figure 2(a). The design domain is discretized
into a 74 bar ground structure, with 28 degrees of freedom, see Figure 2(b). Table 4
presents the basic description of the examples P1–P12, including the name of the problem,
the number of areas available for each bar (Areas), the number of total design variables of
the problem (DV), the value of the re-enforcement parameter ηs, the objective function,
the number of load cases considered, the magnitude of the external load(s), and the weight
or compliance bound.

In examples P1–P6, we solve the minimum compliance problem (22), while in examples
P7–P12 we solve the minimum weight problem (21). In these examples we consider two
sets of available areas: The single area (x ∈ {0, 1}) case instances P1, P2, P7, and P8;
and a multiple set of areas (x ∈ {0, 0.2, 0.4, 0.6, 0.8, 1}) in examples P3–P6 and P9–P12.
A single load condition is considered in problems P1–P4, and P7–P10. The load condition
is given by f = f1 + f2 + f3 as shown in Figure 2(a). Similarly, multiple load conditions
are considered in problems P5–P6 and P11–P12. The multiple load conditions consist of
the loads f1, f2, and f3 as independent load scenarios. Moreover, P1, P3, P5, P7, P9 and
P11 are pure topology optimization problems (ηs = 0.0), while P2, P4, P6, P8, P10 and
P12 are re-enforcement instances (ηs = 0.01).
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P Areas DV ηs Objective Load Load Weight Comp.
cases ρT x max

1≤l≤m
{fT

l ul}

P1 1 74 0.0 Compliance 1 1.0 23.5 opt
P2 1 74 0.01 Compliance 1 1.0 23.5 opt
P3 5 370 0.0 Compliance 1 1.0 16.0 opt
P4 5 370 0.01 Compliance 1 1.0 16.0 opt
P5 5 370 0.0 Compliance 3 10.0 23.5 opt
P6 5 370 0.01 Compliance 3 10.0 23.5 opt
P7 1 74 0.0 Weight 1 1.0 opt 0.0895
P8 1 74 0.01 Weight 1 1.0 opt 0.8773
P9 5 370 0.0 Weight 1 1.0 opt 0.1134
P10 5 370 0.01 Weight 1 1.0 opt 0.1107
P11 5 370 0.0 Weight 3 10.0 opt 1.5638
P12 5 370 0.01 Weight 3 10.0 opt 1.5325

Table 4: Problem statistics for the 12 problem instances.

f1f1 f1 f3f2f1

3

1

(a) Design domain with boundary and load conditions
for the bridge like example.

(b) Ground structure with 74 bars.

Figure 2: Design domain and ground structure considered in the numerical examples.

7.5 Results

Algorithm 2 from Section 5, modifying the standard Benders’ algorithm, was used for
attacking all the problem instances in Table 4. The heuristic stage of the algorithm (Step
1 - 9) was limited to a maximum duration of TH = 3[h], while the global Benders’ part
of the algorithm was limited to TB = 72[h]. The results are shown in Tables 5 and 6.
In these tables, we show the objective function value of the best feasible design found,
the number of iterations of the global Benders’ stage of the algorithm (Benders’ iter.),
the final relative optimality gap (Gap), the number of Pareto candidates generated during
the heuristic stage of the algorithm (Pareto cuts), and the CPU time for the heuristics
(CPU 1) and the global Benders’ (CPU 2) stages of the algorithm. The optimal designs
for three (P2, P5, and P11) of the twelve examples are shown in Figures 3, 4, and 5. In
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the examples with multiple areas, the figures show integer numbers besides the bars to
indicate the relative comparison among the areas.

P maxl{Cl} Benders’ Gap Pareto Feas. CPU 1 CPU 2
iter. (%) Cuts Cuts [h:m] [h:m]

P1 0.0895 1140 0.98 85 0 03:02 72:02
P2 0.0877 60 0.44 115 0 03:03 00:11
P3 0.1134 145 0.44 594 0 03:19 04:26
P4 0.1107 83 0.49 652 0 03:10 02:46
P5 1.5638 90 0.36 222 0 03:15 79:22
P6 1.5325 30 0.39 241 0 03:15 04:34

Table 5: Statistic obtained for examples P1 – P6.

P Weight Benders’ Gap Pareto Feas. CPU 1 CPU 2
iter. (%) Cuts Cuts [h:m] [h:m]

P7 23.430 1091 1.46 129 0 03:06 72:01
P8 23.930 6 0.22 145 0 03:02 00:02
P9 16.084 450 1.17/0.83∗ 648 3 03:15 94:00
P10 16.085 510 1.18/0.86∗ 585 0 03:09 74:52
P11 23.486 120 0.24 279 0 03:03 19:22
P12 23.504 180 0.37 241 0 03:19 25:56

Table 6: Statistic obtained for examples P7 – P12. ∗ The relative optimality gap based
on the lower bound obtained from solving the continuous relaxation of the considered
problem.

For eight of the examples the stopping criterion (Gap ≤ 0.5%) was reached within the
given time limits. The other four examples reached a final relative optimality gap < 1.5%.
The number of global Benders’ iterations executed varies from 6 to 1140. Example P9
is the only one for which feasibility cuts were generated (P9 generated one SDP cut, one
Benders’ feasibility cut, and one combinatorial Benders’ cut). This means that, in general,
the incumbents of the master problems correspond to feasible designs for the equilibrium
equations. This could be interpreted in the following way. If sufficiently many good
compliance cuts are introduced during the heuristic stage of the algorithm, a sufficiently
good approximation of the compliance function is made (at least in the neighborhood of
the global solutions that we are trying to find). This could prevent designs, which are
infeasible for the equilibrium equations (1), to be even close to be optimal in the relaxed
master problems, as it really is the case on the original mixed 0 – 1 problems. This
numerical experience suggests that the inclusion of many good candidate designs in the
final stage of the Benders’ algorithm, not only improves the rate of convergence, but also
helps to prevent stepping into equilibrium infeasible designs.

8 Final Remarks and Future Work

The Generalized Benders’ Decomposition (GBD) method applied to minimum compli-
ance and minimum weight truss topology optimization problems has shown to be able to
solve medium size problem instances to global optima. Several techniques, such as the
combinatorial Benders’ cuts and heuristic variations of the Benders’ algorithm, have been
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Figure 3: Optimal design for example P2.

Figure 4: Optimal design for example P5.

successfully applied to accelerate the method in the numerical examples. One important
future aspect is to extend the GBD method to structural topology optimization problems
with local stress and/or displacement constraints. The inclusion of this kind of local failure
criteria is an important extension of the algorithm, especially for industrial engineering
applications. In order to achieve this, an investigation about the mathematical properties
of the different failure criteria suggested in the literature must be done. In particular con-
vexity is an important issue, in order to guarantee global optimality of a GBD approach.
We also propose to investigate other classes of optimal design problems, that could be
well suited for GBD. For example, we will consider more advanced modeling situations
and finite elements, such as plate and shell elements, and optimal designs of composite
structures. We will also investigate the possibility to solve other topology optimization
problems, such as the design of compliant mechanisms and maximum stiffness problems
with stability constraints by GBD.
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Abstract

This article considers the use of a new type of Generalized Benders’ Decomposition
(GBD) method, modifying the classical procedure. GBD solves non linear mixed
integer problems, by solving a sequence of linear mixed integer problems. The classical
method includes at each instance of this sequence, one or several linear constraints (or
cuts), obtained from the solution of the previous problem in the sequence. The new
proposed method considers the level set of an upper bound for the considered objective
function. Then, it searches for a non (necessarily) feasible point at this level set, and
forms a GBD cut from this point. This new type of cuts are stronger than the classical
GBD cuts and numerical results show that in practice they lead to faster convergence.
The method is derived theoretically and specifically for classical structural topology
problems. However, it could be generalized to a larger class of non-linear mixed integer
problems, where the mixed problem can be reformulated as an integer problem with
a continuous convex relaxation. In this case, global solutions are guaranteed. A set
of numerical benchmark examples for structural topology optimization problems are
solved to global optimality.

Mathematical Subject Classification (2000): 90C90, 74P05, 74P15

Keywords: Structural Topology Optimization, Global Optimization, Generalized
Benders’ Decomposition.

1 Introduction

We present a new type of Generalized Benders’ Decomposition (GBD) approach ([4, 6]),
which modifies the original nature of the technique. As its name shows, GBD is derived
from the Benders’ Decomposition (BD) method, which is a well known technique for solv-
ing mixed integer optimization problems, published in 1962 by Benders (see [1]). BD was
originally designed for solving linear mixed integer problems. Geoffrion ([4]) and Lazimy
([6]) generalized the algorithm to a large class of non linear mixed integer problems, pro-
viding the name GBD. Several authors have indicated a number of techniques to accelerate
the performance of the GBD algorithm (see for example [8], [16], [12], and [10]). The new
method has been developed in a framework of structural topology problems. Previously, a
GBD method with a heuristic preprocess was developed for topology problems in ([11] and
[10]). The method presented there showed robustness in finding global solutions within
tight optimality tolerances. In particular, the strength of the method depends on the
quality of the intermediate found points, measured by a Pareto dominance relationship

∗Department of Mathematics, Technical University of Denmark (DTU), Matematiktorvet, B. 303 S,
DK – 2800 Kgs. Lyngby, Denmark. E-mail: E.Munoz@mat.dtu.dk



(see [8] and [16]). This feature we want to exploit in a special way, and we do this, by
introducing some changes to the classical method.

The classical GBD method replaces a non linear mixed integer problem by a sequence
of linear mixed integer optimization programs (called relaxed master problems, or sim-
ply master problems). The solutions of the master problems, under special conditions,
converge to a solution of the non linear mixed integer problem. The method uses the
following principle. After solving each linear mixed problem, a linear constraint (a cut) is
added to the master problem, which improves the approximation of the original problem.
The classical method includes cuts, which approximate the feasible set or the projected
objective function value at the solution of the current master problem. The new proposed
method follows as well the scheme of a sequence of master problems including at each it-
eration, one or several cuts making an approximation of the non linear problem at a given
point. The difference is that the point of approximation does not need to be integer, and
it is chosen at the level set of the best available upper bound for the non linear functions
included in the problem. This implies that the sequence of linear problems approximates
the non linear functions at points in a given level set. When enough cuts are included, and
the approximation of to the level set is good enough, all designs with worse objective value
are excluded. At this point, the algorithm finds a better solution if it exists, or converges
finding an optimal solution. We find these points at the level set value by a simple convex
combination between the integer solutions of the master problems, and the solution of the
continuous relaxation of the problem.

This article is organized as follows: Section 2 presents the mixed 0−1 formulation of the
minimum compliance problem, and the assumptions considered throughout this article.
Section 3 and 5 describe the theoretical results supporting this new GBD method. Section
6 states formally the proposed method. A proof for the convergence of the method to a
global optimum in a finite number of steps is presented in Section 7. Section 8 describes
briefly the numerical implementation of the method used in the numerical tests. Section
9 presents the numerical results obtained with this method. Finally, Section 10 discusses
briefly the obtained results, and suggests the future directions that should follow this
work.

2 Problem Statement

The problem setting and assumptions are almost identical to the ones stated in ([11] and
[10]). We consider a closed-bounded design domain Ωc ⊂ R2 or Ωc ⊂ R3, with piece-wise
differentiable boundary. After a finite element discretization process, the design space
consists in a set of design elements, where one or several 0-1 variables are linked to each of
the design elements. The design vector (or design variable) x ∈ {0, 1}n represents a point
in the design space. n is the number of design variables included in the problem. The
design problem we study consists in finding the optimal vector x∗ ∈ {0, 1}n minimizing
an objective function. In the context of Structural Optimization, any choice of a vector
x ∈ {0, 1}n represents a particular instance of the design of a structure. The design
problem considers as well a set of given static external forces fl ∈ Rd, l = 1, . . . ,m. The
response of the structure to these loads is computed by the finite element method, which
in the case of linear elasticity, results in the equilibrium equations

K(x)ul = fl, l = 1, . . . m, (1)

where the matrix K(x) ∈ Rd×d is called the stiffness matrix, and it is a function of the
design variable x. The solutions ul ∈ Rd, l = 1, . . . ,m of (1) are the displacements of
the structure under each load condition. d represents the number of degrees of freedom
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in the structure induced by the discretization, and m is the number of external static
load conditions. The design problem studied in this article is the minimum compliance
problem, formulated as

minimize
x∈R

n

u1,...,um∈R
d

max
1≤l≤m

{fT
l ul}

subject to K(x)ul = fl, l = 1, . . . ,m,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(2)

where M > 0 is the mass or weight limit for the design, and ρ ∈ Rn is the vector of material
densities for each design variable. This problem is a non-linear mixed 0− 1 program.

The projection theorem can prove that if (x∗, u∗) ∈ {0, 1}n × Rd is a solution of the
problem (2), then x∗ is a solution of the following projected problem.

minimize
x∈Rn

max
1≤l≤m

{cl(x)}

subject to ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(3)

where the functions cl : [0, 1]n −→ R̄+ = R+ ∪ {+∞}, l = 1, . . . ,m, are defined as

cl(x) =

{

fT
l ul(x), if ul(x), solution of K(x)ul(x) = fl, exists.

+∞, otherwise.
(4)

Throughout the article, we will call x∗ any solution of problem (3), and denote C∗ the
optimal compliance of (3).

2.1 Assumptions

The assumptions considered are similar to the assumptions in [10], but generalized to
multiple load conditions.

(A-1) The stiffness matrix K(x) is symmetric, affine in x, and positive semi-definite for all
x ∈ {0, 1}n. The matrix K(x) is given by

K(x) = K0 +
n

∑

j=1

xjKj, (5)

where Kj ∈ Rd×d is the symmetric positive semi definite element stiffness matrix for
the j-th design variable, and K0 ∈ Rd×d is a given symmetric positive semidefinite
matrix (K0 � 0). We assume that

K0 = ηs

n
∑

j=1

Kj , (6)

with 0 ≤ ηs ≪ 1. In re-enforcement problems, we have ηs > 0, while ηs = 0 in pure
topology problems. ηs is the re-enforcement parameter of the problem.

(A-2) The mass limit, M satisfies 0 < M <
∑n

j=1
ρj, where ρj ≥ 0 for j = 1, . . . , n.

(A-3) Each of the loads f1, . . . , fm is non null, i.e., fl ∈ Rd \ {0},∀l = 1, . . . ,m.

(A-4) The feasible set related to the constraints Ax ≤ b is non empty.
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3 Generalized Benders’ Decomposition Framework

In [11] and [10], a formulation of the Generalized Benders’ Decomposition (GBD) method
applied to minimum compliance and minimum weight problems was studied from the-
oretical and numerical points of view. These two articles follow the scheme of [6] for
treating the subproblem (i.e., the problem obtained by fixing the integer variables) of the
GBD method. Nevertheless, in [11] it was proven that the method defined by ([6]) is
not available for problem (3), and a different subproblem was proposed and proved to be
suitable.

From [10], it can be implicitly inferred, by a generalization process, that the minimum
compliance problem (3) can be replaced by the following GBD master problem

minimize
x∈Rn,y∈R

y

subject to l∗c (x, uk
l , ν

k
l ) ≤ y,

k = 1, . . . , p,

l = 1, . . . ,m,

l
f
∗ (x, λk

l , φ
k
l ) ≥ 0, k = 1, . . . , q,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(7)

In Problem (7), the function l∗c was defined as

l∗c(x, uk
l , ν

k
l ) = fTuk

l + νk
l

T
uk

l [x
k − x],

uk
l = ul(x

k), where ul(x
k) is a solution of K(xk)ul(x

k) = fl,

νk
l = νl(x

k) =
(

uk
l

T
K1 uk

l

T
K2 . . . uk

l

T
Kn

)T

,

(8)

where xk ∈ {0, 1}n is the integer part of a solution of the relaxed master problem at

iteration k. The function l
f
∗ is defined as

lf∗ (x, λk
l , φ

k
l ) = −φk

l

T
λk

l x− fT
l λk

l , (9)

with λk
l ∈ Rd a solution of the feasibility problem Hl(x

k), given by

Hl(x
k) = minimize

λ∈Rd
0T λ

subject to λT K(xk)λ− fT
l λ < 0,

fTλ− U ≥ 0,

(10)

and φk
l =

(

λk
l

T
K1 λk

l

T
K2 . . . λk

l

T
Kn

)T

. U is a valid upper bound for the objective

value of the solution x∗ of the original problem (3). All the results stated in ([11], [10]),
used the following special notation rule, which we continue to use in this article.

Notation 1. The expression

νkT
uk[xk − x] = νkT

ukxk − νkT
ukx,

should be understood in the following way. Each product of three terms

νT ux, with ν ∈ Rnd, u ∈ Rd, x ∈ Rn

is interpreted as

νTux =

d
∑

j=1

n
∑

k=1

ν(d[k − 1] + j)u(j)x(k).
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In particular, after the expression of νk in (8), the νkT
ukxk term is interpreted throughout

the article as

νkT
ukxk =

n
∑

j=1

xk
j u

kT
Kju

k.

Remark 1. The expression νkT
l uk

l corresponds in fact to the gradient of the compliance
function ∇xcl(x). This means that the GBD cuts l∗(x, uk

l , ν
k
l ) ≤ y given by (8) are linear

constraints approximating locally the compliance functions in the point (design) xk. As a
consequence, the GBD method applied to problem (2) is conceptually equivalent to the ap-
plication of the Outer Approximation ([3, 7]) method to problem (3) (i.e., this equivalence
does not consider minor differences in the technical details of the methods).

4 Principle of the New GBD Method

To illustrate the main idea behind the method, we will show a one-dimensional example,
where the principle of the new method can be explained in a simple way. Suppose we
have a convex differential function c(x) in a one-dimensional space, for instance in R.
We consider then a minimization problem for the objective function c(x) over a finite
set of points {x1, . . . , xn} in R. The classical GBD includes cuts for every point in the
discrete feasible set obtained by the algorithm in an iterative procedure, converging in a
finite number of steps and obtaining a global optimal solution. The idea behind the GBD
method is to approximate the non-linear objective and constraints functions with linear
functions. This situation can be seen in Figure 1.

c(x)

X

YDesigns
Discrete

x
∗

Level set of x
∗

GBD
Cuts

x∗ x2x3x4x5

Figure 1: Classical behavior of the GBD algorithm for the minimization of a function
y = c(x).

The new GBD procedure here proposed possesses the same properties, but it uses
the principle that it is enough to approximate the linear function at the level set of the
optimal value. By using this extra information, a better performance is expected for this
new algorithm. In particular, for a minimization problem in a one-dimensional space, it
can be proven that the new GBD method converges in at most one iteration after having
found a global optimum for the minimization problem. Note that it has not been stated
that the algorithm will converge in two iterations in this type of problems, but only that
it will converge at most two iterations after finding a global optimum solution. This
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result does not hold for the classical GBD and Outer Approximation methods ([3]), as
it has been reported in [7], where a counter example is shown. In this counter example,
these methods find the global optimal solution at the first iteration, and then visit all
possible points in the feasible set before converging. For the same example, the new GBD
algorithm would converge exactly at the third iteration, and only visiting two feasible
points before converging. This is explained graphically in Figure 2. Suppose the new
GBD algorithm finds a global optimum solution x∗ at iteration one. Then it will update
the Master problem including the GBD cut related to x∗. The master problem is solved
in iteration two, finding x2 as solution. Instead of including the GBD cut related to x2,
the new GBD algorithm will find a point not belonging to the discrete feasible set points,
but a point in the level set of the current best design x∗ (we say only current best design,
because we do not know yet that it is a global optimum). In a one dimensional space,
the uniqueness of this point xU is clear for any non trivial convex objective function. The
GBD cut related to xU is included and the relaxed master problem is solved for the third
iteration. The relaxed master problem solves the linear mixed integer problem showed in
Figure 2. It is possible to see that the optimal solution for the relaxed master problem is
(x∗, y∗). Therefore, the discrete point x∗ has appeared for the second time as a solution of
the relaxed master problem. The repeatition of x∗ is the condition for convergence of the
algorithm (see [4, 7, 11]), proving the convergence of the algorithm at the third iteration,
and the optimality of x∗. Unfortunately, this property does not hold in higher dimensional
spaces, but preliminary computational results shows a clear better numerical behavior for
the algorithm with the new GBD method for higher dimensional problems.

Benders Cuts

c(x)

x

y
Designs
Discrete

x
∗

Level set of x
∗

x
U

x∗ x2xU

Figure 2: Optimal cuts included by the New GBD proposed algorithm for the minimimiza-
tion of a function y = c(x). The dashed line represents the GBD related to x2 which would
have been included if performing the classical GBD or Outer Approximation method.

5 Theoretical Results

In this section, we present the theoretical basis for the new GBD method we introduce
in this article, and we apply it to the minimum compliance problem (3). The ideas are
simple, and aim to justify the replacement of classical GBD cuts, by cuts obtained from
non feasible points. These non feasible points are not solutions of the master problem,
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but belong to a subset of the design space, where the optimal integer design set is likely to
be located. The projection of the continuous relaxation of the problem (3) on the design
variable x is given by (see [2])

minimize
x∈Rn

max
1≤l≤m

cl(x)

subject to ρT x ≤M,

Ax ≤ b,

x ∈ [0, 1]n,

(11)

where the functions cl(x) are defined by (4). The restriction of the problem (11) to its
domain of finiteness of the compliances is convex, so any local solution of it is also a global
solution (see [14]).

Definition 1. Let x∗ be an optimal solution of the minimum compliance problem (3),
with compliances cl(x

∗), l = 1, . . . ,m, max
1≤l≤m

cl(x
∗) = C∗. Define the sets

X0

l = {x ∈ [0, 1]n : cl(x) < C∗, ρT x ≤M,Ax ≤ b}

X∗
l = {x ∈ [0, 1]n : cl(x) ≤ C∗, ρT x ≤M,Ax ≤ b}

˜X∗
l = {x ∈ [0, 1]n : cl(x) = C∗, ρT x ≤M,Ax ≤ b}.

We begin by stating and proving some preliminary results, which are important to
justify the definition of the new type of GBD cuts.

Lemma 1.
m
⋂

l=1

X0

l ∩ {0, 1}
n = ∅.

Proof. Suppose that the set
⋂

l

X0

l ∩ {0, 1}
n is not empty. Then it contains at least one

element x∗∗. x∗∗ is feasible for the problem (3), and satisfies max
1≤l≤m

cl(x
∗∗) < C∗. This is a

contradiction with the optimality of x∗, proving the emptiness of the set
⋂

l

X0

l ∩{0, 1}
n.

Lemma 1 claims simply that the set
m
⋂

l=1

X0

l does not contain any feasible point for

problem (3). All feasible 0 − 1 points belong necessarily to its complement set
⋂

l

X0
l

c
.

Naturally, the same applies for the optimal solutions of problem (3). A natural consequence
of this is stated in the following lemma.

Lemma 2. The set of all solutions of the minimum compliance problem (3) is given by

˜X∗
c = {x ∈

m
⋃

l=1

˜X∗
l ∩ {0, 1}

n : max
1≤l≤m

{cl(x)} = C∗}.

Proof. Lemma 2 is a corollary of Lemma 1.

Lemma 2 claims that the solutions of problem (3) correspond to the integer points
lying on the level set of the optimal compliance. In other words, Lemmas 1 and 2 imply
that if we want to solve problem (3), in reality, it would be enough to search on a smaller
subset of the design space. The following result is more specific about this.
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Lemma 3. x∗ is a solution of the problem (3), if and only if x∗ is solution of the problem

minimize
x∈Rn

max
1≤l≤m

{cl(x)}

subject to x ∈
m
⋃

l=1

˜X∗
l ∩ {0, 1}

n.
(12)

Proof. Lemma 3 is just a corollary of Lemma 2.

Lemma 3 states that problem (12) has the same solution set as problem (3). Problem (12)
has however a much smaller feasible set. Therefore, it would be more convenient to attack
this problem instead of the original version of the problem.

In [10], it was pointed out that by including the cut(s) related to a solution of the
continuous relaxation (11), the convergence of the GBD algorithm can be significantly
accelerated. Let us denote xr, any solution of the continuous relaxation (11).

Lemma 4. Consider the load fl. Let x ∈ {x ∈ [0, 1]n : Ax ≤ b, ρT x ≤M, cl(x) > U} The
function gl

x : [0, 1] −→ R+ given by gl
x(α) = cl(αxr + (1 − α)x) is a convex function. In

addition, for any c0 ∈ [cl(x
r), cl(x)], we can find α0 ∈ [0, 1] such that gl

x(α0) = c0.

Proof. The convexity of gl
x follows from the convexity of cl(x) (see [14]). The existence

of α0 is a direct consequence of the intermediate value theorem (see any basic calculus or
analysis text).

Definition 2. Define the sets

XU
l = {x ∈ [0, 1]n : cl(x) ≤ U, ρT x ≤M,Ax ≤ b},

˜XU
l = {x ∈ [0, 1]n : cl(x) = U, ρT x ≤M,Ax ≤ b},

where U is a valid upper bound for the optimal compliance value, i.e. U ≥ C∗.

Lemma 4 allows us to find, for any design xk such that cl(x
k) > U , l ∈ {1, . . . ,m}, a

scalar αk
l ∈ [0, 1] and a design xk

l,U ∈
˜XU

l satisfying cl(x
k
l,U ) = gl

xk(αk
l ) = U . Thus, if at a

certain stage, a solution of the master problem (xk, yk) does not satisfy max
l
{cl(x

k)} ≤ U ,

by using Lemma 4, we can find, for every l such that cl(x
k) > U , a (non feasible ) design

xk
l,U ∈

˜XU
l . To ensure the convergence of the problem in a finite number of steps, we need

to guarantee that the integer part of the solution the master problem xk can not be a
solution of the folowing master problems.

In [10], it was indicated that l∗c -cuts coming from low compliance designs are stronger
and lead to faster convergence. Here we present a result in the same direction, showing
that if we include the cut related to the design xk

l,U (of lower compliance), we do not need

to include a cut related to xk.

Proposition 1. Consider an upper bound U for the optimal compliance of the problem
(3). Suppose that (xk, yk) ∈ {0, 1}n × R is a feasible design for the master problem (7),
and such that cl0(x

k) > U , for some l0 ∈ {1, . . . ,m}. It exists xk
l0,U ∈

˜XU
l0

such that

xk
l0,U = αk

l0
xr + [1 − αk

l0
]xk and cl0(x

k
l0,U) = U , for some αk

l0
∈ [0, 1]. Then, any master

problem of the type of (7), including the cut l∗c (x, uk
l0
, νk

l0
) ≤ y, with uk

l0
= uk

l0
(xk

l0,U), and

νk
l0

= νk
l0
(xk

l0,U ) given by (8), can not have (xk, y), with y ∈ R, as a solution.
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Proof. The existence of xk
l0,U is guarateed by Lemma 4. Suppose that a given master

problem including the cut

l∗c(x, uk
l0
(xk

l0,U ), νl0) = νk
l0

T
(x− xk

l0,U) + fTuk
l0
≤ y

possesses (xk, yk) as a solution, with cl0(x
k) > U for some l0 ∈ {1, . . . ,m}. Then, we need

to see that νk
l0

T
(xk − xk

l0,U ) = g′(αk
l0
) · (0 − 1) (see [2]). Since g′(α) < 0 ∀α ∈ [0, 1], then

g′(αk
l0
) · (0− 1) > 0 =⇒ νk

l0

T
(xk − xk

l0,U) > 0. Since fTuk
l0

= U , we have as a consequence
that

yk > U,

which can not occur, since yk, as a solution of the master problem, is necessarily a valid
lower bound of the optimal compliance (i.e., yk ≤ C∗ ≤ U). This proves that (xk, yk),
yk ∈ R, can not be solution of such a master problem.

Proposition 1 tells us that if max
l
{cl(x

k)} > C∗, then by including the non feasible cut

l∗c(x, uk
l0

, νk
l0
) ≤ y

in the master problem, the design xk can not be part of a solution of any of the following
master problems. Notice as well that this proposition holds independently on whether the
considered design xk is feasible for the equilibrium equations (1) or not. This implies that
we do not need to include feasibility cuts of any type.

Proposition 2. Consider the semi-infinite master problem

minimize
x∈Rn,y∈R

y

subject to l∗c (x, ul(z), νl(z)) ≤ y,
∀ z ∈

⋃

l

˜X∗
l ,

l = 1, . . . m,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n.

(13)

Any optimal solution (xk, yk) ∈ {0, 1}n × R of (13), is also an optimal solution of (3).

Proof. First, suppose max
l
{cl(x

k)} > C∗. It follows that there exits l0 ∈ {1, . . . ,m} such

that cl0(x
k) > C∗. Then, after Lemma 4, we can find αk

l0
∈ [0, 1], such that xk

l0
=

αk
l0
xr + [1 − αk

l0
]xk, and cl0(x

k
l0

) = C∗. This means that xk
l0
∈ ˜X∗

l0
. As a consequence,

the cut l∗c (x, uk
l0
(xk

l0
), νk

l0
(xk

l0
)) ≤ y, is already present in the problem (13). Proposition 1

with U = C∗ ensures that xk can not be a solution of the master problem, obtaining a
contradiction. Then, Lemma 1 states that max

l
{cl(x

k)} ≮ C∗. Then, the only possibility

left is max
l
{cl(x

k)} = C∗, in which case xk is a solution of (3).

Problem (13) is a semi-infinite problem, and it requires us to know in advance the opti-
mal value C∗. This makes it impossible to treat this problem as stated. As an alternative,
we can consider any valid upper bound U for the compliance function. Therefore, we will
look instead at the semi-infinite master problem
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minimize
x∈Rn,y∈R

y

subject to l∗c(x, ul(z), νl(z)) ≤ y,
∀ z ∈

⋃

l

˜XU
l ,

l = 1, . . . m,

ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(14)

which we can treat with a relaxation process. We have the following result.

Proposition 3. Consider a finite relaxation of the semi-infinite master problem (14)

minimize
x∈Rn,y∈R

y

subject to l∗c (x, ulkj
(xk

lkj ,U
), νlkj

(xk
lkj ,U

)) ≤ y,

xk
lkj ,U
∈

⋃

l

˜XU
l ,

k = 1, . . . , N,

j ∈ {1, . . . nk},
ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(15)

for given numbers N,nk, k = 1, . . . , N . Consider the sequence of solutions of the problem
(15), given by (x1, y1), . . . , (xN , yN ), and the corresponding 1, . . . , N l∗c -cuts respectively.
If a given solution (xk∗

, yk∗

) in the sequence satisfies max
1≤l≤m

{cl(x
k∗

)} = U and U−yN ≤ ǫ,

with ǫ ≥ 0, then U ≤ C∗ + ǫ, and xk∗

is an ǫ-optimal solution of (3).

Proof. We start by pointing out that (15) corresponds to take the problem (14), and
consider a finite number of elements in

⋃

l

˜XU
l , and the l∗c -cuts related to these elements,

each of them considering only some of the load conditions.
Then, since yN is the optimal value of (15), it satisfies the set of inequalities

l∗c(x, uk
lkj

, νk
lkj

) ≤ yN , ∀k, lkj .

These inequalities can be rewritten, after (8), as

fTuk
lkj

+ νk
lkj

T
uk

lkj
[xk

lkj ,U
− x] ≤ yN , ∀k, lkj . (16)

It is known (see [2]) that νk
l (x′)

T
uk

l (x
′)x = −∇xcl(x

′)T x for any x′ ∈ [0, 1]n such that the
equations K(x′)u = fl possess a solution. It follows that (16) is equivalent to

clkj
(xk

lkj ,U
) +∇xclkj

(xk
lkj ,U

)T (x− xk
lkj ,U

) ≤ yN , ∀ k, lkj .

Suppose that xk∗

is not a ǫ-optimum of (3). If follows that there exists x∗∗ ∈ {0, 1} feasible
for (3), satisfying max

l
{cl(x

∗∗)} = C∗∗ < U − ǫ and C∗∗ < yN .

Since the functions cl(x) are convex functions (see [14]), they satisfy

C∗∗ ≥ cl(x) +∇xcl(x)T (x∗∗ − x), ∀x ∈ [0, 1]n : cl(x) <∞.

In particular, this last condition is satisfied by the finite set of feasible designs {xk
lkj ,U

, k =

1, . . . , N, j ∈ {1, . . . , nk}}
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C∗∗ ≥ clkj
(xk

lkj ,U
) +∇xclkj

(xk
lkj ,U

)T (x∗∗ − xk
lkj ,U

), k = 1, . . . , N, j = 1, . . . , nk,

and we have that the pair (x∗∗, C∗∗) satisfies all the constraints of the problem (15). It is
thus, a feasible point for this problem. Since C∗∗ < yN , this is a contradiction with the
optimality of (xk∗

, yN ) for the problem (15). This proves that such x∗∗ does not exist, and
therefore U < C∗ + ǫ and so, xk∗

is an ǫ-optimum for (3).

Proposition 4. Consider a sequence, indexed by N , of finite relaxations of the semi-
infinite master problem (14)

minimize
x∈Rn,y∈R

y

subject to l∗c (x, uk
lkj

(xk
lkj ,U

), νk
lkj

(xk
lkj ,U

)) ≤ y,

xk
lkj ,U
∈

⋃

l

˜XU
l ,

k = 1, . . . , N,

j ∈ {1, . . . nk},
ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(17)

{nk}k is a given sequence of integers satisfying 1 ≤ nk ≤ m, and u
lk

1

j

6= u
lk

2

i

for all

(k1, j) 6= (k2, i). If {(xN , yN )}N is the sequence of solutions the master problems, and
U > C∗, then there exists N0 ∈ N+ such that

max
l
{cl(x

N0)} < U.

Proof. After Proposition 1, each solution {(xN , yN )}N of the master problem such that
xN /∈

⋃

l

XU
l is prevented to be a solution of the master problem again on next iterations,

just by including the cut l∗c(x, uN
lN
0

, νN
lN
0

) ≤ y, for some lN0 ∈ {1, . . . ,m}. Since the number of

integer designs in {0, 1}n\
⋃

l

XU
l is finite, as well as the number of designs in {0, 1}n∩

⋃

l

˜XU
l ,

there will be necessarily an N0 > 1, for which none of the points in ({0, 1}n\
⋃

l

XU
l )∪

⋃

l

˜XU
l

can be part of a solution of the master problem. The solution (xN0 , yN0) of this master
problem must therefore satisfy xN0 ∈ {0, 1}n ∩ (

⋃

l

XU
l \

⋃

l

˜XU
l ), in which case we have

max
l
{cl(x

N0)} < U.

Propositions 2 and 4 state that if we have a strict upper bound U1 for the optimal objective
value of problem (3) (i.e, U1 > C∗), we can build an algorithm based on the relaxation
of a master problem on ˜XU1

c . When enough cuts have been added to the relaxed master
problem, the solution (xk, yk) of the master problem will satisfy max

l
{cl(x

k)} = U2 < U1.

When this happens, we can update all the cuts to the set ˜XU2

c through Lemma 4. The
other possibility is that U1 = C∗, in which case the algorithm will converge in a finite
number of steps. Therefore, the only requirement is a valid upper bound for the optimal
compliance, which can be obtained and updated during the algorithm. If at any stage of
the algorithm, the value C∗ is attained as upper bound U , then the sets

⋃

l

˜XU
l and

⋃

l

˜X∗
l

90



are the same set. At this point, when enough cuts at the level set
⋃

l

˜X∗
l are added, the

algorithm converges, obtaining an optimal solution.

Remark 2. The validity of the new type of GBD cuts is supported on the fact that there is
no essential difference between this new type of cuts and the ones used in a classical GBD
algorithm except for the fact that the points used to build the cuts may not be feasible. This
feasibility issue has no relationship with the validity of the cuts, since the validity of the
cuts is only related to the correct approximation and underestimation of the original non-
linear objective function by supporting planes, independently of whether these supporting
planes were built from feasible points or not.

6 Statement of the Method

In this section, we present formally the algorithm executing the new Generalized Benders’
Decomposition method proposed in this article, for solving problem (2). The assumptions
considered are Assumptions (A-1)-(A-4). The algorithm can be applied for reinforcement
or pure topology optimization problems, as well as single, or multiple load problems.

Algorithm 1: New Generalized Benders’ Decompostion approach, for the min-
imum compliance problem (2).

1. Set P = Q = 1, the upper bound U = +∞, the lower bound y0 = −∞ and the
convergence tolerance ǫ ≥ 0.

2. Compute the solution xr of the continuous relaxation of the minimum compliance
problem (3). Compute the compliances c1(x

r), . . . , cm(xr). Do for all load cases
l = 1 . . . ,m: {Compute the vectors ul(x

r), νl(x
r) and the corresponding compliance

cuts l∗c (x, ul(x
r), νl(x

r)) ≤ y, after (8).}

3. Solve the first relaxed master problem

minimize
x∈Rn,y∈R

y

subject to l∗c(x, ul(x
r), νl(x

r)) ≤ y, l = 1, . . . ,m,

Ax ≤ b,

ρT x ≤M

x ∈ {0, 1}n,

(M1)

by any solver for linear-mixed integer programming. If (M1) is infeasible, then stop
and exit. Problem (2) is infeasible. Otherwise, denote the solution of (M1) found
by (x1, y1) and set P = 1.

4. Do for all loads l = 1, . . . ,m:{Compute the compliance cl(x
P )}. If max

1≤l≤m
{cl(x

P )} <

U , set U = max
1≤l≤m

{cl(x
P )}, and set the solution index i∗ = P .

5. Do for all k = 1, . . . , P :{ Set j = 1. Do for all loads l = 1, . . . ,m:{If cl(x
k) > U , set

lkj = l, set j ← j + 1, and compute, by a bisection procedure, αk
lkj
∈ [0, 1] such that

g
lkj

xk(αk
lkj

)} = U , where gl
x is the function defined in Lemma 4. Compute the design

xk
lk
j
,U

as xk
lk
j
,U

= [1 − αk
lk
j

]xk + αk
lk
j

xr. Find the displacement field uk
lk
j

and νk
lk
j

, after

(8)}}
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6. Solve the relaxed master problem:

minimize
x∈Rn,y∈R

y

subject to l∗c (x, uk
lkj

, νk
lkj

) ≤ y,
k = 1, . . . , P,

j ∈ {1, . . . nk},
ρT x ≤M,

Ax ≤ b,

x ∈ {0, 1}n,

(18)

where l∗c(x, uk
lk
lj

(xk
lj ,U )l, ν

k
lk
lj

(xk
lj ,U )) given by (8), and nk is the number of load condi-

tions holding cl(x
k) > U . Solve (18), by any solver for linear-mixed 0− 1 program-

ming. If (18) is infeasible, then stop and exit. Problem (2) is infeasible. Otherwise,
set P ← P + 1, and denote the solution of this program (xP , yP ).

7. If U − yP ≤ ǫ, then stop. The optimal design found is xi∗ and its optimal value U .
Otherwise return to step 4.

Remark 3. The bisection procedure included in step 5 of the algorithm supposses that
the resolution of the subproblem and/or evaluation of the objective value is computation-
ally cheap. For large-scale problems, the bisection procedure might result in a very slow
algorithm, and might dominate the computational time for the complete GBD algorithm.
For these cases the bisection procedure should be replaced by a more efficient line search
algorithm, such as a Newton type algorithm or similar.

7 Convergence to Global Optima

Theorem 1. The presented Generalized Benders’ Decomposition (GBD) method Algo-
rithm 1 converges in a finite number of iterations to the global optimum value of problem
(3).

Proof. The convergence in a finite number of steps is based on the finiteness of the set
{0, 1}n. After Proposition 1, every solution (xk, yk) of the master problem such that xk /∈
⋂

l

XU
l is prevented to be a solution of the master problem in the following iterations, by

including the cut l∗c(x, uk
lkj

, νk
lkj

) ≤ y. Otherwise, if xk ∈
⋂

l

XU
l \

⋂

l

˜XU
l , then max

l
{cl(x

k)} =

˜U < U . By setting U ← ˜U , and consequently, updating the sets XU
l to the sets X

˜U
l ,

l = 1, . . . ,m, we have that now xk belongs to
⋂

l

XU
l , and xk is prevented from being a

solution of the following master problems, unless xk is an optimal solution of (3) (as it
was proven in [11]). Since we are discarding at each iteration, at least one design (unless
optimal), the number of iterations is limited by the cardinality of the feasible set of problem
(3). This number if finite, proving the convergence in a finite number of steps. Therefore,
the algorithm will stop the latest, when a design xk ∈

⋂

l

˜XU
l is repeated in the sequence

of solutions of the master problem. Proposition 3 ensures that, if the algorithm converges,
it converges to a global optimum.

Corollary 1. The presented GBD method Algorithm 1 converges in a finite number of
iterations to the global optimum value of problem (2)
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Proof. The projection theorem ensures that problems (2) and (3) have the same optimal
objective value. Therefore, the GBD algorithm will converge to the common global optimal
value of these two problems.

8 Implementation

The Generalized Benders Decomposition method presented in this article is implemented
in the numerical environment and high level programming language Matlab ([9]), for
solving 2-D truss topology design problems. The solver used in the treatment of the
master problem is the commercial branch-and-cut solver for integer programming CPLEX
version 9 ([5]). The continuous relaxation (11) is solved using the Method of Moving
Asymptotes (MMA), see [13, 15].

9 Numerical Examples

In this section, we present some numerical examples for the Generalized Benders’ De-
composition (GBD) method proposed in this article. We will use some of the numerical
examples presented in ([10]) for benchmarking the proposed method. These examples are
2-D truss design problems, where problem (3) was attacked for a particular geometry of
the design space, considering different parameterizations. The design problem corresponds
to finding an optimal configuration of bars forming a truss structure. The design decision
considers as well the optimal area (out of a discrete set of candidate areas {a1, . . . , an0

})
for each of the bars included in the structure. For more details about the example descrip-
tion, see [10]. The tolerance for the feasibility of all constraints is set exactly as in [10]
(10−5). All examples were run on an UltraSPARC IV processor, running at 1800 MHz, as
in [10].

Name Areas DV ηs Load Load Weight
Cases limit (M)

P1 1 74 0.0 1 1.0 23.5
P2 1 74 1e-2 1 1.0 23.5
P3 5 370 0.0 1 1.0 16.0
P4 5 370 1e-2 1 1.0 16.0
P5 5 370 0.0 3 10.0 23.5
P6 5 370 1e-2 3 10.0 23.5

Table 1: Problem statistics for the 6 problem instances solved in [10].

In Table 1, the parameterization describing the examples are given for the six examples.
This parameterization scheme includes the number of candidate areas, the number of
design variables (DV), the value of the re-enforcement parameter (ηs), the number of load
cases in the example, the magnitude of the load, and the weight limit for the structure.

The stopping criteria for the algorithm was set exactly as in [10], i.e. as Gap < 0.5%,
where Gap is defined as the relative optimality gap

Gap :=
U − yk

U
× 100,

U is the current best objective value found, and yk is the optimal objective for the master
problem at iteration k.
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P Max(Cj) GBD Gap CPU
iter. (%) [h:m]

P1 0.08951 1273 2.619 72:36
P2 0.08773 180 0.442 00:24
P3 0.11471 675 3.981 97:56
P4 0.11082 534 0.500 03:17
P5 1.57446 120 1.621 93:57
P6 1.53289 120 0.413 25:37

Table 2: Statistic obtained for examples P1 – P6, for the standard GBD algorithm. Three
out of the six examples converged to optimality.

P Max(Cj) GBD Gap CPU
iter. (%) [h:m]

P1 0.08951 1140 0.981 75:04
P2 0.08773 60 0.438 03:14
P3 0.11338 145 0.479 07:45
P4 0.11065 83 0.487 05:56
P5 1.56377 90 0.362 82:37
P6 1.53252 30 0.391 07:49

Table 3: Statistic obtained for examples P1 – P6, from [10]. The use of heuristics im-
proves the performance of the GBD algorithm. Five out of the six examples converged to
optimality.

First we ran the examples with the standard GBD algorithm based on the algorithm
presented in [11]. The results of this experiment are shown in Table 2. We note that
three out of the six examples converged within the time limit of 72[h]. The three examples
that converged are exactly the examples with a non zero re-enforcement parameter (i.e.,
ηs > 0). This result shows that re-enforcement problems are better suitable to be solved by
a GBD approach. This observation was already conjectured in [10], and here we confirm
once more the same statement by the numerical evidence of the presented examples.

In table 3 we can see the results obtained in [10], where a standard GBD approach was
used, including a heuristic preprocessing stage, for obtaining many good quality initial
cuts. That algorithm considers as well two sets of optimality tolerances and time limits
for the master problem, and it includes the cuts obtained from solutions of the continuous
relaxation (11). These two techniques help accelerating the convergence of the algorithm.
The proposed method uses these two techniques too, including a set of relative tolerances
for the master problem (tol1 = 0.1%, tol2 = 0.05%), where tol2 is considered every 30
iterations. Furthermore, a set of time limits (T1 = 300[s], T2 = 24[h]) is considered, where
T2 is set only every 15 iterations. In Table 4, we see the corresponding results for the
proposed method.

The results show an important difference in performance, with respect to the CPU
time spent for both algorithms. The new proposed algorithm was faster in all examples,
with rates of CPU time going from 1/30 (example P4) to 1/2400 (example P1) .
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P Max(Cj) GBD Gap CPU
iter. (%) [h:m:s]

P1 0.08951 62 0.381 0:01:50
P2 0.08773 58 0.445 0:01:56
P3 0.11338 67 0.441 0:03:36
P4 0.11068 121 0.424 0:12:20
P5 1.56521 36 0.444 1:20:43
P6 1.53282 40 0.435 1:00:54

Table 4: Statistic obtained for examples P1 – P6 with the proposed GBD algorithm.

10 Final Remarks and Future Work

We have proposed a new technique based on the Generalized Benders’ Decomposition
method for attacking mixed-integer optimization problems. This new method considers a
solution of the continuous relaxation of the mixed integer problem. Then, for each solution
of the relaxed master problem, a point in the level set of the current best solution is found
by a bi-section procedure. The bisection procedure is executed between the solution of
the continuous relaxation and the design coming from the solution of the master problem.
For large-scale problems, the resolution of the subproblem for each step of the bi-section
procedure may make the method inefficient. In these cases the bisection procedure should
be replaced by a more efficient line search procedure. The numerical results confirm
that the best cuts to be included in the sequence of master problems are not necessarily
obtained by the solutions of these master problems. The algorithm was benchmarked with
an existing implementation of Generalized Benders’ Decomposition for structural topology
optimization, and an improvement on CPU time in at least 2 orders of magnitude, and also
an important reduction in the number of iterations was observed. These promising results
suggest that this method should be investigated also other types of problems, generalizing
the method to a larger class of problems. For instance, problems where the non linear
functions involved are formulated as constraints, instead of as the objective function, which
is the case in this work.
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Disrete Multi-Material Optimization:Combining Disrete and Continuous Approahesfor Global OptimizationEduardo Munoz∗ Christian Gram Hvejsel†June 6, 2010AbstratComposite laminate lay-up design problems may be formulated as disrete material seletion pro-blems. Using this modeling, we state standard minimum ompliane problems in their original Mixed-Integer Problem (MIP) formulation. We use di�erent tehniques for ontinuous and disrete optimiza-tion, and a Generalized Benders' Deomposition algorithm is used obtaining globally optimal solutions.The onvergene of GBD is improved by using information obtained from heuristi proedures. We usean e�ient heuristi tehnique, whih is very likely to �nd lose-to optimal solutions. This tehniqueonsists in solving a related sub-MINLP problem, based on the solution to the ontinuous relaxationof the original MINLP optimization problem. This sub-MINLP problem orresponds to the originalmixed-integer problem, where a large number of variables are �xed (up to 90%). Solving the resultingproblem is often easier and typially requires signi�antly less omputational e�ort. A number of nume-rial examples in design of omposite laminated strutures is presented. Several of them are solved toglobal optimality, and in extension the strengths of the method are disussed. Numerial examples ofup to 23.000 design variables are solved to global optimality.Keywords: strutural design optimization, integer optimization, global optimization, deompositiontehniques, heuristis, laminated omposite materials.1 Introdution/Literature ReviewAlmost every strutural or mehanial design problem an be formulated as an optimization problemwith either ontinuous or integer deision/design variables. Despite of the fat that most pratialdesign problems are disrete in nature, the vast majority of works on strutural optimization fous ondesign problems with ontinuous variables. The reasons for this are many; ontinuous problems are(muh) easier to solve, the size of manageable ontinuous problems is signi�antly larger ompared toequivalent integer problems, o�-the-shelf ontinuous large-sale optimization algorithms exist, and inaddition many integer problems may be attaked heuristially using ontinuous approahes. Typially,the integer nature of the deision variables omes from the fat that it is not desirable or possible to allowfor e.g. every imaginable bar or plate thikness, material property et. for the design of a mehanialstruture. Often the designer is restrited to hoose from a set of prede�ned properties for the entityin question; be it a ross setion from a table of available standard ross setions, or a material froma set of prede�ned suitable andidate materials. Problems of truly disrete nature are not neessarilysuitable for ontinuous approahes and furthermore most ontinuous approahes give no guarantee orassessment about the quality of the solutions obtained, exept that they yield some design improvementompared to the initial design. To perform true optimization, that is to obtain the best solution(s) (the
∗Department of Mathematis, Tehnial University of Denmark, Matematiktorvet, Building 303S, 2800 Kgs. Lyngby,Denmark, E-mail: E.munoz�mat.dtu.dk
†Department of Mehanial and Manufaturing Engineering, Aalborg University, Pontoppidanstræde 101, DK-9220 AalborgØst, Denmark, E-mail: gh�me.aau.dk 98



set of global optimal solutions), more rigorous approahes are needed, and this is the topi of globaloptimization, whih we onsider in this paper.The appliation addressed in this paper is that of having a design domain, whih is subdivided into a�nite number of regions. Eah of these regions will be alled throughout this paper, a design sub-domain.In every design sub-domain, the seletion of a material from a set of given andidate materials is to bedone. This formulation overs multi-material problems suh as optimal omposite laminate lay-up designwith di�erent andidate material as well as disrete �ber orientation problems. We propose to use aombination of exat global optimization algorithms, ontinuous relaxations, and heuristis to obtainguaranteed globally optimal solutions to these disrete design problems, whih would not be possibleto solve by either approah independently. In this paper heuristi proedures only have the purpose ofassisting in �nding globally optimal solutions, while global optimization methods are used to both �ndglobally optimal solutions, and also to prove the optimality of these solutions. We use two heuristiproedures to improve the onvergene rate of the global algorithm. The di�ulty of proving globaloptimality depends strongly in the nature of eah problem. In partiular, onvexity properties of theontinuous relaxation of an optimization model gives a superlative help in aomplishment of this task.As a matter of fat, the optimal solution to the onvex ontinuous relaxation gives a meaningful lowerbound for a global optimum of the 0/1 problem.Strutural design of laminated omposite strutures entails deisions about the number of layers,seletion of material in eah layer (CFRP1, GFRP2, polymeri foam, balsa wood, et.), orientation oforthotropi materials (0◦, 45◦, . . . , 90◦), individual layer thiknesses. In the urrent work we �x thenumber of layers as well as the layer thiknesses a priori and thus we only onsider the problem ofdomain-wise seleting the optimal material among multiple andidates. Thus we ontinue along thelines of (disrete) topology optimization meaning that we work on a given �xed domain within whihwe want to selet in eah design sub-domain the optimal material from a number of given andidatematerials. These were �rst presented by [34, 12℄ in the setting of three-phase topology optimization (voidand two materials). Sine then [35, 25℄ generalized the problem to inlude multiple (possibly orthotropi)materials to be seleted among in the setting of optimal omposite laminate design. In this paper themodeling of the ontinuous relaxation losely follows that of [36℄.In ontrast (si!) to two-phase topology optimization, the design question is extended to inludemultiple distint phases whereby the problem is enlarged. This design problem is a generalization ofthe void-solid (or two-phase) topology optimization problem and inludes this problem as a speial asewhere void is one of the �materials�. Thus, the multi-material minimum ompliane problem also laksexistene of solutions in its ontinuum in�nite dimensional form, as it is well-known for the two-phasetopology optimization problem, see [26, 21, 22, 8℄. For a �nite element disretized design domain, thismeans that the optimal solution is mesh dependent. One way to obtain a well-posed problem is tointrodue miro strutures (i.e. omposites) to the design spae, or to exlude unwanted small salefeatures from the feasible set (see [6℄). In this work we do not ensure existene of solutions through e.g.minimum length sale or omposites but we inlude the possibility of seleting pre-de�ned (omposite)materials from a set of andidate materials, throughout the also pre-de�ned spatial design sub-domain.Sine the problem of mesh dependeny exists for two-phase topology design, it also exists for the multi-material problem sine the former is just a speial ase of the latter. In pratie, however, it is ourexperiene that mesh dependeny does not pose too severe problems. Nevertheless, it still exists andshould be taken are of in future researh. Here we just brie�y mention the issues related to de�ning,formulating and handling meaningful length sales when multiple phases are involved. These issues are,to our knowledge, not resolved yet and require further researh.As a general fat, the original formulation of disretized strutural design problems falls into theategory of nonlinear non-onvex mixed-integer problems, where the state variables are ontinuous va-riables and the deision/design variables are integer variables. This orresponds to a so-alled SAND(Simultaneous ANalysis and Design) formulation (see [10, 18, 19℄). To handle this lass of problems,several tehniques are found in the literature. We brie�y mention the branh-and-bound method ([23℄,[15℄), the branh-and-ut method ([38℄), Outer Approximation by [9℄, and the Generalized Benders'Deomposition (GBD), [11℄. In this work we apply the GBD method to treat diretly the mixed-0/1strutural design problem in the sense desribed by [28, 29℄. This tehnique was �rst introdued byBenders (Benders' Deomposition, (BD), [4℄), and aimed to solve linear mixed-integer problems. The1Carbon �ber reinfored polymer2Glass �ber reinfored polymer 99



method was generalized to a partiular lass of nonlinear mixed-integer problems in [11℄ and furtherdevelopments are due to [24℄. In the last two deades, a large number of publiations about variationsand improvements of the method (speially in the BD method, as [33℄, [27℄) and appliations in industryhave been published ([31℄, [17℄). It seems that this tendeny will ontinue in the oming years. Withrespet to strutural optimization, [28, 29℄ applied GBD for the design of simple 2-D truss strutures.That artile and the present are up now to our knowledge, the only existing appliations of GBD tostrutural optimization. [28, 29℄ pointed out the limitation of the method to solve large�sale topologyoptimization problems (i.e. many sub-domains and design variables) in terms of onvergene within areasonable amount of time and memory. Therefore, in the ase of large�sale problems, the apaityof this and other methods of integer optimization is still limited. To solve these problems a relaxationis introdued letting the integer variables take on ontinuous values. The ontinuous variable approahtypially uses penalization of intermediate variable values to obtain integer feasible solutions eventually,see e.g. [5, 6, 37℄. The size (whih is not neessarily related to the omplexity) of the problems that wewant to attak is roughly haraterized by size of the analysis problem and the number of integer designvariables. The aim of this paper is to inrease the size of problems possible to solve to global optimality.Organization of the PaperIn Setion 2 we present the formulation of the disrete mass onstrained minimum ompliane problem.In Setion 3 follows a desription of a method to solve the disrete problem by use of the GeneralizedBenders' Deomposition (GBD) method. Setion 4 desribes the ontinuous relaxation of the mixed-integer problem and how it is used to improve the performane of the GBD method. The ontinuousrelaxation is also used as part of a rounding heuristi desribed in Setion 5. In Setion 6 we presenta method ombining the previously desribed proedures and point out in what way this improves itspratial and numerial performane. Setion 7 desribes brie�y the implementation of the algorithmfor omputational experiene. Following the presentation of the methods developed in this work, inSetion 8 we demonstrate numerial examples solved by eah of the methods independently as well asexamples where both methods are used in ombination to demonstrate the improvement gained throughthe ombination of the methods. The results of the omputational experiments are presented in Setion9. Finally, we round o� with a disussion in Setion 10, point to future use of the methods and onludein Setion 11.2 Problem FormulationConsider a (layered shell) struture Ω ∈ R
3. We aim to onstrut an optimization model to designa multi-material omposite laminated struture. Ω is onsidered as a �xed design domain, where thedistribution of material has to be assigned. A set of andidate materials with di�erent mehanialand mass properties is provided, and our goal is to �nd, if a suitable objetive funtion is given, theoptimal distribution of the materials satisfying the imposed onstraints. We assume linear elastiityfor the mehanial model, whih we disretize by �nite elements, reduing the ontinuum problem to a�nite-dimensional problem with degrees of freedom, u ∈ R

d. Considering appropriate support/boundaryonditions and a given load ondition, f ∈ R
d, the �nite element equilibrium equations take the followingform

K(x)u = f (1)where the sti�ness matrix K(x) ∈ R
d×d depends on the material onstitutive properties as well as the(�xed domain) �nite element strain-displaement relation as de�ned in (6). The onstitutive propertiesare assumed to be given by Hooke's law (linear elastiity).Given a number of prede�ned materials, nc, with known onstitutive properties Ei and mass density

ρi, we want to minimize the ompliane under stati loading. In order to build the optimization model,a seond disretization of the design domain Ω is made. This disretization is for the design problem,and it is independent of the �nite element disretization. More preisely, the seond disretization of Ωintrodues a set of nd design subdomains, and a material seletion variable xij ∈ {0, 1} is introduedto represent the seletion of a given andidate material, i ∈ {1, . . . , nc}, in every design domain, j =
1, . . . , nd.

xij =

{

1 if material i is hosen in design domain j

0 if not (2)100



A (design) subdomain may be a single layer in an element, a layer overing multiple elements, multiplelayers within a single element et. We remark that the disretization of the design domain may, or maynot oinide with the �nite element disretization. The total number of design variables n is given as thesum of the number of andidates de�ned within eah design sub-domain, i.e. in general n =
∑nd

j=1
nc

j .However, if the number of andidate materials in all sub-domain is idential the number of variables issimply n = nd · nc.In eah subdomain, it is required that only one material is hosen. This is enfored by the followinglinear equality onstraints also alled generalized upper bound onstraints.
nc

j
∑

i=1

xij = 1 ∀j (3)In eah subdomain, the design-dependent mass density is given by ρj(x) =

nc
j

∑

i=1

xijρi and onsequentlythe total mass of the struture is
M(x) =

nd

∑

j=1

ρj(x)Vj =

nd

∑

j=1

nc

∑

i=1

xijρiVj , (4)where Vj is the (�xed) volume of subdomain j. We onsider the disrete minimum ompliane, massonstrained problem given by minimize
x∈Rn,u∈Rd

c(x) = fT u(x) (5a)(OP) subjet to K(x)u = f, (5b)
(M(x) ≤M) (5)
nc

j
∑

i=1

xij = 1, ∀j, (5d)
xij ∈ {0, 1}, ∀i, j (5e)where f are design independent nodal loads, u(x) are the nodal displaements obtained as the solutionto Equation (1) and M(x) is the total mass of the struture, Equation (4), whih is limited by M .The only assumption we make with respet to M , is that 0 < M , and the problem is not infeasible,neither has a trivial solution. The mass onstraint is only relevant for multi�material problems where theandidate materials have di�erent mass density. In the ase of pure �ber angle seletion problems (i.e.same physial material at di�erent orientations), the mass onstraint is redundant sine all andidatematerials in these problems have the same mass density.3 Generalized Benders' Deomposition Applied to 0-1 DesignOptimization ProblemsIn this setion we introdue the resolution of the problem (5) by means of Generalized Benders' De-omposition (GBD); we give a brief desription of the method, and introdue an important theoretialresult with respet to the onvergene of the algorithm to a global optimum. Then, we haraterize theonditions and modes to improve and aelerate the pratial onvergene of the method.3.1 The GBD MethodIn this setion, we present the GBD (see [11℄) method we use in this paper to attak problem (5). GBDis a known optimization algorithm for nonlinear mixed-integer problems. It is based on separating theoptimization model into two sequenes of simpler optimization programs. The �rst sequene of problemsonly onsiders the integer variables of the problems, plus a single salar ontinuous variable, making asequene of linear mixed-integer problems. The other sequene deals only with the set of ontinuousvariables, and it is given by a speial reformulation of the equilibrium equations.101



In [28℄, a standard topology optimization in its mixed-integer formulation was studied. We onsiderthe sti�ness matrix K(x) as linear in the design variables
K(x) =

∑

ij

xijB
T
j EiBj =

∑

ij

xijKij (6)where Bj ∈ R
6×d is the �nite element strain-displaement matrix for subdomain j, Ei ∈ R

6×6 isthe onstitutive matrix for the i'th andidate material, and Kij = BT
j EiBj is the resulting positivesemide�nite loal sti�ness matrix related to the design element j for the andidate material i. Underthis assumption, in [28℄ it was proven that the GBD method applied to the minimum ompliane problemgiven by minimize

x∈Rn,u∈Rd
c = fT u (7a)(OP-GBD) subjet to K(x)u = f, (7b)

ρT x ≤M, (7)
Ax ≤ b, (7d)
x ∈ {0, 1}n. (7e)onverges in a �nite number of iterations to a global optimal design. Problem (5) is a partiular aseof (7), where a general set of linear onstraints Ax ≤ b is replaed by the partiular ase of the materialseletion onstraints ∑nc

i=1
xij = 1, ∀j. As a onsequene all theoretial results that hold for problem(7) hold for (5) as well.The GBD algorithm applied to the problem (5) supposes the inlusion of two sequenes of simpleroptimization problems. The �rst is the sequene of the so-alled subproblems (SP), onsidering thedisplaement �eld u (a ontinuous variable). The seond is the sequene of master problems (MP),onsidering the design variable x (a 0-1 variable).The subproblem orresponds to the problem (5) with the variable x �xed to a given design x := xk ∈

{0, 1}n, so the optimization problem only takes into onsideration the displaement �eld u. Thus, theobjetive value c is a funtion of x, i.e., c = c(x)minimize
u∈Rd

c(xk) = fT u (8a)(SP) subjet to K(xk)u = f. (8b)Problem (8) simply orresponds to solve the analysis problem uk = K(xk)−1f and evaluate the om-pliane related to the design xk, by c(xk) = fT uk. Notie that we are impliitly pointing out that theanalysis problem possesses a unique solution. This is due to the fat that the global sti�ness matrix
K(xk) is positive de�nite, sine the optimization problem (5) is not a strit topology problem, but amulti-material seletion problem, whih means that all andidate materials inluded have non-vanishingsti�ness.The master problem is de�ned almost exatly as it was de�ned in [29℄, and we repeat its desriptionand notation used, adapted to the problem (5). The master problem for iteration N orresponds to thefollowing linear mixed-0/1 problem.minimize

x∈Rn,y∈R

y(MP) subjet to l∗c(x, uk, νk) ≤ y, ∀ k = 1, . . . , N,

ρT x ≤M,
nc
∑

i=1

xij = 1, ∀j

x ∈ {0, 1}n.

(9)where l∗c is a funtion de�ned as
l∗c (x, uk, νk) = fT uk + νkT

[xk − x],

νk =
(

ukT
K11u

k ukT
K12u

k . . . ukT
Kncnduk

)T

,
(10)102



where uk is given by the subproblem (8), and xk is the solution of the k-th relaxed master problem.The following explanation rule is equivalent to the ones stated in [28℄. We repeat it almost exatly,sine they de�ne the notation used through the artile.Remark 1. The notation used here is slightly di�erent from the one used in [28, 29℄, where the expression
νk was de�ned di�erently. It is important to have this in mind before omparing the equations andalgorithms presented here with those in the mentioned artiles.3.2 GBD by Level SetsIn [30℄, a variation of the GBD tehnique, named GBD by level set uts, was introdued, showing asigni�ant improvement with respet to the lassial GBD algorithm. The priniple of this algorithmis essentially the same, with only one di�erene. At eah step the master problem is solved, instead ofsolving diretly the subproblem (SP) related to the design obtained from the master problem, a moreonvenient design is searhed. A bisetion proedure allows us to �nd a non-integer point at the levelset of the inumbent solution's objetive value. Then, a GBD ut related to this non-integer point isformed and added to the master problem. This proedure is done at eah iteration of the algorithm.The bisetion proedure requires to have previously omputed the solution of the ontinuous relaxation
x∗

R of the problem. The sought non-integer point lies on the straight line onneting x∗

R, and the urrentsolution of the master problem xk. The exat design lying in the intersetion of the level set of theinumbent solution and the line between x∗

R and xk is found by the bisetion proedure. In [30℄, alldetails about this tehnique are explained in detail. Throughout this artile, we use this the improvedGBD variant for all experiments. Sine we do not use the lassial GBD algorithm at any moment, weuse the name GBD algorithm to refer to this improved variant of the GBD tehnique.3.3 Convergene of the GBD AlgorithmThe onvergene of the method is measured by the Optimality gap (O. gap) of onvergene, whihdesribes the maximum relative di�erene between the objetive value of the inumbent solution of themethod, and the absolute global optimum value the problem. It is de�ned as
O.gap =

1

100
·
|UB − LB|

UB
[%]It is a measure of how muh the objetive value an improve, and it is often used in global optimizationmethods. The onvergene of the GBD algorithm to a global optimum was proven in [28℄, and it is basedon the onvexity of the ontinuous relaxation (to [0, 1]n) of the projetion of the ompliane funtion

c(x, u) = fT u(x) on the design variable spae c(x) = fT K(x)−1f . The proof is rather tehnial and notgiven here.3.4 Desription of the GBD AlgorithmThe GBD algorithm is brie�y desribed in this subsetion. A omplete and detailed statement of thealgorithm is presented in [28℄.The main idea of the GBD algorithm is to approximate the projetion of the nonlinear mixed-integer problem on the integer design variable. This approximation produes a linear mixed-integerproblem, where all the ontinuous variables of the original problem have been removed by the projetionoperation, and only one salar ontinuous variable is onsidered. At eah iteration the algorithm addsa linear onstraint whih is a �rst-order approximation of the projeted ompliane funtion at a givendesign xk. In Figure 1 it is seen how the onstraints approximate the ompliane funtion at eah pointvisited.It is important to remark that even if there is a theoretial onvergene of the method in a �nitenumber of iterations, there is no guarantee that this onvergene is reahed within reasonable CPUresoures (time and memory). This is due to the fat that a master problem, whih is a linear mixed-0/1problem, takes longer and longer to be solved and onsumes more memory, as more linear onstraints areadded. As a onsequene, the size of the problem must be seleted in a way suh that the onvergeneof the method is observed in numerial experiments.103



Algorithm 1 Generalized Benders' Deomposition
UB ←∞
LB ← −∞
k ← 0
x0 ∈ [0, 1]n suh that it is mass feasibleif x0 ∈ {0, 1}n then

UB ← c(x0)end if
ǫ > 0while |LB − UB| > ǫ do

uk, νk ← solve (SP) using xk

l∗c(x, uk, νk), see (10)
(

xk+1, zk+1
)

← solve (MP) inluding l∗c(x, uk, νk) ≤ y, see (9).
LB = zk+1if c(xk+1) ≤ UB then

UB ← c(xk+1)end if
k ← k + 1end while4 Convex Continuous RelaxationThe original non-onvex mixed-integer program in (5), an be reformulated in so-alled nested form asan integer program with a onvex objetive funtion if the displaements u are eliminated by use ofthe equilibrium ondition (given that the sti�ness matrix K(x) is non-singular, i.e. u(x) = K(x)−1f).Thereby we obtain an equivalent integer program with a onvex objetive funtion in the design variables
x only. Furthermore if the integer requirement on the design variables is relaxed, a onvex ontinuousoptimization problem is obtainedminimize

x∈Rn
c(x) = fT K(x)−1f (11a)(R) subjet to ∑

i,j

xijρiVj ≤M (11b)
nc

j
∑

i=1

xij = 1, ∀j (11)
0 ≤ xij ∀ (i, j) (11d)Note that the material seletion onstraints (3) ensure that the variables ful�ll xij ≤ 1. Thus there isno need for an upper bound on the variables and it is su�ient to ensure non-negative design variables.The optimization problem given by (R) is onvex as shown by [39, 36℄, and thus a loally optimalsolution x∗

R is also a global optimum of (R), and suh solution may be obtained using any suitablenonlinear optimization algorithm suh as the sequential quadrati programming method SNOPT [14℄ orthe interior point method Ipopt [40℄. Furthermore, (R) is a (nested form) ontinuous relaxation of (P)and it has a larger feasible set than (P). In other words the feasible set of (P) is a subset of the feasibleset of (R). Thus,
• If the optimal solution to (R) happens to be an integer solution then it is also an optimal solutionto (P).
• The optimal solution to (R) is better than or as good as the solution to (P), i.e. c(x∗

R) ≤ c(x∗

P ).Thus, it may be used as a lower bound estimator for the original 0/1-problem.
• If there is no feasible solution to (R) then there is no feasible solution to (P) either.The motivation for solving a onvex ontinuous relaxation in the proess of attaking the integer opti-mization problem is that it an be solved to global optimality with reasonable resoures, and thereby104
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Figure 1: Coneptual illustration of the GBD algorithm on an unonstrained problem. Theprojetion of the ompliane c(x) is approximated by linear funtions (in red). In ase of aonstrained problem the ontinuous optimum will in general not generate a horizontal ut.it may be used as a relatively fast way of obtaining a good lower bound assessment of the attainableperformane of the original integer optimization problem. This lower bound an be used as a valid lowerbound within GBD if it is better than the best valid lower bound obtained from the master problems(MP). Reall that the goal within GBD is to improve iteratively the lower and upper bound so as to losethe gap between them. If a good valid lower bound an be obtained early in the solution proess of GBD,the sequene of sub- and master problems the method is more likely to onverge within reasonable CPUresoures. Depending on the spei� problem, the ontinuous optimum may give valuable informationabout the integer solution. As stated above, if the ontinuous solution is integer-valued it is in fatthe integer optimal solution. This situation, however, is very unlikely and virtually never seen in theonsidered types of problems. Nevertheless, it is not unusual to see that a fration, typially 50−90%, ofthe ontinuous variables attain integer values in the ontinuous optimum, and furthermore most domainsat least have some of their variables at the lower bound, i.e. in many domains the ontinuous optimumhas "disarded" some of the andidate materials. Note that this situation, does not mean that thosematerials are not part of the optimal integer solution, but it still gives information about a provenlygood design, though ontinuous. The (reasonable) hope though is, that the solution to the integer pro-blem is lose in some sense to the ontinuous optimal solution. If many of the ontinuous variables takeinteger values in the optimal ontinuous solution, this hope is most ertainly reasonable. The largerthe number of ontinuous valued variables in the optimal ontinuous solution, the less reasonable thisassertion is. These observations motivate the use of a heuristi proedure that an obtain a good upperbound (inumbent solution) in terms of an integer and feasible solution with a good objetive funtion.5 HeuristisThe use of heuristis within branh-and-bound/ut algorithms is well-known and standard nowadays.In this paper we propose to also use heuristis to enhane the rate of onvergene of the GBD algorithmitself. Thus we use heuristis to obtain a good (but not neessarily optimal) integer solution early inthe solution proess as a sort of "warm start" of the GBD algorithm. The motivation for doing so waspointed out by [28, 29℄ where it was shown that the GBD algorithm may take advantage of a good initialsolution (upper bound) as well as a lower bound as obtained from a relaxation.As desribed in the setion on GBD a (possibly long) sequene of MILPs are solved in the Master105



Problems (MP). MILPs are typially solved by impliit enumeration strategies suh as branh-and-bound/ut algorithms. These algorithms rely on the solution of relaxations at eah node visited in theenumeration tree and on basis of this solution, branhing in the tree is done. The e�ieny of thesealgorithms relies heavily on the use of heuristis to obtain feasible solutions as well as heuristis forimproving feasible solutions. State-of-the-art MILP solvers suh as the ommerial odes CPLEX ([20℄),as well as the aademi odes Gurobi ([16℄), SCIP [2℄ employ a number of heuristis to speed up theonvergene rate.5.1 GBD-RensTheGBD-Rens heuristi we present here is inspired by the so-alled Relaxation Enfored NeighborhoodSearh (Rens) proposed for MILPs by [7℄. The idea of this heuristi is to solve a ontinuous relaxationto optimality and observe whih variables that attain integer values in this solution. Integer-valuedvariables are then �xed at their obtained value and a Large Neighborhood Searh in the remainingintermediate-valued variables is performed through a sub-MINLP where only the intermediate-valuedvariables from the relaxation are onsidered (now as integer variables). Thus, we formulate the roundingheuristi as a sub-MINLP. The resulting sub-MINLP is solved using GBD on the redued problem.The size and thereby the ost of solving the sub-problem naturally depends on the integrality of theontinuous solution. Note that by solving the sub-problem to optimality we obtain the best roundingpossible for a given ontinuous relaxation solution. Also, if the feasible set of the sub-MINLP turns outto be empty, no feasible rounding of the ontinuous solution exists, see [7℄. The solution obtained forthe sub-MINLP is passed bak to the global problem and used as a good initial solution in the ompleteGBD. Also note that the ontinuous relaxation of the omplete MINLP minimum ompliane and theorresponding relaxation of the sub-MINLP problem have exatly the same solutions (KKT points ofthe relaxation of the MINLP are also KKT points of the relaxation of the sub-MILP). Therefore, theontinuous relaxation of the sub-MINLP problem does not give any additional information. For someexamples the resulting sub-MINLP problem is not easy to solve either. This ould happen if the frationof �xed variables is not big enough, and thus there is no real advantage in attaking the sub-MINLPproblem. An alternative to overome this ompliation, is to introdue a variation of the GBD-Rensheuristis, whih is to do a seleted rounding of the solution of the ontinuous relaxation before �xingvariables with integer values. This means that we set a threshold λs ∈ [0, 0.5], suh that eah designvariable with a value outside the interval [0.5−λs, 0.5+λs] in the solution of the ontinuous relaxation isrounded. In exhange, it is also expeted that if a variable attains a non-integer value, it is less likely thatthis variable will have an integer value in the solution of the original integer problem. So it is lear thatthe larger the number of �xed variables, the less likely it is to be able to �nd an optimal solution whentreating the sub-MINLP problem. In addition, it is even possible that, if too many variables are �xed,the resulting sub-MINLP may not be a feasible problem. As a onsequene, to make the heuristi morerobust with respet to the type of problem, a seond variation of the heuristi is introdued, by runningthe heuristi proedure iteratively, in suh a way that the number of �xed variables dereases eah timethe GBD-Rens heuristi is exeuted. This iterative proedure is ontrolled by the parameter αs, whihis updated eah time before starting it. Another aspet to take into aount is the fat that this heuristimay be used to ontrole the size of the resulting sub-MINLP we are willing to solve. This would behelpful if we want to attak a design problem of maybe 50.000 variables. Suppose that in this hypothetiexample, the ontinuous relaxation solution obtained has for instane 35.000 0/1 values. In this ase,the remaining sub-MINLP problems has 15.000 variables, whih is still too big. In this ase, we are ableto ontrol the size of the sub-MINLP problem by setting a value of the threhold parameter λs < 0.5. Weould also set the minimum perentage of variables to be �xed in the sub-MINLP problem. In this way,the use of the modi�ed GBD-RENS heuristi may lead to �x maybe 48.000 variables. Then we havea sub-MINLP of 2.000 variables, whih is more likely to be suesfullty attaked by the GBD-RENSheuristi.5.2 GBD-SIMP HeuristiThe strengths of the GBD algorithm for �nding low objetive value designs an be improved by use ofa di�erent law for interpolating the sti�ness matrix, as it was done in [28, 29℄. This means that the106



sti�ness matrix given by (6), is replaed by
K(x) =

∑

ij

[αxij + (1 − α)x2

ij ]B
T
j EiBj (12)where α ∈ [0, 1] is a parameter ontrolling the mixture of two interpolations shemes (SIMP interpolationshemes for penalization values p = 1 and p = 2, see [5℄). It is important to note that for any value of

α < 1, the ontinuous relaxation is not onvex, and therefore the GBD method an not longer guarranteeonvergene to global optimality. For that reason, for these values of α, the GBD method is no morethan a heuristi to �nd good solutions. In addition, numerial experienes show that for a low valueof the mixture parameter α, the GBD algorithm onverges quikly, but less hanes of �nding goodsolutions exists. Therefore, again, the use of an iterative proedure, alling this heuristi several times,updating eah time the value of α, from α0 ∈ (0, 1) to α = 1 seems to be a robust proedure to �nddesigns with low objetive value in short time.Remark 1. Note that all heuristis desribed here produe one or several andidate designs. Thesesolutions not only helps in the improvement of the upper bound of the optimal value, but also produeone ompliane GBD ut per eah of these solutions.6 Desription of the MethodIn this setion we desribe how we ombine the previously desribed proedure(s) in order to solve upto medium sale sized problems on the form of (5). We desribe the implementation of these ombinedmethods, and indiate possible variations of them. A omparison of the performane of the di�erentombinations is given in Setion 8 on numerial examples. Pseudo-ode for the proedure ombining allthe methods desribed is shown in Algorithm 2. As it was indiated in [28℄ the GBD method applied toAlgorithm 2 Overall proedure to solve (5)
UB ←∞
LB ← −∞
k ← 0
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x0 = x∗
HeurqApply Algorithm 1 (inluding initial GBD uts related to all found designs)the minimum ompliane problem (5) onverges to an optimal solution in a �nite number of iterations.However, in pratie, this number is unknown and ould potentially be very large. Furthermore, the sizeof the master problem grows with the number of iterations (one or more uts added at eah iteration),leading to a longer solution time for eah master problem, whih may prevent the algorithm to onvergein a reasonable amount of time. The idea of the algorithm is to use as muh (heuristi) informationas possible in order to speed up the onvergene rate. At any stage of the algorithm, it is possible toassess the loseness of the urrent solution to the global optimum. This information might be useful,depending on the order of magnitude of the gap between the best bounds obtained. If this is not thease, one ould use any method that gives a better estimate of a lower bound for the global optimum.As shown by [29℄ the quality of any ut is de�ned aording to their Pareto dominane value, whihdepends on the objetive funtion value of the solution generating the ut. Thus, better objetive feasiblesolutions may in the ase of the problem given by 5 be used to generate good uts in the sense that theyhave a positive in�uene on the onvergene rate ompared to dominating (less good) uts.To sum up, the onvergene rate of Benders deomposition may be improved by107



1. using the solution to a onvex ontinuous relaxation to improve the estimate of a lower bound forthe global optimum. This ontinuous solution also generates the best possible GBD ut ([29℄) thatan be inluded in the GBD algorithm.2. inluding uts generated from good 0/1-solutions obtained by any heuristi method.Ad 1) The solution obtained by solving the ontinuous relaxation (11) generates the only non-dominatedut, that is, the best ut in the sense of Pareto dominane.Ad 2) Any heuristi method that generates good solutions may be used to improve the onvergene ratein the sense that eah good solution generates a ut forming a good approximation to the omplianefuntion. Furthermore a solution obtained early by the heuristi proedures may even be a global optimalsolution meaning that GBD only needs to improve the lower bound whih typially also speeds up onethe optimal solution is found. In this artile we will test and ompare four algorithms. These algorithmsare based on the presented GBD algorithm and the use of heuristis. The �rst algorithm orresponds tothe GBD method alone, exeuted without the ombination with heuristi proedures (GBD-1, Algorithm1). The seond algorithm orresponds to the use of the GBD method in ombination with the GBD-SIMPalgorithm (GBD-2, Algorithm 2 with GBD-SIMP heuristi strategy). The third algorithm tested is theombination of the GBD-Rens heuristi with the GBD algorithm (GBD-3, Algorithm 3 with GBD-Rens heuristi strategy). The fourth algorithm implemented is the ombination of the GBD-Rens, theGBD-SIMP and the GBD algorithm (GBD-4, Algorithm 2, with these two heuristi strategies).7 ImplementationIn this setion, we desribe brie�y, the implementation of the algorithms desribed in the artile innumerial experiments.The GBD algorithm was written for the design of multimaterial omposite laminated strutures. Theode is implemented on the MUST platform ([1℄) whih is an in-house researh ode for analysis anddesign of laminated omposite strutures. The examples are disretized using 9�node degenerated shell�nite elements with 5 degrees of freedom per node (3 translational and 2 rotational), see e.g. [3, 32℄.The resolution of the Master Problem was attaked using the mixed-integer optimization solverGUROBI ([16℄). The ontinuous relaxation to the minimum ompliane problem was attaked with theNLP solver SNOPT version 7.2-8 ([13℄). All numerial examples were run on the Fyrkat luster (AalborUniversity, Denmark). Unless expliitly spei�ed, all optimizatioon parameters fo the solvers are thedefault values.8 Numerial ExamplesIn this setion, we present a set of numerial examples to be solved with the proposed algorithmsapplied to optimal design of multimaterial (laminated) omposite strutures. This type of struture isoften modeled as shells, and therefore, a shell �nite element (FE) disretization is used to perform thestati equilibrium analysis. The design disretization does not neessarily math the FE disretization,as it will be the ase in many of the examples. For some examples we make use of so-alled pathes,whih are groups of elements having the same design variable assoiated with them. This serves as away of reduing the number of design variables as well as a means of providing for more manufaturingnear designs in the sense that the laminates are typially produed using mats overing larger areas (i.e.multiple elements) of the struture..Table 1 shows the general desription of the set of examples inluded in the artile. It inludes thenumber (Prob) and Name (Desription) of the problem, the number of andidate materials onsidered inthe problem (# Mat.), the design disretization of the problem (Design Disr.) in the format PaxbxL,where a,b represents the in-plane design disretization, and  represents the number of layer of thestruture onsidered in the design problem. The �eld Variables states the total number of design variablesintrodued in the optimization problem. FE Disr. spei�es the FE disretization of the problem, inthe format Edxe, where d,e represents the �nite element analysis disretization in eah diretion in theplane. # LC's stands for the number of load ases onsidered in the problem. Finally, M represents themass limit for the mass onstraint of the design problem.108



8.1 Examples 1-3These �rst three examples illustrate the appliation of the proposed method to a doubly urved parabolishell struture. All three instanes are solved using an FE disretization of 32 by 32 shell elements in theplane of the struture. In all three examples the design disretization through the thikness ompriseseight layers of equal and �xed thikness (8 · 0.01m). In the plane, Example 1 has 2 by 2 design domainsin eah layer, Example 2 has 4 by 4 design domains per layer and Example 3 8 by 8. In all threeexamples the struture is subjeted to one load ase: a entral point load ating in the vertial diretion.The design task is to selet the optimal material out of �ve possible in eah domain. Four of thematerials are instanes of a relatively sti� orthotropi material oriented at four pre-de�ned diretions(−45◦, 0◦, 45◦, 90◦) de�ned relative to the global x-axis. The �fth andidate material is a polymerisandwih foam of low weight and sti�ness.PSfrag replaements
Figure 2: Example 1: sketh of paraboli shell. Geometry: base lengths 1.0 · 1.0 m2,height 0.1 m, shell thikness 0.08 m (= 8 · 0.01 m), design disretization in greysale(2x2 pathes), analysis disretization (32x32 elements), vertial point load in the enterand hinged support at eah orner. Short notation: P2x2x8L, E32x32.8.2 Examples 4-7These four examples illustrate optimal disrete �ber angle orientation on a plane dis problem. All fourinstanes are solved using an FE disretization of 32 by 32 shell elements in the plane of the struture.The dis is lamped along the left edge and subjeted to a vertial downward ating point load in thelower right orner. The design disretization for the three examples is of inreasing resolution in theplane of the dis, Example 4 has 4 by 4 design domains in the plane, Example 5 has 8 by 8, Example6 has 16 by 16 and Example 7 32 by 32. The design problem is a pure �ber orientation problem,i.e. all andidate represent the same orthotropi material oriented at four (−45◦, 0◦, 45◦, 90◦) or twelve(−75◦,−60◦, . . . , 0◦, 15◦, . . . , 90◦) distint diretions. Thus, the example has no mass onstraint (ofrelevane). The material properties are idential to those of the orthotropi material in Example 8-9.8.3 Examples 8-9In these examples we solve plane problems with two independent load ases of equal importane (w1 =

w2 = 0.5) and loads with equal magnitude (|P1| = |P2|) ating at midspan oppositely on eah fae.In both load ases the plate is hinged at all orners (ui = 0), see Fig. 4. The physial domain withinwhih the material is distributed is a retangular dis of dimension 4.0m × 2.0m × 0.5 · 10−3m. Thedomain is disretized by two di�erent meshes, (20 × 10) and (40 × 20) respetively and in eah designsub domain (=element) �ve andidate materials are possible. The �rst andidate material is a lightand soft material representing e.g. isotropi polymeri foam and the remaining four andidate materialsrepresent a heavier and sti�er orthotropi material oriented at four distint diretions (−45◦, 0◦, 45◦ or
90◦). We set the mass onstraint suh that the heavy orthotropi materials an be hosen in at most 35%of the domain. The onstitutive properties in the prinipal material oordinate system the orthotropimaterial and of the foam material are given in Fig. 4.8.4 Example 10The following very simple example illustrates the possibility of distributing a limited amount of materialthrough the thikness of the domain as well as in the plane. A design domain is given in terms of a109



PSfrag replaements
Figure 3: Example 4: sketh of lamped membrane dis. Geometry: side lengths
1.0 · 1.0 m2, thikness 0.5 · 10−3 m, design disretization in greysale (4x4 pathes),analysis disretization (32x32 elements), vertial downward ating point load at lowerright orner. Clamped (all DOFs �xed) along left edge. Short notation: P4x4x1L,E32x32.
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Foam Orthotropi
Ex [Pa] 65.0 · 106 34.0 · 109

Ey [Pa] − 8.2 · 109

Ez [Pa] − 8.2 · 109

Gxy [Pa] − 4.5 · 109

Gyz [Pa] − 4.0 · 109

Gxz [Pa] − 4.5 · 109

νxy 0.47 0.29
ρ [kg/m3] 200.0 1910.0Figure 4: Example 8-9. Left: Domain geometry and boundary onditions. Loads at independently. Right:Material properties in prinipal material oordinate system for the andidate materials.simply supported beam (disretized using shell elements) subjeted to a uniform transverse pressureload in the vertial diretion, see Fig. 5. The domain is disretized into 20 by 2 elements in the plane ofthe struture and �ve layers through the thikness. This disretization is used for the analysis as wellas the design. The total volume of the design domain is 1.25m3. The mass density of the lightweightandidate material is ρ = 200kg/m3 and that of the heavy andidate material is ρ = 1910kg/m3. Thuswith a total mass onstraint of 1500kg, heavy material an not be hosen in more than 58.5% of the totaldesign domain orresponding to 116 element layers. The material properties of the andidate materialsused in this example are idential to those shown in Fig. 4.8.5 Examples 11-13This set of examples demonstrates the ability to perform optimal multi�layered omposite plate design.We solve the same design problem using di�erent design disretizations through the thikness to investi-gate the in�uene on the optimal design. The physial domain within whih the material is distributedis a quadrati plate of dimension 1.0m×1.0m×1.0 ·10−2m. The plate is loaded at the enter by a pointload P and eah orner is hinged (ui = 0). A sketh of the problem is shown in Fig. 6. All three examplesemploy a (24×24) in-plane disretization. Example 11 is disretized through the thikness with 8 layers110
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Figure 5: Example 10: Geometry: side lengths 10.0 · 1.0 m2, shell thikness 0.125 m (=
5 · 0.025 m), design disretization is idential to the analysis disretization (20x2 elements),transverse distributed pressure load and simply supported at eah end.
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Figure 6: Example 11-13. Multi�layered (4 or 8) orner-hinged plate with point load appliedat the enter.See Fig. 4 for material properties.whereas example 12 and 13 have 4 layers. The andidate materials are idential to those in the previousexample, i.e. a light and soft isotropi foam material and a heavy and sti� orthotropi material orientedat four distint diretions, see Fig. 4. For more information on the problem harateristis please onsultTable 1.8.6 Computational ExperieneThe 13 examples were used for setting 17 omputational examples (in the ase of examples 4, 5, 6and 7, two di�erent sets of material angle andidates were onsidered, generating one extra numerialsub-example for eah of these ones). For eah of these omputational examples, 4 sets of numerialexperiments were arried out. The �rst set of examples orresponds to the exeution of the GBDalgorithm without onsidering any heuristi proedure (GBD-1). The seond set of examples orrespondsto the exeution of the GBD algorithm where the SIMP-GBD heuristi was used in ombination with theGBD algorithm (GBD-2). The third set of examples orresponds to the use of the GBD-Rens heuristiproedure in ombination with the GBD algorithm (GBD-3), and the fourth set of examples is the oneombining these two heuristis in ombination with the GBD algorithm (GBD-4). The total CPU-timeallowed for eah example was 96 [h℄, and the algorithm is set to stop whenever the optimality gap reahesthe tolerane of 1.0%. However, we onsider as a satisfatory result, if the onsidered algorithm is ableto �nd globally optimal solutions within an optimality tolerane of 3%. Besides, we set a maximumpu-time of 3000[s] for the exeution of eah relaxed master problem. The reason for setting this limitvalue, is to avoid the MILP solver trying to solve to optimality eventual instanes of the master problem,whih are too di�ult and that ould take too many hours or even days to be exeuted.
111



Prob. Desription # Mat. Design disr. Variables FE disr. # LC's M (kg)1 Paraboli Shell 5 P2x2x8L 160 E32x32 1 7.2482 Paraboli Shell 5 P4x4x8L 640 E32x32 1 7.2483 Paraboli Shell 5 P8x8x8L 2560 E32x32 1 7.2484 Clamped Membrane 4/12 P4x4x1L 64 E32x32 1 n/a5 Clamped Membrane 4/12 P8x8x1L 256 E32x32 1 n/a6 Clamped Membrane 4/12 P16x16x1L 1024 E32x32 1 n/a7 Clamped Membrane 4/12 P32x32x1L 4096 E32x32 1 n/a8 Two Load Case 5 E20x10x1L 1000 E20x10 2 3.09 Two Load Case 5 E40x20x1L 4000 E40x20 2 3.010 Simply sup. beam 5 E20x2x5L 1000 E20x2 1 1500.011 LayeredPlate 5 E24x24x8L 23040 E24x24 1 6.812 LayeredPlate 5 E24x24x4L 11520 E24x24 1 6.813 LayeredPlate 5 E24x24x4L 11520 E24x24 1 10.6Table 1: Summary of problem harateristis for the numerial examples.9 ResultsIn this setion, we present the omputational results for the 13 (17) examples introdued in Set. 8.In total 68 numerial examples were exeuted, whih orrespond to the exeution of the 17 numerialexamples desribed in Set. 8, for eah of the four methods desribed in Set. 8.6 (GBD-1,GBD-2,GBD-3and GBD-4).The results for these sets of examples is shown in Tables 2, 3, 4, 5 respetively. These tables showthe information about the best objetive value attained by the algorithm Best UB, the objetive value ofthe ontinuous relaxation solution (R) (R) Sol., the best value of the lower bound of the optimal solutionobtained by the GBD method GBD LB, the �nal optimality gap at stop O. Gap, and the total numberof valid GBD uts inluded in total in the algorithm # GBD uts.For the set of examples exeuted with the algorithm GBD-1, 3 examples reahed a �nal optimalitygap smaller than 1.0%, 5 examples reahed a gap < 3% (inluding the 3 that reahed 1.0%), and 10examples reahed under 5.0%. For examples run with GBD-2, 4 examples reahed the stop riteria
1.0%, 8 examples reahed a gap < 3.0%, and 11 were under 5.0%. For the examples run with GBD-3, 3 examples reahed the stop riteria 1.0%, 6 examples reahed a gap < 3.0%, and 11 were under
5.0%. Finally, for the examples run with GBD-4, 4 examples reahed the stop riteria 1.0%, 11 examplesreahed a gap < 3.0%, and 12 were under 5.0%. In addition, to make the omparison among the di�erentalgorithms more lear, Table 6 shows the �nal onvergene gap O. Gap for eah group of examples.The omparison of the results in terms of onvergene (O. gap at stop) for eah set of numerialexamples is presented in Table 6.10 DisussionIn general, the performane shown of the four algorithms is satisfatory, and shows the general strengthsof the GBD algorithm itself. The use of the presented heuristis shows how the method is able to �ndbetter designs, and therefore, is able to �nd more tight bounds for the assessment of global optimality ofthe algorithm, whih is important speially when treating medium-large sale problems. The ombinationof the two presented heuristis showed the best results in the sense of obtaining solutions with thesmallest objetive value, and obtaining the lowest optimality gap among the examples not reahing thestop riterion of 1.0%.Note that the ombining heuristi proedures algorithm (GBD-4) reahed a negative optimality gapat onvergene for examples 4.1 and 5.1. This is nothing to worry about, sine these values are subjetedto the optimality tolerane for the solution of the master problem, obtained by the MILP solver. Thesevalues fall inside the usual optimality tolerane of any MILP solver. Thus, these numbers are perfetlyreasonable. 112



Prob. Best UB (R) Sol. LB GBD LB O. Gap # GBD uts1 31.827 27.707 27.706 14.867 3792 27.102 22.175 22.217 21.986 3323 19.330 17.695 17.672 9.237 4394.1 143.828 138.053 142.549 0.897 1264.2 128.382 126.157 127.154 0.966 235.1 186.441 184.448 185.956 0.261 45.2 123.099 120.885 121.217 1.553 7596.1 134.255 128.212 128.135 4.727 20296.2 121.809 116.903 116.879 4.197 12357.1 131.828 125.028 124.935 5.439 12257.2 117.337 113.506 113.460 3.376 4798 568.568 22.017 22.092 2473.6 25019 825.281 22.718 22.672 340.19 59510 163.273 160.178 161.354 1.189 46711 30.108 28.760 28.691 4.688 24112 68.842 34.841 34.725 97.587 69413 21.356 20.529 20.520 4.024 503Table 2: Numerial Results for GBD with out any Heuristis (GBD-1). For examples 8,9, and 12, themethod failed. In general, average onvergene to global optimality of 5.56% (exluding examples 8,9 and12). Prob. Best UB (R) Sol. LB GBD LB O. Gap # GBD uts1 31.337 27.707 27.576 13.098 5122 23.746 22.175 22.220 7.058 9163 18.556 17.695 17.678 4.864 7824.1 143.828 138.053 142.406 0.999 954.2 128.021 126.157 127.738 0.222 445.1 186.441 184.448 186.162 0.150 115.2 123.036 120.885 121.217 1.501 7526.1 131.587 128.212 128.451 2.441 11866.2 120.012 116.903 116.867 2.659 12847.1 128.428 125.028 125.147 2.622 10097.2 116.032 113.506 113.642 2.103 10098 554.735 22.017 22.104 2409.6 9939 840.459 22.718 22.671 3599.2 39510 163.008 160.178 161.848 0.717 44811 29.668 28.760 28.699 3.159 15512 61.484 34.841 34.721 76.468 29713 21.239 20.529 20.518 3.455 506Table 3: Numerial Results for the Modi�ed Sti�ness Matrix Heuristis (GBD-2). For examples 8,9, and 12,the method failed again. In general, average onvergene to global optimality of 3.18% (exluding examples8,9 and 12). 113



Prob. Best UB (R) Sol. LB GBD LB O. Gap # GBD uts1 31.834 27.707 27.574 14.892 1792 24.025 22.175 22.185 7.230 6773 18.734 17.695 17.675 5.873 6494.1 143.828 138.053 142.609 0.855 1034.2 128.021 126.157 127.511 0.400 295.1 186.441 184.448 186.411 0.016 135.2 123.163 120.885 121.181 1.636 6996.1 132.205 128.212 128.156 3.114 9496.2 120.799 116.903 116.928 3.311 4497.1 129.662 125.028 124.991 3.707 7997.2 117.304 113.506 113.499 3.346 4498 35.767 22.017 22.096 61.870 12689 26.731 22.718 22.731 17.600 99410 163.500 160.178 160.635 1.784 25011 29.442 28.760 28.722 2.373 68212 49.592 34.841 34.756 42.336 39913 20.838 20.529 20.535 1.478 649Table 4: Numerial Results for GBD-RENS Heuristis (GBD-3). For examples 8,9, and 12, the methodfailed again, but performed better over these examples. In general, average onvergene to global optimalityof 3.57% (exluding examples 8,9 and 12).Prob. Best UB (R) Sol. LB GBD LB O. Gap # GBD uts1 31.631 27.666 27.707 14.162 5562 23.636 22.175 22.203 6.463 9953 18.485 17.695 17.641 4.463 8674.1 143.815 138.053 143.819 -0.002 1294.2 128.021 126.157 128.021 0.0 585.1 186.441 184.448 186.537 -0.05 235.2 122.868 120.885 121.194 1.381 9276.1 131.546 128.212 128.449 2.411 19756.2 119.784 116.903 116.880 2.464 14607.1 128.438 125.027 125.101 2.667 35937.2 116.075 113.506 113.559 2.216 19288 33.778 22.017 22.098 52.852 12309 26.537 22.718 22.709 16.810 29810 162.675 160.178 162.208 0.288 90211 29.249 28.760 28.730 1.702 9312 45.133 34.841 34.805 29.539 143413 20.765 20.529 20.548 1.054 2615Table 5: Numerial Results for GBD with Combining methods. For examples 8,9, and 12, the methodfailed again, but performed better than the other three methods. In general, average onvergene to globaloptimality of 2.80% (exluding examples 8,9 and 12).114



Prob. GBD-1 GBD-2 GBD-3 GBD-41 14.867 13.098 14.892 14.1622 21.986 7.058 7.230 6.4633 9.237 4.864 5.873 4.4634.1 0.897 0.416 0.855 -0.0034.2 0.966 0.222 0.400 0.0005.1 0.261 0.150 0.016 -0.0515.2 1.553 1.501 1.636 1.3816.1 5.696 2.441 3.114 2.4116.2 4.197 2.659 3.311 2.5527.1 5.439 2.622 3.707 2.6677.2 3.376 2.000 3.346 2.2168 2473.6 2409.6 61.870 52.8529 532.8 3599.6 17.600 16.81010 1.189 0.717 1.784 0.28811 4.688 3.159 2.373 1.70212 96.131 76.468 42.336 29.53913 4.024 3.455 1.478 1.054average1 5.56 3.18 3.57 2.811 exluding examples 8,9 and 12Table 6: Comparison of the onvergene (O. Gap) attained by eah algorithm. The smallest gap obtainedamong the four algorithms is underlined. The average of the optimality gaps for eah method is shown atthe bottom.
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Another important fat to point out, is the variation in the number of GBD uts obtained throughthe di�erent examples. In general, a number of around thousand GBD uts is an reasonable number toonsider in the algorithm. Above this number, the resolution of the master problem beomes fairly slow,and almost no further improvement in the lower bound is observed. Therefore, it is desired that thealgorithm uses the best quality uts in order to onverge as early as possible. In [29℄ it was pointed outthat the quality of the GBD uts depends strongly in the ompliane value. Thus, it is natural to expetthat the better the solutions found, the less number of GBD uts will be neessary for onvergene of theGBD algorithm. Furthermore, we have hosen to ompare the number of GBD-uts, beause it seems tobe the most fair way to ompare methods following di�erent heuristi proedures in the ontext of theGBD algorithm. In fat, the best way to assess a heuristi proedure, is to determine the quality of thedesigns obtained by this proedure, in terms of objetive value, and to ount the number of andidatedesigns found by this heuristi. In this way, a heuristi providing for example 300 andidate designs tothe GBD algorithm only ould be ompared in a fair way to the pure GBD algorithm, after the latterhas reahed 300 iterations sine this an be onsidered as a di�erent way of exploring this number ofsolutions. In this sense, heuristi proedures will most likely obtain the 300 andidate designs faster thanthe GBD algorithm, sine the GBD algorithm needs to solve one MILP problem eah time a new designis obtained. Besides that, the CPU time spent in solving the MILP is unpreditible, sine it depends onthe intrinsi ombinatorial nature of eah master problem.Nevertheless, note that for small examples the use of any heuristi proedure may make the algorithmspend time in searhing andidate designs and make the overall algorithm slow in omparison with theGBD algorithm alone (GBD-1). This situation is seen in example 4.1 (the ase of four angle orientationandidates). For this example, the algorithm GBD-1 stopped right away after only 4 iterations, whilethe algorithm GBD-4 inluded 23 valid feasibility uts. But this is nothing but the onlusion that forsmall problems, the use of heuristis is more likely to be unneessary.Another interesting remark is that none of the methods ould treat satisfatory Examples 1, 8, 9and 12. There ould be many reasons for this fat. Sine the algorithm has shown dependeny in itsperformane aording to the suessful appliation of heuristis, we believe that for these examples,neither the algorithm, nor the heuristis were able to �nd good, or lose to optimal designs. If anotherheuristi doing this job exists, then ombined with the presented GBD algorithm, it will be able obtainthe best possible estimation of global onvergene gap possible for the GBD algorithm. Therefore webelieve that in general, the GBDmethod, ombined with other heuristi methods, will reah better resultsin terms of the quality of both the obtained solution and the ability to assess the global optimality gapin numerial examples.11 ConlusionWe have demonstrated the ombined use of ontinuous relaxations, large neighborhood searh heuristisand global integer optimization using Generalized Benders' Deomposition (GBD) for the solution ofstati minimum ompliane multimaterial topology optimization problems with an emphasis on layeredomposite strutures. On basis of the statement of the original nonlinear non-onvex mixed-integeroptimization problem, we make reformulations allowing us to solve the problem using GBD. One of thereformulations is a onvex ontinuous relaxation on nested form whih an be solved to optimality in areasonable amount of time using a standard nonlinear programming algorithm giving both a lower boundas well as important information about the optimal solution to the original integer problem. The solutionto the ontinuous relaxation is used within a starting heuristi in the sense that we formulate a sub-MINLP in the variables that did not obtain integer values in the ontinuous solution. This sub-MINLP issolved to optimality using GBD on a redued problem and this solution is used to generate a good GBDut in the global overall mixed-integer program. The idea of solving the redued sub-MINLP is that theomplexity of solving this problem is (hopefully) lower than solving the overall problem and by inludingthe information obtained from its solution and the solution of the ontinuous relaxation, the onvergeneof the overall algorithm is inreased ompared to not inluding this information. Furthermore, we use aheuristi that uses a non-onvex relaxation to generate uts that lead to good, but not optimal solutionsin a short amount of time. This information is also passed up to the global problem in order to speedup onvergene.The improvements in terms of the apability to solve larger problems ompared to not using theseheuristis are on�rmed on a set of numerial examples where most instanes are solved to global116
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Global Optimization of Structural Design Problems Including

Local Failure Criteria

Eduardo Munoz∗ Mathias Stolpe† Erik Lund ‡

June 6, 2010

Abstract

This article considers the inclusion of local failure criteria in multi-material struc-
tural design problems, stated in a non-linear mixed 0-1 formulation. Our main goal
is to formulate models and methods allowing us to solve the design problem to global
optimality. The chosen method is the Generalized Benders’ Decomposition (GBD).
The local failure criteria we consider are the maximum strain, the maximum stress,
the Tsai-Hill, and the Tsai-Wu criteria. We reformulate the failure criteria, into a set
of convex inequalities, forming a set of convex constraints. Including these reformula-
tions on the design problem, we obtain a mixed 0−1 problem with convex continuous
relaxation. We can therefore use the Generalized Benders’ Decomposition and/or the
Outer Approximation approaches to construct an algorithm solving the design prob-
lem to global optimality. A costumized GBD algorithm for this type of problems is
proposed. A numerical example for fiber angle optimization is tested and solved to
global optimality by use of the proposed algorithm.

Mathematical Subject Classification (2000): 90C90, 74P05, 74P15

Keywords: Discrete Material Optimization, Global Optimization, Generalized Ben-
ders’ Decomposition.

1 Introduction

We consider optimal design problems of composite laminated structures including local
failure criteria. We aim to solve these problems to global optimality, and for this pur-
pose, we use the Generalized Benders’ Decomposition (GBD) method (see [7, 12]). We
understand for a composite structure, any structure composed of two or more different
materials, where at least two different faces can be recognized. We use the term com-
posite laminate when the faces in the structures are made of layers, where a layer can
also be composed of several faces of different materials. The use of composite laminated
structures has become more and more popular in the engineering field, and specially in
the design of a large set of mechanical structures. It is specially important in the type
of structures where the minimization of the weight is important, for manufacturing cost
minimization. However, in most of the cases, for technical reasons, it is also important
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to keep or maximize other global (or local) mechanical properties of the structure. The
number of structures that are designed including composite materials has grown enor-
mously in the last years, as a consequence of the development of new techniques for the
manufacture of this type of structures. The mathematical model of composite laminated
structures is done by the Finite Element Method (FEM). We are interested in the design
of thin structures. Therefore, the FEM models we use in the numerical examples are
shell element models (see [19]). With respect to the optimization modeling, we use the
so called Discrete Material Optimization (DMO) approach (see [21]). Here, we consider
a finite set of candidate materials, where each of them is specified by a distinct material
properties C1, C2, . . . , Cnc . The design domain (the subdomain of the structure, where
the material choice must be done) is discretized in a set of design subdomains or design
elements. In each of these design elements, exactly one material must be chosen, out of
the set of available candidate materials. This means that for each candidate material and
for each design element, a 0 − 1 variable is included in the optimization problem. The
obtained optimization problems are non linear mixed 0−1 programs, which we will attack
without changing their mixed 0− 1 nature. One of the advantages of the DMO approach
is the fact that when the optimization problems arising from mixed 0 − 1 problems are
feasible, always posses an optimal solution, which is a global optimal solution. This is
not the case in models where design variables are relaxed to the continuous space [0, 1].
However, the optimization techniques available are not always able to find global solutions.
In general, global optimization methods require convexity of the models, in order to be
able to solve them efficiently. In this article, we aim to attack minimum compliance and
minimum weight problems, where an additional local failure criterion is included in the
design problem. In general, local failure criteria are mathematically modeled as nonconvex
functions on the optimization variables. We are interested in the failure criteria that can
be reformulated as convex functions on the design variables. Previously, [22] reformulated
stress and displacement constraints as linear (therefore convex) 0 − 1 constraints by the
so called ‘’Big M” reformulation, and solved a 0− 1 topology design problem by a branch-
and-bound method. We aim to include in our optimization models polynomial failure
criteria, as the maximum strain, the maximum stress, and the Tsai-Hill/Tsai-Wu criteria
(see [11]). Similar ‘’Big M” reformulations allow us to represent these failure criteria as a
set of convex constraints. In order to solve the optimization problems obtained, we use the
Generalized Benders’ Decomposition (see [7, 12]), a well–known method for mixed integer
optimization. The method is based on splitting the original mixed integer problem in two
simpler optimization problems. The first problem fixes the value of the integer variables
and solve an optimization problem considering only the continuous variables. The second
problem is a linear mixed integer problem considering only the integer variables of the
original problem. The method iterates between these two problems, until it proves that
the incumbent solution is a global optimal solution, with respect to a given numerical
tolerance.

The article is organized as follows: Section 2 introduces the structural optimization
problem with local failure criterion that is studied along this article. Section 3, presents
briefly each of the local failure criteria studied in this article, and their reformulations as
linear or convex set of constraints. Section 4 shows the reformulation of the equilibrium
equations as a system of linear inequalities. Section 5 states the reformulated optimization
models of the minimum compliance and minimum weight with local failure criteria. Section
6 presents the GBD strategy for solving the optimization models considered in this article.
The statement of the general method for solving structural problems with local failure
criteria by GBD is presented in Section 7. Then, the feasibility analysis for the studied
failure criteria is presented in Section 9. Section 10 describes the numerical implementation
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of the method, while Section 11 presents a set of numerical examples for the considered
problems. Finally, section 12 presents the conclusions, a final discussion and an outline of
the future work.

2 Problem Statement

We consider a given design domain of a structure Ωc ⊂ R
2 or Ωc ⊂ R

3, with piece-wise
differentiable boundary. After a design element discretization process, the design space
consists in a set of n design elements, where in each of them, a choice between nc (non–
void) candidate materials has to be made. We suppose that each candidate material is
related to a specific angle orientation with respecto to the global coordinate system of the
structure. The situation can be easily generalized to the case where the candidate materials
set is not necessarily the same for each design element. This arrangement allows us to
consider for example a material candidate that may be included in two different angles,
as two different candidate materials, making the mathematical modeling of the design
problem easier to understand. For each of these candidate materials, a 0-1 variable is
linked to its corresponding design element. The discretization introduces ñ = n ·nc design
variables. Therefore, a design is specified by a vector x on the design space {0, 1}ñ. We
will use the double index notation xij = x((j − 1) · nc + i), i ∈ {1, . . . , nc}, j ∈ {1, . . . , n},
to indicate the scalar design variable of the vector x related to the design element j

and to the candidate material i. However, in some cases, we will use the double index
notation to indicate the complete vector in R

n, whenever the use of the indexes simplifies
the understanding of the equations involved. The design problem we study consists in
finding the optimal design x∗ ∈ {0, 1}ñ minimizing an objective function. In the context
of Discrete Material Optimization (see [21]), any choice of a vector x ∈ {0, 1}ñ represents
a particular distribution of material in the structure. The governing equations are given
by the equilibrium between the given external static forces fl ∈ R

d, l = 1, . . . ,m, and the
corresponding deformation of the structure. The response of the structure to these loads
is computed by the finite element method, which in the case of linear elasticity, is given
by the equilibrium equations

K(x)ul = fl, l = 1, . . . m, (1)

where the matrix K(x) ∈ R
d×d is the stiffness matrix related to the design x. In the case of

multi-material design problems, we impose the condition of choosing exactly one candidate
material for each design element. This condition is modeled by the set of constraints

nc

∑

i=1

xij = 1, j = 1, . . . , n. (2)

If we assume that condition (2) holds, then equations (1) possess a unique solution. This
is a consequence of the positive definiteness of the stiffness matrix in this type of problems.
It implies also the existence of the inverse of the stiffness matrix K−1(x). The solutions
ul ∈ R

d, l = 1, . . . ,m of (1) are the displacements of the structure under each load
condition. d represents the number of degrees of freedom in the structure induced by the
finite element discretization, and m is the number of external static load conditions. The
first design problem studied in this article is the worse case minimum compliance problem,
formulated as
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minimize
x∈R

ñ

u1,...,um∈R
d

max
1≤l≤m

{fT
l ul}

subject to K(x)ul = fl, l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n,

F (x, ul) ≤ 0, l = 1, . . . ,m,

x ∈ {0, 1}ñ,

(3)

where M > 0 is the mass or weight limit for the design, and ρ ∈ R
ñ is the vector of

material densities for each design variable. The function

F : R
ñ × R

d −→ R
q

F (x, u) −→ (F1((x, u), . . . , Fq(x, u))

represents the failure function, and Fi : R
ñ×R

d −→ R, i = 1 . . . , q are the local components
of the failure function. Thus, the constraint F (x, ul) ≤ 0 indicates the non failure condition
for the external load fl. Problem (3) is a non-linear mixed 0 − 1 program. Of special
importance is the continuous relaxation of a reformulation of the minimum compliance
problem without local failure criteria, given by

minimize
x∈Rñ

max
1≤l≤m

{fT
l K(x)−1fl}

subject to ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n,

x ∈ [0, 1]ñ .

(4)

The second design problem studied in this article is the minimum weight problem,
formulated as

minimize
x∈R

ñ

u1,...,um∈R
d

ρT x

subject to K(x)ul = fl, l = 1, . . . ,m,

fT
l ul ≤ Cl,

nc
∑

i=1

xij = 1, j = 1, . . . , n,

F (x, ul) ≤ 0, l = 1, . . . ,m,

x ∈ {0, 1}ñ,

(5)

where Cl > 0 is the compliance limit for the design. Problem (5) is again a non-linear
mixed 0−1 program. Of special importance is the continuous relaxation of a reformulation
of the minimum weight problem without local failure criteria, given by

minimize
x∈Rñ

ρT x

subject to fT
l K(x)−1fl ≤ Cl,

nc
∑

i=1

xij = 1, j = 1, . . . , n,

x ∈ [0, 1]ñ.

(6)
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2.1 Assumptions

(A-1) The stiffness matrix K(x) is symmetric, linear in x, and positive definite for all
x ∈ {0, 1}ñ. The matrix K(x) is given by

K(x) =
∑

i,j

xijKij, (7)

where Kij ∈ R
d×d is the symmetric positive semi definite element stiffness matrix

for the j-th design element and the i-th design candidate material. Kij is given
explicitly by

Kij = BjC
′
iB

T
j , (8)

where Bj is the local strain-displacement matrix related to the design element j,
C ′

i is the non null symmetric and semi-positive definite strain-stress matrix for the
candidate material i in the global coordinate system. This means that

C ′
i = ΘiCiΘ

T
i ,

with Ci the strain-stress matrix in principal material coordinate system, and Θi is
the rotation matrix for the candidate material i between the material coordinate
system (system 1− 2) and the global coordinate system (system x− y). For further
details, see [11].

(A-2) The mass limit, M satisfies 0 < M <
∑n

j=1 max
i

{ρij}, where ρij ≥ 0 ∀ i, j.

(A-3) Each of the loads f1, . . . , fm is non null, i.e., fl ∈ R
d \ {0},∀l = 1, . . . ,m.

(A-4) For all load cases, the corresponding displacements are bounded, i.e., there exists
bounds umin

l , umax
l ∈ R

d, such that umin
l ≤ ul ≤ umax

l .

(A-5) The structures are deformed under the given load conditions, in a plane stress state.

(A-6) The failure function F (x, u) is a continuous function.

(A-7) For each design element, there is a unique set of candidate materials, composed of
nc candidate materials. This assumption sets the number of design variables of the
design problem to ñ = n · nc. This assumption makes the modeling and notation
much simpler, but in practice it is not necessary.

3 Convex Formulation of Failure Criteria

In this section, we make a brief study of the mathematical properties of some relevant
failure functions, which could be used for modeling multi-material design problems. In
particular, we investigate the reformulation of the maximum strain, maximum stress,
Tsai-Hill and Tsai-Wu failure criteria (see [11], [23]), into convex inequalities. These
reformulations allow us to formulate relevant optimization design problems, which can be
solved theoretically to global optimality.
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3.1 The Max Strain Criterion

The maximum strain criterion is one of the simplest existing failure criteria (for a short
physical explanation, see [11]). It is given by the condition

‖ ǫi,l(ω) ‖∞≤ ǫmax, l = 1, . . . ,m, ω ∈ Ωc, i = 1, . . . , nc, (9)

where ǫi,l(ω) ∈ R
3 = (ǫ11,i,l, ǫ22,i,l, ǫ12,i,l)

T represents the strain vector related to the load
condition l, if the candidate material i is chosen at ω ∈ Ωc. The strain vector must be
measured in the corresponding material coordinate system, since ǫmax ∈ R is the limit value
for the inf-norm of the strain tensor in the material coordinate system of the candidate
material i. In general the maximum strain criterion corresponds to a non linear failure
constraint in the strain. It can be easily reformulated as a linear failure criterion on the
strain

ǫi,l(ω) ≤ ǫmax, l = 1, . . . ,m, ω ∈ Ωc, i = 1, . . . , nc,

−ǫi,l(ω) ≤ ǫmax, l = 1, . . . ,m, ω ∈ Ωc, i = 1, . . . , nc.
(10)

The strain limits can be different for each component of the strain vector, and they
could also be material dependent. In this case, the limit value ǫmax ∈ R must be replaced
by a material dependent strain limit vector ǫmax,i ∈ R

3, depending on the material chosen.
In this case, the max strain faliure criterion is modeled as

ǫi,l(ω) ≤ ǫmax,i, l = 1, . . . ,m, if material i is chosen at ω,
−ǫi,l(ω) ≤ ǫmax,i, l = 1, . . . ,m, if material i is chosen at ω.

(11)

We can even generalize to the case where the strain limits are different in tension and in
compression states. After the discretization of the design space, the non failure condition
(11) is written as

nc
∑

i=1

xijǫijl ≤
∑

i

xijǫmax,i, l = 1, . . . ,m, j = 1, . . . , n,

−
nc
∑

i=1

xijǫijl ≤
∑

i

xijǫmax,i, l = 1, . . . ,m, j = 1, . . . , n,

(12)

where ǫijl = ǫi,l(ωj), with ωj being an evaluation point related to the j-th design element.
We are allowed to model the strains and strengths as linear sums over the set of candidate
materials, because in our original design problem (3), the selection constraint force the
optimization program to choose only one candidate from the candidate material set. The
strain vector ǫijl in the material coordinates system is related to the strain vector ǫ

xy
jl in

the global coordinates system by the introduction of the orientation rotation matrix Θi

(related to the candidate material i, see [11]) as

ǫijl = ΘT
i ǫ

xy
jl .

In addition, we suppose that the strains ǫ
xy
jl , j = 1, . . . , n, can be represented as a linear

function in the displacements (see, for example [19], pp. 88, pp. 115)

ǫ
xy
jl = BT

j ul

ǫijl = ΘT
i BT

j ul,

where Bj ∈ R
d×q, j = 1, . . . , n are the local strain-displacement matrices, and q is the size

of the strain vector. For plane stress states, q = 3.
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As a general assumption, we consider that the strains can be represented as bilinear
functions in the design variable and displacements (see, for example [19], pp. 115, pp.
230) as

ǫjl =

nc

∑

i=1

xijΘiB
T
j ul. (13)

We obtain the following representation of the maximum strain failure criterion

nc
∑

i=1

xijΘiB
T
j ul ≤

nc
∑

i=1

xijǫmax,i, j = 1, . . . , n, l = 1, . . . ,m

−
nc
∑

i=1

xijΘiB
T
j ul ≤

nc
∑

i=1

xijǫmax,i, j = 1, . . . , n, l = 1, . . . ,m,

(14)

which is a set of local bilinear constraints (at the design element level) on the design
variable x and the displacement field u. The constraints in (14) are non convex, but they
can be reformulated as a set of linear constraints. We introduce some extra continuous
variables dijl, ∀ i, j, l, and reformulate (14) as

nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

−
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

dijl = xijΘiB
T
j ul, ∀i, j, k,

and we use the following result stated and proven in [22].

Proposition 1. Let b ∈ R
d, umin, umax ∈ R

d be given constants and let M = {(x, u, s) ∈
{0, 1} × R

d × R : umin ≤ u ≤ umax}. Further, let the constant numbers dmin and dmax be
given by

dmin = min
u

{bT u|umin ≤ u ≤ umax} =
∑

i:bi>0

biu
min
i +

∑

i:bi<0

biu
max
i

dmax = max
u

{bT u|umin ≤ u ≤ umax} =
∑

i:bi>0

biu
max
i +

∑

i:bi<0

biu
min
i .

Then, (x, u, s) ∈ M satisfies the non-linear equation

s = xbT u,

if and only if (x, u, s) satisfies the following four linear inequalities:

xdmin ≤ s ≤ xdmax

(1 − x)dmin ≤ bT u − s ≤ (1 − x)dmax.

Applying Proposition 1 to reformulate the failure condition (3.1), to reformulate it as a
set of convex inequalities, we obtain the following set of linear inequalities.

nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

−
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

xijd
min
ijl ≤ dijl ≤ xijd

max
ijl , ∀i, j, k,

(1 − xij)d
min
ijl ≤ ΘiB

T
j ul − dijl ≤ (1 − xij)d

max
ijl , ∀i, j, k,

(15)

where the constant coefficients dmin
ijl , dmax

ijl are given by
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dmin
ijl = min

ul

{ΘiB
T
j ul|u

min
l ≤ ul ≤ umax

l },

dmax
ijl = max

ul

{ΘiB
T
j ul|u

min
l ≤ ul ≤ umax

l },
(16)

and umin
l , umax

l are valid bounds for the displacement field ul. The resulting non failure
condition (15) is a set of linear inequalities in the (x, u, d)-space, and we can use it for
formulating an optimization problem.

3.2 The Max Stress Criterion

The maximum stress criterion is given by the condition

‖ σl(w) ‖∞≤ σmax, l = 1, . . . ,m, w ∈ Ωc, (17)

where σl ∈ R
3 = (σ11,l, σ22,l, σ12,l)

T represents the stress vector related to the the load
condition l. (17) is a non convex failure criteria on the stress. Here, σmax ∈ R+ is
the upper limit value for the inf-norm of the stress tensor. We generalize to the case
where different limits are imposed depending on which material is chosen (introducing the
vector of maximum allowed stresses σmax,i ∈ R

3, 1 ≤ i ≤ nc). Besides, a finite element
discretization is included, and the maximum stress failure criterion is represented as the
condition

σjl ≤
nc
∑

i=1

xijσmax,i, l = 1, . . . ,m, j = 1, . . . , n,

−σjl ≤
nc
∑

i=1

xijσmax,i, l = 1, . . . ,m, j = 1, . . . , n.

(18)

As a general assumption, we consider that the stresses can be represented as a bilinear
function in the design variable and displacements (see, for example [19], pp. 115, pp. 230)
as

σjl =
∑

i

CixijΘiB
T
j ul, (19)

where Ci ∈ R
3×3 is the given strain-displacement matrix for the candidate material i. We

obtain the following equivalent representation

nc
∑

i=1

CixijΘiB
T
j ul ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n, l = 1, . . . ,m

−
nc
∑

i=1

CixijΘiB
T
j ul ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n, l = 1, . . . ,m,

(20)

which is a set of local bilinear constraints (at the design element level) on the design
variable x and the displacement field ul. The constraints in (17) are non convex, but they
can be reformulated as a set of linear constraints. We introduce some extra continuous
variables dijl, ∀ i, j, l, and reformulate (20) as

nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, k,

−
nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, k,

dijl = xijΘiB
T
j ul, ∀i, j, k,

(21)

Applying Proposition 1 to Condition (21), we can reformulate it as a set of convex in-
equalities, we obtain the following set of linear inequalities.
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nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, k,

−
nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, k,

xijd
min
ijl ≤ dijl ≤ xijd

max
ijl , ∀i, j, k,

(1 − xij)d
min
ijl ≤ ΘiB

T
j ul − dijl ≤ (1 − xij)d

max
ijl , ∀i, j, k,

(22)

where the constant coefficients dmin
ijl , dmax

ijl are given by (16), and umin
l , umax

l are valid
bounds for the displacement field ul. The resulting non failure condition (22) is a set of
linear inequalities in the (x, u, d)-space, and we can use it for formulating an optimization
problem.

3.3 Reformulation of the Tsai Hill Failure Criteria

We start by formulating the Tsai-Hill failure criterion (see [11], [23]) for orthotropic ma-
terials:

F11σ
2
1 + F22σ

2
2 + F66σ

2
3 − 2F12σ1σ2 − 2F13σ1σ3

−2F23σ2σ3 + 2F44σ
2
4 + 2F55σ

2
5 + 2F66σ

2
6 ≤ 1,

(23)

for the failure strength parameters Fij . Criterion (23) applies to each of the load con-
ditions. Considering assumption (A-5), i.e., considering that the structure deforms in a
plane stress state (this is a reasonable assumption for laminated shell structures). By
taking this into account, (23) is reduced to

F11σ
2
1 − 2F12σ1σ2 + F22σ

2
2 + F66σ

2
6 ≤ 1.

In particular, this failure criterion can be written as a matrix equation

σTHσ ≤ 1, (24)

where H and σ are given by

H =





F11 F12 0
F12 F22 0
0 0 F66



 , σ =





σ1

σ2

σ6



 . (25)

Notice that the matrix H is symmetric and positive semi-definite if F22 −
F12

F11
≤ 0. This

assumption is also reasonable, and some authors, such as [13], even proposed to set F12 = 0
in their models. Therefore, we included as an additional assumption to our framework,
the following statement.

(A-8) The failure coefficients F11, F22, F12, satisfy F22 −
F12

F11
≤ 0.

Thus, in the case where H positive semidefinite, this matrix can be factorized, by the
Choleski decomposition, as the product

H = LTL,

with L the upper triangular matrix given by

L =







√
F11

F12√
F11

0

0
√

F22 −
F12

F11
0

0 0
√

F66






. (26)
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Then, it follows that the non failure condition for the Tsai-Hill criterion can be written as
a quadratic function in the auxiliary variable s ∈ R

3

sT s ≤ 1, (27)

where s = Lσ. After the discretization in design elements, and the inclusion of the
set of design variables xij, i = 1, . . . , nc, j = 1, . . . , n, the vector of discrete stresses
σ = {σijl} ∈ R

3n

σijl = CixijΘiB
T
j ul

is introduced. Therefore, the discretization of the non failure condition (24), considering
the load conditions f1, . . . , fm, becomes

nc

∑

i=1

σT
ijlHσijl ≤ 1, j = 1, . . . , n, l = 1, . . . ,m.

Then, after the inclusion of the discretized variables {sijl} ∈ R
3, sijl = Lσijl, the condition

(27) becomes
nc

∑

i=1

sT
ijlsijl ≤ 1, j = 1, . . . n, l = 1, . . . ,m. (28)

Then, by using the bilinear representation of the stresses (19), the non failure condition
(28) can be explicitly related to the design variable x = {xij}

nc
∑

i=1

sT
ijlsijl ≤ 1, j = 1, . . . n, l = 1, . . . m,

sijl = xijB
T
ijul, j = 1, . . . , n, i = 1, . . . , nc, l = 1, . . . m,

(29)

where Bij ∈ R
d×3, for all i, j, are given by

Bij = BjΘ
T
i CT

i L
T . (30)

It follows that (29) is a system of non convex functions representing the Tsai-Hill failure
criterion on the (x, u, s)-space. It can be reformulated as a quadratic function of the
displacement fields ul in local coordinates

F sh
jl (x, ul) = uT

l Wj(x)ul ≤ 1, j = 1, . . . n, l = 1, . . . ,m, (31)

where Wj(x) ∈ R
d×d is the failure matrix related to the j-th design element. It is given as

Wj(x) =
nc

∑

i=1

xijWij (32)

and Wij ∈ R
d×d specifies the failure matrix for the j-th design element and the i-th

candidate material

Wij = (CiΘiB
T
j )THCiΘiB

T
j .

The function F sh
jl (x, ul) is a 3rd degree polynomial in (x, ul). It is a non convex inequality

and therefore, methods for convex optimization will not provide satisfactory solutions
in terms of guaranteeing global solutions. To fix this problem, we use Proposition 1 to
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reformulate (29) as a set of convex inequalities. Namely, after the reformulation, (29)
becomes

nc
∑

i=1

sT
ijlsijl ≤ 1, ∀j, k,

xijs
min
ijl ≤ sijl ≤ xijs

max
ijl , ∀i, j, k,

(1 − xij)s
min
ijl ≤ BT

ijul − sijl ≤ (1 − xij)s
max
ijl , ∀i, j, k,

(33)

where the constant coefficients smin
ijl , smax

ijl are given by

smin
ijl = min

ul

{BT
ijul|u

min
l ≤ ul ≤ umax

l },

smax
ijl = max

ul

{BT
ijul|u

min
l ≤ ul ≤ umax

l },
(34)

and umin
l , umax

l are valid bounds for the displacement field ul.

3.4 Reformulation of the Tsai-Wu Failure Criteria

The Tsai-Wu Failure criterion for orthotropic materials is given by

6
∑

i,j=1

Fiσi + Fijσiσj ≤ 1,

where Fi, Fij are strength tensors of the second and forth rank, respectively (see [11]).
Under a plane stress assumption, the Tsai-Wu criterion becomes

F1σ1 + F2σ2 + F6σ6 + F11σ
2
11 + F22σ

2
22 + F66σ

2
6 + 2F12σ1σ2 ≤ 1. (35)

In particular, this failure criterion can be written as a matrix equation

σTHσ + hT σ ≤ 1, (36)

where H is given by (25), and h are given by

h =





F1

F2

F6



 .

Then, by using the stress-displacement relationship given by (19), It follows that the Tsai-
Wu failure criterion can be expressed as a quadratic function of the displacement field ul

in local coordinates

F sw
jl (x, ul) = uT

l Wj(x)ul + wj(x)ul ≤ 1, j = 1, . . . n, l = 1, . . . ,m (37)

where Wj(x) ∈ R
d×d is given by (32), and wj(x) are the vectors given by

wj(x) =
nc

∑

i=1

xijh
T CiΘiB

T
j .

First, introducing new variables sijl, ηijl, i = 1, . . . nc, j = 1, . . . , n, l = 1, . . . ,m, the
Tsai-Wu failure criterion (36) can be written as

nc
∑

i=1

sT
ijlsijl + ηijl ≤ 1, ∀j, l,

sijl = xijB
T
ijul, ∀i, j, k,

ηijl = xijh
T CiΘiB

T
j ul, ∀i, j, k.

(38)
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Thus, using Proposition 1, we can reformulate the Tsai-Wu failure criterion into the fol-
lowing set of convex inequalities:

nc
∑

i=1

sT
ijlsijl + ηij ≤ 1, ∀j, k,

xijs
min
ijl ≤ sijl ≤ xijs

max
ijl , ∀i, j, k,

(1 − xij)s
min
ijl ≤ BT

ijul − sijl ≤ (1 − xij)s
max
ijl , ∀i, j, k,

xijη
min
ijl ≤ ηijl ≤ xijη

max
ijl , ∀i, j, k,

(1 − xij)η
min
ijl ≤ hT CiΘiB

T
j ul − ηijl ≤ (1 − xij)η

max
ijl ∀i, j, k,

(39)

where the constant coefficients smin
ijl , smax

ijl are given by (34), while ηmin
ijl , ηmax

ijl are given by

ηmin
ijl = min

ul

{hT CiB
T
j ul|u

min
l ≤ ul ≤ umax

l }, ∀i, j, k,

ηmax
ijl = max

ul

{hT CiB
T
j ul|u

min
l ≤ ul ≤ umax

l }, ∀i, j, k.
(40)

4 Reformulation of the Equilibrium Equations

The equilibrium equations (1), with stiffness matrix K(x) given by (7), are bilinear equality
constraints in the design variable x and displacement fields ul, l = 1, . . . ,m. They are
therefore, a set of non convex constraints. This situation can be solved by using the
linear reformulation based on Proposition 1. First we introduce the additional variables
rl = {rijl} ∈ R

ñ, for l = 1, . . . ,m, given by

rijl = xijCiΘiB
T
j ul,

so the equilibrium equations can be rewritten as the system

Brl = fl, l = 1, . . . ,m,

rl = {rijl}ij = {xijCiΘiB
T
j ul}ij , l = 1, . . . ,m.

(41)

Here, the matrix B ∈ R
d×nq given by B = [B1, . . . , Bn], with Bj ∈ R

d×q the strain-
displacement matrix for the finite element j. Equations (41) represent still a non convex
system of equations. By using Proposition 1, we expect to obtain a linear system of
inequalities. This reformulation was already presented in [22] for discrete topology opti-
mization problems. By doing this, the equilibrium equations (1) are reformulated as

Brl = fl ∀l,

−xijr
max
ijl + rijl ≤ 0, ∀i, j, k,

xijr
min
ijl − rijl ≤ 0, ∀i, j, k,

−CiΘiB
T
j ul − xijr

min
ijl + rijl ≤ −rmin

ijl , ∀i, j, k,

CiΘiB
T
j ul + xijr

max
ijl − rijl ≤ rmax

ijl , ∀i, j, k,

(42)

where rmin
ijl , rmax

ijl are given by

rmin
ijl = min

ul

{CiΘiB
T
j ul|u

min
l ≤ ul ≤ umax

l }, ∀i, j, k,

rmax
ijl = max

ul

{CiΘiB
T
j ul|u

min
l ≤ ul ≤ umax

l }, ∀i, j, k.
(43)

The reformulated equilibrium equations (42) is a linear 0 − 1 system. For numerical
implementations where linearity is desired, it can replace the original equilibrium equations
(1). For notation simplicity, the linear reformulated version of the equilibrium equations
(42) will be displayed in a condensed matrix form
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Brl = fl ∀l,

A(rmin, rmax)(x, ul, r)
T ≤ 0 ∀l.

5 Reformulation of the Design Problem

In this section, we present reformulations of the minimum compliance problem (3) and
the minimum weight problem (5), considering different local failure criteria, namely, the
maximum strain, the maximum stress, the Tsai-Hill and the Tsai-Wu criteria.

5.1 Minimum Compliance, Max Strain Criterion

The minimum compliance problem (3), considering the maximum strain criterion (9), is
reformulated as a linear mixed 0 − 1 problem as

minimize
x,d,r

u1,...,um

max
1≤l≤m

{fT
l ul}

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, r)
T ≤ 0 l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

−
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

xijd
min
jl ≤ dijl ≤ xijd

max
jl , ∀i, j, k,

(1 − xij)d
min
jl ≤ ΘiB

T
j ul − dijl, ∀i, j, k,

ΘiB
T
j ul − dijl ≤ (1 − xij)d

max
jl , ∀i, j, k,

nc
∑

i=1

xij = 1, ∀j,

x ∈ {0, 1}ñ,

(44)

with dmin
jl , dmax

jl given by (16). Because of its linear 0−1 integer nature, it can be attacked
by any method for linear mixed integer optimization, and be solved directly by some
commercial software. It could also be attacked by the Benders’ Decomposition method
(see [3]). The draw–back of this formulation is the inclusion of a large number of variables
(r and d), and the large number of constraints. This problem can also be reformulated as
a problem with convex continuous relaxation, considering the maximum strain criterion
(14), reformulated to a convex system of constraints (15), and the reformulation of the
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equilibrium equations (1), given by the equations (42), as

minimize
x,r

u1,...,um

max
1≤l≤m

{fT
l K(x)−1fl}

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, rl)
T ≤ 0 l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

−
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

xijd
min
ijl ≤ dijl ≤ xijd

max
ijl , ∀i, j, k,

(1 − xij)d
min
ijl ≤ ΘiB

T
j ul − dijl ≤ (1 − xij)d

max
ijl , ∀i, j, k,

nc
∑

i=1

xij = 1, j = 1, . . . , n,

x ∈ {0, 1}ñ,

(45)

where rmin = {rmin
ijl } and rmax = {rmax

ijl } are as in (43). Problem (45) is a non linear
mixed 0−1 problem having a convex continuous relaxation. Therefore, it can be attacked
by the proposed GBD method, or any method for linear mixed 0 − 1 optimization. The
drawback of this formulation is the inclusion of the extra variables r, and the large number
of constraints.

5.2 Minimum Compliance, Max Stress Criterion

The minimum compliance problem (3), considering the maximum stress criterion (17), is
reformulated as a linear mixed 0 − 1 problem as

minimize
x,d,r

u1,...,um

max
1≤l≤m

{fT
l ul}

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, r)
T ≤ 0 l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, k,

−
nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, k,

xijd
min
jl ≤ dijl ≤ xijd

max
jl , ∀i, j, k,

(1 − xij)d
min
jl ≤ ΘiB

T
j ul − dijl, ∀i, j, k,

ΘiB
T
j ul − dijl ≤ (1 − xij)d

max
jl , ∀i, j, k,

nc
∑

i=1

xij = 1, ∀j,

x ∈ {0, 1}ñ,

(46)

with dmin
jl , dmax

jl given by (16). Because of its linear 0 − 1 integer nature, it can be
attacked by any method for linear mixed integer optimization, and be solved directly
by some commercial software. It could also be attacked by the Benders’ Decomposition
method (see [3]). The draw–back of this formulation is, as in the case of the max strain
criteria, the inclusion of a large number of variables (r and d), and the large number of
constraints. This problem can also be reformulated as a problem with convex continuous
relaxation. Such a formulation is given by
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minimize
x,d,r

u1,...,um

max
1≤l≤m

{fT
l K(x)−1fl}

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, rl)
T ≤ 0 l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, l,

−
nc
∑

i=1

Cidijl ≤
nc
∑

i=1

xijσmax,i, ∀j, l,

xijd
min
jl ≤ dijl ≤ xijd

max
jl , ∀i, j, k,

(1 − xij)d
min
jl ≤ ΘiB

T
j ul − dijl, ∀i, j, k,

ΘiB
T
j ul − dijl ≤ (1 − xij)d

max
jl , ∀i, j, k,

nc
∑

i=1

xij = 1, ∀j,

x ∈ {0, 1}ñ,

(47)

In this last reformulation, the compliance is represented as a function on the design vari-
ables (see [4]). Problem (47) is a non linear mixed integer optimization problem with
convex continuous relaxation. This problem can be attacked by any method for non linear
mixed integer optimization.

5.3 Minimum Compliance, Tsai-Hill Criterion

The minimum compliance problem (3) considering the Tsai-Hill failure criterion (24), is
reformulated as a problem with convex continuous relaxation, by using the convex formu-
lation of the Tsai-Hill criterion, represented by equations (33) and (34). The existence
of a convex continuous relaxation of the Tsai-Hill criterion is justified on the assumption
(A-7), stated in section 3.3: The failure coefficients F11, F22, F12 satisfy F22 − F12

F11
≤ 0.

This reformulation is given by

minimize
x,s

u1,...,um

max
1≤l≤m

{fT
l K(x)−1fl}

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, r)
T ≤ 0 l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

sT
ijlsijl ≤ 1, ∀j, l

xijs
min
ijl − sijl ≤ 0 ∀i, j, k,

sijl − xijs
max
ijl ≤ 0, ∀i, j, k,

−xijs
min
ijl − BT

ijul + sijl ≤ −smin
ijl , ∀i, j, k,

BT
ijul + xijs

max
ijl − sijl ≤ smax

ijl , ∀i, j, k,
nc
∑

i=1

xij = 1, ∀j,

x ∈ {0, 1}ñ,

(48)

with smin
ijl , smax

ijl given by (34). Problem (48) is a non linear mixed 0 − 1 optimization
problem with convex continuous relaxation. We can attack this problem using for example
the GBD method.
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5.4 Minimum Compliance, Tsai-Wu Criterion

The minimum compliance problem (3) considering the Tsai-Wu failure criterion (35), is
reformulated as a problem with convex continuous relaxation, by using the convex formu-
lation of the Tsai-Wu criterion, represented by equations (39) and (40). The existence
of a convex continuous relaxation of the Tsai-Wu criterion is justified on the assumption
(A-7), stated in section 3.3: The failure coefficients F11, F22, F12 satisfy F22 − F12

F11
≤ 0.

This reformulation is given by

minimize
x,s,η

u1,...,um

max
1≤l≤m

{fT
l K(x)−1fl}

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, r)
T ≤ 0 l = 1, . . . ,m,

ρT x ≤ M,
nc
∑

i=1

sT
ijlsijl + ηij ≤ 1, ∀j, l,

sijl − xijs
max
ijl ≤ 0, ∀i, j, k,

−sijl + xijs
min
ijl ≤ 0, ∀i, j, k,

BT
ijul − sijl + xijs

max
ijl ≤ smax

ijl , ∀i, j, k,

−BT
ijul + sijl − xijs

min
ijl ≤ −smin

ijl , ∀i, j, k,

ηijl − xijη
max
ijl ≤ 0, ∀i, j, k,

−ηijl + xijη
min
ijl ≤ 0, ∀i, j, k,

hT CiΘiB
T
j ul − ηijl + xijη

max
ijl ≤ ηmax

ijl ∀i, j, k,

−hT CiΘiB
T
j ul + ηijl − xijη

min
ijl ≤ −ηmin

ijl ∀i, j, k,
nc
∑

i=1

xij = 1, ∀j,

x ∈ {0, 1}ñ,

(49)

with smin
ijl , smax

ijl given by (34), and ηmin
ijl , ηmax

ijl given by (40). Problem (49) is a non linear
mixed integer optimization problem with convex continuous relaxation. We can attack
this problem using for example the GBD method.

5.5 Reformulation of the Minimum Weight Problem

In general, for the minimum weight problem with local failure criteria, the corresponding
reformulation for the Max Strain, Max Stress, Tsai-Hill, Tsai-Wu criteria are analogous,
and can be obtained directly from the corresponding minimum compliance formulation
here presented. As an example we state the minimum weight problem with compliance
constraint, and maximum stress local criterion.

minimize
x,d,r

u1,...,um

ρT x

subject to Brl = fl, l = 1, . . . ,m,

A(rmin, rmax)(x, ul, rl)
T ≤ 0 l = 1, . . . ,m,

fT
l K(x)−1fl ≤ C, l = 1, . . . ,m,

nc
∑

i=1

CixijΘiB
T
j ul ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n, l = 1, . . . ,m,

−
nc
∑

i=1

CixijΘiB
T
j ul ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n, l = 1, . . . ,m,

nc
∑

i=1

xij = 1, j = 1, . . . , n,

x ∈ {0, 1}ñ.

(50)
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The reformulation of the minimum weight problem considering the other local failure
criteria are straightforward. Therefore we will not state them explicitly here.

6 Resolution By Generalized Benders’ Decomposition

In this section, we show an approach to attack the formulated problems by using the Gen-
eralized Benders’ Decomposition (GBD, see [7] and [12]). GBD is a well known method for
mixed integer optimization and it obtains, if convergence occurs, global optimal solutions.
The method is based on the projection theory, i.e., it is based on separating the decision
space in two sets of variables, namely the set integer variables and the set of continuous
variables. The GBD method solves two sequences of optimization problems, each of them
considering only one of the two set of variables. For details about the GBD method, refer
to the articles cited above.

Problems (47), (48), and (49) are non linear mixed integer problems with convex
continuous relaxation. As it was proven in [14], the GBD method ([7], [12]) applied to the
minimum compliance and minimum weight problems, converges to a global optimum, as
long as the corresponding continuous relaxation is convex. In the case of the formulations
including local failure criteria stated in this article, the generalization of those results is
expected and assumed.

6.1 Generalized Benders’ Decomposition Algorithm

In [14], it was proven that the presented Generalized Benders’ Decomposition algorithm
applied to the minimum compliance/weight problem (without local failure criteria) con-
verges into a global optimal solution, in a finite number of iterations. This result is
important and we will use it to extend it to the case of inclusion of local failure criteria.

In particular, the results in [14] imply that if the stiffness matrix K(x) is given by (7),
then the GBD method applied to the minimum compliance problem

minimize
x∈Rñ,u∈Rd

c = fTu

subject to K(x)u = f,

ρT x ≤ M,
∑nc

i=1 xij = 1, ∀j,

x ∈ {0, 1}n.

(51)

converges in a finite number of iterations to a global optimal design. Problem (51) cor-
responds to the problem (3), where the failure criterion has been removed. In ([15]), the
GBD method was applied to (51).

From [14], [16], the GBD method applied to the problem (51) supposes the inclusion
of two sequences of simpler optimization problems. The first one is the sequence of the
so called subproblems, considering the displacement field u (a continuous variable in R

d).
The second one is the sequence of master problems, considering the design variable x (a
variable in {0, 1}ñ).

The subproblem corresponds to the problem (3), for which, the variable x is fixed to
a given design x = xk ∈ [0, 1]ñ, so the optimization problem only takes into consideration
the displacement field u

minimize
ul∈Rd

c = max
l

{fT ul}

subject to K(xk)ul = fl, l = 1, . . . ,m.
(52)
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Problem (52) simply corresponds to solve the equilibrium equations (1) by uk
l = K(xk)−1fl,

and evaluate the compliance related to the design xk by c(xk) = max
l

{fT uk
l }. Subproblem

(52) is also used to obtain optimal Lagrange multipliers related to the equilibrium equa-
tions. In [14] is was proven that it was necessary a reformulation of the subproblem in
order to ensure the existence of these optimal Lagrange multipliers. With this information,
it is possible to generate additional linear constraints l∗(xk, ηk, uk), called optimality cuts.
In the case of the problem (51), the optimality cuts l∗ represent a linear approximation
of the compliance function as a function of x, at xk (see [14]). The master problem is
defined almost exactly as it was defined in [14], and we repeat its description and notation
used, adapted to the problem (3). The master problem for iteration N corresponds to the
following linear mixed 0 − 1 problem.

minimize
x∈Rñ,y∈R

y

subject to l∗c(x, uk
l , νk

l ) ≤ y, ∀ k = 1, . . . , N, l = 1 . . . ,m,

ρT x ≤ M
nc
∑

i=1

xij = 1, ∀ j = 1, . . . , n,

x ∈ {0, 1}ñ,

(53)

where l∗c is a function defined as

l∗c (x, uk
l , ν

k
l ) = fT

l uk
l + νk

l

T
uk

l [x
k − x],

νk
l =

(

uk
l

T
K11 uk

l

T
K12 . . . uk

l

T
Kncn

)T

,
(54)

where uk
l is given by the subproblem (52), and and xk is the solution of the k-th relaxed

master problem.
The following notation rule is identical to the ones stated in [16]. We repeat it almost

exactly, since it defines the notation used in this article.

Notation 1. In the definition of the function l∗c given by (54), a special notation is used.
This notation will be used throughout the article. The expression

νkT
uk[xk − x] = νkT

ukxk − νkT
ukx,

should be understood in the following way. Each product of three terms

νT ux, with ν ∈ R
ñd, u ∈ R

d, x ∈ R
ñ,

is interpreted as

νTux =

d
∑

j=1

ñ
∑

k=1

ν(d[k − 1] + j)u(j)x(k).

In particular, using the expression of νk in (54), the νkT
ukxk terms are interpreted

throughout the article as

νkT
ukxk =

nc

∑

i=1

n
∑

j=1

xk
iju

kT
Kiju

k.

The main purpose here is to extend the GBD method to problems of the type of (3).
We show how to do this in the next section.
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6.2 A Strategy for Applying Generalized Benders’ Decomposition to

Problems with Local Failure Criteria

In this subsection, we introduce the general approach to solve problems of the type of (3),
in such a way, that the solutions obtained are still global optimal solutions. The main
strategy is to consider the local failure functions F (x, ul) on the subproblem, and from
this, obtain a set of valid feasibility constraints on the design space x. The advantage of
this approach is that it can basically consider the Generalized Benders’ Decomposition
(GBD) algorithm presented ([15]) and modify only the subproblem, when including the
local failure functions. In the new approach, we will consider a given load l0, and the
subproblem

minimize
ul0

∈Rd

c = {0T ul0}

subject to K(xk)ul0 = fl0,

F (xk, ul0) ≤ 0.

(55)

The subproblem (55) will be called the equilibrium-local failure feasibility system. The
idea is to obtain valid feasibility constraints for the local failure function through (55).

To do so, the problem (55) must be reformulated as a convex feasibility problem. In
section 3, the convex reformulation of the failure functions was presented. These reformu-
lations imply the existence of a convex version of the feasibility problem (55). It is given
by

minimize
ul0

,r,s
c = {0T ul0 + 0T r + 0T s}

subject to Brl0 = fl0,

A(rmin, rmax)(xk, ul0 , r)
T ≤ 0

F (xk, ul0 , s) ≤ 0,

(56)

where F (xk, ul0 , s) is a convex reformulation of the nonconvex failure function F (xk, ul0).
In addition, the master problem has exactly the same appearance as it has when no failure
criteria is considered (i.e., the master problem given by (53)), with the only difference that
now, feasibility cuts lcr∗ ≤ 0 related to the feasibility system (56) are add to the master
problem, whenever a design xk is infeasible for the equilibrium and the considered failure
criterion.

For each design xk obtained after solving a relaxed master problem, one GBD cut and
eventually one or more feasibility cuts are included.

1. First, we include the corresponding U -level set GBD cut

−{νk
l,Uc

}T {uk
l,Uc

}x − y ≤ −2fT
l {uk

l,Uc
}

(i.e., the one related to the design xk
U ).

2. Then, if the design is not feasible for the local failure criterion, a feasibility cut

Gq(x) ≤ 0, q = 1, . . . , Q,

preventing xk to be feasible in the next iterations are included.

7 Statement of the Method

In this section, we present the Generalized Benders’ Decomposition (GBD) method to
solve the multiple load minimum compliance problem (3). The assumptions considered
are the same as in the previous sections, i.e. assumptions (A-1) – (A-8).
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Algorithm 1: Generalized Benders’ Decomposition for multiple load minimum
compliance problem (3) with local failure criteria

1. [1A] (Optional Step) Run any heuristic procedure (if available) to obtain 0−1 designs
for the optimal design problem. If P initial designs were found, number them in an
arbitrary order x1, . . . , xP . If among these P designs found there are feasible designs
for the optimization problem, set U as the objective of the incumbent solution. Call
this incumbent x∗.

[1B] (if [1A] is not executed) Set P = 1, , the upper bound U = +∞, Find an
initial design x1 ∈ [0, 1]ñ satisfying the mass constraint ρT x1 ≤ M , and the material

selection constraints
nc
∑

i=1

xij = 1, j = 1, . . . , n.

2. Set Q = 0, the lower bound y∗ = −∞ and the convergence tolerance ǫ ≥ 0. Compute
the displacement fields uk = uk

l , . . . , u
k
m, uk

l = K(xk)−1fl, the compliances ck
l , . . . c

k
m,

ck
l = fT

l uk
l , and the Lagrange multiplier vectors

νk
l = ((K11u

k
l )

T (K12u
k
l )

T . . . (Kncnuk
l )

T )T ,

for l = 1, . . . ,m, k = 1, . . . , P . Notice that the initial design x1 does not need to be a
0− 1 design, and it does not need to satisfy the local failure criterion F (x1, ul) ≤ 0,
l = 1, . . . ,m.

3. Solve the first relaxed master problem

minimize
x∈Rñ,y∈R

y

subject to −νk
l

T
uk

l x − y ≤ −2fT
l uk

l , l = 1, . . . ,m, k = 1, . . . , P,

ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n

x ∈ {0, 1}ñ,

(M1)

by any solver for linear-mixed integer programming. If the problem is infeasible,
stop and exit. The whole design problem is infeasible. Otherwise, if the problem is
feasible, it necessarily has at least one optimal solution. This comes from the fact
that the functions

hk
l : {0, 1}n −→ R, hk

l (x) = −νk
l

T
uk

l x, ∀k, l,

are bounded from below. Denote the solution of (M1) found by (xP+1, yP+1). Set
P → P + 1.

4. Solve the equilibrium equations K(xP )uP
l = fl, for l = 1, . . . ,m, and compute the

compliances cP
l = fTuP

l , for l = 1, . . . ,m.

5. For each l = 1, . . . ,m, evaluate the equilibrium-local failure feasibility subproblem:

minimize
u1,...,um∈Rd

m
∑

l=1

0T ul

subject to K(xP )ul = fl, l = 1, . . . ,m,

F (xP , ul) ≤ 0.
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If the subproblem (57) is infeasible, compute one or more valid feasibility cuts
preventing the design xP from being feasible in the next master problem (this
could be done, for example, by building GBD feasibility cuts after treating the
reformulation of the feasibility system as a convex problem). Denote GQ+1(x) ≤
dQ+1, . . . , GQ+p(x) ≤ dQ+p the found feasibility cuts. Set Q → Q + p. Compute
then the Lagrange multiplier vectors

νP
l = ((K11u

P
l )T (K12u

P
l )T . . . (KncnuP

l )T )T , ∀l = 1, . . . ,m.

6. If (57) is feasible, and max
1≤l≤m

{cP
l } < U , then set U = max

1≤l≤m
{cP

l }, x∗ = xP , and

update all designs, displacements and Lagrange multipliers to the level set of U (as
is it explained in [17]), obtaining xk

U , uk
l,U , and νk

l,U , k = 1, . . . , P , l = 1, . . . ,m.

If (57) is feasible, and max
1≤l≤m

{cP
l } >= U , compute the level set design xP

U (as it is

explained in [17]), the corresponding displacements uP
l,U , and Lagrange multipliers

νP
l,U , l = 1, . . . ,m.

7. If U − y∗ ≤ ǫ, then stop. The optimal design found is x∗, with optimal value U .
Otherwise, set P → P + 1, and continue to step 8.

8. Solve the relaxed master problem

minimize
x∈Rn,y∈R

y

subject to −νk
l

T
uk

l x − y ≤ −2fT
l uk

l , k = 1, . . . , P, l = 1, . . . ,m,

−{νk
l,Uc

}T {uk
l,Uc

}x − y ≤ −2fT
l {uk

l,Uc
}, k = 1, . . . , P, l = 1, . . . ,m,

Gq(x) ≤ 0, q = 1, . . . , Q,

ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n,

x ∈ {0, 1}ñ,

by any solver for linear-mixed 0− 1 programming. If the relaxed master problem is
infeasible, stop and exit. If a feasible design has been found, it is an optimal solution
for the design problem. Otherwise, the design problem is infeasible. If the relaxed
master problem is feasible and an optimal solution is found, denote the solution of
this program by (xP+1, yP+1). Set P → P + 1. Return to step 4.

Remark 1. Algorithm 1 can be adapted easily for attacking minimum weight problems
with local failure criteria.

8 Modified Algorithm

Algorithm 1, presented in Section 7 can find an optimal solution to the failure criterion
design problem (3) in a finite number of steps, if such solution exists. This algorithm is
adapted from the algorithm presented in [17] (refer to this article for details). In that
article, it was proposed to replace the classical construction of the compliance GBD cuts
based on displacements and Lagrange Multipliers related to 0− 1 designs by similar ones,
built from non necessarily 0 − 1 designs. These non necessarily 0 − 1 designs are to be
found at the level set of the incumbent solution, and must be updated each time a better
incumbent is found. The method supposes that the algorithm will easily find feasible
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designs. Each time a better incumbent solution is found, the compliance GBD cuts are
updated and improved, and the lower bound of the global optimal value provided by the
GBD method is likely to be significantly improved, and more chances of convergence of
the algorithm are expected. However, in local failure constrained problems, it might be
extremely difficult to even find a single feasible design. In this case, the upper bound stays
at a high value (+∞) and the algorithm does not use the advantages of the algorithm using
level set GBD cuts. To avoid this difficulty, we propose a strategy, which we motivate with
the following illustrative example. Consider a 2D topology design problem specified by
the design discretization and boundary conditions showed in Figure 8. Symmetry has
been taken into account, which reduces the problem to a 24 design variables optimization
problem. The material properties and the finite element modeling are the same as the
one used in [20]. The stiffness rate material-void is set to E1/E0 = 100. We set a mass
constraint of 68%. We first solved the minimum compliance problem without including
any failure criterion, with an optimality tolerance of 0.5%, using the GBD algortihm
proposed in [17]. The algorithm converged after solving 114 relaxed master problems,
with an objective value of c∗ = 30.8153. The solution of this problem is shown in Figure
2(a).

For each design obtained from the solution of each relaxed master problem, the stresses
were evaluated (at the center of each design element), and the ∞-norm of the stresses
were compared, keeping the smallest value in the sequence. The value obtained was

min
1≤i≤114

{‖ σi ‖∞} = 2.2125. On the other hand, the ∞-norm of the stress for the solution of

the minimum compliance problem (showed in Figure 2(a)) has a value of ‖ σ∗ ‖∞= 3.767.
To test Algorithm 1, we included a maximum stress constraint not allowing the ∞-norm
of the stress σ to be larger than σmax = 2.22, so we use a local failure function

F (x, u) =‖ σ(x, u) ‖∞ −2.22

for the optimization model (this value for σmax ensures that the minimum compliance with
maximum stress constraints problem is in fact feasible). The algorithm this time run for
233 iterations, obtaining an optimal design which is showed in Figure 2(b). The optimal
solution found this time has compliance of c∗σ = 31.576. For this example, the algorithm
did not find a feasible design until 202 iterations were executed. This situation supposes
that the main difficulty of this algorithm is to find a first feasible solution, so the inclusion
of the level set cuts at the incumbent solution could have an impact in the performance
of the algorithm. At the same time, it is very likely that a design satisfying the local
failure constraints is to have a low value for the compliance (and otherwise the solution is
not interesting). To avoid this problem, and to take advantage of the improvement of the
performance of the algorithm when including these level set cuts, we propose a modified
algorithm, where the level set considered to built the cuts are the ones from the current
minimum compliance design (which maybe infeasible for the local failure constraint), while
the convergence of the algorithm is measured with respect to the incumbent solution of
the design problem. This idea supposes the existence of an extra artificial upper bound.
This extra upper bound is used to build GBD cuts, and is equal to the objective value
of the current minimum compliance found, regardless of the local failure criterion. The
other bound is the upper bound of the objective value of the incumbent solution, and it
is used to measure the convergence of the algorithm. For each design xk obtained after
solving a relaxed master problem, two GBD cuts, and eventually one or more feasibility
cuts are included.

1. First, we include the corresponding U -level set GBD cut

−{νk
l,Uc

}T {uk
l,Uc

}x − y ≤ −2fT
l {uk

l,Uc
}
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F0

Figure 1: Example: Boundary conditions of an mbb beam.

(i.e., the one related to the design xk
U ).

2. The GBD cut with respect to xk

−νk
l

T
uk

l x − y ≤ −2fT
l uk

l

3. Then, if the design is not feasible for the local failure criterion, a feasibility cut

Gq(x) ≤ 0, q = 1, . . . , Q,

preventing xk to be feasible in the next iterations are included.

Here we present the algorithm in a formal statement.

(a) No Failure Solution. (b) Max Stress solution.

Algorithm 2: Generalized Benders’ Decomposition for multiple load minimum
compliance problem (3) with local failure criteria

1. [1A] (Optional Step) Run any heuristic procedure (if available) to obtain 0 − 1
designs for the optimal design problem. If P initial designs were found, number
them in an arbitrary order x1, . . . , xP . If among these P designs found there are
feasible designs for the optimization problem, set U as the objective of the incumbent
solution (the design with best objective). Call this incumbent x∗. If c1, c2, . . . , cP

are the objectives for the sequence of designs, set Uc = min
1≤k≤P

{ck}.
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[1B] (if [1A] is not executed) Set P = 1, , the upper bound U = Uc = +∞, Find an
initial design x1 ∈ [0, 1]ñ satisfying the mass constraint ρT x1 ≤ M , and the material

selection constraints
nc
∑

i=1

xij = 1, j = 1, . . . , n.

2. Set Q = 0, the lower bound y∗ = −∞ and the convergence tolerance ǫ ≥ 0. Compute
the displacement fields uk = uk

l , . . . , u
k
m, uk

l = K(xk)−1fl, the compliances ck
l , . . . c

k
m,

ck
l = fT

l uk
l , and the Lagrange multiplier vectors

νk
l = ((K11u

k
l )

T (K12u
k
l )

T . . . (Kncnuk
l )

T )T ,

for l = 1, . . . ,m, k = 1, . . . , P . Notice that the initial design x1 does not need to be a
0− 1 design, and it does not need to satisfy the local failure criterion F (x1, ul) ≤ 0,
l = 1, . . . ,m.

3. Solve the first relaxed master problem

minimize
x∈Rñ,y∈R

y

subject to −νk
l

T
uk

l x − y ≤ −2fT
l uk

l , l = 1, . . . ,m, k = 1, . . . , P,

ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n

x ∈ {0, 1}ñ,

(M1)

by any solver for linear-mixed integer programming. If the problem is infeasible,
stop and exit. The whole design problem is infeasible. Otherwise, if the problem is
feasible, it necessarily has at least one optimal solution. This comes from the fact
that the functions

hk
l : {0, 1}n −→ R, hk

l (x) = −νk
l

T
uk

l x, ∀k, l,

are bounded from below. Denote the solution of (M1) found by (xP+1, yP+1). Set
P → P + 1.

4. Solve the equilibrium equations K(xP )uP
l = fl, for l = 1, . . . ,m, and compute the

compliances cP
l = fTuP

l , for l = 1, . . . ,m.

5. For each l = 1, . . . ,m, evaluate the equilibrium-local failure feasibility subproblem:

minimize
u1,...,um∈Rd

m
∑

l=1

0T ul

subject to K(xP )ul = fl, l = 1, . . . ,m,

F (xP , ul) ≤ 0.

(57)

If the subproblem (57) is infeasible, compute one or more valid feasibility cuts
preventing the design xP from being feasible in the next master problem (this
could be done, for example, by building GBD feasibility cuts after treating the
reformulation of the feasibility system as a convex problem). Denote GQ+1(x) ≤
dQ+1, . . . , GQ+p(x) ≤ dQ+p the found feasibility cuts. Set Q → Q + p. Compute
then the Lagrange multiplier vectors

νP
l = ((K11u

P
l )T (K12u

P
l )T . . . (KncnuP

l )T )T , ∀l = 1, . . . ,m.
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6. If (57) is feasible, and max
1≤l≤m

{cP
l } < U , then set U = max

1≤l≤m
{cP

l }, x∗ = xP .

7. If max
1≤l≤m

{cP
l } < Uc, then set Uc = max

1≤l≤m
{cP

l } and update all designs, displacements

and Lagrange multipliers to the level set of Uc (as is it explained in [17]), obtaining
xk

Uc
, uk

l,Uc
, and νk

l,Uc
, k = 1, . . . , P , l = 1, . . . ,m. If (57) is feasible, and max

1≤l≤m
{cP

l } >=

Uc, compute the level set design xP
Uc

(as it is explained in [17]), the corresponding

displacements uP
l,Uc

, and Lagrange multipliers νP
l,Uc

, l = 1, . . . ,m.

8. If U − y∗ ≤ ǫ, then stop. The optimal design found is x∗, with optimal value U .
Otherwise, set P → P + 1, and continue to step 9.

9. Solve the relaxed master problem

minimize
x∈Rn,y∈R

y

subject to −νk
l

T
uk

l x − y ≤ −2fT
l uk

l , k = 1, . . . , P, l = 1, . . . ,m,

−{νk
l,Uc

}T {uk
l,Uc

}x − y ≤ −2fT
l {uk

l,Uc
}, k = 1, . . . , P, l = 1, . . . ,m,

Gq(x) ≤ 0, q = 1, . . . , Q,

ρT x ≤ M,
nc
∑

i=1

xij = 1, j = 1, . . . , n,

x ∈ {0, 1}ñ,

by any solver for linear-mixed 0− 1 programming. If the relaxed master problem is
infeasible, stop and exit. If a feasible design has been found, it is an optimal solution
for the design problem. Otherwise, the design problem is infeasible. If the relaxed
master problem is feasible and an optimal solution is found, denote the solution of
this program by (xP+1, yP+1). Set P → P + 1. Return to step 4.

Remark 2. Algorithm 2 can be adapted easily for solving minimum weight problems with
local failure criteria.

9 Local Failure feasibility Analysis

In this section, we study the feasibility of the system (55). As it was pointed out before,
the system (55) can be reformulated as a convex system of constraints, given by (56). The
equivalence of these formulations of the equilibrium-local failure feasibility system means
that the feasibility of any of systems implies the feasibility of the other one. To simplify
the notation, we consider in this section only a single load condition f = f1, i.e., m = 1.
Therefore, the index for the load case l is not used in any equation during this section.

Suppose that a given design xk is infeasible for the equilibrium equations (55). Our goal
is to find one or several linear constraints preventing the design xk (and potentially other
infeasible designs for (55)) to be feasible for the master problem. Suppose that the the
failure condition F (x, u) ≤ 0 is linear in the displacement field u. Thus, we can apply the
so called combinatorial Benders’ feasibility cuts (see [5, 6, 10, 18, 24]) for the system (55).
This idea was used already in [16]. In general, combinatorial Benders’ cuts can be applied
to linear systems, when these are inconsistent. The idea is to find a small subsystem of
constraints, responsible for the infeasibility of the global system. These subsystems are
called Irreducible Inconsistent Subsystem (SII), and imply a necessary relationship among
the design variables. These relationships characterize the combinatorial Benders’ cuts.
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The Combinatorial Benders’ feasibility cuts for the structural design problems studied in
this article require the additional condition of linearity on the field u.

(A-7) The failure function F (x, u) is linear in the displacement field u.

To generate this type of feasibility cuts, the feasibility system (55) is reformulated
including additional variables zij ∈ R

d, i ∈ {1, . . . , nc}, j ∈ {1, . . . , n}, linking the dis-
placement fields u and the design variable xij , as zij = xiju. The reformulation we consider
for finding IIS’s is given by

∑

i,j

Kijzij = f, (58a)

zij − u = 0, ∀ (i, j) ∈ N1(x), (58b)

zij = 0, ∀ (i, j) ∈ N0(x), (58c)

F (x, u) ≤ 0. (58d)

The index sets N0(x), N1(x) are given by

N0(x) := {(i, j) : i ∈ {1, . . . , nc}, j ∈ {1, . . . , n} | xij = 0},

N1(x) := {(i, j) : i ∈ {1, . . . , nc}, j ∈ {1, . . . , n} | xij = 1}.
(59)

The procedure to find IIS’s is based on heuristics supported by dual optimization theory,
and it was developed by several authors. See, for example [6, 10] for a deep understanding
of the theory and heuristics involved. In [14], there is a more specific explanation about
the heuristic procedure for obtaining IIS’s for a version of the system (58), but without
the non failure condition.

The other option to treat the Equilibrium feasibility system, is to generate GBD feasi-
bility cuts to this system in its convex form, (56). Such cuts prevent the current design xk

(which is infeasible for the original mixed integer problem (3)) from being part of a feasible
solution in the next master problems. However, There are a few necessary conditions to
be able to build these cuts. In [14, 16] it was shown that a particular Lagrange duality
result is necessary to be able to build Benders’ feasibility constraints. Here we present
a general result for convex failure criteria, which is a similar to Theorem 2.2 in [7], but
before we write a result from the same article, which is necessary for the proof of the next
theorem.

Theorem 1. Consider the convex optimization problem

minimize
x∈X

f(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m
(60)

where each gi(x) is a convex function in the non empty convex set X ∈ R
n. If {z ∈ R

m :
gi(x) ≤ zi, i = 1, . . . ,m, for some x ∈ X} is closed and the optimal value of the dual is
finite, then the primal problem must be feasible.

Theorem 2. A given design xk ∈ {0, 1}ñ satisfies is a solution of the feasibility problem
(56), if and only if, it satisfies the infinite system

lcr∗ (xk, η,Λ, φ) ≤ 0, ∀η ∈ R
d,Λ ∈ R

nΛ

+ , φ ∈ R
nφ

, (61)

where the function lcr∗ is defined as

lcr∗ (xk, η,Λ, φ) = infimum
u,r,s

{ηT [Br − f ] + ΛT [A(rmin, rmax)(x, u, r)T ]

+φT F (xk, u, s)}.
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Proof. The proof is similar to the one of the Theorem 2.2 in [7]. Suppose that xk is such
that it exists (uk, rk, sk) satisfying the feasibility system (56). It is straightforward to
verify that (61) is satisfied as well. Now, suppose that (61) is satisfied. Then,

supremum
η,Λ≥0,φ≥0

{lcr∗ (xk, η,Λ, φ)} ≤ 0, (62)

It follows that, since the zero vector (ηT
l = 0T , λT = 0T , φT = 0T ) is allowed in (62), we

have that

supremum
η,Λ≥0,φ≥0

{lcr∗ (xk, η,Λ, φ)} = 0. (63)

This last equality implies that the dual of the feasibility problem (56) has an optimal
value equal to 0. The feasible problem (56) can be written as as continuous vectorial

constraint Gxk(u, r, s) ≤ 0. Therefore, the set {z ∈ R
nG

: Gx(u, r, s) ≤ z} is closed (it

could be expressed as H−1([−∞, 0]n
G

, where H is the continuous function H(u, r, s, z) =
Gx(u, r, s)− z). Theorem 5.1 is verified for the convex feasibility problem (56). Therefore,
the primal feasibility problem (56) must be feasible, and therefore, xk is feasible for (56).

Theorem 2 implies that, whenever a design xk is infeasible for the system (56), we can

find the Lagrange multipliers ηk ∈ R
nη

, Λk = {λk
i ∈ R

ni

+ , i = 1, . . . , 4, }, φk ∈ R
nφ

+ , such
that

lcr∗ (xk, ηk,Λk, φk) > 0.

Therefore, if the constraint (cut) lcr∗ (xk, ηk,Λk, φk) ≤ 0 is included in the master problem,
the feasible design xk (and, hopefully, many other designs too) is prevented from being
feasible in the following instances of the master problem.

9.1 Feasibility Problem for the Maximum Strain Criterion

The equilibrium-local failure feasibility condition for the maximum strain criterion (given
by equation (3.1)), is given by

K(xk)u = f,
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

−
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

dijl = xijΘiB
T
j ul, ∀i, j, k,

(64)

Suppose that (64) is infeasible for a given design xk.
The first possibility we have, is to use combinatorial Benders’ cuts related to the system

(64). The construction is again, similar to the one presented in [16], with the difference of
the inclusion here of the maximum strain criterion in the system. The system considered
for finding combinatorial Benders’ cuts is given by
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∑

i,j

Kijzij = f,

zij − u = 0, ∀ (i, j) ∈ N1(x
k),

zij = 0, ∀ (i, j) ∈ N0(x
k),

nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

−
nc
∑

i=1

dijl ≤
nc
∑

i=1

xijǫmax,i, ∀j, k,

dijl = xijΘiB
T
j ul, ∀i, j, k,

(65)

The method is explained in detail in [16]. Refer to this article for details about the
implementation of the algorithm obtaining combinatorial cuts.

The second possibility for feasibility constraints related to the equilibrium-max strain
system, is to generate GBD feasibility cuts (see [14, 16, 12]). In order to do this, we need
to consider the convex version of the equilibrium-max strain system.

minimize
u∈Rd,r,d

c = {0T u + 0T r}

subject to Br = f,

A(rmin, rmax)(x, u, r)T ≤ 0,
nc
∑

i=1

dj ≤
nc
∑

i=1

xijǫmax,i, ∀j,

−
nc
∑

i=1

dj ≤
nc
∑

i=1

xijǫmax,i, ∀j,

xijd
min
j ≤ dj ∀i, j,

dj ≤ xijd
max
j , ∀i, j,

(1 − xij)d
min
j ≤ BT

j u − dj , ∀i, j,

BT
j u − dj ≤ (1 − xij)d

max
j , ∀i, j.

(66)

Theorem 2, ensures that if xk is an infeasible design for the equilibrium-local failure
feasibility system (66), then it exists ηk ∈ R

nη

,Λk ∈ R
nΛ

+ , φk
i ∈ R

nφi

+ , i = 1, . . . , 6 such that

ls∗(x
k, ηk,Λk, φk) > 0,

where ls∗ is defined as

ls∗(x
k, ηk,Λk, φk) := infimum

u,r,d
{ηkT

[Br − f ] + ΛkT
[A(rmin, rmax)(xk, u, r)T ]

+ φk
1

T
[

nc

∑

i=1

dj −
nc

∑

i=1

xijǫmax,i]

+ φk
2

T
[−

nc

∑

i=1

dj −
nc

∑

i=1

xijǫmax,i]

+ φk
3

T
[xijd

min
j − dj]

+ φk
4

T
[dj − xijd

max
j ]

+ φk
5

T
[(1 − xij)d

min
j − BT

j u − dj]

+ φk
6

T
[BT

j u − dj − (1 − xij)d
max
j ].

Therefore, to prevent the infeasible design xk from belonging to the feasible set of the
master problem, we must include the constraint
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ls∗(x
k, ηk,Λk, φk) ≤ 0,

in the following relaxed master problem.

9.2 Feasibility Problem for the Maximum Stress Criterion

The failure feasibility condition for the maximum strain criterion (given by equation (20)),
is given by

K(xk)u = f,
nc
∑

i=1

Cix
k
ijΘiB

T
j u ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n,

−
nc
∑

i=1

Cix
k
ijΘiB

T
j u ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n,

(67)

Suppose that (67) is infeasible for a given design xk. The first possibility we have is to use
combinatorial Benders’ cuts related to the system (67). The construction is again, similar
to the one presented in [16], with the difference of the inclusion of the maximum stress
criterion in the system. The system considered for finding combinatorial Benders’ cuts is
given by

∑

i,j

Kijzij = f,

zij − u = 0, ∀ (i, j) ∈ N1(x),
zij = 0, ∀ (i, j) ∈ N0(x),

nc
∑

i=1

CixijΘiB
T
j u ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n,

−
nc
∑

i=1

CixijΘiB
T
j u ≤

nc
∑

i=1

xijσmax,i, j = 1, . . . , n,

(68)

The method was explained in detail in [16]. Refer to this article for details about the
implementation of the algorithm obtaining combinatorial cuts.

The second possibility for feasibility constraints related to the equilibrium-local failure
system, is to generate GBD feasibility cuts (see [14, 16, 12]). In order to do this, we need
to consider the convex version of the equilibrium-local failure system for the maximum
stress criterion.

minimize
u∈Rd,r,d

c = {0T u + 0T r}

subject to Br = f,

A(rmin, rmax)(x, u, r)T ≤ 0,
nc
∑

i=1

Cidj ≤
nc
∑

i=1

xijσmax,i, ∀j,

−
nc
∑

i=1

Cidj ≤
nc
∑

i=1

xijσmax,i, ∀j,

xijd
min
j ≤ dj ∀i, j,

dj ≤ xijd
max
j , ∀i, j,

(1 − xij)d
min
j ≤ BT

j u − dj , ∀i, j,

BT
j u − dj ≤ (1 − xij)d

max
j , ∀i, j.

(69)

Theorem 2, ensures that if xk is an infeasible design for the equilibrium-local failure
feasibility system (69), then it exists ηk ∈ R

nη

,Λk ∈ R
nΛ

+ , φk
i ∈ R

nφi

+ , i = 1, . . . , 6 such that
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lss∗ (xk, ηk,Λk, φk) > 0,

where lss∗ is defined as

lss∗ (xk, ηk,Λk, φk) := infimum
u,r,d

{ηkT
[Br − f ] + ΛkT

[A(rmin, rmax)(xk, u, r)T ]

+ φk
1

T
[

nc

∑

i=1

Cidj −

nc

∑

i=1

xijσmax,i]

+ φk
2

T
[−

nc

∑

i=1

Cidj −

nc

∑

i=1

xijσmax,i]

+ φk
3

T
[xijd

min
j − dj ]

+ φk
4

T
[dj − xijd

max
j ]

+ φk
5

T
[(1 − xij)d

min
j − BT

j u − dj ]

+ φk
6

T
[BT

j u − dj − (1 − xij)d
max
j ].

Therefore, to prevent the infeasible design xk from belonging to the feasible set of the
master problem, we must include the constraint

lss∗ (xk, ηk,Λk, φk) ≤ 0,

in the following master problems.

9.3 Feasibility Problem for the Tsai-Hill Criterion

Here we consider the Tsai-Hill failure criterion. The failure feasibility system for this
failure ((33)) is represented explicitly by

Br = f,

A(rmin, rmax) (x, u, r)T ≤ 0,
k
∑

i=1

sT
ijsij ≤ 1, ∀j,

xk
ijs

min
ij − sij ≤ 0 ∀i, j,

sij − xk
ijs

max
ij ≤ 0, ∀i, j,

−xk
ijs

min
ij − BT

iju + sij ≤ −smin
ij , ∀i, j,

BT
iju + xk

ijs
max
ij − sij ≤ smax

ij , ∀i, j.

(70)

In order to generate Benders’ feasibility cut (see [14, 16, 12]), we need to consider the
convex version of the equilibrium-local failure system for the maximum strain criterion.

Suppose that (70) is infeasible for a given design xk. Theorem 2, ensures that if xk is
an infeasible design for the equilibrium-local failure feasibility system (70), then it exists

ηk ∈ R
nη

,Λk ∈ R
nΛ

+ , φk
i ∈ R

nφi

+ , i = 1, . . . , 5, such that

lth∗ (xk, ηk,Λk, φk) > 0,

where lth∗ is defined as
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lth∗ (xk, ηk,Λk, φk) := infimum
u,r,d

{ηkT
[Br − f ]

+ ΛkT
[A(rmin, rmax)(xk, u, r)T ]

+ φk
1

T
[

k
∑

i=1

sT
ijsij − 1] + φk

2

T
[xkijsmin

ij − sij]

+ φk
3

T
[sij − xk

ijs
max
ij ]

+ φk
4

T
[−xk

ijs
min
ij − BT

iju + sij + smin
ij ]

+ φk
5

T
[BT

iju + xk
ijs

max
ij − sij − smax

ij ]}.

Therefore, to prevent the infeasible design xk from belonging to the feasible set of the
master problem, we must include the constraint

lth∗ (xk, ηk,Λk, φk) ≤ 0,

in the relaxed master problem of the next iteration.
As additional remark, we point out that the system (70) is not a linear system when

fixing the variable xk. Therefore it is not possible to obtain combinatorial Benders’ for
this type of system.

9.4 Feasibility Problem for the Tsai-Wu Criterion

Here we consider the Tsai-Wu failure criterion. The failure feasibility system for this
failure ((39)) is represented explicitly by

K(xk)u = f,
k
∑

i=1

sT
ijsij + ηij ≤ 1, ∀j,

−sij + xk
ijs

min
ij ≤ 0, ∀i, j,

sij − xk
ijs

max
ij ≤ 0, ∀i, j,

−BT
iju + sij − xk

ijs
min
ij ≤ −smin

ij , ∀i, j,

BT
iju − sij + xk

ijs
max
ij ≤ smax

ij , ∀i, j,

−ηij + xk
ijη

min
ij ≤ 0, ∀i, j,

ηij − xk
ijη

max
ij ≤ 0, ∀i, j,

−hT CiΘiB
T
j u + ηij − xk

ijη
min
ij ≤ −ηmin

ij ∀i, j,

hT CiΘiB
T
j u − ηij + xk

ijη
max
ij ≤ ηmax

ij ∀i, j.

(71)

Suppose that (71) is infeasible for a given design xk.
Theorem 2, ensures that if xk is an infeasible design for the equilibrium-local failure

feasibility system (71), then it exists ηk ∈ R
nη

,Λk ∈ R
nΛ

+ , φk
i ∈ R

nφi

+ , i = 1, . . . , 9 such that

ltw∗ (xk, ηk,Λk, φk) > 0,

where ltw∗ is defined as
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ltw∗ (xk, ηk,Λk, φk) := infimum
u,r,d

{ηkT
[Br − f ] + ΛkT

[A(rmin, rmax)(xk, u, r)T ]

+ φk
1

T
[

k
∑

i=1

sT
ijsij + ηij − 1]

+ φk
2

T
[xk

ijs
min
ij − sij]

+ φk
3

T
[sij − xk

ijs
max
ij ]

+ φk
4

T
[−xk

ijs
min
ij − BT

iju + sij + smin
ij ]

+ φk
5

T
[BT

iju + xk
ijs

max
ij − sij − smax

ij ]

+ φk
6

T
[−ηij + xk

ijη
min
ij ]

+ φk
7

T
[ηij − xk

ijη
max
ij ]

+ φk
8

T
[−hT CiΘiB

T
j u + ηij − xk

ijη
min
ij + ηmin

ij ]

+ φk
9

T
[hT CiΘiB

T
j u − ηij + xk

ijη
max
ij − ηmax

ij ].

Therefore, to prevent the infeasible design xk from belonging to the feasible set of the
master problem, we must include the constraint

ltw∗ (xk, ηk,Λk, φk) ≤ 0,

in the following master problems. Notice that the system (71) is not a linear system when
fixing the variable xk. Therefore, Combinatorial Benders’ cuts do not either apply for the
Tsai-Wu failure criterion.

9.5 General Local Failure Feasibility Cuts

In this section, we describe the implementation of a general type of feasibility cuts, which
is valid for any type failure criterion function, independently of the mathematical prop-
erties, such as convexity, as it was the case in previous sections. Consider the failure
feasibility system (55), where the function F (x, u) does not necessarely satisfy any con-
vexity assumption. We neither require any differentiability nor continuity propety. The
only assumption we suppose is that the function F (x, u) as a finite value in the set

{x ∈ {0, 1}ñ,

nc

∑

j=1

xij = 1, u = u(x)}

where u(x) represents the unique solution to the equilibrium equations (1).
The idea of this feasibility analisys is the following. For each instance of the feasibility

system (55), for which the couple (xk, u(xk)) is infeasible, a weak cut Cw(xk) preventing
the design xk from being feasible is created. The cut Cw(xk) does not prevent any other
design in {0, 1}ñ from being feasible. Therefore, the validity of this cut is not under
discussion, no matter which failure function we are considering.

This cut is created in the following way. Consider the design xk ∈ {0, 1}ñ, which is
infeasible for the feasibility system (55). The cut Cw(xk) is defined as

Cw(xk) : cT
wx ≤ bw, (72)

152



where cw ∈ R
ñ is defined as:

cw(i) =

{

−1, if x(i) = 1, i = 1, . . . , ñ,

0, if x(i) = 0, i = 1, . . . , ñ.

bw =1 −

ñ
∑

i=1

x(i)

(73)

Is it important to note that the feasibility cut Cw(xk), given by (72) is the weakest possible
cut. It is equivalent to a Combinatorial Benders’ cut (see [5, 6, 10, 18, 24]) of a linear
system of equations with no information about inconsistent sub systems. This lack of
information is the price we pay in order to be able to treat the general type of failure
criteria. Its validity of this type of cut is based on the convexity of the ñ-dimensional cube
[0, 1]ñ, where each design correspond to one corner of the cube. It is therefore possible
to impose a linear constraint removing a specific corner of the cube from the feasible set
of the design problem, without removing any other corner of the cube. The principle of
these cuts is in fact quite simple and could be understood in the following way. If a given
design vector xk is infeasible for the criterion F (x, u) ≤ 0, then we know that we need to
change the value of at least one component of the design vector xk to have the possibility
of finding a feasible design for the considered failure criterion. It is possible to argue that
this type of cuts is too weak to be implemented in an optimization design problem. We
do not deny this as a possible fact, but this should be tested in numerical experiments to
see whether it is the case or not.

10 Implementation

The Generalized Benders’ Decomposition method presented in this article is implemented
in the numerical environment and academic software MUST ([1]). This software is special-
ized for optimal design of composite laminated structures and shell finite element analysis.
The solver used in the treatment of the master problem is the commercial branch-and-cut
solver for integer programming Gurobi 3.0, [2]. The continuous relaxations (4) and (6) are
solved using the sequential quadratic programming package SNOPT, see [8, 9].

11 Numerical Examples

In this section, we present a preliminary numerical example for the Generalized Benders’
Decomposition method proposed in this article. The example showed in this article cor-
responds to the problem of designing an optimal fiber angle selection of a 2-D squared
membrane. The structure is clamped along the edge of one side, it is free along all other
sides, and that is subject to a load in the y-direction, as it shown in Figure 2(c). The
design domain is discretized in 20 by 20 finite elements for the analysis, using standard
9-nodes 2-D elements. At the same time, it is divided in 10 by 10 design elements. This
difference in the discretization means that 4 finite elements are linked in a single design el-
ement. The algorithm was implemented in the platform for the analysis and optimization
of shell, plates, and layered structures MUST ([1])

We start by solving the minimum compliance problem (3) without including any local
failure in the formulation. The objective is to obtain a reference in the values of the
strain of the optimal solution found. For this example, The GBD algorithm for problem
(3) failure-unconstrained, stopped after 1210 iterations, employed a CPU-time of 7.4[h],
obtaining a final optimality gap of 2.6%. The solution obtained is showed in Figure 2(d).
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F

(c) Boundary conditions (d) Local-failure unconstrained so-
lution

(e) No local failure (f) Max strain failure criterion

Figure 2: Design domain and ground structure considered in the numerical examples.

Its value for the maximum strain criterion is max{ǫ} = 5.397 · 10−3. To test the GBD
algorithm (Algorithm 2 in section 8) in a local failure minimum compliance problem,
we consider Problem (3), with a local failure condition F (x, u) =‖ ǫ(x, u) ‖ −ǫmax, the
maximum strain criterion. We set ǫmax = 5.396 · 10−3, to ensure that the optimal design
of the local failure unconstrained problem is infeasible for the maximum strain minimum
compliance problem. This time, the algorithm run for 1240 iterations, employed a CPU-
time of 8.5[h], and stopped finding a design with a optimality gap of 2.87%. The maximum
strain value for this example is 5.318 · 10−3 confirming the feasibility of the design for
problem (P).

In Figures 2(e), 2(f) we can see the comparison between the solutions obtained when
solving the unconstrained local minimum minimum compliance problem, and the max-
imum strain criterion-minimum compliance problem. These two design have 8 design
variables with a different value.

12 Final Remarks and Future Work

We have successfully implemented a Generalized Benders’ Decomposition algorithm which
can solve minimum compliance problems considering any local failure criteria to global
optimality. The method can be easily extended to minimum weight problem with local
failure criteria. To our knowledge, this is the first serious investigation in the field of
Structural Optimization considering solving structural design problems with local failure
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criteria to global optimality. We have tested the proposed algorithm on a medium size an-
gle selection design problem related to a single layered square plate obtaining convergence
within a small tolerance. We have shown the formulation of several local failure formula-
tions to be included in the standard minimum compliance and minimum weight problems.
It has been showed that for some specific failure criteria, a specific convex reformulation
can be used to implement GBD feasibility cuts which are valid in the sense of respect-
ing the convergence to global optimality of the algorithm. In addition, an alternative
and general implementation of feasibility cuts for general failure criteria, independent of
mathematical properties, is proposed to avoid the resolution of the feasibility subproblem,
and to be able to attack any type of local failure problem. This implementation trades the
weakness of the feasibility cuts, but gains in the flexibility of the algorithm with respect
to the use of local failure criteria. It has also been shown the particular implementation
of the GBD algorithm to attack structural problems with high efficiency. For the future,
the test of the algorithm with a set of examples, in order to evaluate the performance and
robustness of the method in different design problems is necessary, specially considering
the promising preliminary results obtained. The implementation of the GBD feasibility
cuts for the convex reformulation of the feasibility problem must be carried out. In general
a broad study considering a larger set of local failure criteria must be initiated.
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Chapter 8Conluding Remarks
This thesis provides a large amount of new knowledge to the sienti� ommunity,in fundamental researh, as well as in applied engineering sienes. The Thesis de-velops a new tehnique, based in the Generalized Benders' Deomposition method,to obtain global optimal solution of strutural design problems. This new tehniquehanges fundamentally the philosophy of it predeesor, and improves dramatiallyits performane. Besides, several heuristi proedures to improve the performaneof the algorithm have been implemented. In overall, the resulting tehnique seemsto be ompetitive with the most e�ient tehnique for Mixed Integer Optimizationexisting nowadays. It has been suesfully applied in the design of truss strutures,topology optimization problems, and in multimaterial omposite laminated stru-tures. Even though the purpose of this thesis was to develop methods for StruturalOptimization, the impat of this new tehnique an easily go to the whole mixedinteger optimization �eld. It represents, to our knowledge, the �rst serious workin Global Optimization for strutural design problems, whih inludes loal failureonditions in the design problem.8.1 Future WorkThe results delivered by this thesis opens several investigation lines to the future,onsidering di�erent levels of appliability. In the more fundamental area, the de-velopment of a new method for globlal optimization in strutural design problemsonjetures the existene of a new method for Global Optimization in the entire areaof Mixed Integer Optimization. The results are promising, and everything indiatesthat the all results in this thesis an be extended to general mixed integer problemswith onvex ontinuous relaxations. At the same time, the generalization of thisnew tehnique for general types of problems implies that a orresponding benh-marking with respet to the most e�ient tehniques in Mixed Integer Optimzationmust be arried out in the lose future. At a more applied level, the numerialstudy of loal failure riteria in strutural optimization problems must be ontinuedand extended. Sine it does not exist similar results in the �eld, a large numberof investigation should be arried out. This means that serious studies onsideringeah spei� failure riterion being relevant in the design of omposite laminatedstrutures. Of ourse the study an be extended to the design of other types ofstrutures, and onsidering other types of analysis modeling, and physis involved.In order to apply the method for oarse �nite element disretizations, the algorithmmust be optimized in the sense of minimizing the number of funtion evaluations,



158 Chapter 8. Conluding Remarkswhih would be eventually the problem of the method as it is right now. This ouldbe done e�iently by the introdution of an optimized line searh algorithm in thelevel set design searh proedure of the algorithm. This hange may have onse-quenes in real life size design problems. Besides, it is important to note that wehave developed a global optimization method, whih uses a di�erent disretizationfor the analysis problem (FEM disretization) and for the design problem (designdisretization). Sine the present limitations of the method are related to the de-sign disretization, and not for the analysis disretization, the method an ertainlybe applied for the design of real sized analysis disretization strutures, as long asthe design disretization remaind oarse enough. This implies that we ould usethe method to optimize real size analysis models, disretized in a very �ne mesh of�nite elements (of order of millions of elements), as long as we use a oarse designdisretization, using no more that 50.000 design variables (this is in fat not tooambiious, sine in this thesis, we were able to solve to optimality with a smalltolerane a design problem of 23.000 design variables).
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