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We show theoretically and experimentally that scattered light by thermal phonons inside a second-order
nonlinear crystal is the source of additional phase noise observed in optical parametric oscillators. This additional phase noise reduces the quantum correlations and has hitherto hindered the direct production of multipartite entanglement in a single nonlinear optical system. We cooled the nonlinear crystal and observed a
reduction in the extra noise. Our treatment of this noise can be successfully applied to different systems in the
literature.
DOI: 10.1103/PhysRevA.79.063816

PACS number共s兲: 42.50.Lc, 42.50.Dv, 03.67.Mn

I. INTRODUCTION

In quantum information, processes with continuous variables have attracted growing attention, involving the manipulation of states of light and atoms. Examples are the
unconditional quantum teleportation of states of the electromagnetic field 关1兴 and teleportation and storage of quantum
information between light and atoms 关2兴. Many of these experiments involved nonclassical states of the electromagnetic
field, either squeezed or N-partite entangled state, generally
obtained from the combination of squeezed states in a set of
beam splitters 关3兴. Quadrature squeezed states of the electromagnetic field attracted renewed interest, after the initial
promises of ultrasensitive spectroscopy and noiseless communication channels, predicted in the late 1980s.
A source of nonclassical states is nonlinear crystals inside
optical cavities. This was the case for the first generation of
squeezing in parametric down conversion 关4兴, soon followed
by the observation of quantum correlations between separate
fields 关5兴 and production of entangled states 关6兴 in an optical
parametric oscillator 共OPO兲, and squeezing in secondharmonic generation 共SHG兲 关7兴. At the heart of this process
is the parametric coupling of three fields, used for twin photon generation, but with the enhancement and the mode selection given by a resonant cavity. Early studies 关8兴 theoretically demonstrated that a nonlinear crystal inside a cavity
would produce squeezing in different modes and entanglement between pairs of modes.
Despite this long list of successful implementations showing excellent agreement with the theory, the measurement of
other nonclassical fundamental characteristic features remained elusive. Phase quadrature squeezing of the pump
field in the above-threshold OPO 关9兴 presented an unexplained excess noise that could not be accounted for by any
known source in the system. Furthermore, the first measurements of noise correlations between the phases of signal and
idler beams in OPO’s above threshold resulted in great excess noise where squeezing was expected 关10兴. The first measurement of this quantum correlation, demonstrating entanglement of signal and idler beams 关11兴, was limited to
operation very close to threshold. An increase in the pump
1050-2947/2009/79共6兲/063816共11兲

power rapidly degraded the quantum phase correlations. This
was one of the main reasons why signal and idler entanglement remained unobserved for almost 20 years after its prediction 关8兴. Measurements performed later by other groups
关12,13兴 confirmed this excess noise, and many attempts
where made to explain its origin 关14–16兴. The same kind of
problems was observed in the coupling of infrared and green
fields in a degenerate OPO and SHG 关17兴. Moreover, the
direct production of three-mode entanglement was also predicted 关18兴, but the first experimental implementations could
not overcome this unknown source of extra phase noise 关19兴.
Here, we make a detailed treatment of this extra noise in
the OPO and experimentally verify its predictions. The
model is described in Sec. II, and the expected behavior for
an OPO is then presented. A full characterization of this
noise in the three modes of an optical cavity encompassing a
nonlinear crystal is given in Sec. III. This complete description of the noise presents good agreement with the experimental observations of the covariance matrix, measured for
the OPO described in Ref. 关19兴 共Sec. IV兲. We show that this
additional noise is consistent with a model of incoherent
共thermal兲 phonon noise. Random density fluctuations are induced and, via the change in the refractive index, entail
phase fluctuations as described in Sec. V. We also apply our
model to other results reported in the literature, with good
agreement. Finally, we conclude by a discussion on proposals for reducing or eliminating this noise in experiments for
the production of squeezed or entangled state involving
phase quadratures.

II. MODEL FOR THE INTRODUCED PHASE NOISE

In the present study, we will consider that the crystal,
although homogeneous, can have small fluctuations in its
permittivity. The refractive index fluctuates owing to localdensity fluctuations associated with acoustic phonons inside
the crystal. This density change results in Stokes and Brillouin light scattering 关20兴 with frequency shifts in the scattered light. In the present case, we will be interested in the
fraction of the scattering that is coupled into the cavity
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modes, with small shifts in the frequency 共within the cavity
bandwidth兲.
If we consider that the constitutive relation between the
ជ and the electric field Eជ includes a
displacement vector D
random local fluctuation in permittivity ␦ε,

ជ = εEជ + ␦ε共z,t兲Eជ ,
D

共1兲

Finally, the total contribution of the fluctuation will include the integration over the crystal length. The resulting
added noise will be a fluctuation term, named ␦Q j, to be
added in the stochastic treatment of the quantum fluctuations
inside the cavity. This term is in quadrature with the amplitude ␣ j of the field. Thus, it can be described as an additional
phase noise for an intense mean field,

we have, from the Maxwell equations,

ជ =−
ⵜ⫻E


Bជ ,
t

ជ=
ⵜ ⫻H


ជ.
D
t

␦Q j共⍀兲 = − i

共2兲

=

The resulting wave equation coupling this fluctuation to the
propagating field is thus given by

ជ =  0ε
ⵜ 2E

2
2
ជ
ជ
2 E + 0 2 共␦εE兲.
t
t

共3兲

In the present case, we will be interested in a single frequency, of a given polarization, referring to a mode j of the
optical cavity. We can thus separate a slowly varying amplitude of the field A j from the fast oscillating part,
E j共rជ,t兲 = Re关A j共rជ,t兲exp共in jk jz − i jt兲兴,

共4兲

with k j =  j / c, where c is the speed of light in vacuum and
n j = 冑 j / 0 is the refractive index. The amplitude includes
both the mean value Ā j and the fluctuations induced by the
permittivity,
A j共rជ,t兲 = Ā j共rជ兲 + ␦A j共rជ,t兲.

共5兲

Since we are dealing with the resonant modes in a cavity, the
solutions of the wave equation can be limited to the paraxial
approximation. The amplitude of the field will satisfy the
paraxial wave equation 关21兴, so Ā j共rជ兲 = ␣ ju共h兲
ជ兲, where the
j 共r
transverse mode 共h兲 for the longitudinal mode j can be described in the Hermite or the Laguerre-Gauss basis by the
function u共h兲
ជ兲. The mode amplitude ␣ j is treated as a conj 共r
stant, an approximation which is valid in the case that field
depletion is small.
The wave equation for the fluctuating part can then be
solved, in the paraxial approximation, considering a slowly
varying envelope for the field fluctuation. Examining the
contribution of scattering at the sideband of the carrier, we
have, in the frequency domain,

␦A j共rជ,⍀兲 = i

n jk j
␣ ju共h兲
ជ兲␦ j共rជ,⍀兲␦z
j 共r
2 j

␦␣ j共z,⍀兲 =

冕

␦A j共rជ,⍀兲u共h兲ⴱ
ជ兲dxdy.
j 共r

␦␣ j共z,⍀兲dz

n jk j
␣j
2 j

冕

兩u共h兲
ជ兲兩2␦ j共rជ,⍀兲dxdydz.
j 共r

共8兲

As we can see, the random fluctuation in the crystal permittivity will not produce any significant contribution to the
amplitude quadrature. The resulting change in the refractive
index will only produce phase fluctuations that couple to the
resonant cavity mode, within the cavity bandwidth, resulting
in an additional source of noise. This noise will be particularly important for experiments in quantum optics, as we
observe in the next section, when we add this term to the
treatment of quantum fluctuations in the OPO.
A. Excess noise in the OPO

Most of the systems involving second-order nonlinearities
inside a cavity can be described by the evolution of the three
coupled fields. Let us define our amplitude and phase
quadrature operators from the creation operator of the field
â = ei共p̂ + iq̂兲, where the arbitrary phase  is chosen such that
具q̂典 = 0. With this choice of , quadrature p̂ is associated with
the amplitude and q̂ is associated with the phase in the case
of an intense field. In a linearized description of the fields,
with ␦â = â − 具â典, field fluctuations are given by the vector

ជ = 关␦ p̂0, ␦q̂0, ␦ p̂1, ␦q̂1, ␦ p̂2, ␦q̂2兴T .
X

共9兲

The operators can be replaced with c numbers using the
master equation for the density operator and a quasiprobability representation of the field, such as the Wigner distribution, to obtain a Fokker-Planck equation 关22兴 and its equivalent description by Langevin equations. In this linearized
approach, equations for the evolution of field fluctuations
inside a cavity are described by the following Langevin
equation:

共6兲

for a given position of the wave front. Note that this contribution occurs in quadrature with the local field mean amplitude ␣ ju共h兲
ជ兲.
j 共r
The total contribution of the fluctuation for a given field
mode, ␦␣ j共z , ⍀兲, can be evaluated using the orthogonality of
the basis states 共兰u共h兲
ជ兲u共g兲ⴱ
ជ兲dxdy = ␦hg兲. Performing the
j 共r
j 共r
transverse integration of the fluctuating part of Eq. 共5兲, with
the weight factor u共h兲ⴱ
ជ兲 accounting for the coupling of the
j 共r
scattered field into the cavity mode, we have

冕


ជ in ជ
 Xជ = MAXជ + M␥Xជ in
1 + M X 2 + Q ,
t

共10兲

where  is the round trip time of the wave inside this cavity.
The drift matrix MA describes the evolution of the field fluctuations in a round trip, including attenuation, parametric
amplification, and phase shifts. The next two terms couple
the input field fluctuations to the cavity through the input
coupler 共IC兲 共M␥兲 and the spurious losses 共M兲 and are associated with the diffusion in a Langevin process. This coupling is described by the diagonal matrices

共7兲
063816-2

M␥ = diag关冑2␥0, 冑2␥0, 冑2␥1, 冑2␥1, 冑2␥2, 冑2␥2兴,
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M = diag关冑20, 冑20, 冑21, 冑21, 冑22, 冑22兴, 共11兲

ជ in
connecting the input fields Xជ in
1 and vacuum fluctuations X2
through the input ports. In this description, spurious losses in
each mode j are given by 2 j, and the mirror transmission is
given by T j = 2␥ j.
The excess phase noise coming from the phonons in the
crystal is given by the additional contribution to the phase
fluctuations 关Eq. 共8兲兴. This stochastic fluctuation will be
present in the three relevant cavity modes, described by the
vector
ជ = 关0, ␦Q0,0, ␦Q1,0, ␦Q2兴T .
Q

共12兲

In the frequency domain, Eq. 共10兲 can be described by
ជ + M␥Xជ in
ជ in ជ
i⍀Xជ = MAX
1 + MX2 + Q, and the intracavity fluctuations will then be given by

ជ in
ជ in ជ
Xជ 共⍀兲 = 关i⍀I − MA兴−1共M␥X
1 + MX2 + Q兲.

共13兲

Using the input-output formalism 关23兴 we have the fluctuations of the output port of the cavity given by the reflection of the input added to the transmitted internal fluctuation:
ជ 共⍀兲 − Xជ in
Xជ out共⍀兲 = M␥X
1 . In this case we can easily calculate
ជ out
the covariance matrix of the output field V = X
out
T
共⍀兲关Xជ 共−⍀兲兴 , resulting in
V = I + V pure + Vloss + V phase .

具␦Q j共⍀兲␦Qk共− ⍀兲典 =

The noise coupling term  jk depends on the wavelength
through k j and kk and on the evaluation of the double integration coming from the product of Eq. 共8兲 for two different
modes, resulting in  jk. Here we have used the fact that the
intracavity amplitude of the field ␣ j is proportional to the
square root of the intracavity power P j.
From this simple model, a wide variety of experiments
involving two or three fields coupled by nonlinear effects can
be studied, implying in different forms of matrix MA in Eq.
共10兲. In the case that signal and idler modes are degenerate,
as in a degenerate OPO, seeded optical parametric amplifier
共OPA兲, subthreshold OPO, and SHG, the problem can be
reduced to the evaluation of a matrix of size 4 ⫻ 4. In the
case of a cavity without nonlinear interaction, the drift ma2
兲 / 2. For a nondegenerate
trix is reduced to MA = −共M␥2 + M
unseeded OPO above threshold, with balanced losses for the
signal and idler modes 共␥1 = ␥2 = ␥ and 1 = 2 = 兲, the drift
matrix has a simple form in the case of exact resonance 共zero
detuning兲 关25兴,

共14兲

MA =

The identity matrix I is associated with the standard quantum level 共SQL兲 of noise, characteristic of coherent states
共including vacuum兲. The next term
V pure = M␥关i⍀I − MA兴−1M␥M␥兵关− i⍀I − MA兴−1其TM␥
− M␥共关i⍀I − MA兴−1 + 兵关− i⍀I − MA兴−1其T兲M␥
共15兲
stands for the squeezing and the quantum correlation leading
to entanglement in this system. For unitary intracavity operations, the resulting state will be pure and det关I + V pure兴 = 1
关24兴. There is also a noise term owing to the input fluctuations through the spurious losses, uncorrelated with the reflected fluctuations through the input port, degrading the
level of squeezing and/or entanglement and state purity as
well,
Vloss = M␥关i⍀I − MA兴−1MM兵关− i⍀I − MA兴−1其TM␥ .
共16兲
Finally, the internal added noise will depend on the covariance matrix for the additional phase fluctuations VQ共⍀兲
ជ 共⍀兲Q
ជ T共−⍀兲, affected by the cavity interaction and the
=Q
nonlinear coupling given by the drift matrix MA,

A detailed evaluation of the terms in the covariance matrix
VQ will be given in Sec. V. For the moment, considering the
fluctuation term presented in Eq. 共8兲, we expect that the covariance terms of this extra noise are given by

冤

− ␥0⬘

0

− ␥ ⬘␤

0

− ␥ ⬘␤

0

0

− ␥0⬘

0

− ␥ ⬘␤

0

− ␥ ⬘␤

− ␥⬘

0

0

0

− ␥⬘

␥⬘
0

0

␥⬘
0
− ␥⬘
0

␥ ⬘␤ 0
0 ␥ ⬘␤
␥ ⬘␤ 0
0 ␥ ⬘␤

− ␥⬘

− ␥⬘
0
− ␥⬘

冥

,

共19兲

with the coefficient ␤ being given by the ratio of the amplitude for signal and idler fields ␣ by the pump field amplitude
␣ 0,

␤=

␣
=
␣0

冑 冑冑
␥0
␥

Pin
− 1,
Pth

共20兲

where Pin is the input power of the pump beam and Pth is the
oscillation threshold. 2␥0⬘ = 2共␥0 + 0兲 and 2␥⬘ = 2共␥ + 兲 are
the sum of round trip losses. Before we apply this model to
the OPO described in Ref. 关19兴, we will characterize the
coupling terms  jk of Eq. 共18兲, describing the dependence of
the noise matrix VQ with the intracavity power for each
mode. This can be done by injection of a classical coherent
field in each mode of the cavity involved in the parametric
oscillation and studying the dependence of the phase noise of
the output field with the intracavity power 共proportional to
the incident power兲.
III. EXPERIMENTAL CHARACTERIZATION
OF THE EXCESS NOISE

V phase = M␥关i⍀I − MA兴−1VQ共⍀兲兵关− i⍀I − MA兴−1其TM␥ .
共17兲

n j k j n kk k
 jk␣ j␣k =  jk冑P j Pk . 共18兲
4 jk

We investigated the spurious excess noise using the experimental system as described in 关19兴, reproduced here in
Fig. 1. The cavity is pumped by the second harmonic of a
Nd:yttrium aluminum garnet 共YAG兲 laser 共Innolight Diabolo兲, filtered with a mode cleaning cavity to ensure that
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FIG. 1. 共Color online兲 Setup for the experiment. Pump laser:
Innolight Diabolo, HS: harmonic separator and combiner, and PBS:
polarizing beam splitter. Filtering cavity, analysis cavities, and OPO
as described in the text.

FIG. 2. Measurement of phase noise using the reflection off an
empty cavity. The intensity noise of the reflected beam is normalized to the shot-noise level and fitted according to 关25兴, returning
the phase and amplitude variances. The reflectivity of the cavity is
fitted by a Lorentzian.

pump fluctuations are reduced to the SQL for frequencies
above 20 MHz. The filter cavity bandwidth is 2.3 MHz, and
its transmission is 55% for the carrier frequency. The filtered
pump beam is then injected in the OPO, with adjustable
power, through the IC with a reflectivity of 70% for the
pump field 共532 nm兲. The reflected pumped field is recovered
from the Faraday rotator 共FR兲. The infrared output coupler
共OC兲 has a reflectivity of 96% at ⬇1064 nm. Both mirrors
are deposited on concave substrates with a curvature radius
of 50 mm. The crystal is a bulk high gray-tracking resistant
potassium titanyl phosphate 共HGTR-KTP, by Raicol Crystals兲 cut for type-II phase matching, with length ᐉ = 12 mm,
and antireflective coating for both wavelengths. The average
free spectral range for the three modes is 5.1共1兲 GHz. The
cavity finesses for pump, signal, and idler modes 共the latter
defined as the mode with the same polarization as the pump兲
are, respectively, 16, 135, and 115. The overall detection
efficiencies are 87% for the infrared beams and 65% for the
pump, accounting for detector efficiencies and losses in the
beam paths. An infrared beam could be injected in the OPO
cavity using a harmonic beam splitter 共HS兲. Its polarization
could be adjusted with a half-wave plate 共not shown兲 to
match each mode of the cavity with the birefringent crystal
inserted.
In this setup, the initial study of the excess noise produced
inside the cavity was done by the injection of an intense field
in each one of the modes involved in the OPO. In all the
measurements presented here, care was taken to avoid phase
matching for the relevant parametric processes of up and
down conversions. The absence of stimulated parametric
conversion was assured by keeping the pump beam below
the OPO threshold. For the infrared injection, secondharmonic generation is avoided by careful temperature tuning of the crystal. All measurements were made keeping the
OPO at exact resonance by a simple dither-and-lock technique applied to the cavity length using a piezo actuator on
the input coupler. Mode 0 共which corresponds to the pump
mode in the OPO兲 is investigated by the injection of the 532

nm beam, polarized in the xy plane 共referring to crystallographic axes兲, through the input coupler for the pump mode.
The noise and the total power of the reflected field are then
measured. Mode 1 共signal mode兲 is investigated by the injection of the 1064 nm beam through the input coupler,
which has a very small transmittance at this wavelength
共⬍0.2%兲, with polarization parallel to the z axis of the crystal. Mode 2 共idler mode兲 is investigated with light at the
same frequency, with polarization parallel to the xy plane. In
both cases, the noise properties of the transmitted light are
analyzed.
Phase noise measurements were performed using the ellipse rotation method described in 关26,27兴, with the help of
analysis cavities. Cavities 1 and 2 共for the transmitted infrared beams兲 have bandwidths of 14共1兲 MHz, and cavity 0 共for
the reflected pump兲 has a bandwidth of 12共1兲 MHz. This
ensures a full rotation of the noise ellipse 关25兴 for the chosen
analysis frequency of 21 MHz. Mode matching of the beams
to the analysis cavities was better than 95%.
An example of such a measurement is presented in Fig. 2,
where the intensity noise of the beam reflected by the cavity
is fitted according to 关25兴, returning the values of the variance of amplitude and phase quadrature noises. Noise was
measured using a demodulating chain and an analog-todigital 共A/D兲 converter, and each measured correlation value
was an average of 1000 points, acquired with a bandwidth of
600 kHz. SQL calibration was obtained by the measurement
of the variance of a coherent field at different intensities,
showing a linear dependence with the beam power. Linearity
is verified with great precision, such that the shot-noise level
is determined within 0.5% 关28兴.
The covariance terms ⌬2Qk共⍀兲 from the matrix VQ and
their dependence on the intracavity power are obtained from
the excess noise measured from the reflected beam 共532 nm兲
or from the transmitted beam 共1064 nm兲, applying the model
of Eq. 共14兲 with the drift matrix MA for uncoupled fields.
The measured variance for amplitude and phase quadratures
of mode 0 is shown in Fig. 3 共left兲 for different values of the
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FIG. 3. 共Color online兲 Measured variances for each mode of the field, as a function of the output power. Left: reflected light from the
cavity for mode 0 共532 nm兲. Right: transmitted light for modes 1 and 2 共1064 nm兲.

reflected power. Amplitude fluctuations remain at the shotnoise level and the phase quadrature presents an excess noise
which varies linearly with the power, consistent with the results observed in 关14兴. Similar results were obtained for
modes 1 and 2 共Fig. 3, right兲. The small transmission of the
input coupler provided a strong attenuation of the ir beam,
and the measured results for the cavity transmission without
the crystal revealed that the noise level of both quadratures
for the transmitted beam were reduced to the standard quantum level. Thus, any excess noise at this wavelength is provided by the crystal and occurs only for the phase quadrature, as expected.
The results agree well with the description of a linear
dependence of the internal noise with the light power 共from
Eq. 共18兲, ⌬2Q j =  jj P j兲. Using the measured mirror coupling
and losses for this cavity, the noise coupling terms  jj relating the added noise to internal circulating power are

00 = 0.53 per Watt,

11 = 0.15 per Watt,

22 = 0.14 per Watt.

between modes 0 and 2 and modes 1 and 2. From the fitting
of these curves we can evaluate the following noise coupling
terms:

01 = 0.14 per Watt,

02 = 0.15 per Watt,

12 = 0.087. per Watt

共22兲

Although the uncertainties are somewhat high 共about 20%兲,
the confidence band ensures that correlations are not perfect
共 jk ⬍ 冑 jjkk兲, differently from the treatment in Ref. 关17兴.
We conclude that the generated phase quadrature noise
depends linearly on the intracavity power, as described in
Ref. 关29兴, but that the noises of different beams are not perfectly correlated. Moreover, amplitude fluctuations remain
uncoupled from this additional noise source. After this characterization, we independently measured all the parameters
involved in the evaluation of the covariance matrix of the
OPO presented in Eq. 共14兲. Now we compare the results
obtained from the model, after the parameters’ evaluation,
with the experimental results.

共21兲

Uncertainties of these values are mainly due to their local
dependence with the point of the crystal where the beam is
injected. Lateral displacements of the crystal resulted in
changes on the order of 20%. The first point to notice is the
ratio of the coupling constant to the wavelength. We have
11 ⯝ 22, and 00 / 11 = 3.7共5兲, in good agreement with the
dependence expected from Eq. 共18兲.
After the characterization of the diagonal terms in the
covariance VQ, we studied the cross correlation terms using
simultaneous injection of two modes. The crystal temperature is carefully tuned in order to obtain cavity double resonance, while keeping the third mode far from resonance,
thereby avoiding system oscillation owing to the injection of
a seed in the parametric process.
As a result, the curves plotted in Fig. 4 show that the
correlation depends on the square root of the power of each
beam. Similar results were obtained for the noise correlation

IV. NOISE IN THE ABOVE-THRESHOLD OPO

In order to study the noise properties in the OPO, we
removed the injected infrared field and increased the power
of the green beam, pumping the OPO above threshold. We
measured the covariance terms for many different values of
input power, ranging from 1 to 1.7 times the threshold power
of 70 mW. In the following, we present the experimental data
obtained, with its uncertainties, and the expected values from
our model. We also include the theoretical predictions in the
absence of the additional phonon noise.
According to the model, covariance matrix terms for the
amplitude quadratures are unaffected by this additional phase
noise, and the results do not change by its inclusion. The
results in this case are shown in Fig. 5 for the amplitude
variances and for the amplitude correlations. The plots are
obtained from the model using measured detection efficiency

063816-5

PHYSICAL REVIEW A 79, 063816 共2009兲

CÉSAR et al.
Transmitted Power - mode 1 (1064 nm)
13.5mW
8.3mW

Covariance (SQL units)

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0.0
0
25

0.0
0

5

10

15

20

Reflected Power - mode 0 (532 nm)
62 mW
39 mW

1

2

3

4

5

6

7

Transmitted Power - mode 1 (mW)

Reflected Power - mode 0 (mW)

FIG. 4. 共Color online兲 Left: covariance of phase quadratures of modes 0 and 1 共orthogonally polarized modes兲 as a function of the
reflected power for different transmitted powers of mode 1. Right: the same but varying power of mode 1 for two different values of power
in mode 0.

Covariance (SQL units)

and cavity parameters, without any free parameters. Good
agreement is observed, although the amplitude fluctuations
of the signal mode are slightly smaller than expected. Noise
covariances involving two fields are in very good agreement
with the theory.
For the phase quadrature, the fluctuations of the refractive
index scatter light from the carrier 共the mean-field amplitude兲 into the sidebands at 21 MHz. The resulting noise in
the output combines the contributions from the parametric
process and from this additional noise term. Our results are
presented in Fig. 6 for the covariances of the phase quadrature fluctuations. The curves are obtained from the values of
cavity parameters and from the measured noise terms given
in Eqs. 共21兲 and 共22兲 applied to Eq. 共14兲. Good agreement is
obtained for the variances of signal and idler 共Fig. 6, left兲. As
for the pump, the measured noise level was smaller than
expected, but its dependence with the pump power presents

good qualitative agreement. The results are, nevertheless,
much closer to the presented model with extra noise than to
the OPO model without additional noise 共open symbols in
the plot兲, which predicts squeezing for the pump and a nearly
constant noise for signal and idler. The agreement for the
cross covariance terms is even better 共Fig. 6, right兲, with a
very good agreement for the correlations of pump with signal
and idler, and a qualitative agreement for signal and idler
correlation. The expected values without additional noise fail
to describe the observed results. The unbalance of signal and
idler correlations with the pump mode can be understood in
view of the simplified model for the drift matrix MA, where
balanced losses for these modes are used. The good qualitative agreement for these results could be improved by fitting
the curves using the noise coupling  jk as an adjustable
parameter.
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FIG. 5. 共Color online兲 Covariance terms of the amplitude quadratures in the OPO operating above threshold, as a function of the pump
power 共normalized to threshold兲. The lines are obtained from the model, without any fitting. Left: variance for pump 共0兲, signal 共1兲, and idler
共2兲. Right: covariances involving pairs of fields.
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Thus, the model allows us to consistently explain the previously unexpected OPO measurements reported in 关19兴.
Correlations among all three fields are now accounted for
and we can explain why the predicted pump-signal-idler tripartite entanglement was not observed for these levels of
additional noise. Two challenges remain: how can we ascertain that the physical origin of the noise is related to phonons
in the crystal and how can we control and reduce it to
achieve tripartite entanglement. This is discussed in the following section, where we present a detailed theory for the
phonon noise in the crystal and verify experimental signatures of its predictions. Then, we also apply our model to
other systems described in the literature, where the same
kind of phase quadrature noise behavior was reported.

polarization term that is collinear with the electric field and
limit the problem to the case i = j. We will therefore keep the
short notation ␦i = ␦ii used in Eq. 共6兲.
In order to evaluate the correlation of the phase fluctuations, we can apply Eq. 共24兲 to Eq. 共8兲, obtaining
具␦Q j共⍀兲␦Qk共− ⍀兲典
n3j n3k
␣ j␣k
= k jkk
4
⫻

兺

共lm兲,共np兲

冕

兩u j共rជ兲兩2兩uk共rជ⬘兲兩2

p jjlm pkknp具Slm共rជ,⍀兲Snp共rជ⬘,− ⍀兲典drជdrជ⬘ .

共25兲

V. PHONON NOISE COUPLING

In order to develop a model that relates the crystal vibration to the phase fluctuations of the fields in their propagation through the crystal, we have to consider the modulation
of the permittivity by the local displacement of each part of
the crystal. This displacement is represented by a field of
local dislocations uជ 共rជ兲, where rជ is a position in the crystal.
Displacements involving an overall crystal displacement or
rotation do not contribute to any change in the crystal energy
关30,31兴 and therefore cannot affect the dielectric constant.
The important quantity, in this case, is the strain
Slm =

冋

1  um共rជ兲  ul共rជ兲
+
2
 xl
 xm

册

共23兲

that is a six-element vector 共with lm = 关xx , yy , zz , yz , xz , xy兴兲.
The strain vector Sជ is coupled to the fluctuations of the dielectric tensor ␦ε by a rank 4 photoelastic tensor 关32兴,

␦id = − i d 兺 pidlmSlm .
0 lm

The integration involves a convolution of the intensity profile of each field by the correlation of the noisy strain vector,
implying in an accurate knowledge of this correlation. Nevertheless, further understanding of the scattering process can
be obtained if we consider some specific conditions of operation and some assumptions involving this correlation
term.
For the case where the beam waist inside the crystal is
larger than the coherence length lc of the acoustic waves of
thermal origin, we can approximate the correlation by a delta
function,

共24兲

In the present case, looking for the contribution of the strain
to the propagating field, we can restrict this study to the

2
共⍀兲␦lm,np␦共rជ − rជ⬘兲l3c , 共26兲
具Slm共rជ,⍀兲Snp共rជ⬘,− ⍀兲典 = Slm

where Slm共⍀兲 is the root-mean-square 共rms兲 value of the
strain fluctuation at a given frequency ⍀. In this case, integration of the amplitude envelope of the field in the paraxial
approximation is simplified. For fundamental Gaussian
modes of waist w j共z兲, integration over the crystal volume
gives an effective waist for the field w jk,
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冕

0.5

1
2
ᐉ
dz =
.
 w2j 共z兲 + w2k 共z兲
w2jk
共27兲

The noise coupling coefficient is inversely proportional to
the 共effective兲 area of the beam inside the crystal. Considering that the noise is also proportional to the power, the integration implies in an averaging of the intensity over the crystal volume. The resulting noise is thus proportional to the
intensity of the field inside the crystal.
Finally, the product of the photoelectric tensor will result
in a coupling term
2
共⍀兲
c jk共⍀兲 = 兺 p jjlm pkklmSlm

Coupling coefficient η00 (1/W)

冕

兩u j共rជ兲兩2兩uk共rជ兲兩2drជ =

冉

n3j n3k 3
ᐉ冑 jk
lc c jk共⍀兲
4hc
w2jk

=  jk冑P j Pk .

冊冑

0

s

2

4

6
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共29兲

册

1
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+
,
exp关h⍀s/共kBT兲兴 − 1 2

FIG. 7. Noise coupling term 00 as a function of the position of
the crystal inside the cavity. Solid line is a fit to Eq. 共31兲.

trivial task. On the other hand, cavity parameters 共changing
the field’s spatial profile兲 and crystal temperature can be
changed in order to reduce the extra noise.
A. Intensity dependence

P j Pk

Some important conclusions can be inferred. Wavelength dependence of the noise coupling  jk is restricted to the wavevector modulus k j. The term in parentheses is equivalent to
the ratio of the crystal length to the effective Rayleigh length
of the cavity 关32兴. The cavity geometry determines the beam
waist as well, resulting in a noise that is proportional to the
intensity. The evaluation of c jk also explains the reason for
having  jk ⬍ 冑 jjkk, leading to the expected imperfect noise
correlations for the phonon noise contribution to each field:
具␦Q j共⍀兲␦Qk共−⍀兲典 ⬍ 冑⌬2Q j共⍀兲⌬2Qk共⍀兲.
As for the coupling c jk, its direct evaluation is rather cumbersome, but we can use the fact that the acoustic energy
density per unit volume V is related to the strain field as
E / V = vs2S2 / 2 关32兴, where the crystal density is  and vs is
the speed of sound. To the first approximation, acoustic
phonons can be considered to follow the Bose-Einstein distribution 关31兴 and at temperature T their mean energy is

冋

0.2

Crystal Position (mm)

obtained by the scalar product of two vectors of six dimensions. If the vectors are not collinear in this six-dimensional
space, we expect to have c jk ⬍ 冑c jjckk. Strain fluctuations will
therefore couple differently to each field, resulting in imperfect correlation of the additional phase noise.
Expressing the amplitudes ␣ j = 冑P j / 共h j兲 in such a way
that 兩␣ j兩2 is the photon flux per second in the wave front of
the mode, we have

E = 兺 h⍀s

0.3

0.1

共28兲

lm

具␦Q j共⍀兲␦Qk共− ⍀兲典 = k jkk

0.4

共30兲

where different modes s imply in different wave vectors and
transverse or longitudinal component. For a given frequency
⍀ Ⰶ kBT / h, the dependence of the energy density on the temperature is linear. The coupling term c jk should have a linear
behavior with temperature.
Very few parameters involved in the value of  jk in Eq.
共29兲 can be controlled, in an attempt to reduce the contribution of this noise in quantum optics experiments. Finding
crystals with smaller refractive index and photoelastic effects, while maintaining high optical nonlinearities, is not a

In order to make the study of the noise dependence on the
effective beam waist inside the crystal, we replaced the OPO
cavity with a nearly concentric cavity comprising two spherical mirrors of curvature radius R = 25 cm, separated by 62.6
mm, resulting in a beam waist of w0 = 27.8 m. The resulting Rayleigh length was z0⬘ = nw20 /  = 8.13共10兲 mm, where
n = 1.788 is the refractive index for mode 0 共532 nm, polarized in the xy plane兲. Input coupler transmittance is T = 2␥
= 12.0% and internal losses amount to 2 = 3.3%. We measured the noise coupling for different crystal positions, obtaining different values for the effective waist w00. For different positions z of the crystal relative to the position of the
cavity waist, we expect to have, from Eq. 共27兲,

再 冉 冊 冉 冊冎

2z + ᐉ
2z − ᐉ
ᐉ
= n arctan
− arctan
2
w00共z兲
2z0⬘
2z0⬘

, 共31兲

resulting in the term in parentheses in Eq. 共29兲. As we can
see, this term depends only on the cavity geometry 共that
determines the Rayleigh length兲, on the crystal length ᐉ, and
on the refractive index. The results for the evaluation of the
noise coupling at different positions inside the cavity are
presented in Fig. 7. The value of 00 is fitted to Eq. 共31兲 with
an overall multiplicative factor as the single adjustable parameter, providing good agreement with the theory.
Therefore, the reduction in the waist inside the crystal
increases the noise coupling. On the other hand, it will also
reduce the threshold power. Both effects tend to compensate
each other. According to Eq. 共29兲, the noise level depends on
the intensity, as does the parametric amplification 关33兴. For
this reason, changes in the cavity geometry are not expected
to significantly affect the contribution of the phonon noise,
even though the threshold power is reduced.
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FIG. 8. Temperature dependence of the noise coupling. Data
points for temperatures above 300 K were obtained in a single
experimental run. For lower temperatures, data points were obtained on different days, leading to the increased dispersion observed. Nevertheless, a clear trend is observed.
B. Temperature dependence

In order to analyze the temperature dependence of the
noise coupling constant 00, we returned to the original OPO
cavity configuration and controlled the crystal temperature,
heating it above room temperature. As discussed, noise
power is expected to be proportional to the temperature. Indeed, as can be seen in Fig. 8, the results in the range from
257 to 383 K can be adjusted by a linear fit with 00共T兲
= 关5.92共46兲 ⫻ 10−3T 关K兴 − 1.38共13兲兴 per Watt. This monotonic increase in noise with temperature agrees qualitatively
with the naive model of the phonon noise, although the slope
of the curve does not match the parameters in Eqs. 共29兲 and
共30兲. Furthermore, it can be extrapolated to zero for a finite
temperature. This discrepancy can be explained by the fact
that the simplified model does not account for the temperature dependence of the photoelastic tensor, the crystal density, or the speed of sound, and a more complex behavior is
expected. Nevertheless, this result shows consistently that
cooling the crystal reduces the phonon noise. On the other
hand, nonlinear crystals such as LiNbO3, where phase
matching is obtained by heating the crystal above 370 K,
should give an increased contribution from this noise.
VI. APPLICATION TO OTHER EXPERIMENTS

The additional phase noise treated here has been observed
in different OPOs by several research groups. In a first attempt to understand its origin 关14兴, we observed excess
phase noise in the reflected pump beam, which grew linearly
with the incoming pump power below threshold. Since the
intracavity pump power above threshold remains constant,
this extra noise was initially modeled as a constant noise,
similar to what would be expected from a noisy input pump
关25兴.
Peng et al. 关15兴 investigated the effect of pump excess
noise in the phase correlation between signal and idler fields
as well. Afterward, they included in their model a gain for

the pump phase noise 关16兴 and applied this model to the
analysis of previous results obtained from different groups.
In those models, the noise source remained in the pump,
while signal and idler were coupled to this noise source only
through the parametric process. As such, perfectly correlated
classical noise between signal, idler, and pump beams would
be created, in contradiction to the observed discrepancies
关19兴. The observation of tripartite entanglement, for instance,
would have been easier.
Another model for this excess noise was recently proposed and applied to the study of bipartite entanglement between the fundamental and the second harmonic in parametric conversion 关17兴. The phase noise introduced is
proportional to the field amplitude, and it is presented as
guided acoustic wave Brillouin scattering 共GAWBS兲 关29兴. In
this case, crystal absorption would be the origin of this extra
noise term.
Our model relies on the intrinsic fluctuations of thermal
origin in the refractive index, which scatter photons from the
carrier into the noise sidebands. Here we extend our model to
other experiments. In what follows, based on the cavity parameters 共losses, threshold power, free spectral range, and
detection efficiency兲 and the measured results of entanglement or squeezing, we calculate the values of the noise coupling terms  jk. In order to simplify the number of free parameters, we assumed that all the noise couplings scale
according to the values independently obtained in our experiment 关Eqs. 共21兲 and 共22兲兴. Therefore we kept 11 = 22
= 00 / 4, 01 = 02 = 0.2700, and 12 = 0.1600 and evaluated
the value of 00 using the model of Eq. 共14兲.
Previous measurements of bipartite entanglement in our
laboratory employed another OPO cavity used in Refs.
关14,28兴. Noise in these systems could be correctly fitted with
00 = 0.72 per Watt. In the first demonstration of bipartite
entanglement in the above-threshold OPO 关11兴, a value 00
= 0.64 per Watt accounts for the difference of 0.21 units of
SQL between the measured quadrature noise and the expected value from the theory without additional noise.
Extending this analysis to other measurements, we carried
out the analysis for the frequency-degenerate OPO studied in
Ref. 关10兴. In their case, the expected value for the phase
quadrature correlation would give a noise level of 47% of the
SQL. Instead, they measured excess noise of twice the SQL.
A noise coupling 00 = 1.16 per Watt would explain their
results.
Other experiments presented unaccounted sources of excess noise. For instance, in a cascaded 共3兲 process 关9兴, pump
squeezing reached only 6% 共pump noise equal to 94% of
SQL兲 in the phase quadrature that could be explained with
00 = 0.24 per Watt. This is a reasonable value, considering
here that they used a periodically poled lithium niobate
共PPLN兲 crystal pumped at 1.064 m, which is half the
wavelength of the other experiments.
Recently, entanglement between fundamental and second
harmonic in process of up or down conversion in a cavity
was demonstrated. From the work of Ref. 关17兴, using a degenerate OPO and SHG with injection at both wavelengths,
we could calculate the relation of the constants kk using the
given value for the parameter k, obtaining values of 00
= 0.77 per Watt and 11 = 0.19 per Watt.
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All those experiments, involving different crystals, wavelengths, and configurations, returned values for the noise
coupling of the same magnitude of the results obtained in the
present paper. Other experiments with the OPO, such as twin
beam generation, involved only amplitude quadratures. Thus,
they were free from this excess noise source. The reported
values of squeezing matched the expected results once the
technical problems were taken in account. The fact that amplitude noise is uncoupled from the fluctuation in the refractive index due to phonons inside the crystal is a good reason
why they were observed long before phase quadrature
squeezing and entanglement.
On the other hand, the experiment of squeezing in SHG
关7兴 was performed with a scanning cavity that presented
squeezing at exact resonance but with very high excess noise
for nonzero detuning. In this case, amplitude and phase noise
are coupled in the drift matrix, and the excess phase noise
owing to the additional phonon noise, expected to be present
in that case, was coupled to the amplitude.
For experiments with the OPO below threshold, the pump
field acts as a classical field, driving the parametric process,
and therefore the noise remains uncoupled. Since these experiments have negligible intracavity power for the generated vacuum modes, the scattering of the central carrier can
be neglected. Nevertheless, it may still act as an extra loss
source and may need to be considered when attempting to
obtain very high levels of squeezing.
Not all the other experiments considered could be successfully analyzed by our model. Exceptions, resulting in
smaller values for the noise coupling  were observed. In a
letter by Peng et al. 关12兴, the difference of 10% of SQL
between theory and measurement could be explained by a
value of 00 = 0.68⫻ 10−2 per Watt, which is much smaller
than the value obtained in the present paper. Another communication by Pfister et al. 关13兴 would yield 00 = 0.84
⫻ 10−1 per Watt for the difference of 14.2% of the SQL in
the phase correlation. In both cases an 共almost兲 open cavity
for the pump mode 共very low cavity finesse兲 was employed.
This invalidates the assumption of small losses for the pump
mode used in the present model.

agrees well with the experimental results. The origin of the
noise was determined to be the random fluctuations of the
refractive index 共or the crystal permittivity兲 induced by thermal phonons within the crystal. This fluctuation scatters light
from the mean field into the noise sidebands, acting as an
additional noise source in quantum optics measurements.
The noise source was characterized for a cavity with a
KTP crystal, and the observed results agree well with the
model regarding the noise dependence with power, cavity
geometry, wavelength, and temperature dependence. The latter is the strongest evidence of the role played by the
phonons. We applied the noise model to the OPO and observed good agreement with the experiment.
Other systems reported in the literature were analyzed,
and the model consistently succeeded in explaining discrepancies between the theory without extra noise and the observed results. The additional noise value we have inferred
for most of the experiments was on the same order of magnitude of the noise we measured in the present paper. This
indicates that such an effect may have to be considered in
designing other quantum optical systems with nonlinear
crystals inside cavities.
Our recent research has been driven by a quest for threecolor tripartite pump-signal-idler entanglement in the abovethreshold OPO 关18,19兴. Previous attempts were frustrated by
the presence of this extra noise source of then unknown
physical origin. Following the results presented here, by lowering the crystal temperature, we finally succeeded in experimentally observing the direct generation of tripartite entanglement 关34兴, producing three entangled fields of different
colors. We expect interesting applications in quantum information for this unusual light source.
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