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In many catalytic reactions lateral interactions between adsorbates are believed to have a strong
influence on the reaction rates. We apply a microkinetic model to explore the effect of lateral
interactions and how to efficiently take them into account in a simple catalytic reaction. Three
different approximations are investigated: site, mean-field, and quasichemical approximations. The
obtained results are compared to accurate Monte Carlo numbers. In the end, we apply the
approximations to a real catalytic reaction, namely, ammonia synthesis. © 2007 American Institute
of Physics. �DOI: 10.1063/1.2790885�

INTRODUCTION

Microkinetic models1,2 are an essential tool to develop
an atomistic understanding of catalysis. They have been suc-
cessfully applied to various industrially relevant catalytic re-
actions, such as methanol synthesis3 and decomposition,4,5

water-gas shift,6 ethylene oxidation,7,8 and ammonia
synthesis.9–11 These examples show that the predictive power
of microkinetic models can bridge over the temperature,
pressure, and material gaps, which exist between fundamen-
tal surface science studies and industrially relevant catalysis.

The starting point for constructing a microkinetic model
is a proposed reaction mechanism based on our atomistic
knowledge of a certain catalytic reaction. The reaction
mechanism is then used to write down an explicit expression
for a catalytic rate per active site. For a more detailed de-
scription of an active site we refer to Fig. 1 and later discus-
sion in the text. Usually it is necessary to make some ap-
proximations to get a solvable model. The most common
approximation is the assumption of an ideal surface layer,
where lateral interactions are excluded. They are, however,
well known to often have a dramatic influence on the kinet-
ics of heterogeneous catalytic reactions �see, e.g., reviews in
Refs. 12 and 13 and references therein�. Nowadays lateral
interactions between reaction intermediates can be calculated
using density functional theory10,14,15 and then included into
microkinetic models by means of Monte Carlo �MC�
techniques.10 For a review of MC simulations of catalytic
reactions, see Refs. 13, 16, and 17.

We distinguish between two types of lateral interactions:
one for adsorbate-adsorbate interactions in an adsorbed state
and one for adsorbate-transition state interactions in an acti-
vated state. By an adsorbed state we mean an adsorbate sit-
ting at an optimized adsorption site, whereas an activated

state refers to a reaction intermediate at the transition state.
The lateral interactions of the adsorbed state have a twofold
influence on the local adsorbate configuration at the active
site; �i� they change the coverage of different adsorbates and
�ii� they introduce correlation among adsorbates. At the acti-
vated state lateral interactions depend on the local adsorbate
configuration at the active site and modify the transition state
energy accordingly.

In this paper, three different approximations to treat lat-
eral interactions are applied. The most simple one is the site
approximation12,18 �SA�, where the lateral interactions are
completely ignored. In the mean-field �MF�
approximation12,18 average lateral interactions are used, and
they depend on the coverage of different adsorbates. The
quasichemical approximation12,18,19 �QCA� is the most accu-
rate one, and it includes the explicit treatment of lateral in-
teractions between two adjacent sites. In addition, three dif-
ferent surface geometries are considered, �i� one-dimensional
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FIG. 1. Schematic figure of the three active sites that are considered. Star
��� indicates an empty site, whereas a neighboring site is indicated in gray.
�a� In the one-dimensional surface lattice the active sites consist of 3+3
surface sites. �b� In the square lattice the active sites consist of eight surface
sites. �c� In the sixfold lattice the active sites consist of ten surface sites.
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�1D� lattice to simulate reactions that occur at surface steps,
�ii� a square lattice, and finally �iii� a sixfold lattice. In the
end the catalytic rates calculated using the above approxima-
tions on each surface geometry are compared to accurate MC
simulations that fully incorporate the nearest neighbor lateral
interactions. It should be noted that our interaction model is
simple and we ignore higher order interactions, such as
three-body interactions and long-ranged interactions. How-
ever, within a defined interaction model the MC results are
accurate.

THE MICROKINETIC MODEL

To study the accuracy of the approximations, we use a
simple surface reaction, A2+B2�2AB, which is assumed to
follow a Langmuir-Hinshelwood reaction path, where each
reaction step obeys microscopic reversibility,

A2 + 2 � � 2A � , �1�

B2 � + 2 � � 2B � , �2�

A � + B � � AB � + � , �3�

AB � � AB + � . �4�

Here � and x� correspond to an empty site and an adsorbate
x=A ,B ,AB, respectively. Although the reaction is simple, it
includes most of the intrinsic features involved in a real cata-
lytic reaction: the activation �dissociation� of the reactants,
followed by the removal of dissociation products by surface
reactions, and then finally the removal of the products from
the surface �desorption�. Several important catalytic reac-
tions can be described in such a phenomenological fashion,20

for instance, ammonia synthesis, Fischer-Tropsch synthesis,
NO reduction, and many oxidation reactions.

To keep the microkinetic model traceable, we assume
that the catalytic reaction contains a rate-limiting step for
which we, in this case, choose A2 dissociation. We also as-
sume that all other reaction steps are in quasiequilibrium.
Hence, the rate per active site is

r = pA2
��

i

Pi exp�− Ei
a/kBT� , �5�

where pA2
is the partial pressure of A2, � is the prefactor for

A2 dissociation, Pi is the probability of finding a local adsor-
bate configuration i at the active site, and Ei

a is the activation
energy for A2 dissociation. To investigate the effect of lateral
interactions at the activated state, Ei

a is required to depend on
the local adsorbate configuration i at the active site. This is
included by assuming that every occupied nearest neighbor
site increases Ei

a by the same amount. In this model study the
activation energy Ei

a is chosen to be 30 kJ/mol on a clean
surface, whereas each nearest neighbor adsorbate adds
10 kJ/mol to Ei

a. These values, although reasonable, are of
no significant importance to the conclusions, as they only
affect the absolute magnitude of the rates and our conclu-
sions are based on normalized rates.

We use three different surface lattices to model the ac-
tive site where the catalytic reaction occurs, see Fig. 1. Note

that the active site consists of several surface sites. The sim-
plest lattice model is one dimensional and represents an ac-
tive site at a surface step. The active site consists of an upper
step �US� and a lower step �LS�, see Fig. 1, which are inde-
pendent of each other, that is, there are no lateral interactions
between US and LS. This implies that each surface site has
two neighbors. Note that in the simplified microkinetic
model presented here, the interactions on the upper and
lower steps are considered to be equal for simplicity. How-
ever, for ammonia synthesis we use interaction parameters
given in Table I and they differ for US and LS. The second
lattice model is a two-dimensional �2D� square lattice, where
each surface site has four neighbors. The last lattice model is
a sixfold lattice, where each surface site has six neighbors.
As the A2 dissociation requires two adjacent empty sites, the
local adsorbate configuration i at the active site is determined
by the occupancy of the neighboring surface sites surround-
ing these empty surface sites, that is, �i� in the one-
dimensional case two neighboring sites on the US and two
neighboring sites on the LS, �ii� in the square lattice case six
neighboring sites, and finally �iii� in the sixfold lattice eight
neighboring sites, see Fig. 1.

Finally, there is a question of how to calculate Pi in Eq.
�5�. The probability can be directly determined with MC
techniques or by solving the algebraic equilibrium equations
derived within the microkinetic model.

As reaction steps �Eqs. �2�–�4�� are considered to be in
quasiequilibrium, the coverages of the different adsorbates
are

�* =
1

1 +
pAB

�pB2
K2K3K4

+ �pB2
K2 +

pAB

K4

, �6�

�A =
pAB

�pB2
K2K3K4

�*, �7�

�B = �pB2
K2�*, �8�

TABLE I. Lateral interaction energies relevant for ammonia synthesis. US
and LS stand for upper and lower steps, respectively. For further details, see
Ref. 10. Energies are in eV.

USH–H USH–N USH–NH USH–NH2
USH–NH3

Eint=0.024 Eint=0.13 Eint=0.075 Eint=−0.05 Eint=0.0

USN–N USN–NH USN–NH2
USN–NH3

USNH–NH

Eint=0.38 Eint=0.24 Eint=0.12 Eint=−0.16 Eint=0.21

USNH–NH2
USNH–NH3

USNH2–NH2
USNH2–NH3

USNH2–NH3

Eint=0.25 Eint=0.18 Eint=0.43 Eint=0.30 Eint=0.16

LSH–H LSH–N LSH–NH LSH–NH2
LSH–NH3

Eint=0.06 Eint=0.16 Eint=0.14 Eint=0.05 Eint=0.12

LSN–N LSN–NH LSN–NH2
LSN–NH3

LSNH–NH

Eint=0.35 Eint=0.27 Eint=0.21 Eint=−0.02 Eint=0.27

LSNH–NH2
LSNH–NH3

LSNH2–NH2
LSNH2–NH3

LSNH3–NH3

Eint=0.29 Eint=0.08 Eint=0.30 Eint=0.30 Eint=0.59
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�AB =
pAB

K4
�*, �9�

where equilibrium constants are

K2 =
zB*

2

zB2

exp�− �2ĒB*� , �10�

K3 =
zAB*

zA*
zB*

exp�− ��ĒAB*
− ĒA*

− ĒB*
�� , �11�

K4 =
zAB

zAB*

exp��ĒAB*
� . �12�

Here, �=1/kBT and the partition functions zx, x=A ,B ,AB
include vibrational and rotational informations of the adsor-
bates. We assume that the partition functions are independent
of lateral interactions. The parameters used in the model are
as follows: the free energy of adsorbate A ,B ,AB is chosen so
that at T=500 K the coverage of each adsorbate is 1 /4 ML
without lateral interactions. Although this is a reasonable
choice, we emphasize that it does not affect our conclusions.
The solution to the rate equation depends only on the effec-
tive adsorption energies of the different adsorbates,

ĒA*
, ĒB*

, ĒAB*
, which in turn depend on the lateral interac-

tions between adsorbates. In this study we consider only lat-
eral interactions between nearest neighbor sites.

Site approximation

In the SA,12,18 all sites are independent of their surround-
ings, thus lateral interactions are excluded. This means that
the nearest neighbor adsorbates do not contribute to the ef-
fective adsorption energy, i.e.,

Ēx = Ex, �13�

where Ex is the standard adsorption energy of adsorbate x.
As the SA ignores lateral interactions, the occupancy of

adjacent sites is not correlated. The probability Pi of a certain
local adsorbate configuration at the active site is equal to

Pi = c�
n=1

N

�n,x�*
2, �14�

where on the considered surface lattice c is the number of
possible ways to find two adjacent sites that are empty, �n,x is
the coverage of adsorbate x at the neighboring site n, and N
is the number of neighboring sites.

Mean-field approximation

In the MF �Refs. 12 and 18� approximation average lat-
eral interactions are taken into account. More explicitly, the
effective adsorption energy is adjusted to the lateral interac-
tions between the considered adsorbate and the coverage of
all adsorbates according to

Ēx = Ex + N�
ẋ

�ẋwx−ẋ, �15�

where wx−ẋ is the interaction between adsorbates x and ẋ.
Note that the summation over the number of neighboring
sites is accounted for in Eq. �15� by including N.

One consequence of Eq. �15� is that the effect of
repulsive/attractive short range interactions, like the nearest
neighbor lateral interactions used here, will be
overestimated/underestimated. This is an intrinsic feature of
the MF approximation since adsorbate-adsorbate correlation,
which could reduce/increase the effect of nearest neighbor
lateral interactions, is not taken into account. For the same
reason, the probability Pi of a certain local adsorbate con-
figuration at the active site is same as in Eq. �14�.

Quasichemical approximation

The QCA �Refs. 12, 18, and 19� includes the correlation
between two surface sites. Writing up the grand-canonical
distribution for the two surface sites, and taking explicitly
the lateral interactions between different adsorbates into ac-
count, the following relationship between adsorbate pair
probabilities can be derived:

PxxPẋẋ

Pxẋ
2 = exp�− ��2wx−ẋ − wx−x − wẋ−ẋ�� , �16�

where Pxx, Pẋẋ, Pxẋ are the probabilities that two neighboring
sites are occupied by xx, ẋẋ, xẋ adsorbate pairs. Here we use
Pxẋ= Pẋx. Both x and ẋ are summed over all possible adsor-
bates.

In addition, we have two balance equations,

�
xẋ

Pxẋ = 1, �17�

�
ẋ

Pxẋ = �x. �18�

In the case of a single adsorbate, e.g., x=A, these equations
have an analytic solution.12 However, for larger number of
adsorbates the equations must be solved numerically. For
instance, if �xPxx

�m� is the joint probability at step m, an itera-
tive solution12 is given,

Pxẋ
�m+1� =� Pxx

m Pẋẋ
m

exp ��2wx−ẋ − wx−x − wẋ−ẋ�
, �19�

Pxx
�m+2� = Pxx

m �x�	Pxx
m + �

ẋ�x

Pxẋ
�m+1�
 , �20�

where m is increased until a stable solution is reached.
The effective adsorption energy is determined by

Ēx = Ex +
N

�
ln��

ẋ

P��x��ẋ�exp��wx−ẋ� , �21�

where P��x ��ẋ� is the conditional probability that adsorbate x
has ẋ as a nearest neighbor. This expression includes both the
energy of lateral interactions and the correlation between the
different adsorbates.
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As the QCA includes the correlation due to lateral inter-
actions, the probability Pi of a certain local adsorbate con-
figuration at the active sites is equal to

Pi = c�
n=1

N

P��n,x��*��*P��*��*� , �22�

where for simplicity the probability of finding two adjacent
sites empty equals to �*P��* ��*� and c is the number of
possible permutations on the considered surface lattice of
these two adjacent empty sites. P��n,x ��*� stands for the con-
ditional probability of having one specific neighbor x at site
n next to an empty site and N is the total number of neigh-
boring sites.

Monte Carlo

The free energies and lateral interactions of all reaction
intermediates together with gas-phase reservoir of B2 and AB
completely determine the thermodynamical equilibrium of
the studied system represented by a grand-canonical en-
semble. The thermodynamic equilibrium of the ensemble is
obtained by means of MC techniques,13,21 where the configu-
ration space is sampled according to the METROPOLIS algo-
rithm. The Monte Carlo technique is used to make sure that
the surfaces coverages and adsorbate-adsorbate correlations
are calculated in the correct way. The equilibrium condition
includes association/dissociation reactions and adsorption/
desorption events. The transition probability between various
state configurations satisfies the detail balance principle. The
gas in the reservoir is described by pressure- and
temperature-dependent chemical potentials18 for B2 and AB,

�B�T,pB2
� =

1

2�
ln

pB2

p0zB2

�23�

and

�AB�T,pAB� =
1

�
ln

pAB

p0zAB
, �24�

where the reference pressure p0 is 1 bar.
From the thermodynamic equilibrium any relevant sta-

tistical information can be extracted �coverage and condi-
tional probability� by analyzing the ensemble of configura-
tions obtained within the MC simulation.22 More specifically,
the coverage �x is determined by calculating the occurrence
of a certain adsorbate x, whereas the conditional probability
is determined from the ensemble of local adsorbate configu-
rations obtained in the MC simulation. The probability Pi of
a certain local adsorbate configuration at the active sites is
calculated according Eq. �22�. For more details on ammonia
synthesis, please see Ref. 10.

RESULTS AND DISCUSSION

To visualize the effect of lateral interactions on the rate,
we introduce a phenomenological interaction parameter
defined as

� = �
xẋ

wx−ẋ

Fx
, �25�

where Fx is the free energy of an adsorbate x. The math-
ematical form of � is not important as long as it is kept same
during the comparison. The main advantage of Eq. �25� is
that it includes the fact that strongly adsorbed adsorbates
require also large lateral interactions before their coverages
change. We admit that the order parameter is rather crude but
it enables us to measure and compare the quality of the three
different approximations. The lateral interactions, wx−ẋ, used
in the ground state, range from −5 �attraction� to 15 kJ/mol
�repulsion�. Figures 2�a�–2�c� present calculated rates as a
function of the interaction parameter � for the three different
interaction approximations and surface lattices. To keep the
results traceable, the lateral interactions are increased simul-

FIG. 2. �Color online� The calculated normalized rate as a function of the
phenomenological interaction parameter for a catalytic reaction taking place
on �a� 1D step, �b� square lattice, and finally �c� sixfold lattice.
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taneously by the same amount and all the results are normal-
ized to the rate obtained in the SA.

Figure 2�a� shows the reaction rate at the 1D lattice for
different approximations as well as for MC simulations. The
rate depends rather weakly on the interaction parameter,
which is due to the low number of nearest neighbor sites.
Note that at attractive interactions, ��0, the SA overesti-
mates and MF underestimates the rate, whereas at repulsive
interactions, ��0, SA �MF� underestimates �overestimates�,
respectively. For the 1D lattice QCA reproduces the MC re-
sults for all � values. The ability of the QCA to give exact
results in 1D �Refs. 12, 18, and 23� was, for instance, re-
cently exploited in a study of interacting polyatomic
adsorbates.24

For the square lattice, the rate is found to be larger/
smaller compared to the 1D case with the same repulsive/
attractive value of the interaction parameter �, see Fig. 2�b�.
The reason for this is the larger number of nearest neighbor
sites, which effectively gives rise to larger lateral interac-
tions. The qualitative behavior of the SA and MF approxi-
mations with respect to QCA and MC is exactly the same as
in the 1D case. However, now also the QCA results differ
from the MC ones. The discrepancy arises from the two di-
mensionality of the lattice as the two sites considered in the
QCA can now implicitly affect each other through the other
sites that are connected in the lattice, see Fig. 1. This be-
comes particularly important when lateral interactions in-
crease. Note that the rate becomes smaller at larger values of
the interaction parameter, i.e., the adsorbate-adsorbate corre-
lation reduces the probability to find two adjacent empty
sites on a square lattice.

Compared to the 1D or the square lattice cases the rate is
found, as expected, to be even larger/smaller for the sixfold
lattice with the same repulsive/attractive value of the inter-
action parameter �, see Fig. 2�c�. The reason is that the
number of nearest neighbor sites is further increased, which
gives rise to even larger lateral interactions. Although the
quality of the QCA results is far better than those given by
the two other approximations, we notice that the QCA devi-
ates from the MC results already at �=0.5, which is 0.25
lower than seen for QCA with the square lattice. The differ-
ence does not only result from the larger number of nearest
neighbor sites but also from the fact that the two surface sites
explicitly considered in the QCA now share common nearest
neighbor sites. However, the qualitative behavior of the SA
and MF approximations with respect to QCA and MC is the
same as for the other two lattices.

The above analysis shows that the rates calculated with
the SA approximation are unreliable, even at the low inter-
action parameter values. The two other approximations, MF
and QCA, seem to work well at low and intermediate inter-
action strengths. However, with increasing value of the inter-
action parameter, the discrepancy between the exact MC re-
sults and different approximations becomes more severe. The
SA differs by a factor of 100 �1D case� to a factor of 10 000
�2D sixfold case� at �=1.0, whereas the MF and QCA do
much better and differ only by factors of 10–100 �MF� and
1–100 �QCA�. The fact that QCA can fully reproduce the
MC results in the 1D case is particularly interesting. Several

experimental results25–27 show that surface defects, such as
steps, are mainly responsible for the activity in many cata-
lytic reactions. The surface defects resemble 1D structures,
hence coverages and lateral interactions on these defects can
be addressed in an exact manner using the QCA.

A REAL CATALYTIC REACTION

As a final step we study a real catalytic reaction: ammo-
nia synthesis. A complete first-principles model of the am-
monia synthesis over an unpromoted Ru-based catalyst was
recently published.10,11 In that work, lateral interactions be-
tween all reaction intermediates were fully accounted for by
means of MC techniques. Here we apply the three different
approximations and compare the results to those obtained
with MC. As step sites totally dominate the catalytic
activity,10,25 the 1D lattice is the most suitable one.

Under the synthesis conditions �total pressure:
50–100 bars, temperature: 593–713 K, flow:
30–200 N ml/min, and at stoichiometric H2:N2 ratio� the
most dominate reaction intermediate is adsorbed H.10,11 As
the N2 dissociation is the rate-determining step, the distribu-
tion of adsorbed particles is considered to be canonical and
we assume that the diffusion of the adsorbates is fast, at least
on the time scale for N2 dissociation. The lateral interaction
between adsorbed H and all other reaction intermediates lies
in the intermediate range of interaction strength, ��1.0, see
Table I and Ref. 10 for details. The SA, MF, and QCA results
follow our earlier analysis, that is, SA underestimates by a
factor of 10–100, MF overestimates by a factor of 5–10, and
QCA reproduces the real ammonia productivity. However,
there is also a quantitative difference in the slope of the
productivities depending on which approximation is consid-
ered, see Fig. 3. The reason is that the effects arising from
lateral interactions depend indirectly on macroscopic param-
eters, such as temperature and partial pressures, which is
reflected in the results. Therefore we stress that for the quan-
titative studies, it is important to include lateral interactions
into the microkinetic models.

FIG. 3. �Color online� The calculated productivity of ammonia from a the-
oretical plug-flow reactor depending on the level of approximation. The
solid line is based on MC values. Adsorption energies, lateral interactions,
and activation energies are all calculated from first principles. For further
information, see Refs. 10 and 11.
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A common practice to determine parameters needed in a
microkinetic model is to fit them to measurements, in which
case the lateral interaction is implicitly taken into account.
Models with fitted parameters usually reproduce experimen-
tal data well at least under reaction conditions similar to
those used in experiments. Our results show that small
changes in pressure and temperature alter affective adsorp-
tion energies. This indicates that the applicability of fitted
parameters is limited to the fitting conditions. One way to
improve the parameters is to evaluated lateral interactions
under various coverages, i.e., at different conditions, and
then include them into the fitting procedure via a MFA or
QCA approximation.

CONCLUSION

In this work we have shown that lateral interactions be-
tween adsorbed species have a strong influence on the reac-
tion rate of a catalytic process. Three different approxima-
tions to describe interactions are used: site, mean-field, and
quasichemical approximations, and the results are compared
to Monte Carlo simulations. The active site, where the cata-
lytic reaction takes place, has been modeled both with 1D
lattice and with 2D square and hexagonal lattices.

Our results show that the site approximation is inad-
equate for a heterogeneous catalysis reaction already at weak
lateral interactions. The mean-field and quasichemical ap-
proximations are much better, and the latter one even fully
reproduces the Monte Carlo results at the 1D lattice. The
computational effort increases by a factor of 2–3 from the
site approximation to QCA. However, compared to MC
simulations the approximations provide substantial savings
in computer time, which is necessary for the large scale com-
putational screening of various materials and reactions.
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