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We study localized light bullets and X waves in quadratic media and show how the notion of nonlocality can
provide an alternative simple physical picture of both types of multidimensional nonlinear waves. For X waves
we show that a local cascading limit in terms of a nonlinear Schrödinger equation does not exist—one needs
to use the nonlocal description, because the nonlocal response function does not converge toward a ␦ function.
Also, we use the nonlocal theory to show that the coupling to the second harmonic is able to generate an X
shape in the fundamental field despite having anomalous dispersion, in contrast to the predictions of the
cascading limit.
DOI: 10.1103/PhysRevE.73.036614

PACS number共s兲: 03.50.De, 05.45.Yv, 42.65.Jx, 42.65.Tg

I. INTRODUCTION

Due to their strong and fast nonlinearity, quadratic nonlinear materials have been a center of attention for a number
of years. Of particular interest has been the study of localized
wave packets, solitons, which can act as ideal carriers of
optical information. Both spatial 关1兴 共localized in space兲 and
temporal 关2兴 共localized in time兲 solitons were observed experimentally in quadratic nonlinear materials about a decade
ago. More recently, spatiotemporal solitons 关3,4兴, the socalled light bullets 关5兴, were also observed.
The existence of light bullets requires materials with
anomalous dispersion which, acting similarly to standard diffraction in bulk materials, can counteract nonlinearities of
the self-focusing type. Conversely, normally dispersive media support other effects, such as temporal splitting and spectral breaking 关4,6,7兴, that were commonly believed to prevent the existence of nonlinear localized wave packets.
However, the perspective changes completely, if one consider so-called X waves 关8兴, introduced in the field of linear
acoustics. These waves have translationally invariant solutions of the 共scalar兲 linear wave equation with characteristic
biconical shape 共they are called X because the main longitudinal cut resembles the letter X兲 关9兴. Therefore they exist
also as electromagnetic waves whose evidence has been reported both at microwave frequencies 关10兴, and in the context of linear optics 关11,12兴 where they can be considered
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nonmonochromatic generalizations of Durnin et al.’s Bessel
beam 关13兴. In general, X waves can exist also in vacuum, and
do not necessarily have a narrow spectrum. However, when
the propagation of beams with narrow spatiotemporal spectral content in bulk dielectrics is considered, linear X waves
turn out to be natural eigenmodes of normally dispersive
dielectrics 关14,15兴. Their excitation, however, remains quite
difficult because their shape is quite far from standard laser
beams. It was therefore a breakthrough when the formation
of nonlinear X waves was found starting from a standard
Gaussian beam in quadratic nonlinear optical materials
关9,16兴. The key is that a sufficiently strong nonlinearity provides, through spatiotemporal modulational instability, a
mechanism which is able to dynamically evolve a localized
input profile into an X wave. General results prove that X
waves can have indeed a key role in the nonlinear dynamics
both in optics 关17–20兴, and in Bose-Einstein condensation
关21,22兴 where the negative effective mass due to a onedimensional 共1D兲 lattice mimics the effect of normal dispersion 关23兴.
In quadratic nonlinear, or 共2兲, materials, the formation of
solitons is not due to a change in refractive index caused by
the local intensity of the beam, but due to a cascading phasemodulation mechanism 关24兴. An intuitive explanation given
in Ref. 关25兴 explains some of the occurring phenomena, like
soliton formation, self-focusing, and self-defocusing, but it
does not explain effects such as soliton interaction and the
existence of bound states.
In contrast, the notion of nonlocality was recently shown
to provide a simple physical explanation of all these effects,
as well as of bound states and general soliton interaction
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关26兴. The idea is to describe the effect of the second harmonic 共SH兲 field on the fundamental through a response
function, which contains the nonlinearity of the system and
the linear properties of the SH. This analogy further allows
one to obtain analytical solutions of solitons and their bound
states in the so-called strongly nonlocal limit, where the governing equations become linear 关26–28兴. See also Refs.
关29,30兴 for a review of the effects of nonlocality.
Considering only one transverse spatial dimension, it was
found in Ref. 关26兴 that with a positive phase mismatch, the
response function is localized and symmetric. However, a
negative phase mismatch introduces a difference in sign in
the SH dispersion relation, which in turn changes the nature
of the response function to be oscillatory. This corresponds
well with the absence of a continuous family of soliton solutions in this case, where only pairs of solitons exist at
discrete points, corresponding to isolated values of the separation between the solitons 关31兴.
Including the temporal dimension in the nonlocal description introduces another way of having opposite signs in the
SH dispersion relation, namely, when considering normally
dispersive materials. We would thus expect an analogy between systems that support X waves and a nonlocal system
with an oscillatory response function.
In this paper we propose a description of 共1 + 2兲D X
waves 关41兴 in quadratic media, based on a nonlocal response
function. The inclusion of the temporal dependence complicates the effect somewhat and the response function turns out
to be of Bessel type. Interestingly, we show that for normal
SH dispersion the local cascading limit in terms of a nonlinear Schrödinger equation does not exist—one needs to use
the nonlocal description, because the nonlocal response function does not converge toward a ␦ function when the degree
of nonlocality goes to zero.
Also, we investigate the effects of having opposite signs
of the dispersion in the fundamental wave 共FW兲 and SH
fields. We demonstrate that X-type waves can form in quadratic nonlinear materials with anomalous dispersion at either the FW or the SH.

II. GENERAL NONLOCAL SOLITONS

We consider the following standard normalized 共all quantities are suitably scaled so that they are dimensionless兲
model that describes second-harmonic generation under the
hypothesis that group-velocity difference is negligible with
respect to second-order group-velocity dispersion关32,33兴:
izE1 + 22x E1 + 2d12t E1 + E*1E2e−i␤z = 0,

共1兲

izE2 + 2x E2 + d22t E2 + E21ei␤z = 0,

共2兲

where E1 and E2 denote the slowly varying amplitude of the
fundamental wave and the second harmonic, respectively,
and ␤ is the phase mismatch. Important in our context is the
sign of ␤ and the dispersion coefficients d1 and d2. Positive
values of d1,2 describe anomalous dispersion, the regime for
which temporal localization has been reported 关3–5兴,
whereas a negative value describes normal dispersion; a re-

quirement for the existence of X waves in the linear case
关17兴.
To obtain simple intuitive predictions it is customary to
write the SH as E2 = e2共x , z , t兲exp共i␤z兲, which transforms the
SH equation to

␤e2 − ize2 − 2x e2 − d22t e2 = E21 .
For large phase mismatch, 兩␤ 兩 → ⬁, we obtain the cascading
limit e2 ⬇ E21 / ␤ 共corresponding to neglecting all derivatives
of e2兲, and the 共2 + 1兲D nonlinear Schrödinger 共NLS兲 equation for the FW
izE1 + 22x E1 + 2d12t E1 + ␤−1兩E1兩2E1 = 0,

共3兲

with a local Kerr nonlinearity. It is known that X-wave solutions to the NLS Eq. 共3兲 exist in both the linear and nonlinear cases, provided that d1 ⬍ 0 关17兴. The cascading limit
corresponds to the situation when the second harmonic is
basically slaved to the fundamental wave. However, Eq. 共3兲
with e2 ⬇ E21 / ␤, does not accurately describe all the dynamics
of the original Eqs. 共1兲 and 共2兲. For example, the 共2 + 1兲D
NLS equation predicts collapse and modulational instability
共MI兲 for positive ␤ and d1, but it is well known that collapse
does not exist in 共2兲 materials 关34,35兴, and that the existence
of MI depends on the sign of d2 关24兴. It was recently shown
that a nonlocal picture correctly describes these and other
effects, such as existence of bound states of solitons, while
still providing a simple physically intuitive model for wave
interaction 关26兴.
In the nonlocal approach, the only assumption is that
兩ze2 兩 Ⰶ 兩␤e2兩, i.e., that the SH is varying slowly in z, but
without restrictions on the x or t dependence. Thus, the nonlocal equations become
izE1 + 22x E1 + 2d12t E1 + E*1e2 = 0,

共4兲

− ␤e2 + 2x e2 + d22t e2 + E21 = 0.

共5兲

Physical insight into the system can be extracted from the
spectral domain, and we therefore apply Fourier transformation in both the spatial and temporal domains 关e2共k , 兲
= 兰兰e2共x , t兲eikxeitdx dt, where an integration without explicit
limits here and henceforth denotes integration from −⬁ to
⬁兴, whereby Eq. 共5兲 solves to give
1
1
2 = 1 
E
R
E21 ,
e2 =
␤ 1 + s␤2共k2 + d22兲 1 ␤

共6兲

where 
R represents the Fourier-transformed nonlocal response function. s␤ is the sign of the phase mismatch, and 
represents the degree of nonlocality

=

1

冑兩␤兩 .

共7兲

In the simplest case, s␤ = d2 = + 1, we see how the cascading
limit corresponds to the local limit,  → 0, and that the
Fourier-transformed response function approaches a constant, 
R = 1, which yields the NLS equation 共3兲 discussed
above. As we shall see, the case s␤ = −d2 = 1 does not have the
same simple local 共nor nonlocal兲 limit. This case corresponds
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to s␤ = d2 = −1 with the x and t axes interchanged, whereas the
case s␤ = −d2 = −1 is not investigated in this paper.
Furthermore, looking at Eq. 共6兲 we identify the strength of
the nonlinearity as

␥=

1
= s 2 .
␤ ␤

共8兲

Interestingly, both the degree of nonlocality and the strength
of nonlinearity are determined by . Therefore it is not possible to choose these parameters independently.
Substitution of Eq. 共6兲 into Eq. 共4兲 yields the nonlocal
equation for the fundamental wave,
izE1 + 22x E1 + 2d12t E1 + ␤−1N共E21兲E*1 = 0,

共9兲

with the nonlocal nonlinearity determined by
N共E21兲 =

冕冕

R共x − ,t − 兲E21共, ,z兲d d .

共10兲

Here we see how the nonlinear term is computed by a convolution integral over the product of the squared FW amplitude and the response function R. The response function in
real space is found through a 2D inverse Fourier transform
R共x,t兲 =

1
42

冕冕

e−ikxe−it
dk d .
1 + s␤2共k2 + d22兲

共11兲

Note how the linear SH properties are incorporated in the
response function.
In the strongly nonlocal limit,  Ⰷ 1, R is assumed to be
much broader than E21 in Eq. 共10兲 and can therefore be approximated by its Taylor expansion. This makes Eqs. 共9兲 and
共10兲 effectively linear in the form
izE1 + 22x E1 + 2d12t E1 + ␤−1R共x,t兲E*1 P1 = 0.

共12兲

is assumed to be much
Similarly, in the local limit,  Ⰶ 1,
broader than R in order to obtain the NLS equation.
For bright solitary waves P1 = 兰兰E21共x , t , z兲dx dt; for dark
solitons P1 = 兰兰关A21 − E21共x , t , z兲兴dx dt, where A1 is the background amplitude. The one-dimensional equivalent of Eq.
共12兲 is easily derived, as the response function in this case is
readily approximated with its Taylor expansion. In 共1 + 1兲D
this approximation provides excellent agreement with the
full model, except for a narrow region around the origin,
where the response function is nondifferentiable 关26兴.
In our 共2 + 1兲D case, however, the response function is
more complicated. As we shall see, for d2 = + 1 a singularity
arises at 共x , t兲 = 共0 , 0兲, whereas for d2 = −1 the response function is singular along hyperbolas in the x-t plane. When singularities arise, the linearization made for the approximation
共12兲 is no longer valid. This has profound effects for the
description of the nonlocal system, e.g., neither accessible
solitons 关36兴 nor the cascading limit exists 共this is discussed
in Sec. V A兲.
Henceforth, we shall only consider the case of positive
phase mismatch, s␤ = + 1, corresponding to a self-focusing
nonlinearity at FW in the cascading limit. The case with
negative phase mismatch, s␤ = −1, and normal SH dispersion,
d2 = −1 is completely analogous to the case s␤ = + 1 and d2
E21

= −1, but with x and t interchanged. The case s␤ = −1 and
d2 = + 1, which gives a circularly shaped singularity in the
response function, is not considered here.
III. LINEAR AND NONLINEAR LENGTH SCALES

As mentioned previously, using a Gaussian input beam
profile, X waves have been shown to spontaneously generate
in quadratic nonlinear materials 关9,37兴. Here, we also consider a Gaussian initial condition for the FW
E1共x,t,z = 0兲 = Ae−共x

2+t2兲/B2

,

共13兲

where B determines the spatial and temporal width of the
pulse. Let us further consider an unseeded SH, i.e.,
E2共x , t , z = 0兲 = 0. The linear dispersion length of the FW is
defined from Eq. 共1兲 without the nonlinear term, as the
propagation length at which the width of the amplitude 兩E1兩
has doubled. This is calculated to be
LD =

冑3B2
8

共14兲

.

Because there is no seeding of the SH, its linear dispersion
length is not relevant.
The nonlinear length associated with wave propagation in
the full 共2兲 system 共1兲 and 共2兲 is more difficult to assess,
because it involves nonlinear interaction between two waves
according to the equations

zE1 = iE*1E2e−i␤z,

zE2 = iE21ei␤z .

共15兲

In this model there is both an intensity and a phase modulation and which one is dominant depends on ␤ and thus the
degree of nonlocality, . In general, the nonlinear length LNL
will be the minimum of the nonlinear length obtained from
phase
and that obtained from the intensity
the phase variation LNL
int
variation LNL. The exact solution for the SH intensity is
k = 冑u−/u+ ,

兩E2兩2 = u−sn2共冑u+z;k兲,

共16兲

where sn共z ; k兲 is the Jacobi elliptic sn function and u± are
given by
1
u± = 共8A2 + ␤2 ± 冑16A2␤2 + ␤4兲.
8

共17兲

The total intensity is conserved, so 兩E1兩2 = A2 − 兩E2兩2. The
change in the FW phase 1 is given by

冏 冏

d1 ␤ E2
=
dz
2 E1

2

.

共18兲

The intensity variation is periodic. Close to phase match2
, the
ing, for 兩␤ 兩 ⬍ 冑2A2, corresponding to 2 ⬎ 1 / 冑2A2 = NL
SH intensity can increase to more than half the total intensity
A2. In this regime, we define the nonlinear length
int
LNL
=

1

冑u +

冕

A/冑2u−

0

1

冑共1 − v 兲共1 − k2v2兲 dv
2

共19兲

as the propagation length at which the maximum SH intensity has increased to A2 / 2. This nonlinear length, defined
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FIG. 1. 共Color online兲 Linear and nonlinear length scales versus
the degree of nonlocality, , for A = 5 and B = 3.

from the intensity variation, tends to the value ln共冑2 + 1兲 / A
for  → ⬁, i.e., when phase matching is approached. Away
from phase matching, for 兩␤ 兩 ⬎ 冑2A2, the SH intensity does
int
is undenot reach half the total intensity and therefore LNL
fined. We note that the threshold of one-half is our choice.
We define the nonlinear length originating from the phase
phase
, as the propagation length at which the maxivariation, LNL
mum nonlinear phase shift has reached . We determine
phase
numerically from Eq. 共18兲. A simple analytical expresLNL
phase
, valid for  Ⰶ 1, can be obtained from the local
sion for LNL
cascading limit izE1 + ␤−1 兩 E1兩2E1 = 0. According to this
equation, only the phase changes 共self-phase modulation兲;
the intensity remains constant. We denote this limiting value
phase
NLS
phase
NLS
by LNL
and thus LNL
⬇ LNL
=  / 2A2 for  Ⰶ 1.
of LNL
In Fig. 1 we plot the length scales for A = 5 and B = 3,
which are the values we use in all our simulations. In this
case the threshold nonlocality is NL = 0.38 and the linear
length is LD ⬇ 1.95.
For  ⬎ NL the nonlinear length is determined by the
int
. For  ⬍ NL the nonlinear
intensity variation LNL = LNL
phase
. Thus, in our
length is determined by the phase LNL = LNL
simulations the nonlinear length is approximately LNL = 0.18
phase
⬎ 2.0 for  ⬍ 0.38. Physically,
for  ⬎ 0.38 and LNL = LNL
one does not experience such an abrupt jump; rather it implies that the other measure of LNL becomes important as
well. Interestingly, we find that the nonlinear length related
to the phase modulation is always longer than the linear difNLS
is a good approximation of
fraction length. For  ⬍ 0.2 LNL
phase
. At phase matching, ␤ = 0, the exthe nonlinear length LNL
act solution to Eq. 共15兲 has no phase variation and correphase
must go to infinity for
spondingly the nonlinear length LNL
 → ⬁, which is confirmed in Fig. 1.
The propagation length should always be viewed relative
to these length scales, e.g., stationary states can only be said
to be achieved for propagation lengths much longer than
both the linear and nonlinear lengths.
IV. ACCESSIBLE NONLOCAL „2 + 1…D SOLITONS;
ANOMALOUS SH DISPERSION

In the case of anomalous SH dispersion, d2 ⬎ 0, the
Fourier-transformed response function 共6兲 is positive definite

FIG. 2. 共Color online兲 Response function R+共x , t兲 for anomalous
SH dispersion, given by Eq. 共20兲. The degree of nonlocality is 
= 1.

共since we consider s␤ = + 1兲 and the response function 共11兲
becomes
R+共x,t兲 =

冉

冊

1
1 2 2
冑t + x ,
2 K0
2


共20兲

where K0 is the modified Bessel function of the second kind
of order 0 and the subscript of R refers to the sign of d2. The
response function R+ is depicted in Fig. 2.
In the strongly nonlocal limit, as  → ⬁, R+ broadens to
eventually fill the entire x-t plane, as illustrated Fig. 3共a兲. In
this limit Eqs. 共4兲 and 共5兲 become effectively linear and are
reduced to the form of Eq. 共12兲, because the response function can be approximated by its series expansion. In the 共1
+ 1兲D case the response function was nondifferentiable at the
origin 关26兴, whereas in the 共2 + 1兲D spatiotemporal case we

FIG. 3. The effect of nonlocality  on the response function for
both 共a兲 anomalous 共d2 = 1, R+兲 and 共b兲 normal 共d2 = −1, R−兲 SH
dispersion. Plots are made for constant x = 0.
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see that it is undefined at the origin. Nevertheless, the characteristics of the Bessel K0 function allow us to normalize
the response function and thus find a valid expression of the
form 共12兲.
Conversely, in the local limit  → 0, corresponding to the
cascading limit, the response function approaches a ␦ function, yielding the NLS equation 共3兲 for the FW. We note that
for large arguments of K0 we have the expansion 关关38兴, Eq.
共8.451.6兲兴
R+共x,t兲 =

1

1

1

冑8 冑4 t2 + x2 3/2 e

−冑t2+x2/

冉

1−

冊

1 
+ ¯ ,
8 冑t2 + x2
共21兲

and we see that for decreasing , R+ tends to zero for 共x , t兲
⫽ 共0 , 0兲 and to infinity at 共x , t兲 = 共0 , 0兲. Also, despite the singularity at the origin, the indefinite integral of the modified
Bessel function of the second kind, K0, is convergent with
the value 2. This ensures that the normalization condition

冕冕
⬁

⬁

−⬁

−⬁

R+共x,t兲dx dt = 1

共22兲

is satisfied, and we have thus shown that R+ indeed approaches a ␦ function in the local limit. In other words, the
conventional cascading limit e2 ⬇ E21 / ␤ applies also in this
共2 + 1兲D case, yielding the 共2 + 1兲D NLS Eq. 共3兲.
Originally, the term “accessible solitons” was used to describe the strongly nonlocal linear limit 共12兲 in the case of
anomalous SH dispersion 关36兴. We are using the term accessible nonlocal solitons in a broader sense here, where it refers to d2 ⬎ 0 and the whole regime of  values, because in
this case the response function is simple and simple equations and physical explanations may be obtained in both the
local and nonlocal limits. As we shall see in Sec. V, this is in
contrast to the normal SH dispersion case, where these properties are not present. For normal dispersion we therefore use
the term inaccessible nonlocal solitons.
Based on the form of the equation for the FW, two separate cases can be considered, namely, the FW dispersion being normal or anomalous, while the SH dispersion is d2 =
+ 1. These are discussed in the subsections below.
A. Light bullet case: Anomalous FW and anomalous SH
dispersion

In the case of anomalous FW dispersion, d1 ⬎ 0, the wellknown light bullets, i.e., waves localized in both time and
space, exist 关39,40兴. The inclusion of the second-harmonic
equation will blur the FW somewhat, which might affect the
stability of the light bullet, but this aspect is not investigated
further here.
B. Modified X-wave case: Normal FW and anomalous SH
dispersion

We refer to the case of normal FW and anomalous SH
dispersion as the modified X-wave case because the linear
part of the FW equation supports X waves for d1 ⬍ 0 关8,17兴
and nothing is suggested otherwise based on the cascading

FIG. 4. Intensity profile of the FW, 兩E1共x , t兲兩2, at different propagation lengths for the modified X-wave case. Parameter values are
A = 5 , B = 3, d1 = −1, and d2 = + 1. The NLS Eq. 共3兲 solved for 
= 0.2 共left兲. Full equations solved for  = 0.2 共center兲 and 10 共right兲.
15 contour lines from 0.001 logarithmically separated to the maximum intensity.

limit. However, the SH does not support a linear X wave for
d2 ⬎ 0 and may affect the X-wave generation. For example, a
sufficiently broad response function could make the branches
of an X wave in the FW affect each other and thereby either
suppress the X wave or alter its cone angle.
To investigate the nonlocal dynamics of X waves we numerically integrated the full dynamical Eqs. 共1兲 and 共2兲 and
for comparison also the NLS local cascading limit, given by
Eq. 共3兲, with the Gaussian initial condition 共13兲. We have
used a Fourier split step method. For Eqs. 共1兲 and 共2兲 the
nonlinear part is solved with a fourth-order Runge-Kutta
solver. We choose these equations rather than the approximate 共4兲 and 共5兲, or equivalently Eq. 共9兲, for convenience.
The validity of the nonlocal approximation is tested in Fig.
10 below. We evolve the equations in z, with step size dz
= 0.001. This ensures that the energy is constant with a relative deviation of less than 10−10. The simulation box is −25
⬍ x , t ⬍ 25, divided into 256⫻ 256 grid points unless otherwise stated.
First we consider the dynamics close to the cascading
limit where the NLS equation should provide a good approximation. This requires that the width of the response
function  is much smaller than the initial beam width B.
The result of a simulation with d1 = −1 and d2 = + 1 for 
= 0.2 is shown in Fig. 4. In the left column is shown the FW
intensity profile of the NLS equation 共3兲 and in the middle
column the FW intensity profile of the full model 共1兲 and 共2兲.
In this case the dispersion length is LD = 1.95, and the nonphase
⬇ 3.7. The propagation length z = 4
linear length LNL = LNL
is twice the linear length and only just larger than the nonlinear length. Correspondingly, no stationary state is
achieved and no X wave is seen. As expected the two simulations are qualitatively identical.
In Fig. 5 we again compare the full model with the cascading limit NLS equation, but now for  = 0.5, i.e., further
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FIG. 5. Intensity profiles at different propagation lengths for the
modified X-wave case with nonlocality  = 0.5. Parameter values
are A = 5 , B = 3, d1 = −1, and d2 = + 1. NLS FW Eq. 共3兲 共left兲. Full
equations 共1兲 and 共2兲 solved for 兩E1共x , t兲兩2 共center兲 and 兩E2共x , t兲兩2
共right兲. 15 contour lines from 0.001 logarithmically separated to the
maximum intensity.

away from the cascading limit. Clearly, the cascading limit
no longer provides a good approximation. In the NLS model,
an X is now more clearly formed than in the case  = 0.2 in
NLS
Fig. 4, because the nonlinear length for  = 0.5 is now LNL
NLS
= 0.5, i.e., much shorter than for  = 0.2, where LNL = 3.1. In
contrast, no X evolves from the full model for  = 0.5
共middle column of Fig. 5兲. This is because the nonlinear
phase
= 2.0 and it is just on the border where the
phase length LNL
nonlinear intensity length sets in.
From Figs. 4 and 5 we see that even in this simple accessible nonlocal soliton case, where the cascading limit exists,
the NLS model provides a good approximation only for very
small values of  艋 0.2. From now on, we consider only the
full model 共1兲 and 共2兲 and compare it to the nonlocal model.
From the lengths scales shown in Fig. 1 it is apparent that
 should be larger than 1 to obtain a strong nonlinear and
nonlocal attractor, with a small nonlinear length determined
int
⬇ 0.2. Correspondingly, we see
by the amplitude, LNL = LNL
no clear X in Fig. 5 for  = 0.5 at z = 2. Even though the SH
dispersion is anomalous, X waves could be generated in this
case as they are supported by the FW 关17兴. To investigate
this we choose good conditions for X-wave generation by
using a large degree of nonlocality,  = 10. In Fig. 4 共right
column兲 we now clearly see biconical emission of radiation
and it appears as if an X is being formed. In Fig. 6 we
continue the propagation out to z = 8, corresponding to four
diffraction lengths and 40 nonlinear lengths. In order to
avoid problems with radiation reaching the boundaries, this
simulation is made on a −50⬍ x , t ⬍ 50 grid with 360⫻ 360
grid points. An X in the FW is now very clearly observed. In
contrast, an X is not formed in the SH and thus a stationary
state has not yet been reached.
The degree of nonlocality  appears in the nonlinear
length scale only because it also determines the strength of

FIG. 6. Intensity profiles for the 共left兲 FW, 兩E1兩2, and 共right兲 SH,
兩E2兩2, at propagation lengths z= 共top兲 4 and 共bottom兲 8. Parameter
values are A = 5 , B = 3, d1 = −1, d2 = + 1, and  = 10, i.e., strongly
nonlocal. 15 contour lines from 0.005 logarithmically separated to
the maximum intensity.

the nonlinearity ␥, not because it describes the width of the
response function. However, the width of the response function is clearly important, because it determines the 共transverse兲 coupling length over which parts of the beam can feel
each other. Because the nonlinearity depends on 2, we expect that  at least should be larger than 1 to generate X
waves, because then the nonlinearity is at least of the same
order of magnitude as the nonlocality. This is also confirmed
in the simulations with  = 0.2, 0.5, and 10, presented in Figs.
4–6.
In any case, the observation of an X wave for  = 10 represents evidence of the possibility of X-wave generation in
quadratic nonlinear materials with anomalous dispersion at
the SH.
V. INACCESSIBLE NONLOCAL „2 + 1…D SOLITONS;
NORMAL SH DISPERSION

In the case of normal SH dispersion, d2 ⬍ 0, with positive
␤, the situation is fundamentally different from the anomalous dispersion case discussed in the previous section. The
Fourier-transformed response function is now 共s␤ = −d2
= + 1兲

R−共k, 兲 =

1
.
1 +  共k2 − 2兲
2

共23兲

Clearly, 
R− now has an X shape, as illustrated in Fig. 7.
The response function in real space, R−, becomes 关关38兴,
Eqs. 共3.723.9兲 and 共3.876.1兲兴

冦

冉

1
1 2 2
冑t − x
2 J0

R−共x,t兲 = 4
0

冊

for 兩x兩 ⬍ 兩t兩,

共24兲

for 兩x兩 ⬎ 兩t兩,

where J0 is the Bessel function of the first kind of zeroth
order. We see that the response function in the normally dis-
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FIG. 7. 共Color online兲 Response function in the Fourier domain,
 共k , 兲, for d = −1, s = 1, and  = 1.
R
−
2
␤

persive case is oscillatory in nature and with an X-shaped
profile 共see Fig. 8兲. The X shape is given by the lines 兩x 兩
= 兩t兩 corresponding to where the Fourier-transformed response function 
R− is singular. The cone angle can be determined by linear analysis 关14兴.
The effect of  for normal SH dispersion is depicted in
Fig. 3共b兲, where R− is plotted for constant x = 0. We see how
 governs the oscillation period of the J0 function and how
for sufficiently large values of , the central “hump” broadens to engulf the entire domain of definition for the fields. It
is thus apparent how  also describes the degree of nonlocality in the case of R− 关see Fig. 3共b兲兴.
We note from Eq. 共24兲 that in the real space the response
function is undefined along the lines 兩x 兩 = 兩t兩 共corresponding
to  = ± 冑1 + 2k2 /  in Fourier space兲. Therefore, the response function is not sufficiently smooth and subsequently,
the approximation one makes to obtain the strongly nonlocal
linear limit is not valid here. Thus no accessible solitons are
expected, in contrast to the case of anomalous SH dispersion.
For large arguments, R− can be approximated as 关关38兴, Eq.
共8.451.1兲兴

FIG. 9. Intensity profile of the strongly nonlocal X-wave case,
 = 10. The evolution of 兩E1兩2 共left兲 and 兩E1兩2共right兲. Parameter values are A = 5 , B = 3, and d1 = d2 = −1. 15 contour lines from 0.005
logarithmically separated to the maximum intensity.

R−共x,t兲 =

−3/2

1

冑8 冑4 t2 − x2

冊

冉冑

cos

t2 − x2 
−
.

4

共25兲

For simplicity, consider the case x = 0. We see that as  → 0,
R− tends to infinity if t is small. But we also see that for
larger t, the response function does not approach zero in this
limit. Hence we do not recover a ␦ function in the local limit
for normal SH dispersion. This means that the cascading
limit is not applicable in this case.
More formally, the normalization integral can be calculated as 关关38兴, Eq. 共6.517兲兴

冕 冉冕
t0

⬁

−t0

−⬁

冊

冉冊

R−共x,t兲dx dt = 1 − cos

t0
,


共26兲

and we see that as t0 goes to infinity, the value of the normalization integral oscillates between 0 and 2 for fixed ;
hence X-wave spatiotemporal beams are not normalizable
关17兴.
Thus, normal SH dispersion is fundamentally different
from the anomalous case, since the response function does
not have a ␦-function 共cascading兲 limit for  → 0, nor is it
smooth enough to formally allow for a strongly nonlocal
linear limit,  → ⬁, and nor is it normalizable. We therefore
use the term inaccessible nonlocal solitons for the localized
wave solutions with normal SH dispersion.
A. X-wave case: Normal FW and SH dispersion

FIG. 8. 共Color online兲 The response function R−共x , t兲 关Eq. 共24兲兴
in the normally dispersive case d2 = −1 for  = 1. Compare with Fig.
2.

Here the linear equations for the FW and SH both support
X waves and we know that X waves can be generated 关9,37兴.
The generation of an X wave is shown in Fig. 9 in the
strongly nonlocal regime for  = 10. The left 共right兲 column
depicts the evolution of the FW 共SH兲 intensity at propagation
lengths z = 0 , 2, and 4. The length scales are LD = 1.95 and
int
⬇ 0.2.
LNL = LNL
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兩2 共a兲 and the nonlocal predicFIG. 10. Comparison between 兩E
2
22 2
2 
tion 共1 / ␤兲 兩 E1兩 兩 R兩 共b兲 at z = 4 with 25 logarithmically spaced contours between 0.0001 and 10. Parameter values are A = 5 , B = 3, and
d1 = d2 = −1.  = 10, i.e., strongly nonlocal. Dashed lines correspond
to  = ± 冑1 + 2k2.

FIG. 11. FW and SH intensity profiles 兩E1兩2 共left兲 and 兩E2兩2
共right兲 at propagation lengths z = 0 , 4, and 8. Parameter values are
A = 5 , B = 3, and d1 = −d2 = 1. Strongly nonlocal case,  = 10. 25 contour lines from 0.005 logarithmically separated to the maximum
intensity. The mesh size is 360 on a −50⬍ x , t ⬍ 50 domain.

We see how the initial Gaussian pulse evolves into a clear
X-shaped pattern in both the FW and SH fields. Even though
z = 4 is only about two diffraction lengths it corresponds to
about 20 nonlinear lengths, and with a good degree of certainty we say that a stationary two-color X wave can be
obtained in this case. By “two-color” we mean that the X
appears in both the FW and SH. Note that also the spectra
evolve into X shapes 共see Fig. 10兲.
To investigate the validity of the nonlocal description of X
waves, we perform a numerical simulation of the full twocomponent model 共1兲 and 共2兲 and obtain 兩E21兩2 and 兩E2兩2. Our
nonlocal theory predicts that we might as well have solved
the single-component nonlocal equation 共9兲 for the fundamental and then found the SH according to the relation 共6兲.
In other words, the nonlocal model predicts that the FW and
兩 2
SH spectral intensities are linked through the relation 兩E
2
1 
22
= 兩 ␤ R E 1兩 .
兩2, at
In Fig. 10 we show spectral intensities for the SH, 兩E
2
z = 4 for  = 10, corresponding to the SH at z = 4 in Fig. 9, and
R
E21兩2. We see that the
compare it the nonlocal prediction 兩 ␤1 
key features of the X wave are essentially captured, even
though the widths differ somewhat. The correspondence
might become better after further propagation and evolution
towards a stationary state. A cone angle of 90ⴰ is expected
from both linear and nonlinear theory 关17兴. We further see
that the hyperbola branches of the X obey the nonlocal relation 2 = −2 + k2 and are thus separated by 2−2 = 0.02 at k
= 0. From standard linear theory and the cascading limit this
separation would be equal to twice an undetermined propagation constant. Our nonlocal model predicts a fixed and
predetermined separation of 2−2, which our simulations
confirm. Correspondingly, the nonlocal model is indeed a
reasonable approximation in this strongly nonlocal case with
 = 10.

We note that due to the singularities of the response function it is hard to obtain a more precise measure for the validity of the nonlocal model.
B. Modified light bullet case: Anomalous FW and normal SH
dispersion

In analogy with Sec. IV B, we denote this case the modified light bullet case, because the linear part of the FW equation supports light bullet generation, not X waves, and nothing is suggested otherwise based on the cascading limit. In
contrast, the X-shaped response function of the nonlocal
model for d2 = −1 indicates the whole new possibility of generation of a two-color X wave, despite the anomalous FW
dispersion. We stress that this X wave in the FW is not predicted by linear theory or the cascading limit. Furthermore,
this X-wave generation would occur despite the FW being
initially Gaussian and the SH being unseeded, thus only
through the nonlocal nonlinear attractor, which prevails over
the FW linear properties.
We consider again the strongly nonlocal case with  = 10.
In Fig. 11 we show the results of a simulation of the full
model out to z = 8, corresponding to about four diffraction
lengths and 40 nonlinear lengths. We have used a larger computational box 共−50⬍ x , t ⬍ 50兲 in order to be able to simulate for longer distances, because the generation of an X
wave requires the built up of the unseeded SH and is thus
expected to be slow. We use 360⫻ 360 discretization points
to maintain a reasonable resolution. From the figure we see a
lot of radiation in the FW during the buildup of the SH which
at z = 8 has grown sufficiently strong to indeed generate an X
in the FW despite its dispersion being anomalous.
VI. CONCLUSION

We have developed a nonlocal description of
共2 + 1兲-dimensional spatiotemporal waves in quadratic non-
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from the nonlinear phase and intensity variations, respectively. For a small degree of nonlocality the phase change
determines the nonlinear length and for strong nonlocality
the intensity variation determines the nonlinear length. The
threshold between the two regimes has been found.
We have conducted numerical simulations with an unseeded SH and a Gaussian FW input. The simulations show
that the nonlocal model provides a reasonable description of
the dynamics in a broad range of parameter values.
We have shown that accessible nonlocal X waves can be
generated for normal FW dispersion and anomalous SH dispersion. For normal SH dispersion we have shown that inaccessible nonlocal X waves can be generated both for normal
FW dispersion 共conventional X waves兲 and for anomalous
FW dispersion.
We have shown the generation of two-color X waves in
quadratic nonlinear materials with anomalous dispersion in
either the FW or SH. The inaccessible nonlocal X wave
found here with anomalous FW dispersion is predicted neither by linear theory nor by the cascading limit. However,
both these types of X waves arise naturally in the framework
of the nonlocal model.

linear materials. The model predicts that the interaction between the FW and SH is described by a response function
which takes into account the linear properties of the SH. The
nonlocal model is therefore more accurate than the cascading
limit NLS equation, which neglects all linear properties of
the SH and assumes that the SH is simply slaved to the FW.
Depending on the linear properties of the SH, the response function can take on three fundamentally different
shapes, characterized by having singularities either at the origin, along hyperbolas, or along circles in the spectral domain. In this work we have limited ourselves to a positive
phase mismatch, which excludes the type of response function with a circular singularity.
With a positive phase mismatch and anomalous SH dispersion the response function of the nonlocal model has nice
physical properties: it is normalizable and it has both a
simple local 共cascading兲 and strongly nonlocal linear limit.
We therefore denote the localized wave solutions of this case
as accessible nonlocal solitons 共including X waves兲.
In contrast, for normal SH dispersion, we have shown that
the response function is not normalizable and that it neither
has a cascading limit nor a strongly nonlocal linear limit. We
therefore term the localized wave solutions of this case as
inaccessible nonlocal solitons 共including X waves兲. Our nonlocal model predicts the general tendency of X waves to
form in this case, even for anomalous FW dispersion; an
effect that is never predicted by the cascading limit, which
only predicts light bullets.
We have calculated the linear and nonlinear length scales
and shown how they vary with the degree of nonlocality. We
have shown the existence of two nonlinear lengths defined
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