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SPHERICAL WAVE ROTATION IN SPHERICALNEARFIELD
ANTENNAMEASUREMENTS

J. Wu,* F. Holm Larsen, J. Lemanczyk
Technical University of Denmark
Building 348, EMI,DK-2800, Lyn@y, Denmark

Abstrad
The rotation of spherical waves in spherical near-field antenna
measurement is discussed. Considering the many difficult but
interesting features of the rotation coefficients,an efficient rotation
scheme is derived. The presented example shows the feasibility of the
new method.
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In spherical near-field antenna measurements, there are often cases
where the measured antenna cannot be mounted precisely in the
user's own coordinate system; the measured patterns will be given in
the measurement coordinate system only. The difficulty is then to
present the measured patterns, such as cuts through the main beam
boresight and contour plots in the user's coordinate system.
Therefore, to rotate the spherical waves of the original measurement
from the measurement coordinate system to a user defined
coordinate system would be very desirable because it is more
accurate than the interpolation methods.

SphericalWave Rotation
The rotation of the spherical waves can be described by three Euler
angles ($0,80, X O ) as show in Fig.1 [U. The first and the third angles
represent the rotation about the z-axis of the coordinate system.
These cause only a phase shift of each spherical wave. The second
angle is a rotation about the y-axis where a set of rotation coefficients
is needed. The complete relation between the original spherical
waves and the ones after rotation is given by
(C)
n
n
(C)
F smn(r, 8, w) = I; e imeo dbm (eo) eiClXo Fsp(r', W, w').
p=-n
(1)
Rotation coefiicients
It is seen from (1)that the rotation coefficient d is the key parameter
to be calculated in order to rotate the spherical waves. The complete
set of d's forms a pyramidal structure made up of layers of 2nx2n
square matrices, with each layer having certain symmetry
properties, for each n index, Wacker [2]. However the pyramid can be
calculated layer by layer. For each layer, the rotation coefficients can
be obtained either directly from an expansion of 80 or by using a
three term recurrence formula [31
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n
n
+d(n+m)(n-m+l) sin 80 dp,m-1(80) = (211-2mcos8~)
dp,m(Oa)

(2)

together with some special case formulas as starting points [I]. The
second procedure is more efficient compared with the first and it has
been carried out for general Bo and low'mode cases. The study shows
that for the 80=90° case, the significant rotation coefficients in each
layer form a circle, see Fig.2. When 80 becomes less than 90°, the
circle deforms into an ellipse, see Fig.3 and eventually collapses into
a straight line along the diagonal for the 80=Oo case, see Fig.4. The
study also shows that outside the ellipse for general 80, the
coefficients decay to such an extent that they give underflow in the
computer. The recurrence formula cannot be performed with two
zero initial values. Another difficulty is that the recursion can be
performed only in the direction of going inwards of the ellipse. It will
give wrong values going outwards of the ellipse.

CalculationScheme
A new calculation scheme has been found to overcome the above
mentioned difficulties. The main feature of the scheme is to ignore
the calculation of the very small coefficients outside the ellipse.
Therefore, not only will the underflow problem be eliminated but
much computation time will be saved as well especially for small
rotations in 80. The recursion is started somewhere on both sides
outside the ellipse, see Fig.5, with 0 and a small number and meet a t
a point in the middle of the ellipse where the exact value is calculated
by two other special recursions
for calibrating the whole row
of data. As Fig. 5 shows,
part of the exact coefficients
used for calibration are
specially obtained from a
recursion which is similar to
(2) but along the p-axis and
started from the point where
the ellipse of significant values
cuts the edge of the p-m square
and go inwards till the
diagonal o r major axis of the
ellipse. The rest of the exact
coefficients
used
for
calibration are obtained from a
newly derived recurrence
Figd
formula along the diagonal of
the p-m square
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n(n+l)-k&+l)
2k+l
=[

n
n(n+l)-k(k-l)
n
(l+cos280) dk+l,k+l(Boh
(1+ eosaeo) dk-l,k-1(00)
&-1

2n(n+l)-2k2+1
n
(l+cos2eo) sin2Oo1 2k dk,k(O0).
4k2-1

-

(3)

The derivation of (3) used a similar procedure as described by R.L.
Lewis for the Bo=90' case [4]. This recursion may be started from zero
and a small number and calibrated a t the meeting point with the
exact value obtained from last recursion. In this way, half the
rotation coefficients have been obtained already. The other half can be
obtained easily from the application of symmetry.

Example
One rotation example is presented here from a set of real antenna
measurement data. The highest mode index is 239. The user's
coordinate system is very different from the measurement coordinate
system, therefore the spherical waves must be rotated after the
measurement with the Euler angles equal to (79.67O, 29.16', 12.379.
Contour plots before (a) and after (b) the rotation are given in Fig.6.

Conclusion
The rotation of spherical waves for general 80 has been realized by
the new method. This additional possibility makes the spherical
near-field antenna measurement technique becomes more flexible.
With this rotation possibility, an intercomparison between different
measurement facilities can be carried out with the final results
presented with the same user defined coordinate system. Finally, it
should be noted that the computation of spherical wave rotation
coefficients is also relevant in atomic physics [3] and solution of
scattering problems by the T-matrix method[51.
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