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Limited Diffraction Maps for Pulsed Wave Annular Arrays 

Paul D Fox* 

Abstract - A procedure is provided for decomposing 
the linear field of flat pulsed wave annular arrays into 
an equivalent set of known limited diffraction Bessel 
beams. Each Bessel beam propagates with known char- 
acteristics, enabling good insight into the propagation of 
annular fields to be obtained. Numerical examples are 
given in the context of a 10-ring annular array operating 
at a central frequency of 2.5MHz in water. 

I INTRODUCTION 

This article describes a method for decomposing the 
field of flat pulsed wave (PW) annular arrays into a set 
of known Jo Bessel beam [l, 21 subfields by using a 1D 
Fourier-Bessel series. In [3] the continuous wave (CW) 
case was considered, and this paper extends it to the PW 
case. The technique generates a straightforward numer- 
ical tool for obtaining and insight into the propagation 
of annular PW fields. See [4, 31 for more detailed back- 
ground information on the technique and [5,6,7, 3, 81 
for information on Bessel beams. 

I1 PW ANNULAR ARRAYS 

Consider a flat annular N-ring PW array of radius R 
with surface pressure q(r, t), spatially quantised in the 
radial T direction due to the ring structure. This leads 
to N stepwise-constant ring pressures qp(t) ,  where p = 
1, . . . , N is the ring number and p = 1 for the inner ring 
with p = N for the outer ring. Assume also a sampled 
pulsed system, enabling representation by the discrete 
Fourier sum 

q p ( t d )  = CyZo Qp(ws)e-jwstd 

w, = s .2Ir fo 
(1) 
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where n, is the number of nonzero Fourier frequen- 
cies, fo denotes fundamental frequency in Hz, and t d  
a discrete sampling point in time. Then Qp(w,) may 
be obtained in practice by taking the Fourier transform 
Qp(w,) = FFT{qp(td)} of the surface quantisation 
profile, and the entire array of all N rings may then be 
represented as 

I11 LIMITED DIFFRACTION BESSEL BEAMS 

Annular arrays have circular symmetry propagation 
which, in the lossless linear case, is dictated by the wave 
equation 

+ - - -- f ( r , z , t )  = 0 (3) [:: (G) 622 a2 G a t 2  "I 
where f (T,  z ,  t) is the scalar field value, T is the radial 
distance from the cylindrical centerline, and z is the out- 
ward propagation distance perpendicular to the trans- 
ducer surface. The transducer sits in the z = 0 plane, 
centered around T = 0, and in a medium with speed of 
sound c (assumed real). Then equation (3) has an infi- 
nite number of Bessel beam solutions [2] of the form 

f i ( r ,  z ,  t ,  ws)  = ~ o ( a i r )  . . e-jwst 

(4) 
: IC,  = w,/c 

where IC, = w,/c is the wavenumber (assumed real), 
and ai 2 0 and &(w,) are the propagation parame- 
ters in the radial and axial directions T ,  z respectively. 
Notice that for ,Bi(ws) > ai the wave becomes evanes- 
cent in the z direction, whereas for all ,&(ws) 5 ai the 
wave propagates nonevanescently. In this latter case, the 
beams have been shown to propagate similarly to those 
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of an axicon transducer [l, 21 with axicon angle [ i (ws )  
and depth of field DOFi (us) given by 

The key idea in this paper is therefore to model the quan- 
tised surface pressure of the transducer by a weighted 
set of Bessel functions with different ai parameters, 
since each Bessel function then corresponds to a limited 
diffraction Bessel beam with known propagation char- 
acteristics. The immediate question however is how to 
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chose the appropriate cui parameters and how to estab- 
lish what the relative weightings of the different sub- 
fields in the system should be. The solution comes from 
the application of Fourier-Bessel series. 

Figure 1: Number of nonevanescent coefficients for 
c = 1500rn/s as a function of frequency and transducer 
radius 

Iv U S E  OF FOURIER-BESSEL SERIES 
respectively. Note here that the quantities Ai(w,) are 

A 1D Fourier-Bessel series may be used to model the generally complex since Qp(ws)  are generally complex 
quantised surface pressure Q(r, w,) Over the range 0 5 (ci,~ are real). since Qi = X i / R  increases 

by an infinite set of known monotonically a value of index i is always reached at 

basis Bessel functions : which ai > k,  and the corresponding beam becomes 
evanescent since then (w,) becomes imaginary. This 
limit i = Z(k,, R) may be obtained analytically by re- 
placing k with k,  in the expression for Z(k, R)  derived 
previously in [4, 81 to obtain 

5 R at each frequency 

Q(r,ws)  = Ai(ws) * J o ( Q ~ ~ )  

= zi /R : Jo(zi) = 0 

CI r R  k,R 1 
Z(k,,R) = 7 + 4 

(6) to be evaluated analytically as 
N Ai(ws) Ci ,p  . Q p ( w s )  

2 [r,'J1(azr,f) - r;Jl(Qir,-)] (7) 
c. = v SUMMARY OF ANALYSIS TECHNIQUE 
Z,P RXiJ? (Xi) 

where J1(.) is the first-order Bessel function of the first The full technique for the field analysis then comprises 
kind and r;, r,' are inner and outer radii of ring p four simple steps : 
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Blackman Filter B&/kJ 

Qp(ws)  = B(w,) e-aoka . Jo(ICsrpsin<) (11) 

01 o'2 t 

Figure 2: Blackman window 

Model the array as a set of Fourier sums (Eqn 1,2) 

Obtain coefficients cy( from Bessel roots (6) and 
find maximum index i = Z(IC,, R) after which 
evanescence begins (i.e. ai > IC,) 

Apply Fourier-Bessel series (6) to obtain all 
nonevanescent subfield weighting coefficients 
Ai(ws) from (7) 

Find which are the main subfield components 
Ai (us) and examine their corresponding propaga- 
tion characteristics are from Eqn ( 5 )  

VI NUMERICAL EXAMPLES 

Take the Jo Bessel transducer of Lu and Greenleaf de- 
scribed in [5]. This is an N = 10-ring with outer ra- 
dius R = 25mm operating in water (c  = 1500m/s) 
at a center frequency of 2.5Mhz (central wavenumber 
kc = 10,471.98m-l), and with Blackman window 
transfer function 

B(k,) = 0.42 - 0 . 5 ~ 0 ~  (2) + 0.08 cos (F) 
(10) 

Now consider three different examples of transducer 
surface pressure profiles. The first is a zero-order X 
wave, which by definition has frequency domain ring 
pressures 

in which a0 = 0.05mmY C = 4", (sin< = 0.07). Fig- 
ure 3 shows nonevanescent coefficients for an exact X 
wave (left) and the quantised X wave (right). Notice that 
extra subfields are introduced in the quantised X wave, 
reflecting the fact that the exact X wave cannot be im- 
plemented due to the constraints of the stepwise annular 
structure. The second example is a focused Gaussian 
beam with frequency domain representation 

Figure 4 shows the beam for fixed u = 5mm and 
two different focal distances F = 60mm (left) and 
F = 120mm (right). Figure 5 (left) then also shows 
the focused Gaussian for a different u = 5mm at focus 
F = 120mm. Notice from these that a change in ei- 
ther the Gaussian phase term F or the magnitude term 
u affect both the phase and magnitude of the weight- 
ing coefficients Ai(w,). Finally, also take a plane wave 
(Figure 5,  right) for which 

A 'pure' plane wave corresponds to an Q parameter of 
Q = 0, since Jo(0) = 0 by definition. However, in 
the piston implementation we see nonzero weighting co- 
efficients appearing for the Fourier-Bessel parameters 

> 0 and these correspond to subfields generating the 
edge waves which are observed in practice from a piston 
transducer. (See [4] and [3] for helpful insights). 

VI1 CONCLUSIONS 

A method has been given for finding the linear emitted 
field of flat annular arrays in terms of a set of known lim- 
ited diffraction subfields. The technique is numerically 
straightforward and gives a helpful insight into the prop- 
agation of annular fields. Extension to non-annular ar- 
rays is possible by including higher order Bessel terms. 
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Figure 3: Exact X wave (left upper) and quantised 
X wave (right upper). Also contour plots (lower) of 
nonevanescent coefficients. 
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Figure 4: Focused Gaussian for different focal parame- 
ters F = 60mm (left) and F = 120mm (right). Notice 
changes in both phase and amplitude of weighting coef- 
ficients. 
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Figure 5: Focused Gaussian for different 
(left) and piston plane wave (right). 
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