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Department of Information Technology, Build. 344,
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Abstract

many special cases exist, which makes both the derivation
of the solution difficult and the evaluation of the responses
Using linear acoustics the emitted and scattered ultrasound cumbersome. This makes it necessary to use computers for
field can be found by using spatial impulse responses as de- evaluating and interpreting the responses, since the formulas
veloped by Tupholme and Stepanishen. The impulse response do not readily givea useful perceptionof the solution.
is calculated by the Rayleigh integral by summing the spherical wavesemitted from all of the aperture surface. The evalIt would be appropriate to arrive at general solutions for
uation of the integral is cumbersome and quite involved for any geometry that would be both easy to derive analytically
different aperture geometries. This paper re-investigates the and fast to evaluate with a computer. It should strike a balproblem and shows thatthe field canbe found from the cross- ance, where a general easilyapplicable solution is found, and
ings between the boundary of the aperture and a spherical then the tedious calculations are left to the computer. This
wave emitted from the field point onto the plane of the emit- has previously been sought achieved hy dividing the aperture
ting aperture. Summing the angles of thearcs within the aper- surface into smaller elements like rectangles [3] or triangles
ture readily yields the spatial impulseresponse for a point in [4], and then sum the response for the sub-elements. Often
space. The approach makes is possible to make very general the transducer must be divided into many elements and only
calculation routines for arbitrary, flat apertures in which the a piece-wise approximation to the apodization is obtained.
outline of the aperture is either analytically or numerically The fitting to the actual surface is also only approximative for
defined. The exact field can then be found without evaluating round or oval surfaces; even when usinga triangular shape.
any integrals by merely finding the zeros
of the either the analytic or numerically definedfunctions. This makes it possible
Spatial impulse responses from boundedand non-apodized
to describe the transducer surface using an arbitrary number apertures always have discontinuitiesdue to their sharp edges,
of lines for the boundary. The approach canalso he used for which makes it difficult to keep the full energy and spectral
finding analytic solutions to the spatial impulse response for content in a sampled evaluation. Various techniques have
new geometries of, e.g. ellipsoidal shape. The approach also been applied for coping with the discontinuitiesin the spatial
makes it easy to incorporate any apodization function and impulse response. This has included using very high samthe effect from different transducers baffle mountings. Ex- pling frequencies, making a time adapted evaluation,or using
amples of spatial impulse responses for a shape made from the integratedresponse. Computer evaluation is, thus, always
lines bounding the aperture is shown along with solutions for necessary, when evaluating spatial impulse responses.
Gaussian apodized round transducer.
This paper therefore suggests a new approach to calculating the spatial impulse response in which the computeris involved at an earlier stage in the evaluation of the responses.
1 Introduction
The paper showsthat the response is determined by the crossThe calculation of linear, acoustic fields is most often based ings of the boundary of the aperture by the spherical wave
on the spatial impulse response approach as suggested by emitted from the field point. For flat apertures this observaTupholme and Stepanishen [l], [Z].Here the pulsed pressure tion makes it possible to derive a general approachfor calcufield is found from a convolution betweenthe acceleration of lating the spatial impulseresponse for any aperture geometry
It is also shown
the transducer surface and the spatial impulse response. The and find the response with no approximation.
in
how
an
arbitrary
apodization
can
be
introduced
through
impulse response has beenfound for a number ofgeometries.
The solutions arrived at are often complicated, since it in- a simple one-dimensional integration, and how the solution
volves the evaluation of the Rayleigh surface integral. The re- also can be applied to both the soft bame and rigid baffle sitsponse depends on the relativeposition of the field point and uations.
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Rlc gives

For a given time instance the contribution along the arc is
constant and the integral gives

.
Q z2n
-81~
h(r1,t)= when assuming the circle arc is only intersected once by the
aperture. The angles 0 1 and 9 are determined by the inFigure 1: Definition of distances and angles in the aperture
tersection of the aperture and the projected spherical wave,
plan for evaluating the Rayleigh integral.
and the spatial impulse response is, thus, solely determined
by these intersections, when no apodization of the aperture
is used. The response can therefore be evaluated by keeping
2 Basictheory
track ofthe intersections as a function of time.
The spatial impulse response is found from the Rayleigh integral givenby [2]:

3 A newapproach

From the derivation in the last section it can be seen that the
spatial impulse response in general can be expressed as
when the aperture S is mounted in an infinite, rigid baffle.
Here 4 denotes the position of the field p i n t , 72 denotes a
position onthe aperture. c is the speedof sound, and f is time.
The integral is essentially a statement of Huyghen's principle that the field is found by summing the radiated Spherical
waves from all parts of the aperture. This can also be reformulated, dueto acoustic reciprocity, as finding the part of
the
spherical wave emanating from the field point that intersects
the aperture. The task is, thus, to project the field point onto
the plane coinciding with the aperture, and then finding the
intersection of the projected spherical wave (the circle) with
the active aperture.
Rewriting the integral into polar coordinates gives:

where r is the radius of the projected circle and R is the
distance from the field point to the aperture given by R* =
9 + Here z, is the field point height above thex -y plane
of the aperture. The projected distances dl, dz are determined
by the aperture and are the distance closest and furthest away
from the aperture, and 8 1 , Q2 are the corresponding angles
for a given time (see Fig. 1).
Introducing the substitution2RdR = 2rdr gives

The variablesR I and R2 denotes the edges closestand furthest
away from the field point. Finally using the substitution f' =

where N ( f ) is the number of arc segments that crosses the
boundary of the aperture for a given time and $ ( t ) , @ ( t )
are the associated angles of the arc. The calculation can, thus,
be formulated as finding the angles of the aperture edge's intersections with the projected spherical wave, sorting the angles, and then sum the arc angles that belong to the aperture.
Finding the intersections can be done from the description of
the edges of the aperture.A triangle can be described by three
lines, a rectangle by four, andthe intersections are then found
from the intersections of the circle with thelines. This makes
it possible to devise a general approach for calculating spatial
impulse responses for any flat, bounded aperture, since the
task is just to find the intersections of the boundary withthe
circle.
The spatial impulse response is calculated from the time
the aperture first is intersected by a spherical wave to the
time for the intersection furthest away. The intersections are
found for every time instance and the corresponding angles
are sorted. The angles lie in the interval from 0 to 2n. It is
then found whether the arc between
two angles belongs to the
aperture, and the angle difference is added to the sum, if the
arc segmentis inside the aperture. This yields the spatial impulse response according to Eq. (6). The approach can be
described by the pseudo-algorithm:
t = dl/=;
while t < d2/c
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r =

C’ti

(Th,N) = find_intersec-angles(r,boundaryl;
sort (Thi ;

ni Yr Z J

sum = 0 ;

for i = l to N-l
if inside~bndry(point(~Th[i+ll+TLill/2l)
sum = sum + l T h [ i + l l - T h [ i l l / ( 2 * p i ) ’ c ;
i = i + 1 ;
end if;
end for i:
if inside_bndry(point(Z’pi-Th[NI+Th[lli/ZI
sum = sum + ~ Z * p i - T h ~ N 1 + T h l 1 l ~ / ~ Z * ~ i ~ ’ c ;
end if;
h[tl = sum;
t = t + l/fs;
end while;

Figure 2: Definition of angle used for a soft baffle.

Note that i is increased by one whenever a point inside
theRayleighintegralmust
heused.
For a soft baffle,in
the boundaryis meet, since the next partof the arc must have
which the pressure on the baffle
surface is zero, the Rayleighcrossed an edge, and therefore is outside the activeaperture.
Sommerfeld integralis used. This is [ 5 ]
The only
part of the algorithm
specific to the aperture is the
..
determination of the intersections and the whether the point
is inside the aperture.
S ( i lIf ) =
coscpdS
(10)

4 Apodization and soft baffle

Here cos cp is the angle between theline through the field point
orthogonal
to the aperture vlane and the radius of the spheri-

Oftenultrasound transducers do notvibrate as a pistonover
the
of the
the aperture. n i S can be due
tive surface at its edges, or intentionally to reduce side-lobes
in the field. Applying for example a Gaussian apodization
will significantly lower side lobes and generate a field with
a more uniformpoint spread function as a function of depth.
Apcdization can be introduced in (2) by writing

Cal
as shown inFig. 2. The angles
fixed for a given
radius of the projected
spherical wave and thus for a given
time. It is given
coscp = 2

R

Z

1
ct

(1 1)

The Rayleigh-Sommerfeldintegral can then be rewrittenas

in which ap(r,0) is the apodization over the aperture. Using and the spatial impulse response can he found from the northe same substitutions as before yields
mal spatial impulse responseby multiplying with z,,/(cf).
From this derivation is can be seen that any angular responseinhetween that for a rigidand soft bafflemountingreadilycan
be handled by themethod through postmultiplication of thestandard spatial impulse response by the
angular compensation factor.
a convolution of the apodization function with a &-function
and readily yields

5 Solution for polygons

(9)

The response for a given time point can, thus, be found by
integrating the apodization function along the fixed arc with
a radius of r =
cr)* - zz for the angles for the active aperture. Any apodization function can therefore be incorporated
into the calculation by employing numerical integration.
Often the assumption of an infinite rigid baffle for the
transducer mounting is not appropriate and another form of

c

The boundary ofany polygon can be defined by a set of
bounding lines as shown in Fig. 3. The activeaperture is then
defined as lying on one side of the line as indicated by the
arrows, and a point on the aperture must be placed correctly
in relation to all lines. The test whether
a point is on the aperture is thus to go through all lines and test whether the point
lies in the active half space for the line, and stop if it is not.
The point is inside the aperture, if it passes the test for all the
lines.
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where (xp,yp,zp)is the position of the field point. For an
infinite slope line the solution is x = XI and y = y p . The corresponding time is:
fj

=

J(x-Xp)2+(Y-Yp)*+z;
C

( 19)

The intersections of the lines are also found, and the corresponding times are calculatedby (19) and sorted in ascending
order. They indicate the start and end time for the response
Figure 3: Definitionof boundinglinesforpolygon transducer. and the time points for discontinuities in the response. SimiThe arrows indicates thehalf-planes for the active aperture. lar solutionscan be found for other geometries like circles. A
derivation of this can be found in [61.
The intersections are found from the individual intenections between the projectedcircle and the lines. They are de- 6 Solution for parametric surfaces
termined from the equations for the projected spherical wave
and the line:
For ellipses or other higher order parametric surfaces it is
in general not easy to find analytic solutions for the spatial
2 = (x-xg)*+(Y-Yo)2
impulse response. The approach described in this paper can
Y = a+Yl
(13) however devise a simple solution to the problem, since it has
been shown that it is the intersections between the projected
2 = (Cf)2 - z p2
spherical wave and theedge of the aperture that uniquely deHere (x0,yo) is the center of the
circle, a the slope of the line, termines the spatial impulse response. Itis therefore possible
and y l its intersect with the y-axis. The intersection is given to use rootfinding for a set of(non-linear) equations for finding these intersections. The problem is to find when both the
by:
spherical wave and the aperture have crossing contours in the
o = ( 1 +az)? ( 2 a y l - zxo - 2 y 0 a ) x
plane of the aperture, i.e., when
+(Y$+Y:+4-2YoYl-2)
( c ~ ) 2 - I p - ( x - x p ) ~ - ( y - Y p ) ~= 0
(20)
= &+BX+C
(14)
S(X,Y)
= 0

+

in whichS(x,y ) = 0 defines the boundary of the
aperture. The
problem of numerically finding these roots is in general not
D = (28)'-4AC
(15) easy, if a good initial guess on the position of
the intersections
is
not
found.
Good
initial
values
are
however
found here,
--B*&
x =
since
the
intersections
must
lie
on
the
projected
circle and
2A
the
intersections
only
move
slightly
from
time
point
to time
(16)
point. An efficient Newton-Raphson algorithm can therefore
he devised for finding the intersections, and the approach deand the angle is
0 = arctan
(17) tailed here can be made to find the spatial impulse response
for any flat transducer geometry with an arbitraryapodization
Intersection between the line and the circle is only found if and baffle mounting.
D > 0. A determinant D < 0 indicates that the circle intersected the line.
The times for discontinuities in the spatial impulsere- 7 Examples
sponse are given by the intersections of the lines that defines
The first example is for a complicated aperture, where its
the aperture's edges and by the minimum distance from the
bounding lines are shown on the top grah in Fig. 4 and the
projected field point to the lines. The minimum distance is
calculated spatial impulse response is shown in the bottom
found from a line passing through the field point that is orgraph. Responses have been calculated from the center pothogonal to the bounding line. The intersection between the
sition for x = 0 mm, y = 0 mm to the position x = 14 mm,
orthogonal line and the bounding line is:
y = 0 mm in increments of 1 mm. The distance to the transa
y
,
+
x
P
a
Y
l
ducer surface was
always
10 mm (= z ) . A complicated rex =
a2 1
(l8) sponse with a number of discontinuities is seen due to the
y = W+Yl
many edges of the aperture.

with the solution forx given by

(5)

+
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Figure 4: Complex aperture and its spatial impulse response.
The top graphs shows the bounding lines defining the complex aperture, and he arrows indicates the half-plane for the
active aperture. The bottom graph shows the spatial impulse
response from the complex aperture.
The last example shows the response from a circular, Rat
transducer calculated with the new method. B o different
cases are shown in Fig. 5. The topgraph shows thetraditional
spatial impulse response when no apodization is used, so that
the aperture vibrates as a piston. The field is calculated 10
mm from the front face. of the transducerstarting at the center
axis of the aperture. ’Wenty-one responses for lateral distance
of 0 to 20 mm off axis are then shown. The same calculation
is repeated in the bottom graph, when a Gaussianapodization
has been imposed on the aperture. The vibration amplitude is
a factor of l / exp(4) less at the edges of the aperture than at
the center. It is seen how the apcdization reduces some ofthe
sharp discontinuities in thespatial impulse response.
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