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Abstract- Two linear diffraction-tomography based inversion
schemes, referred to as the Fourier transform method (FTM)
and the far-field method (FFM), are derived for 3-dimensional
fixed-offset GPR imaging of buried objects. The FTM and FFM
are obtained by using different asymptotic approximations in the
forward model. The two inversion schemes include an accurate
electromagnetic description of the GPR antennas through their
plane-wave transmitting and receiving spectra. The performance
of the FTM is investigated through a numerical example involving
a 2.5-dimensional configuration in which the GPR antennas are
planar equiangular spiral antennas.

I. INTRODUCTION
Linear inversion schemes based upon the concept of diffraction tomography (DT) [ l ] have proven successful for ground
penetrating radar (GPR) imaging [21, [31, [41, [51, [61, [71, 181,
[9]. On the basis of Devaney's formulation of geophysical DT
[IO], Witten et al. [ 2 ] , [3] formulated two DT GPR inversion
schemes for two-dimensional (2-D) fixed-offset configurations,
referred to as the Fourier transform method (FTM) and the farfield method (FFM). The main difference between these two
methods is associated with the approximations carried out in
the forward model to relate the scattered electric field to the
spatial Fourier transform of the object function. In the FTM,
the plane-wave (Weyl) expansion of the Green's function
for the background medium is inserted into the linearized
Lippniann-Schwinger integral equation and an asymptotic
evaluation is subsequently carried out to arrive at the abovementioned relation between the scattered electric field and the
object function. In the FFM, the far-field expression of the
Green's function for the background medium is used rather
than the plane-wave expansion. Since the FTM is based upon
plane-wave expansions, it can - as concluded in [3] - be
readily implemented using fast Fourier transforms (FIT'S), and
this method has therefore become more popular than the FFM.
In fact, all GPR work within the framework of DT published
after the first papers by Witten et al. is based on the FTM,
including the recent papers by this author [6], [7] in which the
FTM is extended to a 3-D fixed-offset GPR configuration and
to include the planar air-soil interface. However, in [l 11, [I21
it is shown that the FFM also can be implemented by FFT's,
making it as efficient as the FTM. Also, [ l l ] , [12] reveal
that the FFM is more robust than the FTM when heuristically
accounting for the loss in the soil. The forward model of the

linear inversion scheme presented by van der Kruk et al. [13]
for zero-offset GPR is similar to the forward model of the
FFM,but the inversion is not DT based.
In the papers mentioned above, except [SI, the GPR antennas are assumed to consist of ideal (Hertzian) dipoles
However, the input impedances and the radiation patterns by
many GPR antennas - particularly those possessing a phase
center with frequency-dependent location - are not accurately
described by those of the ideal dipole. It is therefore of interest
to derive DT inversion schemes that include electromagnetic
descriptions of the GPR antennas.
In this paper the 2.5-dimensional (2.5-D) FTM of [14]
is extended to 3-D and the first FFM with antenna models
included is derived. The GPR antennas are modeled by using
the plane-wave transmitting and receiving spectra of [ 151.
Throughout the paper the time factor exp(-iot) is assumed
and suppressed.

'.

11. THE FORWARD
MODELBASED ON PLANE-WAVE

SPECTRA OF THE GPR ANTENNAS
The GPR configuration involving the planar air-soil interface is shown in Figure 1. A Cartesian xyz coordinate system is
introduced such that the xy plane coincides with the interface
and such that z > 0 is air. An object is buried in the soil.
The propagation constant of air is ko = o m and that of
soil is k l = o m , assuming for simplicity that the soil is
lossless. The position of the receiving antenna is described
by rr = x,? y,f
z,f and that of the transmitting antenna is
rf = x?? ytjr Zf2 = r, rA with the offset rA = x ~ +yay
f
being fixed. It is assumed that the conductivity o(x,y,z) of
the object is much less than the contrast in permittivity
A ~ ( x , yz,) = e ( x , y ,z ) - E', i.e., o ( x ,y, z ) << wA~(x,y,
z ) over
of interest. Assuming
the frequency band %in 5 o 5 omax
the transmitting antenna is described by the current density
J b ( x , y , z , ~ )when it is located at (O,O,zr) and fed through
a coaxial cable supporting an incident propagating field with
voltage v b , the background electric field Eb in the soil can be

+ +
+ +

+

'The FTM in [5] formally includes an electromagnetic description of the
antennas in terms of their plane-wave transmitting and receiving spectra.
However, free-space conditions are assunied and it is therefore not discussed
how to obtain the plane-wave spectra when the antennas are close to the
air-soil interface.
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the substitutions k,, = k,, k.:. and ky = k ,
transforming with respect to (x,.,~,.)yields

Vbio’po
K.(k.,,k,J,0) = 87[.2

//J

+ k;,, and Fourier

A&(x’,y’ ,z’)

;’ <O

.exp (-i[k,n-’ + kyy’])Zdx’dy’ dz’

(5)

where Z is the integral
w

I = JI/H(k:,k:)exp(-iz’[yl(k.,+k~,
Fig. 1. The fixed-offset GPR configuration involving arbitrary antennas and
a buried object.

with
expressed as [15]

-w

.exp(i[k.Y(x’-~t)+ky(y’-yyt) -7i~’I)dkxdky

Herein, ‘y; = yi(k,, k y ) =

~:k:

(l)

i = 0, 1, and the dyadic
F(k.x,ky,co)is given by [6, (6)]. Furthermore, Jb in (2) is the
3-D spatial Fourier transform of the current density. The mul-

- k:,

tiple interactions between the GPR antenna and the interface
are included in the current density Jb and thus also in the
plane-wave spectrum Tb. Assuming that the buried object is a
weak scatterer, so that it satisfies the Born approximation, the
voltage V,. of the emerging field in the coaxial cable attached
to the receiving antenna is

Eb (x’,y’, z’)A&(x’,y‘, z’ ) exp(i[k.,(x, - x’)
kr(y,. -y’) - ~ l ~ ’ ] ) d ~ ’ d y ’ d z ’ d k ~ d k ~

+

WOYC

vr(kx,ky

0 )= Dftm(kx,ky, 0)

-

( 7)

.A E ~k,, k,,,

4kT - k: - k;

(9)

with

(3)

where R is the receiving plane-wave spectrum of the antenna.
In case of a reciprocal antenna, the receiving spectrum is
related to the transmitting spectrum T of the receiving antenna,
defined as in (l), according to [15]

R ( k x ,k),) = L T ( -kx,

which is accurate when kllz’l >> 1. Inserting this asymptotic
expression into ( 3 ) for V, the forward model of the FTM
becomes

-.’<O_

-m

1

The integral I can be calculated asymptotically using [6,
Appendix] with the result

-5)

(4)

where Yc is the characteristic admittance of the transmission
line connected to the receiving antenna.

and A E(~x , y , z )= A&(x,y,z)/z.
In DT the forward model (9) is inverted using the inverse
Fourier transform. Since’A&& real, this function can be found
from its Fourier transform A& as [6]
1
4x3

A&(x,y,z)= -Re

[/I/
%kl, ky k,)
7

kclO

.exp(i[k,x+k,,y+k,z])dk,dkydk,
111. THE FOURIER-TRANSFORM
METHOD
~
~ (k,,k,) ~
with ( k ly ) in the~ expression
~ (1) for
i
Eb and inserting into ( 3 ) for the voltage V,., carrying out

To use
between measured
~ the relation
~
forward model (9), the substitution k,
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2 k 4 . R, with j = x,y,z are employed. Hence, upon setting
r = ro, the estimate of A& becomes

be carried out and the integrations over k,, ky limited to the
region k,: k; < 4X.f ’. Hence,

+

This expression can be shown to be in convolutional form
and hence, an efficient implementation based on FFT‘s is
possible [ll], [12]. Due to the fact that the far-field expansion
around the center point r, of the antennas is applied, one
assumption of the FFM is that Ir, - re[ << R,. A version of
the FFM not subject to this assumption is derived in [12].

IV. THE FAR-FIELDMETHOD
In the FEM, the integrations over k,,ky in (1) for Eb
and (3) for Vr are calculated asymptotically before the resulting expression for Eb is inserted into that for v,. Consider first the double integral in (1). Using the asymptotic

V. NUMERICAL
EXAMPLE

field expansions around a fixed point ro = xof + yo4 + ~ 0
in the soil as well as the center point rc = ( r r + r t ) / 2 of
the antennas, then R = R, 8, . (ro % - r’) with R, =

+

+

+

+

+

(x, - xo)’
(yc -yo)’
z;, 8, = ((xc - xo)2 (ye - yo)9 !2)/R,,
and r’ = ~’f+y’g+z’f, and Eb becomes

with

Second, a similar asymptotic approximation of Vr in (3) yields

2

The FTM presented above is now tested on synthetic 2.5-D
GPR data. The zero-offset radar uses 60 frequencies equally
spaced in the range 20 MHz < f < 1.3 GHz and the antennas
are right-handed self-complementary equiangular planar spiral
antennas with expansion ratio 1.87 [17, p. 2531, radius 49.4
cm and distance 4 cm above the interface. The buried object
is a two-layer dielectric, circular, infinite f-directed pipe with
outer diameter 24 cm and inner diameter 10 cm located 1
m below the interface. The pennittivities of the soil, the
inner and outer regions of the pipe are 6 ~ 0 6, . 2 ~ 0 and
,
6.4~0,
respectively. The synthetic GPR data are calculated using
the method by Hansen and Meincke [IS]. The plane-wave
transmitting and receiving spectra of the spiral antenna close
to the interface are determined by ( 2 ) with the current density
of the antennas calculated from the integral equation method
in [19]. Figure 2 shows the image of AE(Y,Z)/EOobtained from
the 2.5-D version of the FTM in (12). If the usual simple
Hertzian dipole antenna model is applied in the inversion, the
cylinder is not even visible.

:‘<O

.A@, y’ ,z’) exp( -ikl 8, .r’) dx’ dy’ dz’ .

(15)
-02

Third, inserting the asymptotic expression (13) for Eb into (15)
above, the forward model of the FFM is obtained,
-04

Vr(xr,yr,m) = &m(xr,Yr,W)
exp (2iklR, .ro )G(2kl8,

(16)

--0

E

6

v

N

where
-0 8

.R(kx0,kyo) .Tb ( - k , a

-k~o).

(17)

This forward model is also inverted using the inverse Fourier
transform (1 1). However, in this case the substitutions kl =
‘The concept of relating data and the object function by using a coordinate
transfomiation constitutes the foundation of the filtered backpropagation
algorithm of DT [I].
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7

06

04

02

0

02

04

06

Y (m)
Fig. 2.

The image of A E ( ~ , ; ) / E ~ .
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