
Distributed nonlinear optical
response

Nikola Ivanov Nikolov

Kongens Lyngby 2004
IMM-PHD-2004-



Technical University of Denmark
Informatics and Mathematical Modelling
Building 321, DK-2800 Kongens Lyngby, Denmark
Phone +45 45253351, Fax +45 45882673
reception@imm.dtu.dk
www.imm.dtu.dk

IMM-PHD: ISSN 0909-3192



Preface

This disertation is written in partial fulfillment of the requirements for the degree
of Doctor of Phylosophy, Ph.D., from the Technical University of Denmark. The
work has been supported financially by the Danish Research Agency through
the Graduate Scool in Nonlinear Science, The Technical University of Denmark
and the Risø National Laboratory.

The main part of the work presented here has been published in the four ap-
pended papers. Naturally the research in this Ph.D. project has developed in
two main directions. One of the projects is on the soliton propagation and in-
teraction in nonlocal nonlinear optical media and has been done mainly during
the second and the third years. The other project, is on the supercontinuum
generation in photonic crystal fibers. Chapter 2 is a brief review of the general
nonlinear optics and the nonlinear optical media. Chapter 3 contains mainly
results presented in papers B and C. The research on the supercontinuum gen-
eration is presented in Chapter 4 and includes the results published in papers
D and E and a thorough introduction to the field. Finally Chapter 5 is meant
to summarized and conclude on the work and give directions for future research
in the fields.
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Summary

The purpose of the research presented here is to investigate basic physical prop-
erties in nonlinear optical materials with delayed or nonlocal nonlinearity. Soli-
ton propagation, spectral broadening and the influence of the nonlocality or
delay of the nonlinearity are the main focusses in the work.

The research presented in Chapter 3 and papers B and C is concerned with
the properties and the stable dark soliton propagation and their bound states
in nonlocal nonlinear optical media. It is shown that nonlocality of the nonlin-
earity induces attractive forces between solitons, that leads to the formation of
bound states of out of phase bright solitons and dark solitons. Also, the newly
introduced analogy between the nonlocal cubic nonlinear and the quadratic non-
linear media, presented in paper B and Chapter 3 is discussed. In particular
it supplies intuitive physical meaning of the formation of solitons in quadratic
nonlinear media.

In the second part of the report (Chapter 4), the possibility to obtain light with
ultrabroad spectrum due to the interplay of many nonlinear effects based on
cubic nonlinearity is investigated thoroughly. The contribution of stimulated
Raman scattering, a delayed nonlinear optical effect, to this process is shown to
be fundamental. Further, the newly developed nonlinear photonic crystal fibers,
is shown to be an extremely suitable tool for the process of obtaining light with
an ultrabroad spectrum, the supercontinuum generation process. It is the high
nonlinearities achievable in these fibers and the possibility to tailor the disper-
sion properties through precise structure control, that allow various parametric
processes to take place. During the project, the process of supercontinuum gen-
eration has been studied ”experimentally” via numerical simulations employing
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a modified nonlinear Schrödinger model equation. Chapter 4 and papers D and
E are dedicated to this part of the research.



Resumé

Formålet med den her præsenterede forskning er at undersøge grundlæggende fy-
siske egenskaber af optiske materialer med forsinket og ikke-lokal ikke-linearitet.
Soliton egenskaber, spektral forbredning og indflydelsen af ikke-lokalisering og
forsinkelse er hovedbrændpunkter i arbejdet.

Den forskning, der er præsenteret i Kapitel 3 og artiklerne B og C, omhan-
dler egenskaber af mørke solitoners udbredelse og bundne tilstande i ikke-lokale
ikke-lineære optiske medier. Det vises, at ikke-lokalisering af ikke-lineariteten
inducerer tiltrækningskræfter mellem solitoner, som fører til dannelse af bundne
tilstande af lyse og mørke solitoner, der er ude af fase. Den fornyligt indførte
analogi mellem ikke-lokale kubisk ikke-lineære og kvadratisk ikke-lineære me-
dier, som præsenteres i B og Kapitel 3, diskuteres. Specielt leverer den en
intuitiv fysisk forst̊aelse af solitondannelse i kvadratisk ikke-lineære medier.

I anden del af afhandlingen (Kapitel 4) undersøges muligheden for at opn̊a lys
med ultrabredt spektrum, som følge af vekselvirkning af mange ikke-lineære
effekter, grundigt. Bidraget fra stimuleret Raman-spredning, en ikke-lineær
forsinkelseseffekt, til denne proces vises at være fundamental. Endvidere vises
det, at de for nyligt udviklede ikke-lineære fotoniske krystalfibre udgør et ek-
stremt velegnet redskab for generering af lys med superbredt spektrum, dvs. for
superkontinuumsgeneringsprocessen. I løbet af projektet er superkontinuums-
generingsprocessen blevet undersøgt “ eksperimentelt” ved hjælp af numeriske
simuleringer under anvendelse af en modificeret ikke-lineær Schrödinger mod-
elligning. Kapitel 4 og artiklerne D og E er helliget denne del af forskningen.
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Chapter 1

Introduction

Nonlinear optics is a very active and attractive field of investigations. In its
ultimate form it allows unlimited transformation and control of light by light.

The main application of nonlinear optics is the creation of all-optical circuits.
Many optical materials exibiting different types of optical responses have been
considered in this context. The possibility of soliton formation and propagation
in various nonlinear optical media is an attractive way of creating light induced
waveguides by laser beams with high intensity. The induced waveguides can in
turn guide weak intensity beams and pulses with different carrier frequencies.
Dynamically formed bound states of solitons can be used as junctions of two or
more waveguides. Here it is demonstrated, that nonlocality of the nonlinearity is
crucial for the formation of bound states of dark and out of phase bright solitons.
It is shown that, the otherwise repelling optical objects as dark solitons and out
of phase bright solitons in Kerr-like nonlinear media, can form bound states
if the nonlocality of the material with cubic nonlinearity is strong enough, see
paper B and [91]. Further, it is shown that these solitons and their bound states
are stable in propagation, see C and [93].

The possibility to generate new optical frequencies is another attractive appli-
cation of nonlinear optics. Many investigations have been carried out to obtain
independently harmonics and parametrically mixed frequencies [1, 2]. A fastly
developing new trend in nonlinear optics is supercontinuum generation [113].



2 Introduction

This is a nonlinear optical process, that leads to spectral broadening, due to
the simultaneous contribution of many predominently cubic nonlinear effects.
Further, photonic crystal fibers (PCFs), a fastly developing field of fiber optics,
reveal novel features of waveguiding technology, that allow the achievement of
very high nonlinearities combined with proper dispersion control. This, makes
PCFs the most suitable tools for generating a supercontinuum spectrum (SC) of
light. PCFs are also promissing tools for further improvements of this process.



Chapter 2

Nonlinear optics and nonlinear
optical materials

Since the invention of the laser in 1960, nonlinear optics has become a rapidly
progressing branch of optical science. The nonlinear optical effect refers to any
optical phenomena, modelled by a nonlinear equations, i.e. equations containing
terms proportional to higher than the first order power of the optical field or its
derivatives [1, 2]. Though, nonlinear optical effects are in principle acsessible in
every optical material, these optical materials or media, whose properties are
suitable for observation and investigation of the nonlinear optical phenomena
are called nonlinear materials. Such a deffinition for a nonlinear optical ma-
terial is quite broad, since provided the applied input optical intensity is high
enough, any optical material can exhibit nonlinear properties. In the context of
supercontinuum generation, in (Chapter 4) another way to access high optical
nonlinearities, will be shown to be possible, by use of specially designed optical
structures that allow more efficient interaction of light with matter.

The nonlinear dependence of the optical response on the light intensity is either
caused by atomic-molecular polarization, or mediated by an additional physical
process. When the nonlinear medium is centro-symmetric, the induced non-
linear polarization is of a third order. Third order nonlinear effects are the
four-wave-mixing (FWM) and the self-phase modulation (SPM). If the induced
nonlinear refractive index is proportional to the intensity of the optical wave,
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this effect is called self-phase modulation or nonlinear Kerr effect. The intrinsic
nonlinearity of many optical nonlinear media is of third order. However, nonlin-
ear optical response is possible not only due to atomic-molecular polarization.
Intensity induced nonlinear change of the refractive index can be mediated by
other macroscopic effects as reorientation of molecules or heating and diffusion.
The time scale of the atomic-molecular polarization is fast (of the order of at-
toseconds) compared to the time period of a light wave. When the nonlinearity
is due to any other atom-macroscopic effects as reorientation of molecules or
heating and diffusion, the characteristic time for acquiring a nonlinear index
change is usually longer. Thus, the time delay of the nonlinearity generally
can not be neglected when modelling light propagation in such materials with
a power dependent nonlinear optical response.

Propagation of light in optical media with a third order nonlinearity, is governed
by the nonlinear Schröedinger equation (NSE):

2ik
∂E

∂z
+
∂2E

∂x2
+
∂2E

∂y2
+ s

n2

η0
k2E|E|2 = 0, (2.1)

where, E(x, y; z) is the complex field amplitude, η0 =
√
µ0/ε0, k the wave vec-

tor, x, y transverse coordinates, and z the longitudinal propagation coordinate.
Here, s=±1 for focusing and de-focusing media respectively. The one dimen-
sional NSE can be obtained from 2.1 by simply omiting one of the transverse

coordinates, i.e. assuming that ∂2E
∂y2 = 0. This approximation is valid for beam

propagation in slab waveguides and when a circular symmetry is assumed, since
the two transverse x and y coordinates in this case can be modeled by one
variable.

The NSE is a generic model describing the evolution of a slowly varying enve-
lope of a wave train in conservative, dispersive systems. NSE describes nonlinear
waves in plasma physics [3, 6] and gravity waves on deep water [7]. Further the
NSE is used also in the description of a system of coupled anharmonic oscilators
in the continuum limit [8]. Additionally, Bose-Einstein condensates of an ul-
tracold dillute gases are described by a modified NSE with perriodic potential.
This modified version of the NSE is called the Gross-Pitaevskii equation [9].

In this chapter, nonlinear optical materials with atom-macroscopic third-order
nonlocal nonlinearities and their models, will be considered.
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2.1 Nonlocal and time delayed nonlinear optical
effects

Generally the response of any physical system to an external field or force is
nonlocal. This means that the applied force on one object of the system (or point
of the media), spreads its influence to the other objects (points) too. Nonlocality
is a consequence of the variety of forces and fields by which the particles or
objects composing a physical system, are interacting among themselves.

In nonlinear optics, a nonlocal distribution of the intensity induced refractive
index is caused by additional physical mechanisms such as transport processes
or inter-particle interaction. Transport processes can be either heat conduction
[16] or diffusion of charges in photorefractive materials [18, 19] or atoms in
vapours [23]. The nonlocal response of an external field can be due to a variety
of physical mechanisms. Here, only third-order, intensity dependent nonlinear
nonlocal effects are considered. Linear nonlocal effects as nonlocal dispersion
[24] and others are out the scope of this work.

The propagation of light waves in a medium with a nonuniform distribution of
the refractive index change is governed by the wave equation:

i

[
∂

∂t
+ vg

∂

∂z

]
E +

∂2E

∂t2
+∇2

⊥E +
2k2

n0
∆n(x, y, z; t)E = −ikαE (2.2)

Here E is the envelope of the light wave, k the wave number, z, the propagation
coordinate, n0 is the linear refractive index, ∆n the change in the refractive
index and vg is the group velocity. When considering propagation of continous
wave light beams, the second order time derivative describing the dispersion
is omited. In a reference frame moving with the group velocity, [16, 17], Eq.
2.2 transforms to the general beam-propagation equation. When the change
of the refractive index ∆n is proportional to the light intensity |E|2, Eq. 2.2
becomes the NSE 2.1. There are many physical systems in which the induced
refractive index change is nonlinear. Here some examples of nonlinear systems
in which the nonlocality of the nonlinear refractive index can not be neglected,
are given. These are the heat conduction and diffusion in absorptive liquids,
ponderomotive force in plasmas, reorientation of molecules in liquid crystals,
diffusion of electrons in photorefractive crystals, and inter-particle interaction
in BECs.

While propagating through an absorptive liquid media, a laser beam induces
temperature and density gradients that change the refractive index profile. In
this case, heat conduction and diffusion are the major processes that lead to
nonlocality of the light-induced refractive index. The refractive index change is,
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in general, a function of temperature and density changes inside the material
[16]:

∆n(x, y, z; t) =

(
∂n

∂ρ

)

T

∆ρ(x, y, z; t) +

(
∂n

∂T

)

ρ

∆T (x, y, z; t), (2.3)

For times much longer than the acoustic transit time, the change of the density
∆ρ, becomes directly proportional to the change of the temperature, ∆ρ =
(∂ρ/∂T )p∆T , where ∂ρ/∂T is a constant. For a laser heat source in liquids, the
electrostriction can be neglected and the temperature change ∆T = T − T0 is
determined by:

cpρ
∂T (x, y, z; t)

∂t
− k∇2T (x, y, z; t) = αI(x, y, z; t) (2.4)

In this way, the refractive index depends on the intensity of the light beam,
thus the process is nonlinear. The nonlocality of the nonlinearity arises from
the thermal diffusion, described by the spatial derivatives in Eq.2.4.

The ponderomotive force in plasma causes drift of electrons and ions from re-
gions with higher intensity to regions with lower intensity of the propagating
electromagnetic wave. Thus the induced spatial distribution of the plasma den-
sity leads to nonlinear response to the optical wave. Additional processes, such
as heating or diffusion, lead to a nonlocal nonlinearity as well. For the case of
nonlinear Landau damping in unmagnetized [5] as well as magnetized plasmas[6],
the form of the nonlocal term is quite different, but still preserving the main
features of the nonlocal nonlinearity.

The physical mechanism leading to nonlinear nonlocal response in liquid crystals
is reorientation of molecules [25, 27]. As the angle of rotation of the nematic
molecules is finite the nonlinearity is saturable. Due to the mutual molecular in-
teraction, the induced nonlinear refractive index by the optical field is nonlocal.
Here the nonlocality of the nonlinear refractive index can not be expressed sim-
ply as a convolution integral of the optical intensity and the distributed response
function. The model for the nonlocal nonlinearity in liquid crystals includes an
additional differential equation for the molecular angle of rotation according to
the constant external electric filed. Thus, by use of the variational approach
and the slowly varying envelope approximation the propagation of the optical
beam in liquid crystals is described by a Schró’odinger-type nonlinear equation,
Eq. 2.5, and the nonlocal nonlinearity is described by a seperate differential
equation describing the nonuniform director distribution, Eq. 2.6 [26].

2ik
∂E

∂z
+∇2

⊥E +
ω2

c2
ea
[
sin2θ − sin2θ0

]
E = 0 (2.5)

4K∇2
⊥θ + easin(2θ)|E|2 = 0 (2.6)
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Here, E is the slowly varying envelope of the propagation beam, θ0 is the initial
tilt of the molecules, ea = n2

‖−n2
⊥ is the optical anisotropy, K elastic constant.

As reported in [27], it is mainly the spatial nonlocality that contributes to the
observation of stable spatial solitons in liquid crystals.

The nonlinear optical response of photorefractive crystals is saturable in time,
but nonlocal and anisotropic in space [18, 19, 20, 21, 22]. The model for opti-
cal beam propagation in a photorefractive material is described by two coupled
equations for the envelope of the optical field and the electrostatic potential ϕ
[19]. When the spatial scale of the optical field E(~r) is larger than the pho-
torefractive Debye length and the diffusion field may be neglected, the steady
state propagation of this beam along the z axes is described by the coupled
equations[19, 20]:

[
∂

∂z
− i

2
∇2

]
E(~r) = i

∂ϕ

∂x
E(~r) (2.7)

∇2ϕ+ ln
(
1 + |E|2

)
· ∇ϕ =

∂

∂x
ln
(
1 + |E|2

)
.

Here, ∇ = x̂(∂/∂x) + ŷ(∂/∂y), and the dimensionless coordinates (x, y, z) are
connected to the physical (x′, y′, z′) coordinates by the expressions z = αz′

and (x, y) =
√
kα(x′, y′), where α is proportional to the external field directed

along the x-axis far from the beam and the square of the refractive index of the
medium.

BECs, inherently have a spatially nonlocal nonlinear response due to the finite
range of the inter-particle interaction potential. The model describing nonlinear
interaction of ultra cold atoms in BEC is the Gross-Pitaevskii equation [9]:

i~
∂Ψ

∂t
= − ~

2

2m

1

2
∇2Ψ + V (r)Ψ + UΨ

∫
K(r− r′)Ψ(r′)|2d(r′) (2.8)

This is exactly the nonlocal NSE, but with the additional term for the external
potential V (x) [9]. Here Ψ(r, t) is the wave function of N particles. Though, the
physics of the processes in BEC is different than the nonlocal nonlinearity in
nonlinear optics and plasma physics, the same model used for their description,
results in the same conclusions, i.e. collapse arrest [11] and soliton stabilization
[12] in the presence of nonlocality.

Naturaly any process in material or system caused by an external force or field
needs a transition time to develop. The delay of the responce of the physical
media, can be considered as an analog to the nonlocal distribution of the exter-
nal induced changes of the materials properties. This means that, the concept of
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nonlocal nonlinearity can be expanded to the time domain, i.e. into a noninstan-
taneous or delayed nonlinear response. In nonlinear optics, the Raman effect
is such noninstantaneous nonlinear response. The time delayed and the spatial
nonlocal nonlinear effects are similar in the sense that they are modelled by sim-
ilar equations. For example, if orthogonal component of the Raman response
is neglected, the equation describing the delayed nonlinear Raman response is
noninstantaneous or “nonlocal in time”:

∂A

∂z
= −µA− i

2

β2

2

∂2A

∂τ2

+ iγA

[
(1− fR)|A|2 + fR

∫
hR(τ − s)|A(s)|2ds

]
. (2.9)

Here A = A(t, z) is the envelope of the complex linearly polarized optical field.
The time τ = t − z/v is in a reference frame moving with the average group
velocity, z is the propagation coordinate, µ is the loss, γ is the effective nonlin-
earity, and fR is the fractional contribution of the Raman effect. To preserve
the casuality in time the response function representing the delayed nonlinearity
is hR = 0 for t = /left(−∞,0/right]. Also it should be noted that the Raman
response function hR is not sign definite. Thus the physical processes observed
due to Raman delayed nonlinearity and the symmetric spatial nonlocal response,
are different.

Another example of delayed or noninstantaneous nonlinear optical response is
the plasma formation by intense ultrashort light pulses in gases [13, 14]. This
phenomenon occurs due to the self-focusing of intense light pulses in gases,
which allows the beam intensity to be increased enough to generate plasma.
The regions where plasma is generated, have lower refractive index, thus further
increase of the optical amplitude is prevented due to defocussing. The process
of beam contraction and expansion that may repeat many times during pulse
propagation in air is called ”dynamic spatial replenishment in air” [15]. This
process allows, self-guiding of short high-power light pulses in air.

2.2 Photonic crystals and photonic crystal fibers

as nonlinear optical media

Photonic crystals are optical media, in which the refractive index is periodically
modulated with a period of the order of an optical wavelength [28, 29]. Thus,
in such media the propagation of light can be prohibited for certain wave fre-
quencies and under specific angles. The periodic modulation of the refractive
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a) b) c)

Figure 2.1: Examples of a) 1-D, b) 2-D and c) 3-D photonic crystal. Images are
borrowed from: http://www.elec.gla.ac.uk/groups/opto/photoniccrystal/

index in the photonic crystal, can be in 1D, 2D or 3D dimensions, Fig. 2.1.
It has been shown, that defects in the periodical refractive index modulation,
may lead to formation of localized or guiding modes. The concept for guiding
light in a photonic crystal, relies on the existence of band-gaps for a range of
light frequencies. Light with frequency within the band-gap cannot propagate
in any direction in a photonic crystal with no defect in the periodic structure
[28, 29]. Any violation of the perfect periodic structure, will allow the existence
of a defect induced light mode around it. The defect itself resembles an electro-
magnetic resonator. Thus, the frequency of this defect mode will be confined on
the size of the defect. In a 2D photonic crystal, a line defect yielding a guiding
mode in the first band-gap, is simply made by removing a row of the holes of the
2D periodic structure. In this case the waveguide is in the plane of symmetry. It
is apparent, that there is no band-gaps for waves propagating along the z axes,
that is perpendicular to the plane of symmetry. Thus, if a single rod in the

X

YZ

Figure 2.2: Plane of symetry section of a 2-D photonic crystal of dielectric rods,
shown in Fig. 2.1 b). The z axis is along the rods length.
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structure in Fig. 2.1 (b) is removed, localized transverse modes in the band-gap
regions for the x− y plane, will be allowed to propagate along the z axes, with-
out penetrating into the rest of the material. Guiding light along the z axes of
a planar photonic crystal in the x− y plane is the concept of the creation of the
so-called band-gap guiding photonic crystal fibers (PCFs)[32, 33]. The invention
of photonic crystal fibers [30, 31, 32, 33, 34, 35], revolutionized the optical fiber
technology. PCFs are optical fibers with wavelength-scale transverse structure
of air and silica regions. Many different PCF structures have been considered
both theoretically and experimentally. The transverse structure determines the
mechanism of guidance and therefore the dispersion and nonlinear properties of
the PCF. According to the mechanism of guiding of light, PCFs are divided in
two main classes. The band-gap PCFs, guide light only over a limited range
of wavelengths that correspond to the band-gap of the cladding material. The
effective-index PCFs, guide light due to the total internal reflection. Though the
effective-index PCFs resemble the basic features of the standard optical fibers,
many novel fenomena and applications of these fibers are shown to be possible
by a proper structure design. Already a single-mode operation for all the wave-
lengths of interest [30, 31] is reported to be possible in effective-index PCFs.
The highly nonlinear PCFs are effectively index-guiding fibers, with a signif-
icantly reduced core size (having a core diameter around ≈ 1µm) and higher
numerical aperture. The reduced effective area leads to increased light intensity
of the single mode. Thus, the effective nonlinear coefficient in the effective-index
guiding PCFs is usually of several degrees higher than in a bulk material. In this
way, a significant increase in the nonlinearity is possible without the addition
of doping elements. Further, the longer interaction leghts additionaly increase
the effective nonlinearity. Finaly, the highly nonlinear PCFs are an unique non-
linear medium for enhanced nonlinear processes, not accessible by the standard
optical fibers or bulk nonlinear materials.



Chapter 3

Nonlinear nonlocal optics

As discussed in the begining of Chapter 3, nonlocality is a general feature of
many nonlinear optical effects. In this sense any nonlinear optical medium or
material can be regarded to some extent and as a nonlocal, but with different de-
gree of nonlocality depending on the material’s specific properties. However, the
term “nonlinear nonlocal optical material (medium)” will be used in this thesis
for such nonlinear optical materials, for which in the description of the nonlinear
processes in them, the nonlocality can not be neglected for a wide range of light
beam/pulse parameters at which nonlinearities are physically accessible.

In the previous chapter it was shown, that the nonlocal NLSE, is a generic
model describing nonlocal nonlinearities in many different physical systems. In
this chapter, the role of nonlocality in phenomena associated with propagation
of optical beams in nonlinear media is discussed. These include modulational
instability of plane waves, structural stability of localized beams and interaction
of solitons. It is shown that the basic features, such as dark soliton stabilization
and formation of dark soliton bound states, do not depend on the specific shape
of the response function of the nonlocal nonlinear material. Here, background
and additional results to that presented in the attached papers B and C will
be given. In paper B, the analogy between the nonlocal cubic nonlinearity and
the quadratic nonlinearity is concidered, and in paper C stable propagation and
attraction of dark solitons in nonlocal nonlinear media is presented.
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3.1 General features of the nonlocal NSE

In this section I will concider the general features, such as modulational insta-
bility (MI) and beam collapse for the nonlocal NSE. The formation and stable
propgation of dark solitons and bound states of dark nonlocal solitons will be
considered in the next section.

As was discussed in the previous chapter, the standard spatial NSE describes a
stationary optical beam propagating along the z-axis with the scalar amplitude
of the electric field E(~r, z) = ψ(~r, z) exp(iKz−iΩt)+c.c. and ~r = (x, y) a vector
in the 2-dimensional transverse coordinate space:

i∂zψ +
1

2

(
∂2
x + ∂2

y

)
ψ + ∆n(I)ψ = 0, (3.1)

Here, K is the wavenumber, Ω is the optical frequency, and ψ(~r, z) is the slowly
varying amplitude. In this case the time dependance of the optical field and the
nonlinearity are neglected.

When the nonlinear optical response of the medium is nonlocal, the refractive
index change ∆n(I), induced by a beam with intensity I(~r, z) = |ψ(~r, z)|2 can
be described by the following phenomenological nonlocal model:

∆n(I) = ∆n(~r, z) = s

∫
R(~r′ − ~r)I(~r′, z)d~r′, (3.2)

where the integral
∫
d~r is over all transverse dimensions and s = ±1 corre-

sponds to a focusing or de-focusing medium respectively. The real, localized,
and symmetric function R(r = |~r|) is the response function of the nonlocal
medium, that is normalized as follows:

∫
R(~r)d~r = 1 (3.3)

As generally in the spatial NSE, transient effects are neglected, the nonlocality is
also assumed to be stationary. Further, the shape and the width of the response
function are assumed to be the same along the propagation direction.

Usually the degree of nonlocality is defined by the ratio of the beam width and
the width of the nonlocal response function. In this sense, the phenomenological
nonlocal nonlinearity model (3.2) is more general and can be used to describe
the local nonlinear and the highly nonlocal nonlinear case that corresponds to
a linear waveguide problem [44]. This is evident, by simply considering the
extreme limits of the width of the response function R(r) relatively to the beam
width. An illustration of the different degrees of nonlocalities is given in Fig.
3.1.
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The local nonlinear case is accessible by letting the width of the normalized
function R(r) approach zero, which transforms it to a delta response function
R(r) = δ(|~r|). In this case the refractive index change becomes a local function
of the light intensity, ∆n(I) = sI(~r, z), i.e., the refractive index change at a
given point is solely determined by the light intensity at that very point, and
Eq.(3.1) simplifies to the ordinary NSE. The case of a local nonlinearity has
been the subject of many investigations and analytical treatment was shown
to be possible [68, 70]. Thus, the properties of the ordinary NSE will not be
considered here. There are two other important physical situations when the

Figure 3.1: Different degrees of nonlocality, as given by the width of the response
function R(x) and the intensity profile I(x). (a) is the local, (b) the weakly
nonlocal, (c) a general nonlocal and (d) a strongly nonlocal response.

convolution term in equation Eq.(3.1) can be represented in a simplified form
allowing for an extensive analytical treatment of the resulting equation. These
are the weak nonlocality limit and the strong nonlocality limit. When the width
of the response function is much less than the spatial extent of the beam, I(~r)
can be formally expanded in a Taylor series and only the first significant terms
be retained. This gives the nonlinearity in the following form:

∆n(I) = s
(
I + γ∇2

⊥I
)
, γ =

1

2

∫
r2R(r)d~r, (3.4)

where the positive definite γ is a measure of the strength of the nonlocality.

Here the nonlocal contribution to the Kerr-type local nonlinearity is reflected
by the presence of the Laplacian of the wave intensity. It turns out that the
nonlinearity in this particular form appears naturally in the theory of nonlinear
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effects in plasma [43]. It has been shown recently that the one-dimensional
version of Eq.(3.1) with nonlinearity Eq.(3.4) supports propagation of stable
bright and dark solitons [52].

Another limiting case, the so called highly nonlocal limit, refers to the situation
when the nonlocal response function is much wider than the beam itself. It can
be shown that in this limit the nonlinear term may be approximated by

∆n(I) = sR(r)P, (3.5)

where P =
∫∞
∞ I(r′)dr′ is the total power of the beam, that is a conserved quan-

tity. Interestingly enough, in this case the propagation equation becomes linear.
It describes the evolution of an optical beam trapped in an effective waveguide
structure with the profile represented by the nonlocal response function. This
highly nonlocal limit has been first explored by Snyder and Mitchell in the con-
text of the so called ”accessible solitons” [44]. The same authors also illustrated
the influence of nonlocality on the dynamics of beams for the special logarithmic
nonlinearity, which allows exact analytical treatment [45].

Even though it is quite apparent in some physical situations that the nonlinear
response in general is nonlocal (as in the case of thermal lensing), the nonlocal
contribution to the refractive index change was often neglected [54, 55]. This is
justified if the spatial scale of the beam is large compared to the characteristic
response length of the medium (given by the width of the response function).
However, for very narrow beams or beams with fine spatial features (such as
dark solitons) the nonlocality can be of crucial importance. Intuitively, the
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Figure 3.2: Different nonlocal response functions. (a) gaussian exp(−x2/36.0),
(b) exponential exp(−|x|/3.0) and (c) an assymetric decaying sinusoid sin(x ∗
5.0/π) ∗ exp(−x/3.0).

basic properties of the nonlocal nonlinear medium will be strongly dependent
not only on the width of the response function, but also on the shape. In Fig.
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3.2, three different response functions are shown, that describe real physical
phenomena. Fig.3.2 (b), provides a very important connection between the
nonlocal cubic nonlinearity and the χ2 nonlinearity [91]. The important case
of exponential nonlocality will be thoroughly discussed later in the context of
possibility to form bound statets of dark solitons in nonlocal media with cubic
nonlinearity. The last response function shown in Fig.3.2 (c) is an important
case too. This nonlocal nonlinear response function describes the delayed Raman
effect in nonlinear optics, provided the x coordinate is considered as time [2].

3.1.1 Modulational instability and beam collapse

Modulational instability (MI) and beam collapse are basic properties of the NSE
[68, 69]. Thus, numerous studies of these properties for the nonlocal NSE have
been done [65, 66, 94]. Here a general review of the main results with some
theoretical background will be presented.

Modulational instability constitutes one of the most fundamental effects asso-
ciated with wave propagation in nonlinear media. It signifies the exponential
growth of a weak perturbation of the amplitude of the wave as it propagates.
The gain leads to amplification of sidebands, which break up the otherwise uni-
form wave front and generate fine localized structures (filamentation). Thus, it
may act as a precursor for the formation of bright spatial solitons. Conversely
the generation of dark spatial solitons requires the absence of MI of the constant
intensity background.

The phenomenon of MI has been identified and studied in various physical sys-
tems, such as fluids [57], plasma [58], nonlinear optics [59, 60], and discrete
nonlinear systems [61]. It has been shown that MI is strongly affected by var-
ious mechanisms present in nonlinear systems, such as higher order dispersive
terms in the case of optical pulses [62], saturation of the nonlinearity [63], and
coherence properties of optical beams [64]. Here the influence of the nonlocality
on the MI will briefly described. Lets consider the model (3.1) that permits
plane wave solutions of the form:

ψ(~r, z) =
√
ρ0 exp(i ~k0 · ~r − iβz), ρ0 > 0, (3.6)

where ρ0, ~k0, and β are linked through the nonlinear dispersion relation

β = k2
0 − sρ0. (3.7)

Since, the nonlinearity of the model (3.1) is power dependent, ∆n(I) = s
∫
R(~r′−

~r)I(~r′, z)d~r′, the nonlinear dispersion relation (3.7) does not depend on the spe-
cific form and width of the nonlocal response function R(~r).
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However, perturbations to the plane wave solution, are strongly influenced by
the nonlocality of the nonlinearity. This can be shown by comsidering the
perturbation to the plane wave solution in the following form

ψ(r, z) = [
√
ρ0 + a1(~r, z) + cc] exp(i( ~k0 · ~r − βz)), (3.8)

a1(~r, z) =

∫
ã1(~k)exp(i~k · ~r + λz)d~k

where a1(~r, z) is the complex amplitude of the small perturbation and λ is
the so called growth rate. When λ is positive, the perturbation grows during
propagation indicating instability. The spectral ranges where λ is positive can be
found by substituting Eq.(3.8) in the propagation equation and after linearizing
around the plane wave solution the growth rate can be found as an eigenvalue of
the resulting system of equations for the spectrum of the perturbation [65, 66].

λ2 = −k2ρ0

[
αk2 − sR̂(~k)

]
, (3.9)

where k = |~k| denotes spatial frequency, α = 1/(4ρ0), and R̂(k) is the Fourier
spectrum of R(r).

The general eigenvalue equation (3.9) constitutes the main result of the analysis.

First of all it can be noticed that R̂(0) = 1, since the response function is
assumed to be normalized to unity

∫∞
−∞

∫∞
−∞R(~r)d~r = 1.

Further, the well-known modulational instability (stability) result for the stan-
dard local NSE equation can easily be recovered from the general eigenvalue
equation (3.9) by setting R(r)=δ(r), where δ(x) is the Dirac delta function, and
the result is:

λ2 = −k2ρ0(αk2 − s) (3.10)

where s = +1 (s = −1) yields instability (stability). As formula Eq.(3.9) shows
the stability properties of the plane wave solutions are completely determined
by the properties of spectrum of the nonlocal response function. The MI gain
spectrum for the nonlocal NSE is:

gainMI = Re(λ) =

√
−k2ρ0

[
αk2 − sR̂(~k)

]
(3.11)

Detailed analysis of all the possible scenarios is discussed in [66], but here they
will be summarized.

The Fourier spectrum of typical response functions such as Gaussian, Lo-
rentzian, and exponential is always positive definite. Therefore, for defocusing
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nonlinearity (s=−1) plane wave solution remains always stable. For the focusing
medium (s=+1), there always exist a certain wavenumber band symmetrically
centered about the origin, where λ2 > 0 for sufficiently small k. It means that
the system will always exhibit a long wave MI in the focusing case, indepen-
dently of the details in the behavior of the response function. However, the
nonlocality tends to suppress the instability by decreasing the growth rate and
the width of the instability band. This can be explained very well analytically
considering Eq. 3.11, for the local and nonlocal cases. When the width of the
nonlocal response function σ = 0, R̂(~k) = 1 and for focusing media, the ex-
pression under the square root in Eq. 3.11 is positive for k2 < s/α, thus the
gainMI is a real value. This means that MI exist for any k2 < s/α = 4ρ or
when ρ = 1, for k < 2. Thus, ktrl = 2 is the threshold value in the gain spec-
trum, above which MI does not exist in local nonlinear media. In the case of a
nonlocal nonlinearity, R̂(~k) is always a bounded function, thus the MI gain band
will be always narower than that for the local case. Though, the threshold value
of the wavevector ktrnl above which MI does not exist, will be always smaller
that that for the local nonlinearity ktrnl < ktrl. However it can never eliminate
it completely. The effect of the nonlocality for sign definite response functions
as the Gaussian (R(x) = 1

√
πσexp(−x2/σ2)), is to suppress the growth rate of

the MI. Drastically different behavior is observed in case of response functions
whose spectrum is not sign definite. As an example the decaying sinusoidal
response function will be considered here. As mentioned earlier, this response
function approximates very well the delayed Raman effect in nonlinear optics
[2]. As seen from Fig. 3.3, the spectrum of the Raman response function is not
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Figure 3.3: The real (solid line) and the imaginary (dashed line) parts of the
spectrum of the Raman response function R(x) = sin(x) exp(−|x|).

sign definite. This drastically changes the MI gain properties of the nonlocal
NSE. For the Gaussian and the exponential response functions Fig. 3.4 (a) and
(b) respectively, there is MI gain only for the focussing nonlinearity. However,
for the Raman response function, MI appears for both the focussing and de-
focussing nonlinearity Fig. 3.4 (c) and (d) respectively. The above discussed
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stability properties of the plane wave may seem to be somehow surprising in
the light of the fact that what the nonlocality actually does is to smooth-out
any sharp modulations of the wavefront. This is a generic property of the non-
locality independent of the particular functional representation. Therefore one
would naively expect identical stability properties for all physically reasonable
response functions. However, one can also look at the action of the nonlocal-
ity from a different perspective. In the Fourier domain the nonlocality acts as
a filter with variable transmission determined by the form of the spectrum of
the response function. For many nonlocal models such as, that represented by
a Gaussian response function, the characteristic of the filter has a form of a
well-behaved, sign-definite function. However, in cases, such the Raman nonin-
staneous response function, this filter not only modulates the amplitude of the
spectral components of the signal beam (perturbation to the plane wave) but
also inverts the phase of some of them. As the inversion of phase is equivalent
to change of the sign of the nonlinearity (say, from defocusing to focusing), it
leads, for instance, to amplification of certain harmonics in defocusing nonlinear
medium.

Another interesting phenomena appearing in the field of nonlinear science and
more precisely in nonlinear optics is wave collapse. It refers to the situation
when strong self-focusing of waves leads to catastrophic increase (blow-up) of
its intensity over finite time (or space) interval [68, 69, 71]. Wave collapse has
been observed in plasma waves [72], electromagnetic waves or laser beams [73],
Bose-Einstein condensates (BEC’s) or matter waves [74] and even capillary-
gravity waves on deep water [75]. Besides wave theory the effect of collapse has
also been well known in the field of astrophysics, describing the effect of star
transformation to a black hole [76, 77].

Usually, the existence of the collapse signals the limit of the applicability of
the model equation. Physically, the collapse means that the approximations
under which the model equation is derived are not valid anymore and additional
processes have to be included that subsequently may stop the blow-up [68, 69,
71]. Nevertheless, “collapse-like” (or quasicollapse) dynamics can still occur in
the real physical systems when nonlinearity leads to strong energy localisation.

The role of the nonlocality on the wave collapse was first studied by Turitsyn,
who proved analytically the arrest of the collapse for a 3 specific choices of the
nonlocal nonlinear response [80].

An analytical approach to beam collapse in nonlocal media is considered in [11]
and [94].

In the local limit when the response function is a delta-function, the nonlinear
response ∆n(I) = I , which is the case of local optical Kerr media described
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Figure 3.4: MI gain spectra Eq.3.11 calculated for ρ = 1. (a) gaussian response
function exp(−x2) and focussing nonlinearity. (b) exponential response function
exp(−|x|) and focussing nonlinearity. Decaying sinusoidal (Raman) response
function sin(x) exp(−|x|) and focussing (c) and defocussing (d) nonlinearity.

by the conventional NLS equation and of BEC’s described by the standard G-
P equation. It is in this local limit that multidimensional optical beams with
a power higher than a certain critical value would experience unbounded self-
focusing and collapse after a finite propagation distance [68, 69, 71].

It can be easily shown that in the two extreme limits of a weakly and highly
nonlocal nonlinear response the collapse is prevented [43, 82]. The stabilising
effect of the nonlocality can be illustrated by the properties of the stationary
solutions of Eqs. (3.1)-(3.4). It was shown by a variational technique [83], that
for the simplest example of a Gaussian nonlocal optical response, the beam
collapse is arrested [94].

In the 2D NSE equation the collapse is a critical collapse and the stationary
solutions are ”only” marginally unstable [69]. Typically any perturbation will
act against the self-focusing, with several effects, such as non-paraxiality and
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saturability, completely eliminating the possibility of a collapse [71].

Another important illustration of the stabilizing character of the nonlocality is
provided by considering propagation of vortex beam in a self-focusing medium.
Such a beam has a form of bright ring with a helical phase front. They are
characterized by the so called charge defined as a closed loop contour integral
of the wave phase modulo 2π. Typical example is the Gaussian-Laguarre beam

ψ(~r) = r exp(−(r/r0)2) exp(iφ), (3.12)

where r and φ are the radial and angular coordinates, respectively. This beam
represents a vortex of charge one. Beams of such structure have been con-
sidered as candidates for vortex-type solitons in nonlinear self-focusing media
[85]. However, it is well known that vortex beams cannot form stable stationary
structures and disintegrate rather quickly when launched in the self-focusing
nonlinear medium [86]. It turns out that the higher the charge the quicker the
break-up of the beam occurs. To overcome this problem it has been proposed
to co-propagate with the vortex another, mutually incoherent, nodeless beam.
Such an object called vector or multi-component beam can form stable soliton.
On the other hand, one can expect stabilization of the vortex beam by utiliz-
ing a nonlocal character of the nonlinearity. If the extent of the nonlocality is
comparable with the size of the vortex beam then the resulting refractive index
change will have form of broad circular waveguide which could trap the vortex
beam ensuring its stable propagation, see [94].

3.2 Dark nonlocal solitons

Solitons are localized waves that propagate without change through a nonlinear
medium. This is possible when the dispersion or diffraction associated with the
finite size of the wave is balanced by the nonlinear change of the properties of
the medium induced by the wave itself. Solitons are universal in nature and have
been identified in physical systems, such as fluids, plasmas, solids, matter waves,
and classical field theory. Temporal optical solitons - non-dispersive pulses of
laser light - are already used in dispersion-managed high data rate optical fibre
communication systems [37]. Spatial optical solitons - self-trapped light beams
- have been proposed as building blocks in future ultra-fast all-optical devices.
Spatial solitons can be used to create reconfigurable optical circuits that guide
other light signals. Circuits with complex functionality and all-optical switching
or processing can then be achieved through the evolution and interaction of one
or more solitons [38]. The concept has now been verified in several optical
materials [39, 40] and a number of new soliton effects have emerged through
these studies, such as fusion, fission, and formation of bound states. A very
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important fact is that the optical power needed to create such virtual circuits
has been reduced to the milliwatt and even microwatt level, thus bringing the
concept nearer to practical implementation.

Dark solitons are solutions to nonlinear equations, whose intensity profile exibits
a dip in a uniform background. The dark soliton is called black if the intensity
goes to zero in the center and gray if it is just smaller than the background
intensity [2, 53]. A main difference between the dark and the bright solitons
is that for dark solitons, the amplitude’s phase changes across the transverse
direction. Thus, the dark solitons are topological objects. A consequence of
the transverse coordinate dependence of their phase is that in Kerr nonlinear
meadium, higher-order dark solitons neither form a bound state nor follow a
periodic evolution pattern [2]. This is due to the nonvanishing assymptotics of
the optical field. As is well known, the exact dark soliton solution for the one
dimensional NSE 2.1 is:

E(x, z) = tanh(x/
√

2) exp(iz) (3.13)

A bound state of solitons can be in some extent considered as a package of
solitons, (i.e. solitons with form quite close to a single soliton solution), which
are superposed close to each other. Thus, to form a bound state, packed dark
solitons will be always out of phase, which as expected leads to a repulsive
interaction between them. Indeed, Zhao and Bourkoff [101], who first numeri-
cally studied the propagation of closely packed dark temporal solitons in optical
fibers, found that their interaction was repulsive and weak compared to that
of bright solitons. Experimental studies of temporal and spatial dark solitons
proved that their repulsion is generic [103]. To suppress the repulsion of the
dark solitons in Kerr nonlinear media, different approaches have been pursued.
Afanasjev et al proposed a perturbed NSE with incorporated higher-order gain
terms [104]. Ostrovskaya et al proposed solitonic gluons, weak bright beams
guided by dark solitons [105].

It was shown earlier that dark solitons and bound states of dark solitons exist in
χ(2) nonlinear materials [97]. However, it appeared later that these exact dark
soliton solutions, are unstable due to MI of the backround [96]. Exact dark
soliton solutions was shown to exist in weakly nonlocal cubic nonlinear media
[52]. Further, due to analogy between the quadratic χ(2) nonlinearity and cubic
nonlinear nonlocal media [92, 91], exact dark soliton solutions and bound states
of them (twin hole dark solitons) for a nonlocal nonlinear medium with arbitrary
degree of nonlocality were found [91, 93].
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3.2.1 χ2 analogy and dark soliton bound states

Here the results presented in paper B will be overviewed.

It is well known, that the formation of solitons in quadratic nonlinear (or χ(2))
materials does not involve a change of the refractive index [87]. This in some
sense leaves the underlying physics of quadratic solitons obscured by the math-
ematical model. Recently Assanto and Stegeman interpreted the self-focusing,
defocusing, and soliton formation in χ(2) materials by cascading phase shift and
parametric gain [88].

It was also shown, that the stationary bright in-phase [92] soliton solutions
in χ(2) and nonlocal cubic nonlinear media are physically identical [92], and
the formation of bound states of bright in phase solitons in χ(2) media was
explained by the nonlocality. Recently the χ(2)-nonlocal analogy was also used
to show, that bright out of phase and dark solitons can also form bound states,
provided the width of the nonlocality is enough to bound the first mode after the
zeroth[91]. The possibility to form stationary bound states, does not at all tell
anything about the dynamical properties. Indeed, as it was shown recently, the
dynamics and stability is different for the χ(2) and the stationary corresponding
nonlocal model[93, 94].

The detailed description of the χ(2)-nonlocal analogy is described in [91, 92] and
for completeness presented here.

Considering a fundamental wave (FW) and its second harmonic (SH) propa-
gating along the z-direction in a χ(2) crystal under conditions for type I phase-
matching, the normalized dynamical equations for the slowly varying envelopes
E1,2(x, z) are then [95]

i∂zE1 + d1∂
2
xE1 +E∗1E2 exp(−iβz) = 0

i∂zE2 + d2∂
2
xE2 +E2

1 exp(iβz) = 0. (3.14)

In the spatial domain d1 ≈ 2d2, d1,2 > 0, and x represents a transverse spatial
direction. In the temporal domain d1,2 is arbitrary and x represents time. β
is the normalized phase-mismatch. Physical insight into Eqs. (3.14) may be
obtained from the cascading limit, in which the phase-mismatch is large, β−1 →
0. Writing E2=e2 exp(iβz) and assuming slow variation of e2(x, z) gives the
nonlinear Schröedinger (NLS) equation i∂zE1 +d1∂

2
xE1 +β−1|E1|2E1 = 0, with

e2=E2
1/β. However, this model wrongly predicts several features that are known

not to exist in Eqs. (3.14) and even for stationary solutions it is inaccurate, since
the term ∂2

xE2 is neglected [91].
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To obtain a more accurate model a slow variation of the SH field is assumed
e2(x, z) in the propagation direction only (i.e., only ∂ze2 is neglected). The
relation between the FW and SH is then a convolution, leading to the nonlocal
equation for the FW

i∂zE1 + d1∂
2
xE1 + β−1∆n(E2

1)E∗1 = 0,

∆n(E2
1 ) =

∫ ∞

−∞
R(x− ξ)E2

1 (ξ, z)dξ, (3.15)

with E2=β−1∆n exp(iβz). Equations (3.15) show that the interaction between
the FW and SH is equivalent to the FW propagating in a medium with a nonlocal
nonlinearity. In the Fourier domain (denoted with tilde) the response function

R(x) is a Lorentzian R̃(k)=1/(1 + sσ2k2), where σ=|d2/β|1/2 represents the
degree of nonlocality and s=sign(d2β). Both Eqs. (3.14) and (3.15) are trivially
extended to more transverse dimensions.

For s=+1, where the χ(2)-system (3.14) has a family of bright (for d1>0) and

dark (for d1<0) soliton solutions [98], R̃(k) is positive definite and localized,
giving R(x) = (2σ)−1 exp(−|x|/σ). It is possible to show, e.g., that in this case
the nonlocal model (3.15) does not allow collapse in any physical dimension
[91], a known property of the χ(2) system (3.14) not captured by the cascading
limit NLS equation. The cascading limit β−1 → 0 is now seen to correspond to
the local limit σ → 0, in which the response function becomes a delta function,
R(x) → δ(x). With the nonlocal analogy one can further assign simple physi-
cally intuitive models to the weakly nonlocal limit σ�1 (large mismatch |β|�1)

and the strongly nonlocal limit σ�1 (small mismatch |β|�1). For s=−1, R̃(k)
has poles on the real axis and the response function becomes oscillatory with
the Cauchy principal value R(x)=(2σ)−1 sin(|x|/σ). In this case the propaga-
tion of solitons has a close analogy with the evolution of a particle in a nonlinear
oscillatory potential. In fact, it is possible to show that the oscillatory response
function explains the fact that dark and bright quadratic solitons radiate linear
waves [98].

Equations (3.15) show the important novel result, that in contrast to the con-
ventional nonlocal NSE equation treated in detail in this work, the nonlocal
response of the χ(2) system depends on the square of the FW, not its inten-
sity. Thus, the phase of the FW enters into the picture and one cannot directly
transfer the known dynamical properties of plane waves and solitons, such as
stability. The general model (3.15) and its weakly and strongly nonlocal limits
thus represents novel equations, whose properties potentially allow to under-
stand yet unexplained dynamical properties of quadratic solitons. In contrast,
the stationary properties of nonlocal solitons, such as how their profiles de-
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line). Single dark soliton with nonlocality parameter σ = 0.5 (a) and σ = 4.0
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pend on material parameters, directly apply to quadratic solitons. Consider
stationary solutions to Eqs. (3.14) in the form E1(x, z) = a1φ1(τ) exp(iλz)
and E2(x, z) = a2φ2(τ) exp(i2λz + iβz), where the profile φ1,2(τ) is real,

τ = x
√
|λ/d1|, a2

1 = λ2|d2/(2d1)|, and a2 = λ. This scaling reduces the number
of free parameters to one and transforms Eqs. (3.14) into the following system
[98]

s1φ
′′
1 − φ1 + φ1φ2 = 0,

s2φ
′′
2 − αφ2 + φ2

1/2 = 0, (3.16)

where s1,2=sign(λd1,2), α = (2 +β/λ)|d1/d2|, and prime denotes differentiation
with respect to the argument. The properties of solitons described by Eqs. (3.16)
are well-known [98]. A family of bright (dark) solitons exist for s2=s1=+1
(s2=−s1=1) and α > 0. We do not consider the combinations s2=s1=−1
and s2=−s1=−1. Equations (3.16) have the SH solution φ2 = γ∆n(φ2

1), with
γ = 1/(2α) and the nonlocal nonlinearity ∆n(φ2

1) =
∫
R(τ − ξ)φ2

1(ξ)dξ. For
sign(s2α) = +1 the response function is R(τ) = exp(−|τ |/σ)/(2σ), with the
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degree of nonlocality σ = |α|−1/2, and Eqs. (3.16) then give the exact nonlocal
model for the FW in the χ(2) system

s1∂
2
τφ1 − φ1 + γφ1

∫
R(τ − ξ)φ2

1(ξ)dξ = 0, (3.17)

where γ is the strength of the nonlinearity.

i∂zU1 + d1∂2
xU1 + β−1U1

∫
R(x− ξ)|U1(ξ)|2dξ = 0. (3.18)

If the response function in the conventional nonlocal nonlinear Schröedinger
equation 3.18 is R(x) = exp(−|x|/σ)/(2σ), then equation 3.18, reduces to the
system of equations:

i∂zU1 + d1∂2
xU1 + β−1U2U1 = 0,−βU2 + d2∂

2
xU2 + |U1|2 = 0. (3.19)

Considering stationary soliton solutions of 3.19 of the form
U1(x, z) = a1φ1(τ) exp(iλz) and U2(x, z) = a2φ2(τ), where a2

1 = λ2|d2/(2d1)|,
a2 = λ, and τ = x

√
|λ/d1|, then equations 3.19 are transformed to the

χ(2) soliton system 3.16, but with the effective mismatch parameter defined
as α = (β/λ)|d1/d2|. Thus, the χ(2) and nonlocal stationary soliton solutions
are equivalent. However, the dynamical evolution of the stationary soliton
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Figure 3.6: Intensity (solid line) and refractive index (dashed line) of single dark
soliton (a) and bound state (b). The degree of nonlocality σ = 4.0

solutions of the dynamical χ(2) 3.14 and nonlocal 3.19 systems might be signif-
icantly different. Indication for this is that the nonlocality of the nonlinearity
in equation 3.18 is on the light intensity, and again it is the intensity |U1|2 in
the second equation of the corresponding system 3.19, while in the dynamical
χ(2) system it is the square of amplitude. Thus, the influence of the phase of
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Figure 3.7: Single dark soliton FWHM (solid line), FWHM of the single soliton
in a two soliton bound state (dashed line) and the half distance between the two
humps of a two dark solitons bound state (dash dotted line).

the optical field U1 on the nonlinearity in system 3.19 is neglected. As will be
shown later, this is detrimental for the stability of dark solitons of the nonlocal
NSE 3.18.

The stationary nonlocal soliton model (3.17) is identical to the conventional
nonlocal model for stationary solitons and thus it has the same weakly and
strongly nonlocal limits with the same exact bright and dark soliton solutions.It
was recently shown that the nonlocal model elegantly explains the structural
properties of both bright and dark solitons and their bound states as well as
provides very good approximate quadratic soliton solutions in large regimes of
the parameter space [91]. The possibility for formation of bright in phase bound
states of nonlocal solitons was previously discussed in [92]. Here, for simplicity
only a discussion on the profiles of the 1-D dark nonlocal solitons and their bound
states will be presented. In Fig. 3.5 the amplitudes (φ1) and the refractive index
changes (φ2) for a single dark solitons for two different nonlocalities σ = 0.5
and σ = 4.0 and their bound states are shown. Interesting properties of these
nonlocal-χ(2) dark soliton profiles are their nonmonotonic tails. In Fig. 3.6, the
intensity profiles together with the intensity induced refractive index are printed
for the single dark soliton (a) and the corresponding bound state for the degree
of nonlocality σ = 4.0. From Fig.3.6 (b) the waveguiding mechanism is clearly
demonstrated. The intensity induced refractive index change, traps the two
holes in the dark soliton bound state. This, as will be explained in details later,
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leads to a stable propagation of the dark soliton bound state [93]. Connecting to
the formalism of the χ(2) analogy, it should be noted, that the induced refractive
index, corresponds to the SH intensity. Important feature of the stationary dark
soliton solutions of the χ(2) system 3.14, is that for σ < 1/

√
8, the single dark

solitons have monotonic and for σ > 1/
√

8 nonmonotonic or oscilatory tails
[87]. This property is directly connected with the possibility of the single dark
solitons to form bound states. For σ < 1/

√
8 dark soliton bound states are

not possible and for σ > 1/
√

8 they are possible [87]. This property can be
nicely depicted, by considering the single dark soliton full width at half intensity
maximum (FWHM) and the single soliton FWHM in a bound state as shown
at Fig. 3.6. In Fig. 3.7, the two single dark soliton widths in a single state and
in the two dip bound state are shown together with the half of the seperation
distane between the two dips in the bound state ∆x/2. As it is seen from Fig.
3.7, the two single dark soliton widths are approaching to each other when the
nonlocality parameter α is increasing and the degree of nonlocality σ = |α|−1/2

is decreasing respectively. This is expected, since for values of σ < σc the bound
state of two dark soliton solutions should dissapear and the FWHM of the single
dark soliton and the FWHM of the single dark soliton in the two dip bound state
will not be distinguished anymore. The vanishing of the bound state for σ bellow
the critical value of 1/

√
8, can be depicted by observing the infinite growth of

∆x/2 for large values of α. This is explained with the numerical algorithm for
finding the dark soliton bound states, that fails to find a bound state for big α
and small σ, and relaxes to two widely separated single dark solions.

3.2.2 Dynamics and interaction of dark nonlocal solitons

So far mainly the properties of individual beams in nonlocal nonlinear media
were discussed. It is natural to expect strong influence of the nonlocality on
interaction of well separated localised waves and solitons. For instance, in case
of two nearby optical beams each of them will induce refractive index change
extending into the region of the other one, hence affecting its trajectory. One
can actually show that in a self-focusing medium nonlocality always provides
an attractive force between interacting bright solitons. This effect has been
recently demonstrated in case of interaction of bright solitons formed in a liquid
crystal [88]. It has been shown that even out-of-phase solitons, which in the
local medium always repel, experienced strong attraction, which could only
be overcome by a sufficiently large initial divergence of the soliton trajectories
[88].As a consequence of the nonlocality aided attraction bound states of the
out-of-phase solitons (multisolitons) could be formed [93].

In this section, novel phenomena associated with interaction of dark solitons
in nonlocal nonlinear medium with self-defocusing type of nonlinearity will be
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Figure 3.8: Top: Fundamental intensity |E1(x, z)|2 of a dark soliton propagating
in the χ(2)-system 3.14 with d2 = −d1 = 1 and β = −1.9. Below: Intensity
|U1(x, z)|2 of the same dark soliton propagating in the corresponding nonlocal
system 3.19 with d2 = −d1 = 1 and β = 0.1. In both cases the dark soliton is
the same solution of Eqs. 3.16 with s2 = −s1 = 1 and α = 0.1.

described. As was noted in the previous section, propagation of optical dark
solitons in the self-defocusing nonlinear Schröedinger equation has a repulsive
nature. In paper C, interaction of dark solitons were investigated. Here these
investigations will be previewed and more detailed results will be provided.
Without the loss of generality, the following normalized response function is
concidered R(x) = 1

2σ exp(−|x|/σ). As was shown in the previous section,
the nonlocal nonlinear Schröedinger equation with the exponential response is
formally equivalent to the system of coupled Eqs.(3.14) describing stationary
profiles of optical solitons in quadratic nonlinear materials. According to Ref.
[98], this system predicts the existence of a single fundamental dark soliton
solutions with non-monotonic tails above a certain critical value of the σc and
as a result bound states involving two or more solitons can be formed. To
test stability of the soliton bound states the dynamical equation Eq. (3.15)
with the exact soliton bound state solution as initial condition are numerically
integrated. Numerical simulations confirm stable propagation of single solitons
and their bound states over distance of hundreds of diffraction lengths, see
paper C. In Fig. 3.8, propagation of 1-D single dark soliton in χ(2) (top) and
nonlocal (bottom) media is displayed. The initial condition for the two types
of nonlinear systems is one and the same, this is a single dark soliton solution
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Figure 3.9: MI gain spectrum for equation 3.14 with d2 = −d1 = 1 α = 0.1, as
given in [71]

for the stationary system of differential equations. Even though the stationary
solutions are the same, the dynamics of the two systems is drastically different
as seen from Fig. 3.8. The propagation of the dark soliton solution in χ(2)

medium experiences MI of the backround, which destroys the dark soliton. This
is exactly predicted from the MI gain profile shown in Fig. 3.9 and calculated
for the dynamic χ(2) system, Eqs. 3.14 as in [71]. Interestingly, the propagation
of the same initial condition in the nonlocal NSE 3.1 is MI stable. This is a
direct consequence of the intensity induced nonlinear nonlocal response, that
implies a self-waveguiding of the dark beam.

The concept of nonlocal soliton induced refractive index change, explaines the
attraction of dark solitons in nonlocal nonlinear medium. It can be illustrated
by considering interaction of dynamically formed dark solitons by a phase mod-
ulation as an initial condition. In paper C, it is shown that the nonlocality of the
nonlinearity induces attraction of dark solitons and further, for a proper value
of the parameters, initial soliton velocities can be compensated. This behaviour
is shown in Fig. 3.10 as in paper C, where two π (a) and 0.95π (b) phase jumps
are used for an initial condition to generate two dark solitons without and with
opposite transverse velocities, Fig. 3.10 (a) and (b) respectively. It is important
to note, that the dark solitons may not exibit attraction, provided the initial
seperation distance x0 is too large, i.e. x0 = 5.5 Fig. 3.10 (a) left. In this case
the degree of nonlocality is not enough to spread the refractive index change
induced from the one soliton over the regions where the other soliton is propa-
gating, and thus the dynamically formed dark solitons propagate as individual
entities. If the initial seperation distance is decreased to x0 = 4.0, the two dark
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Figure 3.10: Dark nonlocal solitons formed by phase modulation of a cw back-
ground. In (a) the phase jump is π and the degree of nonlocality is σ = 2.0,
and the initial soliton separation is x0 = 5.5, 4.0, 2.5 from left to right. In (b)
the phase jump is 0.95π and x0 = 2.5, and σ = 0.1, 1.0, 2.0 from left to right.

solitons exibit attraction Fig. 3.10 (a), center. Further decrease of x0 to 2.5,
allows the formation of oscilating bound state of two dark solitons in nonlocal
nonlinear media Fig. 3.10 (a), right. Further, provided the initial separation
distnace and the degree of nonlocality are optimally chosen, it is possible to
form a bound state two dark solitons, initialy propagating with opposite trans-
verse velocities Fig. 3.10 (b). Another initial condition has been considered
too. It is well known that an initial condition of narrow gap in the incident
cw background (a wire imposed on a wide beam) develops into an even number
of solitons, propagating in opposite directions. The wider the gap, the larger
number of solitons to be formed and with smaller transverse velocities. Fig.
3.11 illustrates the dynamics and interaction of nonlocal dark solitons, formed
by an intensity gap over a cw background. Two different response functions
are considered, Fig. 3.11 (a) is for an exponential response function with width
of σe = 2.0, 4.0, 6.0 from left to right. At Fig. 3.11 (b) a Gaussian response
function is considered, with width of σg = 4.0, 8.0, 12.0. When the nonlocality
is strong, enough some of the dark solitons formed by the intensity gap, expe-
rience attraction. In order to compare the dark nonlocal solitons interactions
for different response functions in a more accurate way, it is necessary to chose
a suitable nonlocality parameter that is independent on the specific form of
the response function. Though, a proper physical analysis is needed to chose
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Figure 3.11: Dark nonlocal solitons formed by intensity modulation of a cw
background. In (a) the wire width is x0 = 7.5, the nonlocal response function
is exponential with σe = 2.0, 4.0, 6.0 from left to right. In (b) the wire width
is x0 = 7.5, the nonlocal response function is gaussian with σg = 4.0, 8.0, 12.0
from left to right.

a response-function-form independent nonlocal width, the integral width deter-

mined by σI =
√∫

x2R(x)dx is used here. The idea is that the overal spreading

of the nonlinearity in this way will be the same, and hopefully similar dark soli-
ton interaction will be observed. This is really proved by Fig. 3.11, where dark
solitons produced in nonlocal media with a Gaussian and exponential response
functions with equal integral widths, behave similarly. The values of σg are
chosen such that the integral width for the exponential response function and
the Gaussian are identical, and which results in σe = 2.0σg.

The dark soliton attraction in nonlocal nonlinear media can be demonstrated
and by another numerical experiment in which the two formed solitons are with
opposite initial velocities. In this way the two dynamically formed solitons
are always forced to interact, or hit each other. Several different scenarious of
interaction are observed. When the degree of nonlocality is almost negligible as
in Fig. 3.12 σ = 0.1, the interaction is always ellastic scattering. For higher
nonlocality, formation of oscilating bound states is possible as seen in some of
the examples of Fig. 3.13 (b) middle, 3.14, 3.15 (a), and 3.16. The ability for
dark solitons to form bound states and their subsequent stability is a direct
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Figure 3.12: Dark nonlocal solitons formed by phase modulation of a cw back-
ground for degree of nonlocality σ = 0.1. In (a) the initial soliton separation is
x0 = 4.0 and the initial phase jump is 0.95π, 0.98π and π, from left to right.
In (b) the initial soliton separation is x0 = 5.5 and the initial phase jump is
0.95π, 0.98π and π, from left to right.

consequence of the nonlocality-induced long range attraction of solitons. This
effect can be qualitatively explained using the self-guiding concept. In case of
a local defocusing medium the refractive index change corresponding to two
distant dark solitons has the form of two waveguides separated by the region
of lower refractive index (potential barrier). In the presence of nonlocality the
effect of the convolution term in Eq. (3.1) is to decrease the index difference
between these two separate waveguides (lower the barrier) hence allowing light
to penetrate the area between solitons what, consequently, appears as their
attraction.
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Figure 3.13: Dark nonlocal solitons formed by phase modulation of a cw back-
ground for degree of nonlocality σ = 1.0. In (a) the initial soliton separation is
x0 = 4.0 and the initial phase jump is 0.95π, 0.98π and π, from left to right.
In (b) the initial soliton separation is x0 = 5.5 and the initial phase jump is
0.95π, 0.98π and π, from left to right.
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Figure 3.14: Dark nonlocal solitons formed by phase modulation of a cw back-
ground for degree of nonlocality σ = 2.0. In (a) the initial soliton separation is
x0 = 4.0 and the initial phase jump is 0.95π, 0.98π and π, from left to right.
In (b) the initial soliton separation is x0 = 5.5 and the initial phase jump is
0.95π, 0.98π and π, from left to right.
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Figure 3.15: Dark nonlocal solitons formed by phase modulation of a cw back-
ground for degree of nonlocality σ = 4.0. In (a) the initial soliton separation is
x0 = 4.0 and the initial phase jump is 0.95π, 0.98π and π, from left to right.
In (b) the initial soliton separation is x0 = 5.5 and the initial phase jump is
0.95π, 0.98π and π, from left to right.
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Figure 3.16: Dark nonlocal solitons formed by phase modulation of a cw back-
ground for degree of nonlocality σ = 6.0. In (a) the initial soliton separation is
x0 = 4.0 and the initial phase jump is 0.95π, 0.98π and π, from left to right.
In (b) the initial soliton separation is x0 = 5.5 and the initial phase jump is
0.95π, 0.98π and π, from left to right.



Chapter 4

Supercontinuum generation

One of the most interesting applications of nonlinear optics is the possibility
for generation of new optical frequencies from a powerful laser source. Laser
wavelengths are now available in almost the whole spectral range. However,
the obtaining of additional frequencies is still demanded. Many fields of con-
temporary science such as spectroscopy, telecommunications, medical science
and optical metrology need a spectrally broad continuum or white light with
characteristics of a laser source, i.e., coherence and brightness. Light with these
characteristics is called a supercontinuum (SC). Spectral slicing of the SC is
used in telecommunication for the formation of multiple frequency channels
[107, 108]. The use of a white light pulse, allows simultaneous measurement of
optical characteristics in a single shot [109, 110]. Ultra-wide frequency combs
are used to link optical with microwave frequencies, enabling building of an
all-optical clock and comparing to the cesium microwave standard [111, 112].

SC generation is a combined effect of several nonlinear processes in different
regimes leading to a dramatic spectral broadening of intense light pulses [113].
Thus numerous experimental and theoretical investigations for better under-
standing and control of this process have been performed. The research in the
SC field aims at the generation of broader and flatter SC spectra in the whole op-
tical domain. However, high coherence properties must be preserved by simpler
experimental techniques, i.e., using low-power and low-cost light sources.
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The quest for efficient SC generation requires maximization of the nonlinear
optical response. As the magnetude of the specific nonlinearity of any nonlinear
optical material is bounded, stronger nonlinear response is achievable by focus-
ing intense laser pulses in bulk liquid and solid nonlinear media. Formation of a
200-THz SC spectrum of light in bulk glass was first observed in 1970 [114, 115].
Another concept of obtaining strong nonlinear optical response is the increase
of the effective interaction length. Thus, highly nonlinear optical fibers proved
to be an extremely promising sources for efficient SC generation. Further, the
spatial characteristics of the SC light from an optical fiber can be also improved.
Thus, single mode SC generation was shown to be possible.

Fundamental nonlinear processes contributing to the formation of a SC spec-
trum are self- and cross-phase modulation, various parametric processes and
stimulated Raman scattering. In bulk nonlinear materials and air, addditional
nonlinear processes, that can lead to SC generation are self-focusing, multi-
photon ionization and plasma formation [153, 154].

In this chapter we consider the model for SC generation in photonic crystal
fibers (PCFs) [34, 35] by low-power ps pulses. Due to the multiple parametric
processes involved in the SC generation with such pulses, an accurate description
of the dispersion properties of the PCF is essential.

4.1 Supercontinuum generation in PCF.

The experiments in bulk materials required extremely high peak powers (>
10MW ), achieved by focussing of intense fs pulses. Thus, for SC generation in
bulk media, operation with optical powers close to the threshold for material
destruction is usually required. New techniques based on the use of optical
fibers as a nonlinear medium for SC generation allowed lower peak powers to
be used due to the long interaction length and high effective nonlinearity [116,
117, 118, 119]. However, for the convential optical fibers it was necessary to
operate near the wavelength for zero group velocity dispersion. Thus, the SC
generation was restricted to the spectral region around and above 1.3µm. The
use of dispersion-flattened or dispersion-decreasing fibers as nonlinear media for
SC generation resulted in a flat SC spanning 1400-1700nm [120, 121] and 1450-
1650nm [122], respectively. However, the spectrum was still far from the visible
wavelengths.

Photonic crystal fibers (PCFs) are newly developed optical fibers that revo-
lutionized the concepts of fiber optics. Their nontrivial transverse structure
consists of multiple air holes, running along the fiber length, Fig. 4.1. Thus,
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Figure 4.1: Photonic crystal fiber (PCF) structures. Top row: from left to right
hollow core and higly nonlinear PCF respectively. Bottom row: from left to
right, double cladding and single mode PCF respectively.

these fibers are also called microstructure fibers, which is a more precise term
in the case when the transverse structure is not periodic. PCFs are classified in
photonic bandgap and index guiding fibers, according to the waveguide mecha-
nism. Like conventional fibers, index-guiding PCFs, confine light inside a solid
core by total internal reflection thanks to a cladding that on average has a
slightly lower index of refraction Fig. 4.1. In this case the transverse structure
of the PCF, is not nessesary to be periodic. In contrast, the bandgap-guiding
PCFs have periodic transverse structure with a defect in the center. Light with
frequency in the bandgap of the periodic structure can be trapped and propa-
gate along the center defect. Thus, light can be guided even along a hollow core,
provided the frequency is in the bandgap of the transverse periodic structure,
see for example Fig. 4.1 (top-left).

Due to the unique control over the linear and nonlinear properties of the PCFs,
they have turned to be an extremely usefull tool for SC generation. The pos-
sibility to obtain PCFs with small core sizes and high NA, allows a significant
increase of nonlinearity. The unprecidented dispersion control allows intrinsic
phase matching of various nonlinear processes. Further, the proper structure
design of the effective index guiding PCFs can lead to single-mode operation
for all the wavelengths of interest [30, 31]. The highly nonlinear PCFs are ef-
fectively index-guiding fibers, with a significantly reduced core size, having a
diameter around ≈ 1µm). Thus, a significant increase in the nonlinearity is
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possible without the addition of doping elements. The highly nonlinear PCFs
were shown to be useful in various applications targeting effective nonlinear
processes. However, due to their unique dispersion properties, the process of
supercontinuum (SC) generation became their fundamental application.

Highly nonlinear PCFs and tapered fibers have similar dispersion and nonlinear
characteristics. Tapered fibers are produced by heating and streching conven-
tional fibers. Their cross-sectional diameter or area is adiabatically reduced.
This means, the change of fiber diameter is slow enough in the axial direction
so that energy of existing modes get little reflected back and couple as little as
possible into other order modes [126]. However, PCFs have the advantage they
are not limited by length and that their dispersion can be significantly modified
by a proper design of the cladding structure [31, 123, 124, 125], while for the
tapered fibers this can be achieved by changing the degree of tapering [126].

SC spanning 400-1500nm, has been experimentally achieved by seeding kilowatt-
peakpower femtosecond pulses in a PCF [127] and in a tapered fiber [126]. The
observed broad SC has been explained to be a result of self phase modulation
(SPM) and direct degenerate four-wave-mixing (FWM) [128]. Later, it was
also reported that a SC spanning from 380 to 1600nm is obtainable using 200fs
pulses with an energy less than 5nJ [129]. In this case, the SC is theoretically
explained to be due to nonlinear processes such as fission of higher order solitons
[129, 130, 131].

It was later experimentally and theoretically shown, that high power femtosec-
ond lasers are not needed for the observation of SC generation. SC was achieved
with low-power picosecond [119, 117] and even nanosecond [132] pulses. Coen
et al. demonstrated a broad SC in a PCF with picosecond pulses and sub-
kilowatt peakpower. The primary mechanism for the SC generation in this case
was shown by numerical modelling, to be due to a combined effect of SRS and
parametric FWM [119].

The observed SC with 200 fs high-power pulses and a 1cm long tapered fiber
was extending beyond the obtainable spectra due to SPM solely. Gusakov has
shown that direct degenerate FWM can lead to ultra wide spectral broadening
and pulse compression [128] in such experiments.

It was recently shown, that the efficiency of the SC generation by low-power ps
pulses, can be significantly improved if the spectral bands generated by direct
degenerate FWM, broaden and merge with the main SC part [134]. This sig-
nificantly improves the efficiency of the SC generation, since the power in the
Stokes and anti-Stokes lines is no longer lost.

Improvement of the SC generation by enhancing the role of the parametric pro-
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cesses, such as direct degenerate FWM, relies on the possibility to fabricate
PCFs with a proper dispersion. It is theoretically predicted that by vary-
ing the hole size and pitch in a triangular silica-air PCF, an ultra flattened
dispersion is achievable [123, 124]. Flat dispersion profiles with slope within
0.017ps/(nm2 · km) have been obtained [136]. Recently, a new fiber structure
with a three-fold symmetry has been shown to enable unprecedented dispersion
control, while maintaining low loss and a high nonlinear coefficient [137].

In real optical fibers, different types of imperfections are present. Further ex-
ternal perturbations combined with the fiber imperfections, can lead to fluctua-
tions of the fiber parameters along the length of the fiber. Fluctuations in fiber
birefringence [139, 140], dispersion [141, 142, 143], and nonlinearity [144, 145]
has been investigated to understand their influence on different regimes of light
propagation. As parametric processes require phase matching, the effectiveness
of the FWM could be strongly influenced by random fluctuations of the disper-
sion. Indeed Coen et.al. in their PCF experiments with low-power picosecond
pump pulses at 647nm [119, 117] and nanosecond pump pulses at 532nm [132]
explains the absence of frequencies generated by direct degenerate FWM from
the pump, by the large frequency shift and the violation of the required phase-
matching condition due to fiber irregularities. However, it was recently shown,
that the proper dispersion design can avoid the destructive role on the SC gener-
ation of the dispersion fluctuations along the fiber [134]. Further, by varying the
core diameter of a cob-web PCF [138], dispersion profiles similar to those pre-
dicted to give the most efficient SC generation, was shown to be manufacturable
[134, 135].

4.2 Applications of the SC

Continuum light sources have applications in various fields as: laser spec-
troscopy, optical tomography, remote sensing, optical system characterization
and wavelength division multiplexing in telecommunications. Numerous inves-
tigations have been performed in order to optimize the properties of the SC to
meet the requirements for different applications (for an overview see [151]). In
this section some examples of applications of a SC light are given.

4.2.1 Pulse Compression

Ultrashort optical pulses find applications in optical communication, ultrafast
measurements, or high-intensity laser-matter interactions. In optical commu-
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nication ultrashort pulses offer a large potential bandwidth and in ultrafast
measurements they can offer the time-scale necessary to resolve the dynamical
process under study. For laser-matter interactions short pulses can be required
to obtain the desired peak power.

Most laser sources generating sub-picosecond pulses rely on the process of mode-
locking. Generation of shorter pulses as long as a single period, requires addi-
tional pulse compression techniques to be used. Though, different methods for
pulse compression have been proposed and developed, all of them rely on broad-
ening of the spectrum and simultaneously or separately synchronising the pulse
spectrum. The traditional method for pulse compression is based on the Kerr
nonlinearity in waveguides to produce spectral broadening by self-phase modula-
tion SPM and subsequent chirp compensation by anomalous dispersion carefully
designed linear optical elements such as prism pairs, chirped mirrors, or spatial
light modulators [155]. Pulses down to 5 fs were generated using single-mode
fibers [156] and 4.5 fs by hollow fibers filled with a noble gas [157]. However, as
only the pulse spectral components with linear chirp can be compensated by the
optical elements, the quality of the compressed pulse is limited due to higher
order dispersion in the grating and the optical fiber [155]. Numerous methods
for dynamic pulse compression have been proposed, where simultaneously the
spectra of the pulse broadens and the phases of the aquired chirp is compen-
sated. Such methods for pulse compression as higher-order soliton generation,
higher-order SRS or XPM induced pulse compression are promissing tools for
short-pulse extraction. Nevertheless, if the phase of a supercontinuum spectra
can be totally synchronized, this would allow extremely effective short pulse
formation in the whole spectral domain. It was theoretically shown that the
SC generation process can be optimized to allow an exact compensation of the
phase shift of the supercontinuum by a liquid-crystal spatial light modulator
[161].

4.2.2 Remote sensing

The light detection and ranging (LIDAR) technique is a routinely employed
tool for providing atmospheric pollution monitoring. The effectiveness of this
technique can be signifficantly increased if a continuum wavelength laser source
is used instead of a tunnable one [152]. In this case a wide range of pollutants
can be detected simmultaneously. Indeed it has recently been shown that a
supercontinuum based lidar technique can be used due to he ultrawide spectral
broadenning of intense laser pulses propagating in air [153, 154].
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4.2.3 Medical viewing

Optical coherence tomography (OCT) is a noninvasive optical imaging tech-
nology that allows in vivo and in situ three-dimensional cross-sectional visual-
ization of microstructural morphology in superficial regions of transparent and
nontransparent biological tissue [162].

Because OCT uses partially coherent light, the axial resolution of the image
is determined by the temporal coherence of the light source. In the case of
superluminescent diodes, the axial OCT resolution is typically limited to 10-
15 µm. When using broad-bandwidth light sources, the axial OCT resolution
can be enhanced. The diagnosing of many diseases, including cancer in its
early stages, higher resolution is necessary. New broad-bandwidth light sources,
like photonic crystal fibres, and new contrasting techniques, allow the axial
resolution to be improved to 0.5µm [163, 164].

4.2.4 Optical systems and telecommunications

Efficient characterization of the properties of an optical-fiber systems is an im-
portant issue in the contemporary telecommunications. SC allows the trans-
mission spectrum and dispersion of a fiber-optic components, to be determined
with only one single-shot measurement [109, 110]. In contrast, the use of tunable
lasers would require the whole bandwidth of the component to be scanned.

SC light is useful in data transmission systems. An efficient way to increase the
bandwidth in optical telecommunication is the dense wavelength-division multi-
plexing (DWDM) technique. Using DWDM, the amount of information transfer
can be significantly increased by the simultaneous transmission of multiple in-
dividual channels through an optical fiber [107]. Thus, several light sources are
needed for the generation of the different channels. Using SC, over 1000 DWDM
channels can be generated [108] by a single light source.

4.3 Modelling of the SC generation with pico-
second pulses

The model for supercontinuum generation with ps pulses in PCFs and tappered
fibers, has been used extensivelly and described by many authors, see [119,
117] and the references therein. Here, for the sake of completeness, it will be
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thoroughly explained.

The model used to describe the SC generation with picosecond light pulses is
based on the generalized nonlinear Schrödinger equation (GNSE) [149, 146]. By
definition in the process of SC generation the spectrum of the field is allowed
to cover the whole optical spectrum. Thus, the ”slowly varying amplitude” ap-
proximation that is valid for the describtion of nonlinear interaction between
optical waves when the spectrum is narrow arround the carrier frequency is not
used in the derivation of the GNSE. Further, when modelling pulse propagation
in optical fibers, the direction of propagation is assumed to be determined when
the refractive index along the propagation direction does not change significatly
over an optical wavelength. This means, that back reflecting waves and their
contribution to the nonlinearity can be neglected. In all cases of SC generation,
the major nonlinear contributions comes from the χ(3) nonlinear processes. Self-
focussing and plasma formation are the dominant nonlinear processes leading
to SC generation in bulk (solid, liquid or gaseous) nonlinear optical materi-
als. When the nonlinear media used for the SC generation is an optical fiber,
the power of the optical wave is usually below the threshold for self-focussing
(Ip << λ2

0/(πn2)) [150]. Thus diffraction and plasma formation terms are ne-
glected for the modelling of SC generation in optical fibers. Dispersion of the
nonlinearity χ(3)(ω) is possible to be due to delayed nonlinear response of the
medium n2(ω), or the frequency dependence of the effective area, Aeff (ω). Gen-
erally the nonlinear frequency dependence of the refractive index is due to the
delayed Raman response. The response time of the electronic contribution to
the nonlinearity is of the order of 1fs, so usually n(ω) = const is assumed. How-
ever, due to the stimulated Raman scattering, a delayed nonlinear response has
to be taken into account. When multimode operation is considered, Aeff (ω)
should also not be neglected. The frequency dependence of the loss α(ω) might
be important too.

SC with low-power ps and ns pulses has been reported only in highly nonlinear
PCFs and tapered fibers. Since the highly nonlinear PCFs are birefringent,
the equation describing SC generation in these fibers has to include x- and y-
polarization components of the field, while the dispersion and effective area are
assumed to be the same for the two principle axes [134]. Thus the equation for
the modelling the propagation of spectrally broad light, in nonlinear media [146,
149] has to be extended to two differential equations, for the two polarization
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axes [119, 134].
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Here the complex fields Aj = Aj(t, z) with j=1,2 are given by A1 = Ex and A2 =
Ey exp(iδβz), where Ex and Ey are the envelopes of the real linearly polarized x-
and y-components. The retarded time τ = t−z/v is in a reference frame moving
with the average group velocity v−1 = (v−1

x + v−1
y )/2, z is the propagation

coordinate along the fiber, µ is the fiber loss, δβ = βx−βy = ω0δn/c is the phase
mismatch due to birefringence δn = nx− ny, and ∆ = (v−1

x − v−1
y ) is the group

velocity mismatch between the two polarization axes. The propagation constant
β(ω) is expanded to 8th order around the pump frequency ωp with coefficients
βk keeping β2−7 the same for x- and y-linearly polarized components, γ is the
effective nonlinearity, fR is the fractional contribution of the Raman effect, and
finally ∗ denotes complex conjugation.

Eq. 4.1 accounts for self-phase-modulation (SPM), cross-phase-modulation
(XPM), four wave mixing (FWM), and stimulated Raman scattering (SRS). The
first row from the right hand side of Eq. 4.1, includes all the linear terms. The
next two lines contain only terms describing nonlinear effects. The derivative in
the second row that is over all the nonlinear terms, describes the self-steepening
effect. The integral term on the third row is for the description of the delayed
nonlinear response due to the SRS. The terms in the square brackets on the
last row, describe the SPM and the XPM and FWM between the two polarisa-
tion axes, from left to right respectively. Due to the broad band validity of the
model, FWM between frequences for the field of one polarisation are inherently
included, provided the nessessary phase matching is satisfied.

The exact description of the Raman effect in birefringent fibers, requires the
consideration of the orthogonal and parallel delayed nonlinear responses [147].
However, as is seen from Fig.1 in [147], and shown here as Fig.4.2, the orthog-
onal component of the Raman susceptibility hR is generally negligible in the
frequency ranges considered here, so we include only the parallel component.
In Fig. 4.2, the imaginary and the real parts of the orthogonal component and
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the parallel components of the Raman susceptibility as function of frequency
are shown with solid and dotted curves, crosses and dashed curve respectively.
Further the Raman susceptibility can be approximated by the expression [2]:
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Figure 4.2: Reproduced from [147] with permission from the Optical Society of
America. The solid curve and the dotted curve shows the imaginary and the real
parts of the orthogonal component of the Raman susceptibility as function of
frequency, respectively. The crosses and the dashed curve represent, the imagi-
nary and the real parts of the parallel component of the Raman susceptibility,
respectively.

hR(t) =
τ2
1 + τ2

2

τ1τ2
2

exp(−t/τ2) sin(t/τ1), (4.2)

where τ1=12.2fs and τ2=32fs. Furthermore, fR=0.18 is estimated from the
known numerical value of the peak Raman gain [2].

Expression 4.2 is shown to describe the Raman response of a silica-core fibers
very well, provided the values of the period τ1 and the decay rate τ2 are properly
chosen to match the phenomenologically determined Raman gain of these fibers
[148]. The period corresponds to the frequency of the peak of the Raman-gain
spectrum and the decay rate corresponds to the width of the gain spectrum.

As it was stated above, equation 4.1 is derived for the total field, thus, describ-
tion of parametric processes due to a third-order nonlinearity is automatically
included in it. Therefore, generation and amplification through parametric pro-
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cesses of all frequencies that are inside the spectral window of interest is pos-
sible, when the dispersion of the considered fiber allows the phase-matching
condition to be fulfiled. It was recently shown, that the direct degenerate
FWM process can have signifficant influence due to the generation of widely
separated spectral bands [134]. Thus, it is important to consider the phase
mismatch for direct degenerate FWM of two photons at the pump frequency:
∆β = βs + βas − 2βp + 2γIp [2]. Here, Ip is the peak power, and, βs,as and
βp are the propagation constants corresponding to the Stokes, anti-Stokes and
the pump frequencies. For the degenerate FWM, the Stokes and anti-Stokes
spectral components have frequency shifts with opposite signs, but equal value:
Ω = ωp − ωs = ωp − ωas. Thus, the expansions of βs,as around ωp, will cancel
their odd order coefficients, and the frequency dependance of the phase mis-
match will be:

∆β = 2

[
Ω2β2

2!
+ Ω4β4

4!
+ Ω6β6

6!
+ γ(1− fR)Ip

]
, (4.3)

where Ω = ωp − ωs = ωas − ωp. The gain g of the direct degenerate FWM
[117, 2] is:

g =
{

[(1− fR)γI ]2 − (∆β/2)2
}1/2

, (4.4)

where I is the power of the frequency component generating the degenerate
FWM spectra .

4.3.1 Numerical method for solving the GNSE

The GNSE Eq.4.1, is usually solved by a modification of the standard second
order split-step Fourier method. In this method the linear and nonlinear parts
are separately computed [2]. This can be better explained if Eq.4.1 is written
in a matrix form:

∂
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(
L̂+ ŜN̂

)
· ~A(ω; z), (4.5)

Here ~A is a two component complex vector describing the two polarizations of
the optical field. L̂ and N̂ are complex 2 × 2 matrixes for the linear and the
nonlinear operators respectively, with elements:
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The linear operator is actually represented by a constant matrix containing
explicitly the propagation coordinate z. Thus, if the split-step integration pro-
cedure starts with the linear operator, two constant matrixes will be need, one
for the full propagation step ∆z and one for the half. For this reason, starting
the integration with the nonlinear operator is preffered. The computation of the
linear operator is done in the frequency domain. This is very convenient as the
time derivatives in the frequency domain are replaced by a simple multiplica-
tion with frequency. The losses µ(ω) are also defined as a spectral charcteristic.
However, the calculation of the nonlinear operator is more complicated. It was

g
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iγχ
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Figure 4.3: Scheme for the numerical procedure for computing the nonlinear
term of the GNSE 4.1, if a single polarization mode is assumed.

previously shown [119, 146], that the numerical integration of the nonlinear part
can be done by a second-order Runge-Kutta method and applying the convo-
lution theorem, while the derivative in front the nonlinear term is treated as a
perturbation. However, in this case the conservation of the photon number is
already violated by 5% after approximately 60000 integration steps. Recently,
a better procedure for calculation of the nonlinear operator was proposed [134]
and presented in papers D and E. Fig. 4.3 illustrates this numerical procedure.
The rectangulars denote subroutines as the fourier transform (FT), the inverse
fourire transform (IFT) and the calculation of the Kerr nonlinearity χ(3) which
is simply the modulous of the optical field. The dots denote data used as an
input for several subroutines. x is a multiplication and + a sum of several out-
puts. Using this numerical procedure, the accuracy of the numerical integration
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was improved by calculating the nonlinear part by a fourth order Runge-Kutta
method and also applying the convolution theorem. The essential difference is
that the time derivative of the nonlinear part is exactly calculated by Fourier
transform back and forth. In this way, the reliable propagation distance at
which the photon number is conserved within the critical 5% is increased to
86000 integration steps.

However, the advantages gained from the use of equation for the total field do not
come for free. Higher resolution is required for the numerical modelling, as the
time step must be chosen to correctly sample the carrier wave, not the envelope.
To get the highest acceptable resolution, 217 points have been used [134] in a
time window of T = 236ps, giving the wavelength window (405 − 1613nm).
This guaranteed that all the frequency components expected to be generated
are in the simulation window. As was noted, the time derivative of the nonlinear
term is exactly calculated, thus, it is not nessessary to increase the resolution in
the propagation step, which can be kept the same as in [119, 134] ∆z = 43µm.
Consequently, the critical violation of the photon number up to 5% determines
the longest length of a PCF to be L = 3.7m, in a reliable simulation.

Laser sources generate pulses with some noise fluctuations of their amplitude
and phase. Thus the accurate modelling of the SC generation requires seeding
with a random noise of the initial condition. Previously a random phase noise
was seeded of one photon per mode [119, 134]. The exact investigation of the
influence of the noise on the SC characteristics requiers many simulation runs
for different initial random seeds of the phase noise. Then the average of the SC
at the output for the different noise seeds at the input, can be compared with
the average from many experimentally measured spectra.

4.4 SC generation with picosecond pulses

SC generation with picosecond [119] and nanosecond [132] pulses have been first
obtained using PCFs. In this regime, the SC generation was explained to be due
to initial Raman-induced energy transfer from the pump to higher-wavelengths
in the vicinity of zero-dispersion wavelength. This is followed by FWM cou-
pling of the higher-wavelengths with lower, resulting in a symmetricaly broad
continumm [119]. It was also shown experimentally [128] and theoretically [134],
that the direct degenerate FWM from the pump wavelentgh can lead to further
improving of the efficiency of the SC generation. In all these cases of SC genera-
tion due to the enhanced role of the parametric processes, special fibers as PCFs
and tapered fibers are needed, that have unique dispersion properties. However,
it was recently shown that ultrabroad SC generation is also possible in a con-



50 Supercontinuum generation

ventional longer dispersion shifted fiber[165] using nanosecond pulses from a
microchip laser. In this case the broad SC of arround 1100 nm is obtained in
a regime where direct degenerate FWM from the pump is not possible. Never-
theless, PCFs can still be attractive tools for SC generation, as their dispersion
and nonlinear properties can be engineered in a wide range.

In this section results of the simulation of SC generation with an input of 30-
ps pulses at 647 nm, and with peak power of 400 W are presented. These
simulations are carried out by using the GNSE 4.1. Six different dispersion
profiles d1-d6, previously considered in [134] are used to analyse the influence
of the direct degenerate FWM. Their dispersion coefficients from the Taylor
expansion around the pump wavelength are given in Table. 4.1 and the spectra
recieved from the simulation of GNSE 4.1 with the initial conditions mentioned
above and dispersion the profiles d1-d6 are presented in Fig. 4.4 for propagation
distances 20cm, 30cm, 1m, and 2m. The temporal evolution of the pulse in fibers
with the dispersion profiles d1-d6 are shown as grey colour plots in Fig. 4.5.
The initial spectral broadening around the pump observed for all the dispersion
profiles d1-d6 is accompanied with the generation of widely separated spectral
bands due to a direct degenerate FWM. The Stokes and anti-Stokes wavelengths
for the undepleted pump power are given in Table 4.1. It is apparent that
if the dispersion is properly engineered, the spectral bands around the FWM
Stokes and anti-Stokes lines can broaden enough to merge with the spectrum
around the pump wavelength. This clearly happens for dispersion case d3.
For the dispersion cases d1 and d2 formation of an ultrabroad SC does not
happen due to the large separation of the Stokes and anti-Stokes lines from
the pump wavelength d1, and or the weak spectral broadenning around them
d2. For d4 and d5 dispersion cases, single band spectrum do not form due to
pump depletion and change of the direct degenerate FWM gain spectrum along
the propagation of the fiber. As it was discussed in [134], additonal spectral
components are generated for dispersion case d6, that do not belong to the gain
spectrum of the direct degenerate from the pump FWM.

To get a better understanding of the dynamics of the process, it is nessessary
to consider the pulse evolution in the time domain. Due to dispersion, the
group velocity of light pulse is different for different frequencies. Thus light
with frequency ω, shifted from the pump frequency ωp by Ω, ω = ω + Ω, will
exibit time delay τ(ωp + Ω) from the light with the pump frequency, given by:

τ(ωp + Ω) =

[
1

vgp
+ β2Ω + β3

Ω2

2
+ β4

Ω3

6
+ β5

Ω4

24
+ β6

Ω5

120
+ β7

Ω6

720
+ ...

]
(4.8)

Here, the time delay τ(ωp + Ω) is in units of inverse velocity, i.e. time per unit
length, ωp is the pump frequency, vgp is the group velocity at the pump, β2..7 are
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Table 4.1: Dispersion coefficients β2 [ps2/km], β4 [10−5ps4/km] and
β6 [10−10ps6/km] for dispersion profiles d1-d6, with corresponding disper-
sion at the pump wavelength D(λp) [ps/(nm · km)], zero dispersion wave-
length λZD [nm] and Stokes λs [nm], anti-Stokes λas [nm] wavelengths and
the walk-off time field with Stokes ∆τs [ps] and anti-Stokes ∆τas [ps] wave-
lengths. Fixed coefficients: β3 = 5.1 × 10−2ps3/km, β5 = 1.2× 10−7ps5/km,
β7 = 1.2× 10−13ps7/km.

case β2 β4 β6 λZD D(λp) λs λas ∆τs ∆τas

d1 7.0 -4.9 -1.8 677 -31.6 1108 457 -58.52 -38.51
d2 14 -34.4 -0.04 697 -62.3 852 522 -12.27 -15.18
d3 1.0 -2.5 -3.3 652 -4.5 849 523 -14.52 -12.26
d4 -0.28 0.05 0.29 647 1.3 1083 461 -44.41 -45.1

822 534 -10.7 -10.4
d5 -1.01 2.14 -2.84 643 4.54 1096 459 -47.57 -45.84

911 562 -20.45 -21.0
735 578 -3.4 -3.0

d6 -1.3 -2.6 58.8 641 5.9 803 628 -7.3 -10.0
713 593 -2.2 -1.5

the coeffcients in the Taylor expansion of the dispersion, and Ω is the frequency
shift from the pump. Concider the time delay of the Stokes and anti-Stokes
frequensies:

∆τs = τ(ωp)− τ(ωp − Ω) =[
β2Ω− β3

Ω2

2
+ β4

Ω3

6
− β5

Ω4

24
+ β6

Ω5

120
− β7

Ω6

720
+ ...

]
(4.9)

∆τas = τ(ωp)− τ(ωp + Ω) =[
β2Ω + β3

Ω2

2
+ β4

Ω3

6
+ β5

Ω4

24
+ β6

Ω5

120
+ β7

Ω6

720
+ ...

]
. (4.10)

Here, ∆τs and ∆τas are the walk-off times of the Stokes and the anti-Stokes
spectral components of the direct degenerate FWM. As it is seen from Table
4.1, these wavelengths might be too far from the pump wavelength, and the
zero-dispersion wavelenth of the fiber. Hence, the group velocities vgs and vgas
and thus propagation times τs and τas of the light at the Stokes and anti-Stokes
wavelengths will be considerablly different from these for the pump wavelength
vgp and τgp. The values of the walk-off times for the Stokes ∆τs and anti-Sokes
∆τas lines from the pump calculated from equation 4.10 are given in Table 4.1.
In Fig. 4.5, the pulse temporal evolution for the six d1-d6 dispersion profiles

is shown as gray-colour plots. Regions with high intensity are shown in white.
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Figure 4.4: Spectrum for dispersion cases d1-d6 at L=20cm, 30cm, 1m, and 2m
(down to up).

The time axis is in a reference frame moving with the group velocity of the
pump. For the initial propagation distances z, in all plots the main part of the
pulse does not move in the τ coordinate. However, as it is clearly seen, for
longer propagation distances 4.5, for dispersion cases d1, d4 and d5, significant
portion of the radiation leaves the pulse. This is seen as bunches of white
stripes, propagating with nonzero transverse time - propagation length velocity,
thus going out the pulse at some angle to the propagation direction z, towards
the positive walk off time. The values of the walk-off times of the Stokes and
anti-Stokes direct degenerate FWM spectral components from the pump given
in Table 4.1, quite well agree with the observed spliting angles seen in Fig. 4.5.
Realy, for dispersion case d4, the weaker pulse, splitting after z=0.5m from the
pump pulse is exactly at 45ps away from the pump at z=1m. For the other
dispersion cases, when there is some pulse splitting observed, it is also quite
well explained by the walk-off of the Stokes and anti-Stokes direct degenerate
FWM spectral components.
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Figure 4.5: Pulse temporal evolution. Regions with high intensity are in white.
Top row: from left to right dispersion cases d1-d3. Bottom row: from left to
right dispersion cases d4-d6.
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Chapter 5

Conclusion and further
investigations

5.1 Nonlinear nonlocal optics.

In this work, nonlocal nonlinear optical meadium has been investigated. A well
known fact for dark solitons and out of phase bright solitons in Kerr media is
that they cannot form a bound state. Numerous theoretical and experimental
investigations have proved, that their interaction is repelling. In this work,
using the analogy between a quadratic nonlinear medium and cubic nonlocal
nonlinear optical medium, it is demonstrated that bound states of stationary
dark solitons are shown to exist. Further, numerical simulations show, that
these bound states of dark solitons are stable in propagation. This is explained
by the waveguiding concept. When the nonlocality of the nonlinearity is strong
enough, the refractive index change of two nearby dark solitons forms a common
waveguide in which the single solitons can transfrom to a higher order waveguide
mode.

The studies of dark solitons in nonlocal nonlinear media are far from beeing
completed. Further, the concept of the escape angle, which is the critical angle
of propagation of two single dark solitons above which they cannot form a
bound state, can be studied theoretically both through numerical calculations
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and approximate analytical methods. The possibility to find exact single dark
soliton solutions and their bound states for different nonlocal response functions
also needs further investigations. Hence, the possibility of formation of stable
dark solitons and bound states of them in nonlocal nonlinear media may be
expected to be independent on the specific form of the response function.

The experimental study of nonlocal nonlinear effects and particularly the for-
mation of stable bound states of dark soliton solutions will be possible with
present day material and technology and it would be of great interest to ver-
ify the results. One of the most suitable medium is solutions of light absorbing
dyes in transparent viscosic liquids. This type of optical materials are extremely
suitable media for studying the nonlocal nonlinear effects, as by properly chos-
ing the materials and their concentration, the degree of nonlocality and the
nonlinearity can be adjusted over a wide range.

5.2 Supercontinuum generation.

The basic mechanisms and regimes of the process of SC generation have been
reviewed. The model describing SC generation with pico-second pulses in cubic
nonlinear optical media has been thouroughly described. Further, it is shown
that the proper structure design of PCFs allows to achieve fiber dispersions most
suitable for enhancing various parametric process. Thus, signifficant improve-
ment in the process of SC generation is possible. This includes the possibility
to generate ultrabroad SC by ps pulses, that is stable to strong fluctuations of
the PCF’s parameter due to irregularities. The temporal walk off of different
spectral components is shown to be important. This should be additionally
investigated to further optimize the efficiency of the SC generation. The con-
struction of PCFs is fastly developing and with numerous applications in linear
and nonlinear optics, new modifications as polymer PCFs and new fiber struc-
tures can be considered as a potential tool for a further improvement of the SC
generation.
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acronyms

DWDWM Dense Wavelength-Division Multiplexing

FW Fundamental Wave

FWHM Full Width Half Maximum

FWM Four Wave Mixing

FT Fourier Transform

GNSE Generalised Nonlinear Schröedinger Equation

IFT Inverse Fourier Transform

MI Modulational Instability

NSE Nonlinear Schröedinger Equation

PCF Photonic Crystal Fiber

SC Supercontinuum
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SH Second Harmonic

SPM Self Phase Modulation

XPM Cross Phase Modulation
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Quadratic solitons as nonlocal
solitons

Nikola I. Nikolov, Dragomir Neshev, Ole Bang, and Wieslaw Królikowski,
Quadratic solitons as nonlocal solitons, Physical Review E, Volume 68, 036614
(September 2003).
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Appendix C

Attraction of nonlocal dark
optical solitons

Nikola I. Nikolov, Dragomir Neshev, Wieslaw Królikowski, Ole Bang, Jens Juul
Rasmussen, and Peter Leth Christiansen, Attraction of nonlocal dark optical
solitons, Optics Letters, Volume 29, 286 (February 2004).
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Appendix D

Modelling of SC Generation
in highly nonlinear silica PCFs

Nikola I. Nikolov, Thorkild Sørensen, Ole Bang, Anders Bjarklev, and Jens
Juul Rasmussen, Modelling of Supercontinuum Generation in highly nonlinear
silica Photonic Crystal Fibers: Science and Applications” to be published in
the series ”Optical and Fiber Communications Reports”, Ed. Anders Bjarklev
(Springer-Verlag New York).
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Nikola I. Nikolov, Thorkild Sørensen, Ole Bang, and Anders Bjarklev, Improv-
ing efficiency of supercontinuum generation in photonic crystal fibers by direct
degenerate four-wave mixing, Journal of the Optical Society of America B Vol-
ume 20, 2329 (2003).
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