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Abstract

In this work we present runtime analyses of randomized search heuris-
tics (RSH) in various settings that are determined by parameters of the
problems, the algorithms and also exogenous parameters like noise. In the
process we provide new techniques for the theoretical analysis of RSH as
well as new optimization algorithms. We consider the following topics.

Escaping local optima using local search. We analyze memetic algo-
rithms, i. e. evolutionary algorithms equipped with a local search after
mutation. To this end we consider the (1+1) EA equipped with Standard
Local Search (SLS) and Variable-Depth Search (VDS) on an artificial test
function. We determine features of the fitness landscape that lead to the
(1+1) EA using SLS outperforming the (1+1) EA using VDS with an expo-
nential performance gap. Moreover, we present a new local search operator,
Opportunistic Local Search (OLS), that can deal with such features in the
landscape and show that the (1+1) EA with OLS can efficiently optimize a
discretized Rastrigin function.

Stochastic fitness functions. We analyze the role of populations in
stochastic optimization. We assume that the objective function is subject
to noise, introducing stochastic errors in its evaluation. On classical test
functions, such noise makes optimization by the simple (1+1) EA hill-
climber infeasible even in exponential time. Interestingly, the use of parent
and offspring populations of only logarithmic size turns the algorithm into
an efficient one. The results are obtained by drift analysis.

An asymptotic expansion of the expected runtime of the (1+λ) EA on

ONEMAX. We consider the (1+λ) EA with mutation probability c/n, where
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viii ABSTRACT

c > 0 is a constant on ONEMAX. We give an asymptotic expansion for the
expected runtime depending on both c and λ. Our results show that c = 1 is
the optimal mutation rate for λ = o(logn log logn/log log logn) and that
c only has an impact on the lower-order terms of the expected runtime, i. e.
c = 1 is no longer the only optimal mutation rate. Our methods are strongly
based on variable drift theorems for upper and lower bounds and a precise
analysis of order statistics of the binomial distribution. To the best of our
knowledge this is the first tight runtime analysis of a population-based EA,
up to lower-order terms. Furthermore, we develop helpful stochastic tools
for runtime analyses.

Optimal mutation rates for the (1+λ) EA on ONEMAX. We consider
the (1+λ) EA with mutation probability c/n on ONEMAX, where c > 0
and λ are constant. We present an improved variable drift theorem that
weakens the requirement that no large steps towards the optimum may
occur in the process to a stochastic one, reducing the analysis of the ex-
pected optimization time to finding an exact expression for the drift. We
formalize an exact closed-form expression for the drift and provide small
error approximations that are very efficient to compute.

Self-adjusting mutation rates for the (1+λ) EA on ONEMAX. We pro-
pose a new mechanism to self-adjust the mutation rate in population-based
evolutionary algorithms. It consists of creating half the offspring with
a higher and the rest with a lower mutation rate. The mutation rate is
then adjusted, based on the success of the subpopulations. We show that
the (1+λ) EA optimizes ONEMAX in an expected optimization time of
O(nλ/log λ+n logn) which has been shown to be best-possible among all
λ-parallel mutation-based unbiased black-box algorithms.



Danish Abstract

I denne afhandling præsenterer vi køretidsanalyser af randomiserede søge-
heuristikker (RSH) i forskellige miljøer, de bestemmes af parametrerne
for problemerne, algoritmerne og også af eksogene parametre som støj. I
processen giver vi nye teknikker til den teoretiske analyse af RSH samt nye
optimeringsalgoritmer. Vi betrager følgende emner.

Undkomme lokale optima ved hjælp af lokal søgning. Vi analyserer
memetiske algoritmer, d. v. s. evolutionære algoritmer udstyret med en
lokal søgning efter mutation. Til dette formål betragter vi (1+1) EA’en
udstyret med Standard Local Search (SLS) og Variable-Depth Search (VDS)
på en kunstig testfunktion. Vi bestemmer egenskaber i fitness landskabet
det fører til at (1+1) EA med SLS besejrer (1+1) EA med VDS med et
eksponentielt afstand med hensyn til køretiden. Desuden præsenterer vi en
ny lokal søgeoperator, Opportunistic Local Search (OLS), der kan håndtere
sådanne egenskaber af landskabet og vise at (1+1) EA’en med OLS kan
effektivt optimere en diskretiseret Rastrigin-funktion.

Stokastiske fitnessfunktioner. Vi analyserer populationernes rolle i
stokastisk optimering. Vi antager, at målfunktionen er underlagt støj, hvil-
ket indfører stokastiske fejl i sin evaluering. På klassiske testfunktioner,
sådan støj gør optimering af den enkle (1+1) EA bjergklipper uigennemfør-
lig, selv i eksponentiel tid. Interessant nok vender anvendelsen af forældre-
og afkomspopulationer med kun logaritmisk størrelse algoritmen til en
effektiv RSH. Resultaterne opnås ved driftanalyse.

En asymptotisk ekspansion af den forventede køretid for (1+λ) EA’en

på ONEMAX. Vi betragter (1+λ) EA’en med mutationssandsynlighed c/n,

ix
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hvor c > 0 er en konstant, på ONEMAX. Vi giver en asymptotisk ekspansion
for den forventede køretid, afhængigt af c og λ. Vores resultater viser, at
c = 1 er den optimale mutationsrate for λ = o(logn log logn/log log logn)

og at c har kun indflydelse på termerne af lavere størrelsesorden for den for-
ventede køretid, d. v. s. c = 1 er ikke længere den eneste optimale mutation-
srate. Vores metoder er stærkt baseret på variable drift sætninger for øvre
og nedre grænser og en præcis analyse af ordrestatistiker for binomiske
fordelinger. Så vidt vi ved, er dette den første stramme køretidsanalyse af en
populationsbaseret EA. Desuden udvikler vi nyttige stokastiske værktøjer
til køretidsanalyser.

Optimale mutationsrater for (1+λ) EA’en på ONEMAX. Vi betragter
(1+λ) EA’en med mutationssandsynlighed c/n på ONEMAX, hvor c > 0
og λ er konstant. Vi præsenterer en forbedret variable drift sætning, det
svækker kravet om, at der ikke sker store skridt i retning af det optimum i
processen, til en stokastisk. Derved reduceres analysen af den forventede
optimeringstid til at finde et eksakt udtryk for driften. Vi formaliserer et
nøjagtigt lukket udtryk for driften og giver små fejl tilnærmelser der er
meget effektive at beregne.

Selvjusterende mutationsrater for (1+λ) EA’en på ONEMAX. Vi fore-
slår en ny mekanisme til selvjustering af mutationsraten i populations-
baserede evolutionære algoritmer. Det består i at skabe halvdelen af afkom
med en højere og resten med en lavere mutationsrate. Mutationsraten jus-
teres derefter, baseret på delpopulations succes. Vi beviser at (1+λ) EA’en
optimerer ONEMAX i en forventet optimeringstid i O(nλ/log λ+n logn)

som er kendt at være bedst muligt blandt alle λ-parallel mutationsbaserede,
upartiske black-box-algoritmer.
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Chapter 1

Introduction

Optimization problems are ubiquitous and arise in most science and en-
gineering disciplines with direct applications in industry and society, for
example economics and finance, civil engineering, production and plan-
ning.

Given some optimization problem, the goal is to optimize, i. e. minimize
or maximize a specific characteristic of a process such as elapsed time or
cost, by an appropriate choice of parameters which can be controlled, and
under a set of constraints, linked for example to physical limits.

A traditional approach to optimization is to model the characteristic
of interest mathematically as a real function in order to optimize it. Some-
times, such models can be investigated directly by means of analyzing
the function, for example by using derivatives such that the optima can
be immediately determined. A vast body of literature from mathematical
optimization disciplines like variational calculus and optimal control has
been established that deals with such problems. These methods are very
powerful if the objective function is known and if it is continuous. Mathe-
matical optimization also deals with non-continuous, i. e. discrete problems:
powerful methods like integer programming and numerous algorithmic
approaches from combinatorial optimization have been established to solve
discrete optimization problems.

1



2 CHAPTER 1. INTRODUCTION

In both cases, full knowledge of the problem at hand is required, i. e. it
is possible to determine and analyze the objective function and its structure
directly or to come up with a tailored algorithm.

However, practitioners are faced with several problems when dealing
with real world problems. Real world problems are often not very well
understood because problem-specific knowledge is lacking. Then, the objec-
tive function appears as a black box and we speak of black box optimization.
More precisely, the analytical representation of the objective function is
unavailable, but it can be evaluated. Such kind of functions frequently
occur if the evaluation requires possibly time-consuming and expensive
simulations or experimentation, for example in chemical reactions, physi-
cal experiments where the problem is too complex to model, or simply if
the function is part of a legacy software library which is unknown. Even
if problem-specific knowledge is available, practitioners might not have
sufficient resources like time and money in order to develop a tailored
optimization algorithm. In this situation the aforementioned approaches
are either not applicable, impractical or too expensive.

Randomized search heuristics are methods that can deal with opti-
mization problems when resources like time, money and problem-specific
knowledge are insufficient. In general, randomized search heuristics are
randomized optimization methods that trade such requirements for guaran-
teed optimality. Due to their stochastic nature, randomized search heuristics
are generally not guaranteed to always find global optima with certainty
within finite time. However, in practice it is often more desirable to have a
stochastic approximation of a global optimum of high quality for a problem
than a deterministic low-quality solution. Examples for randomized search
heuristics include simulated annealing, ant colony optimizers, artificial
immune systems and evolutionary algorithms (EAs). One of the biggest
advantages of randomized search heuristics is that they are not tailored
for specific problems. As general purpose algorithms they can be easily
applied for optimizing structurally very different problems. Since little to
no prior knowledge of the problem is required they are very attractive for
practitioners. Furthermore, randomized search heuristics have been shown
to be surprisingly effective and are successfully applied to a wide variety
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of problems with only little effort of implementation. In particular, EAs are
very popular in settings with uncertainties, for example due to the objective
function being subject to noise.

However, in contrast to problem-specific algorithms that have a long
history of mathematically rigorous analyses in the literature it is often not
very well understood why, how and when randomized search heuristics
are successful. Experimental work can help by giving an intuitive under-
standing but the nature of the optimization process cannot unfold in its
entirety. One reason for the lack of a similarly deep understanding is that
randomized search heuristics do not follow a specific idea of solving the
problem like it is usually implemented in problem-specific methods. In the
same way as the analysis of problem-specific methods helps to understand
how the optimization process works, it is desirable to be able to do so with
randomized search heuristics.

1.1 Parametrization

The whole optimization process can be influenced by parameters on dif-
ferent levels, namely the problem itself, the algorithm and by exogenous
parameters, for example noise, see Figure 1.1 for an overview.

ProblemAlgorithm

Population size

Mutation rate

Stochastic noise models

Number of optima

Landscape topology

Figure 1.1: Illustration of the three different realms of parametrization in
our optimization model including possible parameters
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1.1.1 Problem parameters

First, the problem itself may be characterized by various parameters, thus
describing a family or a class of problems. These parameters can character-
ize certain features of the search space topology, e. g. its ruggedness or the
number of local optima. In this case, the goal may be to analyze for which
problem parameter settings a specific randomized search heuristic can effi-
ciently optimize the problem. Such information is crucial for practitioners
to choose an appropriate method for the problem at hand.

1.1.2 Algorithmic parameters

Almost every optimization algorithm is inherently determined by various
parameters. Optimization algorithms may for example contain mechanisms
that, depending on certain parameters, influence the way the algorithms
work. One possible goal is to determine choices for these parameters that
allow the algorithm to find an optimal solution efficiently. It is often com-
mon practice to perform the parameter tuning experimentally by a trial
and error stage, i. e. practitioners iteratively perform experiments with a
certain set of parameters, evaluate the results and alter the parameters
until the results are satisfying. While this method can be sufficient in some
situations, there are several problems with this approach. Unless the set
of all possible parameters is finite and sufficiently small, good parameters
may not be found by testing a finite number of parameter settings. Even
very small changes in the parameter space may lead to drastic changes
in the performance. Moreover, interactions between parameters are very
hard to comprehend experimentally; the interplay between parameters
may be misunderstood and the iterative search for better parameters can
be deceived since human intuition can be misleading. Furthermore, even if
good parameter settings are found using this approach, they may not hold
for problem instances outside the experimental setting.



1.2. OVERVIEW AND OUTLINE 5

1.1.3 Exogenous parameters

Parameters that are independent of the algorithm and the problem, but
can influence the optimization process are called exogenous. For example,
noise is a common problem in real-world problems that can arise from
measurement inaccuracies, faulty systems or compromised communication
channels. Often, such noise can be statistically estimated and mathemati-
cally modelled, thus introducing parameters that can be theoretically ana-
lyzed. Typical questions are for example how much noise can be introduced
such that a specific randomized search heuristic is still able to efficiently
optimize the problem at hand.

In this work, we will cover selected topic from each of the above-
mentioned parameter realms.

1.2 Overview and Outline

This dissertation consists of the following papers, all of which have been
written, published or submitted for publication during my PhD studies
from 2012-2017. Each of these works is attached to Appendix A.

[1] Christian Gießen. “Hybridizing Evolutionary Algorithms with Op-
portunistic Local Search”. In: Proceedings of the Genetic and Evolutionary
Computation Conference, GECCO 2013, Amsterdam, The Netherlands, July
6-10, 2013. ACM, 2013, pp. 797–804. With permission of Springer.

This research has been conducted and published while the author
was affiliated with Christian-Albrechts-Universität zu Kiel. Parts of
this research appeared in preliminary form in the author’s diploma
thesis.

[2] Christian Gießen and Timo Kötzing. “Robustness of Populations in
Stochastic Environments”. In: Algorithmica 75.3 (2016), pp. 462–489.
With permission of Springer.

This work started when the first author was still affiliated with Chris-
tian-Albrechts-Universität zu Kiel. An extended abstract of this work
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appeared in the Proceedings of the Genetic and Evolutionary Com-
putation Conference (2014) [7].

[3] Christian Gießen and Carsten Witt. “The Interplay of Population
Size and Mutation Probability in the (1 + λ) EA on OneMax”. In:
Algorithmica 78.2 (2017), pp. 587–609. With permission of Springer.

An extended abstract of this work appeared in the Proceedings of the
Genetic and Evolutionary Computation Conference (2015) [6].

[4] Christian Gießen and Carsten Witt. “Optimal Mutation Rates for the
(1 + λ) EA on OneMax Through Asymptotically Tight Drift Analysis”.
In: Algorithmica (Aug. 2017). With permission of Springer.

An extended abstract of this work appeared in the Proceedings of the
Genetic and Evolutionary Computation Conference (2016) [8].

[5] Benjamin Doerr et al. “The (1+λ) Evolutionary Algorithm with Self-
Adjusting Mutation Rate”. In: CoRR abs/1704.02191 (2017)

This work is under submission for publication. An extended abstract
of this work appeared in the Proceedings of the Genetic and Evolu-
tionary Computation Conference (2017) [9].

The dissertation is structured as follows. We will first introduce the
fundamental concepts of randomized search heuristics and the algorithms
that underlie all of the above-listed works. We will then proceed to give a
synopsis of each paper that summarizes our contributions, techniques and
ideas and establish a broader context.



Chapter 2

Preliminaries

In this thesis we analyze the optimization of real functions on the binary
hypercube, i. e. f : {0, 1}n → R, also called pseudo-Boolean functions. The
elements of the hypercube are commonly denoted as bitstrings of length
n or simply search points. Furthermore, we are investigating evolutionary
algorithms (EAs). Evolutionary algorithms are randomized search heuristics
that are inspired by the natural evolution process, iterating a reproduction
and a selection step with the goal of improving the solutions in the process.
Based on this concept of evolution, we will also refer to the objective
function as fitness function and to bitstrings as individuals.

The (µ+λ) EA for the maximization of f, defined in Algorithm 1, is
a simple formalization of these concepts: the algorithm maintains a set
of µ individuals, called parent population. From the parent population, λ
new individuals are created by selecting them from the parent population,
chosen independently and uniformly at random, and applying a mutation
operator to them. The set of λ new individuals is called offspring population.
The parent population is then replaced by µ best individuals with respect to
f from the µ+ λ individuals from the parent and the offspring population.
Ties in the selection of fitter individuals are broken so that individuals from
the offspring population are preferred; further ties are broken uniformly at
random. One execution of both mutation and selection is called a generation.

7
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Note that Algorithm 1 is stated for the maximization of some fitness func-
tion f. This is arbitrary and can be formalized for minimization as well. A
common mutation operator is Standard Bit Mutation with mutation probability
pm. If applied to some bitstring x, every bit of x is flipped independently
with probability pm.

Algorithm 1: (µ+λ) EA for the maximization of f

1 Let P be a set of µ uniformly chosen bit strings;
2 repeat

3 O← ∅;
4 for i = 1 to λ do

5 pick x uniformly at random from P;
6 O← O∪ {mutate(x)};

7 for x ∈ P ∪O do evaluate f(x);
8 P← µ f-maximal elements from P ∪O;

9 until forever;

The (µ+λ) EA as stated in Algorithm 1 is a theoretical algorithm because
it contains no stopping criterion. In practical applications such a criterion
can be easily implemented, for example by stopping after a certain number
of generations. We are mainly interested in determining the first time until
a global optimum has been found for the first time. Note that due to the
random nature of the algorithm this time is a random variable. As perfor-
mance measure, we often use the number of fitness evaluations needed
until a global optimum is found for the first time and denote it as runtime
or optimization time. This makes sense because it is generally assumed that
the evaluation of the fitness function is expensive, both computationally or,
in practical situations, possibly financially. Another performance measure
is the number of generations needed to find a global optimum for the first
time. For the (µ+λ) EA, these two measures differ by a factor of µ+ λ and
are therefore closely related. As with classical algorithms, the runtime is
usually stated in asymptotic notation with respect to the input size, i. e. n.
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We say that an algorithm is efficient if its (expected) runtime can be upper
bounded by a polynomial in n.

The (µ+λ) EA with Standard Bit Mutation with mutation probability
pm is parametrized by three parameters, namely the parent population
size µ, the offspring population size λ and the mutation probability pm. In
general, it is unclear how to set these parameters in advance for a given
problem. In this work, we consider special cases of the (µ+λ) EA, more
precisely the (1+1) EA, the (1+λ) EA, the (µ+1) EA and variants of these
algorithms and analyze the impact of their parametrization on the runtime
in various situations.





Chapter 3

Contributions

In this section we will introduce the problems and results of this thesis. The
corresponding papers can be found in Appendix A.

3.1 Hybridizing Evolutionary Algorithms with

Opportunistic Local Search [1]

Local optima are a major obstacle in optimization in general. Simple hill-
climbing strategies can fail at finding global optima due to their inability of
overcoming a local optimum once it has been found. Randomized search
heuristics like Simulated Annealing are designed to escape local optima by
accepting inferior solutions during the search. Evolutionary algorithms like
the (1+1) EA usually dismiss inferior solutions by using an elitist selection
(see Section 2). One way to employ a similar mechanism is to perform a
local search after the mutation step that is tailored to escape local optima;
these hybridizations of evolutionary algorithms with local search are called
memetic algorithms.

One of the first rigorous runtime analysis on memetic algorithms has
been performed by Sudholt [10], where it was shown that memetic algo-
rithms can outperform plain evolutionary algorithms. More precisely, it
was shown that the (1+1) EA, hybridized with Variable-Depth Search (VDS),

11
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also known as Lin-Kernighan for the Travelling Salesman Problem [11] can
effectively escape local optima. It is shown that the (1+1) EA equipped
with Variable-Depth Search outperforms Simulated Annealing, the plain
(1+1) EA and the (1+1) EA hybridized with a first improvement hill-climber
named Standard Local Search on deceptive instances of combinatorial opti-
mization problems. Moreover, it was shown that the performance gaps are
exponential.

We show that the (1+1) EA hybridized with Variable-Depth Search
can be outperformed by the (1+1) EA hybridized with Standard Local
Search. To this end we construct an artificial pseudo-Boolean function
called GTRAP (Greedy Trap). This function is multimodal, containing one
global optimum and a cluster of local optima, i. e. a set of local optima, all
of which have Hamming distance 2 to each other. GTRAP can be tuned by
two parameters that determine important features of the fitness landscape.
One of the parameters determines the steepness of two opposing slopes,
one of which leads to the global optimum and the other leads to the local
optimum cluster. The second parameter determines the size of the cluster,
i. e. the number of local optima that are not globally optimal.

We show that if GTRAP is parameterized such that the size of the local
optima cluster is polynomial and the slope leading to the cluster is steeper
than the slope leading to the global optimum, the (1+1) EA equipped with
VDS needs exponential time with overwhelming probability to find the
global optimum. This is because after initialization the algorithm is led to
the local optimum cluster due to the greedy behaviour of VDS and is unable
to escape it because it cycles around the cluster. Moreover, we show that
the (1+1) EA equipped with the first-improvement, i. e. non-greedy local
search operator Standard Local Search is able to cope with both of these
features in the fitness landscape and find the global optimum in expected
polynomial time.

Using the analysis of the features that lead to VDS failing to optimize
GTRAP, we derive a new local search operator, Opportunistic Local Search
(OLS). Opportunistic Local Search is a non-greedy hill-climber that switches
its search direction each time a local optimum has been found, thus avoid-
ing cycles in regions that contain local optima clusters. We present a dis-
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cretization of the famous Rastrigin function [12] by encoding it to binary
hypercubes. The fitness landscape of this function naturally contains multi-
ple local optima clusters. We show that the (1+1) EA equipped with OLS
can optimize the Rastrigin function in expected polynomial time.

This work contributes to the work on memetic algorithms by deter-
mining features of the fitness landscape, i. e. problem parameters, that can
provably prevent strategies that are known to be effective from overcoming
local optima, namely local optima clusters and regions of the search space
that lead to a deterministic behaviour of greedy local search operators.
Furthermore, a new local search operator, Opportunistic Local Search, is
proposed that can effectively deal with local optima clusters.

Related Work

Wei and Dinneen [13] have picked up this line of research on memetic
algorithms. They consider the (1+1) Restart Memetic Algorithm using
a first-improvement and a best-improvement local search operator. They
present two families of Clique-instances such that the (1+1) Restart Memetic
Algorithm using best-improvement outperforms the (1+1) Restart Memetic
Algorithm using first-improvement and vice versa with an exponential
performance gap and argue that it is beneficial to use multiple local search
operators instead of one. Oliveto et al. [14] investigate the problem of escap-
ing local optima using a different approach. They consider the problem of
crossing fitness valleys by comparing the (1+1) EA, Strong Selection Weak
Mutation (SSWM) and the Metropolis Algorithm depending on several
parameters of the underlying valley structure. They are able to determine
parameter settings such that all algorithms are able to efficiently optimize
the valley functions. Moreover, they show that both the Metropolis Al-
gorithm and SSWM can efficiently optimize a test function consisting of
consecutive valleys, similar to the discretized Rastrigin function. Recently,
Nallaperuma et al. [15] extended this work by comparing the Metropolis
Algorithm with SSWM, further investigating the subtle differences between
the policies of accepting and rejecting improvements.
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3.2 Robustness of Populations in Stochastic Environ-

ments [2]

We consider the performance of evolutionary algorithms where the fitness
function is stochastic, i. e. the fitness value of each search point follows
a random distribution which is fixed and does not change over time. A
common approach to deal with such uncertainties is to estimate the true
fitness value of a search point by resampling, i. e. reevaluation of the search
point. However, we are interested in how much noise can be overcome by
evolutionary algorithms without modifications such that a problem can
still be optimized efficiently.

For this purpose, we consider noisy versions of the static test functions
ONEMAX and LEADINGONES. We introduce two general noise models,
namely prior noise and posterior noise. In the typical black box model the
algorithm requests the fitness value of some input search point x and gets
the output y = f(x) from the black box f. In the prior noise model we
assume that noise is applied to x which results in a noisy version x̃ of x
and the algorithm receives the static fitness of the noisy search point f(x̃).
Applying a random bit flip with probability p before evaluation, as it has
been introduced by Droste [16], is an example for prior noise, called prior
bit-flip noise model. In the posterior noise model we assume that f evaluates
the fitness of x in a static fashion as y = f(x). However, we assume that
noise is applied to y, such that the algorithm receives the noisy version ỹ.
Additive noise, for example from a normal distribution is included in this
model.

We consider the (1+1) EA, the (µ+1) EA and the (1+λ) EA on both
ONEMAX and LEADINGONES subject to a number of different noise mod-
els. Regarding the latter test function, our work presents the first rigorous
analysis in a noisy setting.

For the (1+1) EA on ONEMAX we give theorems that yield upper and
lower bounds on the expected runtime, depending only on the probability
of performing the selection step without any errors, i. e. independent of
any particular noise model. These theorems are strongly based on drift



3.2. ROBUSTNESS OF POPULATIONS 15

analysis. Using these theorems we derive a number of runtime bounds
for various noise models, reproving and generalizing the results by Droste
[16] in the process. Furthermore, we show that both parent and offspring
populations can make an EA much more robust towards noise. For exam-
ple, linearly sized parent populations are sufficient to efficiently optimize
ONEMAX for arbitrary values of p in the prior bit-flip noise model, whereas
logarithmically sized parent populations allow for constant values of p.

For LEADINGONES the situation changes because noise can be ex-
tremely disruptive to the fitness values. We can show that the (1+1) EA
can successfully optimize LEADINGONES in the presence of small noise.
However, we can again show that even logarithmic populations can be
helpful.

Related work

This line of research has become very popular and a number of theoretical
analyses on noisy optimization have been performed. Friedrich et al. [17]
further investigate the features of posterior noise distributions that lead
to the (µ+1) EA being unable to deal with large posterior noise. Friedrich
et al. [18] compare the (µ+1) EA with Ant Colony Optimization (ACO)
algorithms and show that for small posterior additive noise levels the
(µ+1) EA outperforms any ACO algorithm while the (µ+1) EA fails for
large noise levels, even for high values of µ. A similar result has been
shown for the compact genetic algorithm (cGA) [19].

Resampling is another classical explicit technique to handle noise that
comes at the cost of additional resampling steps. Friedrich et al. [18] inves-
tigate the trade-off of using resampling in ACO to the additional runtime
in comparison to the inherent noise-handling capabilities of ACO. Resam-
pling is also investigated by Qian et al. [20] who consider the (1+1) EA
on ONEMAX and show that resampling can reduce the runtime from ex-
ponential to polynomial for high noise levels. Recently, the one-bit prior
noise model has been extended to performing a standard bit mutation with
mutation rate p before evaluation [21] and the authors determine the ranges



16 CHAPTER 3. CONTRIBUTIONS

of p that lead to a successful optimization of the (1+1) EA on ONEMAX and
LEADINGONES.

Dang and Lehre [22] consider non-elitist EAs on pseudo-Boolean func-
tions with an additive noise term. They show that ONEMAX, as well as
LEADINGONES can be efficiently optimized, even for noise levels that grow
in the problem size. Instead of drift theorems they rely on the level-based
method [23], a sophisticated tool to derive bounds on the runtime of non-
elitist populations.

Open problems

Our results on the (1+1) EA in stochastic environments are very precise.
However, regarding populations our findings are just a first step. A glar-
ingly open problem is to determine corresponding lower bounds on the ex-
pected runtime for population-based EAs. Furthermore, all our bounds are
derived from pessimistic bounds on the distribution of the search bounds
and we expect that they can be improved.

3.3 The Interplay of Population Size and

Mutation Probability in the (1+λ) EA

on ONEMAX [3]

In recent years, the interest in asymptotically tight runtime analyses of
evolutionary algorithms has increased. For example, an upper bound on
the runtime of the (1+1) EA has been known to be Θ(n logn) since the early
days of this research area. Following a long series of research results (e. g.
[24, 25]) the first asymptotically tight analysis, uncovering the first term of
the asymptotic expansion has been performed by Witt [26]. Moreover, this
work states the runtime depending on the mutation probability p = c/n as
(1± o(1))e

c

c
en lnn, where the mutation rate c > 0 is a constant and it even

holds for the general case of general linear pseudo-Boolean functions. It is
easy to see that c = 1 minimizes the runtime. These tight analyses allow for
a more careful analysis of the impact of algorithmic parameters such as the
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mutation rate on the runtime, thus making it possible to give guidelines for
practitioners or even determine optimal settings rigorously.

In this work, we consider the (1+λ) EA with mutation probability c/n,
where c > 0 (the mutation rate) is a constant, for the minimization of the test
function ONEMAX. Our goal is to determine a precise runtime analysis, i. e.
upper and lower bounds on the expected runtime, depending on both the
offspring population size λ and the mutation rate c in order to derive an
asymptotic expansion.

In each generation the (1+λ) EA selects the new parent to be an in-
dividual of minimum fitness from the whole population. Since we are
optimizing ONEMAX, the fitness value of such an individual differs from
the parent’s fitness by the difference of flipped 1-bits and 0-bits. This is
closely related to the number of flipped 1-bits of an offspring, which follows
a binomial distribution. We give a lemma which states tight bounds on
the expected maximum order statistics of binomially distributed random
variables, which is key for our analysis. This lemma is very general and can
also find applications outside the scope of this work. Using this result we
determine the expected optimization time of the (1+λ) EA using mutation
probability p = c/n on ONEMAX for polynomial λ to be

(1± o(1))

(

ec

c
·
n lnn

λ
+

1

2
·
n ln ln λ

ln λ

)

.

This bound immediately implies that for λ = o(logn log logn/log log logn),
also known as the cut-off point for a linear speed-up, the first term is
asymptotically largest. In this case, ec/c is minimized for c = 1, i. e.
p = 1/n is the optimal mutation probability. On the other hand, if λ =

ω(logn log logn/log log logn) the second term is asymptotically largest.
In this case, the asymptotic runtime is not affected by c up to lower-order
terms and all positive, constant values for c yield the same expected run-
time asymptotically. We derive this result by a careful analysis of the drift,
i. e. the expected progress in different regions of the search space using
state-of-the-art variable drift theorems for upper and lower bounds. Fur-
thermore, we shed light on the optimal mutation rates for small problem
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sizes by performing experiments which indicate that for small problem
instances a mutation rate of c > 1 is optimal.

Related Work

While we state the first asymptotic expansion for the expected runtime
of the (1+λ) EA with mutation probability p = c/n on ONEMAX, a much
more refined expansion for the (1+1) EA with mutation probability 1/n has
been given by Hwang et al. [27]. They are able to determine the expected
runtime to be

en lnn+ 1.89n+
e lnn

2
+ 0.60 +O

(

logn

n

)

,

thus stating the runtime precisely up to a sublogarithmic term. Interestingly,
their methods rely on very careful analyses of recurrence relations using
probability generating functions and tools from complex analysis.

From a practical point of view using larger values of λ for parallel
evaluation of the offspring is always beneficial. In fact, it has been rigorously
shown that up to the cut-off point, a linear speed-up can be achieved.
However, due to the asymptotic nature of our analysis it still remains
unclear for practitioners how to choose the best mutation rate c for practical
problem instances. This topic is dealt with in [4] (see Appendix A), outlined
in Section 3.4.

3.4 Optimal Mutation Rates for the (1+λ) EA

on ONEMAX Through Asymptotically Tight

Drift Analysis [4]

We continue the work on the (1+λ) EA with mutation probability c/n for the
minimization of ONEMAX. We present an improved variable drift theorem
that weakens the requirement that no large steps towards the optimum
may occur in the process to a stochastic one, i. e. such steps may occur up to
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a certain probability. Using this variable drift theorem we show that upper
and lower bounds on the expected runtime of the (1+λ) EA onONEMAX

with mutation probability c/n are at most apart by a small lower-order
term if the exact drift is known and c and λ are constant. This reduces the
analysis of the expected optimization time to finding an exact expression
for the drift. We proceed by giving exact closed-form expressions for the
drift and provide small error approximations for it that are very efficient to
compute. By applying the new drift theorem using the approximations for
the drift we state small error approximations of the optimal mutation rates
for the (1+λ) EA for various parameter settings of c and λ. Furthermore, we
perform experiments that suggest that these rates approximate the optimal
mutation rates very precisely. It turns out that the mutation rates up to 10%
larger than the asymptotically optimal mutation rate of 1/n are optimal
for moderate problem sizes and not too small λ. However, the trade-off of
using the optimal rates is little with respect to the expected runtime.

Related Work

This line of research, i. e. determining optimal parametrization in various
settings has become quite popular in recent years. While we prove that
p = 1/n is the optimal mutation probability for the (1+λ) EA on ONEMAX

if λ is not too large (thus including the (1+1) EA), this is not necessarily
true in other settings. For example, Böttcher, Doerr, and Neumann [28]
determine the expected runtime of the (1+1) EA exactly for LEADINGONES

exactly, showing that a mutation probability around 1.59/n is optimal. Do-
err [29] considers the (1+(λ, λ)) GA, a simple evolutionary algorithm using
crossover, for the optimization of ONEMAX and determines the optimal
settings for the mutation rate, population size and the crossover bias, con-
firming the settings from earlier work that had been chosen intuitively.
Doerr, Doerr, and Yang [30] determine the unary unbiased black-box com-
plexity of ONEMAX to be n lnn− cn±o(n) for a constant c between 0.2539
and 0.2665. From their analysis they derive an algorithm of (1+1)-type that
achieves this runtime bound using a fitness-dependent mutation strength.
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One of the biggest problems with these approaches is that they rely on
a deep understanding of the underlying problem, which makes it difficult
for practitioners to choose the parameters appropriately. Another approach
of finding good parameter settings is by incorporating self-adjusting mech-
anisms into the algorithm. We attack this problem in [5] (see Appendix A),
outlined in Section 3.5.

3.5 The (1+λ) EA with Self-Adjusting

Mutation Rate [5]

Parameter optimization and parameter control have become essential topics
in the theory of randomized search heuristics. Numerous runtime analyses
have been performed for static parameter settings, i. e. the parameters are
fixed before the start of the algorithm and do not change during its execu-
tion. Recently, several results were shown, proving that dynamic parameter
settings can greatly benefit the optimization process. A common approach
is to analyze the problem and determine parameter choices that depend on
the current state of the search process. Such analyses can be shown to be
very successful (see Section 3.4). However, finding such functional relations
render the advantage of randomized search heuristics as general problem
solvers unattractive for practitioners.

We propose a new and simple self-adjusting mutation for the (1+λ) EA:
half the offspring are created using a slightly larger and the rest with a
slightly slower mutation rate. The mutation rate is then adjusted based
on the success of the subpopulations. The selection step of the (1+λ) EA
remains unchanged, i. e. an individual with the best fitness is chosen as the
new parent. We prove rigorously that the self-adjusting (1+λ) EA for the

minimization of ONEMAX needs an expected number of O
(

nλ

logλ
+n logn

)

fitness evaluations. This matches the runtime stated in [31], where a fitness-
depending mutation rate was used, and it was shown to be asymptotically
optimal among all λ-parallel black-box optimization algorithms. Our result
therefore indicates that this mutation scheme is able to find very good
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mutation rates over the course of the optimization process. To the best
of our knowledge, this is the first time that a self-adjusting choice of the
mutation rate speeds up a mutation-based algorithm on ONEMAX by more
than a constant factor.

Our proof is based on analyzing both the progress of the fitness and
the development of the mutation rate during the run. While the progress
of the algorithm can be analyzed using drift analysis, the analysis of the
development of the mutation rate requires a delicate analysis of the quality
of the best individual in the population in order to identify the subpop-
ulation and hence the mutation rate it has been created with. In contrast
to previous analyses where only the asymptotic order of the fitness gain
was relevant, we need a much higher degree of precision. We make use of
a broad range of state-of-the-art tools for the runtime analysis of random-
ized search heuristics, such as various drift theorems, sharp concentration
bounds and occupation probabilities. As a side-result we can show that
a static mutation rate of (ln λ)/2 yields an optimal expected optimization
time as well, if λ is not too small.

Our work shows that the proposed mutation scheme can find optimal
dynamic parameters on the fly. Due to its simplicity we are optimistic that
it will find other applications.

Related Work

The theoretical analysis of self-adjusting parameter mechanisms has be-
come very popular in recent years. Lässig and Sudholt [32] considered
the (1+λ) EA and a simple parallel island model with two self-adjusting
mechanisms for the population size and the island number, respectively.
They were able to show that these mechanisms can provide near-optimal
speed-ups in terms of the parallel time. Doerr and Doerr [33] show that
the fitness-dependent choice of λ for the (1+(λ, λ)) GA can be found in a
self-adjusting way. To this end, the authors propose another success-based
mechanism that mimics the 1/5-th rule from evolutionary strategies. For the
problem of optimizing an r-valued ONEMAX function, a self-adjustment of
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the step size inspired by the 1/5-th rule was given to find the asymptotically
best runtime by Doerr, Doerr, and Kötzing [34].

Apart from self-adjusting mechanisms, another automated scheme for
parameter tuning is self-adaptation, where the parameter is encoded in
the genome. Self-adaptation is still not very well understood, but recently,
Dang and Lehre [35] presented the first theoretical work on this topic,
showing that self-adaptation can lead to asymptotic speed-ups.
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[24] Jens Jägersküpper. “Combining Markov-Chain Analysis and Drift
Analysis – The (1+1) Evolutionary Algorithm on Linear Functions
Reloaded”. In: Algorithmica 59.3 (2011), pp. 409–424. ISSN: 1432-0541.
DOI: 10.1007/s00453-010-9396-y.

[25] Benjamin Doerr, Daniel Johannsen, and Carola Winzen. “Multiplica-
tive Drift Analysis”. In: Algorithmica 64.4 (2012), pp. 673–697. ISSN:
1432-0541. DOI: 10.1007/s00453-012-9622-x.

https://doi.org/10.1109/TEVC.2016.2613739
https://doi.org/10.1109/TEVC.2016.2613739
https://doi.org/10.1162/EVCO_a_00201
https://doi.org/10.1145/3071178.3071347
https://doi.org/10.1145/2725494.2725508
https://doi.org/10.1007/978-3-319-10762-2_90
https://doi.org/10.1007/s00453-010-9396-y
https://doi.org/10.1007/s00453-012-9622-x


BIBLIOGRAPHY 27

[26] Carsten Witt. “Tight Bounds on the Optimization Time of a Ran-
domized Search Heuristic on Linear Functions”. In: Combinatorics,
Probability & Computing 22.2 (2013), pp. 294–318. ISSN: 1469-2163. DOI:
10.1017/S0963548312000600.

[27] Hsien-Kuei Hwang, Alois Panholzer, Nicolas Rolin, Tsung-Hsi Tsai,
and Wei-Mei Chen. Probabilistic Analysis of the (1+1)-Evolutionary Al-
gorithm. To appear in Evolutionary Computation, 2017. DOI: 10.1162
/EVCO_a_00212.
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ABSTRACT

There is empirical evidence that memetic algorithms (MAs)
can outperform plain evolutionary algorithms (EAs). Re-
cently the first runtime analyses have been presented prov-
ing the aforementioned conjecture rigorously by investigat-
ing Variable-Depth Search, VDS for short (Sudholt, 2008).
Sudholt raised the question if there are problems where VDS
performs badly. We answer this question in the affirmative
in the following way. We analyze MAs with VDS, which
is also known as Kernighan-Lin for the TSP, on an artificial
problem and show that MAs with a simple first-improvement
local search outperform VDS. Moreover, we show that the
performance gap is exponential. We analyze the features
leading to a failure of VDS and derive a new local search
operator, coined Opportunistic Local Search, that can easily
overcome regions of the search space where local optima are
clustered. The power of this new operator is demonstrated
on the Rastrigin function encoded for binary hypercubes.
Our results provide further insight into the problem of how
to prevent local search algorithms to get stuck in local op-
tima from a theoretical perspective. The methods stem from
discrete probability theory and combinatorics.
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1. INTRODUCTION
Hybridizing evolutionary algorithms with local search has

become very popular in practical applications. By now it
seems to be folklore for practitioners that hybridizing evo-
lutionary algorithms with local search methods can signif-
icantly improve performance [5]. These works have led to
several different names such as memetic algorithms, Lamar-
ckian algorithms, genetic local search and others. The term
memetic algorithms has been established in theoretical lit-
erature, so we stick to this name in the following. Memetic
algorithms employ a local search operator, which is applied
to the offspring of a generation in order to improve the
individual’s fitness and to reach promising regions of the
search space. Because of the sometimes complex interplay
of evolutionary operators like mutation and selection with
local search it is hard to analyze these algorithms. There-
fore, studies on memetic algorithms have been mostly ex-
perimental. Recently the first runtime analyses have been
presented in [11, 10], answering the question if memetic al-
gorithms can outperform pure evolutionary algorithms. To
this end, two local search operators were considered, a simple
first improvement hill climber named Standard Local Search,
(SLS) and a special, more complex local search operator
named Variable-Depth Search (VDS). This local search op-
erator is also known as Lin-Kernighan for the TSP [6] and
Kernighan-Lin for Graph Partitioning [4]. It was shown
that the (1+1) EA hybridized with VDS outperforms the
plain (1+1) EA, Simulated Annealing and the (1+1) EA
hybridized with SLS on particular problems. Moreover it
was shown that the performance gap is exponential.

1.1 Overcoming Local Optima
Once an optimization algorithm has reached a local op-

timum it can be very hard to escape. Several strategies
have been proposed to prevent algorithms from getting stuck
in local optima. Evolutionary algorithms usually employ
a population of candidate solutions. Encouraging diversity
within the population can provably avoid getting stuck in
local optima [3]. However, trajectory-based algorithms can-
not resort to such diversity mechanisms and have to pursue
other techniques.

For example, Simulated Annealing deals with this problem
by accepting inferior individuals with a probability that is
monotone in the temperature which is falling over time, ac-
cording to some cooling schedule. Due to this schedule, the
focus of the search is shifted from exploration to exploitation
over time.
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Variable-Depth Search chooses a neighbor with maximal
fitness gain or minimal fitness loss and returns an individual
with the highest fitness that has been encountered during
the run. Furthermore, VDS does not flip bits that have
already been flipped during the run in order to avoid cycles
on the trajectory generated by the local search. By allowing
individuals with inferior fitness to be accepted, VDS is able
to traverse the basin of attraction of a local optimum.

1.2 Our Results
In this work we answer the aforementioned question raised

by Sudholt in the affirmative. Hybridizing the (1+1) EA
with VDS can be outperformed by the hybridization of the
(1+1) EA with SLS. To this end we will construct an arti-
ficial pseudo-Boolean function named GTrap with certain
interesting properties, namely large clusters of local optima,
that lead to an exponential performance gap between the
algorithms considered.

Furthermore, the analysis of the hybridization with SLS
gives rise to another strategy for overcoming local optima
by mimicking the behavior of the (1+1) MA with SLS on
GTrap. Therefore we propose a new local search operator
which we have coined Opportunistic Local Search (OLS) that
can effectively overcome local optima clusters.

In order to demonstrate the power of OLS we investigate
a discretization of the well-known Rastrigin function on the
binary hypercube and show that the expected optimization
time of Iterated OLS is O(n).

The remainder of this paper is structured as follows. We
introduce basic notation and the investigated algorithms in
Section 2. Section 3 deals with the performance of VDS and
SLS on an artificial problem. In Section 4 we propose a new
operator, Opportunistic Local Search and analyze its perfor-
mance on the Rastrigin function. We conclude in Section 5
with some ideas for future work.

2. NOTATION AND ALGORITHMS
The following notations are used throughout this work.

For all n ∈ N we define [n] := {k ∈ N | k ≤ n}, where N =
{1, 2, . . .}. We will refer to {0, 1}n as binary hypercube and
denote its elements as bitstrings. Given an x ∈ {0, 1}n and
i ∈ [n], then xi denotes the i-th coordinate of x. For any bit-
string x ∈ {0, 1}n we define |x|1 and |x|0 to be the number of
1-bits and 0-bits, respectively. For bitstrings x, y ∈ {0, 1}n

we denote with H(x, y) the Hamming distance of x and y.
With Nk(x) := {y ∈ {0, 1}n |H(x, y) = k} we denote the
open Hamming neighborhood of radius k.
We will first define the two local search operators we are

investigating in this work, which are taken from [10, 11].
Standard Local Search is a hill-climber that accepts individ-
uals of strictly larger fitness until local optimality is reached
or the number of local steps exceeds the local search depth
δ(n).

As we have already explained in the introduction, Variable-
Depth search is a greedy hill-climber that can accept inferior
individuals during the run, provided the tabu mechanism
does not prevent such a step. The set L denotes the po-
sitions of bits that are rendered tabu and S is the set of
individuals encountered during the run.

It is obvious that the number of local search steps is
bounded by n since every iteration renders at least one bit
tabu.

We define the (1+1) Memetic Algorithm, which is identi-
cal to the (1+1) EA [2], except for an additional local search
step.

Algorithm 1: Standard Local Search

Input: Fitness function f : {0, 1}n → R, neighborhood
N , y ∈ {0, 1}n

Set k := 0.
while k ≤ δ(n) do

Choose z ∈ {z′ ∈ N(y) | f(z′) > f(z)} uniformly at
random or stop and return y if no such z exists.
Set k := k + 1 and y := z

end
return y.

Algorithm 2: Variable Depth Search

Input: Fitness function f : {0, 1}n → R, neighborhood
N , y ∈ {0, 1}n

Set L, S := ∅.
while ∅ 6= Vy := {z ∈ N(y) | ∀i ∈ L : yi = zi} do

Choose z ∈ Vy with maximal f -value uniformly at
random.
Set S := S ∪ {z},
L := L ∪ {i | yi 6= zi}
and y := z.

end
return z ∈ S u.a.r. with maximal f -value.

Algorithm 3: (1+1) Memetic Algorithm

Input: Fitness function f : {0, 1}n → R, Mutation
probability pm ∈ [0, 1], Local Search operator
λ : {0, 1}n → {0, 1}n

Choose x ∈ {0, 1}n uniformly at random.
repeat

Mutation: Create y by flipping each bit in x
independently with probability pm.
Local Search: if criterion then y := λ(y).
Selection: if f(y) ≥ f(x) then x := y.

until forever

The (1+1) MA is passed the local search operator λ as a
parameter. We refer to this as equipping the (1+1) MA with
λ. The criterion to apply local search can be arbitrary, e.g.
with a fixed frequency or probabilistically [9, 12]. If local
search is used in every iteration we will refer to this as Iter-
ated Local Search [7]. The (1+1) MA itself is a hill-climber
because individuals are only accepted if they improve the
fitness.

Throughout this work we will use the number of fitness
evaluations needed until a global optimum has been found
as our performance measure and we will refer to it as op-
timization time. The optimization time is closely related
to the number of generations until a global optimum has
been found: the number of fitness evaluations in genera-
tions where local search is applied is bounded above by δ|N |
for Standard Local Search and by n|N | for Variable-Depth
Search.
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3. SLS BEATS VDS
In this section we will show that the (1+1) MA equipped

with SLS can outperform the (1+1) MA equipped with VDS,
which has been speculated in [11]. Moreover, we show that
the performance gap is exponential, completing the work in
[11]. To this end we will construct a pseudo-Boolean func-
tion such that local steps of SLS and VDS differ with a
positive probability. Moreover, by exploiting the greedy be-
havior of VDS we will prove that VDS moves away from the
global optimum with probability 1 upon reaching a certain
region of the search space.

We have already seen that the Variable-Depth Search op-
erator works in a greedy fashion, i.e. in the next step an
individual with maximal fitness gain will be selected if such
an individual exists. Otherwise an individual with minimal
fitness loss is selected. This is the most striking difference
to the Standard Local Search operator which selects an in-
dividual of strictly higher fitness uniformly at random.

In the following we will exploit this difference in order
to present a family of functions for which the (1+1) MA
equipped with VDS has an exponential optimization time
with high probability while the (1+1) MA equipped with
Standard Local Search finds a global optimum in polynomial
time with very high probability.

3.1 Construction of a fitness function
In this section we will present a family of pseudo-Boolean

functions having the property that local steps of VDS and
SLS differ with a positive probability provided that both
operators start with the same individual. Moreover, by ex-
ploiting the greedy behavior of VDS we will prove that VDS
moves away from the global optimum with probability 1
upon reaching a certain region of the search space.

Definition 1. Let n be a natural number and a constant
γ ∈ (0, 1/2) such that γn is a positive integer. Furthermore
choose m ∈ [γn]. We define Forkγ,m : {0, 1}n → R, such
that

x 7→







|x|1−γn
1−γ

if γn ≤ |x|1,

|x|1
n−1
m

if 0 ≤ |x|1 < m,
(

1 + m−|x|1
γn−m

)

(n− 1) if m ≤ |x|1 < γn.

If m ≤ |x|1 < γn we have γn−m in the denominator. How-
ever, the function is still well-defined for m = γn because in
this case the condition m ≤ |x|1 < γn is violated.

Remark 1. The fitness landscape of Forkγ,m is multi-
modal for all γ ∈ (0, 1/2) and m ∈ [γn]. There is exactly
one global optimum located at 1n with a fitness value of
n. Moreover there are

(
n
m

)
local optima with a fitness value

of n − 1 located at S := {x ∈ {0, 1}n | |x|1 = m}. The set
F := {x ∈ {0, 1}n | |x|1 = γn} is of particular importance
since every neighbor of an individual x ∈ F has a higher
fitness than x, i.e. F consists of local minima of Forkγ,m.
It is easy to see in Definition 1 that F contains all global
minima of Forkγ,m, except 0n. Every proper neighborhood
of an individual in F contains individuals with higher fitness
(see Figure 1). Thus, both VDS and SLS will select an in-
dividual with a higher fitness in the next step, if they have
reached F during their run. This local step can be character-
ized by the fact that the number of 1-bits is either increased
or decreased. Due to this characterization the function was
coined Fork.
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Figure 1: Sketch of the fitness functions Fork 1

3
,15

() and Fork 2

5
,10 ( ) plotted over |x|1 on n = 90 Bits.

Analysis of the Fork function

In the following we will investigate the behavior of VDS and
SLS upon reaching F . We will need the following notations.

Definition 2. Consider N = N1. For all x ∈ {0, 1}n we
set N+(x) to be the set of neighbors consisting only of indi-
viduals with strictly more 1-bits than x and N−(x) to be the
set of neighbors consisting only of individuals with strictly
less 1-bits than x. Obviously, N+∪̇N− ⊆ N .

First of all we will investigate the behavior of VDS upon
reaching F .

Lemma 1. Let n ∈ N and γ ∈ (0, 1/2) such that γn is a
positive integer. Furthermore let m ∈ [γn]. Consider N =
N1 and F as defined in Remark 1. Consider the (1+1) MA
equipped with VDS applied in every generation, neighborhood
N and mutation probability pm = 1/n on Forkγ,m. If the
algorithm reaches F during the local search, it will select an
individual with less 1-bits in the next step, provided that at
most γn− 1 1-bits and at most (1− γ)n− 1 0-bits of x have
been flipped during the run.

Proof. Consider x ∈ F . The fitness-value of x is 0. For
all x+ ∈ N+(x) and x− ∈ N−(x) holds that

Forkγ,m(x+) < Forkγ,m(x−)

by definition of the function. Hence, if VDS reaches an
individual in F , the next individual will be chosen uniformly
at random from N−(x) with probability 1, provided that the
tabu mechanism does not prevent such a step. Individuals
from N−(x) have exactly γn− 1 1-bits, so one of the 0-bits
of x would have to be flipped in order to reach N−(x). The
tabu mechanism does not prevent such a step if at least one
of the 0-bits of x has not been flipped during the run, thus
completing the proof.

Before we investigate the behavior of SLS upon reaching F
we have to pay attention to the pivoting rule of the SLS oper-
ator. SLS chooses the next individual uniformly at random
from the set of neighbors with strictly higher fitness. For
any individual x ∈ {0, 1}n the value of Fork only depends
on the number of 1-bits of x. Therefore N+(x)∪̇N−(x) is
evaluated each time a successor is drawn. Depending on the
balancedness of x with respect to the number of 1-bits and
0-bits the choice of the successor is biased, favoring more
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balanced bitstrings. We present the following lemma which
gives insight into the bias of the pivoting rule of the SLS
operator.

Lemma 2. Let N = N1 and c ∈ (0, 1) a constant. Con-
sider a fitness function f : {0, 1}n → R that depends only
on the number of 1-bits. Assume SLS has reached or starts
from a local minimum x ∈ {0, 1}n with |x|1 = cn. The prob-
ability p+ of increasing the number of 1-bits in the next step
is p+ = 1− c.

Proof. Assume Standard Local Search has reached or
starts from a local minimum x ∈ {0, 1}n such that |x|1 = cn.
The probability of choosing an individual with more than
|x|1 1-bits in the next step is

p+ =
|N+(x)|

|N+(x)∪̇N−(x)|
.

Since |N−(x)| = cn and |N+(x)| = (1 − c)n we get p+ =
1− c.

Besides providing exact probabilities, Lemma 2 states fur-
thermore that as long as local minima have a constant frac-
tion of 1-bits the probability of increasing or decreasing the
number of 1-bits in a step of SLS can be bounded by a con-
stant as well. This leads to the following lemma.

Lemma 3. Let n be a natural number and a constant γ ∈
(0, 1/2) such that γn is a positive integer. Furthermore
choose m ∈ [γn]. Let F be defined as mentioned above.
Consider the (1+1) MA equipped with SLS on Forkγ,m. If
the local search reaches an individual x ∈ F the probability
that the number of 1-bit is increased is 1− γ.

Proof. This follows directly from lemma 2.

The fitness function GTrap

We have constructed a function on which the behavior of
VDS and SLS differs with a constant probability upon reach-
ing the subset F . Since the (1+1) MA initializes with an
individual randomly drawn from the search space {0, 1}n

we cannot guarantee that the search starts from F . We
can enforce this situation by embedding Forkγ,m into an-
other function which leads the search from individuals that
have been created uniformly at random to F with very
high probability. Due to this property and the greedy fash-
ion of Variable-Depth Search we have coined this function
GTrapγ,m.

Definition 3. Let n ∈ N, γ ∈ (0, 1/2) and m ∈ [γn]. Let
furthermore n1, n2 be natural numbers such that n = n1 +
n2. We consider Forkγ,m on {0, 1}n2 . Decompose each
x ∈ {0, 1}n1+n2 into x = x′x′′, where x′ ∈ {0, 1}n1 and x′′ ∈
{0, 1}n2 . We define the function GTrapγ,m with respect to
n1 and n2 as GTrapγ,m : {0, 1}n → R, such that

x 7→

{

−|x′|1 − Forkγ,m(x′′) if |x′|1 6= 0

Forkγ,m(x′′) if |x′|1 = 0 .

Remark 2. Let n ∈ N, γ ∈ (0, 1/2) and m ∈ [γn]. Let
furthermore n1, n2 be natural numbers such that n = n1 +
n2. In the following we will always consider Forkγ,m on
{0, 1}n2 for individuals x ∈ {0, 1}n with respect to a first
partial bitstring x′ ∈ {0, 1}n1 and a second partial bitstring

x′′ ∈ {0, 1}n2 . The first partial bitstring plays an impor-
tant role for this function: for x ∈ {0, 1}n the value of
GTrapγ,m(x) equals Forkγ,m(x′′), provided that |x′|1 = 0,
i.e. if all bits of the first partial bitstring are 0. Other-
wise GTrapγ,m(x) = −|x′|1 − Forkγ,m(x′′), i.e. Forkγ,m

is folded down and translated by |x′|1. We will also refer
to this as folding mechanism. In this case the fitness gain
resulting from flipping 1-bits of the first partial bitstring, is
exactly 1. The fitness gain resulting from flipping bits of the
second partial bitstring is always strictly larger than 1, re-
gardless of the choice of the parameters m and γ. This gives
strong hints for greedy algorithms to optimize −Forkγ,m

first before a bit of the first partial bitstring is flipped.

The fitness landscape ofGTrapγ,m with respect to n1 and
n2 is multimodal for all γ ∈ (0, 1/2) and m ∈ [γn]. There is
exactly one global optimum with fitness value n2 at 0n11n2 .
All individuals whose first partial bitstring is 0n1 and whose
second partial bitstring contains exactly m 1-bits are local
optima, i.e. all individuals have worse fitness than a local
optimum, except the global optimum.

Furthermore we notice that starting from any individ-
ual a local or a global optimum can be reached by subse-
quently flipping one bit at a time such that each individ-
ual created has a higher fitness than the previous one and
that each bit has to be flipped at most once. Such a tra-
jectory has a length of at most n. Hence, both VDS and
SLS can reach a local or a global optimum within the first
generation, provided the search depth is large enough. A
sketch of GTrap1/3,12 is shown in Figure 2. It is impor-
tant to note that the figure displays one single function. For
clarity reasons the graph only displays function values for
|x′|1 ∈ {0, 1, 20}.

0 10 20 30 40 50 60

0

20

40

60

−80

−|x′|1

|x′|1 = 0

|x′|1 6= 0

|x′′|1

Figure 2: Sketch of GTrap1/3,12 w.r.t. n1 = 20 and
n2 = 60 bits. The global optimum is highlighted.

In order to analyze the performance of the (1+1) MA
equipped with Variable-Depth Search on GTrap we state
the following simple, but useful lemma.

Lemma 4. Let n ∈ N, γ ∈ (0, 1/2), β ∈ (1/2, 1) such that
γn and m := βγ(1 − γ) are natural numbers. Let n1 := γn
and n2 := (1 − γ)n. Consider the (1+1) MA equipped with
VDS applied in every generation on GTrapγ,m w.r.t. n1

and n2 using neighborhood N = N1 and mutation probability
pm = 1/n. If the local search has reached a local optimum
x ∈ {0, 1}n such that at least one 1-bit and at least one
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0-bit of x′′ have not been flipped during the local search so
far, VDS will return a local optimum at the end of the local
search.

Proof. Assume the premises hold. Since VDS has reached
a local optimum the successor is chosen among all neighbors
of x with a minimal fitness loss. Depending on the parameter
β VDS will either choose an individual containing |x′′|1 + 1
or |x′′|1 − 1 1-bits in the second partial bitstring. The tabu
mechanism does not prevent such a step because at least
one 1-bit and at least one 0-bit of x′′ have not been flipped
during the local search so far. If VDS chooses an individual
y ∈ {0, 1}n with |y′′|1 = |x′′|1 − 1 then the algorithm can-
not reach the global optimum any more because performing
such a step creates a 0-bit that is rendered tabu. Since this
particular bit cannot be flipped back during the run, the
optimum will never be reached due to the fact that all indi-
viduals have worse fitness than a local optimum, except the
global optimum, as already stated in Remark 2.

Assume that an individual y ∈ {0, 1}n with |y′′|1 = |x′′|1+
1 is chosen, i.e. one of the 0-bits of x′′ is flipped. The suc-
cessor will now be chosen among all neighbors with maximal
fitness gain. Since at least one of the 1-bits of the current
individual has not been flipped so far the local search again
reaches a local optimum by flipping one of those bits. Per-
forming such a step again creates a 0-bit that is rendered
tabu. With the same arguments as above we have that VDS
cannot reach the global optimum and thus returns a local
optimum.

3.2 Analysis of the GTrap function
We have now gathered enough tools to investigate the

runtime of the (1+1) MA on GTrap.

Theorem 1. Let n ∈ N, γ ∈ (0, 1/2), β ∈ (1/2, 1) such
that γn and m := βγ(1− γ) are natural numbers. Let n1 :=
γn and n2 := (1 − γ)n. Consider the (1+1) MA equipped
with Variable-Depth Search on GTrapγ,m with respect to n1

and n2 using neighborhood N = N1 and mutation probability
pm = 1/n. The optimization time for GTrapγ,m is 2Ω(n)

with probability 1− 2−Ω(n).

Proof. We divide a run of the (1+1) MA into two phases.
Phase 1 consists of the first iteration of the algorithm, i.e.
phase 1 ends after the first application of VDS. Phase 2
consists of the subsequent iterations until a global optimum
is found.

In the first step the algorithm initializes with an individual
x ∈ {0, 1}n uniformly at random whereupon the mutation
is executed. Let y ∈ {0, 1}n be the individual created by
mutation from x. The law of total probability yields that
for all i ∈ [n]

Pr(yi = 1) = Pr(yi = 1|xi = 1)Pr(xi = 1)

+ Pr(yi = 1|xi = 0)Pr(xi = 0) =
1

2
,

that is y is Ber(n, 1/2)-distributed, just like x. Therefore
we can summarize these steps and assume that x has been
created by initialization followed by mutation. By using
Chernoff bounds we calculate the probability that |x′|1 ≤
n1/4, which follows immediately, and |x′′|1 > γn2. We get

Pr(|x′′|1 ≤ γn2) = Pr
(

|x′′|1 ≤ (1− (1− 2γ))
n2

2

)

≤ exp

(
(1− 2γ)2n2

2

)

.

In the same way we obtain

Pr(|x′′|1 ≥ (1− γ)n2) = Pr
(

|x′′|1 ≥ (1 + (2(1− γ)− 1))
n2

2

)

≤ exp

(

−
(2(1− γ)− 1)2n2

6

)

,

again 2−Ω(n). With the union bound we can bound the
probability for the desired event by

Pr
((n1

4
< |x′|1

)

∧
(
γn1 < |x′′|1 < (1− γ)n2

))

= 1− Pr
(n1

4
≥ |x′|1 ∨ γn2 ≥ |x′′|1 ∨ (1− γ)n2 ≤ |x′′|1

)

≥ 1− 3 · 2−Ω(n) = 1− 2−Ω(n) .

Hence, Variable-Depth Search starts from an individual with
negative fitness value. Flipping 0-bits leads to a decrease of
the fitness. The only way VDS can increase the fitness is
by flipping 1-bits of x′ or x′′. The fitness gain resulting
from flipping 1-bits of x′ is 1, however flipping 1-bits of x′′

provides a fitness gain of 1/(1 − γ) > 1. Therefore, VDS
will successively flip 1-bits of x′′ until F has been reached.
By applying lemma 1 we obtain that VDS chooses an in-
dividual with less 1-bits, i.e. VDS chooses the left hill with
probability 1 and finds a local optimum due to its hill climb-
ing nature. Due to lemma 4 the local search returns a local
optimum. We have shown that this happens with probabi-
lity 1 provided the algorithm initializes with an individual
as described above. The error probability for this event is
thus perr1 ≤ 2−Ω(n).

We will now show that provided that phase 1 ended with-
out failure the algorithm needs at least 2cn generations to
reach the global optimum in the second phase. In phase
2 the algorithm starts from local optimum x. Using Cher-
noff bounds we can bound the error probability that muta-
tion creates an individual y such that H(x′′, y′′) ≥ m/2 by

perr2 ≤ 2−Ω(n). Therefore, with high probability mutation
creates an individual y which is close to a local optimum
on the second partial bitstring. If |y′|1 = 0 then VDS will
reach a local optimum due to its hill climbing nature and
by Lemma 4 we obtain that VDS returns a local optimum
again. If |y′|1 > 0 then VDS starts with a negative fitness
value. VDS will then subsequently choose individuals with
a maximal fitness gain and reach either the set F or the sin-
gle individual 0n, depending on the side of the hill the local
search started from. In both cases VDS will be led to a local
optimum with probability 1 and by Lemma 4 VDS cannot
reach the global optimum.

The probability that no error occurs in phase 1 and phase
2 is (1− perr1)(1− perr2) = 1− 2−Ω(n) and thus the number
of generations until a global optimum is found is at least 2cn

for some constant c.

Theorem 2. Let n ∈ N, γ ∈ (0, 1/2), β ∈ (1/2, 1) such
that γn and m := βγ(1 − γ)n are natural numbers. Let
n1 := γn and n2 := (1 − γ)n. Consider the (1+1) MA
equipped with Standard Local Search on GTrapγ,m with re-
spect to n1 and n2 using neighborhood N = N1, mutation
probability pm = 1/n and local search depth δ = n. The
expected optimization time is O(n).

Proof. Let T denote the number of generations until the
global optimum is found. With the law of total expectation
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we have

E(T ) = Pr(T = 1)E(T |T = 1)
︸ ︷︷ ︸

=1

+Pr (T > 1)E (T |T > 1)

≤ 1 + E (T |T > 1) ,

Therefore it suffices to show that E (T |T > 1) = O(n) to
complete the proof. Recall that within at most δ(n) fitness-
increasing local steps a local or global optimum can be reached.
Since SLS is a hill-climber, after every local search a local
or global optimum is returned. If the global optimum has
not been found in the first generation, the local search has
returned a local optimum. In the following we will bound
the probability of reaching a global optimum, provided the
algorithm has returned a local optimum after the first gen-
eration. It suffices to consider an event that is sufficient for
reaching the global optimum. The event we will consider is
described as follows.

1. Starting from a local optimum mutation creates an
individual x ∈ {0, 1}n such that |x′|1 ≥ 1 and |x′′|1 >
m+ 1.

2. Starting from the mutant in 1. the local search reaches
F .

3. Continuing from F the right hill is chosen and the local
search reaches the global optimum.

We denote the probabilities for these steps p1,p2 and p3 ac-
cordingly. The probability that within one generation the
algorithm finds a global optimum is thus at least p1 · p2 · p3.
Assume that in the first generation the algorithm has found
a local optimum x, i.e. |x′|1 = 0 and |x′′|1 = βγn2. We
bound p1 by the probability that exactly one 0-bit of x′

(p′1) and one 0-bit of x′′ (p′′1 ) is flipped by mutation. Then
p1 > p′1p

′′
1 . We have

p′1 >

(

n1

1

)(
1

n

)(

1−
1

n

)n−1

≥
γ

e
.

And for p′′1 we obtain

p′′1 >

(

1−
1

n

)m
(

n2 −m

1

)(
1

n

)(

1−
1

n

)n2−m−1

≥
(1− γ)(1− βγ)

e2
.

Hence, p1 = Ω(1).
Let y be the search point created by mutation fulfilling

the previous conditions. The local search can only reach F
if the single 1-bit of y′ is not flipped during the run except
to reach F . Otherwise the algorithm can take a shortcut to
the positive side of the function, just to reach a local opti-
mum again. This is the only constraint we need to consider
because all other possible (i.e. fitness-increasing) moves lead
the local search eventually to F , due to the hill-climbing na-
ture of SLS. Each of these moves has probability at least
1−1/(γn2) since individuals found on the way to F contain
at most γn2 1-bits. As the number of steps to reach F is
(1− β)γn2 we have

p2 ≥

(

1−
1

γn2

)(1−β)γn2

≥
1

e
.

Having reached F the probability p3 to reach the global
optimum is Ω(1) due to lemma 3. Alltogether we have

p = p1p2p3 = Ω(1). Therefore E(T |T > 1) = 1/p = O(1).
Since the local search depth δ(n) = O(n) the expected op-
timization time is O(n).

We have shown rigorously that the (1+1) MA equipped
with SLS can outperform the (1+1) MA with VDS drasti-
cally, that is with an exponential performance gap. Together
with the results from [11] we have that iterated VDS and it-
erated SLS can outperform each other drastically.
Variable-Depth search cannot optimize GTrap efficiently

because its greedy fashion first deceives the algorithm to
climb up the hill leading to a local optimum. Secondly its
greedy behavior prevents the operator from moving away
from a cluster of local optima.
On the other hand, Standard Local Search is able to ex-

ploit the folding mechanism by repeatedly having the oppor-
tunity to visit F and move up to a global optimum. Basi-
cally, SLS switches the direction of optimization and climbs
the hill down, until local optimality is reached, whereupon
the search direction is switched again.
This behavior motivates the construction of a new search

operator that mimics this behavior, while getting rid of the
additional complexity of embedding a function into GTrap.

4. OPPORTUNISTIC LOCAL SEARCH
In this section we will propose a new local search operator,

Opportunistic Local Search, designed to mimic the exploita-
tion of the folding mechanism by SLS. The OLS operator
works in the same way as SLS: it is a non-greedy hill-climber.
However, if a local optimum has been found, the search di-
rection is switched: instead of maximizing the operator will
minimize the objective function, i.e. f is replaced by −f .
This is performed until the local search depth δ has been
reached. At the end a best-so-far solution is returned. Due
to its non-greedy fashion and the change of the search di-
rection upon reaching local optimality we have coined the
algorithm Opportunistic local search.

Algorithm 4: Opportunistic Local Search

Input: Fitness function f : {0, 1}n → R, proper
neighborhood N , y ∈ {0, 1}n

Set k := 0.
while k ≤ δ(n) do

if M := {z′ ∈ N(y) | f(z′) > f(y)} 6= ∅ then
Choose z ∈ M uniformly at random.
Set k := k + 1, y := z and X := X ∪ {y}.

else
Replace f with −f .

end

end
return y ∈ X u.a.r. with maximal f -value.

One of the most famous benchmark functions for opti-
mization algorithms is the Rastrigin function which was first
proposed in [13]. It is a real-valued, non-linear, multimodal
function on R

n with a single global minimum located at
the origin. Due to these challenging properties the function
has become an established benchmark function for optimiza-
tion algorithms. Usually the search space is restricted to In

where I is a symmetric interval around the origin.
The function is tunable in the sense that the number of

local optima depends on a specific parameter. For dimension
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d ∈ N, λ ∈ R
+, I = [−λ, λ] and ω ∈ R the Rastrigin function

can be defined by

ρω : Id → R
+
0 , x 7→ d|I|+

d∑

i=1

(
x2
i − |I| cos (ωxi)

)
.

Basically the Rastrigin function is a cosine-modulated qua-
dratic function in d dimensions.

We want to define ρω on {0, 1}n which is a natural and
well-known environment for randomized search heuristics,
especially evolutionary algorithms.

Definition 4. Let n, d, k ∈ N, λ ∈ R
+ such that kd = n,

k be a multiple of 2 and I = [−λ, λ]. For x ∈ {0, 1}n let

x(i) ∈ {0, 1}k such that x = x(1)x(2) · · ·x(d). We define the
Rastrigin function on the binary n-dimensional hypercube
as

ρ̂ω,k,d : {0, 1}n → R, x 7→ d|I|+
d∑

i=1

(
ξ2i − |I| cos (ωξi)

)
,

where

ξi = |I|

(
|x(i)|1

k
−

1

2

)

.

This particular encoding is straightforward. Each bit-
string is divided into d parts of length k, where d is the
number of dimensions of the real-valued Rastrigin-function.
These partial bitstrings can contain between 0 and k ones,
each of which is mapped linearly to a value in I.

Remark 3. The discretized Rastrigin function shares sev-
eral similarities with Fork. Fork is multimodal and its
local optima have Hamming distance 2 to each other. We
denote such a set as a cluster. The function ρ̂ω,k,d has
(|I|/2 + 1)d different clusters of local optima, 2d of which
are global optima, consisting only of single individuals. The
minimal distance between a local maximum and a local min-
imum is d(k/|I|) (see Figure (4).
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Figure 3: Rastrigin function

For d = 2 and I = [−5, 5] the local optima of ρ̂π,50,2 are of

the form x = x(1)x(2) ∈ {0, 1}n such that |x(1)|1 and |x(2)|1
are multiples of 10 (see Figure 4).

In our investigation we will only consider N = N1. Thus,
each local step represents a move in exactly one of the d
dimensions of the real-valued Rastrigin function, due to our
encoding. Furthermore we restrict ourselves to a constant
number of dimensions and a constant number of peaks of
the Rastrigin function.

0 10 20 30 40 50
0

20

40 k
|I|

|x|1

Figure 4: Fitness function ρ̂π,50,1 w.r.t. I = [−5, 5]
plotted over |x|1.

Lemma 5. Let n, d, k ∈ N, λ ∈ R
+ such that d and λ

are constant, kd = n, k be a multiple of 2 and I = [−λ, λ].
Consider the (1+1) MA equipped with Opportunistic Local
Search, mutation probability pm = 1/n and neighborhood
N = N1 on ρ̂ω,k,d. If the local search starts from an indi-
vidual which is not globally optimal (including local optima)
a local optimum with strictly higher fitness is found during
the run with probability Ω(1).

Proof. We can assume without loss of generality that
the local search starts from a local optimum x, because oth-
erwise a local optimum is found within at most k/|I| local
steps due to the hill-climbing property. Since we are trying
to maximize the function, no local improvement is possible
and OLS changes the search direction, i.e. f is replaced by
−f . Now, every individual of N(x) has a higher fitness with
respect to −f . Clearly, the algorithm will reach one of the
2d local minima clusters within Hamming distance 2dk/|I|
due to its hill-climbing nature. For each partial bitstring
x(i), i ∈ [d] two minima clusters can be reached see Fig-
ure 4) and the first local move on that particular bitstring
determines which one of the two minimum clusters will be
reached. Let i ∈ [d] and consider x(i). If the number of

1-bits of x(i) has increased (resp. decreased), the number of

1-bits of x(i) can’t be decreased during the remaining local
search until a local minimum is found. Thus, the cluster
that will be reached by OLS is determined by the first local
steps on the corresponding d bitstrings x(i).

We will first show that the probability to reach one of
the nearby clusters is bounded by a constant. We have al-
ready seen in lemma 2 that selecting an individual from the
neighborhood of a local minimum with higher fitness is bi-
ased towards balanced bitstrings. Nevertheless, since the
number of local optima is constant, this bias is constant as
well and we can pessimistically bound the probability that
starting from a local minimum the probability to increase or
decrease the number of 1-bits of x(i) by min{c, 1− c}, where
c is the ratio of 1-bits of a local minimum farthest from the
center and n, i.e. c = k(n|I|)−1 = (d|I|)−1. Since such a
step is performed in each of the d partial bitstrings we can
bound the probability to reach one of the nearby clusters
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by min{c, 1− c}d. If the algorithm has reached a local min-
imum, the search direction is reversed again by replacing
−f with f and the same bounds hold for the probability to
reach one of the nearby local optima.

For each local optimum there is another local optimum
within Hamming distance 2k/|I| reachable by the local search.
Such an improvement can be achieved by an OLS trajectory
detouring by way of a local minimum. We can pessimisti-
cally bound the probability of such a run by min{c, 1−c}2d =
Ω(1), thus completing the proof.

Theorem 3. Let n, d, k ∈ N, λ ∈ R
+ such that kd = n,

k be a multiple of 2 and I = [−λ, λ]. Consider Iterated
Opportunistic Local Search, with neighborhood N = N1 and
local search depth δ = n ≥ 2k/|I| on ρ̂ω,k,d. The expected
optimization time is O(n).

Proof. Assume the algorithm initializes with x ∈ {0, 1}n.
Due to Lemma 5 we know that the probability of finding a lo-
cal optimum with strictly higher fitness is bounded below by
a constant, say c. The expected number of generations until
such an improvement occurs is thus 1/c. Since the number
of local optima clusters is (|I|/2+ 1)d, 2d of which yield the
same fitness values due to symmetry, the algorithm can per-
form such an improvement no more than (|I|/4+1/2)d times
without reaching a global optimum. We obtain that the ex-
pected number of generations to find a global optimum is at
most

(
|I|

4
+

1

2

)d

·
1

c
= O(1) .

Since the local search depth is δ = Θ(n), we obtain that the
optimization time is O(n).

5. CONCLUSIONS
We have examined the hybridization of the (1+1) EA with

Variable-Depth Search and Standard Local Search on a fit-
ness landscape consisting of a cluster of local optima and a
global optimum divided by an asymmetric valley with differ-
ent slopes leading towards the optima. We proved rigorously
that the (1+1) MA with VDS fails to find an optimum ef-
ficiently whereas the (1+1) MA with SLS finds the global
optimum in polynomial time in expectation, leading to an
exponential performance gap. The folding mechanism of our
test function GTrap allows SLS to repeatedly visit the bot-
tom of the global optimum’s hill so that the probability of
climbing towards the global optimum is exponentially high
within polynomial time. However, VDS does not profit from
this mechanism due to its greedy fashion.

The folding mechanism gave rise to a new local search
operator, Opportunistic Local Search, which traverses the
search space in a non-greedy fashion climbing hills up or
down respectively until local optimality is reached. We dem-
onstrated the usefulness of this behavior on the Rastrigin
function, encoded for binary hypercubes. We proved rigor-
ously that the (1+1) MA with OLS can find a global opti-
mum in expected polynomial time. We conclude that OLS
is more powerful than VDS on fitness landscapes containing
clusters of local optima.

Future work might deal with analyzing OLS on combina-
torial problems because such problems often contain multi-
ple local optima that are close to each other [1], i.e. contain
clusters of local optima. Furthermore, it would be inter-
esting to quantify for how many dimensions and how many

peaks OLS succeeds in expected polynomial time. Experi-
mental work might further support the usefulness of OLS.
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Abstract We consider stochastic versions of OneMax and LeadingOnes and ana-

lyze the performance of evolutionary algorithms with and without populations on these

problems. It is known that the (1+1) EA on OneMax performs well in the presence of

very small noise, but poorly for higher noise levels. We extend these results to Leadin-

gOnes and to many different noise models, showing how the application of drift theory

can significantly simplify and generalize previous analyses. Most surprisingly, even

small populations (of size Θ(log n)) can make evolutionary algorithms perform well

for high noise levels, well outside the abilities of the (1 + 1) EA. Larger population

sizes are even more beneficial; we consider both parent and offspring populations. In

this sense, populations are robust in these stochastic settings.

Keywords Run time analysis · Stochastic fitness function · Evolutionary algorithm ·
Populations · Robustness

1 Introduction

Evolutionary algorithms (EAs) are general-purpose problem solvers which can be

successfully applied to a wide variety of problems with small effort. In particular, EAs

are popular where no tailored solutions exist, for example because the structure of the

problem is inaccessible (given as a black box) or where the structure of the problem
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is very complicated. In particular, EAs are popular in settings including uncertainties,

such as noisy fitness (quality) evaluations; see [1] for a survey on examples in com-

binatorial optimization, but also [11] for an excellent survey also discussing different

sources of uncertainty.

We are interested in formally analyzing the performance of EAs in settings where

the fitness function is probabilistic, i.e., a given search point can have different fitness

values for different fitness evaluations. One way to deal with such uncertainty is to

replace fitness evaluations with an average of a (large) sample of fitness evaluations

and then proceed as if there was no noise. In this paper we are interested in a different

approach where we accept the noise and try to analyze how much noise can be over-

come by EAs without further modifications (note that this research can also be used to

decide how much resampling is necessary for successful optimization). This was first

done in [5], where a noisy variant of the well-known OneMax test function was ana-

lyzed for the simplest EA, the (1+1) EA. In essence, it was shown that the (1+1) EA

can deal with small noise levels, but not medium noise levels. Recently, there was a

sequence of papers discussing ant colony optimization for path finding problems in

the presence of uncertainty [2,6,20], see also [8,9] for early work in this area.

For this paper we are exclusively concerned with optimization problems defined

on bit strings of fixed length n. In this domain we have the two well-known (static)

test functions OneMax and LeadingOnes as follows. For each bit string x ∈ {0, 1}n

we let OneMax(x) be the number of 1s in x and LeadingOnes(x) is the number of

consecutive 1s counting from the left until the first occurrence of a 0. The performance

of various randomized search heuristics on these two static problems is known in detail.

We modify these test functions by adding noise. We distinguish between two general

noise models: prior noise and posterior noise. In the first model we assume that the

noise comes from not evaluating the search point in question, but a noisy variant; an

example of this is the noise model used in [5], where, with probability p, a bit of the

search point was flipped before evaluation. In the second model the fitness value of a

search point obtains noise after evaluation. For example, one can add a value drawn

from a centered normal distribution (or add a value drawn from any other chosen

distribution; we call such noise additive posterior noise). Posterior noise is essentially

the model used in [2,6,8,20].

In each case we consider the noise to be independent for different elements of the

search space and for reevaluations (note that we assume that all algorithms reevaluate

each search point under consideration in every iteration).

In this paper we expand on the work done in [5] in three ways. First, we make the

results applicable to many different noise models; second, we analyze the Leadin-

gOnes function in noisy settings; third, we show how the use of populations can make

the EA much more robust towards noise.

Regarding the generalization, we reprove the results from [5] as a corollary to more

general theorems which can be applied in many different settings. The proofs of these

more general theorems rely heavily on drift theory, a modern tool which facilitates the

formal analysis of randomized search heuristics significantly. Note that this tool was

not available for [5]. Another tool suitable for the analysis of populations was recently

introduced in [14] in the context of non-elitism, i.e. just as in the setting with noise,

good solutions can get lost.
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Regarding the LeadingOnes test function, we give the first formal analysis of this

test function in a noisy setting.

Regarding the use of populations, the paper [18] gives a nice overview of several

different aspects where populations (and the use of crossover operators) are beneficial

for optimization of static fitness functions. In contrast to this, we show that populations

can also be highly beneficial in the context of stochastic fitness functions, as they make

much higher noise levels tractable.

1.1 Detailed Contribution

The only algorithm we consider is the (μ + λ) EA, for different values of μ and λ

(see Sect. 2 for a detailed description). We consider the (1 + 1) EA as an EA that

does not rely on populations; this was the algorithm considered in [5]. Even when

we discuss EAs with populations, we only consider cases with μ = 1 or λ = 1, for

simplicity.

We consider optimization successful in the stochastic setting as soon as the algo-

rithm has evaluated the best static solution (in both our cases the all-1s bit string);

note that the best static solution is, in all of our models, also the solution with best

expected fitness. Whenever we consider the “run time” of an algorithm, this is under-

stood as the expected number of iterations (or generations) of the EA. In particular,

population-based EAs have a higher number of fitness evaluations than iterations (also

due to reevaluation of old search points). Note, however, that these numbers differ only

by a factor of μ + λ. Therefore, it makes sense to take the number of iterations as a

measure of the run time and the number of fitness evaluations can be directly inferred.

In fact, when fitness evaluations can be done in parallel (due to sufficient hardware),

the number of iterations is directly a measure for the run time.

In Sect. 3 we consider OneMax. In particular, we give a general theorem for

deriving upper bounds in different noise settings (Theorem 5) and a general Theorem

for deriving lower bounds (Theorem 6). As a result we completely reprove the theorems

from [5] (Corollary 7). These results concern prior noise where, with probability p, a

(uniformly chosen) bit is flipped. As a further corollary, we show that the (1 + 1) EA

can optimize in the presence of additive posterior noise with variance of O(log n/n)

efficiently, but not, for example, in the presence of additive noise from an exponential

distribution with parameter 1 (Corollary 10). We consider additive posterior noise

taken from a normally distributed random variable in Corollary 11; here we can give

the precise threshold below which the (1 + 1) EA is successful. This list of corollaries

can easily be extended, for example to cover the case of prior noise based on mutation

(Corollary 8) or the noise model of “partial evaluation” considered in [4] (Corollary 9).

In Sect. 3.2 we show that populations can make an EA much more robust towards

noise. For example, a linear population is large enough to allow arbitrary values of p in

the setting of prior bit-flip noise. Furthermore, for constant p in the setting of prior bit-

flip noise (a setting far outside the abilities of the (1+1) EA for efficient optimization),

already a logarithmic population size suffices for efficient optimization. Similarly,

we get robustness of small populations for posterior noise models, for example for

exponentially distributed noise with constant parameter.
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Table 1 For different algorithms and different target problems, the range of noise parameter p is given for

which optimization is successful in polynomial time (in the model of prior noise from [5], with probability

p flipping a single bit)

OneMax LeadingOnes

(1 + 1) EA O(log n/n) O(1/n2)

(μ + 1) EA [0, 1], μ = Ω(log n/p) O(1/n2), μ ≥ 1

(1 + λ) EA [0, 1], λ = Ω(n log n/p) O(1/n), λ = Ω(log n)

In Sect. 4, we give our results for LeadingOnes. We show that the (1 + 1) EA

optimizes successfully in the presence of small noise, but we also give an example

of higher noise levels where optimization is unsuccessful. Here again populations are

helpful, even of logarithmic size. As expected, the LeadingOnes function is much

more sensitive to prior noise than the OneMax function.

For the specific noise model taken from [5], we give an overview of our results in

Table 1.

We conclude the paper with a discussion in Sect. 5. Note that this paper is an

extended and corrected version of [7]; we added several further corollaries and

expanded on many proofs. Since the publication of the conference version of this

paper, another work addressing the optimization of stochastic versions of OneMax

and LeadingOnes was published [4] where the focus was on non-elitist algorithms

optimizing with noise models based on certain kinds of unavailability of data (see

Corollary 9 for one of the noise models). Furthermore, several papers regarding opti-

mization with stochastic fitness functions were presented at the FOGA’15 conference.

2 Mathematical Preliminaries

In this paper we consider the (μ + λ) EA, an algorithm which bases its progress on

mutation (see Algorithm 1 for a detailed description). We consider only the mutation

operator which flips each bit independently with probability 1/n. Ties in the selection

of fitter individuals are broken so that individuals from the offspring population are

preferred (this allows the (1 + 1) EA to cross plateaus and is consistent with the

definition of, for example, [5]); further ties are broken uniformly at random.

Note that all references to the “run time” or the “number of steps” of an algorithm

always concern the expected first hitting time of the optimum, as mentioned above.

2.1 Drift Theorems

We will use a variety of drift theorems to derive the theorems of this paper. Drift, in this

context, describes the expected change of the best-so-far solution within one iteration

with respect to some potential. In later proofs we will define potential functions on

best-so-far solutions and prove bounds on the drift; these bounds then translate to

expected run times with the use of the drift theorems from this section.
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Algorithm 1: (μ + λ) EA

1 Let P be a set of μ uniformly chosen bit strings;

2 repeat

3 O ← ∅;

4 for i = 1 to λ do

5 pick x u.a.r. from P;

6 O ← O ∪ {mutate(x)};
7 for x ∈ P ∪ O do evaluate f (x);

8 P ← μ f -maximal elements from P ∪ O;

9 until forever;

The literature knows a large number of drift theorems; this selection is not repre-

sentative, but merely contains those theorems needed for this paper.

The simplest drift theorem concerns additive drift.

Theorem 1 (Additive Drift [10]) Let (D(t))t≥0 be random variables describing a

Markov process over a finite state space S ⊆ R
+
0 . Let T be the random variable that

denotes the earliest point in time t ≥ 0 such that D(t) = 0. If there exist c > 0 such

that

E
(

D(t) − D(t+1)|T > t
)

≥ c,

then

E(T |D(0)) ≤
D(0)

c
.

Another useful tool is the Variable Drift Theorem given in [13, Theorem 4.6] (inde-

pendently developed in [15, Section 8]); this drift theorem is applicable when the drift

is not uniform across the search space; frequently one can find a uniform lower bound

and use the additive drift theorem, but using the variable drift theorem will typically

give much better bounds. The version of the Variable Drift Theorem that we use is

due to [19], which removes the restriction of h being differentiable.

Theorem 2 (Variable Drift [19]) Let (D(t))t≥0 be random variables describing a

Markov process over a finite state space S ⊆ R
+
0 and let xmin := min{x ∈ S | x > 0}.

Furthermore, let T be the random variable that denotes the first point in time t ∈ N for

which D(t) = 0. Suppose that there exists a monotone increasing function h : R
+ →

R
+ such that 1/h is integrable and

E
(

D(t) − D(t+1) | D(t)
)

≥ h(D(t))

holds for all t < T . Then,

E(T | D(0)) ≤
xmin

h(xmin)
+

∫ D(0)

xmin

1

h(x)
dx .
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Since we will make frequent use of it in the following sections, we will also give

the version of the Multiplicative Drift Theorem for upper bounds, due to [3], which is

implied by the previous Variable Drift Theorem.

Theorem 3 (Multiplicative Drift [3]) Let (D(t))t≥0 be random variables describing a

Markov process over a finite state space S ⊆ R
+
0 and let xmin := min{x ∈ S | x > 0}.

Let T be the random variable that denotes the earliest point in time t ≥ 0 such that

D(t) = 0. If there exist δ > 0 such that for all x ∈ S with P(D(t) = x) > 0 we have

E
(

D(t) − D(t+1)|D(t) = x
)

≥ δx,

then for all x ′ ∈ S with P(D(0) = x ′) > 0,

E
(

T |D(0) = x ′
)

≤
1 + log

(

x ′

xmin

)

δ
.

Finally, in order to derive lower bounds on the run time of EAs, we use the Negative

Drift Theorem.

Theorem 4 (Negative Drift [16,17]) Let (D(t))t≥0 be real-valued random variables

describing a stochastic process over some state space. Suppose there is an interval

[a, b] ⊆ R, two constants δ, ε > 0 and, possibly depending on ℓ = b − a, a function

r(ℓ) satisfying 1 ≤ r(ℓ) = o(ℓ/ log ℓ) such that, for all t ≥ 0, the following conditions

hold.

1. E(D(t+1) − D(t) | a < D(t) < b) ≥ ε;

2. For all j ≥ 0, P(|D(t+1) − D(t)| ≥ j | a < D(t)) ≤ r(ℓ)

(1+δ) j .

Then there is a constant c such that, for T = min{t ≥ 0 : D(t) ≤ a | D(0) ≥ b}, we

have

P(T ≤ 2cℓ/r(ℓ)) = 2−Ω(ℓ/r(ℓ)).

3 OneMax

In this section we present our results regarding OneMax. We fix a (stochastic) One-

Max function f according to one of our models. For each of the stochastic models

we consider (see Corollaries 7 through 11), it is easy to verify that there is a sequence

of independent random variables (Xk)k≤n such that the following holds.

– For each evaluation of f on a bit string with exactly k 1s, the return value is drawn

at random ∼ Xk (recall that all evaluations of fitness functions are independent).

– ∀0 < j < k < n : P(Xk < Xk+1) ≤ P(X j < Xk+1); intuitively, the larger

the true difference in OneMax-value, the more likely this is reflected in a random

OneMax evaluation. This simplifies some conditions.
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Note that these two properties capture two important properties of the OneMax func-

tion: symmetry in the positions (only the number of 1s decides on the fitness, not

the position), and monotonicity (the more 1s a bit string has, the higher its fitness;

we need this comparison-based version, given the comparison-based definition of the

(1 + 1) EA).

We start by giving an upper and a lower bound for the (1 + 1) EA in Sect. 3.1.

In Sect. 3.2 we give upper bounds for EAs with parent populations and in Sect. 3.3

for EAs with offspring populations, showing that populations are efficient for the

stochastic versions of OneMax we consider.

3.1 The (1 + 1) EA on ONEMAX

Our first theorem gives an upper bound for the (1 + 1) EA on OneMax, generalizing

a theorem from [5]. The condition given by Eq. (1) intuitively says that more 1s look

better with a probability which is close to 1, getting closer the more 1s there are.

This increase in reliability of the evaluation is needed to counterbalance the increased

likelihood of finding worse search points the closer the best search point is to the

optimum.

Theorem 5 Suppose there is a positive constant c ≤ 1/15 such that

∀k < n : P(Xk < Xk+1) ≥ 1 − c
n − k

n
. (1)

Then the (1 + 1) EA optimizes f in Θ(n log n) steps. Furthermore, if Eq. (1) holds for

all k < n − ℓ for some ℓ with 2 < ℓ ≤ n/2, and we have

∀k < n : P(Xk < Xk+1) ≥ 1 −
ℓ

n
,

then (1 + 1) EA optimizes f in expectation in O(n log(n)) + n2O(ℓ) iterations.

Proof Let pk = c(n − k)/n. Let (D(t))t≥0 be the Markov process describing the

number of 1s of the (1 + 1) EA on f . We show that there is a positive multiplicative

drift driving the number of 1s up to n, more precisely we will show that there is a

constant z such that

∀t : E
(

D(t+1) − D(t) | D(t), D(t) < n
)

≥
z

n

(

n − D(t)
)

.

Let t be given and let k := D(t) be at most n − 1.

Let E0 be the event that the new search point has at least one more 1 (i.e. D(t+1) ≥
k +1) and the comparison of old and new search point indicates correctly that the new

search point is better. We have that P(E0) ≥ (1 − pk)(n − k)/(en), as the probability

for flipping exactly one 0-bit is at least (n − k)/(en), and the probability of accepting

the new (better) search point is at least 1 − pk .
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Let E1 be the event that the new search point has less 1s than the current search

point and that this new search point is nonetheless accepted (i.e. D(t+1) ≤ k − 1). We

have that P(E1) ≤ pk−1k/n, as the probability of creating a worse search point is at

most k/n (one of the 1-bits has to flip) and the probability of incorrectly accepting

a worse search point is at most pk−1. First, we show that the expected number of 1s

conditional on E1 is at least k − 2. For that notice that this expectation only decreases

if we condition additionally on the event E2 that no 0 flips to a 1. Let A be the set of

indices where the current search point has a 1; without loss of generality, assume 0 ∈ A.

Let, for all i ∈ A, Fi be the event that bit i flipped. Furthermore, let Y be the random

variable describing the number of flipping 1s. Note that E1 ⊆
⋃

i∈A Fi . Now we see

E(Y | E1, E2) ≤
∑

i∈A

E(Y | Fi , E1, E2)P(Fi ) ≤
|A|
n

E(Y | F0, E1, E2) ≤ 2,

as Y conditioned on any Fi is 1 (for the i th bit flipping) plus an expected 1/n for every

other 0-bit. This shows E(D(t+1) | E1) ≥ k − 2 as desired.

Taking all parts together, we have

E(D(t+1) − D(t) | D(t), D(t) < n) ≥ P(E0) − 2P(E1)

≥ (1 − pk)
n − k

en
− 2pk−1

k

n

≥
n − k

en
− pk

(

2 +
n − k

en

)

− 2c/n

≥
n − k

en
− 3pk − 2c/n

≥
n − k

n
(1/e − 5c).

Using c ≤ 1/15 we see that 1/e − 5c is a constant > 0. We apply the Variable Drift

Theorem (see Theorem 2) on the process (n − D(t))t describing the number of 0s

at iteration t , xmin = 1 and h such that, for all x > 0, h(x) = ax/n for a positive

constant a < 1/e − 5c. As the initial number of 0 is at most n, we get an expected run

time of O(n log n).

Regarding the “furthermore” clause, we do not have sufficient drift when we use

the number of 1s as the potential function. Thus, we change our potential function in a

way which could also be used to show an exp(O(n)) bound for optimizing the needle

function with the (1 + 1) EA. Intuitively, this drift function takes care of the plateau

of the last ℓ OneMax values.

We define a helper function a so that, for all i ≥ 1,

a(i) =
{

2 i !
ℓ! (10eℓ),ℓ−i if i ≤ ℓ;

1, otherwise.

We now define the potential in terms of a as follows. A given search point with exactly

z 0s has potential

123



470 Algorithmica (2016) 75:462–489

g(z) =
z

∑

i=1

a(i).

This potential function makes it particularly easy to compute the differences of the

potentials of similar search points (it is a sum of successive a(i)). We let (C (t))t be

the sequence of random variables describing the number of 0s in the current bit string

after t iterations. Let E0 and E1 be as above. For z ≥ ℓ we see that we have a drift of

Ω(z/n) from the computations above. Suppose now z < ℓ. Later we will need that,

for all i < ℓ,

a(i)

a(i + 1)
=

10eℓ

i + 1

and, thus,

a(i) + 2a(i + 1) ≤ 2a(i). (2)

We now estimate how much the potential can fall conditional on sampling and accept-

ing a worse search point. We use E(C (t+1) | C (t) = z, E1) ≤ z + 2 as before and

make the worst-case assumption that we lose the complete potential from g(z) to g(ℓ).

This gives

E
(

g(C (t)) − g(C (t+1)) | C (t) = z, E1

)

≥ g(z) − g(ℓ) − 2

= −2 −
ℓ

∑

i=z+1

a(i)

≥ −2a(z + 1).

The last step can be seen with a straightforward induction employing Eq. (2).

Conditional on making progress at all (more precisely, conditional on E0), we gain

in potential by at least

g(z) − g(z − 1) = a(z).

The probability of accepting a better individual is, by assumption, at least 1 − ℓ/n.

Thus, taking all parts together, we have

E
(

g(C (t)) − g(C (t+1)) | C (t) = z
)

≥ P(E0)a(z) − P(E1)2a(z + 1)

≥
(

1 −
ℓ

n

)

z

en
a(z) −

ℓ

n

n − z

n
2a(z + 1).

Simple arithmetic and the conditions we have on ℓ and z now show that this term is

at least b/n for some constant b. It is easy to see that g(ℓ) = exp(O(ℓ)). We now use

the Variable Drift Theorem (see Theorem 2) on the process (g(C (t)))t . We let h be

monotone and integrable such that, for all z with 0 < z ≤ ℓ we have h(g(z)) = b/n,
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and for z > ℓ h(g(z)) = az/n for a as above. Thus we see that the total expected

optimization time is at most

O(n g(ℓ) + n log(n)),

where the first term accounts for potential values up to g(ℓ) and the second term

accounts for higher values, where we have the higher drift of O(z/n). ⊓⊔

Now we come to our second theorem, a lower bound for the (1+1) EA on OneMax.

Theorem 6 Suppose there is ℓ ≤ n/4 and a constant c ≥ 16 such that

∀k, n − ℓ ≤ k < n : P(Xk < Xk+1) ≤ 1 − c
n − k

n
.

Then the (1 + 1) EA optimizes f in 2Ω(ℓ) iterations with high probability.

Proof We want to show that there is a constant negative drift on the number of ones in

the interval between n −ℓ and n; however, we will count iterations of the process only

when an actual change in the number of 1s occurs (i.e., we condition on the change),

as otherwise the drift would be too small (this will only yield a smaller bound than

when counting all other steps as well). See also [19] regarding an explicit negative

drift theorem in the presence of self-loops. Let k ≥ n − ℓ be the number of 1s of the

current search point.

Let pk = c(n − k)/n. With a probability of at least pk−1k/(en) we decrease the

number of 1 by one (this is the chance of flipping exactly one bit, from 1 to 0, and then

accepting). This decrease of at least 1 times the probability of doing so is our negative

part of the drift.

Countering the negative part is a positive part. Let E0 be the event that the new

search point has at least one more 1 and the comparison of old and new search point

indicates correctly that the new search point is better. Clearly, the expected number of

1s conditional on E0 is at most k + 2 and P(E0) ≤ (n − k)/n. Thus, the expected

increase in 1s times the probability of making such an increase is at most 2(n − k)/n,

the positive part of the drift.

Since we do not count steps without change, it suffices to show that the negative

part of the drift is at least twice as large in magnitude as the positive part of the drift.

This would yield a negative drift of at least 1/3 (this uses that we have a minimal step

width of 1). Dividing the lower bound for the negative part of the drift by the upper

bound for the positive part of the drift, we get a ratio of

pk−1k

en

n

2(n − k)
≥

ck

2en
.

From k ≥ 3n/4 and c ≥ 16 we get the desired lower bound of 2 on the ratio. As the

(1 + 1) EA makes long jumps with sufficiently small probability, an application of the

Negative Drift Theorem (Theorem 4) concludes the proof. ⊓⊔
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Our two theorems can be used for easy corollaries, showing the optimization time

of the (1+1) EA given different noise models. We first consider the noise model given

in [5].

Corollary 7 ([5]) Suppose prior noise which, with probability p, flips a bit chosen

uniformly at random. Then we have that the (1 + 1) EA optimizes OneMax in an

expected number of iterations of

⎧

⎪

⎨

⎪

⎩

Θ(n log n), if p = O(1/n);
polynomial, if p = O(log(n)/n);
superpolynomial, if p = ω(log(n)/n) ∩ 1 − ω(log(n)/n).

Proof Let c be given and suppose p ≤ c/n; let k < n − 2c. We estimate P(Xk <

Xk+1) by observing that the event Xk ≥ Xk+1 requires the individual with k 1s to be

evaluated to k + 1 or the other to k. Both have a probability of at most p. By the union

bound, we get either of the two events with probability at most 2p ≤ 2c/n ≤ (n−k)/n.

Thus, we get the desired bound from Theorem 5 using the “furthermore” clause with

ℓ = 2c.

Let now c be given and suppose p ≤ c log n/n. We get the bound P(Xk ≥ Xk+1) =
O(log n/n) just as in the last paragraph; this is sufficient up to a distance of O(log n)

from the optimum, which gives a polynomial bound using the “furthermore” clause

from Theorem 5 again.

Suppose p = ω(log n/n) ∩ 1 − ω(log n/n). Then, for all k ≥ 3n/4, we estimate

P(Xk = Xk+1) as follows. That Xk evaluates to k has a probability of at least (1− p);

that Xk+1 evaluates to k has a probability of at least p(k + 1)/n ≥ 3p/4. Since these

two probabilities are independent, we get

P(Xk = Xk+1) ≥ (1 − p)(3p/4).

Using the bounds on p, Theorem 6 now gives a superpolynomial run time. ⊓⊔

Note that, for the missing case of p = 1 − O(log(n)/n) in Corollary 7 we can apply

neither Theorem 5 nor Theorem 6 as the relevant constant c has a value of roughly 1

(for an upper bound we need c ≤ 1/15, for a lower bound we need c ≥ 16).

Just as easily we can make conclusions about different noise models. In the next

corollary we consider noise as given by flipping each bit with a certain probability.

Corollary 8 Suppose prior noise which flips each bit independently with probability

p. Then we have that the (1 + 1) EA optimizes OneMax in an expected number of

iterations of

⎧

⎪

⎨

⎪

⎩

Θ(n log n), if p = O(1/n2);
polynomial, if p = O(log n/n2);
superpolynomial, if p = ω(log n/n2).
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Proof Suppose first p ≤ c/n2 for some constant c and let k < n − 2c. We estimate

P(Xk < Xk+1) by observing that that the event Xk ≥ Xk+1 requires the individual

with k 1s to be evaluated to at least k + 1 or the other to at most k. Both have a

probability of at most np by the union bound. Again by the union bound, we get either

of the two events with probability at most 2np ≤ 2c/n ≤ (n − k)/n. Thus, we get the

desired bound from Theorem 5.

Let now c be given and suppose p ≤ c log n/n2. We get the bound P(Xk ≥
Xk+1) = O(log n/n) just as in the last paragraph; this is sufficient up to a distance of

O(log n) from the optimum, which gives a polynomial bound using the “furthermore”

clause from Theorem 5.

We show the superpolynomial run time bound by distinguishing three cases for the

growth rate of p. For all k ≥ 3n/4, we estimate P(Xk = Xk+1). We will show a

bound of

P(Xk ≥ Xk+1) = ω(log(n)/n).

so that Theorem 6 gives a superpolynomial run time with ℓ = ω(log(n)). Fix two

individuals x and y with k and k + 1 1s respectively.

Suppose first p = ω(log n/n2)∩ O(1/n). That x evaluates to k has a probability of

at least (1 − p)n = Ω(1) (no bit flips); that y evaluates to at most k has a probability

of at least p(k + 1)/e ≥ 3pn/(4e). Since these two probabilities are independent, we

get

P(Xk ≥ Xk+1) ≥ Ω(1)(3pn/(4e)) = ω(log(n)/n).

Suppose now p = ω(1/n)∩ O(log(n)/n). Fix log(n) positions for x at which there

is exactly one 0; fix log(n) positions of y where there are only 1s. The probability

that, after the noise is applied, x has at most as many 1s as y on the positions outside

of the fixed ones is at least 1/2 (due to symmetry, they have just as many 1s at these

positions). The probability that of all the fixed position exactly one in y flips is at least

log(n)p(1 − p)2 log(n)−1, as there are log(n) choices for the position in y. We can

bound this probability, using Bernoulli’s Inequality, as

log(n)p(1 − p)2 log(n)−1 ≥ log(n)ω(1/n) (1 − p(2 log(n) − 1))

≥ ω(log(n)/n)

(

1 − O

(

log(n)2

n

))

= ω(log(n)/n).

Together with the probability of 1/2 for x having at most as many 1s on the other bits,

this shows the desired bound.

Finally, suppose p = ω(log(n)/n). Align the bit positions so that there is only one

bit position where x and y differ. We first focus on the bit positions where x and y

are the same. After applying the noise, the probability that y has at most as many 1s

(within these bit positions) as x , is at least 1/2. The probability that, at the position
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where x and y differ, y has its bit flipped, is p. Thus, the probability of y evaluating

to at most as much as x is at least p/2, which gives again the desired bound. ⊓⊔

Next we consider the noise model “partial evaluation” given in [4]. Note that the

case of p constant of the next corollary was shown by [4].

Corollary 9 Suppose prior noise which sets each bit independently with probability

p to 0. Then we have that the (1 + 1) EA optimizes OneMax in an expected number

of iterations of

⎧

⎪

⎨

⎪

⎩

Θ(n log n), if p = O(1/n2);
polynomial, if p = O(log n/n2);
superpolynomial, if p = ω(log n/n2).

We omit the proof, since it is basically the same as for the previous corollary.

Regarding posterior noise we give the following two corollaries.

Corollary 10 Suppose posterior noise, sampling from some distribution D with vari-

ance σ 2. Then we have that the (1 + 1) EA optimizes OneMax in an expected

polynomial time if σ 2 = O(log n/n). On the other hand, if, for example, D is expo-

nentially distributed with parameter 1, then the (1 + 1) EA optimizes OneMax in

superpolynomial time only.

Proof We have Xk ∼ k + D and Xk+1 ∼ k + 1 + D; let D′ be the difference of two

independent copies of D. We have

P(Xk < Xk+1) = P(0 < Xk+1 − Xk) = P(−1 < D′).

The variance of the difference of two random variables both with variance σ 2 is 2σ 2.

Now we apply Chebyshev’s Inequality to see that

P(|D′| ≥ 1) ≤ 2σ 2.

Thus, for σ 2 = O(log n/n), we get polynomial run time using Theorem 5.

In the case of D an exponential distribution we have a constant chance of Xk ≥ k+2

and Xk+1 ≤ k + 2, which leads to the claimed result using Theorem 6. ⊓⊔

Corollary 11 Suppose posterior noise, sampling from a Gaussian distribution D ∼
N (0, σ 2) with variance σ 2. Then we have that the (1 + 1) EA optimizes OneMax

in an expected polynomial time if σ 2 ≤ 1/(4 log(n)). On the other hand, if σ 2 ≥
c/(4 log(n)) for any c > 1, then the (1+1) EA optimizes OneMax in superpolynomial

time only.

Proof Let D′ be the difference of two independent copies of D as in the proof of

Corollary 10. We have that D′ ∼ N (0, 2σ 2); thus

P
(

−1 < D′) =
1

2

(

1 + erf

(

1

2σ

))

= 1 −
1

2
erfc

(

1

2σ

)

.
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We will use the following standard estimates of the complementary error function [21],

somewhat simplified by making the estimate more rough. For all x ,

exp(−x2)

2x + 2
≤ erfc(x) ≤

2 exp(−x2)

x
(3)

We now first consider the positive part, so suppose σ 2 ≤ 1/(4 log(n)). Using the

upper bound from Eq. (3) and the fact that erfc is monotonically decreasing, we get

1

2
erfc

(

1

2σ

)

≤
1

2
erfc

(

√

log n
)

≤
exp(− log n)

√
log n

≤
1

n
.

Thus, we get polynomial run time using Theorem 5.

Regarding the negative part, let c > 1 and suppose σ 2 ≥ c/(4 log(n)). Using the

lower bound from Eq. (3) and again the fact that erfc is monotonically decreasing, we

get, asymptotically for any c′ with 1/c < c′ < 1,

1

2
erfc

(

1

2σ

)

≥
1

2
erfc

(

√

log n/c
)

≥
exp(− log n/c)

2
√

log n/c + 2
≥

1

nc′ .

This leads to the claimed result using Theorem 6. ⊓⊔

3.2 Parent Populations: The (µ + 1) EA on ONEMAX

In this section we give upper bounds for a EAs using parent populations, i.e. we

consider the (μ+1) EA. From [22] we know that the (μ+1) EA needs Θ(μn+n log n)

iterations to optimize the static version of OneMax. We conjecture a similar run time

for sufficiently benevolent noisy versions, but, for simplicity also for the requirements

on the noise model, we only give the slightly weaker bound of O(μn log n). To bound

the negative drift, we also require that the noise has only a very small range.

Theorem 12 Let μ be given and suppose, for each k ≤ n, Xk ∈ [k − 1, k + 1]. For

each k < n, let Ak be the event that, when drawing μ independent copies of Xk and

one copy of Xk+1 and then sorting with breaking ties uniformly, the value of Xk+1

does not come out least. If there is a positive constant c ≤ 1/15 such that

∀k, n/4 < k < n : P(Ak) ≥ 1 − c
n − k

nμ
, (4)

then the (μ + 1) EA optimizes f in an expected number of O(μn log n) iterations.

Note that the requirement of Eq. (4) might seem to get more restrictive with growing

μ; however, it only gets linearly more restrictive in the fraction on the right-hand-side,

while the impact of growing μ on the probability of the event Ak is typically much

stronger.
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Proof Let pk = c(n − k)/(nμ).

We show that there is a positive drift on the number of ones in the current best

search point. Let k be the number of 1s of the current best search point.

Let E0 be the event that the new search point has at least one more 1 than the

best one and this new search point is not removed in the selection step. We have

P(E0) ≥ (1 − pk)(n − k)/(eμn).

Let E1 be the event that the new search point has less 1s than the current best search

point, the best search point is unique, and that this unique search point is discarded

(if the best search point is not unique, E1 is the empty event). From the bound on the

range of the noise we get that the best search point with k 1s can only be discarded if

all other search point have at least k − 2 1s. Thus, the number of 1s conditional on E1

(if E1 �= ∅) is at least k − 2. We have P(E1) ≤ pk−1. Thus, the expected increase in

the number of 1s is at least

P(E0) − 2P(E1) ≥ (1 − pk)
n − k

eμn
− 2pk−1

=
n − k

eμn
− pk

(

2 +
n − k

eμn

)

− 2c/(nμ)

≥
n − k

eμn
− 3pk − 2c/(nμ).

Using the choice of c ≤ 1/15, we see that we have sufficient multiplicative drift, and

our claim follows from the Multiplicative Drift Theorem (see Theorem 3). ⊓⊔

From these theorems we can again derive many corollaries regarding concrete noise

models. These includes corollaries implying an exponential speedups of populations

of logarithmic size, when compared with the performance of the (1 + 1) EA.

Corollary 13 Suppose prior noise which, with probability p, flips a bit uniformly at

random. Let μ ≥ 12 log(15n)/p. Then we have that the (μ+1) EA optimizes OneMax

in an expected number of O(μn log n) iterations. In particular, for p = 1/2, we have

that a population size of μ = 24 log(15n) suffices for an expected optimization time

of O(μn log n).

Proof In order to apply Theorem 12 we consider μ independent copies of Xk (called

low individuals) and one copy of Xk+1 (called high individual).

Suppose first p ≤ 1/(32n). Using Chernoff bounds, we can assume that at least

μ/2 low individuals will evaluate to k. Now the high individual can only come out

last in the sorting described in Theorem 12 if it evaluates down and looses in the tie

breaking against at least μ/2 low individuals; this happens with a probability of at

most

p

μ/2
≤

1

16nμ
.

Thus, Theorem 12 concludes the claim for this case.
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Suppose now p > 1/(32n). For k ≥ n/4, the probability that none of the low

individuals is evaluated to k − 1 is at most

(

1 −
p

4

)μ

(as each individual is evaluated noisily with probability p and, using k ≥ n/4, with

probability at least 1/4 the noise has a negative effect on the fitness).

For μ large enough (recall that μ increasing with increasing n), we have pμ/6 ≥
log(μ), as can be seen by the following case distinction.

μ ≤ n2 : pμ/6 ≥ 2 log(15n) ≥ 2 log(n) ≥ log(μ);
μ > n2 : pμ/6 ≥ μ/(6 · 32n) ≥ √

μ/198 ≥ log(μ).

Let q = 1 − p/4. We have

μ = 4 (μ/12 + μ/6)

≥ 4

(

log(15n)

p
+

log(μ)

p

)

= 4
log(15nμ)

p
.

We use the inequality x ≤ − log(1 − x) for x = p/4 and get

μ ≥
4 log(15nμ)

−4 log(q)
= −

log(15nμ)

log(q)
.

Taking all inequalities together we get that the probability that none of μ individuals

with k 1s is evaluated to k − 1 is at most

(

1 −
p

4

)μ

= qμ ≤
1

15nμ
.

Theorem 12 gives the desired result. ⊓⊔

Corollary 13 requires larger μ for smaller p, while small noise (small values of p)

should make optimization easier. Consider the following case as an illustrative exam-

ple for why small noise might be bad for efficient optimization. Assume we have

μ = Θ(log n) and p = Θ(1/
√

n). We have that, with constant probability, all low

individuals are truthfully evaluated. Furthermore, Xk+1 = k has a probability of

Θ(1/
√

n), assuming a large value of k. This shows that there is a chance of Θ(1/
√

n)

to remove the best individual from the population, making Theorem 12 inapplicable.

The assumptions of Theorem 12 are very strong, even if they do not hold there might

be efficient optimization, but this will likely require much more refined techniques

(probably considering the diversity of the population).
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3.3 Offspring Populations: The (1 + λ) EA on ONEMAX

In this section we give upper bounds for a EAs using offspring populations, i.e. we

consider the (1 + λ) EA. From [12, Theorem 4] we know that the (1 + λ) EA needs

O(n log n + nλ) iterations to optimize the static version of OneMax.

Theorem 14 Let λ ≥ 24 log n and, for each k < n, let Yk denote the maximum over

λ observed values of Xk (belonging to inferior individuals) and let Zk denote the

maximum over at least λ/6 observed values of Xk (belonging to better individuals).

Suppose there is q < 1 such that

∀k < n : P(Yk < Xk+1) ≥ q, (5)

and

∀k < n : P(Yk−1 < Zk) ≥ 1 −
q

5

ℓλ

en + ℓλ
. (6)

Then the (1 + λ) EA optimizes f in O((n log n/λ + n)/q) iterations and needs

O((n log n + nλ)/q) fitness evaluations.

Proof We show that there is a positive drift on the number of 1bits. Let k be the number

of 1-bits of the current search point and ℓ the number of 0-bits, such that k + ℓ = n.

Let pk = (q/5)ℓλ/(en + ℓλ).

Let E0 be the event that at least one offspring is improved by at least 1 and is

correctly accepted. Let E1 be the event that at least one offspring has less 1s than the

current search point, and that it is still accepted. We have that P(E0) can be bounded

below by

q

(

1 −
(

1 −
ℓ

en

)λ
)

≥ q
(

1 − e− ℓλ
en

)

≥ q
ℓλ

en + ℓλ
.

In order to estimate P(E1) let E2 be the event that more than λ/6 copied offspring

are created. We have

P(E1) = P(E1|E2)P(E2) + P(E1|E2)P(E2).

Equation (6) gives us P(E1|E2) ≤ pk . By using a Chernoff bound we further get

P(E2) ≤ e−λ/24. Bounding the other probabilities by 1 we obtain P(E1) ≤ pk +
e−λ/24. Conditioning on E1, the expected number of ones is at least k−2. Furthermore,

due to our definition of pk and ℓ = n − k we can show the following inequality:

pk =
q

5

ℓλ

en + ℓλ
=

q
5

1 + en
(n−k)λ

≥
q
5

1 + en
λ

≥
q
5

n
(1+e)

λ

=
qλ

5n(1 + e)
,

where the inequalities follow from the trivial bounds k ≤ n−1 and n ≥ 1, respectively.

Since λ ≥ 24 log n, the last term is bounded below by 1/n. Altogether, the expected

increase in the number of 1s is
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P(E0) − 2P(E1) ≥ q
ℓλ

en + ℓλ
− 2

(

pk + e− λ
24

)

≥ q
ℓλ

en + ℓλ
− 2

(

pk +
1

n

)

≥ q
ℓλ

en + ℓλ
− 4pk

=
(

q −
4q

5

)

ℓλ

en + ℓλ
,

where the third inequality follows from pk ≥ 1/n, as shown above. Since the last term

is positive, we can apply Theorem 3, which yields an upper bound of O((n log n/λ +
n)/q) for the expected number of iterations. Since λ fitness evaluations are performed

in each iteration the expected number of fitness evaluations until an optimum is found

is therefore O((n log n + nλ)/q). ⊓⊔

Again, the previous theorem allows us to easily derive corollaries in the context of

noise. In the following we present two corollaries showing that offspring populations

can handle much higher noise levels than the (1 + 1) EA. We first consider the noise

model given in [5].

Corollary 15 Suppose prior noise which, with probability p > 0, flips a bit uniformly

at random. Then, for λ ≥ max{12/p, 24}n log n, the (1 + λ) EA optimizes OneMax

in time O((n2 log n/λ + n2)/p), i.e. the (1 + λ) EA needs O((n2 log n + n2λ)/p)

fitness evaluations until an optimum is found.

Proof Let c = max{12/p, 24}. In order to apply Theorem 14 we need to check Eqs. (5)

and (6). Let q = p/n.

We show Eq. (5) by considering the event that the good individual evaluates better

than it is. Note that then, any noise affecting the worse individuals does not harm the

comparison since misevaluations can only differ from the true fitness by 1. We get

P(Yk < Xk+1) ≥ 1 −
(

1 − p +
pk

n

)

≥
p

n
= q.

Reusing our above considerations regarding the probability that at least one of λ/6

individuals improves, and due to our choice of λ ≥ cn log n we have

P(Yk−1 < Zk) ≥ 1 −
(

1 − p +
pk

n

)λ/6

≥ 1 −
1

e
pλ
6n

≥ 1 −
1

n2

≥ 1 −
q
5

1 + en
(n−k)λ

,
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thus fulfilling Eq. (6). The claim now follows from Theorem 14. ⊓⊔

The last corollary shows that offspring populations permit the optimization process

to cope with a much higher level of noise than the (1 + 1) EA (see Corollary 7).

For the posterior noise model, we can show an even greater improvement over the

(1 + 1) EA, similar to the result regarding parent populations.

Corollary 16 Let any non-positive additive posterior noise be given which has

a non-zero probability p of evaluating to > −1. Then we have that for λ ≥
max{10e,−(6 log(n/p)/(log(1− p))} (implying λ = Ω(log(n/p)/p)), the (1+λ) EA

optimizes OneMax in time O((n log n/λ + n)/p).

Proof Let D be the posterior noise such that D ≤ 0 and P(D > −1) = p. Further-

more, let

λ ≥ max

⎧

⎨

⎩

10e,
−6 log

(

n
p

)

log(1 − p)

⎫

⎬

⎭

.

Note that since D ≤ 0 we have that Yk ≤ k which gives us

P(Yk ≥ Xk+1) ≤ P(k ≥ Xk+1) = P(D ≤ −1) = 1 − p,

which yields P(Yk < Xk+1) ≥ p, fulfilling the first condition of Theorem 14 with

q = p.

In order to show Eq. (6) we use the same bound as before. Note that individuals

can not me misevaluated better than they are since we only consider negative, additive

posterior noise. Hence, Yk−1 ≥ Zk implies that all of at least λ/6 individuals at fitness

k need to evaluate to ≤ k − 1, i. e. P(Yk−1 ≥ Zk) ≤ (1 − p)
λ
6 . We have Furthermore,

due to our choice of λ, we have (1 − p)λ/6 ≤ pn−1. Thus, using λ ≥ 10e from the

above definition, we have

P(Yk−1 < Zk) ≥ 1 −
p

n
≥ 1 −

p
5
λ

2en
≥ 1 −

p
5

1 + en
(n−k)λ

,

fulfilling the second condition, and the claim follows from Theorem 14. ⊓⊔

Similar to Corollary 12 the last corollary applies, for example, to additive posterior

noise taken from − Exp(1) (where Exp(β) denotes the exponential distribution with

parameter β).

4 LeadingOnes

We follow up on the section about OneMax with results for LeadingOnes. For this

purpose we now fix a stochastic LeadingOnes function f according to one of our

models. For each k, we let x
opt
k be the bit string which has only 1s, except for position

k + 1; let x
pes
k be the bit string with k leading ones and otherwise only 0s. In a sense,
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x
opt
k is optimal for a bit string with a leading ones value of k, while x

pes
k is pessimal.

We let (X
opt
k )k≤n and (X

pes
k )k≤n be two sequences of independent random variables

such that, for all k ≤ n, X
opt
k ∼ f (x

opt
k ) and X

pes
k ∼ f (x

pes
k ). We will assume the

following about f .

– For each evaluation of f on a bit string with the leftmost zero at position k + 1,

the return value is drawn according to a distribution which is in between X
pes
k and

X
opt
k with respect to stochastic dominance.

– ∀ j ≤ k < n : P(X
opt
j < X

opt
k+1) ≥ P(X

opt
k < X

opt
k+1).

– ∀ j ≤ k < n : P(X
pes
j < X

pes
k+1) ≥ P(X

pes
k < X

pes
k+1).

We show that, despite the more drastic consequences of noise, we still find suffi-

cient conditions for efficient optimization similar to the ones we have already seen in

Sect. 3.

We begin by giving upper and lower bounds for the (1 + 1) EA in Sect. 4.1.

In Sects. 4.2 and 4.3 we show the effectiveness of parent and offspring popu-

lations, respectively, for the stochastic LeadingOnes problem by giving upper

bounds.

4.1 The (1 + 1) EA on LEADINGONES

Similar to the analysis of OneMax subject to noise, we start by giving an upper bound

for the (1 + 1) EA. As we see in the next theorem, the condition for LeadingOnes

is more strict than in the case of OneMax: the reliability of correct evaluations is

required to be 1 − O(1/n2) close to the optimum (see Eq. (7)).

Theorem 17 Suppose there is a positive constant c < 1/(6e) such that

∀k < n : P(X
opt
k < X

pes
k+1) ≥ 1 −

c

kn
(7)

Then the (1 + 1) EA optimizes f in O(n2) iterations in expectation.

Proof Let pk = c/(kn). We show that there is a positive drift on the number of leading

1-bits. Let k be the length of the prefix of the current search point consisting of 1s.

We stick to our previous notation and denote by E0 the event that the new search

point has a longer prefix consisting of 1s and the comparison of old and new search

point indicates correctly that the new search point is better. Let E1 be the event that

the new search point has a smaller number of leading ones than the current search

point, and that it is accepted. Conditioning on E1 we can trivially bound the expected

number of leading ones below by 0. We have P(E0) ≥ (1 − pk)/(en) and P(E1) ≤
pk−1(1 − e−1) ≤ pk−1. Therefore, the expected increase in the number of leading 1s

is
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P(E0) − k P(E1) ≥
(1 − pk)

en
− kpk−1

=
1 − c

kn

en
−

ck

(k − 1)n

≥
1

en
−

c

ekn2
−

2c

n

≥
1

en
−

c

n

(

1

e
+ 2

)

≥
1

en
−

3c

n
.

Due to our choice of c < 1/(6e) we have a positive additive drift of 1/(2en) leading

to an upper bound of O(n2) for the expected run time of the algorithm by applying

the Additive Drift Theorem (see Theorem 1). ⊓⊔

It is only to be expected that noise disrupts the optimization of LeadingOnes

immensely. Consequently, our following corollaries to Theorem 17 are rather weak

with respect to the noise allowed (basically, the algorithm will only experience

constantly many incorrect decisions during optimization, in expectation). First, we

consider prior noise where one bit is flipped uniformly at random before evaluation.

Corollary 18 Suppose prior noise which, with probability p, flips a bit uniformly at

random. Then we have that in expectation the (1 + 1) EA optimizes LeadingOnes in

O(n2) iterations if p ≤ 1/(6en2).

Proof Suppose first p ≤ 1/(6en2) and let k < n. We estimate P(X
opt
k < X

pes
k+1) by

observing that the event X
opt
k ≥ X

pes
k+1 requires the individual with k 1s to be evaluated

to ≥ k + 1 or the other to ≤ k. The first option has a probability of at most p/n, the

second of pk/n. Hence, P(X
opt
k < X

pes
k+1) ≥ 1 − (k + 1)/(6en3) ≥ 1 − 1/(6en2) and

the desired bound follows from Theorem 17. ⊓⊔

Regarding posterior noise we give the following corollary.

Corollary 19 Suppose posterior noise, sampling from some distribution D with vari-

ance σ 2. Then we have that the (1+1) EA optimizes LeadingOnes in O(n2) iterations

in expectation if σ 2 ≤ 1/(12en2).

Proof Note that, in this case, X
opt
k ∼ X

pes
k , for all k ≤ n. With the same argument as

in Corollary 10 we have P(X
opt
k < X

pes
k+1) ≥ 1 − 2σ 2. Thus, for σ 2 = 1/(12en2) the

claim follows from Theorem 17. ⊓⊔

Next we give a lower bound for the (1 + 1) EA for the prior noise model. We will

not give a general lower bound that holds for both of our models because it is very easy

for the (1 + 1) EA to detect an inferior noisy offspring by selection if LeadingOnes

is subjected to posterior noise.

Theorem 20 Suppose prior noise which, with probability 1/2, flips a bit uniformly at

random. Then we have that the (1+1) EA optimizes LeadingOnes in 2Ω(n) iterations

in expectation.
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Proof It is sufficient to show that there is a constant negative drift on the number of

ones in the interval between 99n/100 and n. Let k ≥ 99n/100 be the number of 1s of

the current search point. Note that the number of 1s k is a trivial upper bound for the

number of leading ones.

Let E0 be the event that the new search point has at least one more 1 than the current

search point and the comparison of old and new search point indicates that the new

search point is to be accepted. The expected number of 1s conditional on E0 is at most

k + 2 and we have a trivial bound of P(E0) ≤ (n − k)/n ≤ 1/100.

Let E1 be the event that the new search point differs from the old by flipping

exactly one 1 in the right half of positions, and that it is accepted. We want to estimate

P(E1). There are at least 49n/100 1s in the right half of positions, so the probability

of flipping exactly one of them and no other is at least 49/(100e). In order to estimate

the probability of accepting such an offspring, we consider two cases. First, assume

that the parent has a leading ones value of at least n/2. Then the probability of the

noisy evaluation evaluating the parent to a value <n/2 is at least 1/4 (by choosing to

flip a bit in the left half in the evaluation), while evaluating the offspring to its true

value ≥n/2 has a probability of at least 1/2. In total we have P(E1) ≥ 49/(800e) in

this case.

Second, assume that the parent has a leading ones value of <n/2. Then both parent

and offspring have the same leading ones value; with probability 1/4 they both evaluate

to their true value, which favors the offspring. Thus, in this case, we get P(E1) ≥
49/(400e). Overall we have now P(E1) ≥ 49/(800e) > 1/50

Thus, we have that the total (negative) drift of

P(E1) − 2P(E0) ≥ 49/(800e) − 2/100

which gives us a constant negative drift. Since long jumps are sufficiently small (due

to our choice of using the number of 1s as potential), we can apply Theorem 4 which

yields our result. ⊓⊔

4.2 Parent Populations: The (µ + 1) EA on LEADINGONES

In this section we give upper bounds for EAs using parent populations, i.e. we consider

the (μ + 1) EA. As for the (μ + 1) EA on OneMax, we again only give the weaker

bound of O(μn2) for the sake of simplicity instead of Θ(μn log n + n2) which is the

bound for the static version of LeadingOnes ([22]). Note that the proofs for the upper

bounds for the (1 + 1) EA carry over to the case of the (μ + 1) EA.

Theorem 21 Let μ be given and, for each k < n, let Yk denote the minimum over μ

observed values of X
opt
k . If there is a positive constant c < 1/(6e) such that

∀k : n/4 < k < n ⇒ P(Yk < X
pes
k+1) ≥ 1 −

c

μkn
, (8)

then the (μ + 1) EA optimizes f in O(μn2) iterations in expectation.
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Note that, due to the dependence of Yk on μ, Eq. (8) typically gets less restrictive with

growing μ, just as in Theorem 12.

Proof Let pk = c/(μkn). We show that there is a positive drift on the number of

leading 1-bits of a current best individual. Let k be the length of the prefix of the

current search point consisting of 1s. Let E0 be the event that a best individual is

improved by at least 1 and accepted by mutation. Let E1 be the event that the new

individual has a smaller prefix consisting of 1s and that the unique best individual is

dropped from the parent population. We have that P(E0) ≥ (1− pk)/(eμn), assuming

pessimistically that there is only one best individual. On the other hand P(E1) ≤ pk−1.

Since, conditioned on E1, the expected number of leading ones of a best individual

is trivially at least 0 we can bound the expected increase in the number of leading 1s

of a best individual below by

P(E0) − k P(E1) ≥ (1 − pk)
1

eμn
− kpk−1

=
1

eμn
−

c

eμ2kn2
−

2c

μn

≥
1

eμn
−

c

μn

(

1

e
+ 2

)

≥
1

eμn
−

3c

μn

and the last term can be bounded below by 1/(2eμn) due to our choice of c < 1/(6e).

Applying Theorem 1 yields an upper bound of 2eμn2 for the expected number of

iterations until the optimum is found. Taking the cost of initialization into account we

have an expected run time of μ + 2eμn2, proving our claim. ⊓⊔

Theorem 21 is not strong enough to derive a good upper bound for the prior noise

model where a bit flip is performed with certain probability. Regarding posterior noise,

we can still derive the following corollary.

Corollary 22 Let any non-negative additive posterior noise be given which has a non-

zero constant probability of evaluating to <1. Then there is a constant c such that, for

n/(8e) ≥ μ ≥ c log n, the (μ + 1) EA optimizes LeadingOnes in time O(μn2).

Proof Let D be the posterior noise and p = P(D < 1) a non-zero constant. Let

c = −3/ log(1 − p) and ⌊n/(8e)⌋ ≥ μ ≥ ⌈c log n⌉. We have

P(Yk < Xk+1) = 1 − P(D ≥ 1)μ ≥ 1 − (1 − p)−3 log n/ log(1−p),

and the last term equals 1 − n−3. Using μ ≤ n/(8e), we have

1 −
1

n3
≥ 1 −

1/(8e)

μn2
≥ 1 −

1/(8e)

μkn
,

for all 1 ≤ k ≤ n. Since 1/(8e) < 1/(6e) holds, we can apply Theorem 21, which

yields the result. ⊓⊔
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4.3 Offspring Populations: The (1 + λ) EA on LEADINGONES

In this section we consider the (1 + λ) EA. The next theorem gives conditions for

efficient optimization of stochastic LeadingOnes problems. Note that Theorem 14

establishes a similar result for OneMax. The bound we give is the same as is shown

for static LeadingOnes in [12].

Theorem 23 Let λ ≥ 72 log n and, for each k < n, let Yk denote the maximum over

λ observed values of X
opt
k (belonging to inferior individuals) and let Zk denote the

maximum over at least λ/6 observed values of X
pes
k (belonging to better individuals).

Suppose there is q < 1 with q ≥ 6e/n such that

∀k < n : P(Yk < X
pes
k+1) ≥ q, (9)

and

∀k < n : P(Yk−1 < Zk) ≥ 1 −
q
3

k(1 + en
λ

)
. (10)

Then the (1 + λ) EA optimizes f in expectation in O((n + n2/λ)/q) iterations and

needs O((n2 + λn)/q) fitness evaluations.

The proof of Theorem 23 is essentially identical to the proof of Theorem 14. We

therefore omit it here.

We give the following corollary showing that even small offspring populations can

lead to an improvement over the (1 + 1) EA.

Corollary 24 Let p ≤ c/n for some constant c < 1/(12e + 2). Suppose prior noise

which, with probability p, flips a bit uniformly at random. Then, for λ ≥ 72 log n

with λ = o(n), the (1 + λ) EA optimizes LeadingOnes in expectation in O(λn + n2)

iterations.

Proof In order to apply Theorem 23 we need to show Eqs. (9) and (10). We can show

the former considering the event that none of λ inferior individuals is evaluated better

than it is and that the good individual is evaluated to its true value. Let k < n, then we

get

P(Yk < X
pes
k+1) ≥

(

1 −
p

n

)λ

(1 − p) ≥ (1 − p)2 ≥ 1 − 2c.

Thus, Eq. (9) holds for q = 1 − 2c, since c is a constant.

Regarding Eq. (10) we have that the probability that at least one of at least λ/6 good

individuals is not evaluated worse is 1− (pk/n)λ/6. Reusing our above considerations

regarding the probability that inferior individuals do not improve, we have
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P(Yk−1 < Zk) ≥
(

1 −
p

n

)λ

(

1 −
(

pk

n

) λ
6

)

≥
(

1 −
cλ

n2

)

(

1 −
(

ck

n2

) λ
6

)

≥
(

1 −
cλ

n2

)2

≥ 1 −
2cλ

n2
.

Due to our choice of c < 1/(12e + 2) we have 2c < (1 − 2c)/6e, i. e. 2c < q/(6e).

Hence, we can further bound the last term and get

1 −
2cλ

n2
> 1 −

q
6e

n2

λ

= 1 −
q
3

2 en2

λ

≥ 1 −
q
3

n + en2

λ

≥ 1 −
q
3

k + ekn
λ

.

Thus, Eq. (10) holds and the claim follows from Theorem 23. ⊓⊔

We follow up by showing an even greater improvement over the (1 + 1) EA for the

posterior noise model. In this case

Corollary 25 Let any non-positive, additive posterior noise be given which has a

non-zero constant probability p of evaluating to > −1. Then we have that for en ≥
λ ≥ max{6e,−12 log(n/p)/ log(1 − p)} (implying λ = Ω(log(n/p)/p)∩ O(n)) the

(1 + λ) EA optimizes LeadingOnes in expectation in O(n + n2/λ) iterations.

Proof Let D be the posterior noise, such that D ≤ 0 and P(D > −1) = p. Further-

more, let

en ≥ λ ≥ max

⎧

⎨

⎩

6e,
−12 log

(

n
p

)

log(1 − p)

⎫

⎬

⎭

.

Note that since D ≤ 0 we have that Yk ≤ k which gives us

P(Yk ≥ Xk+1) ≤ P(k ≥ Xk+1) = P(D ≤ −1) = 1 − p,

which yields P(Yk < Xk+1) ≥ p, fulfilling the first condition of Theorem 23 with

q = p.

In order to check Eq. (10) we use the same bound as before. Note that individuals

can not me misevaluated better than they are since we only consider negative, additive

posterior noise. Hence, Yk−1 ≥ Zk implies that all of at least λ/6 individuals at fitness

k need to evaluate to ≤ k − 1, i. e. P(Yk−1 ≥ Zk) ≤ (1 − p)
λ
6 . Due to our choice of

λ, we have (1 − p)λ/6 ≤ pn−2. We can estimate

P(Yk−1 < Zk) ≥ 1 −
p

n2
≥ 1 −

p
3
λ

2en2
≥ 1 −

p
3

n
(

1 + en
λ

) ≥ 1 −
p
3

k(1 + en
λ

)
,
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where the second inequality follows from λ ≥ 6e and the third inequality stems from

our assumption of λ ≤ en. Thus, the second condition is fulfilled, and the claim

follows from Theorem 23. ⊓⊔

Just as for Corollary 12 the last corollary applies, for example, to additive posterior

noise taken from − Exp(1).

5 Conclusion

In this paper we consider the optimization of noisy versions of OneMax and Leadin-

gOnes. The summary of the results is that populations are necessary for successful

optimization for any substantial noise levels. The surprising result is that even very

small populations (of size logarithmic in the problem size) already lead to very high

robustness to noise (see Corollaries 13 and 24).

From the formal analysis we see the reason for this robustness: In a (parent) pop-

ulation of size μ, while the best individual might look bad in a given iteration, there

will surely be (objectively) worse individuals which also look worse. This holds as

long as there are enough individuals in the parent populations to make sure that one

of them will evaluate worse than the (objectively) best individual, and while the noise

can never be very disruptive. For example, if a non-best individual will evaluate worse

than the best individual with constant probability, a logarithmic number of non-best

individuals is large enough to get very high confidence that such a bad individual is

dropped. This observation probably extends to the analysis of the (μ + λ) EA with

μ > 1 and λ > 1; here the same approach of computing the drift could lead to further

results.

As for offspring populations, in the (1 + λ) EA the current individual is cloned

multiple times and thus hedges against bad evaluations (as long as good evaluations

are sufficiently likely). This does not extend to the analysis of the (μ + λ) EA with

μ > 1 and λ > 1 in a straightforward way, as clones might be made from sub-optimal

individuals.

All these analyses would probably carry over easily to different mutation probabil-

ities: changing them by a constant factor should only change some constants of the

theorems. An entirely different question is about what happens if not all old search

points are reevaluated, as for example in [20]. For high noise values, this will likely

disrupt optimization heavily.

While we get very accurate statements about the capabilities of the (1 + 1) EA in

stochastic environments (including upper and lower bounds), there is still a lot to learn

about the capabilities of population-based EAs. On the one hand we do not get any

lower bounds, on the other hand we believe that the positive results can be extended.

We believe that such extensions will require more refined techniques: all our bounds

are based on worst-case assumptions about the distribution of the search points (for

example in Theorem 12 we assume that we have only one good individual and all

other individuals are worse by exactly 1). We think that the results of the (1 + λ) EA

might be easier to extend than the results for the (μ+1) EA, as the former has a much

easier to control state from one iteration to the next (only the best individual survives).
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Finally, it would be very interesting to see analyses of other algorithms on stochastic

fitness functions. Especially interesting would be an analysis of crossover, or any kind

of estimation of distribution algorithm, including ant colony optimization algorithms.
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s✲✳✴✵✶✷✸ ❚✹✺ ✈✻✼✽ ✾✿❀❁❂❃❄❅ ❆❇ t❈❉❊❋ ●❍■❏❑▲▼ ◆❖P ◗❘❙❯❱❲❳❨❩❬❭ ✐❪ ❫❴❵ ✉❜❞ ❢❣❤❥❦❧♥q②③④ ⑤⑥⑦⑧⑨

⑩❶❷❸ ❹ ❺❻❼❽❾❿ ➀➁ ➂➃➄➅➆➇➈➉➊➋ ➌➍➎➏➐ ➑➒ ➓➔→ ➣↔↕ ➙➛➜➝➞➟➠ ➡➢ ➤➥➦ ➧➨➩➫➭ ➯➲➳➵ ➸➺➻➼➽➾ ➚➪➶➹ ➘➴➷

➬➮➱✃❐❒❮ ❰ÏÐÑÒ ÓÔ ÕÖ×Ø ÙÚÛ ÜÝÞßà á âãäåæç èéêëìíîïðñ òó ôõö÷øùúûü ýþÿ❛�✁✂✄☎✆ ♦✝ ♣✞✟✠✡☛☞

t✌✍ s❡✎✏✑✒✓✔ ✐✕ ✖ ✗✘✙✚✛✜✢ ✣✤✥✦✧★✩✪✫✬ ❋✭r ✮♥✯✰✱✲✳✴✵ ✶✷✸ ❖✹✺①✻✼✽✾✿❀❁❂ ❃❄❅❆❇ ❈❉ ❊●❍■❏❑▲▼

❝◆P◗❘❙❚❯ ❢❱❲❳❨❩ ❬❭ ❪❫❴❵❜ ❞❣ ❤❥❦ ❧♠q✉✈✇②③④⑤⑥ ⑦⑧⑨⑩❶❷❸❹❺❻ ❼❽ ❾❿➀➁➂➃➄➅➆➇➈➉➊➋ ➌➍➎➏➐➑ ➒➓➔→➣↔

↕➙ ➛➜➝
➞
➟➠➡➢➤➥➦➧➨➩➫ ➭➯➲➳➵➸ ➺➻➼➽➾ ➚➪ ➶➹➘➴ ➷➬➮➱✃❐❒❮ ❰ÏÐ ÑÒÓÔÕÖ×ØÙ ÚÛÜÝÞßà áâãäå æçèé

êëìíîïð ñòó ôõ ö÷øùúûüýþÿ✲�✁ ❚✂✄☎ ✐✆✝✞✟✠✡☛☞✌✍✎✏✑✒ ❡✈✓✔ ♣✕✖✗✘✙✚✛ ✜❢ t❤✢ ✉✣✤✥✦ ❜✧★✩✪✫

❛✬✭ s✮✯✰✱✳✴✵✶✷✸✹ ✺✻ ✼✽✾✿❀❁❂❃❄❅ ❧❆✇❇❈ ❉❊❋●❍■❏ ❑▲ ❣▼◆ ❖P♥
◗
❘❙ ❯♦❱❲❳❨❩r❬ ❭❪ ❫ ❝❴❵❞❥❦ ♠q

① ②③④⑤⑥⑦⑧⑨⑩ ❶❷❸❹❺ ❻❼❽❾ ❿➀ ➁➂➃➄➅➆➇➈ ➉➊➋➌➍➎➏➐➑➒➓ ➔→➣↔↕➙➛➜ ➝➞➟➠ ➡➢➤ ➥ ➦➧➨➩➫➭➯➲➳➵➸➺➻➼

➽➾➚➪➶➹ ➘➴ ➷➬➮ ➱✃❐❒❮❰ÏÐ ÑÒÓÔ ÕÖ×Ø ÙÚÛ ÜÝÞßàá âãäåæçè éê ëìí îïðñòó ôõ ö ÷øùúûüýþÿ❝�✁ t✂✄

♦☎✆✝✞✟✠ s✡☛☞✌✍✎ ✏❢ ✑❤✒ ♣✓✔✕✖✗✘✙✚✱ ✇✛✜✢✣ ♠✤✥✦✧★✩✪✫ ✬✭✮ r✉✯✰✲✳✴✵ ✐✶ ✷✸✹✺ ✻✼ ❞✽✾✿❀❁❂❃❄❅

■❆ ❇❈❉❊❋● ②❍❏❑▲▼ ◆❖P◗❘ ❙❚❯ ❜❱❲❳ ❨❩❬❭❪❫❴❵❛❡ ❣♥❥❦❧q✈① ③④ ⑤⑥⑦⑧⑨⑩❶❷ ❸❹ ❺❻❼ ❽❾❿➀ ➁➂➃ ➄➅➆➇

➈➉➊➋➌➍➎➏➐➑ ➒➓ ➔→➣ ↔↕➙➛➜➝➞ ➟➠➡➢ ➤➥➦ ➧➨➩➫➭ ➯➲ ➳➵ ➸➺➻➼➽ ➾➚➪➶➹ ➘➴➷➬➮➱ ✃❐❒❮ ❰ÏÐÑÒÓÔÕ Ö×Ø

ÙÚÛÜ ÝÞßàá âãäå æçèéêë ìíîïðñòóôõ ö÷øù úûü ýþÿt�✁✂✄☎ ✆②✝✞✟✠✡☛☞ ❤✌✍✎✏✑ ✒✓ ❞✔✕✖✈❡✗ ❋♦r

✐✘✙✚✛✜✢✣✤ ✇✥✦✧★ ✩✪✫ ✬①✭✮✯✰✱✲ ✳✴✵✶✷✸✹ ✺❢ ✻✼✽ s✾✿❀❁❂ ❃❄ ❅ ❆❇ ❊❈ ❉● ❖❍■❏❑▲ ▼◆P ❜◗❘❙

❦❚❯❱❲ ❳❨ ❩❬ ❭❪♥ ❧❫ ❴❵ ❛❝❣❥♠ ♣q✉ ③④⑤⑥⑦ ⑧⑨⑩❶ ❷❸ ❹❺❻ ❼❽❾❿➀➁➂➃ ➄➅➆➇➈ ➉➊➋ ➌➍➎➏ ➐➑➒➓➔ →➣↔↕➙

➛➜➝➞➟ ➠➡ ➢➤➥ ➦➧➨➩ ➫➭ ➯ ➲➳➵➸➺➻➼ ➽➾ ➚ ➪➶➹ ➘➴➷ ➬➮➱✃❐❒ ❮❰ÏÐÑ ÒÓÔÕ Ö×ØÙÚÛÜ ÝÞß àáâ ãäåæ

çèéêëìí îïðñ òó ôõö÷øù úûüýþÿ❢�✁✂ ❛ ❧✄☎✆ s✝✞✟✠✡ ♦☛ r☞✌✍✎✏✑✒ ✓✔✕✖✗✘✙ ✇✚✛ ♣✜✢✣✤✥✦✧★ ✭✩✪ ❣✳✫

❬✽✱✶✬❪✮ ✉✯✰✲✴ ❲✐✵✷ ✸✹✺✻ ✼✾✿❀❁❂ ❃❄❅✈❡❞ t❤❆❇ ❈❉❊ ❋①●❍■❏❑▲ ▼◆❖P◗❘❙ ❚❯ ❱❳❨ ❩❭ ❫ ❴❵ ❜❝

❥❦♠♥q② ③④ ➧ ⑤⑥⑦⑧⑨⑩❶ ❷❸ ❹ ❺❻❼ ❽❾❿ ➀➁➂➃➄➅ ➆➇➈➉➊➋➌➍ ➎➏➐➑ ➒➓➔→➣↔↕➙ ➛➜➝➞➟➠➡➢

➤➥➦➨➩➫➭ ➯➲➳➵ ➸➺➻➼➽➾ ➚➪➶➹➘➴ ➷➬➮ ➱✃❐❒❮❰Ï ÐÑÒÓ ÔÕ Ö×Ø ÙÚÛÜÝÞßàáâãäåæ çè éêë ìíîïðñòó

ôõö÷øùú ûü ý þÿ♣�✁✂✄☎✆✝ ♦❢ ♥ ❡①✞✟✠✡☛ ❛☞✌ s✍✎✇ t✏✑✒ ✓✔✕ ✉✖✗✘✙✚✛✜✢✣ ❧✤✥✦✧★✩ ❝✪✫✬✭✮✯✰✱✲

✐✳ ✴✵ ✶✷✸✹ ✺✻✼✽✾ ✿❤❀❁❂ ❃ ❄ ❅❆❇❈ ❉ ❊ ❋●❍ ❚■❏❑ ▲▼◆❖P ◗❘❙ ❜❯ r❱❲❳ ❨❩❬ ❭❪❫❴ ❵❞❣ ❥❦♠q✈②③④⑤

⑥⑦⑧ ⑨⑩ ❶❷ ❸❹❺❻❼❽❾ ❿➀➁➂➃➄➅➆ ➇➈➉➊➋ ➌➍ ➎➏➐➑➒➓➔ →➣↔↕➙➛➜➝➞ ➟➠ ➡➢➤➥ ➦ ➧➨➩➫➭➯➲➳➵➸➺➻➼➽ ➾➚➪➶➹➘➴➷➬

➮➱ ✃❐❒ ❮❰Ï Ð ÑÒÓÔ ÕÖ×Ø ÙÚÛÜ Ý Þßàá âã äåæçè éê ëìí îïð ñòóôõö÷ø ùúûüýþÿr�✁✂ ♦✄ t☎✆ ✭✶ ✰ ✝✞

❊✟ ✠✡ ☛✴♥✱ ✐✳ ❡☞✌ ✍✎ ✤✏✑ ✒✓✔✕ ❜✖✗ ✘✙✚✛✜✢✣✥✦✧★✩✪ ✇✫✬✮ ♣✯✲✵✷✸✹✺✻✼✽ ✾✿❀❁ ❤❂❃❄✈❅❆❇ ❈❉❋●❍ ■❛❏

❧❑▲▼◆❖P ◗❘❙❚❯❱❲❳❨❩❬ ❭❪❫❴❵❝❞❢ ❣❥❦ ♠qs✉① ②③④⑤⑥ ⑦⑧⑨⑩❶❷❸❹❺❻❼ ❽❾❿ ➀➁➂➃ ➄➅➆ ➇➈➉➊ ➋➌ ➍➎➏➐➑ ➒➓➔→

➣↔↕ ➙➛➜ ➝➞ ➟➠ ➡➢➤➥➦ ➧➨➩ ➫➭➯ ➲➳ ➵ ➸➺ ➻➼ ➽➾ ➚➪➶➹➘➴ ➷➬➮➱✃❐❒❮❰ ÏÐÑÒ ÓÔÕÖ× ØÙ ÚÛÜ ÝÞßàáâãä

åæçèéêëìíîï ðñ òóôõö÷ø ùú ûüý þÿ❢ ❛♥ �r✁✂✄☎✆✝✞ ♣✟✠✡☛☞✈❡ ❝✌✍✎✏✑✒✓ ✔✳ ❍✕✖✗✘✙ ✚✛✜✢✣✤✥✦ t✧★

♠✩✪✫✬✭✮✯ ✰✱✲✴✵✶✷✸✹✺✻ ✼✽✾ s✿❀❁ ❂❃❄❅❆❇❈ ♦❉ ❊❋●■ ❞❏❑▲ ▼◆❖ P◗❘❙❚❯ ❱❲❳ ❨❩❬❭❪❫❴❵❜❣ ❤✐❥❦❧q✉

✇①②③④⑤⑥⑦⑧ ⑨⑩❶❷❸❹ ❺❻❼❽❾ ❿➀➁➂ ➃➄➅➆➇➈ ➉➊➋ ➌➍➎➏ ➐➑➒➓➔→➣↔ ↕➙➛➜➝ ➞➟➠ ➡➢ ➤➥➦➧➨ ➩➫➭➯➲ ➳➵➸➺➻➼

➽➾➚➪➶ ➹➘➴➷➬➮➱✃
❐❒

❮
❰ ÏÐ ÑÒ ÓÔÕÖ× ØÙÚÛÜÝÞß àá âãäåæçèéêëì íîïðñòóôõö ÷ø ùúû üýþÿ❛� ❝ ❃ ✵

❢✁✂✄ t☎✆ ♠✉✝✞✟✠✡☛ ♣r☞✌✍✎✏✑✒✓✔✳ ❙✐✕✖✗ ✘✙✚ ✛✜✢✣✤✥
❡✦

✧
★✩ ✪✫✬✭✮✯✰✱✲ ✴✶✷ ✸ ❂ ✹✺ ✻✼✽✾ ✿❀❁✈❄s

❅❆❇❈ ❉❊❋ ●♦❍■ ❏❑▲▼◆ ❖P◗❘❚❯❱❲❳❨❩ ❬❭❪❫❴❵❜❞ ❣❤❥❦❧♥q✇①②③ ④⑤ ⑥⑦⑧ ⑨⑩ ❶❷❸❹❺❻❼ ❽❾❿ ➀➁➂ ➃➄➅➆➇➈

➉➊➋➌➍➎➏➐➑➒

➓➔→➣↔↕➙➛ ➜➝ ➞➟ ➠➡ ➢➤ ➥➦➧➨➩ ➫➭➯➲➳ ➵➸➺➻ ➼➽➾ ➚➪ ➶➹➘ ➴➷➬➮ ➱✃❐❒❮❰ ÏÐÑÒÓ ÔÕÖ ×ØÙÚÛÜÝÞßàáâãä

åæç èéêëìíîïð ñòóôõö÷øù úûüýþ ÿ❛� ◆✁✂✄☎✆✝ ❬✷❪ ❞✞✟✠✡☛☞✌✍✎ t✏✑ ❡①✒✓✔✕✖✗ ♦✘✙✚✛✜✢✣✤✥✦✧

★✩✪✫ ✬❢ ✭❤✮ ✯✰ ✱ ✶✲ ❊✳ ✴✵✸✹✺✻✼✽✾ ✿❀ ❁❂❃ ♠✉❄❅❆❇❈❉ ♣r❋●❍■❏❑▲▼❖ P ◗❘❙❚❯❱❲ ❳❨❩ ❭❫❴

❵❜❝❣✐❥❦❧♥qs ✈✇②③④⑤⑥⑦⑧ ⑨⑩ ❶❷❸❹❺❻ ❼❽❾ ❿➀➁➂ ➃➄➅ ➆➇➈➉➊➋➌➍ ➎➏➐➑➒➓ ➔ → ➣↔↕ ➙➛ ➜➝➞ ➟➠➡➢➤➥➦

➧➨➩➫➭ ➯➲➳ ➵ ➸➺➻➼➽ ➾➚ ➪➶➹➘➴➷➬ ➮➱✃❐❒❮ ❰ÏÐÑÒÓÔÕÖ ×ØÙ ÚÛÜÝÞßàá âãäåæ ç èéêëìíî ïðñòóô õö

÷øùúûüýþÿr� ❜✁ ❙✂✄☎✆✝✞✟s ❛✠✡☛☞✌✍✎ ❬✷✏❪ ♦❢ ✑ ✒✓✔✕✖✗ ❝✘✙✚✛✜✈❡✢✲✣✤✥✦✧ ❊★ ✩✪ ❖✫✬✭✮✯✱



❆�✁✂✄☎✆✝✞✟✠✡ ✭☛☞✌✍✎ ✼✏✑✒✓✔✕✖✗✘ ✺✙✚

✇✛✜✢✣ t❤✤ ♦✥✦✧★✩✪ ♠✫✬✮✯✰✱✲ ♣r✳✴✵✶✷✸✹✻✽ ✾✿❀❁❂ ❃❄❅ ❛❇ ❈❉❊❋●❍♥■ ◆❏❑▲ ▼❖P◗ ✐❘ ❜❙❚❯ ❝❱❲❳❨

❩ ❬❭❪❫ ❴❵❞❡❢❣❥❦✈❧ qs✉①②③④⑤ ⑥⑦⑧⑨ ⑩❶❷ ❸❹❺❻❼❽❾❿ ➀➁➂➃➄➅ ➆➇ ➈➉➊➋➌➍➎➏➐➑

➒➓➔ →➣↔↕➙ ➛➜➝➞➟➠➡➢➤ ➥➦➧➨ ➩➫➭➯ ➲➳ ➵➸➺➻➼➽➾➚ ➪➶ ➹➘➴➷➬ ➮➱✃❐❒❮❰ÏÐ ÑÒÓÔÕÖ×Ø ÙÚ ÛÜÝÞßàáâ

ãä åæç èéêëìíîï ðñòóôõö÷øùúû üý þÿ❝�✁✂✄☎ ❛ s❡✆✝✞✟ ♣✠✡☛☞✌✍✎✏✱ ♥✑✒✓✔✕ t❤✖ ♦✗❢✘✙✚✛✜✢
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❯❱❲ ❳❨❩❬❭❪❫❴ ❵❜❝ ❞ ♥❢✇ ♠❣❤✐❥❦ qs✉ ①②③④⑤ ⑥⑦⑧⑨⑩❶ ❷❸ ❹❺❻ ❼❽❾❿➀➁➂ ➃➄➅➆ ➇➈ ➉➊➋➌➍➎➏➐➑➒➓➔ →➣↔↕➙➛➜➝➞➟➠ ➡➢➤➥

➦➧➨➩➫➭ ➯➲➳➵➸ ➺➻➼➽➾➚➪ ➶➹➘➴➷➬ ➮➱✃❐❒❮❰ ÏÐÑÒÓÔÕ Ö×ØÙÚÛÜÝÞßàá âãäåæçè éê ëìíîï ðñ òóôõö÷øù

úûü ýþÿ✐� ❈✁✂ ❘✉✄☎✆✝✞ ❛♥✟✠✡☛☞✌ ♦❢ t❤✍ ✭➭ ✰ ✶✎ ❊✏ ✑✒ s✓✔✕✖✗ ♣✘✙✚✛✜✢✣✤✥✦✧★✩ ✪✫✬✮✯✱✲✳✴✵ ✷✈✸❧✹ ✺✻✼✽✾✿❀

❁❂❃❄❅❆ ❇❉❋●❍ ■❏❑▲▼◆

❖P◗ ❲❙❚❯❱ ❳❨❩ ❬❭❪❫❴ ❜❵❝❞❡❣ ❥❦ ♠qr ✇①②③④⑤⑥⑦⑧⑨⑩❶ ❷❸❹❺ ❻❼ ❽ ❾❿➀➁➂➃➄➅➆➇ ➈➉➊➋➌➍ ➎➏➐➑➒➓➔→➣ ↔↕ ➙➛➜➝➞➟ ➠➡➢➤➥➦➧➨➩➫

➯➲➳➵➸➺➻ ➼➽➾➚➪➶➹ ➘➴➷➬➮➱✃ ❐❒❮❰ÏÐ ÑÒÓÔÕÖ× ØÙÚÛÜÝÞ ßàáâãäåæçèéê ëìíîïðñ òó ôõö÷ø ùú ûüýþÿ❈�✁✂



❆�✁✂✄☎✆✝✞✟✠✡
❉☛☞ ✶✌✍✎✏✑✒✓✔✕✖✗✘✙✚✛✜✢✣✤✥✦✧★✩

❖✪✫✬✭✮✯ ▼✉✰✱✲✳✴✵ ❘✷✸✹✺ ❢♦✻ t✼✽ ✾✿❀❁❂ ❃❄ ❅♥ ❇❈❡❊❛①

❚❋●❍■❏❑ ▲s◆P◗❙❯❱❲❳❨❩❬❭ ❪✐❣❫❴ ❵❜❝❞❤ ❥❦❧♠♣qr✈

✇②③④⑤⑥⑦⑧⑨ ⑩❶❷❸❹❺❻ ➲ ❼❽❾❿➀➁➂ ➃➄➅➆➇

➈➉➊➋➌➍➎➏➐ ➑➒ ➓➔→➣↔↕➙➛➜ ➝➞➟➠ ➡ ➢➤➥➦➧➨➩➫➭ ➯ ➳➵➸➺➻➼ ➽➾➚➪
➶ ➹➘➴➷➬➮➱✃ ❐❒❮❰ÏÐÑÒÓÔÕÖ×ØÙÚ ÛÜÝÞßà áâã äåæç

èéêëìíîï ðñ òóôõö ÷øù úûüýþ ÿ❆� ❛ ❝❧✁✂✄☎✆✝✞ ♣✟✠✡☛☞✌✍✎✏✑✒✓✔✕✖ ❡✈♦✗✘✙✚✛✜✢✣✤ ✥✦✧★✩

r✪✫✬✭✮ ✇✯✰✱ ♠✲✳✴✵✶✷✸ ✹✺✻✼✽✾✿❀❁❂❃ ❄❅♥❇ ❈❉❊❋● ❍ ■ ❏ ❑▲▼ ◆ ❖P◗ ❘❙❚❯❱❲❳❨❩ ❬❭ t❤❪

❜❫❴❵❞❢❣✐❥ ❦✉qs①②③④ ⑤⑥⑦⑧⑨⑩❶ ❷❸❹❺❻ ❼❽❾❿➀➁ ➂➃➄ ➅➆➇➈➉➊ ➋➌ ➍➎➏➐➑➒ ➓➔ → ➣↔↕➙➛➜➝➞➟➠ ➡➢

➤➥➦➧➨➩➫ ➭ ➯➲➳➵➸➺➻➼➽➾➚➪➶➹➘➴ ➷➬➮➱✃❐ ❒❮❰Ï ÐÑÒÓÔÕ Ö× ØÙÚÛÜÝÞßà áâã äåæç èéêëìíî ïðñò óôõö

÷øù úûüýþÿ①� ♣✁✂✄☎✆✝✞ ✭❞✟✠✡☛☞ ♦✌ ❛ st✍✎✏✑✒✓✔✕ ✖✗✘✙✚✛✜✢ ❦✣✤✇✥ ✦✧ ★✩✪ ✈✫✬✮✯✰✱✲ ✳r✴✵✶ ✷✸✹✺✻

✼✽✾✿ ❯❀❁❂❃ ❄❅❆ ✐❇❈❉❊❋❡● ❍■❏❑▲▼◆ ❖P ◗❘❙❚ ❱❲❳❨ ✉❩❬❭❪ ❫❴❵ ❧❜❝❢❣ ❤❥♠♥q② ③④ ⑤⑥⑦ ⑧⑨⑩❶❷❸❹❺

❻❼❽❾❿➀➁ ➂➃ ➄➅➆ ➇➈➉➊➋ ➌➍ ➎➏➐➑➒➓➔→ ➣↔↕➙ ➛➜➝➞➟➠➡➢ ➤➥➦➧➨ ➩➫➭➯➲➳➵➸ ➺➻➼ ➽➾ ➚➪➶➹ ➘➴➷➬➮ ➱✃

❐ ❒❮❰ÏÐ ÑÒÓÔÕ Ö×ØÙÚ ÛÜÝÞ ßà áâã äåæçè éêëìí îï ðñòóôõ ö÷øù úûüýþÿ❡ t�✁ ❛✂✄☎✆✝✞✟ ♦✠

✡①☛☞✌✍✎✏ ✑✒✓✔✕✖✗✘✙✚✛✜ ✢✣✤✥ ✦✧ Þ★✩✪✫✬ ✭✮ ✯✰✱✲✳ ✴✵✶✷✸✹✺✻✼✽ ❢✾✿ ❀❤❁ ❞❂❃❄❅❆ ❲❇ ❈❉❊❋ ❣●✈❍

■❏ ❑▲▼◆❖ ❝P◗❘❙❚❯❱❳❨❩ ❬❭❪❫❴❵❜✐❥❦ ❧♠♥ ♣qr s✉✇②③ ④⑤⑥ ⑦⑧⑨⑩❶❷❸ ❹ ❺❻❼❽❾❿ ➀➁ ➂➃➄➅➆➇➈➉➊➋➌ ➍➎

➏➐➑➒ ➓➔→➣↔↕➙➛➜➝➞ ➟➠➡➢➤➥➦➧ ➨➩ ➫➭ ➯➲➳➵➸➺➻➼➽ ➾➚➪➶➹➘➴➷➬➮➱ ✃❐❒❮❰ÏÐ ÑÒÓÔÕÖ×Ø ÙÚÛÜÝ ßàá âãä

åæçèé êë ìíî ïðñòóôõ ö÷øùúûüýþ ÿs�✁✂✄☎✆ ♦✝ ❝ ❛✞✟ ✠ ✡☛☞ ✌✍✎✏ ❢✑✒ ♠✓✔✕✖✗✘✙ ✚✐✛✜✢ ✣✤ ♥✳

❚✥✦✧★✩✪❡✫ t❤✬ ✭✮✯✰ ✱✲✴ ♣✵✶✷✸✹✺✻✼✽✾ ❧✿❀❁❂❃② ❄❅❆ ❇❈❉❊❋● ❍①■❏❑▲▼◆❖P◗ ❘❙ ❯r❱❲❳ ❨❩ ❬❭❪❫❴❵❜❞

❣ ❥❦q Þ✉✈✇ ③ ④⑤⑥ ⑦ ⑧⑨⑩ ❶❷❸ ❹❺❻❼❽❾❿➀➁➂➃➄ ➅➆ ➇➈➉➊➋➌ ➍➎➏➐➑➒➓➔→➣↔↕ ➙➛➜➝➞➟➠➡➢➤➥➦➧➨ ➩➫➭➯

➲➳➵ ➸➺➻➼➽➾➚➪ ➶ ➹➘➴ ➷➬➮ ➱✃❐ ❒❮❰ÏÐ Ñ ÒÓ ÔÕÖ×Ø ÙÚÛ ÜÝßà áâãäåæçè éêëìí îï ðñ òóô õö÷øùú

ûüýþ ÿt� ❛s✁✂✄☎✆✝✞✟✠✡☛☞ ♦✌✍✎✏✑✒ r✓✔✕ ✶✴♥ ♠✖✗✘✙✚✛✜ ✢✣✤ ❡①✥✦✧★✩✪ ✫✬✭✮✯✰✱✲ ❍✳✇✵✈✷✸✹

✐✺ ✻✼✽✾✿❀❁❂ ❃❄❅❆❇ ❈❉❊ ❋●■❏❑▲▼◆ ❖P◗❘❙❚❯ ❞❱❲❳ ❨❩❬ ❝❭❪❫❴❵ ❜❢ ❣❤❥❦ ❧♣q✉ ②③④⑤⑥⑦⑧⑨⑩ ❶❷❸

❹❺❻❼ ❽❾❿ ➀➁➂➃➄➅➆ ➇➈➉➊➋➌➍➎ ➏➐➑➒➓

➔→➣↔↕➙➛➜ ➝➞➟➠➡➢➤ ➥➦➧➨➩➫➭➯ ➲ ➳➵➸➺➻➼➽➾➚➪➶ ➹ ➘➴➷➬➮➱✃❐

❒ ❮❰ÏÐÑÒÓÔÕÖ× ØÙÚÛÜÝÞ ßà áâãä åæçèé êëì íîïðñòóôõ ö÷ øùúûü ýþÿ✷ ❬✶�❪✁

❇ ❈✂✄☎✆✝✞✟✠ ●✡☛☞✌✍

❝✎✏✑✒✓✔✕✖✗✘

✙✚✛✜✢✣✤ ❲✐✥✦

✧★✇✩✪✫✬✭✮✯✰

✱
❉✲✳ ✴♦✵✸✹✺✻✼ ❚❡✽✾✿❀❁❂❃ ❯❄❅✈❆❊❋❍■❏ ❑▲ ▼◆❖P◗❘❙❱ ❳❨❩❭ ❫❴❵❛ ❜②❞❢❣❤❥ ❦❧♠♥♣qr



❆�✁✂✄☎✆✝✞✟✠✡

✶ ■♥☛☞♦❞✌✍✎✏✑✒

❚✓✔ r✉✕✖✗✘✙ ❛✚✛✜✢✣✤✥ ✦✧ ★✩✪✫✬✭✮✯✰✱ s✲✳✴✵✷ ❤✸✹✺✻✼✽✾✿❀ ❁❂❃ ♠❄❅❇ ❈❉❊❋●❍❏❑▲▼ ♣◆❖P◗❘❙❯

❱✈❡❲ t❳❨❩❬❭❪ ❫✇❴❵❜❝❢❣✐❥❦❧q①②③④ ⑤⑥⑦⑧⑨⑩❶ ❷❸ ❹❺❻❼❽❾❿➀➁➂ ➃➄➅➆➇➈➉➊➋➌➍➎➏➐➑➒➓ ➔→➣ ↔↕➙➛➜➝➞

➟➠➡➢➤➥➦➧➨➩➫➭ ➯➲➳➵➸➺➻➼➽➾ ➚➪➶➹➘➴ ➷➬➮ ➱✃❐❒❮❰ ÏÐÑÒÓÔÕÖ×ØÙÚ ÛÜÝ Þßàáâãäåæç èéêëì íîïðñò

óôõö ÷øùú ûüýþÿ❝�✁✂✄ ❢☎✆ s♣✝✞✟✠✡ ❛☛☞✌✍✎✏✑✒ ✓✔✕✖✗✘✙✚✛✜ ✢✣✤ ✥✦✧★ ✩✪✫ ✬✭✮✯✰✱✲✳✴✵✶✷✸ ♦✹✺✻✼

♠✽✾✿❀❁❂❃❄r❅❆❇❈❉❊❋❚●❍ ■❏❑▲▼◆❖P ◗❘ ❡✈❙❯❱❲❳❨❩❬❭❪ ❫❧❴❵❜❞❣❤✐❥ ❦♥ qt✉✇①② ③④⑤⑥⑦⑧⑨⑩❶❷❸❹❺❻

❼❽❾❿➀➁➂➃➄ ➅➆➇ ➈➉➊➋ ➌➍➎➏➐➑➒➓➔→➣↔ ↕➙➛➜➝➞➟➠ ➡➢➤ ➥➦➧ ➨➩ ➫ ➭➯➲➳ ➵➸➺➻➼ ➽➾ ➚➪➶➹➘➴➷ ➬➮➱ ✃❐❒❮❰

ÏÐÑÒÓÔÕ Ö× ØÙÚÛ ÜÝÞßàá âãäåæçè éêëìíîïð ñò óôõö÷øùúû üý þÿ ❛�✁✂✄☎✆✝✞✟ ❢✠s✡☛☞✌ ✇✐✍✎

r✏✑✒✓✔✕ t✖ ✗✘✙ ❡①✚✛✜✢✣✤ ♦✥✦✧★✩✪✫✬✭✮✯ ✰✱✲✳ ✴✵✶✷ ❬✸✹✺✻✼✽✾❪ ✿❀❁ ❂❃ ❄✈❅❆❇❈❉❊❋●

■❍ ❏❑▲ ♣▼◆❖ ❝P◗❘❙❚ ❯❱ ②❲❳❨❩ ❭❤❫❴❵ ❜❞❣ ❥❦❧♠ ♥ q✉③④⑤ ⑥⑦ ⑧⑨⑩❶❷❸❹❺ ❻❼ ❽❾❿➀➁➂➃➄➅➆➇➈➉➊

➋➌➍➎➏➐➑➒ ➓➔ →➣↔↕ ➙➛ ➜➝ ➞➟ ➠➡➢➤➥➦➧➨➩➫➭ ➯➲➳ ➵➸➺➻➼➽➾ ➚➪➶➹➘➴➷➬ ➮➱ ✃❐ ❒❮❰ÏÐ ÑÒÓÔÕ Ö×ØÙÚÛ ÜÝÞ

ßàáâãäåæ çèéêëì íî ïðñ òóôõö÷øù úûüýþÿr ♦❢ t❤� ✇✁✂✄☎✆✝✞✟✠ ✭✡☛☞✌ ❊❆ ✍♥ ✎✏✑ ❝✒✓✔✕✖✗✘✙

❖✚✛✜✢✣ ✤✥✦✧★✩✪✫ ✬❛✈❡ ✮✯✰✱②✲✳ ✴ s✵✶✷✸✹ ✺✻ ✐♠✼✽✾✿❀❁❂❃❄❅❇ ■❈ ❉❋● ❜❍❏❑ ❦▲▼◆P ◗❘❙ ❚

❧❯❱❲ ❳❨❩❬ ❭❪❫❴ ❵❞❣ ❥①♣q✉③④⑤ ⑥⑦⑧⑨⑩❶❷ ❸❹ ❺❻❼ ❽❾ ❿➀ ➁➂➃ ➄➅➆➇ ➈➉➊➋ ➌➍ ➎➏➐➑➒➓ ➔→ ➣↔↕ ➙➛➜➝

➞➟➠ Þ➡➢➤ ➥➦➧➨➩➫➭➯➲➳➵➸➺➻ ➼➽➾➚➪ ➶➹➘➴➷ ➬➮ ➱✃ ❐ ❒❮❰ÏÐÑÒ ÓÔ Õ Ö×Ø ÙÚÛÜÝ ßà áâãä åæçè
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➧➨➩➫➭➯ ➲➳➵➸➺➻➼➽➾➚➪➶➹➘ ➴➷➬➮➱✃❐❒❮❰ ÏÐÑÒÓ Ô ÕÖ ×Ø ÙÚÛÜÝÞßàá âãäåæçèéê ëìíîïðñ òó ôõö ÷øù

úûüýþÿ t�✁✂ ✄☎✆ ♦✝✞✟✠✡☛ ♠☞✌✍✎✏✑✒ r❛✓✔ ❝✕✖ ❜✗ ✉✘ ✙✚ ✺✛✜ ❤✢✣✤✥✦ ✧★✩✪ ✫✬✭ ✮s✯✰✱✲✳✴✵✶✷✸✹✻

✼✽✾✿❀❁❂ ❃❄♥ ❢❅❆ ❇❈❉❊❋ ●❍■❏❑ ▲▼ ◆ ❖P◗ ❘❙❚ ❯❱❲❳❨ ❩❬ ❭❪ ❫❴❵❞❡❣✐ ❥❦❧♣q✈✇① ②③ ④⑤⑥ ⑦⑧⑨
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❡①✑✒✓✔✕✖ r✗✘✙✚✛✜✢ ❢✣✤ ✥ ❂ ✶✳✵✦✱ ✧★✩✪✫ ✬ ✭ ✮ ✯ ✷✰✲ ✴✸✹ ✺ ✻ ✼✽ ✾ ✿ ❀ ❁ ❃❄ ❅❆❇ ♣❈❉❊❋●❍ s■❏❑▲

♥ ▼ ◆❖P◗ ❘❙❚❯ ❱❲❳❨ ❩❬❭❪❫ ❴❵❜❞❣ ❤✐❥❦❧ ♠♦q ✉✈✇②③④⑤⑥⑦⑧⑨⑩ ❶❷❸❹❺❻❼ ❽❾❿➀➁➂ ➃➄ ➅ ➆➇➈ ➉➊➋➌➍

➎➏ ➐➑➒➓➔ →➣

↔↕ ➙➛➜➝➞➟➠➡➢ ➤➥ ➦➧➨ ➩➫➭ ➯➲➳➵ ➸➺➻ Þ➼➽➾ ➚➪ ➶➹➘ ➴➷➬➮➱✃❐❒❮❰ÏÐ ÑÒÓÔÕÖ×Ø ÙÚÛÜ Ýßàáâã

äåæç è éê ëìíîïðñòóô õö÷ø ùú ûüýþÿ❛�✁✂✄☎ ✶ ✆s ♣r✝✞✟✠✡☛☞ ❜✌ t✍✎ ✏✑✒✓✔ ✕✖✗✘✙✚✛✜ ✐✢ ❬✣✤❪✥

❋✦✧★✩✪✫✬✭✮✯✰ ✱❤✲ ✳✴✵✷✸✹✺✻✼✽✾ ♦✿❀❁❂❃❄ ❝ ❢❅❆ ♥ ❇ ❈❉❊ ●❍■ ❏ ❑ ▲ ▼◆ ❖P◗❘❙ ✇❚❯❱❲ ❳❨

❩❭❫❴ ❵❧❞❡❣❥❦♠ q✉✈①②③ ④⑤⑥⑦ ⑧⑨⑩ ❶❷❸❹❺ ❻❼❽❾❿ ➀➁ ➂➃➄➅ ➆➇➈➉➊ ➋➌ ➍➎➏➐ ➑➒➓➔→ ➣↔↕➙➛➜➝➞➟➠ ➡➢➤➥ ➦➧➨

➩➫➭➯➲➳➵➸➺➻➼➽➾ ➚➪➶➹ ➘➴➷ ➬➮➱✃❐❒ ❮❰ÏÐ ÑÒÓÔÕ Ö×ØÙÚÛÜÝÞ ßà áâã äåæçè éêëìí îïðñ òóôõ ö÷øùú

ûüýþÿ❝� t✁✂ ❛✄☎✆✝✞✟✠✡☛☞✌✍ ❢♦✎ s✏✑✒✓ ✈✔✕✖✗✘ ✙✚ ♥✳
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❚☛❜❧❡ ✶ ☞✌✍✎✏✑✒✓✔✕✖ ♦✗✘✙✚✛✜ ❝

✈❛✢✣✤✥
P✦✧★✩✪✫ s✬✭✮ ♥

✯ ✰✱✲ ✷✳✴ ✺✵✸ ✹✻✼✽ ✾✿❀❁ ❂❃❄❅

❇ ❈❉❊❋ ●❍■❏ ❑▲▼◆ ❖◗❘❙ ❯❱❲❳ ❨❩❬❭

❪ ❫❴❵❞ ❢❣❤✐ ❥❦♠♣ qrt✉ ✇①②③ ④⑤⑥⑦

⑧ ⑨⑩❶❷ ❸❹❺❻ ❼❽❾❿ ➀➁➂➃ ➄➅➆➇ ➈➉➊➋

➌ ➍➎➏➐ ➑➒➓➔ →➣↔↕ ➙➛➜➝ ➞➟➠➡ ➢➤➥➦

➧ ➨➩➫➭ ➯➲➳➵ ➸➺➻➼ ➽➾➚➪ ➶➹➘➴ ➷➬➮➱

✃ ❐❒❮❰ ÏÐÑÒ ÓÔÕÖ ×ØÙÚ ÛÜÝÞ ßàáâ

ã äåæç èéêë ìíîï ðñòó ôõö÷ øùúû

ü ýþÿ✳ ✶�✁✂ ✄☎✆✝ ✞✟✠✡ ☛☞✌✍ ✎✏✑✒

✾ ✓✔✕✖ ✗✘✙✚ ✛✜✢✣ ✤✥✦✧ ★✩✪✫ ✬✭✮✯

✰✱ ✲✴✵✷ ✸✹✺✻ ✼✽✿❀ ❁❂❃❄ ❅❆❇❈ ❉❊❋●

❚❍❜❧❡ ■ ❘❏❑▲▼◆ ♦❢ t❤❖ P①◗❙❯❱❲❳

r❨❩❬❭❪❫❴ ❵❛❝ ❞❣✐ ❥❦♠♥♣qs✉✈✇②

③④⑤⑥⑦⑧⑨ ⑩❶❷❸❹❺❻❼ ❽❾❿➀ ➁➂➃ ➄➅➆

➇➈➉➊➋➌➍➎ ➏➐➑➒➓➔→➣ ↔↕➙➛ ➜➝➞

➟➠➡➢➤➥➦ ➧➨➩➫ ➭

➯ ➲➳➵ ➸➺➻ ➼➽➾ ➚➪➶➹ ➘➴➷➬ ➮➱✃❐

❒ ❮❰ÏÐÑÒ ÓÔÕÖ×Ø ÙÚÛÜÝÞ ßàáâãä åæçèéê ëìíîïð

ñ òóôõö÷ øùúûüý þÿ✵�✁✂ ✄☎✆✝✞✟ ✠✡☛☞✌✍ ✎✏✑✒✓✔

✸ ✕✳✖✗✘✙ ✚✛✜✢✣✤ ✥✦✧★✩✪ ✫✬✭✮✯✰ ✱✲✴✶✷✹ ✺✻✼✽✾✿

❀ ❁❂❃❄❅❆ ❇❈❉❊❋● ❍■❏❑▲▼ ◆❖P◗❘❙ ❚❯❱❲❳❨ ❩❬❭❪❫❴

❵ ❛❜❝❞❡❢ ❣❤✐❥❦❧ ♠♥♦♣qr st✉✈✇① ②③④⑤⑥⑦ ⑧⑨⑩❶❷❸

❹ ❺❻❼❽❾❿ ➀➁➂➃➄➅ ➆➇➈➉➊➋ ➌➍➎➏➐➑ ➒➓➔→➣↔ ↕➙➛➜➝➞

➟ ➠➡➢➤➥➦ ➧➨➩➫➭➯ ➲➳➵➸➺➻ ➼➽➾➚➪➶ ➹➘➴➷➬➮ ➱✃❐❒❮❰

Ï ÐÑÒÓÔÕ Ö×ØÙÚÛ ÜÝÞßàá âãäåæç èéêëìí îïðñòó

ô õö÷øùú ûüýþÿ✵ �✁✂✄☎✆ ✝✞✟✠✡☛ ☞✌✍✎✏✑ ✒✓✔✕✖✗

✶✘ ✙✚✛✜✢✣ ✤✥✦✧★✩ ✪✫✬✭✮✯ ✰✱✲✳✴✷ ✸✹✺✻✼✽ ✾✿❀❁❂❃

■❄❅❆❇❈❉❊❋●❍❏❑▲ ❢▼◆ Þ①❡❞ ♥ t❖P ❛◗❘❙❚❯❱❲❳❨❩ ♦❬❭❪❫❴❵ ♠❜❝❣❤✐❥❦ r❧♣q s✉✈✇② ③④⑤⑥ ⑦⑧

⑨⑩❶❷❸❹❺❻ ❼❽❾❿ ➀➁➂➃➄➅➆➇➈ ➉➊➋➌➍➎ ➏➐ ➑➒➓➔→➣↔↕➙ ➛➜ ➝➞➟ ➠➡➢➤➥ ➦➧➨➩ ➫➭➯➲ ➳➵➸➺➻ ➼➽➾➚➪ ➶➹➘➴

➷➬➮ ➱✃❐❒❮❰ ÏÐÑ ÒÓÔÕ Ö×ØÙÚÛÜÝß àá âãäåæç èé êëì íîïðñ òóôõö ÷øùúû üýþÿ♥�✁✈❡❧✂✱ ✄♠☎✆✝②✞✟✠

❛ ✡☛☞❣✌✍ ♣✎✏✑✒✓✔✕✖✗ st✘✙✚✛✜✢✣✤ ✥✦✧ ★①✩✪✫✬✭✮✯✰✲ ❝✳✴✵✶✷✸✹✺ ♦✻ ✼✽✾✿✇❀❁❂ ❃ ❤✐❄❅❆❇ ❈❉❊❋●❍■❏

r❑▲▼ ❜◆ ❖P◗❘❙❚❯❱ ❲❳❨ ❩❬❭❪❫❴ ❵❞❢❥ ❦q✉③ ④⑤ ⑥⑦⑧ ⑨⑩❶❷❸❹❺❻❼❽❾ ❿➀➁➂➃ ➄➅➆➇➈➉➊➋ ➌➍ ➎➏➐➑

➒➓ ➔→➣↔↕ ➙➛ ➜➝➞➟➠➡➢➤ ➥➦➧ ➨➩➫➭➯➲ ➳➵ ➸➺➻➼➽➾➚ ➪➶➹ ➘➴➷➬➮➱✃❐ ❒❮❰Ï ÐÑ ÒÓÔ ÕÖ×ØÙÚÛÜÝÞß

àáâãäåæ çèéêë ìíîïðñò óô õö÷øù úûü ýþÿ♠�✁✂✄ r❛☎✆ ✶✴♥✱ ✇❡ ♣✝✞✈✟✠✡ t☛☞ ❝✌✍✎✏✑✒✓✔✕✖✗✘

✙✚✛✜✢ ♦❢ ✣❤✤ ✥✦✧★✩✪ ✫✬ ✭✮✯ ✰✲✳✵✷✸✹✺✻✼✽✾ ✿①❀❁❂❃❄❅ ❆❇❈❉❊❋●❍ ■❏❑ ▲▼◆ ❖P◗❘❙❚❯ ❱❲❳❨❩❬❭❪

❫❴❵❜ ❞❣✐ ❥❦❧q s✉ ②③④ ⑤⑥ ⑦⑧⑨⑩ ❶❷ ❸❹❺❻❼ ❽❾ ❿➀➁➂➃ ➄➅➆ ➇➈➉➊➋➌➍ ➎➏➐➑➒➓➔→ ➣↔↕➙ ➛➜➝➞➟➠➡➢

➤➥ ➦➧➨ ➩➫➭➯ ➲➳➵ ➸➺➻➼➽➾➚ ➪➶➹ ➘➴➷➬➮➱✃❐❒❮❰ÏÐ ÑÒÓÔÕÖ×Ø ÙÚÛÜÝÞß àá âãäå æçèé êë ìí îïð

ñòóôõö÷øùú ûüýþÿr ♦� ♥ ❛✁✂ ✄✳ ❚❤☎✆ ♠❡✝✞✟ t✠✡☛ ☞ ✌✉✍✎✏✑✒✓ ✔✕✖✗ ✘❢ ✶✴✙ ✐✚ ✛ s✜✢✣ ❝✤✥✦✧★

✩✪✫ ✬✭✮ ♣✯✰✱✲✵✷✸✹ ✺✻✼✽✾✿ ❀❁❂❃ ✇❄ ❅❆✈❇ ❈①❉❊❋●❍■❏

❑▲▼ Þ◆❖❞ P◗ ❘❙❯ ❱❲❳❨❩❬ ❭❪❫❴❵❜❣❥ ❦❧q② ③④ ⑤⑥ ⑦⑧⑨⑩❶❷❸❹❺ ❻❼❽❾❿➀➁➂➃➄➅➆➇➈ ➉➊➋ ➌➍➎➏ ➐➑ ➒➓➔

→➣↔↕➙➛ ➜➝➞➟➠➡➢➤ ➥➦➧➨ ➩➫ ➭➯➲➳➵ ➸➺➻➼➽ ➾➚➪➶ ➹➘➴➷➬ ➮➱✃ ❐❒❮❰ÏÐÑ ÒÓÔÕÖ×ØÙ ÚÛÜÝ ßàá â ãäåæçèé

êëìíîïðñ òó ôõö÷øù úûüýþÿ♣�✁✂ s✐✄☎✆✝ ❆♥✞✟✠✡☛ ♦☞✌✍✎✏❛t✑✒✓ ❢✔✕✖ ❋✗✘✙ ✶ ✚✛ ✜✢✣✤ ✥✦✧ Þ①❡❞
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❴ ❵ ❜❞❢❣

❤
❥
❦

❧♠qs ✈ ✇②③④⑤⑥⑦⑧⑨⑩❶ ❷❸❹❺❻❼❽❾ ❿➀➁➂➃➄➅ ➆➇ ➈➉➊ ➋➌➍➎➏➐ ➑➒ ➓➔→➣↔ ↕➙➛ ➜➝➞➟➠➡➢➤➥➦➧➨➩➫➭➯➲➳➵➸➺ ➻➼➽ ➾ ➚

➪➶➹➘ ➴➷➬➮ ➱✃❐❒ ❮❰ÏÐÑ ÒÓÔÕÖ ×ØÙÚÛ ÜÝÞ ßàáâãäå æ çè éêëìíî ïðñ òóôõ ö

÷ øùú û üýþ ÿ①�✁✂✄☎✆ r✝✞✟✠✡☛ ❡☞✌✍✎✏✑✒ ❛ ❝✓✔✕✖✗✘ ✙✚✛✉s✜✢✣✤✥ ✐♥ t❤✦ ✧★✩✪✫ ✬✭✮✯ ✰✱ ❞✲✳✴ ✵✶✷

✸✹✺✻✼✽ ❜✾ ♠✿❀❁ ❢❂❃ ✈❄❅❆❇❈ ♦❉ ❊ ❋● ❍■❏ ❑▲▼◆❖P◗❘❙❚ ❯❱❲❳❨❩

❬❭❪ ❫❴❵❣❥❦❧♣q✇ ②③④⑤ ⑥⑦⑧⑨⑩❶❷❸❹ ❺❻❼❽❾❿➀

➁➂ ➃➄➅➆➇ ➈➉ ➊➋➌ ➍➎➏➐➑➒➓➔→ ➣↔ ↕➙➛➜ ➝➞➟➠➡➢➤➥ ➦➧➨ ➩➫➭➯➲➳➵ ➸➺➻➼➽➾➚➪➶ ➹➘ ➴➷➬➮➱ ✃❐❒ ❮❰ÏÐÑÒÓÔÕÖ×

ØÙÚ ÛÜÝÞßàáâ ãäåæçèéêëìí îïðñ òóôõö ÷øùúûü ýþÿ✇✈❡r✱ t�✁✂ ✄☎✆✝✞ ✐s ✟✠✡☛☞✌ ❛✍✎✏✑✒✓✔✕✖✗✘✙✚

✛✜✢ ✣✤✥ ❝✦✧★✩✪✫✬ ✭✮✯✰✲✳✴✵✶✷✸✹✺✻ ♦✼ ✽✾✿ ❀①❁❂❃❄❅❆ ❇❈❉❊❋●❍■ ♠❏❑▲▼ ❞◆❖❢P◗ ❣❘❙❚❯❱❲ ❳❨❩❬
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❯✉t❱❲❳♦❨ ♣❩❬❭❪❡❫❴❵ ❝

❛❜❞❢ ❣ ❤✐❥❦❧♠♥qr s①✈✇②③④⑤ ⑥⑦⑧⑨⑩❶❷ ❸❹ ❺❻❼ ❽❾❿➀➁ ➂➃ ➄➅➆ ➇ ➈ ➉➊➋ ➌➍➎➏➐➑ ➒➓➔ → ➣ ↔↕➙➛ ➜➝➞➟➠➡➢ ➤➥➦

➧ ➨ ➩➫ ➭➯ ➲➳ ➵➸➺ ➻➼➽ ➾➚ ➪➶➹➘ ➴➷ ➬➮➱✃❐❒ ❮❰ ÏÐÑÒ ÓÔÕÖ× ØÙÚÛ ÜÝÞßàá âãäå æçè éêëì íîïðñòó ôõ ö÷ ø ùúû

ü ý þÿ✺✱ ✵✳�✁✂ ✄☎✆✝✞ ✟ ✠ ✡ ☛ ✸☞✌✍ ❚✎✏ ❡♠✑✒✓✔✕✖✗ ✘✙✚✛✜✢✣ ❝ ✐✤ ✥✦✧★✩✪ ❜✫ ❛ ❞✬✭ ❢✮✯ ✰✲✴✶ ♥✷ ✹❤✻ ✼✽✾✿ ❀❁❂❃❄❅❆ t❇❈

Þ❉❊❋ ●❍■ ❏❑▲▼◆ q❖P◗❘❙❯❱ ❲❳ s❨❩❬❭❪ ❫❴❵ ❣❥❦❧ ♦♣ r✉✈ ✇①②③④⑤⑥⑦ ⑧⑨⑩❶❷❸❹❺❻❼❽❾❿➀ ➁➂ ➃➄➅ ➆➇➈➉➊➋➌ ➍ ➎➏➐ ➑➒➓➔→➣↔ ↕➙

➛➜➝ ➞➟➠➡➢➤ ➥➦➧➨

➩➫➭➯➲➳➵ ➸➺➻ ➼➽➾➚➪➶ ➹➘ ➴➷➬➮➱✃❐❒❮❰Ï ÐÑÒÓÔÕ Ö× ØÙÚÛÜÝßà áâã äåæçè éê ëìí î ï ðñò óôõö÷

øùúûü ýþÿ ♥ ❂ ✷�✁✂ ✭✄☎✆✝✞ ♣✟✠✡☛ ❢♦☞ ✈❛r✌✍✎✏ s✑✒✓✔✕✖✗ ✘✙ ✚ ✛✜✢ ❝✳ ❚❤✣ ❡✤✥✦✧★✩✪✫ ✬✮✯✰✱✲✴✵

✶✸✹ ❞✐✺✻✼✽✾✿❀ ❁❃ ❄❅❆❇ ❈❉❊❋ ●❍■ ❏ ❑ ▲▼◆❖ P◗❘❙❯ ❱❲❳❨❩ ❬ ❭ ❪ ❫ ❴❵❜ ❣❥❦ ❧ ♠ qt ✉✇ ①② ③④⑤ ⑥⑦⑧ ⑨⑩

❶❷❸❹❺ ❻❼❽❾❿➀➁➂ ➃➄➅➆➇ ➈➉ ➊➋➌➍➎➏➐➑➒➓➔→ ➣↔↕➙➛➜ ➝➞➟➠➡ ➢➤➥ ➦➧➨➩➫➭➯➲➳➵➸➺➻➼ ➽➾➚ ➪➶➹➘➴➷➬➮➱✃❐❒❮
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Ö×ØÙÚÛÜÝÞß
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❳❨ ❩❬❭❪❫❴✇❵❜❝❞ ❢❣❤ ✐t❥❦❧♠♥ ♣qrs① ②③④⑤⑥⑦⑧⑨ ⑩❶ ❷❸❹❺❻❼❽❾❿➀➁➂ ➃➄➅➆➇➈➉➊➋ ➌➍➎➏ ➐➑➒➓➔→➣↔↕ ➙➛➜➝➞➟➠ ➡➢➤
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➊➋➌➍➎➏➐➑ ➒➓➔→➣↔
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Abstract

We propose a new way to self-adjust the mutation rate in population-based
evolutionary algorithms in discrete search spaces. Roughly speaking, it consists of
creating half the offspring with a mutation rate that is twice the current mutation
rate and the other half with half the current rate. The mutation rate is then updated
to the rate used in that subpopulation which contains the best offspring.

We analyze how the (1+λ) evolutionary algorithm with this self-adjusting muta-
tion rate optimizes the OneMax test function. We prove that this dynamic version
of the (1+λ) EA finds the optimum in an expected optimization time (number of fit-
ness evaluations) of O(nλ/log λ + n log n). This time is asymptotically smaller than
the optimization time of the classic (1 + λ) EA. Previous work shows that this per-
formance is best-possible among all λ-parallel mutation-based unbiased black-box
algorithms.

This result shows that the new way of adjusting the mutation rate can find
optimal dynamic parameter values on the fly. Since our adjustment mechanism is
simpler than the ones previously used for adjusting the mutation rate and does not
have parameters itself, we are optimistic that it will find other applications.

1 Introduction

Evolutionary algorithms (EAs) have shown a remarkable performance in a broad range
of applications. However, it has often been observed that this performance depends cru-
cially on the use of the right parameter settings. Parameter optimization and parameter

∗An extended abstract of this report will appear in the proceedings of the 2017 Genetic and Evolu-
tionary Computation Conference (GECCO 2017).
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control are therefore key topics in EA research. Since these have very different character-
istics in discrete and continuous search spaces, we discuss in this work only evolutionary
algorithms for discrete search spaces.

Theoretical research has contributed to our understanding of these algorithms with
mathematically founded runtime analyses, many of which show how the runtime of an
EA is determined by its parameters. The majority of these works investigate static
parameter settings, i. e., the parameters are fixed before the start of the algorithm and
are not changed during its execution. More recently, a number of results were shown
which prove an advantage of dynamic parameter settings, that is, the parameters of the
algorithm are changed during its execution. Many of these rely on making the parameters
functionally dependent on the current state of the search process, e.g., on the fitness
of the current-best individual. While this provably can lead to better performances,
it leaves the algorithm designer with an even greater parameter setting task, namely
inventing a suitable functional dependence instead of fixing numerical values for the
parameters. This problem has been solved by theoretical means for a small number of
easy benchmark problems, but it is highly unclear how to find such functional relations
in the general case.

A more designer-friendly way to work with dynamic parameters is to modify the
parameters based on simple rules taking into account the recent performance. A number
of recent results shows that such on the fly or self-adjusting parameter settings can
give an equally good performance as the optimal fitness-dependent parameter setting,
however, with much less input from the algorithm designer. For example, good results
have been obtained by increasing or decreasing a parameter depending on whether the
current iteration improved the best-so-far solution or not, e.g., in a way resembling the
1/5-th rule from continuous optimization.

Such success-based self-adjusting parameter settings can work well when there is a
simple monotonic relation between success and parameter value, e.g., when one specu-
lates that increasing the size of the population in an EA helps when no progress was
made. For parameters like the mutation rate, it is not clear what a success-based rule
can look like, since a low success rate can either stem from a too small mutation rate
(regenerating the parent with high probability) or a destructive too high mutation rate.
In [17], a relatively complicated learning mechanism was presented that tries to learn
the right mutation strength by computing a time-discounted average of the past per-
formance stemming from different parameter values. This learning mechanism needed
a careful trade-off between exploiting the currently most profitably mutation strength
and experimenting with other parameter values and a careful choice of the parameter
controlling by how much older experience is taken less into account than more recent
observations.

1.1 A New Self-Adjusting Mechanism for Population-Based EAs

In this work, we propose an alternative way to adjust the mutation rate on the fly
for algorithms using larger offspring populations. It aims at overcoming some of the
difficulties of the learning mechanism just described. The simple idea is to create half

2



the offspring with twice the current mutation rate and the other half using half the
current rate. The mutation rate is then modified to the rate which was used to create
the best of these offspring (choosing the winning offspring randomly among all best in
case of ambiguity). We do not allow the mutation rate to leave the interval [2/n, 1/4],
so that the rates used in the subpopulations are always in the interval [1/n, 1/2].

We add one modification to the very basic idea described in the first paragraph of this
section. Instead of always modifying the mutation rate to the rate of the best offspring,
we shall take this winner’s rate only with probability a half and else modify the mutation
rate to a random one of the two possible values (twice and half the current rate). Our
motivation for this modification is that we feel that the additional random noise will not
prevent the algorithm from adjusting the mutation rate into a direction that is more
profitable. However, the increased amount of randomness may allow the algorithm to
leave a possible basin of attraction of a locally optimal mutation rate. Observe that with
probability Θ(1/n2), a sequence of log2 n random modification all in the same direction
appears. Hence with this inverse-polynomial rate, the algorithm can jump from any
mutation rate to any other (with the restriction that only a discrete set of mutation
rates can appear). We note that the existence of random modifications is also exploited
in our runtime analysis, which will show that the new self-adjusting mechanism selects
mutation rates good enough to lead to the asymptotically optimal runtime among all
dynamic choices of the mutation rate for the (1+λ) EA.

In this first work proposing this mechanism, we shall not spend much effort fine-
tuning it, but rather show in a proof-of-concept manner that it can find very good
mutation rates. In a real application, it is likely that better results are obtained by
working with three subpopulations, namely an additional one using (that is, exploiting)
the current mutation rate. Also, it seems natural that more modest adjustments of the
mutation rate, that is, multiplying and dividing the rate by a number F that is smaller
than the value F = 2 used by our mechanism, is profitable. We conduct some elementary
experiments supporting this intuition in Section 8.

1.2 Runtime Analysis for the Self-Adjusting (1+λ) EA on OneMax

To prove that the self-adjusting mechanism just presented can indeed find good dynamic
mutation rates, we analyse it in the purest possible setting, namely in the optimization
of the classic test function

OneMax : {0, 1}n → R; (x1, . . . , xn) 7→
n
∑

i=1

xi

via the (1+λ) EA (see Algorithm 1).
The runtime of the (1+λ) EA with fixed mutation rates on OneMax is well un-

derstood [11, 22]. In particular, Gießen and Witt [22] show that the expected runtime

(number of generations) is (1 ± o(1))
(

1
2 · n ln ln λ

ln λ + er

r · n ln n
λ

)

when a mutation rate of

r/n, r a constant, is used. Thus for λ not too large, the mutation rate determines the
leading constant of the runtime, and a rate of 1/n gives the asymptotically best runtime.
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As a consequence of their work on parallel black-box complexities, Badkobeh, Lehre,
and Sudholt [1] showed that the (1+λ) EA with a suitable fitness-dependent mutation
rate finds the optimum of OneMax in an asymptotically better runtime of O( n

log λ +
n log n

λ ), where the improvement is by a factor of Θ(log log λ). This runtime is best-
possible among all λ-parallel unary unbiased black-box optimization algorithms. In
particular, no other dynamic choice of the mutation rate in the (1+λ) EA can achieve
an asymptotically better runtime. The way how the mutation rate depends on the
fitness in the above result, however, is not trivial. When the parent individual has
fitness distance d, then mutation rate employed is p = max{ ln λ

n ln(en/d) , 1
n}.

Our main technical result is that the (1+λ) EA adjusting the mutation rate according
to the mechanism described above has the same (optimal) asymptotic runtime. Con-
sequently, the self-adjusting mechanism is able find on the fly a mutation rate that is
sufficiently close to the one proposed in [1] to achieve asymptotically the same expected
runtime.

Theorem 1. Let λ ≥ 45 and λ = nO(1). Let T denote the number of generations of the
(1+λ) EA with self-adjusting mutation rate on OneMax. Then,

E(T ) = Θ

(

n

log λ
+

n log n

λ

)

.

This corresponds to an expected number of functions evaluations of Θ( λn
log λ + n log n).

To the best of our knowledge, this is the first time that a simple mutation-based EA
achieves a super-constant speed-up via a self-adjusting choice of the mutation rate.

As an interesting side remark, our proofs reveal that a quite non-standard but fixed
mutation rate of r = ln(λ)/2 also achieves the Θ(log log λ) improvement as it implies the
bound of Θ(n/log λ) generations if λ is not too small. Hence, the constant choice r =
O(1) as studied in [22] does not yield the asymptotically optimal number of generations
unless λ is so small that the n log n-term dominates.

Lemma 1. Let λ ≥ 45 and λ = nO(1), Let T denote the number of generations of the
(1+λ) EA with fixed mutation rate r = ln(λ)/2. Then,

E(T ) = O

(

n

log λ
+

n log n√
λ

)

.

This corresponds to an expected number of functions evaluations of O( λn
log λ +

√
λn log n).

The paper is structured as follows: In Section 2 we give a overview over previous
analyses of the (1+λ) EA and of self-adjusting parameter control mechanism in EAs
from a theoretical perspective. In Section 3 we give the algorithm and the mutation
scheme. For convenience, we also state some key theorems that we will frequently use
in the rest of the paper. The next three sections deal with the runtime analysis of the
expected time spent by the (1+λ) EA on OneMax in each of three regions of the fitness
distance d. We label these regions the far region, middle region and near region, each
of which will be dealt with in a separate section. The proof of the main theorem and of
Lemma 1 is then given in Section 7. Finally, we conclude in Section 9.
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2 Related Work

Since this is a theoretically oriented work on how a dynamic parameter choice speeds up
the runtime of the (1+λ) EA on the test function OneMax, let us briefly review what
is known about the theory of this EA and dynamic parameter choices in general.

2.1 The (1+λ) EA

The first to conduct a rigorous runtime analysis of the (1+λ) EA were Jansen, De Jong,
and Wegener [24]. They proved, among other results, that when optimizing OneMax a
linear speed-up exists up to a population size of Θ(log(n) log log(n)/log log log(n)), that
is, for λ = O(log(n) log log(n)/log log log(n)), finding the optimal solution takes an ex-
pected number of Θ(n log(n)/λ) generations, whereas for larger λ at least ω(n log(n)/λ)
generations are necessary. This picture was completed in [11] with a proof that the ex-
pected number of generations taken to find the optimum is Θ(n log n

λ + n log log λ
log λ ). The im-

plicit constants were determined in [22], giving the bound of (1±o(1))(1
2

n ln ln λ
ln λ + er

r
n ln n

λ ),
for any constant r, as mentioned in the introduction.

Aside from the optimization behavior on OneMax, not too much is known for the
(1+λ) EA, or is at least not made explicit (it is easy to see that waiting times for an im-
provement which are larger than λ reduce by a factor of Θ(λ) compared to one-individual
offspring populations). Results made explicit are the Θ(n2/ log(n) + n) expected run-
time (number of generations) on LeadingOnes [24], the worst-case Θ(n + n log(n)/λ)
expected runtime on linear functions [11], and the O(m2(log n + log wmax)/λ) runtime
estimate for minimum spanning trees valid for λ ≤ m2/n [31].

2.2 Dynamic Parameter Choices

While it is clear the EAs with parameters changing during the run of the algorithm (dy-
namic parameter settings) can be more powerful than those only using static parameter
settings, only recently considerable advantages of dynamic choices could be demonstrated
by mathematical means (for discrete optimization problems; in continuous optimization,
step size adaptation is obviously necessary to approach arbitrarily closely a target point).
To describe the different ways to dynamically control parameters, we use in the follow-
ing the language proposed in Eiben, Hinterding, and Michalewicz [21] and its extension
from [10].

2.2.1 Deterministic Parameter Control

In this language, deterministic parameter control means that the dynamic choice of a
parameter does not depend on the fitness landscape. The first to rigorously analyze a
deterministic parameter control scheme are Jansen and Wegener [23]. They regard the
performance of the (1+1) EA which uses in iteration t the mutation rate 2k/n, where
k ∈ {1, 2, . . . , 2⌈log2 n⌉−2} is chosen such that log2(k) ≡ t−1 (mod ⌈log2 n⌉−1). In other
words, they cyclically use the mutation rates 1/n, 2/n, . . . , K/n, where K is the largest
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power of two that is less than n/2. Jansen and Wegener demonstrate that there exists an
example function where this dynamic EA significantly outperforms the (1+1) EA with
any static mutation rate. However, they also observe that for many classic problems,
this EA is slower by a factor of Θ(log n).

In [32], a rank-based mutation rate was analyzed for the (µ+1) EA. A previous ex-
perimental study [5] suggested that this is a profitable approach, but the mathematical
runtime analysis in [32] rather indicates the opposite. While there are artificial exam-
ples where a huge runtime gain could be shown and also the worst-case runtime of the
(µ+1) EA reduces from essentially nn to O(3n), a rigorous analysis on the OneMax

function rather suggests that the high rate of offspring generated with a mutation rate
much higher than 1/n brings a significant risk of slowing down the optimization process.

For two non-standard settings in evolutionary computation, deterministic parameter
control mechanisms also gave interesting results. For problems where the solution length
is not known [4], more precisely, where the number or the set of bits relevant for the
solution quality is unknown, again random mutation rates gave good results [14, 19].
Here however, not a power-law scheme was used, but rather one based on very slowly
decreasing summable sequences. For problems where the discrete variables take many
values, e.g., the search space is {0, . . . , r − 1}n for some large r, the question is how to
change the value of an individual variable. The results in [15] suggest that a harmonic
mutation strength, that is, changing a variable value by ±i with i chosen randomly with
probability proportional to 1/i, can be beneficial. This distribution was analyzed earlier
in [7] for the one-dimensional case, where it was also shown to give the asymptotically
best performance on a OneMax type problem.

For randomized search heuristics outside evolutionary computation, Wegener [33]
showed that simulated annealing (using a time-dependent temperature) can beat the
Metropolis algorithm (using a static temperature).

2.2.2 Adaptive Parameter Control

A parameter control scheme is called adaptive if it used some kind of feedback from
the optimization process. This can be functionally dependent (e.g., the mutation rate
depends on the fitness of the parent) or success-based (e.g., a 1/5th rule).

The first to conduct a runtime analysis for an adaptive parameter control mechanism
(and show a small advantage over static choices) were Böttcher, Doerr, and Neumann [2].
They proposed to use the fitness-dependent mutation rate of 1/(LeadingOnes(x) + 1)
for the optimization of the LeadingOnes test function. They proved that with this
choice, the runtime of the (1+1) EA improves to roughly 0.68n2 compared to a time of
0.86n2 stemming from the classic mutation rate 1/n or a runtime of 0.77n2 stemming
from the asymptotically optimal static rate of approximately 1.59/n.

For the (1 + (λ, λ)) GA, a fitness-dependent offspring population size of or-
der λ = Θ(

√

n/d(x) ) was suggested in [13], where d(x) is the fitness-distance
of the parent individual to the optimum. This choice improves the optimization
time (number of fitness evaluations until the optimum is found) on OneMax from
Θ(n

√

log(n) log log log(n)/log log(n) ) stemming from the optimal static parameter
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choice [9] to O(n). Since in this adaptive algorithm the mutation rate p is function-
ally dependent on the offspring population size, namely via p = λ/n, the dynamic choice
of λ is equivalent to a fitness-dependent mutation rate of 1/

√

nd(x).
In the aforementioned work by Badkobeh et al. [1], a fitness-dependent mutation rate

of max
{

ln λ
n ln(en/d(x)) , 1

n

}

was shown to improve the classic runtime of O
(n log log λ

log λ + n log n
λ

)

to O
(

n
log λ + n log n

λ

)

. In [17], the (1+1) EA using a k-bit flip mutation operator together
with a fitness-dependent choice of k was shown to give a performance on OneMax

that is very close to the theoretical optimum (among all unary unbiased black-box al-
gorithms), however, this differs only by lower order terms from the performance of the
simple randomized local search heuristic (RLS). For nature-inspired algorithms other
than evolutionary ones, Zarges [34, 35] proved that fitness-dependent mutation rates
can be beneficial in artificial immune systems.

2.3 Self-adjusting and Self-adaptive Parameter Control

While all these results show an advantage of an adaptive parameter setting, it remains
questionable if an algorithm user would be able to find such a functional dependence of
the parameter on the fitness. This difficulty can be overcome via self-adjusting parameter
choices, where the parameter is modified according to a simple rule often based on the
success or progress of previous iterations, or via self-adaptation, where the parameter is
encoded in the genome and thus subject to variation and selection. The understanding of
self-adaptation is still very limited. The only theoretical work on this topic [6], however,
is promising and shows examples where self-adaptation can lead to significant speed-ups
for non-elitist evolutionary algorithms.

In contrast to this, the last years have produced a profound understanding of self-
adjusting parameter choices. The first to perform a mathematical analysis were Lässig
and Sudholt [28], who considered the (1+λ) EA and a simple parallel island model to-
gether with two self-adjusting mechanisms for population size or island number, including
halving or doubling it depending on whether the current iteration led to an improve-
ment or not. These mechanisms were proven to give significant improvements of the
“parallel” runtime (number of generations) on various test functions without increasing
significantly the “sequential” runtime (number of fitness evaluations).

In [10] it was shown that the fitness-dependent choice of λ for the (1 + (λ, λ)) GA
described above can also be found in a self-adjusting way. To this aim, another success-
based mechanism was proposed, which imitates the 1/5-th rule from evolution strate-
gies. With some modifications, this mechanism also works on random satisfiability prob-
lems [3]. For the problem of optimizing an r-valued OneMax function, a self-adjustment
of the step size inspired by the 1/5-th rule was found to find the asymptotically best
possible runtime in [16].

These results indicate that success-based dynamics work well for adjusting parame-
ters when a monotonic relation like “if progress is difficult, then increase the population
size” holds. For adjusting a parameter like the mutation rate, it is less obvious how to do
this. For example, in the search space {0, 1}n both a too large mutation rate (creating
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a stronger drift towards a Hamming distance of n/2 from the optimum) and a too small
mutation rate (giving a too small radius of exploration) can be detrimental. For this
reason, to obtain a self-adjusting version of their result on the optimal number k to opti-
mize OneMax via k-bit flips [17], in [18] a learning mechanism was proposed that from
the medium-term past estimates the efficiency of different parameter values. As shown
there, this does find the optimal mutation strength sufficiently well to obtain essentially
the runtime stemming from the fitness-dependent mutation strength exhibited before.

In the light of these works, our result from the methodological perspective shows
that some of the difficulties of the learning mechanism of [18], e.g., the whole book-
keeping being part of it and also the setting of the parameters regulating how to discount
information over time, can be overcome by the mechanism proposed in this work. In
a sense, the use of larger populations enables us to adjust the mutation rate solely on
information learned in the current iteration. However, we do also use the idea of [18] to
intentionally use parameter settings which appear to be slightly off the current optimum
to gain additional insight.

3 Preliminaries

3.1 Algorithm

We consider the (1+λ) EA with self-adjusting mutation rate for the minimization of
pseudo-boolean functions f : {0, 1}n → R, defined as Algorithm 1.

The general idea of the mutation scheme is to adjust the mutation strength according
to its success in the population. We perform mutation by applying standard bit mutation
with two different mutation probabilities r/(2n) and 2r/n and we call r the mutation
rate. More precisely, for an even number λ ≥ 2 the algorithm creates λ/2 offspring with
mutation rate r/2 and with 2r each.

The mutation rate is adjusted after each selection. With probability a half, the
new rate is taken as the mutation rate that the best individual (i. e. the one with
the lowest fitness, ties broken uniformly at random) was created with (success-based
adjustment). With the other 50% probability, the mutation rate is adjusted to a random
value in {r/2, 2r} (random adjustment). Note that the mutation rate is adjusted in each
iteration, that is, also when all offspring are worse than the parent and thus the parent
is kept for the next iteration.

If an adjustment of the rate results in a new rate r outside the interval [2, n/4], we
replace this rate with the corresponding boundary value. Note that in the case of r < 2,
a subpopulation with rate less than 1 would be generated, which means flipping less
than one bit in expectation. At a rate r > n/4, a subpopulation with rate larger than
n/2 would be created, which again is not a very useful choice.

We formulate the algorithm to start with an initial mutation rate rinit. The only
assumption on rinit is to be greater than or equal to 2. The (1+λ) EA with this self-
adjusting choice of the mutation rate is given as pseudocode in Algorithm 1.
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Algorithm 1 (1+λ) EA with two-rate standard bit mutation

Select x uniformly at random from {0, 1}n and set r ← rinit.
for t← 1, 2, . . . do

for i← 1, . . . , λ do

Create xi by flipping each bit in a copy of x independently with probability
rt/(2n) if i ≤ λ/2 and with probability 2rt/n otherwise.

x∗ ← arg minxi
f(xi) (breaking ties randomly).

if f(x∗) ≤ f(x) then

x← x∗.
Perform one of the following two actions with prob. 1/2:

• Replace rt with the mutation rate that x∗ has been created with.

• Replace rt with either rt/2 or 2rt, each with probability 1/2.

Replace rt with min{max{2, rt}, n/4}.

Let us explain the motivation for the random adjustments of the rate. Without such
random adjustments, the rate can only be changed into some direction if a winning
offspring is generated with this rate. For simple functions like OneMax, this is most
likely sufficient. However, when the fitness of the best of λ/2 offspring, viewed as a
function of the rate, is not unimodal, then several adjustments into a direction at first
not yielding good offspring might be needed to reach good values of the rate. Here,
our random adjustments enable the algorithm to cross such a valley of unfavorable rate
values. We note that such ideas are not uncommon in evolutionary computation, with
standard-bit mutation being the most prominent example (allowing to perform several
local-search steps in one iteration to cross fitness valleys).

A different way to implement a mechanism allowing larger changes of the rate to cross
unfavorable regions would have been to not only generate offspring with rates r/2 and
2r, but to allow larger deviations from the current rate with some small probability. One
idea could be choosing for each offspring independently the rate r2−i with probability
2−|i|−1 for all i ∈ Z, i 6= 0. This should give similar results, but to us the process appears
more chaotic (e.g., with not the same number of individuals produced with rates r/2
and 2r).

The runtime, also called the optimization time, of the (1+λ) EA is the smallest t
such that an individual of minimum f -value has been found. Note that t corresponds
to a number of iterations (also called generations), where each generation creates λ
offspring. Since each of these offspring has to be evaluated, the number of function
evaluations, which is a classical cost measure, is by a factor of λ larger than the runtime as
defined here. However, assuming a massively parallel architecture that allows for parallel
evaluation of the offspring, counting the number of generations seems also a valid cost
measure. In particular, a speed-up on the function OneMax(x1, . . . , xn) := x1 + · · ·+xn

by increasing λ can only be observed in terms of the number of generations. Note that
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for reasons of symmetry, it makes no difference whether OneMax is minimized (as in
the present paper) or maximized (as in several previous research papers).

Throughout the paper, all asymptotic notation will be with respect to the problem
size n.

3.2 Drift Theorems

Our results are obtained by drift analysis, which is also used in previous analyses of the
(1+λ) EA without self-adaptation on OneMax and other linear functions [11, 22].

The first theorems stating upper bounds on the hitting time using variable drift go
back to [25, 30]. We take a formulation from [29] but simplify it to Markov processes
for notational convenience.

Theorem 2 (Variable Drift, Upper Bound). Let (Xt)t≥0, be random variables describing
a Markov process over a finite state space S ⊆ {0} ∪ [xmin, xmax], where xmin > 0. Let
T be the random variable that denotes the earliest point in time t ≥ 0 such that Xt = 0.
If there exists a monotone increasing function h(x) : [xmin, xmax]→ R

+, where 1/h(x) is
integrable on [xmin, xmax], such that for all x ∈ S with Pr(Xt = x) > 0 we have

E(Xt −Xt+1 | Xt = x) ≥ h(x)

then for all x′ ∈ S with Pr(X0 = x′) > 0

E(T | X0 = x′) ≤ xmin

h(xmin)
+

∫ x′

xmin

1

h(x)
dx.

The variable drift theorem is often applied in the special case of additive drift in
discrete spaces: assuming E(Xt −Xt+1 | Xt = x; Xt > 0) ≥ ǫ for some constant ǫ, one
obtains E(T | X0 = x′) ≤ x′/ǫ.

Since we will make frequent use of it in the following sections as well, we will also give
the version of the Multiplicative Drift Theorem for upper bounds, due to [12]. Again,
this is implied by the previous variable drift theorem.

Theorem 3 (Multiplicative Drift [12]). Let (Xt)t≥0 be random variables describing a
Markov process over a finite state space S ⊆ R

+
0 and let xmin := min{x ∈ S | x > 0}. Let

T be the random variable that denotes the earliest point in time t ≥ 0 such that Xt = 0.
If there exist δ > 0 such that for all x ∈ S with Pr(Xt = x) > 0 we have

E(Xt −Xt+1 | Xt = x) ≥ δx ,

then for all x′ ∈ S with Pr(X0 = x′) > 0,

E(T | X0 = x′) ≤
1 + ln

(

x′

xmin

)

δ
.
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3.3 Chernoff Bounds

For reasons of self-containedness and as a courtesy to the reader, we state two well-
known multiplicative Chernoff bounds and a lesser known additive Chernoff bound that
is also known in the literature as Bennett’s inequality.

Theorem 4 (Bennett’s inequality, Chernoff Bounds [8, Theorem 1.12, Theorem 1.10]).
Let X1, . . . , Xn be independent random variables and let X =

∑n
i=1 Xi. Furthermore, let

b such that Xi ≤ E(Xi) + b for all i = 1, . . . , n and σ2 = 1
n

∑n
i=1 Var(Xi). Then, for all

γ > 0

Pr(X ≥ E(X) + γ) ≤
(

−γ

b

((

1 +
nσ2

bγ

)

ln

(

1 +
bγ

nσ2

)

− 1

))

.

Moreover, if the Xi for all i = 1, . . . , n take values in [0, 1] then

• Pr(X ≤ (1− δ)E(X)) ≤ exp(−δ2E(X)/2) for all 0 ≤ δ ≤ 1.

• Pr(X ≥ (1 + δ)E(X)) ≤ exp(−δ2E(X)/(2 + δ)) for all δ > 0.

3.4 Occupation Probabilities

As mentioned above, we will be analyzing two depending stochastic processes: the ran-
dom decrease of fitness and the random change of the mutation rate. Often, we will prove
by drift analysis that the rate is drifting towards values that yield an almost-optimal
fitness decrease. However, once the rate has drifted towards such values, we would also
like the rates to stay in the vicinity of these values in subsequent steps. To this end, we
apply the following theorem from [27]. Note that in the paper a slightly more general
version including a self-loop probability is stated, which we do not need here.

Theorem 5 (Theorem 7 in [27]). Let a Markov process (Xt)t≥0 on R
+
0 , where |Xt −

Xt+1| ≤ c, with additive drift of at least d towards 0 be given (i. e., E(Xt − Xt+1 |
Xt; Xt > 0) ≥ d), starting at 0 (i.e. X0 = 0). Then we have, for all t ∈ N and b ∈ R

+
0 ,

Pr(Xt ≥ b) ≤ 2e
2d

3c
(1−b/c).

We can readily apply this theorem in the following lemma that will be used through-
out the paper to bound the rate rt.

Lemma 2. If there is a point c ≥ 4 such that Pr(rt+1 < rt | rt > c) ≥ 1/2 + ǫ
for some constant ǫ > 0, then for all t′ ≥ min{t | rt ≤ c} and all b ≥ 4 it holds
Pr(rt′ ≥ c + 2b) ≤ 2e−2bǫ/3.

Proof. Apply Theorem 5 on the process Xt := max{0, ⌈log2(rt/c)⌉}. Note that this
process is on N0, moves by an absolute value of at most 1 and has drift E(Xt −Xt+1 |
Xt; Xt > 0) = 2ǫ. We use c := 1 and d := 2ǫ in the theorem and estimate 1 − b ≤
−b/2.
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4 Far Region

In this first of three technical sections, we analyze the optimization behavior of our self-
adjusting (1+λ) EA in the regime where the fitness distance k is at least n/ln λ. Since
we are relatively far from the optimum, it is relatively easy to make progress. On the
other hand, this regime spans the largest number of fitness levels (namely Θ(n)), so we
need to exhibit a sufficient progress in each iteration. Also, this is the regime where
the optimal mutation rate varies most drastically. Without proof, we remark that the
optimal rate is n for k ≥ n/2 + ω(

√
n log λ), n/2 for k = n/2 ± o(

√
n log λ), and then

quickly drops to r = Θ(log λ) for k ≤ n/2− εn. Despite these difficulties, our (1+λ) EA
manages to find sufficiently good mutation rates to be able to reach a fitness distance of
k = n/ln λ in an expected number of O(n/ log λ) iterations.

Lemma 3. Let n be sufficiently large and 0 < k < n/2. We define c1(k) = (2 ln(en/k))−1

and c2(k) = 4n2/(n− 2k)2.

• If n/ln λ ≤ k and r ≤ c1(k) ln λ, then the probability that a best offspring has been
created with rate 2r is at least 0.5005.

• Let λ ≥ 50. If n/2 ≥ r ≥ c2(k) ln λ, then the probability that all best offspring have
been created with rate r/2 is at least 0.58.

• If r ≥ 2(1 + γ)c2(k) ln λ, then the probability that all best offspring are worse than
the parent is at least 1− λ−γ.

Proof. Let Q(k, i, r) be the probability that standard bit mutation with mutation rate
p = r/n creates from a parent with fitness distance k an offspring with fitness distance
at most k − i. Then

Q(k, i, r) =
k
∑

x=i

x−i
∑

y=0

(

k

x

)(

n− k

y

)

px+y(1− p)n−x−y.

By comparing each component in Q(k, i, r/2) and Q(k, i, 2r) we obtain

Q(k, i, 2r)/Q(k, i, r/2) ≥ 4i (1− 2r/n)n

(1− r/(2n))n
≥
(

1− o(1)
)

4ie−1.5r.

Here we notice that ln(1− x) ≥ −x− x2 for all 0 ≤ x ≤ 1/2. Then
(

1− 2r
n

1− r
2n

)n

=

(

1− 1.5r

n− 0.5r

)n

≥ exp

(

−1.5rn

n− 0.5r
− 2(1.5r)2n

(n− 0.5r)2

)

≥ (1− o(1))e−1.5r.

The above inequality applies λ = nO(1). Therefore r < ln λ = O(ln n). Since Q(k, i, r)
is monotone decreasing in i, let i∗ be the largest i such that Q(k, i, 2r) ≥ 4/λ. We will
then have i∗ ≥ 2r because

Q(k, 2r, 2r) ≥
(

k

2r

)

(2p)2r(1− 2p)n

12



≥ 2r · 2r

1 · 2 ·
(k − 1)(k − 2)

k2
·
(

k

2r

)2r (2r

n

)2r

· (1− o(1))e−2r

> 2r

(

k

en

)2r

≥
(

k

en

)2c1(k) ln λ

≥ 4

λ
.

The second inequality which involves (1−2p)n again uses the fact that r < ln λ = O(ln n).
This means p = o(1/

√
n) and then we have (1 − 2p)n ≥ exp(−2pn − 4p2n) ≥ (1 −

o(1)) exp(−2r). The (1−o(1)) factor and (k−1)(k−2)/k2 is compensated by decreasing
(2r/2) to 1 if n is large enough. We notice that when r = 2 we have i∗ ≥ ln(λ)/(2 ln ln λ)
since

Q(k, i, 4/n) ≥
(

4k

in

)i

e−4 ≥
(

1

i ln λ

)i

4ie−4 ≥ 4ie−4

λ
for i =

ln λ

2 ln ln λ
.

Let î = ln(λ)/(2 ln ln λ). We notice that

∂px+y(1− p)n−x−y

∂p
= px+y−1(1− p)n−x−y np− x− y

p− 1
≥ 0 when x + y ≥ i ≥ np,

Q(k, i, r) is increasing in r when r ≤ i. We obtain i∗ ≥ î for all r ≥ 2 which results in
4i∗

e−1.5r ≥ exp(i∗(ln 4 − 1.5/2)) ≥ Θ(λ1/ ln ln λ). We also need an upper bound on i∗.
Since r ≤ ln(λ)/2 and k ≤ n/2 implies kr/n ≤ ln(λ)/4, then Chernoff Bounds shows
that the probability that 1.65 ln λ ≥ 6.6kr/n bits being flipped from k bits is less than
exp(−(5.6/7.6)1.4 ln λ) < 1/λ. This means i∗ < 1.65 ln λ. We use this to compute the
upper bound on Q(k, i∗, 2r). Let q(k, i, r) = Q(k, i, r)−Q(k, i + 1, r) be the probability
of that the fitness distance is decreased by i. We regard the terms in q(k, i, r) where
x− y = i. If x and y both increase by 1, the terms change by a factor of

k − x

x + 1
· n− k − y

y + 1
· p2

(1− p)2
≤ (1 + o(1))

kp

x + 1
· (n− k)p

y + 1
≤ r2

4xy

If we consider y ≥ r then xy > r2 and the factor r2/(4xy) ≤ 1/4. The sum of these
factors for all y ≥ r is less than the geometric series with ratio 1/4. Therefore, the sum
from 0 ≤ y < r contributes to at least 2/3 of the total sum q(k, i, r). Consequently, if
we look at the first 2r terms in q(k, i∗, 2r) and q(k, i∗ + 1, 2r) we have

q(k, i∗ + 1, 2r)

q(k, i∗, 2r)
≥ 2

3
· (k − 2r − i∗ + 1)2p

(2r + i∗)(1− 2p)
≥ 4kp

3(2/2 + 1)i∗ =
2rk

3i∗n
.

Since q(k, i∗ + 1, 2r) ≤ Q(k, i∗ + 1, 2r) and k ≥ n/ ln λ we further more have

q(k, i∗, 2r)

Q(k, i∗ + 1, 2r)
≤ 3i∗ ln λ

2r
and

Q(k, i∗, 2r)

Q(k, i∗ + 1, 2r)
≤ 1 +

3i∗ ln λ

2r
.

So finally Q(k, i∗, 2r) ≤ 4(1 + 1.5i∗ ln λ/r)/λ and

Q(k, i∗, r/2) ≤ Q(k, i∗, 2r)

4i∗e−1.5r
≤ 4(1 + 1.5i∗ ln λ

r )

4i∗e−1.5r
· 1

λ
.
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If λ = ω(1) then the factor before 1/λ is Θ(ln2(λ)/λ1/ ln ln(λ)) = o(1). Otherwise if
ln λ ≥ 130 or r ≥ 8 or r < 8 but i∗ ≥ 16 we prove Q(k, i∗, r/2) < 0.8/λ so that with
probability less than 0.4 at least one offspring of r/2 achieve i∗. Then with probability
at least (1 − (1 − 4/λ)λ/2) · (1 − 0.4) > 0.86 ∗ 0.6 > 0.51 all the best offspring have
been created with 2r. We first regard large λ. If ln λ ≥ 130, we define t = i∗/r then
2 ≤ t ≤ (1.65 ln λ)/2 and the factor Q(k, i∗, r/2)/λ becomes

4(1 + 1.5t ln λ)

exp(i∗(ln 4− 1.5/t))
≤ 4(1 + 1.5t ln λ)

exp(̂i(ln 4− 1.5/t))
.

If t ≤ 3 it is
4(1 + 1.5t ln λ)

exp(̂i(ln 4− 1.5/t))
≤ 4(1 + 4.5 ln λ)

exp(̂i(ln 4− 1.5/2))
< 0.8

otherwise it is
4(1 + 1.5t ln λ)

exp(̂i(ln 4− 1.5/t))
≤ 4(1 + 1.5 ln2 λ)

exp(̂i(ln 4− 1.5/3))
< 0.8.

If ln λ < 130 and r ≥ 8 we can bound

4(1 + 1.5i∗ ln(λ)/r)

4i∗e−1.5r
≤ 4(1 + 1.5 · 1.65 ln2(λ)/r)

exp(2r ln(4)− 1.5r)
<

4(1 + 41828/r)

exp(2r ln(4)− 1.5r)
< 0.8.

If ln λ < 130, r < 8 but i∗ ≥ 16, then

4(1 + 1.5i∗ ln(λ)/r)

4i∗e−1.5r
≤ 4(1 + 1.5 · 130 · 16/2)

416e−12
< 0.3.

For ln λ < 130 and r < 8, we prove that the probability that the best progress i attains
1.5r is at least 1− 3 · 10−5. Conditioning on 1.5r ≤ i ≤ i∗ it is obvious that i obtained
from 2r with probability at least 0.5 since q(k, i, 2r)/(q, i, r/2) = (1− o(1))4ie−1.5r > 1.
For the remaining i ≥ i∗ + 1 which has probability no less than 1.2 · 10−3, its very
likely that a best offspring is from 2r. This can cancel 3 · 10−5. We first compute
Q(k, 1.5r, 2r) > 21/λ in the following way. Since 1.5r < 12 then for n large enough we
have

Q(k, 1.5r, 2r) ≥ (1− o(1))

(

k

1.5r

)

(

2r

n

)1.5r

e−2r ≥ (1− o(1))
(2r)1.5r

(1.5r)!

(

n

k

)0.5r ( k

en

)2r

,

with (k/(en))2r ≥ (k/(en))2c1(k) ln λ = 1/λ, (2r)1.5r/((1.5r)!) ≥ 43/6 and (n/k)0.5r ≥
2. This means the best progress among λ/2 offspring attains 1.5r is at least 1 −
(1 − 21/λ)λ/2 > 1 − 3 · 10−5. For i ≥ i∗ + 1 according to the definition of i∗ and
Q(k, i∗, 2r)/Q(k, i∗ + 1, 2r) ≤ 1 + 1.5i∗ ln λ/r

4 >
Q(k, i∗ + 1, 2r)

λ
≥ 4

1 + 1.5i∗ ln λ/r
≥ 4

1 + 1.5 · 16 · 130/2
>

1

391
.
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Then for λ/2 offspring we have 1− (1−Q(k, i∗ + 1, 2r))λ/2 ≥ 1.2 · 10−3. Moreover, use
the fact that i∗ + 1 ≥ 2r + 1 we also have

Q(k, i∗ + 1, 2r)

Q(k, i∗ + 1, r/2)
≥ 42r+1

e1.5r
>

45

e3
> 50.

Therefore it is easy to bound

1− (1−Q(k, i∗ + 1, 2r))λ/2

1− (1−Q(k, i∗ + 1, r/2))λ/2
>

1− (1−Q(k, i∗ + 1, 2r))λ/2

Q(k, i∗ + 1, r/2) · λ/2
>

1− (1−Q(k, i∗ + 1, 2r))λ/2

Q(k, i∗ + 1, 2r)/50 · λ/2
.

We look at function fα(x) := (1− (1− x)α)/(αx) and gα(x) := (1− x)α(1 + αx). Since
g′

α(x) < 0 for all α > 1 and 0 < x < 1, we have gα(x) < gα(0) = 1 when 0 < x < 1.
Therefore f ′

α(x) = (gα−1(x)− 1)/(αx2) < 0 and

1− (1−Q(k, i∗ + 1, 2r))λ/2

Q(k, i∗ + 1, 2r)/50 · λ/2
>

fλ/2(4/λ)

50
=

1− (1− 4/λ)λ/2

(4/λ)/50 · λ/2
≥ 1− 1/e2

1/25
> 21.

This means that if the best offspring made a progress of i∗ + 1 or more, then the
conditional probability that it is from the 2r-subpopulation is at least 21/22. Finally we
can bound the probability that a best offspring is from the 2r-subpopulation by

(1− 3 · 10−5 − 1.2 · 10−3) · 0.5 + 1.2 · 10−3 · 21

22
> 0.5005.

For the second statement, let X(k, r) denote the random decrease of the fitness
distance when apply standard bit mutation with probability p = r/n to an individual
with k ones. Then E(X) = kp− (n−k)p = (2k−n)p. According to Bennett’s inequality
(Theorem 4), for any ∆ > 0 we have

Pr(X ≥ E(X) + ∆) ≤ exp

(

−Var(X) · h
(

∆

Var(X)

))

where h(u) = (1+u) ln(1+u)−u. We compare h(u) with τu2 for any constant factor τ .
Let g(u) = h(u)− τu2 be the difference, then g(0) = g′(0) = 0 while g′′(u) = 1/(1 + u)−
2τ ≥ 0 when 1/(1 + u) ≥ 2τ . This means h(u) ≥ u2/(2u + 2). We now apply this bound
with X = X(k, 2r) and ∆ = E(X(k, r/2)) − E(X(k, 2r)) = (n − 2k)1.5r/n > 0. We
have Var(X(k, 2r)) = n(2p)(1−2p) = 2r(1−2r/n) and ∆/Var = (3/4)(n−2k)/(n−2r).
Then,

Pr(X(k, 2r) ≥ E(X(k, r/2))) ≤ exp

(

− ∆2

(2 + 2u)Var(X(k, 2r))

)

= exp

(

− 9(n− 2k)2r

4n(7n− 8r − 6k)

)

≤ exp

(

−9(n− 2k)2c2(k) ln λ

28n2

)

=
1

λ9/7
.

We notice that we have 7n − 8r − 6k > 7n − 4n − 3n = 0 in the second inequality.
Therefore, with probability less than λ−9/7(λ/2) < 50−2/7/2 < 0.2 the best offspring
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of rate 2r is better than the expectation of rate r/2. For rate r/2, let X+ and X− be
the number of one-bits flipped and zero-bits flipped, respectively. Both X+ and X−

follow a binomial distribution and X = X+ − X−. We know E(X+) = kr/(2n) and
E(X−) = (n − k)r/(2n) ≥ ln λ. The median of X+ is between ⌊E(X+)⌋ to ⌈E(X+)⌉
by [26]. This means Pr(X+ ≥ E(X+) − 1) ≥ Pr(X+ ≥ ⌊E(X+)⌋) ≥ 1/2. For ln λ
large enough, we can use a normal distribution to approximate X− and have Pr(X− ≤
E(X−)− 1) = 1/2− o(1). Otherwise we notice that ln λ ≥ ln 50 > 3 and r/(2n) ≤ 1/4.
Let real number t denote E(X−) and m denote n− k. It is clear that

Pr(X− ≤ t− 1) = Pr(X− ≤ ⌊t− 1⌋) ≥ Pr(X− ≤ ⌈t⌉ − 2)

= Pr(X− ≤ ⌈t⌉)− Pr(X− = ⌈t⌉)− Pr(X− = ⌈t⌉ − 1).

We see that Pr(X− ≤ ⌈t⌉) ≥ 1/2 and

Pr(X− = ⌈t⌉)
Pr(X− = ⌈t⌉ − 1)

=
(m− t + 1)t

⌈t⌉ ·m · (1− r/(2n))
<

t

⌈t⌉(1− r/(2n))
<

1

1− r/(2n)
<

4

3

and

Pr(X− = ⌈t⌉ − 1)

Pr(X− = ⌈t⌉ − 2)
=

(m− t + 2)t

(⌈t⌉ − 1) ·m · (1− r/(2n))
<

t

(⌈t⌉ − 1)(1− r/(2n))
<

16

9
.

Then we obtain

Pr(X− ≤ E(X−)− 1) >
1

2
· 1

1 + 16/9 + (16/9)(4/3)
> 0.097

Therefore Pr(X(k, r/2) ≥ E(X(k, r/2))) ≥ 0.048, with probability at least 1 − (1 −
0.048)λ/2 > 0.7 one offspring beats E(X(k, r/2)). Therefore all best offspring are from
r/2 with probability at least 0.7 · (1 − 0.2) > 0.56, this proves the second statement of
the lemma.

An offspring of mutation rate r/n is not worse than the parent if and only if X(k, r) ≥
0 and, again by using Bennett’s inequality, we have

Pr(X ≥ 0) ≤ exp

(

−Var(X) · h
(−E(X)

Var(X)

))

≤ exp

(

− (n− 2k)2r

2n(2n− 2k − r)

)

≤ exp

(

−(n− 2k)2r

4n2

)

.

Therefore if r = 2(1 + γ)c2(k) ln λ, then the probability above for r/2 is 1/λ1+γ and for
2α is 1/λ4+4γ . This proves the third statement.

The lemma above shows that the rate r is attracted to the interval [c1(k) ln n, c2(k) ln n].
Unfortunately, we cannot show that we obtain a sufficient progress in the fitness for ex-
actly this range of r-values. However, we can do so for a range smaller only by constant
factors. This is what we do now (for large values of k) and in Lemma 5 (for smaller
values of k). This case distinction is motivated by the fact that c2(k) becomes very large
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when k approaches n/2. Having a good drift only for such a smaller range of r-values
is not a problem since the random movements of r let us enter the smaller range with
constant probability, see Theorem 6 and its proof.

Let ∆ := ∆(λ/2, k, r) denote the fitness gain after selection among the best of λ/2
offspring generated with rate r from a parent with fitness distance k := OneMax(x).
Let x(i), i ∈ {1, . . . , λ/2}, be independent offspring generated from x by flipping each
bit independently with probability r/n. Then the random variable ∆ is defined by
∆ := max{0, k −min{OneMax(x(i)) | i ∈ {1, . . . , λ/2}}}.

We next show that a narrow region contained in c1(k) ln λ and c2(k) ln λ provides at
least logarithmic drift on fitness. We first do the proof for large k because c2(k) will be
ω(1) when k is close to n/2.

Lemma 4. Let 2n/5 ≤ k < n/2 and n be large enough. Let c be such that c ≤
min{n2/(50(n − 2k)2), n/(4 ln λ)} and c ≥ 1/2. Let r = c ln λ ≥ 1 and λ ≥ 2, then
E(∆) ≥ 10−3 ln λ.

Proof. Note that if k ≥ 2n/5 then n2/(50(n − 2k)2) ≥ 1/(50 · 0.22) = 1/2. We look at
the number X of flips in k ones. This random variable follows a binomial distribution
Bin(k, p) where p = r/n. Assume u = kp ≥ 1, B(x) =

(k
x

)

px(1 − p)k−x and F (x) =
∑k

i≥x B(i). If we use a normal distribution to approximate X, it’s not hard to see that
the probability of hitting the mean satisfies F (u) ≥ Ω(1). More specifically, if u < 1 then
F (u) = 1−B(0) = 1− (1− p)n ≥ 1− 1/e > 1/2. Otherwise if u ≥ 1 then the worst case
for F (u) is u = 1+o(1) and F (u) ≥ 1−(1−1/n)n−(1−1/n)n−1 > 1/4. We now estimate
F (u+δ). If F (u+δ) < F (u)/2 then F (u)−F (u+δ) ≥ F (u)/2 = 1/8. When comparing
F (u + δ)−F (u + 2δ) to F (u)−F (u + δ) we first notice that B(x + 1)/B(x) = k−x

x+1 ·
p

1−p
which means B(0) < B(1) < · · · < B(u) > B(u + 1) > · · · > B(k). Comparing B(u) to
B(u + 2δ) we see that

B(u + 2δ)

B(u)
=

(k − u) · · · (k − u− 2δ + 1)

(u + 1) · · · (u + 2δ)
· p2δ

(1− p)2δ

≥
(

k − u− 2δ

k(1− p)

)2δ u2δ

(u + 1) · · · (u + 2δ)

We take δ ≤ √u/10 for u = Θ(k) and δ ≤ 1.4u otherwise for u = o(k) and then bound

(

k − u− 2δ

k(1− p)

)2δ

=

(

1− 2δ

k − u

)2δ

≥ 0.98.

Using Stirling’s approximation for (u + 1) · · · (u + 2δ) we have

(u + 2δ)! ≤
√

2π(u + 2δ)

(

u + 2δ

e

)u+2δ

exp

(

1

12(u + 2δ)

)

,

and

u! ≥
√

2πu

(

u

e

)u

exp

(

1

12u + 1

)

.
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Then
u!

(u + 2δ)!
≥ (1− o(1))

√

u

u + 2δ

uue2δ

(u + 2δ)u+2δ
,

and therefore

B(u + 2δ)

B(u)
≥ 0.98

√

u

u + 2δ

uu+2δe2δ

(u + 2δ)u+2δ

≥ 0.98

√

u

u + 2.8u

(

1− 2δ

u + 2δ

)u+2δ

e2δ

≥ 1

2
exp

(

ln

(

u

u + 2δ

)

(u + 2δ) + 2δ

)

≥ 1

2
exp

(

−
(

2δ

u

)2

u

)

.

For u = Θ(k) we take δ =
√

u/10, otherwise let δ = 0.49u/
√

c satisfying δ ≤ 1.4u
for c > 0.5 which is required by assumption. Then (2δ/u)2 u ≤ 0.98 ln λ and B(u +
2δ)/B(u) ≥ 1/(2λ0.98). Then F (u + δ) > δB(u + 2δ) > δB(u)/(2λ0.98). Notice that
δB(u) ≥ F (u) − F (u + δ) therefore F (u + δ) ≥ 1/(16λ0.98). With probability at least
γ = 1− (1− 1/(16λ0.98))λ/2 > 1/32 > 0.03 we have that one offspring flips at least u + δ
ones which shows that E(∆) ≥ γ(u + δ − (n− k)p) ≥ γ(δ − (n− 2k)p). We compare δ
to (n− 2k)p. If u = o(k) then δ = 0.49kp/

√
c ≥ 0.19np/

√
c. If c ≤ n2/(50(n− 2k)2) we

have δ/((n−2k)p) ≥ 0.19/
√

1/50 ≥ 1.34 and δ−(n−2k)p ≥ 0.25δ. Notice that γ ≥ 0.03
then E(∆) ≥ 0.03 · 0.25δ ≥ 0.03 · 0.25 · 0.19

√
c ln λ ≥ 10−3 ln λ. Otherwise, if u = Θ(k)

then r = Θ(n) will require n2/(n − 2k)2 ≥ r/ln λ. This means n − 2k = O(
√

n/log λ)
and (n−2k)r/n = O(

√

n/log λ) which is of lower order compared to δ =
√

u/10. Hence,
E(∆) ≥ ln λ.

We now extend the lemma to the whole region of n/ln λ ≤ k < n/2. If k < 2n/5
the situation becomes easier because 4 ≤ c2(k) < 100 and every r in the smaller range
[c1(k) ln λ, ln(λ)/2] provides at least an expected logarithmic fitness increase. Together
with the previous lemma, we obtain the following statement for the drift in the whole
region n/ln λ ≤ k < n/2.

Lemma 5. Let n/ln λ ≤ k < n/2 and n be large enough. Assume λ ≥ 2. If r ∈
[c1(k) ln λ, c2(k) ln(λ)/200] for k ≥ 2n/5 and r ∈ [c1(k) ln λ, ln(λ)/2] for k < 2n/5 with
c1(k), c2(k) defined as in Lemma 3, then E(∆) ≥ 10−3 ln(λ)/ln(en/k).

Proof. For r ≤ ln(λ)/2 we consider the probability Q(k, i, r) of creating from a parent
with distance k an offspring with fitness distance at least k − i and i := c1(k) ln λ =
0.5 ln(λ)/ln(en/k), via standard bit mutation with probability r/n.

Q(k, i, r) ≥
(

k

i

)

(p)i(1− p)n ≥
(

k

i
· r

n

)i

e−r ≥
(

k

en

)i

e−r ≥ e− ln(λ)/2e−r ≥ e− ln λ =
1

λ
.
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In the second greater or equal symbol we apply (1 − p)n ≥ exp(−pn − p2n) ≥ (1 −
o(1)) exp(−r) for p satisfying p2n = o(1). The (1− o(1)) factor will be compensated by
using (k/i)i to estimate

(k
i

)

. Hence, Pr
(

∆ ≥ c1(k) ln λ
)

≥ 1− (1− 1/λ)λ/2 ≥ 1− e−1/2 >
0.3 and consequently E(∆) > 0.15 ln(λ)/ln(en/k). For r > ln(λ)/2, note that this occurs
only for k > 2n/5. In this case we apply Lemma 4 and obtain E(∆) > 10−3 ln λ ≥
10−3 ln(λ)/ln(en/k).

If we only consider generations that use a rate within the right region, we can bound
the expected runtime to reach k ≤ n/ ln λ by O(n/log λ) since the drift on the fitness is of
order log λ. The following theorem shows that the additional time spent with adjusting
the rate towards the right region does not change this bound on the expected runtime.

Theorem 6. The (1+λ) EA needs O(n/log λ) generations in expectation to reach a
OneMax-value of k ≤ n/ln λ after initialization.

Proof. We first argue quickly that it takes an expected number of at most O(
√

n) iter-
ations to reach a fitness distance of k < n/2. To this end, we note that if k ≥ n/2, then
the probability for an offspring to have a strictly better fitness than the parent is at least
Θ(1) for any 2 ≤ r ≤ n/4. Consequently, the expected fitness gain in one iteration is at
least constant. The initial fitness distance k deviates from n/2 by Ω(

√
n) in expectation.

Hence, it takes O(
√

n) generations to obtain k < n/2.
Without loss of generality we assume k < n/2 for the initial state. Our intuition is

that once we begin to use rate r bounded by c1(k) ln λ and c2(k) ln λ at some distance
level k, we will have a considerable drift on the OneMax-value and the strong drift on
the rate keeps r within or not far away from the bounds. After we make progress and k
decreases to a new level, the corresponding c1 and c2 decrease, and the algorithm takes
some time to readjust r into new bounds.

We consider the stochastic process Xt = log2(rt) and the current OneMax-value
Yt. According to Lemma 3 we have E(Xt − Xt+1 | Xt; Xt > log2(c2(Yt) ln λ)) ≥ ǫ =
Ω(1) and E(Xt+1 − Xt | Xt; Xt < log2(c1(Yt) ln λ)) ≥ ǫ = Ω(1). We pessimistically
assume that all the iterations adjusting rt make no progress. Let k0 > k1 > · · · > kN

be the OneMax-values taken by Yt until kN hits n/ln λ. According to the additive
drift analysis from Theorem 2 it takes at most O(log n) iterations to bound rt/ln λ by
c1(k0) and c2(k0), no matter how we set the initial rate. Consider ti to be the last
time that Yt = ki. This means rt makes a progress of ki − ki+1 > 0. Referring to
Lemma 3 we know that rt ≤ 2(1 + γ)c2(ki) ln λ with probability at least 1 − λ−γ . For
rt ≤ 2(1 + γ)c2(ki) ln λ, according to the additive drift theorem, it takes an expected
number of at most O(log(2(1 + γ)c2(ki)/c2(ki+1)) iterations to reach rt+1 ≤ c2(Yt) ln λ.
When we sum up the different expectation on γ = 1, 2, . . . , the increase of log(1+γ) can
be neglect comparing to the probability decrease on (1−λ−γ)′. Thus we can bound this
runtime by O(log(4c2(ki)/c2(ki+1)). The total number of iterations of the readjustment
process for rt to satisfy the upper bound is

N−1
∑

i=0

O

(

log

(

4c2(ki)

c2(ki+1)

))

= O

(

log

(

4N c2(k0)

c2(kN )

))

= O(N + log n).
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We then consider the iterations of the readjustment process for rt to satisfy the lower
bound. Since c1(ki) decreases along with ki, once c1(k0) is hit, the lower bound condition
is obtained for all the following ki.

Now we compute the expected number of generations for k0 to decrease to kN . We
choose b large enough such that 2e−2bǫ/3 ≤ 1/2 − δ/2 holds for some positive constant
δ > 0 and note that b is constant. Applying Lemma 2 we obtain Pr(rt ≥ c2(k) ln λ+2b) ≤
2e−2bǫ/3 and Pr(rt ≤ c1(k) ln λ − 2b) ≤ 2e−2bǫ/3. Once rt is between c1(k) ln λ and
c2(k) ln λ, before k decreases to another bound level, we have that c1(k) ln λ − 2b ≤
rt ≤ c2(k) ln λ + 2b happens with probability at least δ. We see that there are at
most log200

2 steps between range c1(k) ln λ ≤ r ≤ c2(k) ln λ and an even smaller range
c1(k) ln λ ≤ r ≤ c2(k) ln(λ)/200 which is described in Lemma 5. If rt reaches the wider
region, it takes at most a constant number of iterations α in expectation to reach the
narrow region because our mutation scheme employs a 50% chance to perform a random
step of the mutation rate. Based on Lemma 5 the narrow region for the rate ensures
0.05 ln(λ)/ln(en/k) drift on the fitness at distance k. This contributes to an average
drift of at least 0.05 ln(λ)/ln(en/k) ·δ/(1+α) = Ω(log(λ)/log(en/k) for all random rates
at distance k. Applying Theorem 2, we can estimate the runtime as

O

(

1

log(λ)/log(e log λ)
+

∫ n/2

n/log λ

dk

log(λ)/log(en/k)

)

= O

(

n

log λ

)

.

Details about how to compute the above integral can be found in the proof of Theorem
4 of [1]. We notice that N is the number of different k values and N must be bounded
by the above runtime. Combining the expected number of O(N + log n) iterations to
adjust rt and the expected number of O(

√
n) iterations to hit k < n/2, the total runtime

is O(n/log λ) in expectation.

5 Middle Region

In this section we estimate the expected number of generations until the number of one-
bits has decreased from k ≤ n/ln λ to k ≤ n/λ. We first claim that the right region for
r is 1 ≤ r ≤ ln(λ)/2. Hence, the (1+λ) EA is not very sensitive to the choice of r here.
Intuitively, this is due to the fact that a total fitness improvement of only O(n/log λ)
suffices to cross the middle region, whereas an improvement of Ω(n) is needed for the
far region.

We estimate the drift of the fitness in Lemma 6 and apply that result afterwards to
estimate the number of generations to cross the region.

Lemma 6. Let n/λ ≤ k ≤ n/ln λ, λ ≥ 26 and 1 ≤ r ≤ ln(λ)/2. Then

E(∆) ≥ min

{

1

8
,

√
λk

32n

}

.

Proof. The probability that no zero-bit flipped in a single mutation is (1 − r/n)n−k ≥
e−r ≥ 1/

√
λ. We regard the number Z of offspring that have no flipped zeros. The
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expectation E(Z) is at least 1/
√

λ·λ/2 =
√

λ/2. Applying Chernoff bounds (Theorem 4),
we observe that Z exceeds λ0 :=

√
λ/4 with probability at least 1− exp(−

√
λ/16) > 1/4

since λ ≥ 26. Assuming this to happen, we look at the first λ0 offspring without flipped
zeros. For i ∈ {1, . . . , λ0} let Xi be the number of flipped ones in the i-th offspring.
Then Xi are i.i.d. with Xi ∼ Bin(k, r/n). Let X∗ = max{Xi}. By applying a result
on order statistics for binomially distributed random variables by Gießen and Witt [22,
Lemma 4] we obtain the following:

If λ0kr/n ≥ α then E(X∗) ≥ α/(1 + α).

Therefore, λ0kr/n ≥ 1 implies E(X∗) ≥ 1/2, otherwise 1 + α < 2 implies E(X∗) ≥
λ0kr/(2n). Thus,

E(X∗) ≥ min{1/2,
√

λk/(8n)}.
Hence, using the law of total probability, we obtain the lower bound on the drift for the
middle region.

We now use our result on the drift to estimate the time spent in this region. We
notice that c2(k) = 4 + o(1) when k = o(n). This means we will have frequently often
rt ∈ [1, ln(λ)/2] which provides the drift we need.

Theorem 7. Let λ ≥ 26. Assume k ≤ n/ln λ for the current OneMax-value of the
self-adjusting (1+λ) EA. Then the expected number of generations until k ≤ n/λ is
O(n/log λ).

Proof. For k ≤ n/ ln λ the upper bound from Lemma 3 is c2(k) = 4/(1 − 2/ ln λ) < 11.
According to the lemma we have for Xt := ⌈log2 rt⌉ that E(Xt − Xt+1 | Xt; Xt >
log2(c2(k) ln λ)) ≥ ǫ = Ω(1). The additive drift theorem yields that in O(log n) time
we have rt ≤ c2(k) ln λ. We choose b large enough such that 2e−2bǫ/3 ≤ 1 − δ holds for
some positive constant δ > 0 and note that b is constant. Applying Lemma 2 we obtain
Pr(rt ≥ c2(k) ln λ + 2b) ≤ 2e−2bǫ/3 and rt ≤ c2(k) ln λ + 2b happens with probability at
least δ. Once rt < c2(k) ln λ + 2b < 11 ln λ + 2b it takes at most a constant number of
iterations α in expectation to draw rt to ln(λ)/2 or less. According to Lemma 6 this
ensures a drift of (1/4) min{1/2,

√
λk/(8n)}, which implies an average drift of at least

c min{1,
√

λk/n} over all random rates at distance k, where c > 0 is a constant. The
minimum is taken on the first argument if k > n/

√
λ, and on the second if k < n/

√
λ.

We are interested in the expected time to reduce the OneMax-value to a most
n/λ. To ease the application of drift analysis, we artificially modify the process and
make it create the optimum when the state (OneMax-value) is strictly less than n/λ.
Clearly, the first hitting time of state at most n/λ does not change by this modification.
Applying the variable drift theorem (Theorem 2) with xmin = n/λ, X0 = k ≤ n/ln λ
and h(x) = c min{1,

√
λk/n}, the expected number of generations to reach state at most

n/λ is bounded from above by

n/λ

c
√

λ(n/λ)/n
+

∫ n/
√

λ

n/λ

n

c
√

λx
dx +

∫ n/ln λ

n/
√

λ

1

c
dx = O

(

n√
λ

)

+ O

(

n log λ√
λ

)

+ O

(

n

log λ

)

,
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which is O(n/log λ). The overall expected number of generations spent is O(log n +
n/log λ) = O(n/log λ) since λ = nO(1) by assumption.

6 Near region

In the near region, we have k ≤ n/λ. Hence, the fitness is so low that we can expect
only a constant number of offspring to flip at least one of the remaining one-bits. This
assumes constant rate. However, higher rates are detrimental since they are more likely
to destroy the zero-bits of the few individuals flipping one-bits. Hence, we expect the
rate to drift towards constant values, as shown in the following lemma.

Lemma 7. Let k ≤ n/λ, λ ≥ 45 and 4 ≤ rt ≤ ln(λ)/4. Then the probability that
rt+1 = rt/2 is at least 0.5099.

Proof. To prove the claim we exploit the fact that only few one-bits are flipped in
both subpopulations. Using r := rt, we shall argue as follows. With sufficiently high
(constant) probability, (i) the 2r-subpopulation contains no individual strictly better
than the parent, that is, with fitness less than k, and (ii) all 2r-offspring with fitness
r are identical to the parent. Conditional on this, either the r/2-population contains
individuals with fitness less than k and the winning individual surely stems from this
subpopulation, or the r/2-population contains no better offspring. In the latter case, we
argue that there are many more individuals with fitness exactly k in the r/2-population
than in the 2r-population, which gives a sufficiently high probability for taking the
winning individual from this side (as it is chose uniformly at random from all offspring
with fitness k).

Let Nr/2 and N2r be the number of offspring that did not flip any zero-bits using rate

r/2 and 2r, respectively. Then E(Nr/2) = (λ/2)(1 − r/(2n))n−k ≥ (1 − o(1))λe−r/2/2,
since k ≥ 1 and

(

1− r

2n

)n−1

≥ e− r

2

(

1− r

2n

)
r

2
−1

≥ e− r

2

(

1− c ln n

8n

)
c ln n

4
−1

= (1− o(1))e− r

2 ,

where we used that r ≤ ln λ/4 and λ = nO(1), i. e. ln λ ≤ c ln n for some constant c.
Using k ≤ n/λ we get E(N2r) = (λ/2)(1− 2r/n)n−k ≤ (λ/2)e−2r(1−1/λ). In fact, we can
discriminate N1 and N2 by using Theorem 4 in the following way: we have

Pr

(

Nr/2 ≤
λ

4
e− r

2

)

≤ exp

(

−(1− o(1))3 λ

16
e− r

2

)

≤ exp

(

−(1− o(1))
1

16
λ7/8

)

< 0.175,

for sufficiently large n, since r ≤ (ln λ)/4 and λ ≥ 45. Similarly, we obtain

Pr
(

N2r ≥ λe−2r(1− 1

λ
)
)

≤ exp

(

−1

6
λ1− 1

2
(1− 1

λ
)
)

< 0.312.
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Note that e−2r(1−1/λ) < e−r/2/4 holds for all r ≥ 4 and λ ≥ 45. Since the offspring

are generated independently, the events Nr/2 > λe−r/2/4 and N2r < λe−2r(1− 1

λ
) happen

together with probability at least (1−0.175)·(1−0.312) ≥ 0.567 =: 1−perr1
. Conditioning

on this and by using a union bound the probability perr2
that at least one of the N2r

offspring that do not flip any zero-bits flips at least one one-bit can be upper bounded
by

perr2
:= N2r ·

2kr

n
≤ 2re−2r(1− 1

λ
) ≤ 0.004

using k/n ≤ 1/λ in the first and r ≥ 4 and λ ≥ 45 in the last inequality. By using a
union bound, we find the probability perr3

that at least one 2r-offspring flips exactly one
one-bit and exactly one zero-bit to be at most

perr3
:=

λ

2

2rk

n

(

1− 2r

n

)k−1 2r(n− k)

n

(

1− 2r

n

)n−k−1

≤ 2r2
(

1− 2r

n

)n−2

≤ (1 + o(1))2e2(ln(r)−r) < (2 + o(1))e− 6

5
r < 0.017,

for sufficiently large n, using k/n ≤ 1/λ for the first inequality. The third inequality is
due to ln x − x ≤ −(1 − e−1)x < −(3/5)x for all x > 0 and the last inequality stems
from r ≥ 4. The second inequality follows from

(

1− 2r

n

)n−2

≤ e− 2r

n
(n−2) = e−2r(1− 2

n
) = (1 + o(1))e−2r,

using again r ≤ ln λ ≤ c ln n for some constant c. Let Mr be the number of such
offspring. Any other fitness-decreasing flip-combinations of zeroes and ones in the 2r-
subpopulation require an offspring to flip at least two one-bits. The probability that
such an offspring is created is at most

perr4
:=

λ

2

(

k

2

)

(

2r

n

)2

≤ ln2 λ

16λ
< 0.021,

using k ≤ n/λ and r ≤ ln λ/4 and the fact that (ln2 x)/x is decreasing for x ≥ e2 and
λ ≥ 45 > e2.

The events Nr/2 > λe−r/2/4, N2r < λe−2r(1− 1

λ
), Mr = 0, and the event that no

fitness-decreasing offspring is created in the 2r-subpopulation are sufficient to ensure
that the best individual is either surely from the r/2-population or chosen uniformly at
random from the Nr/2 + N2r offspring. Conditioning on these events, we have that the
probability that the best offspring is chosen from the r/2-population is at least

Nr/2

Nr/2 + N2r
≥ 1

1 + 4e−r(2(1− 1

λ
)− 1

2
)

> 0.988.

Hence, using a union bound for the error probabilities, the unconditional probability is
at least

(1− perr1
− perr2

− perr3
− perr4

) · 0.988 + 1
2

2
> 0.5099.
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We note that the restriction rt ≥ 4 in the lemma above is not strictly necessary.
Also for smaller rt, the probability that the winning individual is chosen from the rt/2-
population is by an additive constant larger than 1/2. Showing this, however, would need
additional proof arguments as for smaller rt, the event that both subpopulations contain
individuals with fitness k− 1 becomes more likely. We avoid this additional technicality
by only arguing for rt ≥ 4, which is enough since any constant rt is sufficient for the
fitness drift we need (since we do not aim at making the leading constant precise).

In the following proof of the analysis of the near region, we use the above lemma
(with quite some additional arguments) to argue that the r-value quickly reaches 4 or
less and from then on regularly returns to this region. This allows to argue that in the
near region we have a speed-up of a factor of Θ(λ) compared to the (1+1) EA, since
every offspring only has a probability of O(1/λ) of making progress (see also [11, 22]).

Theorem 8. Assume k ≤ n/λ for the current OneMax-value of the self-adjusting
(1+λ) EA. Then the expected number of generations until the optimum is reached is
O(n log(n)/λ + log n).

Proof. The aim is to estimate the OneMax-drift at the points in time (generations) t
where rt = O(1). To bound the expected number of generations until the muta-
tion rate has entered this region, we basically consider the stochastic process Zt :=
max{0, ⌈log2(rt/c)⌉}, where c := 4, which is the lower bound on rt from Lemma 7.
However, as we do not have proved a drift of Zt towards smaller values in the region
L := (ln λ)/4 ≤ rt ≤ 16 ln λ =: U (where 16 is an upper bound on c2(k) from Lemma 5),
we use the potential function

Xt(Zt) :=















Zt if c ≤ rt ≤ L

log2(L/c) +
∑⌈log2(rt/L)⌉

i=1 4−i if L < rt < U

log2(L/c) +
∑log2(U/L)

i=1 4−i + 4− log2(U/L)⌈log2(rt/U)⌉ otherwise.

assuming that L and U have been rounded down and up to the closest power of 2,
respectively.

The potential function has a slope of 1 for c ≤ rt ≤ L. Lemma 7 gives us the drift
E(Xt − Xt+1 | Xt; c ≤ rt ≤ L) ≥ 0.5099 − 0.4901 = 0.0198. The function satisfies
Xt(Zt) − Xt(Zt − 1) ≥ 4(Xt(Zt) − Xt(Zt + 1)) if L < rt < U , which corresponds
to the region where the probability of decreasing Zt by 1 has only be bounded from
below by 1/4 due to the random steps. Still, E(Xt − Xt+1 | Xt; L < rt < U) ≥
(1/4)4log2(U/L)+1 − (3/4)4log2(U/L) = Ω(1) in this region due to the concavity of the
potential function. Finally, E(Xt − Xt+1 | Xt; rt ≥ U) = 4− log2(U/L)Ω(1) = Ω(1) by
Lemma 5. Hence, altogether E(Xt−Xt+1 | Xt; rt ≥ c) ≥ κ for some constant κ > 0. As
X0 = O(log n), additive drift analysis yields an expected number of O(log n) generations
until for the first time Xt = 0 holds, corresponding to rt ≤ c. We denote this hitting
time by T .

We now consider an arbitrary point of time t ≥ T . The aim is to show a drift on the
OneMax-value, depending on the current OneMax-value Yt, which satisfies Yt ≤ n/λ
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with probability 1. To this end, we will use Lemma 2. We choose b large enough such
that 2e−2b·κ/4 ≤ 1− δ holds for some positive constant δ > 0 and note that b is constant.
We consider two cases for rt. If rt ≤ c + 2b, which happens with probability at least δ,
we have rt = O(1) and obtain a probability of at least

1−
(

1−
(

Yt

1

)

(

rt

n

)(

1− rt

n

)n−1
)λ

≥ 1−
(

1−Θ

(

Yt

n

))λ

= Ω(λYt/n)

to improve the OneMax-value by 1, using that Yt = O(n/λ). If rt > c + 2b, we bound
the improvement from below by 0. Using the law of total probability, we obtain

E(Yt − Yt+1 | Yt; Yt ≤ n/λ) = δΩ(λYt/n) = Ω(λYt/n).

Now a straightforward multiplicative drift analysis (Theorem 3 using δ = Θ(λ/n)) gives
an expected number of O((n/λ) log Y0) = O(n log(n)/λ) generations until the optimum
is found. Together with the expected number O(log n) until the r-value becomes at
most c, this proves the theorem.

7 Putting Everything Together

In this section, we put together the analyses of the different regimes to prove our main
result.

Proof of Theorem 1. The lower bound actually holds for all unbiased parallel black-box
algorithms, as shown in [1].

We add up the bounds on the expected number of generations spent in the three
regimes, more precisely we add up the bounds from Theorem 6, Theorem 7 and Theo-
rem 8, which gives us O(n/log λ+n log(n)/λ+log n) generations. Due to our assumption
λ = nO(1) the bound is dominated by O(n/log λ + n log(n)/λ) as suggested.

Proof of Lemma 1. We basically revisit the regions of different OneMax-values ana-
lyzed in this paper and bound the time spent in these regions under the assumption
r = ln(λ)/2. In the far region, Lemmas 4 and 5, applied with this value of r, imply a
fitness drift of Ω(log(λ)/log(en/k)) per generation, so the expected number of genera-
tions spent in the far region is O(n/log λ) as computed by variable drift analysis in the
proof of Theorem 6.

The middle region is shortened at the lower end. For k ≥ n/
√

λ, Lemma 6 gives a
fitness drift of Ω(1), implying by additive drift analysis O(n/log λ) generations to reduce
the fitness to at most n/

√
λ.

In the near region, which now starts at n/
√

λ, we have to argue slightly differently.
Note that every offspring has a probability of at least (1−r)n ≥ e− ln(λ)/2+O(1) = Ω(λ−1/2)
of not flipping a zero-bit. Hence, we expect Ω(

√
λ) such offspring. We pessimistically

assume that the other individuals do not yield a fitness improvement; conceptually, this
reduces the population size to Ω(

√
λ) offspring, all of which are guaranteed not to flip a
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Figure 1: Static and Self-adjusting (1+λ) EA average runtime comparison (n = 5000)
on OneMax

zero-bit. Adapting the arguments from the proof of Theorem 8, the probability that at
least of one of these individuals flips at least a one-bit is at least

1−
(

1−
(

Yt

1

)

(

rt

n

)

)Ω(
√

λ)

≥ 1−
(

1−Θ

(

Yt

n

))Ω(
√

λ)

= Ω(
√

λYt/n),

which is a lower bound on the fitness drift. Using the multiplicative drift analysis, the
expected number of generations in the near region is O(n log(n)/

√
λ). Putting the times

for the regions together, we obtain the lemma.

8 Experiments

Since our analysis is asymptotic in nature we performed some elementary experiments in
order to see whether besides the asymptotic runtime improvement (showing an improve-
ment for an unspecified large problem size n) we also see an improvement for realistic
problem sizes. For this purpose we implemented the (1+λ) EA in C using the GNU
Scientific Library (GSL) for the generation of pseudo-random numbers.

The plot in Figure 1 displays the average runtime over 10000 runs of the self-adjusting
(1+λ) EA on OneMax for n = 5000 as given in Algorithm 1 over λ = 100, 200, . . . , 1000.
We set the initial mutation rate to 2, i. e., the minimum mutation rate the algorithm can
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attain. Moreover, the plot displays the average runtime of the classic (1+λ) EA using a
static mutation probability of 1/n.

The average runtimes of both algorithms profit from higher offspring population sizes
λ leading to lower average runtimes as λ increases. Interestingly, the classic (1+λ) EA
outperforms the self-adjusting (1+λ) EA for small values of λ up to λ = 400. For
higher offspring population sizes the self-adjusting (1+λ) EA outperforms the classic
one, indicating that the theoretical performance gain of ln ln λ can in fact be relevant
in practice. Furthermore, we implemented the self-adjusting (1+λ) EA without the
random steps, that is, when the rate is always adjusted according to how the best
offspring are distributed over the two subpopulations. The experiments show that this
variant of the self-adjusting (1+λ) EA performs generally slightly better on OneMax.
Since the OneMax fitness landscape is structurally very simple, this result is not totally
surprising. It seems very natural that the fitness of the best of λ/2 individuals, viewed
as a function in the rate, is a unimodal function. In this case, the advantage of random
steps to be able to leave local optima of this function is not needed. On the other hand,
of course, this observation suggests to try to prove our performance bound rigorously
also for the case without random rate adjustments. We currently do not see how to do
this. Lastly, we implemented the (1+λ) EA using the fitness-depending mutation rate
p = max{ ln λ

n ln(en/d) , 1
n} as presented in [1]. The experiments suggest that this scheme

outperforms all other variants considered.
Additionally we implemented another variant of the self-adjusting (1+λ) EA using

three equally-sized subpopulations i. e. the additional one is using (that is, exploiting)
the current mutation rate. We compared this variant with the self-adjusting (1+λ) EA,
both with and without using random steps. The results are shown in Figure 2. The
experiments suggest that the variant using three subpopulations outperforms the self-
adjusting (1+λ) EA slightly for small population sizes. For very high population sizes,
using just two subpopulations seems to be a better choice.

To gain some understanding on how the parameters influence the runtime, we imple-
mented the self-adjusting (1+λ) EA using different mutation rate update factors, that
is, we consider the self-adjusting (1+λ) EA as given in Algorithm 1 where the mutation
rate rt is increased or decreased by some factor F (instead of the choice F = 2 made
in Algorithm 1). Note that we do not change the rule that we use the rates r/2 and
2r to create the subpopulations. Furthermore, after initialization, the algorithm starts
with rate F and the rate is capped below by F and above by 1/(2F ) during the run,
accordingly.

The results are shown in Figure 3. The plot displays the average runtime over 10000
runs of the self-adjusting (1+λ) EA on OneMax for n = 5000 over λ = 100, 200, . . . , 1000
using the update factors F = 2.0, 1.5, 1.01. The plot suggests that lower values of F yield
a better performance. This result is not immediately obvious. Clearly, a large factor F
implies that the rate changes a lot from generation to generation (namely by a factor
of F ). These changes prevent the algorithm from using a very good rate for several
iterations in a row. On the other hand, a small value for F implies that it takes longer
to adjust the rate to value that is far from the current one.
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Figure 2: Average runtime of the self-adjusting (1+λ) EA with two and three subpopu-
lations each with and without random steps on OneMax (n = 5000)
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Finally, to illustrate the nontrivial development of the rate during a run of the al-
gorithm we plotted the rate of three single runs of the self-adjusting (1+λ) EA using
different factors F over the fitness in Figure 4. Since the algorithm initialized with the
rate F , the rate increases after initialization decreases again with decreasing fitness-
distance to the optimum. The plot suggests that for higher values of F the rate is more
unsteady due to the greater impact of the rate adjustments while smaller rate updates
yield a more stable development of the rate. Interestingly, for all three values of F , the
rates seem to correspond to the same rate after the initial increasing phase from F . Note
that this illustration does not indicate the actual runtime. In fact, the specific runtimes
are 19766 for F = 1.01, 19085 for F = 1.05 and 19857 for F = 1.1. A similar, more
pronounced behaviour can be seen for F = 2.0; we chose these particular values of F for
illustrative purposes since for F = 2.0 the variance in the rate can be visually confusing
for the reasons given above.

While we would draw from this experiment the conclusion that a smaller choice of F
is preferable in a practical application of our algorithm, the influence of the parameter
on the runtime is not very large. So it might not be worth optimizing it and rather view
Algorithm 1 as a parameter-less algorithm.

9 Conclusions

We proposed and analyzed a new simple self-adjusting mutation scheme for the (1+λ) EA.
It consists of creating half the offspring with a slightly larger and the rest with a slightly
smaller mutation rate. Based on the success of the subpopulations, the mutation rate
is adjusted. This simple scheme overcomes difficulties of previous self-adjusting choices,
e.g., the careful choice of the exploration-exploitation balance and the forgetting rate in
the learning scheme of [18].

We proved rigorously that this self-adjusting (1+λ) EA optimizes the OneMax

test function in an expected number of O(nλ/ log λ + n log n) fitness evaluations. This
matches the runtime shown in [1] for a careful fitness-dependent choice of the mutation
rate, which was also shown to be asymptotically optimal among all λ-parallel black-
box optimization algorithms. Hence our runtime result indicates that the self-adjusting
mechanism developed in this work is able to find very good mutation rates. To the best
of our knowledge, this is the first time that a self-adjusting choice of the mutation rate
speeds up a mutation-based algorithm on the OneMax test function by more than a
constant factor.

The main technical challenge in this work is to analyze the quality of the best off-
spring. In contrast to most previous runtime analyses, where only the asymptotic order
of the fitness gain was relevant, we needed a much higher degree of precision as we
needed to make statements about in which sub-population the best offspring is, or, in
case of multiple best offspring, how they are distributed over the two subpopulations.
Note that the quality of the best offspring is not as strongly concentrated around its
expectation as, e.g., the average quality.
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As a side-result of our analyses, we have observed that using a fixed rate of r =
ln(λ)/2 gives the bound O(n/log λ+n log(n)/λ1/2), which is also asymptotically optimal
unless λ is small. However, this setting is far off the usual constant choice of r. It is the
first time that a significantly larger mutation rate was shown to be useful in a simple
mutation-based algorithm for a simple fitness landscape. Previously, it was only observed
that larger mutation rates can be helpful to leave local optima [20].

From this work, a number of open problems arise. A technical challenge is to prove
that our algorithm also without the random rate adjustments performs well. This re-
quires an even more precise analysis of the qualities of the offspring in the two sub-
populations, for which we currently do not have the methods. From the view-point of
understanding the mutation rate for population-based algorithms, two interesting ques-
tion are (i) to what extent our observation that larger mutation rates are beneficial for
the (1+λ) EA on OneMax generalizes to other algorithms and problems, and (ii) for
which other problems our self-adjusting choice of the mutation rate gives an improvement
over the classic choice of 1/n or other static choices.
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