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Abstract

Micro-structural evolution in plastically deformed crystalline materials

Two rate-independent strain gradient crystal plasticity models are developed and
applied in numerical studies designed to identify the properties inherent to model
predictions of plastic deformation. The two models incorporate gradients of slip into
the framework of conventional crystal plasticity in order to model size-dependent
plasticity effects. This gradient dependence is achieved by relating a slip measure
which combines both slip and their gradients to a shear hardening curve, as commonly
done in conventional plasticity theories. Finite element codes are implemented which
allow for numerical predictions for the two models to be obtained. Application of the
two models to the pure shear boundary value problem is used to characterize plastic
behavior, which also allows for the identification of inherent properties through closed
form expressions. Single crystal Monazite containing a void is studied through a
plane analysis. The conditions that allow for a plane analysis of single crystal Mon-
azite are identified through crystallographic symmetry considerations. Predictions of
the slip and micro-structure around a void are presented for size-independent and
size-dependent plastic behavior, highlighting the effects due to gradients of slip.
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Resumé

To tidsuafhængige krystalplastiske modeller, der inkorporerer tøjningsgradienter,
udvikles og anvendes i numeriske undersøgelser designet til at identificere modellernes
egenskaber forbundet med plastisk deformation. De to modeller introducerer tøjnings-
gradienter i den konventionelle krystalplasticitets beskrivelse, dette gøres for at kunne
modellere størrelsesafhængige plasticitetseffekter. Gradientafhængigheden opnås ved
at tilknytte et tøjningsudtryk, der kombinerer både tøjninger og deres gradienter, til
en hærdningskurve, ækvivalent til konventionel plasticitetsteori. Der implementeres
‘Finite element’ analyseværktøjer som muliggør numeriske forudsigelser for de to
modeller. Analyseværktøjerne benyttes til at karakterisere de to modellers plas-
ticitetsforudsigelser i relation til et randværdiproblem, disse plasticitetsforudsigelser
identificeres også ved brug af simple matematiske ligninger. Baseret på en plan anal-
yse undersøges materialet omkring et hul i en enkeltkrystal af materialet Monazite.
De geometriske betingelser der tillader en plan analyse identificeres for Monazite gen-
nem krystallografiske symmetiovervejelser. Det plastiske slip og microstrukturen nær
enkelt-krystallens hul undersøges både afhængigt og uafhængigt af størrelseseffekten,
hvorved tøjningsgradienternes effekt bliver fremhævet.
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1 Introduction

1.1 Background

The first experimental evidence and subsequent quantification of the plastic deforma-
tion that occur in crystalline materials through crystallographic slip are generally
attributed to the work of [1, 2]. While the initial concepts of dislocation theory by
crystallographic slip and the notion of strain hardening are presented in the work
[3]. Following the work of [3], which also presents the properties of edge dislocations,
the work of [4] present the properties of screw dislocations and mixed dislocations,
thereby defining the fundamental basis of dislocation theory. Much work has followed
in the field of dislocation theory, and of particular importance to the present work is
the work of [5], which identifies the relationship between the net dislocation density
and lattice curvature. The net (net referring to the excess of one sign of dislocations)
dislocation density is commonly known as the Geometrically Necessary Dislocation
(GND) density. The GND density can be physically interpreted as the part of a
dislocation structure necessary to induce a lattice distortion that is compatible with
the deformation fields of crystalline materials, which experience gradients of defor-
mation (i.e. gradients of crystallographic slip). A characteristic attributed to GND
densities is the possible existence of long-range stress fields, which can contribute to
a retardation of dislocation motion near boundaries (e.g. walls or grain boundaries).
The GND density is a slip system specific quantity, while the total GND density is
commonly obtained through the sum over all slip systems. The additional part of the
dislocation density present in the material, called the Statistically Stored Dislocation
(SSD) density ([6]), is identified as pairs of neighboring dislocations with opposite
sign on a specific slip system. The Nye tensor (so named for the work of [5]) serves
as continuum GND density measure and provides a link between elastic deformation
and plastic deformation within crystalline materials, such that the lattice rotation
measurements can be used to estimate the components of the Nye tensor [7].

Rooted in experimental observations of metal plasticity, constitutive relations for
the macroscopic characterization of crystallographic slip on multiple slip systems have
been developed. These relations describe the stress state of an elastic-plastic material
as a function of strain history. An example of early work, which has formed the basis
of the conventional rate-independent crystal plasticity framework, is the work of [8].
This framework treats strain hardening through evolution laws of crystallographic
slip resistance, which is attributed to the formation and evolution of SSD densities
commonly obtained through a uniaxial tensile test or shear test. Fairly complex
hardening laws have been investigated through the conventional rate-independent
crystal plasticity theory by incorporating experimentally determined hardening laws
(e.g. [9] and [10]). However, these rely on the key assumption that hardening is a
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2 CHAPTER 1. INTRODUCTION

size-independent phenomena, neglecting hardening effects attributed to localized
phenomena in materials, i.e. micro-structural evolution in the form of GND densities
(a size-dependent phenomena).

The work of [11] and [12] are early examples of experimental observations of
size-dependent plasticity. The work of [11] tests thin copper wires with varying radii
between 6 and 85 micrometers, subjected to both torsion and uniaxial tension. The
uniaxial tension experiment reveals minor influence on the specimen size, while the
torsion experiment reveals a systematic increase in hardening for decreasing specimen
size. Furthermore, the work of [12] focuses on nanoindentation in both single crystal
and polycrystalline copper, which reveal a linear relationship between indentation
depth and hardness.

In conjunction with the experimental observations presented in [11] and [12],
both works present mathematical models capable of predicting size-dependent plastic
behavior. These models are commonly referred to as phenomenological, based on the
approach adopted in their development. This approach is to incorporate gradients
of strain, in order to account for the size-dependence, into conventional plasticity
frameworks, which intrinsically introduces a material length scale parameter. In
terms of application, these models are developed with the intention of allowing
analysis on the scale of engineering components, i.e. at continuum level.

The continued development of strain gradient plasticity models has resulted in a
number of approaches. Examples of these are phenomenological or mechanism-based
(see [13]), higher order or lower order (see [14]), and work conjugate or non-work
conjugate (see [15]). While a number of strain gradient plasticity models have
been developed, ‘questionable’ material behavior predictions have been identified for
different models. The term ‘questionable’ is presently used in relation to the physical
validity of the predictions.

A phenomenological, higher order and work conjugate model widely used, is the
isotropic strain gradient plasticity model developed in [16]. However, the model of
[16] has been shown to violate the thermodynamical requirement of non-negative
plastic dissipation during a non-proportional straining history by [17] and [18]. Who
subsequently introduced formulations describing dissipative higher order stresses
related to increments of strain quantities. However, these formulations incorporate
the possibility of discontinuous changes in higher order stress quantities for arbitrary
small load changes [19]. A classification of this approach has recently been introduced
by [20] using the term non-incremental models, while models relating increments of
stresses to increments of strains are termed incremental theories.

Based on the above examples of unintended model predictions, which has continued
to emerge in the literature [21], and the uncertainty surrounding the physical validity
of these predictions, two major issues seem evident. One is the need for further model
development and characterization. The other is the need for further experimental
characterization of size-dependent plasticity.

Experimental characterization of GND densities can be accomplished by measuring
the lattice rotation on the surface of a deformed crystal using Electron Backscatter
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Diffraction (EBSD) as discussed by [22]. This technique is well established (see
e.g. [23]), however, a significant limitation is that out-of-plane lattice rotations are
not generally accessible via surface characterization. A strategy to overcome this
limitation is to purposely apply a plane deformation state in the material, such that
out-of-plane lattice rotations are zero (to experimental error) [24].

1.2 Model development objectives

The aim of this work is to contribute to the understanding of rate-independent
strain gradient crystal plasticity model development. In this context, three objectives
intended to govern the material model development are defined, based on the isotropic
strain gradient objectives used in the extension of J2 flow theory by [19]. These
objectives for ‘proper model development’, here presented in the context of crystal
plasticity, are

1. The theory should reduce to the conventional crystal plasticity framework in
the limit of sufficiently small gradients of slip.

2. In addition to elastic parameters, the input to the theory should be a relation
between the resolved shear stress and the slip (a flow strength evolution curve)
on the individual slip systems, τ (α)

0 [γ(α)
eff ], and a material length parameter, l,

which characterizes the gradient dependence. The shear relation τ (α)
0 [γ(α)

eff ] is
arbitrary, but monotonically increasing representing a hardening solid.

3. The flow theory and the deformation theory must coincide for monotonic and
proportional straining history.

These objectives are meant as guidelines for the development of strain gradient
crystal plasticity models and not as restrictions. Throughout the present work, these
objectives will be investigated both in the context of model development itself and
in the context of the results obtained using the different models. Model prediction
obtained for a one-dimensional boundary value problem will characterize the different
plasticity behaviors inherent to the models. Furthermore, the application of one
model to a two-dimensional boundary value problem will be used to investigate slip
and micro-structure fields in single crystal Monazite.

Different terminologies are adopted in the literature when defining plastic flow
characteristics. In the present work, strengthening is defined as an apparent delay in
plastic flow, whereas hardening refers to the combined effect of both conventional
strain hardening and hardening due to the presence of slip gradients.
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1.3 Thesis outline

The paper entitled ‘An incremental flow theory for crystal plasticity incorporating
strain gradient effects’ is included in Appendix A and will be denoted by [P1] in the
remainder of this work. This paper presents an implementation and a subsequent
investigation of a rate-independent strain gradient crystal plasticity model inspired
by the isotropic strain gradient plasticity model developed in [19]. The investigation
focuses on the characteristics of the plastic deformation in an infinite crystalline strip
subjected to pure shear deformation for the case of a material described by single
slip or symmetric double slip. A summary of the results obtained in this paper is
presented in Section 3.1.

The paper entitled ‘Hardening and strengthening behavior in rate-independent
strain gradient crystal plasticity’ is included in Appendix B and will be denoted
by [P2] in the remainder of this work. This paper presents an implementation of a
rate-independent strain gradient crystal plasticity model, which is closely related
to the model developed in relation to [P1]. A subsequent investigation of these
closely related models is conducted for the pure shear boundary value problem, also
investigated in [P1], allowing for a detailed comparison of the two models. In the
course of the development and investigation of this second model, a closed form
solution to the pure shear boundary value problem was identified, which is used to
verify predictions obtained through finite element predictions.

The strain gradient crystal plasticity models presented in the publications [P1] and
[P2] are described in detail in Chapter 2. This chapter introduces the considerations
that apply when deriving rate-independent strain gradient crystal plasticity models.
The derivation of models is presented in Section 2.1, which is followed by a presentation
of the considerations that ensure positive dissipation of plastic energy in Section 2.2.
The incremental form of the strain gradient plasticity models is briefly presented in
Section 2.3. The boundary value problem of an infinite crystalline strip subjected to
monotonic pure shear deformation is presented in Section 2.4, with emphasis on the
considerations that allow for the derivation of a closed form solution to this boundary
value problem. The numerical solution schemes used to obtain model predictions
are presented in Section 2.5, and Chapter 2 is concluded by a discussion of the yield
criteria used for the different numerical solution schemes in Section 2.6.

A summary of the results published in [P1] and [P2] are presented in Chapter 3.
The main finding of [P1] is presented in Section 3.1, while the main findings of [P2]
are presented 3.2.

The paper entitled ‘Wedge indentation of single crystalline monazite: A numerical
investigation’ is included in Appendix C and will be denoted by [P3] in the remainder
of this work. This paper presents a numerical investigation of the plane deformation
fields that arise in the material Monazite when subjected to a plane deformation state.
The possibility of performing a plane analysis of single crystals rely on geometric
considerations between the crystals orientation and the orientation of the external
loading. These considerations allow for pairs of slip systems to be identified, which
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do not result in any effective out-of-plane slip activity. Based on the identification of
slip systems that facilitate a plane deformation state, wedge indentation of single
crystal Monazite is investigated (assuming a perfectly plastic material behavior).
The focus of this work is to investigate the asymptotic field solutions near the moving
contact points of the shallow wedge indenter. This investigation is carried out using
the numerical framework by [25] for self-similar boundary value problems. The
asymptotic solution field is of interest as dislocation activity can be linked to the
formation of kink shear boundaries. The obtained deformation, stress and slip rate
fields, are found to be non-symmetric near the moving contact points. The asymptotic
field solutions allow identification of sectors with certain material behavior near the
contact points. Three different sectors around each contact point are identified for
the single crystal Monazite, comprised of a plastic sector surrounded by two elastic
sectors oriented non-symmetrically with respect to the indenter axis. Furthermore,
this lack of symmetry is consistent with the difference in critically resolved shear
stress identified for the active slip systems of Monazite (as discussed subsequently in
this work). Further details of the numerical results presented in [P3] are omitted in
the present work.

Chapter 4 presents the work conducted during the PhD project in relation to the
material Monazite. Wedge indentation of single crystal Monazite and the subsequent
experimental characterization of the resulting micro-structure was planned from
the beginning of the PhD project. This experiment relies on the identification of
specimen geometry in relation to the orientation of the crystallographic slip systems
and the external loading orientation. These geometric considerations are presented
in Section 4.1 along with material scaling parameters that allow for a numerical
investigation to be conducted. Details of the planned experiment are presented in
Section 4.3, however, as discussed, the experiment has been discontinued without
results.

Chapter 5 presents a numerical investigation of a void embedded in a cylindrical
domain of single crystal Monazite subjected to equi-biaxial loading. This boundary
value problem implies a plane deformation state, such that the investigation is carried
out using the in-plane slip systems derived in Chapter 4. These recently obtained
results characterize the plastic behavior of Monazite from the limit of perfect plasticity
to a hardening material through slip fields and GND density fields. A secondary
aim of the results presented, is the verification of the numerical solution schemes
presented in Section 2.5 for this boundary value problem.

Chapter 6 presents a conclusion covering the main findings of this work, and some
thoughts on future work.





2
Rate-independent strain gradient

crystal plasticity

The rate-independent strain gradient crystal plasticity framework of [26] is used
as a basis for model development. The inspiration for the model, developed and
presented in [P1] comes from the isotropic strain gradient theory by [19], which
relates a gradient enriched strain measure to the flow strength evolution law of a
hardening solid, as commonly done in conventional plasticity formulations using the
plastic strains. The second model, developed and presented in [P2], is very closely
related to the model developed in [P1] to the degree that both mathematical models
are presented in [P2]. These strain gradient crystal plasticity models belong to a class
of material models, which shares properties with a class of isotropic strain gradient
plasticity models. This relationship is noted by [21] and the subsequent presentation
will highlight findings equivalent to their work, were applicable. The two developed
models are presented in Section 2.1 through a unified framework.

As noted in the introduction, the issue of negative dissipation of some strain
gradient plasticity models has been identified. The conditions that ensure positive
dissipation are presented in Section 2.2 for the unified framework.

The incremental formulation of the unified framework is presented in Section 2.3.
Following the presentation of the material models some details of the hardening

and strengthening behavior predicted by each of the material models are presented
and discussed in reference to an infinite crystalline strip subjected to pure shear
loading conditions in Section 2.4.

Section 2.5 presents details of finite element solution schemes used to obtain the
results presented throughout this work. Two main finite element solution schemes
are presented and their differences highlighted.

Details relating to the rate-independent yield condition are discussed from the
perspective of conventional crystal plasticity and elaborated upon in relation to the
two finite element solution schemes presented.

2.1 Material models

The small strain rate-independent crystal plasticity framework defines the additive
decomposition of the total strain εij by the elastic strain εeij and the plastic strain
εpij as

εij = εeij + εpij (2.1)

with the total strain given in terms of spatial derivatives of displacements, according
to εij =

(
ui,j + uj,i

)
/2, where ui are the displacements. Subscript Latin letters

7
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PLASTICITY

represent index notation where Einsteins summation rule is adopted, while comma
separation implies spatial derivatives. Plastic deformation is characterized by crystal-
lographic slip γ(α) on individual slip systems, denoted by superscript (α). The two
unit vectors the slip direction s(α)

i and the slip plane normal m(α)
i , characterize a

specific slip system and relate the plastic strain to the crystallographic slip through
the Schmid orientation tensor µ(α)

ij as

εpij =
∑
(α)

γ(α)µ
(α)
ij , with µ

(α)
ij = 1

2

(
s

(α)
i m

(α)
j + s

(α)
j m

(α)
i

)
(2.2)

In the framework of crystal plasticity, two conventions for the slip evolution are
commonly used for general loading conditions. One choice is to consider only positive
slip, such that (si,mi) and (−si,mi) are introduced as two separate slip systems,
which implies that the number of modelled slip systems double. The other option
is to account for the sign of the slip through the slip increment γ̇(α), which is
adopted in the present work. Throughout the present work, the ˙( ) notation will
be used to signify an incremental (dimensionless time-like) quantity. The present
formulation is derived with no restriction on the sign of the slip increment, such that
the slip evolves according to γ(α) =

∫ t
0 γ̇

(α)dt. To account for the history dependent
plastic deformation, associated with flow theories of plasticity, the accumulated
slip measure is defined as γ(α)

acc =
∫ t

0 |γ̇
(α)|dt. No restriction is assumed on the sign

of the spatial gradients of slip, thus, evolving according to γ(α)
,i =

∫ t
0 γ̇

(α)
,i dt. The

positive slip measure |γ(α)| is introduced, with the absolute value operator | ∗ |,
which along with the accumulated slip introduces the dependence on the sign of
the slip and the slip increment. This dependence arises through the derivatives
∂|γ(α)|
∂γ(α) = sgn[γ(α)], for γ(α) 6= 0 and ∂γ(α)

acc

∂γ(α) = sgn[γ̇(α)], for γ̇(α) 6= 0, hard brackets
imply a function, such that sgn[∗] is the sign function. Further details on the evolution
of these slip measures and their derivatives during a general loading history are
presented in Appendix A of [P1].

The gradient enhanced slip measure, which combines the slip and the spatial
gradient of slip into the effective slip is

γ
(α)
eff =

√(
γ(α)

)2 + l2
(
γ

(α)
,i s

(α)
i

)2
(2.3)

The length parameter l, assumed equal for all crystallographic slip systems, governs
the influence of the gradient contribution to this slip measure, while ensuring di-
mensional consistency. The net Burgers vector density γ(α)

,i s
(α)
i implies that only

pure edge dislocation densities are accounted for. The evolution of the incremental
slip quantities that make up the effective slip are unrestricted with respect to sign,
which indicates that the effective slip is related to recoverable energy, while the sign
restriction on the slip increment associated with the accumulated slip indicates that
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it is related to dissipative energy quantities in flow theory terminology. A further
consequence of these evolutionary aspects for rate-independent plasticity theory are
their relation to hardening, i.e. their contribution to the yield surface. A discussion of
the evolution of the yield surface in relation to the different stress measures of strain
gradient crystal plasticity is found in Section 2.6. The incorporated hardening relation
is a power law, defined recursively through the relations τ̄ (α)

0 [γ] = τ
(α)
y + τ̂

(α)
0 [γ], with

τ̂
(α)
0 [γ] = τ

(α)
y k(α) γn. Thus, τ (α)

y is the initial slip resistance, k(α) is the strength
coefficient, and n is the hardening exponent. The plasticity models developed in [P1]
and [P2] will be referred to as Model A and Model B, respectively. These models are
related to the degree that the following unified framework is capable of encompassing
both models using the substitutional hardening curve τ (α)

0 [γ], which represents τ̄ (α)
0 [γ]

in the case of Model A and τ̂ (α)
0 [γ] in the case of Model B, throughout the present

work. The plastic work expended in the material on an individual active slip system
is then given by

Up
(α)

[|γ(α)|, γ(α)
eff , γ

(α)
acc ] = Up

(α)
[|γ(α)|] + Up

(α)
[γ(α)
eff ] + Up

(α)
[γ(α)
acc ]

=
∫ |γ(α)|

0
τ̄

(α)
0 [γ]dγ +

∫ γ
(α)
eff

|γ(α)|
τ

(α)
0 [γ]dγ +

∫ γ(α)
acc

0
τ̄

(α)
0 [γ]dγ

(2.4)

This expression introduces the gradient contribution to the plastic work through the
effective slip, resulting in an increase in energy when compared to the conventional
rate-independent crystal plasticity limit (l = 0 and γ(α)

acc = γ
(α)
eff ). Furthermore, the

recoverable part of Eq. (2.4) is equivalent to isotropic strain gradient-dependent
expressions presented by [21]. The total work expended in the material, which
includes all slip systems that are or have been active (denoted by superscript (:)), is

U [εeij , γ(:), γ
(:)
,i s

(:)
i ] = 1

2 σij ε
e
ij +

∑
(α)

Up
(α)

[|γ(α)|, γ(α)
eff , γ

(α)
acc ] (2.5)

where σij is the Cauchy stress, work conjugate to the elastic strain, given by

σij = ∂U

∂εeij
= Leijklε

e
kl (2.6)

with the isotropic stiffness tensor Leijkl = G
((
δikδjl + δilδjk

)
+ 2 ν

1−2ν δijδkl

)
ex-

pressed by the shear modulus G, Poisson’s ratio ν, and the Kronecker delta δij .
The higher-order strain gradient crystal plastic framework introduces two additional
stress quantities, these are the micro-stress q(α) and the higher order stress ξ(α).



10
CHAPTER 2. RATE-INDEPENDENT STRAIN GRADIENT CRYSTAL

PLASTICITY

The micro-stress q(α), work conjugate to the slip, is additively decomposed into
the recoverable micro-stress qR(α) and the dissipative micro-stress qD(α). While the
dissipative micro-stress is independent of gradients of slip, defined as in the case
conventional crystal plasticity, the recoverable micro-stress introduces the gradients
dependence, (in case of l > 0), through the energy contribution

ψ(α) = Up
(α)

[γ(α)
eff ]− Up

(α)
[|γ(α)|] =

∫ γ
(α)
eff

|γ(α)|
τ

(α)
0 [γ]dγ (2.7)

The two parts of the micro-stress are identified as qR(α) = ∂ψ(α)

∂γ(α) and qD(α) = ∂Up[γ(α)
acc]

∂γ(α) ,
resulting in the general micro-stress expression

q(α) = ∂U

∂γ(α) =

qR(α)︷ ︸︸ ︷
τ

(α)
0 [γ(α)

eff ] γ
(α)

γ
(α)
eff

− τ (α)
0 [|γ(α)|] sgn[γ(α)] +

qD(α)︷ ︸︸ ︷
τ̄

(α)
0 [γ(α)

acc ] sgn[γ̇(α)]

for γ(α) 6= 0 for γ̇(α) 6= 0 (2.8)

The dissipative micro-stress expression is defined in terms of the sign of the slip
increment, which is a consequence of the adopted slip evolution convention (further
details related to the dissipative energy of the models are presented in Section 2.2).
The higher order stress ξ(α), work conjugate to the net Burgers vector density, is a
purely recoverable quantity in the present framework, identified as ξ(α) = ∂ψ(α)

∂
(
γ

(α)
,i

s
(α)
i

) ,
however, expressed in general as

ξ(α) = ∂U

∂
(
γ

(α)
,i s

(α)
i

) = τ
(α)
0 [γ(α)

eff ]
l2 γ

(α)
,i s

(α)
i

γ
(α)
eff

(2.9)

Identification of the equilibrium equations that govern the solid, based on the total
work expended in the material, is presented subsequently. The internal energy of the
material can be expressed through the functional

ΦI [ui, γ(:)] =
∫
V

U [εeij , γ(:), γ
(:)
,i s

(:)
i ]dV (2.10)

Evaluating the first variation of the functional ΦI for all admissible fields εeij , γ(:)

and γ(:)
,i s

(:)
i results in

δΦI =
∫
V

σij δεeij +
∑
(α)

q(α) δγ(α) +
∑
(α)

ξ(α) δ
(
γ

(α)
,i s

(α)
i

)dV (2.11)
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which can be rewritten in the form

δΦI =
∫
V

σij δεij +
∑
(α)

(
q(α) − τ (α)

)
δγ(α) +

∑
(α)

ξ(α) δ
(
γ

(α)
,i s

(α)
i

)dV

(2.12)

This rewrite introduces the resolved shear stress, given by τ (α) = σij µ
(α)
ij , allowing

for the first variation to be expressed in terms of the total strain. Furthermore,
symmetry of the Cauchy stress, σij = σji, permits the total strain to be expressed in
terms of the spatial derivatives of the displacements, such that

δΦI =
∫
V

σij δui,j +
∑
(α)

(
q(α) − τ (α)

)
δγ(α) +

∑
(α)

ξ(α) δ
(
γ

(α)
,i s

(α)
i

)dV (2.13)

The outward unit normal of the surface S is ni, and applying the divergence theorem(∫
V
Fi,idV =

∫
S
Fi nidS

)
to the variations expressed in terms of spatial derivatives,

results in

δΦI = −
∫
V

σij,j δui dV +
∫
S

σijnj δui dS

−
∫
V

∑
(α)

ξ
(α)
,i s

(α)
i δγ(α) dV +

∫
S

∑
(α)

ξ(α) s
(α)
i ni δγ

(α) dS

+
∫
V

∑
(α)

(
q(α) − τ (α)

)
δγ(α) dV

(2.14)

Requiring stationarity of ΦI subject to the possible boundary conditions given by the
surface integrals of Eq. 2.14, results in the strong form of the equilibrium equations
[initially proposed by 26], which must hold for arbitrary variations of ui and γ(:).

σij,j = 0 (2.15)
q(α) − τ (α) − ξ(α)

,i s
(α)
i = 0 (2.16)

with the possible boundary conditions (which must be specified in pairs) being

σijnj or ui and ξ(α) s
(α)
i ni or γ(α) (2.17)

where the conventional surface tractions, Ti = σijnj , and the higher order tractions,
r(α) = ξ(α) s

(α)
i ni, are identified from the first and third expression, respectively.

The conventional limit of crystal plasticity is obtained in the limit of no gradient
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dependence, which simplifies Eq. (2.16) to qD(α) − τ (α) = 0, furthermore revealing
that the recoverable quantities qR(α) and ξ(α) must both exist for equilibrium to be
satisfied in case of gradient dependence. Moreover, the directional derivative of the
higher order stress is given by

ξ
(α)
,i s

(α)
i =

l2s
(α)
j s

(α)
i

((
h(α)[γ(α)

eff ]− τ
(α)
0 [γ(α)

eff
]

γ
(α)
eff

) (
γ(α) γ

(α)
,j

γ
(α)
,i

+l2 γ(α)
,j

s
(α)
k

γ
(α)
,ki

)(
γ

(α)
eff

)2 + γ
(α)
,ji

τ
(α)
0 [γ(α)

eff
]

γ
(α)
eff

)
(2.18)

Identifying the surface integrals of Eq. (2.14) as the variational form of the external
work associated with the variational form of the internal energy of the material (e.g
Eq. (2.12)) leads to an expression for the weak form of equilibrium, i.e. the principle
of virtual work∫

V

σijδεij +
∑
(α)

(
q(α) − τ (α)

)
δγ(α) +

∑
(α)

ξ(α)s
(α)
i δγ

(α)
,i

dV =

∫
S

Tiδui +
∑
(α)

r(α)δγ(α)

dS (2.19)

2.2 Thermodynamical considerations

The principle of dissipation, also known as the Clausius-Duhem inequality, is expressed
through a combination of the first and second law of thermodynamics for a subdomain
Ω of a continuum body, subjected to an isothermal process as (see [27] and [28] for
further details)

˙∫
Ω

Ψ dΩ ≤ Φ̇E [Ω] (2.20)

Here ˙( ) denotes a total time derivative, Ψ is the Helmholtz free-energy of the
material, and Φ̇E [Ω] is the time derivative of the external work on a subdomain
of the material, which equivalently can be expressed by the internal work within a
subdomain of the material Φ̇I [Ω] through the relation Eq. (2.19). In the present
work, a time derivative is treated as a time like quantity, i.e. an increment. The
increment of elastic strain is given by ε̇eij = ε̇ij − ε̇pij , with the increment of the
total strain given by the relation ε̇ij = 1

2
(
u̇i,j + u̇j,i

)
and the increment of the

plastic strain ε̇pij =
∑
(α)

γ̇(α)µ
(α)
ij . In the context of history-dependent materials, the
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inequality (Eq. (2.20)) reduces to a local condition, such that ˙∫
Ω ΨdΩ =

∫
Ω Ψ̇dΩ

and Φ̇I [Ω] =
∫

Ω U̇ [εeij , γ(:), γ
(:)
,i s

(:)
i ]dΩ, resulting in the local free-energy inequality

(see [18])

σij ε̇
e
ij +

∑
(α)

q(α)γ̇(α) +
∑
(α)

ξ(α)s
(α)
i γ̇

(α)
,i − Ψ̇ ≥ 0 (2.21)

Here, the increment of the Helmholtz free-energy is given by

Ψ̇ = ∂Ψ
∂εeij

ε̇eij +
∑
(α)

∂Ψ
∂γ(α) γ̇

(α) +
∑
(α)

∂Ψ
∂
(
γ

(α)
,i s

(α)
i

) (γ̇(α)
,j s

(α)
j

)
(2.22)

such that the local free-energy inequality can be expressed as(
σij −

∂Ψ
∂εeij

)
ε̇eij +

∑
(α)

(
q(α) − ∂Ψ

∂γ(α)

)
γ̇(α) +

∑
(α)

ξ(α) − ∂Ψ
∂
(
γ

(α)
,i s

(α)
i

)
(γ̇(α)

,j s
(α)
j

)
≥ 0

(2.23)

where the first term is identified as the Cauchy stress σij = ∂Ψ
∂εe
ij

and the third term
is identified as the higher-order stress ξ(α) = ∂Ψ

∂
(
γ

(α)
,i

si
) , which are both entirely

recoverable stress quantity. Furthermore, ∂Ψ
∂γ(α) = ∂ψ

∂γ(α) = qR(α), such that qD(α) =(
q(α) − ∂Ψ

∂γ(α)

)
, which reduces the dissipation inequality on the individual slip system

to

qD(α)γ̇(α) ≥ 0
(2.24)

Thus, examination of the dissipative micro-stress expression, qD(α) = τ̄
(α)
0 [γ(α)

acc ] sgn[γ̇(α)],
reveals that both Model A and Model B fulfill the principle of dissipation through
their dependence on the increment of the slip.

2.3 Incremental formulation

The incremental framework introduces the increment of the accumulated slip, γ̇(α)
acc =

|γ̇(α)|, the increment of the net Burgers vector density, γ̇(α)
,i s

(α)
i , and the increment

of the effective slip

γ̇
(α)
eff =

γ̇(α)γ(α) + l2 γ
(α)
,i s

(α)
i γ̇

(α)
,j s

(α)
j

γ
(α)
eff

(2.25)
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this expression is singular when plastic flow initiates, the implications of which are
discussed in the context of the finite element implementation in [P1] and [P2] (see
Section 2.5.3 for details). The increment of the Cauchy stress follows from the
expression of the elastic strain and the isotropic stiffness tensor as

σ̇ij = ∂U

∂ε̇eij
= Leijkl

ε̇kl −∑
(β)

γ̇(β)µ
(β)
kl

 (2.26)

The increment of the micro-stress is

q̇(α) = ∂U

∂γ̇(α) = h(α)[γ(α)
eff ]γ̇(α)

eff

γ(α)

γ
(α)
eff

+ τ
(α)
0 [γ(α)

eff ]

 γ̇(α)

γ
(α)
eff

− γ̇(α)
eff

γ(α)

γ
(α)2

eff


+

(
h(α)[γ(α)

acc ]− h(α)[|γ(α)|]
)
γ̇(α) (2.27)

with the hardening moduli defined by h(α)[γ(α)
eff ] = ∂τ

(α)
0 [γ(α)

eff
]

∂γ
(α)
eff

. This definition implies
that only self-hardening is accounted for, neglecting latent hardening. The assumption
of monotonic loading is used in [P1] and [P2] to derive the incremental framework.
This assumption implies that |γ(α)| = γ

(α)
acc and sgn[γ̇(α)] = sgn[γ(α)], i.e. eliminating

the second line of Eq. (2.27), which constitutes the only difference in the derivation
of the incremental framework. The increment of the higher order stress is given by

ξ̇(α) = ∂U

∂
(
γ̇

(α)
,i s

(α)
i

)
= l2s

(α)
i

h(α)[γ(α)
eff ]γ̇(α)

eff

γ
(α)
,i

γ
(α)
eff

+ τ
(α)
0 [γ(α)

eff ]

 γ̇
(α)
,i

γ
(α)
eff

− γ̇(α)
eff

γ
(α)
,i

γ
(α)2

eff



(2.28)

Examination of Eq (2.27) and Eq. (2.28) reveal that the conventional limit of crystal
plasticity is also obtained on incremental form with q̇(α) = q̇D(α), q̇R(α) = 0 and
ξ̇(α) = 0.

The principle of virtual work on incremental form follows from the stationarity
requirement on the functional

I[u̇i, γ̇(:)] =
∫
V

U̇ [ε̇ij , γ̇(:), γ̇
(:)
,i s

(:)
i ]dV −

∫
S

(
Ṫiδu̇i + ṙ(:)δγ̇(:)

)
dS (2.29)

for all admissible fields δu̇i, δγ̇(α) and δ
(
γ̇

(α)
,i s

(α)
i

)
. Such that the weak form of the

equilibrium conditions is
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∫
V

σ̇ijδε̇ij +
∑
(α)

(
q̇(α) − τ̇ (α)

)
δγ̇(α) +

∑
(α)

ξ̇(α)s
(α)
i δγ̇

(α)
,i

dV =

∫
S

Ṫiδu̇i +
∑
(α)

ṙ(α)δγ̇(α)

dS (2.30)

with the incremental surface tractions, work conjugate to increments of displacements,
and the incremental higher order surface tractions, work conjugate to the increments
of slips, being Ṫi = σ̇ij nj and ṙ(α) = ξ̇(α) s

(α)
j nj , respectively.
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H

W

∆/2

∆/2

x2

x1
θ(1)

θ(2)m
(1)
i s

(1)
i

m
(2)
i

s
(2)
i

Figure 2.1: Sketch of a crystalline strip of height H and width W . The strip is
subjected to pure shear loading through the applied displacements ∆/2 as indicated
by arrows. The material is elastic-plastic, with two slip systems defined by the slip
direction vectors s(α)

i and the vectors normal to the slip planem(α)
i with the slip planes

indicated by dashed lines in the sketch. The slip systems are inclined by the angle
θ(1) = −θ(2) = θ relative to the x1-axis, resulting in the relation s(1)

i = (cos(θ), sin(θ)),
m

(1)
i = (− sin(θ), cos(θ)), s(2)

i = (cos(θ),− sin(θ)), and m(2)
i = (sin(θ), cos(θ)) . The

motion of dislocations is blocked on the top and the bottom of the strip (micro-hard
boundaries) for cases of l > 0.

2.4 Pure shear deformation of an infinite crystalline strip

A crystalline material strip is confined between rigid platens and subjected to
monotonic pure shear loading. The strip is of the height H and of the width W , with
the rigid platens bonded to the horizontal edges (see the sketch in Fig. 2.1). The
conventional boundary conditions are

u2 = 0 on x2 = ±H/2 and on x1 = ±W/2 (2.31)
u1 = ±∆/2 onx2 = ±H/2,with surface normalsni = (0,±1) (2.32)

Here ∆ is the shear, prescribed incrementally in the finite element analysis of [P1]
and [P2] (these results are summarized in Chapter 3), and ni is the outward unit
normal to the surfaces. The boundary value problem is reduced to a one dimensional
problem (an infinitely long crystalline strip) through the prescribed periodicity of
displacement and slip in the horizontal direction.

u1[−W/2, x2] = u1[W/2, x2] (2.33)
γ(α)[−W/2, x2] = γ(α)[W/2, x2] for all α (2.34)
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for a gradient dependent material (l > 0), edges parallel to the x1-axis are prescribed
micro-hard

γ(α) = 0 on x2 = ±H/2 (2.35)

while for the conventional limit (l = 0), edges parallel to the x1-axis are prescribed
micro-free

ξ(α) = 0 on x2 = ±H/2 (2.36)

Coincidence between deformation theory and flow theory for the same inputs
and a proportional straining history, constitute one of the key objectives for proper
model development adopted in [P1] and [P2] from the work of [19]. In the context of
rate-independent strain gradient crystal plasticity, proportional straining conditions
can be expressed through the relations

εij [xi, t] = ζ[t] 0
εij [xi], γ(α)[xi, t] = ζ[t]

0(α)
γef [xi], γ

(α)
,i [xi, t] = ζ[t]

0(α)
γ,ief [xi]

and γ
(α)
eff = ζ[t]

0(α)
γeff [xi] = ζ[t]

√(
0(α)
γef [xi]

)2
+
(

0(α)
γ,ief [xi]si

)2
(2.37)

with ζ[t] being a monotonically increasing load parameter, that increases from zero,

at the time-like parameter t and the
0

( ) denoting a constant value through the
straining history. The proportional straining condition is similar to the requirement
for coincidence of conventional plasticity formulations of flow theory and deformation
theory (as noted by [19] in the context of J2 theory). Specifically this requirement,
which in the context of conventional J2 plasticity theory is referred to as proportional
loading, is the special case of path-independent plastic deformation, where a unique
relationship between stresses and strains exist (as discussed by [29]). It should be
noted that in the case of the strain gradient plasticity models developed in [P1]
and [P2], the possibility of proportional straining is confined to the elastic-plastic
regime due to the discontinuous transition from the elastic response. The pure
shear boundary value problem can be treated through variational calculus. The first
variation of the energy functional (Eq. (2.14)), evaluated for the boundary conditions
(Eq. (2.31) - (2.35)), takes the form

δΦI =
∫ H/2

−H/2

−σ12,2δu1 +
∑
(α)

(
q(α) − τ (α) − ξ(α)

,2 s
(α)
2

)
δγ(α)

dx2

+σ12n2 δu1

∣∣∣∣H/2
−H/2

+
∑
(α)

ξ(α) s
(α)
2 n2 δγ

(α)
∣∣∣∣H/2
−H/2

(2.38)
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Equilibrium equations (Eq. (2.15) and Eq. (2.16)) reduce to

σ12,2 = 0 (2.39)
q(α) − τ (α) − ξ(α)

,2 s
(α)
2 = 0 (2.40)

such that the only non-zero Cauchy stress components are σ12 = σ21 = constant
(spatially uniform), and that the unknowns are reduced to the horizontal displacement
component and the slip variables through the strip height, which are given in terms of
the spatially uniform resolved shear stress imposed on the strip. A single slip system
with the orientation angle θ = 90◦ and symmetric double slip with θ(1) = −θ(2) = θ
(as illustrated in Fig. 2.1) fall within the scope of solutions, resulting in a symmetric
solution across the horizontal mid-plane of the strip.

The material models developed in [P1] and [P2] fall within a class of formulations,
which share material behavior characteristics with a class of isotropic strain gradient
formulations at initial yielding and subsequent plastic straining. The issue is that of
proportional and nonproportional straining in relation to strengthening behavior of a
deformation theory material, which is investigated by [20] in the case of isotropic strain
gradient plasticity (using the term elastic gap in place of strengthening). The work
continued in [21], where the conditions leading to strengthening or no strengthening
are presented. These conditions are applicable to Model A and Model B in the
context of monotonic loading, here further restricted to positive loading such that
sgn[γ(α)] = 1, s(α)

2 = sin(θ) and

γ
(α)
eff =

√(
γ(α)

)2 + l2
(
γ

(α)
,2 s

(α)
2

)2
(2.41)

Proportional straining is ensured if the material is governed by a local initial yield
condition (|τ (α)| = τ

(α)
y ), which corresponds to the requirements

∂Up
(α) [γ(α)

eff ]
∂γ(α) = q(α) = τ (α)

y and
∂Up

(α) [γ(α)
eff ]

∂
(
γ

(α)
,i s

(α)
i

) = ξ(α) = 0 (2.42)

at γ(α) = 0 and γ
(α)
,i s

(α)
i = 0
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Evaluating the two expressions for Model A results in the expressions

q(α) = τ̄
(α)
0 [γ(α)

eff ] γ
(α)

γ
(α)
eff

⇒ (2.43)

τ̄
(α)
0 [γ(α)

eff ] γ
(α)

γ
(α)
eff

∣∣∣∣∣
γ(α)=0, γ(α)

,i
s

(α)
i

=0

= τ (α)
y

γ(α)

γ
(α)
eff

(2.44)

ξ(α) = τ̄
(α)
0 [γ(α)

eff ]
l2 γ

(α)
,i s

(α)
i

γ
(α)
eff

⇒ (2.45)

τ̄
(α)
0 [γ(α)

eff ]
l2 γ

(α)
,i s

(α)
i

γ
(α)
eff

∣∣∣∣∣
γ(α)=0, γ(α)

,i
s

(α)
i

=0

= τ (α)
y

l2 γ
(α)
,i s

(α)
i

γ
(α)
eff

(2.46)

which are both indeterminate at γ(α) = 0 and γ
(α)
,i s

(α)
i = 0, i.e. not fulfilling the

requirements of (2.42). Contrary, evaluation of the two expressions for Model B
results in the expressions

q(α) = τ̂
(α)
0 [γ(α)

eff ] γ
(α)

γ
(α)
eff

+ τ (α)
y ⇒ (2.47)

τ̂
(α)
0 [γ(α)

eff ] γ
(α)

γ
(α)
eff

+ τ (α)
y

∣∣∣∣∣
γ(α)=0, γ(α)

,i
s

(α)
i

=0

= τ (α)
y (2.48)

ξ(α) = τ̂
(α)
0 [γ(α)

eff ]
l2 γ

(α)
,2 s

(α)
2

γ
(α)
eff

⇒ (2.49)

τ̂
(α)
0 [γ(α)

eff ]
l2 γ

(α)
,2 s

(α)
2

γ
(α)
eff

∣∣∣∣∣
γ(α)=0, γ(α)

,i
s

(α)
i

=0

= 0 (2.50)

fulfilling condition (2.42). Furthermore, these expressions (Eq. (2.43) - (2.50))
highlight the result of choosing either τ̄ (α)

0 [γ] or τ̂ (α)
0 [γ] in place of τ (α)

0 [γ] in Eq.
(2.4), i.e. the difference between Model A or Model B, respectively. Key to these
expressions for Model B is

τ̂
(α)
0 [γ(α)

eff ]
γ

(α)
eff

= h(α)[γ(α)
eff ] = τ (α)

y k(α)
(
γ

(α)
eff

)(n−1)
(2.51)

which reduces to h(α) = τ
(α)
y k(α) in the case of linear conventional strain hardening

(n=1), and vanishes at γ(α) = 0 and γ(α)
,i s

(α)
i = 0 for n > 1. Furthermore, based on

this observation, a reduced expression for the recoverable part of the plastic work of



20
CHAPTER 2. RATE-INDEPENDENT STRAIN GRADIENT CRYSTAL

PLASTICITY

Model B can be expressed through an addition of the gradient contribution to the
conventional limit of rate-independent crystal plasticity, given by

Up
(α)

[|γ(α)|, γ(α)
,i s

(α)
i ] =

∫ |γ(α)|

0
τ̄

(α)
0 [γ]dγ +

∫ l γ
(α)
,i

s
(α)
i

0
τ̂

(α)
0 [γ′,isi]d[γ′,isi]

= τ (α)
y

(
|γ(α)|+ k(α)

2

(
γ

(α)
eff

)2
)

(2.52)

Although a simplification compared to the suggested gap free theory of [21], which
is based on the addition of the gradient contribution, as opposed to the effective
plastic strain based theories presented in this work, this expression does show a
limit where the two classes of strain gradient plasticity theories coincide. Moreover,
this expression reveals that the recoverable energy has a quadratic dependence on
gradients of slip since the slip and the gradients of slip are not explicitly coupled
through the effective slip, i.e. contributing independently to the plastic work.

2.4.1 An exact closed form solution to pure shear loading
conditions

In the present Section, plastic parameters are presented without superscript identifier
since all plastic parameters are equal in the case of symmetric double slip and
only a single parameter exists in the case of single slip. Based on the boundary
conditions (Eq. (2.31) - (2.36)) the boundary terms of Eq. (2.38) vanish, whereby
the Euler equation of the functional ΦI is identified as being equal to the higher
order equilibrium equation (Eq. (2.40)). Through relation (2.51) the micro-stress of
Model B reduces to q = h γ+ τy (in the limit of linear conventional strain hardening)
and the directional derivative given by Eq. (2.18) reduces to ξ,2 s2 = l2 s2

2 h γ,22
resulting in the second-order ordinary differential equation (ODE) for the slip

−λ2γ,22 + γ = F, (2.53)

where

λ = l s2 and F = (τ − τy)
h

(2.54)

As seen, the ODE is independent of the effective slip measure in agreement with the
reduced expression for the recoverable energy in Eq. (2.52) (a consequence of linear
conventional strain hardening). The governing ODE of the present boundary value
problem is very similar to the one obtained by [30] for their proposed rate-independent
strain gradient crystal plasticity formulation. However, the formulation of [30] allows
for a solution in the limit of zero conventional strain hardening (predicting a quadratic
distribution of the slip for any non-zero length parameter), while the present ODE
is singular in the limit of zero conventional strain hardening. The limit l = 0
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reduces Eq. (2.53) to the limit of conventional crystal plasticity, which subject to
γ,2 = 0 at x2 = ±H/2 (Eq. (2.36)) results in the uniform slip distribution through
the strip height γ = F .

The solution of the slip distribution for l > 0 is subject to the boundary conditions
γ = 0 at x2 = ±H/2 (Eq. (2.35)), resulting in the distribution

γ = F

(
1− cosh(x2/λ)

cosh(H/(2λ))

)
(2.55)

The distributions of the first and second spatial derivative are

γ,2 = −F sinh(x2/λ)
λ cosh(H/(2λ)) (2.56)

γ,22 = −F cosh(x2/λ)
λ2 cosh(H/(2λ)) (2.57)

The average slip through the height of the strip is a scalar measure for the plastic
strain, given by

γ (avg.) = 1
H

∫ H/2

−H/2
γ dx2 = F

(
1− tanh(H/(2λ))2λ

H

)
(2.58)

which relates to the hardening predictions of Model B through the definition of the
normalized average effective hardening modulus

heff
h

= F

γ (avg.)
= H

H − 2λ tanh(H/(2λ)) (2.59)

As noted in relation to the governing ODE (Eq. (2.53)), the limit h→ 0 is singular
in F , which is also the case of Eq. (2.55) - (2.58). However, the average effective
hardening modulus is independent of h, depending only on the slip system orientation
angle and the length parameter through, λ and the height of the strip H. A
comparison to finite element predictions is presented in Chapter 3.
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2.5 Finite element implementations

This section presents the Finite Element (FE) solution scheme implemented and
used to obtain the results of [P1] and [P2], which is described in Section 2.5.1 and
subsequently denoted the explicit solution scheme. A second FE solution scheme,
described in Section 2.5.2 and subsequently denoted the implicit solution scheme, is
used to verify predictions of the explicit solution scheme and used to obtain the results
presented in Chapter 5 for certain choice of material parameters. The results of [P1]
and [P2] are essentially one-dimensional, however, solved using a two-dimensional
(FE) scheme as discussed in relation to the definition of the pure shear boundary
value problem (Section 2.4). While the explicit solution scheme has been verified for
the pure shear boundary value problem subjected to monotonic loading, the scheme
has proved very temperamental when applied to two-dimensional boundary value
problems. Specifically, this solution scheme has been applied to a boundary value
problem with a void surrounded by a cylindrical domain subjected to equi-biaxial
tension. Predictions obtained for this boundary value problem are verified through
solutions found in literature, however, at time of writing both the explicit and the
implicit solution scheme are needed to quantify hardening behavior through non-
negative values (including zero) of both the conventional strain hardening parameter
and the length parameter. The predictions of the void boundary value problem are
presented and discussed in Chapter 5.

Both FE schemes presented in this section solves, for both increments of the
displacement field and the increments of the slip fields, i.e. the schemes are so-called
mixed formulation FE schemes (using the terminology of e.g. [31]). Furthermore,
while not presented in the present work, a conventional crystal plasticity formulation
which only solves for increments of the displacement field has been implemented and
used to verify results. This implementation is essentially a rate-independent plasticity
formulation as described by [32] and [33], here referred to as a condensed formulation
FE scheme. An important numerical implication is that the condensed formulation
ensures C0 continuity (continuous across element boundaries) of the incremental
displacement field, only, while the mixed formulation ensures C0 continuity of both the
incremental displacement field and the incremental slip fields allowing for gradients
of slip in the numerical solution scheme. The reason for the implementation of the
condensed formulation FE scheme and the implementation of the implicit solution
scheme is to identify the numerical implementation details needed to verify the
predictions of the explicit solution scheme.

The implementation of the mixed formulation finite element method, employs
discretization of both increments of the displacement field u̇i[x1, x2] and increments
of the slip field γ̇(α)[x1, x2]. Interpolation of incremental nodal displacements ḋM and
incremental nodal slips ġ(α)N are carried out using the implemented 2-dimensional
isoparametric elements; the bi-linear four node element, the quadratic eight node
element, and the quadratic nine node element (following the description of [34]).
Thus, increments of displacements and increments of strains are interpolated as
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u̇i[x1, x2] =
2Mmax∑
M=1

NM
i [x1, x2] ḋM , ε̇ij [x1, x2] =

2Mmax∑
M=1

EMij [x1, x2] ḋM (2.60)

Here NM
i [x1, x2] are the shape functions used to interpolate the incremental displace-

ment field and EMij [x1, x2] = 1
2 (NM

i,j [x1, x2] +NM
j,i [x1, x2]) is the strain displacement

matrix, interpolating the incremental strain field, ε̇ij [x1, x2]. The [x1, x2] notation
signifies a plane element in Cartesian coordinates (the elements are implemented as
isoparametric). While superscript M represents the number of nodes for the chosen
element ranging from 1 to 2×Mmax in 2 dimensions. The increments of slip and
their spatial gradients are

γ̇(α)[x1, x2] =
Nmax∑
N=1

M (α)N [x1, x2] ġ(α)N , γ̇
(α)
,i [x1, x2] =

Nmax∑
N=1

M
(α)N
,i [x1, x2] ġ(α)N

(2.61)
with the shape functions M (α)N [x1, x2] used to interpolate the incremental nodal
slips, and their spatial derivatives M (α)N

i [x1, x2] used to interpolate the spatial
derivatives of the slip γ̇(α)

,i [x1, x2]. The superscript N represents the number of nodes
for the chosen element ranging from 1 to Nmax, for each active slip system, due to
the scalar nature of the slip. Furthermore, due to the possibility of using elements
of different polynomial order, integration within elements is carried out using 3× 3
points according to the Gauss quadrature scheme, resulting in full integration of the
quadratic elements and over integration of the bi-linear element.

A description of the different element configurations used in combination with
the two mixed formulation finite element solution schemes is included in Section
2.5.3. However, briefly summarized, three element combinations are used to obtain
the results presented throughout this work. The combination quadratic eight node
elements for the incremental displacement field and bi-linear four node elements for
the slip fields are used in combination with the explicit solution scheme to obtain the
results presented in [P1] and [P2] and summarized in Chapter 3. The combination of
bi-linear four node elements for the incremental displacement field and bi-linear four
node elements for the slip fields are used in combination with the explicit solution
scheme to obtain the results presented in Chapter 5. The combination of quadratic
nine node elements for the incremental displacement field and quadratic nine node
elements for the slip fields is used in combination with the implicit solution scheme
to obtain the results presented Chapter 5.

2.5.1 Explicit solution scheme
The explicit solution scheme is here presented in the context of deriving a consistent
tangent matrix (see e.g. [35]), however, as the solution scheme is explicit (a forward
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Euler scheme) an iterative equilibrium check is not used. The weak form of the
equilibrium equations (Eq. (2.15) and Eq. (2.16)), including prescribed surface
tractions, are

RMui =
∫
V

σijE
M
ij dV −

∫
S

TiN
M
i dS (2.62)

R(α)N
γ =

∫
V

((
q(α) − τ (α)

)
M (α)N + ξ(α)s

(α)
i M

(α)N
,i

)
dV −

∫
S

r(α)M (α)NdS

(2.63)

The surface integral of Eq. (2.62) only appears on a surface with prescribed Ti,
while the α’th slip system must be active for the volume integral of Eq. (2.63) to
apply and the possibility of prescribing r(α) exists. In the following, curly brackets
will be used to denote one-dimensional arrays and hard brackets will be used to
denote two-dimensional arrays, in addition to the superscript capital letters, e.g.
δḋM = δ{ḋ} and

[
Kuu

]
= KMN

uu .

The linear system of equations resulting from Eq. (2.62) and Eq. (2.63) takes the
form


[Kuu]

[
K

(α=ι)
uγ

]
· · ·

[
K

(α=ω)
uγ

][
K

(α=1)
γu

] [
K

(α=ι,β=ι)
γγ

]
· · ·

[
K

(α=ι,β=ω)
γγ

]
...

... . . . ...[
K

(α=ω)
γu

] [
K

(α=ω,β=ι)
γγ

]
· · ·

[
K

(α=ω,β=ω)
γγ

]


︸ ︷︷ ︸

[K]


{ḋ}{
ġ(α=ι)

}
...{

ġ(α=ω)
}
︸ ︷︷ ︸

{D}

=



{Fu}{
F

(α=ι)
γ

}
...{

F
(α=ω)
γ

}
︸ ︷︷ ︸

{F}

(2.64)

with the set of active slip systems being {ι..ω}.
The tangent matrices

[
Kuu

]
,
[
K

(α)
uγ

]
,
[
K

(α)
γu

]
and

[
K

(α,β)
γγ

]
are defined as:

(i) The conventional linear elastic stiffness matrix

∂RMui /∂ḋ
N = KMN

uu =
∫
V

EMij L
e
ijklE

N
kldV (2.65)

(ii) Elastic-plastic matrices that couple nodal increments of displacements and
nodal increments of slip

∂RMui /∂ġ
(α)N = K(α)MN

uγ = −
∫
V

ENijL
e
ijklµ

(α)
kl M

(α)MdV (2.66)
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(iii) Elastic-plastic matrices that couple nodal increments of displacements and
nodal increments of slip

∂R(α)N
γ /∂ḋM = K(α)NM

γu = −
∫
V

ENijL
e
ijklµ

(α)
kl M

(α)MdV (2.67)

(iv) Slip system matrices that couple nodal increments of slip, either on an individual
slip system (α = β) or across two different slip systems (α 6= β)

∂R(α)N
γ /∂ġ(β)M = K(α,β)NM

γγ =
∫
V

µ
(α)
ij L

e
ijklµ

(β)
kl M

(β)MM (α)NdV

+δαβ
∫
V

(
h(α)[γ(α)

acc ]− h(α)[|γ(α)|]
)
M (α)MM (α)N dV

+δαβ
∫
V


h(α)[γ(α)

eff ]−
τ

(α)
0 [γ(α)

eff ]
γ

(α)
eff

 γ(α)2

γ
(α)2

eff

+
τ

(α)
0 [γ(α)

eff ]
γ

(α)
eff

M (α)MM (α)N dV

+δαβ
∫
V

h(α)[γ(α)
eff ]−

τ
(α)
0 [γ(α)

eff ]
γ

(α)
eff

 γ(α)

γ
(α)2

eff

l2 s
(α)
i γ

(α)
,i s

(α)
j

(
M

(α)M
,j M (α)N +M (α)MM

(α)N
,j

)
dV

+δαβ
∫
V


h(α)[γ(α)

eff ]−
τ

(α)
0 [γ(α)

eff ]
γ

(α)
eff


(
l2 s

(α)
i γ

(α)
,i

)2

γ
(α)2

eff

+ l2
τ

(α)
0 [γ(α)

eff ]
γ

(α)
eff

 s
(α)
j M

(α)M
,j s

(α)
k M

(α)N
,k dV

(2.68)

where δαβ is the Kronecker delta. This expression for the slip system coupling matrices
represents both Model A and Model B through the substitutional hardening curve
τ

(α)
0 [γeff ] defined in Section 2.1. Furthermore, Eq. (2.66) and Eq. (2.67) are equal
to the transpose of each other, such that the tangent matrix is symmetric.

The right-hand side of Eq. (2.64) contains two contributions;
{
Fu
}
related to

conventional tractions, and
{
F

(α)
γ

}
related to higher order tractions. These are

defined by

FMu =
∫
S

ṪiN
M
i dS (2.69)

F (α)N
γ =

∫
S

ṙ(α)M (α)NdS (2.70)

2.5.2 Implicit solution scheme
The implicit solution scheme introduces an augmentation of the weak form of the
higher order equilibrium equation (reduced to the conventional limit of crystal
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plasticity) used to define the residual, while no change is introduced on the weak
form of the conventional equilibrium equation. This solution scheme is implemented
in the context of a so-called semi-smooth Newton method (see e.g. [36]) using a
consistent tangent matrix.

The semi-smooth Newton scheme allows for the derivation of an iterative Newton
scheme capable of dealing with a non-differential yield function, i.e. dealing with
the active/inactive yield determination inherent to rate-independent plasticity. Very
briefly stated, the yield criterion is implemented as a non-local condition in the sense
of Gauss points, which can be interpreted as an overall minimization of the slip fields.
This differs in comparison to the common return mapping algorithms, which uses
Newton iterations on the equilibrium equations for each Gauss point, independently
enforcing the constitutive laws of plasticity (see Section 2.6 for details). The yield
criterion of the different numerical solution schemes is discussed in Section 2.6. In the
following, the differences compared to the explicit solution scheme are highlighted.
The implicit solution scheme is presented using the reduced expression for the plastic
work expended in the material obtained for Model B in the limit of linear conventional
strain hardening (Eq. (2.52) without strain gradient contribution).

The weak form of the higher order equilibrium equation is reformulated in order
to account for the direction of the slip through the difference in sign of the dissipative
micro-stress (see Eq. (2.8)) for active Gauss points, while a penalization variable c
is introduced to ensure zero slip of the inactive Gauss point. The yield criterion is
taken as qD(α)[γ(α)

acc ]− τ (α) = 0, with the magnitude of the initial yield stress given
by τ̄ (α)

0 [0] = τ
(α)
y . In the present, formulated through the expression

R(α)N
γ =

∫
V

min
((

qD+(α) − τ (α)
)
M (α)N ,max

((
qD−(α) − τ (α)

)
M (α)N , cM (α)N

))dV

−
∫
S

r(α)M (α)NdS (2.71)

Here qD+(α) and qD−(α) are the dissipative micro-stress quantities, which account
for the difference in sign. Their expressions are given subsequently. These result in
altered expressions for the stiffness contributions that depend on whether the Gauss
point is active or inactive.

(iii) Elastic-plastic matrices which couple nodal increments of displacements and
nodal increments of slip

∂R(α)N
γ /∂ḋM = K(α)NM

γu = −
∫
V

EMij L
e
ijklµ

(α)
kl M

(α)NdV (2.72)

or
∂R(α)N

γ /∂ḋM = 0 if inactive (2.73)
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(iv) Slip system matrices which couple nodal increments of slip, either on an
individual slip system (α = β) or across two different slip systems (α 6= β)

∂R(α)N
γ /∂ġ(β)M = K(α,β)NM

γγ =
∫
V

µ
(α)
ij L

e
ijklµ

(β)
kl M

(β)MM (α)NdV

+ δαβ

∫
V

h(α)M (α)MM (α)NdV (2.74)

or

∂R(α)N
γ /∂ġ(β)M =

∫
V

cM (α)MM (α)NdV if inactive (2.75)

In the case of an active Gauss point, the matrices are comparable to the equivalent
expressions for the explicit solution scheme (when based on the assumptions leading
to Eq 2.74), however, in the case of an inactive Gauss point, Eq. (2.71) describes a
zero slip penalization. An implication of the implicit solution scheme is that it, in
general, results in an unsymmetric tangent matrix.

An iterative solution procedure is implemented as a predictor-corrector scheme,
with the iterative increment of a variable denoted by ∆ and the updated trial variable
denoted by a (̃ ), at the time-like quantity t where equilibrium is fulfilled. An
increment of load is applied to the equilibrium configuration, prompting the need
to determine the equilibrium configuration at the time-like quantity t + ∆t. The
applied load results in an increment of the solution to the linear system of equations{

∆D
}
, i.e. solving for

{
∆ḋ
}
and

{
∆ġ(α)

}
leads to the initial trial value of the total

strain increment and the initial trial value of the slip increment given by

ε̃ij = εij [t] + ∆ε̇ij , γ̃(α) = γ(α)[t] + ∆γ̇(α) (2.76)

here εij [t] and γ(α)[t] are the evolution of the total stain and the slip at the time-like
quantity t. Based on the trial strain values, the remaining trial strain and trial
stress variables are updated, such that the dissipative micro-stress expressions can
be evaluated according to

qD+(α) = τ (α)
y + h

(
γ(α)
acc [t] + ˜̇γ(α)

)
(2.77)

qD−(α) = −τ (α)
y − h

(
γ(α)
acc [t]− ˜̇γ(α)

)
(2.78)

with ˜̇γ(α) = γ̃(α) − γ(α)[t].
These in turn, allow for assembly of the residual equations Eq. (2.62) and Eq.

(2.71) from trial values of the Gauss point contributions, such that the right-hand
side is given by
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FMu = R̃Mui (2.79)
F (α)N
γ = R̃(α)N

γ (2.80)

Following this assembly, the norm of both
{
F
}
and

{
∆D

}
are checked with respect

to convergence. If these norms are less than a specified value, convergence is obtained
and the trial solution is identified with the equilibrium state at the time-like quantity
t+ ∆t. Otherwise, the tangent matrix is assembled based on evaluation of Eq. (2.62)
and Eq. (2.71), if the Gauss point is inactive (in the elastic region) penalization of
the slip is introduced through assembly of Eq. (2.73) and Eq. (2.75). While if, the
Gauss point contribution is active, Eq. (2.72) and Eq. (2.74) are assembled for the
Gauss point. The system of equations, with a change of sign on the right-hand side
(a result of the residual definition) is then

[
K
] {

∆D
}

= −
{
F
}
, which is solved and

the iterative procedure is repeated from the update of the trial strains in Eq. (2.76).

2.5.3 Some details of the finite element implementations
Common to the explicit numerical implementations used to obtain the results of [P1]
and [P2] is the use of quadratic elements for the incremental displacement field (i.e.
Mmax = 8 in Eq. (2.60)) and the use of bi-linear elements for the slip fields (Nmax
= 4 in Eq. (2.61)). As noted in the case of the implicit solution scheme presented,
a penalization of the slip is inherent, in the sense that it follows directly from the
modified higher order equilibrium equation. A parallel to this penalization is used in
the explicit solution scheme, implemented as a special rule to the assembly of the
system matrix contributions related to the incremental slip degree of freedoms. The
contribution to

[
K

(α)
uγ

]
,
[
K

(α)
γu

]
, and

[
K

(α,β)
γγ

]
of an inactive Gauss point is set equal

to zero. Furthermore, if a slip system is inactive in all Gauss points of a specific
element, the diagonal of the system matrix contribution

[
K

(α,β)
γγ

]
of the specific slip

system (α = β) is set equal to a large value. This penalty value is 107 ×G in [P1]
and [P2], which ensures approximately zero slip increments on a slip system of the
specific element. Moreover, as noted in [P2], some Gauss points of the element that
are by definition in the plastic regime may not attain a non-zero value of the slip
increment. The implication of choosing a high value for the penalty value is that
the elastic-plastic boundary reflects a steep transition across the boundary between
an elastic region and a plastic region. Physically this boundary condition may be
interpreted as a constraint on plastic flow, that blocks the motion of dislocations at
the moving elastic plastic interface (i.e. a micro-hard boundary). Contrary, a low
penalty value may be interpreted as a micro-free boundary as discussed by [37, 38].

In the case of Model A (case τ (α)
0 [γ] = τ̄

(α)
0 [γ]), several terms of the slip system

matrix (Eq. (2.68)) are singular at initial yield, as also indicated by the micro-stress
and higher order stress expressions (Eq. (2.44) and (2.46)) being indeterminate at
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initial yield (γ(α) = 0 and γ
(α)
,i s

(α)
i = 0). The strategy chosen to overcome this

issue in [P1] is to introduce a small initial value of the slip throughout the entire
material domain, when the numerical analysis is initialized. The initialization slip
value used is γ(α) = γ

(α)
eff = 2× 10−3 γ

(α)
0 , with the reference strain measure given

by γ(α)
0 = τ

(α)
y /G. This value of the initialization slip is shown to affect predictions,

associated with the pure shear boundary value problem described in Section 2.4, by
less than 1 %, when compared to the lowest possible value for which a solution can
be obtained (see Appendix B in [P1] for further details).

In the case of Model B (case τ (α)
0 [γ] = τ̂

(α)
0 [γ]), an initialization scheme is not

needed since the singularity encountered for Model A does not arise for Model B
in the case of linear conventional strain hardening (as discussed in relation to Eq.
(2.51)). However, as seen in Section 2.4.1, the slip quantities of Model B are singular
in the limit of perfect plasticity (h = 0). This limit is of interest when investigating
the hardening and strengthening characteristics of Model A and Model B. Thus,
predictions of the two models are presented for the conventional strain hardening
parameter h→ 0 (presented and discussed in Chapter 3). In Chapter 3, predictions of
slip and slip gradient for the conventional strain hardening parameter h/G = 5×10−5

are found to coincide for numerical predictions of Model B and the closed form
solutions in Eq. (2.55) and Eq. (2.56). However, it is noted that an iterative yield
point approach scheme has been implemented in order to obtain the numerical
solutions for very low values of h/G. Details of this yield point approach scheme are
presented in [P2].

In general, an explicit solution scheme is expected to introduce an error in
combination with a non-linear material description, which is expected to accumulate
when incrementally solving the system of equations. In the case of the pure shear
boundary value problem investigated in [P1] and [P2] monotonic loading is assumed,
resulting in a non-negative stress evolution (described by a shear hardening curve). In
case of such a ‘simple’ non-linear evolution, the explicit solution scheme is expected
to obtain a converged solution (without an accumulated error) in the limit of infinite
increments, which is to say an acceptable solution using a high number of increments.
As noted above, the yield point approach scheme is needed to obtain the results
for low values of conventional strain hardening parameter. This issue is expected
to contribute to predictions of the explicit solution scheme, when applied to two-
dimensional boundary value problems, based on the amount of solution increments
used during attempts to obtain solutions for these low values.

Presently the implemented explicit solution scheme is incapable of obtaining
predictions for low values of conventional strain hardening parameter, despite the
changes adopted in order to verify the explicit solution scheme when applied to two-
dimensional boundary value problems. The explicit solution scheme implemented
to obtain predictions of the void boundary value problem presented in Chapter 5
predicts oscillations in the predicted slip fields when using interpolation order higher
than bi-linear. Thus, this implementation is defined by Mmax = 4 in Eq. (2.60)
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and Nmax = 4 in Eq. (2.61), with slip penalization implemented as described above
(the diagonal penalty of inactive elements). However, adding a small value to the
diagonal of the system matrix contribution for (α = β) is additionally necessary in
order to obtain verifiable results. The value added to the diagonal in the case of
the results presented in Chapter 5, is 10−8, however, no effect of this value has been
found for the range 10−6 - 10−14.

These changes have not led to a solution scheme capable of obtaining predictions
for low values of conventional strain hardening parameter when applied to two-
dimensional boundary value problems. It is shown in Chapter 5, that they have
lead to a scheme capable of investigating two-dimensional boundary value problems
using values of both the conventional strain hardening parameter and the length
scale parameter that are not close to zero. Furthermore, the identification of the
changes to the explicit solution scheme stem from comparisons to predictions of the
condensed solution scheme and the implicit solution scheme.

The implicit solution scheme has been found to work with either bi-linear interpo-
lation for both field variables, or quadratic interpolation (using nine node elements)
for both field variables. Based on these findings, the results presented in the present
work are obtained using Mmax = 9 in Eq. (2.60) and Nmax = 9 in Eq. (2.61).
Furthermore, using the slip penalization value c = 103 for inactive Gauss points has
been found to result in solutions that are independent across approximately 2 orders
of magnitude. This value is used for all results presented in the present work, such
that this solution scheme may be interpreted as prescribing a micro-hard boundary
across the moving plastic interfaces.

2.6 Plastic loading and elastic unloading conditions

In the case of conventional crystal plasticity, the yield criterion is given by |τ (α)| =
τ̄

(α)
0 [0] = τ

(α)
y . This criterion is identified with the reduced expression for the higher

order equilibrium equation by [19] in the context of isotropic strain gradient crystal
plasticity. The reduced expression for the higher order equilibrium equation in the
context of the developed crystal plasticity models is given by qD(α) − τ (α) = 0, as
noted in Section 2.1. However, an implication of allowing both positive and negative
slip increments is that the dissipative micro-stress is undefined before plasticity
initiates, due to sgn[γ̇(α)] being undefined for γ̇(α) = 0 in the case of Model A and
Model B (while sgn[γ̇(α) = 0] is not uniquely defined, the definition sgn[γ̇(α) = 0] = 0
is used throughout the present work). Which can also be argued through the fact
that the micro-stress is assumed to vanish within any elastic material region with
γ(α) = 0 (an elastic region is only possible if |τ (α)

y | > 0). Essentially the issue is that
the sign of the dissipative micro-stress must be anticipated since qD(α) = τ (α) for a
potentially active slip system.

A pragmatic approach in a numerical setting is to assume |qD(α)[0]| = τ̄
(α)
0 [γ(α)

acc ] =



2.6. PLASTIC LOADING AND ELASTIC UNLOADING CONDITIONS 31

τ̄
(α)
0 [0] = τ

(α)
y and |τ (α)| < |qD(α)[0]| during elastic loading (i.e. when the slip system

is inactive).

Another option would be to use the sign of the resolved shear stress since it is
equal to the sign of the dissipative micro-stress for a potentially active slip system.

Using the absolute value operator results in the condition for a potentially ac-
tive slip system |τ (α)| = |qD(α)[0]| and the resolved shear stress evolve according
to τ̇ (α) = h(α)[γ(α)

acc ]γ̇(α) = q̇D(α)[γ(α)
acc ] if γ̇(α) sgn[τ (α)] ≥ 0 during plastic loading.

That is, the slip increment and the resolved shear stress must have equal sign to
fulfill the plastic loading criterion. During elastic unloading τ̇ (α) sgn[τ (α)] ≤ 0 if
γ̇(α) = 0 (with γ̇(α)

,i = 0, q̇(α) = 0 and ξ̇(α) = 0). During elastic loading the condition
|τ (α)| < |qD(α)[γ(α)

acc ]| identifies an inactive slip system, such that γ̇(α) = 0. How-
ever, the dissipative micro-stress is undefined in this case, such that the assumption
|qD(α)[γ(α)

acc ]| = τ̄
(α)
0 [γ(α)

acc ] is needed to evaluate whether the material is elastically
loading or plastic loading (potentially active). Identification of loading and unloading
can be summarized as

γ̇(α) sgn[τ (α)] ≥ 0, τ̇ (α) = q̇D(α)[γ(α)
acc ], case of loading (2.81)

γ̇(α) = 0, τ̇ (α) sgn[τ (α)] < 0, case of unloading (2.82)

Based on this discussion, it is seen that the resolved shear stress is the only quantity
that can be used to characterize plastic loading and unloading as discussed by [19].
Furthermore, while the dissipative micro-stress is undefined for the case of γ̇(α) = 0
the increment of the dissipative micro-stress is defined and will be either zero or
non-zero having the same sign as the slip increment. As a result, the yield surface is
described by the critically resolved shear stress τ̄ (α)

0 [γ(α)
acc ], which can only increase

during plastic loading. Neither plastic reloading nor elastic unloading is encountered
for any of the results presented in Chapter 3 and 5, such that the conventional crystal
plasticity yield considerations apply. Thus, the results of [P1] and [P2] use this yield
criterion (|τ (α)| = τ

(α)
y ).

Accounting for gradients of strain in the plastic loading criterion is done by [30]
for the case of strain gradient crystal plasticity and by [19] for the case of isotropic
strain gradient plasticity. The plastic loading condition using the gradient version is
(q(α) − τ (α) − ξ

(α)
,i s

(α)
i = 0). Based on the yield criterion for conventional rate-

independent crystal plasticity, initial yield is a local condition in the context of rate-
independent strain gradient crystal plasticity since conventional theory defines γ̇(α) =
0 for |τ (α)| ≤ τ̄ (α)

0 [γ(α)
acc ]. Initial yielding occurs for |τ (α)| = τ

(α)
y = |q(α)[0]| = |qD(α)[0]|

(based on the pragmatic approach noted above) and subsequent plastic loading
increments evolve according to τ̇ (α) = q̇(α)−ξ̇(α)

,i s
(α)
i , if γ̇(α) sgn[τ (α)] ≥ 0 (Eq. (2.81)).

In the case of elastic unloading γ̇(α) = 0 for τ̇ (α) sgn[τ (α)] < 0, while subsequent
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yielding is subject to the condition
∣∣∣τ (α) + ξ

(α)
,i [γ(α)

eff ]s(α)
i

∣∣∣ = q(α)[γ(α)
eff , γ

(α)
acc ]. Thus,

the only parameter which can be used to determine yielding (both initial yielding
and yielding following elastic unloading) is the Cauchy stress σij .

An implication of this local yield condition in the context of the explicit finite
element implementation is that determination of yielding is evaluated in individual
Gauss-points, such that the distribution of plastically active and inactive material
points can vary locally within elements. However, due to the mixed formulation of
the explicit finite element scheme (i.e. that slip is continuous across elements), the
definition γ̇(α) = 0 is enforced for inactive Gauss points. This yield determination is
in agreement with the condensed conventional crystal plasticity implementation.

The implicit finite element solution scheme relies on an alternative definition
of the incremental slip field through the semi-smooth version of the yield criterion.
The implication of this scheme is that the slip fields are continuous within elements
and continuous across elements. This alternative yield condition can be viewed
as a non-local condition within a neighborhood of an active plastic zone. Prior
to fulfillment of the condition

∣∣∣τ (α) + ξ
(α)
,i [γ(α)

eff ]s(α)
i

∣∣∣ = q(α)[γ(α)
eff , γ

(α)
acc ], penalization

of the potentially active slip field (throughout the domain) ensures γ(α) = 0 and
γ

(α)
,i = 0. While initial fulfillment of the condition results in a minimization of the

slip field in a neighborhood of the material point that fulfill the condition. That is,
a non-zero value of the slip increment occur in inactive Gauss-points neighbouring
active Gauss-points.



3 Summary of published results

This chapter presents a summary of the results presented in [P1] and [P2]. The aim
of the two works is to develop and investigate the plastic behavior of Model A and
Model B. The present work defines strengthening as an apparent delay in plastic
flow, while the combined effect of conventional strain hardening and the additional
hardening, which arise from gradients of slip will be referred to as hardening.

Section 3.1 presents the results of [P1], which are obtained using Model A. Predic-
tions of strengthening and hardening are investigated using the pure shear boundary
value problem presented in Section 2.4. The development of Model A was inspired
by work of [19], where an extension of conventional J2 flow theory, which accounts
for gradients of strain, is developed. In relation to the unified presentation of the
developed models, the results presented are obtained using the full shear hardening
relation, τ̄ (α)

0 [γ], for the plastic work definition (Eq. (2.4))

Section 3.2 presents the results of [P2], which are obtained using both Model A and
Model B. Predictions of strengthening and hardening are investigated using the pure
shear boundary value problem, allowing for a direct comparison between the results
presented in both [P1] and [P2]. The development of Model B is presented through
a unified presentation similar to that of Section 2.1, such that differences between
Model A and Model B can be identified. The inspiration for [P2] arose through the
work of [21], which investigates plastic work expressions in the case of isotropic strain
gradient plasticity equivalent to those that define Model A and Model B. The aim
of [P2] is to investigate the hardening and strengthening characteristics of Model A
and Model B, with the differences between the two models governed by the choice of
the plastic work definition (Eq. 2.4).

The results presented throughout this chapter are obtained using the explicit finite
element solution scheme presented in Section 2.5.1 and the closed form expression
presented in Section 2.4.1. Furthermore, several details used in the implementation
of the explicit solution scheme (presented in Section 2.5.3) are noted in this chapter.

The elastic-plastic material is characterized by the ratio between the initial slip
resistance and the shear modulus τ (α)

y /G = 0.0104, the conventional strain hardening
is linear (n = 1), with the normalized conventional strain hardening parameter
h/G = 0.2, the normalized length parameter l/H = 0.4, and the imposed overall
shear strain is ∆/H = 0.086 (unless otherwise stated). The chosen slip system
orientations are θ = 90◦ (single slip), θ = 30◦, and θ = 15◦ (symmetric double slip in
the case of the latter two orientations), thus, all results represent a material response
governed by the properties discussed in Section 2.4.

33
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Figure 3.1: Normalized resolved shear stress to the imposed overall shear strain ∆/H,
for single slip (θ = 90◦), for various values of the normalized length parameter l/H.
The normalized conventional strain hardening parameter is h/G = 0.2.

3.1 The effective slip measure relates to the full shear
hardening relation [P1]

The resolved shear stress response of Model A through the deformation history, for
values of normalized length parameter l/H between 0 and 1.6, is shown in Fig.
3.1. The material response in the conventional crystal plasticity limit, l/H = 0, is
recovered by the model, while additional and increasing slip resistance is predicted for
increasing values of normalized length parameter. Furthermore, two distinct effects
become increasingly pronounced with increasing value of l/H; one is strengthening
(increase in apparent yield strength), the other is a slight curvature of the response
curves. Thus, a non-linear hardening response is predicted for values of l/H > 0
despite prescribed linear conventional strain hardening. Based on the non-linear
hardening predictions, it is expected that proportional straining in the plastic regime
is not fulfilled. To confirm this, Fig. 3.2 presents the slip profile magnitude at
x2/H = 0 of the crystalline strip through the deformation history. As seen, a linear
correlation is obtained in the limit of conventional crystal plasticity, while a non-linear
correlation is found for l/H > 0 indicating that a proportional straining history
is not predicted in the plastic regime. The conditions which must be fulfilled for
a proportional straining history to exist are presented in Section 2.4, which also
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Figure 3.2: Slip profile amplitude to the imposed overall shear strain ∆/H, for single
slip (θ = 90◦), for various values of the normalized length parameter l/H. The
normalized conventional strain hardening parameter is h/G = 0.2.

revealed that Model A does not predict a proportional straining history for the pure
shear boundary value problem.

The distribution of slip associated with the normalized length parameter values
is shown in Fig. 3.3. The slip distribution at l/H = 0.01 is constant through most
of the strip height, with boundary layers near the edges, an increase of the length
parameter reflects a transitional behavior showing smoother distributions of slip and
an increase in slip profile amplitude. A further increase of l/H is seen to result in
an overall decrease of the slip distribution, reflecting the increase in hardening due
to gradients of slip. Figure 3.4 presents the associated distributions of normalized
net Burgers vector density. The prediction for the limit l/H = 0 is zero through the
height (in agreement with the closed form solution presented in Section 2.4.1), while
sharp boundary layers are predicted for l/H = 0.01. The predicted distributions for
l/H between 0.1 and 0.4 show an overall increase in the distribution, while almost no
change in distribution is predicted for l/H between 0.4 and 0.8. A further increase of
l/H results in an overall decrease, reflected by the prediction of l/H = 1.6, however,
with almost linear segments compared to the predicted distributions for l/H between
0.1 and 0.4.

The resolved shear stress response that results from varying the values of nor-
malized conventional strain hardening parameter h/G and the fixed value l/H = 0.4
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Figure 3.3: Slip profile γ at imposed overall shear strain ∆f/H, for single slip
(θ = 90◦), for various values of the normalized length parameter l/H. The normalized
conventional strain hardening parameter is h/G = 0.2.

are presented in Fig. 3.5. As seen from Fig. 3.5, conventional strain hardening
has a strong effect on hardening predictions, essentially governing the hardening
response, with no hardening evident for h/G = 5× 10−5 despite the non-zero length
parameter prescribed. However, the predicted strengthening is independent of the
conventional strain hardening parameter, as the transition from the apparent elastic
to elastic-plastic regime coincides for all curves. The predicted slip distributions
through the strip height are presented in Fig. 3.6. The effect of conventional strain
hardening is clearly reflected through a decrease in overall slip magnitude for increas-
ing h/G. Furthermore, as seen, increasingly sharp boundary layers are predicted for
the values h/G = 5× 10−4 and h/G = 5× 10−5, accompanied by a slight decrease
in slip profile amplitude. The variation of the slip profiles is reflected through the
normalized net Burgers vector density profiles shown in Fig. 3.7. Common to the
predicted distributions is an almost linear distribution through the major part of the
strip, combined with an increasing concentration at the boundaries, decreasing in
magnitude for increasing values of h/G ≥ 0.05. The distributions associated with
h/G ≤ 5× 10−3 also seem almost linear through the majority of the strip, decreasing
in magnitude for decreasing values of h/G and accompanied by increasingly sharp
and highly localized distributions near the boundaries.

A closed form solution has not been found for Model A as discussed in Section
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Figure 3.4: Normalized net Burgers vector density profile l γ,2 s2 at imposed overall
shear strain ∆f/H, for single slip (θ = 90◦), for various values of the normalized
length parameter l/H. The normalized conventional strain hardening parameter is
h/G = 0.2.

2.4. However, evaluation of the expression heff/h = (γ(avg.)h) is possible using
finite element predictions and based on the observation of negligible curvature of the
resolved shear stress curves at deformation levels well into the elastic-plastic regime
(see Fig. 3.1). Furthermore, as discussed in relation to Eq. (2.59), the effective
hardening modulus depends only on λ and the strip height H. Thus, the normalized
average effective hardening modulus is characterized as a function of the normalized
length parameter 2 ls2/H in Fig 3.8. Points on the curve represent discrete data
points for the slip system orientations θ = 15◦, 30◦, and 90◦, respectively, while the
solid line is a fitted second order polynomial, 2.6110(2ls2/H)2 +0.5773(2ls2/H)+1.0,
with the coefficient of determination R2 = 0.9966. Due to the negligible curvature
assumption, the data points are obtained through the relation heff/h = (τ [∆f

100%]−
τ [∆f

90%])/((γ(avg.)[∆f
100%]− γ(avg.)[∆f

90%])h) with ∆f
100% referring to the data point

corresponding to the percentage of overall imposed shear strain. Furthermore, while
the plotted data is obtained for the case of h/G = 0.2, results have been found to
be independent of non-zero conventional hardening parameter in agreement with
the closed form expression. The motivation for assuming a quadratic distribution
for the effective hardening modulus stems from the work of [39] in which the rate-
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Figure 3.5: Shear stress response to the imposed overall shear strain ∆/H, for single
slip (θ = 90◦), for various values of the normalized conventional strain hardening
parameter h/G. The value of normalized length parameter is l/H = 0.4.

dependent isotropic strain gradient plasticity theory proposed by [17] is investigated.
The work of [39] present numerical predictions for the pure shear boundary value
problem of a perfectly plastic material, accompanied by an analytical expression
for their effective hardening measure as function of an energetic length parameter.
Their analytical expression is obtained for a perfectly plastic material in the rate-
independent limit, which reveals a quadratic relationship, however, with a vanishing
linear term. While the fitted second order polynomial is seen to reflect the trend of the
numerical predictions, the closed form expression of Eq. (2.59) is representative of the
numerical predictions of Model A (presented in Fig. 3.8 and discussed subsequently
in relation to the results obtained for [P2]).

The strengthening predictions of Model A for the pure shear boundary value
problem are presented in Fig. 3.9. Based on the only non-zero stress components,
the resolved shear stress is given by τ = 2σ12µ12, such that a slip system orientation
specific normalized resolved shear stress is introduced by the relation τ/(2τyµ12).
For this choice of normalization, strengthening predictions coincide for any choice
of slip system orientation that fulfills the assumptions of the pure shear boundary
value problem. The predictions of Model A shown in Fig. 3.9 are obtained using
the conventional strain hardening parameter h/G = 0.2, however, the results have
been found to be independent of conventional strain hardening, as expected based on
the results of Fig. 3.5. In Fig. 3.9, data points from three slip system orientations
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Figure 3.6: Slip profile γ at imposed overall shear strain ∆f/H, for single slip (θ =
90◦), for various values of the normalized conventional strain hardening parameter
h/G. The value of normalized length parameter is l/H = 0.4.

are included (θ = 15◦, 30◦, and 90◦, respectively), each plotted together with dashed
line segments, which are linear interpolations between data points. Additionally,
the strengthening predictions obtained by [39] and the strengthening predictions
obtained by [21] are included in the plot. As seen in Fig. 3.9, all results show a low
increase in strengthening for low values of normalized length parameter, with an
almost linear relationship predicted for higher values of normalized length parameter.
The strengthening predictions of the theory initially presented by [17] (increase in
effective yield strength, in the terminology of [39]) are presented as a function of
a normalized dissipative length parameter for an isotropic elastic-plastic material
subjected to pure shear loading. Furthermore, the results of [39] also represent the
rate-dependent strain gradient crystal plasticity formulation investigated in [40], and
these results show quantitative agreement. The results of [21] are obtained for a
layer of material which hardens according to a power law relation while plastically
passivated during tensile stretching. Their strengthening predictions (elastic loading
gap in the terminology of [21]) are presented as function of a normalized recoverable
length parameter for a material model closely resembling the incremental material
model presented by [19] (i.e. an isotropic model which is also closely related to
Model A). As seen in Fig. 3.9, these results are almost qualitatively equivalent.
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3.2 The effective slip measure relates to both shear
hardening relations [P2]

The aim of [P2] is to investigate the hardening and strengthening characteristics
of Model A and Model B, with the difference between the two models governed by
the choice of the plastic work definition (i.e. the choice of shear hardening curve in
relation to gradients of slip, as discussed in relation to Eq. 2.4).

The conditions which must be fulfilled for a proportional straining history to
exist are presented in Section 2.4, which also revealed that Model A does not predict
a proportional straining history for the pure shear boundary value problem. The
resolved shear stress response of Model A and Model B is shown in Fig. 3.10 for
various values of normalized length parameter l/H and a fixed value of the normalized
conventional strain hardening parameter h/G = 0.2. As seen, both Model A and
Model B capture the pure shear response in the conventional crystal plasticity limit
(l/H = 0), which almost coincides with the solutions for l/H = 0.01. The predictions
of Model A are equal to those shown in Fig. 3.1, showing both strengthening and
hardening that increase with increasing length parameter. In relation to Fig. 3.2,
this behavior was further highlighted, indicating that Model A does not predict a
proportional staining history. Equivalently, Fig. 3.11 includes the evolution of the
slip profile amplitude (the middle of the crystalline strip) through the imposed shear
strain history for varying values of length parameter. Evident from Fig. 3.11 is a
proportional straining history, in the point x2/H = 0, predicted for Model B. The
slip profile through half the strip height, normalized with respect to the slip profile
amplitude, is plotted in Fig. 3.12 at several stages of plastic strain for l/H = 0.8.
The stages of plastic strain are presented as percentages of the plastic strain imposed
at the final stage of overall deformation, ∆f

H = 0.086, given by εfp = ∆f

H −
τy
G . In the

case of Model B, proportional straining is confirmed through the strip height (due
to symmetry), while the slip distribution of Model A is non-proportional throughout
the plastic deformation, seemingly governed by the value of the initialization slip
(presented in Section 2.5.3) at low values of plastic strain. Furthermore, as seen,
the predictions of Model A seem to converge towards a proportional distribution as
the deformation increases (i.e. towards the slip distribution of Model B). While not
shown, this has been confirmed through results obtained for the final stage of overall
deformation ∆f

H = 0.86.
The distribution of slip through the height of the strip for various values of the

normalized length parameter, at the overall shear strain ∆f

H = 0.086, is shown in Fig.
3.13. Predictions of both Model A and Model B are plotted as curves, while markers
represent the closed form solution (Eq. (2.55)). In accordance with the resolved shear
stress predictions shown in Fig. 3.10, the slip profiles of both Model A and Model B
reflect the decrease in slip resistance (hardening) for decreasing values of l/H ≥ 0.4.
Compared to these slip profiles, the slip profiles for l/H = 0.01 show a uniform
distribution through most of the strip height in combination with boundary layers
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Figure 3.10: Shear stress-strain response to the imposed overall shear strain ∆/H,
for single slip (θ = 90◦), and for various values of the normalized length parameter
l/H. The normalized conventional strain hardening parameter is h/G = 0.2. The
curves are obtained using Model A and Model B.

near the horizontal edge of the strip. The slip distribution through the strip height, in
the limit of conventional crystal plasticity, is uniform and given by the relation γ = F
(as noted in Section 2.4.1). This relation is equal to γ = (τ/τy − 1) 0.052 for the
present choice of material parameters, thus, with the numerically determined value of
τ/τy = 2.2120, the closed form solution gives γ = 6.3024× 10−2, which differs by less
than 0.5 percent compared to the numerically determined value γ = 6.2995× 10−2.
Thus, both Model A and Model B are capable of predicting the limit of conventional
crystal plasticity.

The distribution of the normalized net Burgers vector density for various length
parameter values is shown in Fig. 3.14, with predictions of Model A plotted in Fig.
3.14a, and the predictions of Model B and the closed form solution presented in Eq.
(2.56) plotted in Fig. 3.14b. As seen, the predictions for l/H = 0.01 almost coincide,
while the predictions of Model A and Model B for l/H ≥ 0.4 show distinctly different
trends. The predictions of Model A show distributions with three almost linear
segments and the predictions of Model B (and the closed form solution) become
almost linear as l/H is increased from 0.4 to 0.8. Common to both models is an
overall decrease in slip distribution as the length parameter is further increased.
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Figure 3.11: Slip profile amplitude to the imposed overall shear strain ∆/H, for
single slip (θ = 90◦), and for various values of the normalized length parameter l/H.
The normalized conventional strain hardening parameter is h/G = 0.2. The curves
are obtained using Model A and Model B.

The resolved shear stress response for various values of normalized conventional
strain hardening parameter and the length parameter value l/H = 0.4 are shown
in Fig. 3.15. The predictions of Model B show no strengthening (yielding occurs
at the prescribed initial slip resistance) and linear hardening, with h/G = 5× 10−5

predicting a seemingly ideally plastic response. The curves obtained for Model A
show strengthening, which is dependent on the level of the length parameter since all
curves transition to the elastic-plastic regime at the same value of resolved shear stress.
Furthermore, a slight initial curvature of the response curves is seen (equivalent to
the response curves presented in Fig. 3.10 for Model A), while an almost ideally
plastic response is predicted for h/G = 5× 10−5. Reaffirming the previous findings,
that strengthening is independent of the value of the conventional strain hardening
parameter and depend only on the value of the length parameter, while hardening is
governed by the conventional strain hardening parameter.

The predicted slip distributions for various values of normalized conventional
strain hardening, at the imposed overall shear strain ∆f/H = 0.086 for Model A,
Model B, and the closed form solution for the slip (Eq. (2.55)), are plotted in
Fig. 3.16. The predictions of Model A attain lower amplitudes of slip compared to
those of Model B in agreement with the predicted strengthening found in Fig. 3.15.
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Figure 3.12: The normalized slip profile γ/γ[x2/H = 0] through half the height of
the strip at various stages of deformation. The stages of plastic strain are presented
as percentages of the plastic strain, given by εfp = ∆f

H −
τy
G , imposed at the final stage

of deformation, ∆f

H . The curves are obtained using Model A and Model B for single
slip (θ = 90◦), and the normalized length parameter is l/H = 0.8. The normalized
conventional strain hardening parameter is h/G = 0.2.

Furthermore, for decreasing values of conventional strain hardening h/G ≤ 5× 10−3,
increasingly sharp boundary layers are seen in combination with a decrease in slip
profile amplitude. The predictions of Model B all coincide with the closed form
solution, however, it should be noted that the adopted yield point approach algorithm
(discussed in Section 2.5) is implemented in order to achieve this level of agreement
(due to the almost ideally plastic response at low conventional strain hardening). The
normalized net Burgers vector density distributions, that accompany the predictions
of Fig. 3.16, are shown in Fig. 3.17. The predictions of Model A show a decrease in
density through most of the strip height accompanied by an increase in concentration
at the boundaries for decreasing values of conventional strain hardening parameter.
In comparison, the predictions of Model B show an almost linear distribution through
the strip height, which increases in magnitude for decreasing h/G.

Figure 3.18 quantifies the dependence of the normalized average effective hardening
modulus on the normalized length parameter 2ls2/H. The solid line is plotted
using Eq. (2.59), while the plotted markers represent predictions of Model A and
Model B of the slip system orientation angles θ = 15◦, 30◦, and 90◦. In the case
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Figure 3.13: Slip profile, γ, at imposed overall shear strain ∆f/H = 0.086, for single
slip (θ = 90◦), and for various values of the normalized length parameter l/H. The
normalized conventional strain hardening parameter is h/G = 0.2. The curves are
obtained using Model A and Model B, while the markers are obtained using Eq.
(2.55).

of Model B, the predictions are obtained by evaluating the expression heff/h =
(τ [∆f

50%]− τy)/(γ (avg.)[∆f
50%]h) with ∆f

100% = 0.172, however, as the response curves
obtained using Model A include an initial curvature, the effective hardening modulus
is evaluated by the expression heff/h = (τ [∆f

100%] − τ [∆f
90%])/((γ(avg.)[∆f

100%] −
γ(avg.)[∆f

90%])h). As seen from Fig. 3.18, Model A, Model B, and the closed form
solution, coincide, further substantiating that the effects due to strengthening become
negligible at sufficiently large values of overall strain (as indicated through the results
of the present chapter).
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(b) Curves obtained using Model B and markers obtained using Eq.
(2.56).

Figure 3.14: Normalized slip gradient profile l γ,2 s2 at imposed overall shear strain
∆f/H = 0.086, for single slip (θ = 90◦), and for various values of the normalized
length parameter l/H. The normalized conventional strain hardening parameter is
h/G = 0.2.
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Figure 3.15: Shear stress-strain response to the imposed overall shear strain ∆/H,
for single slip (θ = 90◦), and for various values of the normalized conventional strain
hardening parameter h/G. The normalized length parameter is l/H = 0.4. The
curves are obtained using Model A and Model B.
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Figure 3.16: Slip profile γ at imposed overall shear strain ∆f/H = 0.086 for single
slip (θ = 90◦), and for various values of the normalized conventional strain hardening
parameter h/G. The normalized length parameter is l/H = 0.4. The curves are
obtained using Model A and Model B, while the markers are obtained using Eq.
(2.55).
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Figure 3.17: Normalized slip gradient profile l γ,2 s2 at imposed overall shear strain
∆f/H = 0.086, for single slip (θ = 90◦), and for various values of the normalized
conventional strain hardening parameter h/G. The normalized length parameter is
l/H = 0.4. The curves are obtained using Model A and Model B, while the markers
are obtained using Eq. (2.56). A zoom of the results near the lower boundary is
included.
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Figure 3.18: Effect of normalized length parameter 2ls2/H on the normalized average
effective hardening moduli heff/h = (τ − τy)/(γ (avg.)h). The markers represent
solutions obtained by Model A and Model B, for three different values of slip system
orientation angles (θ = 15◦, 30◦, and 90◦) with the value of the normalized conven-
tional strain hardening parameter h/G = 0.2. The solid line is plotted using the
analytical expression in Eq. (2.59).



4
Monazite (LaPO4) theory and

experiment

The material Lanthanum phosphate LaPO4 (Monazite) is a ceramic which exhibits
ductile behavior at room temperature [41]. Monazite has been shown to be a good
candidate for a weak interface material with alumina-based ceramic matrix composites
because of the chemical compatibility of Monazite with alumina at high temperature
[42]. Ceramic Matrix Composites (CMCs) are capable of maintaining excellent
strength and creep resistance at high temperatures. An application of a low-density
CMC is turbine blades of jet engines, where higher temperature tolerances together
with a reduced need for cooling air allow for improved high-temperature performance
when compared to the nickel-based superalloys in use today. While ceramic matrix
composites are superior in strength, the presence of cracks and defects, make ceramic
matrix composites susceptible to brittle fracture behavior. The brittle failure behavior
is a consequence of strong bonding at the interface between matrix and fiber, such
that a weak interface is needed to improve damage tolerances [43]. While on the
subject of nickel-based superalloy turbine blades in use today, it should be noted
that these are examples of large single crystals (up to ≈ 0.5 m in length).

These properties of Monazite has motivated the need for a better understanding
of the deformation characteristics of this material. Therefore, an experimental and
numerical study of single crystal Monazite was expected to be conducted during the
PhD project. While unforeseen limitations of the available equipment have resulted
in a discontinuation of the experimental part of this study, the numerical part has
resulted in the investigations presented in [P3] and Chapter 5. These investigations
are conducted by inducing a plane deformation state that allows for a plane analysis
to be conducted in agreement with the planned experiment. The possibility of a
plane analysis in an experimental setting relies on geometric considerations, which
allows for identification of slip systems with in-plane slip activity only. The work
presented in [P3] investigates an elastic-ideally plastic material behavior of single
crystal Monazite, which is subjected to wedge indentation. Section 4.1 presents a
detailed description of the geometric considerations that are needed to perform a
plane analysis of single crystal Monazite. The plane analysis relies on identification
of slip systems that can be expressed in a two-dimensional setting (in-plane slip
systems), which in turn requires identification of scaling parameters between physical
(crystallographic) material parameters and their equivalent in the two-dimensional
setting.

The scaling parameters presented in [P3] are confined to the scaling of material
parameters, which describe a perfectly plastic material, however, the investigation
presented in Chapter 5 relies on non-zero conventional strain hardening and non-zero
value of the length parameter. These additional scaling parameters are identified in

53
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Section 4.2.
The experimental investigation of single crystal Monazite has been discontinued.

In light of this, a short presentation of the planned experiment, including the
milestones identified and the issues encountered in connection with this experiment,
is included in Section 4.3.

4.1 The in-plane slip systems of Monazite

The monoclinic unit cell representation of the material Monazite is indexed in
the space group P21/n, with the lattice parameters; a = 6.825Å, b = 7.057Å,
c = 6.482Å, and α = γ = 90◦ 6= β = 103.21◦ (as noted by [41]). Lower case a, b, and
c represent the length of the lattice vectors ai, bi, and ci, respectively, with the angle
γ between ai and bi, the angle β between ai and ci, and the angle α between bi and ci
(see Fig. 4.1). The following derivation of the in-plane slip systems of Monazite relies
on the unit vector representation used with the Schmid orientation tensor (associated
with an orthonormal basis) and the integer (Miller-notation) representation of a slip
direction [hkl] (associated with a non orthogonal basis of the lattice vectors) and
a slip plane normal (hkl) (associated with a non orthogonal basis of the reciprocal
lattice vectors). In the case of the monoclinic crystal structure, the slip direction
and the slip plane normal with the same values of hkl do not generally coincide since
a non 90◦ angle exists between basis vectors in each of the two bases. The reciprocal
lattice is defined in terms of the vectors ai∗, bi∗, and ci∗. Furthermore, their unit vector
representation in Cartesian coordinates, implies coordinate transformations of a non
orthogonal dual basis into a Cartesian (orthonormal) basis. A derivation of the
coordinate transformation tensors is presented in Appendix A.

The orientation of the Monazite crystal unit cell is defined with respect to
Cartesian coordinates and Miller indices as sketched in Fig. 4.1, such that

• The lattice vector bi is parallel to the reciprocal lattice vector, bi∗, the x2-axis,
the [010] direction, and the (010) plane normal.

• The lattice vector ci is parallel to the x3-axis and the [001] direction.

• The lattice vector ai is parallel to the [100] direction, which is also the direction
given by (010) × (001).

• The reciprocal lattice vector ai∗ is parallel to the x1-axis and the (100) plane
normal

• The reciprocal lattice vector ci∗ is parallel to the (001) plane normal, which is
also the plane normal. given by [100] × [010].

The monoclinic unit cell has only one mirror symmetry plane, which is identified
through the unit cell description as being the plane with the plane normal (010) and
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Figure 4.1: Orientation of unit cell relative to an orthonormal (Cartesian) coordinate
system. This orientation is the so-called second setting, which is commonly used by
(EBSD) data acquisition tools.

being parallel to the x1 x3-plane. Thus, the lattice vector ai lies in the symmetry
plane oriented the angle β with respect to the [001] direction (clockwise rotation).
This choice of unit cell orientation coincides with the so-called second setting of
the monoclinic unit cell, which is used by Electron Backscatter Diffraction (EBSD)
data acquisition systems (e.g. HKL Technology’s Channel 5 system see [44, 45] for
details).

The work of [41] identifies 12 active slip systems in Monazite at room temperature,
which are summarized in Table 4.1 and accompanied by an illustration of the identified
slip planes in Fig. 4.2. An assumption adopted from the work of [41] is that the slip
systems identified have equal slip resistance along the slip direction (i.e. the sign of
the slip direction introduces no difference).

Achieving plane strain conditions in a single crystal is possible by identifying a
mirror symmetry plane of the crystal and applying a load that results in a plane
deformation state across the symmetry plane. A consequence of the plane deformation
state is that out-of-plane deformation must be symmetric across the mirror symmetry
plane, which is possible if the specimen geometry and external loading are symmetric
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α Slip System
1 (010)[001]
2 (010)[1̄00]
3 (1̄00)[010]
4 (1̄00)[001]
5 (1̄1̄0)[001]
6 (1̄1̄0)[1̄10]
7 (1̄10)[1̄1̄0]
8 (1̄10)[001]
9 (011)[01̄1̄]
10 (011)[100]
11 (01̄1)[011]
12 (01̄1)[100]

Table 4.1: Active slip systems in Monazite at room temperature, identified by [41].

across the mirror symmetry plane. These symmetry conditions are fulfilled by both
the wedge indentation problem investigated in [P3] and the equi-biaxial tension
problem investigated in Chapter 5.

In the following, physical slip systems are termed crystallographic slip systems, a
combination of two crystallographic slip systems that activate identically (symmetri-
cally across the mirror symmetry plane) are termed mirrored pairs of crystallographic
slip systems (or effective slip systems), while both crystallographic slip systems and
mirrored pairs will be denoted as in-plane slip systems.

The conditions, which must be fulfilled for mirror symmetry to exist for in-plane
slip systems, are conveniently treated through the anisotropic yield criterion for
in-plane flow, as initially presented by [46]. Identification of in-plane slip systems
(using the present terminology) has been carried out for; the Face-Centered Cubic
(FCC) crystal structure, the Body-Centered Cubic (BCC) crystal structure, and the
Hexagonal Closed-Packed (HCP) crystal structure (see [47–49]). Common to these
works is the treatment of ideally plastic material behavior, however, this material
property is not needed in order for in-plane slip systems to be identified (as evident
from the works of [40, 50]). The condition needed to identify the crystallographic
slip systems that comprise an effective slip system is that the resolved shear stress on
both slip systems is equal. In the context of [P3], a material which behaves elastic-
ideally plastic is investigated, while the results presented in Chapter 5 investigates
an elastic-plastic material behavior.

Based on the symmetry conditions, pairs of crystallographic slip systems that
deform symmetrically, with respect to the mirror symmetry plane, and have equal
resolved shear stress, can be identified. For the single crystal Monazite, three
in-plane slip systems can be identified from the 12 crystallographic slip systems
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Figure 4.2: Illustration of slip planes with slip activity identified by [41]. Each
plane is identified by its slip plane normal vector denoted using Miller-notation (hkl).
The slip planes are bounded by lines parallel to the lattice vectors denoted using
Miller-notation [hkl], while dashed lines are used to indicate the intersections of the
slip planes which are parallel to lattice vectors.

identified by [41], two of these are effective slip systems that are comprised of paired
crystallographic slip systems, while one is in itself a crystallographic slip system.
The two crystallographic slip systems (011)[100] and (01̄1)[100] combine, resulting in
the effective in-plane slip system (001)[100]. The two crystallographic slip systems
(1̄1̄0)[001] and (1̄10)[001] combine, resulting in the effective in-plane slip system
(1̄00)[001], which coincides with the in-plane crystallographic slip system (1̄00)[001].

The work [P3] investigates the material behavior of Monazite subjected to wedge
indentation, with the line load oriented perpendicular to the mirror symmetry plane,
such that plane strain loading conditions exist in the mirror symmetry plane (010)
(as sketched in Fig. 4.3 and Fig. 4.4). The material is assumed perfectly plastic,
such that plastic material behavior can be identified through coincidence between
the yield surface and the stress state, when plotted together in stress space. In the
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Figure 4.3: Illustration of the in-plane slip systems of single crystal Monazite in
relation to the crystallographic orientation of the crystal and the in-plane slip system
orientation angle θ(A). The indenter tip is parallel to the slip plane normal vector
(010), i.e. orthogonal to the mirror symmetry plane.

following, the initial yield surface of Monazite is identified, which also allows for
identification of material scaling parameters needed to account for the difference in
the value of the critical resolved shear stress between a crystallographic slip system
and an effective slip system.

The yield criterion of any single crystal assumed to be governed by the Schmid
law is

σijm
(α)
i s

(α)
j = ±τ0 (4.1)

where σijm(α)
i s

(α)
j is the resolved shear stress, expressed directly through the unit

vectors that define the slip system, and τ0 is the slip resistance, which is assumed equal
on all crystallographic systems of the material. The orientation of plane strain loading
excludes out-of-plane shear stress components (σ12 = σ32 = 0). An anisotropic plastic
incompressible material subjected to plane strain loading conditions is governed by
the reduced yield criterion for the individual slip system

(s(α)
1 m

(α)
3 + s

(α)
3 m

(α)
1 )σ13 + 2s(α)

1 m
(α)
1

(
σ11 − σ33

2

)
= ±τ0 (4.2)

The implications of the assumed material properties and loading condition above
imposes the restrictions m(α)

i s
(α)
i = 0 and m

(α)
2 s

(α)
2 = 0 on crystallographic slip

systems. Furthermore, as evident from the reduced yield criterion these conditions
also remove the dependence of σ22 (see [51] for further details on the reduced yield
criterion).

The in-plane description of the slip systems prompts the definition of the in-plane
unit vectors M (A)

I and S
(A)
J which are the rescaled projections of m(α)

i and s
(α)
i
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Figure 4.4: Illustration of the slip planes where in-plane slip occurs, oriented relative
to the indenter tip (dotted line), numbered according to Table 4.2. The in-plane slip
system (1) is comprised of the crystallographic slip systems (011)[100] and (01̄1)[100]
resulting in the effective slip system (001)[100]. The in-plane slip system (2) is a
crystallographic slip system (1̄00)[001]. The in-plane slip system (3) is comprised of
the crystallographic slip systems (1̄1̄0)[001] and (1̄10)[001] resulting in the effective
slip system (1̄00)[001]. The crystallographic slip systems that result in an effective
slip system share slip direction, this direction is oriented along the dashed line.

onto the x1 x3 plane, respectively. Here, I, J ∈ 1, 3 and superscript (A) represents
an in-plane slip system, while the two crystallographic slip system that make up
the effective slip system, (A), will be denoted by the superscript (Aa) and (Ab),
respectively. The in-plane unit vectors imply the requirements s(Aa)

2 ± s(Ab)
2 = 0 and

m
(Aa)
2 ±m(Ab)

2 = 0 on the pairs of crystallographic slip systems that can combine.
The in-plane slip systems are summarized in Table 4.2 and illustrated in Fig. 4.3.
The in-plane unit vectors are related such that M (A)

1 = −S(A)
3 and M

(A)
3 = S

(A)
1 ,

thus, substituting the unit vectors m(α)
i and s

(α)
i in Eq. (4.2) for their in-plane

projections allows for the in-plane yield condition to be expressed as

(S(A)
1 S

(A)
1 − S(A)

3 S
(A)
3 )σ13 − 2S(A)

1 S
(A)
3

(
σ11 − σ33

2

)
= ±λ(A)τ0 (4.3)

where the scaling parameter λ(A) = τ
(A)
0 /τ0 is a constant, which accounts for the

difference between Eq. (4.2) and (4.3) when these are evaluated for a specific slip
system. Details related to this and several other scaling parameters, which account
for the difference in material parameter value between an effective slip system and
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a crystallographic slip system, are presented later in the current chapter. The
components of the in-plane unit vectors for a specific slip system are related, such
that M (A)

1 = −S(A)
3 and M

(A)
3 = S

(A)
1 . Furthermore, the in-plane slip system

orientation angle θ(A), 0◦ defined with respect to the x1-axis with positive rotation
defined counter clockwise in the x1x3 plane (as sketched in Fig. 4.3), is related to
the in-plane unit vectors as S(A)

1 = cos
(
θ(A)

)
and S(A)

2 = sin
(
θ(A)

)
. Utilizing the

angular relations permits the rewrite of Eq. (4.3) resulting in

σ13 = tan
(

2θ(A)
)(σ11 − σ33

2

)
± λ(A)τ0

cos (2θ(A)) (4.4)

This expression is the yield condition which can be represented in two-dimensional
stress space, with abscissa (σ11 − σ33) /2 and ordinate σ13. For each in-plane slip
system (A), Eq. (4.4) result in two parallel lines each the distance λ(A) τ0 (perpen-
dicular to the parallel lines) from the origin in stress space (as illustrated by [48] for
the FCC crystal structure). The slip system orientation angles are; θ(1) = −13.21◦,
θ(2) = 90◦, θ(3) = 90◦, while the scaling parameters are; λ(1) = 1.3415, λ(2) = 1, and
λ(3) = 1.3735 (see also Table 4.2). Based on the assumption that τ0 are equal for
all slip systems Eq. (4.4) can be normalized by τ0, thus, the yield surface in stress
space consists of three sets of parallel lines, two of which are parallel to each other
and spaced the distance λ(3) − λ(2) apart. Thus, two sub yield surfaces exist, which
both form parallelograms in stress space. The vertices of the two yield surfaces are
stated in Table 4.3, while Fig. 4.5 illustrates the yield surfaces.

4.2 Effective slip system scaling parameters

The scaling parameter λ(A) = τ
(A)
0 /τ0, introduced above, defines the difference

between the critically resolved shear stress on crystallographic slip systems and
effective slip systems. Furthermore, as evident from the above presentation of the
reduced yield criterion expressions Eq. (4.2) and Eq. (4.3), their difference lies purely
in the difference between crystallographic slip system unit vectors and in-plane slip
system unit vectors. The ratio λ(A) is noted by [47] for the effective in-plane slip
systems of the FCC and BCC crystal structures, while [49] showed that in the case of
the HCP crystal structure all slip systems are in-plane (i.e individual crystallographic
slip systems), with m

(A)
I = M

(A)
I and s

(A)
I = S

(A)
I , such that τ (A)

0 = τ0. In the
case of the two effective in-plane slip systems of Monazite s(Aa)

I = s
(Ab)
I = S

(A)
I ,

but m(Aa)
I 6= m

(Ab)
I 6= M

(A)
I , while the issue is trivial in the case of the in-plane

crystallographic slip system (m(A)
I = M

(A)
I and s(A)

I = S
(A)
I ). Thus, the ratio λ(A) is

not unity for the effective in-plane slip systems identified for Monazite. It is noted
that the definition of the ratio λ(A) in the present work follows the notation of [40].
Also in line with the notation of [40], the scaling parameter β(A) (not to be confused
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In-plane slip system (A) no. (1) (2) (3)

Mirrored pair of slip systems (a)
(b)

(011)[100]
(01̄1)[100]

(1̄00)[001]
-

(1̄1̄0)[001]
(1̄10)[001]

s
(Aa)
i =

s1
s2
s3


(Aa)  0.9735

0
−0.2285


0

0
1


0

0
1


m

(Aa)
i =

m1
m2
m3


(Aa) 0.1703

0.6666
0.7257


−1

0
0


−0.7281

−0.6855
0


s

(Ab)
i =

s1
s2
s3


(Ab)  0.9735

0
−0.2285

 -

0
0
1


m

(Ab)
i =

m1
m2
m3


(Ab)  0.1703

−0.6666
0.7257

 -

−0.7281
0.6855

0


In-plane slip system (A) (001)[100] (1̄00)[001] (1̄00)[001]

S
(A)
I =

{
S1
S3

}(A) {
0.9735

−0.2285

} {
0
1

} {
0
1

}

M
(A)
I =

{
M1
M3

}(A) {
0.2285
0.9735

} {
−1
0

} {
−1
0

}
Angle to (100) in the (010) plane: θ(A) -13.21◦ 90◦ 90◦

λ(A) = τ
(A)
0
τ0

= 2S(A)
I

M
(A)
J

s
(Aa)
I

m
(Aa)
J

+s(Ab)
I

m
(Ab)
J

1.3415 1 1.3735

β(A) = s
(Aa)
I

m
(Aa)
J

+s(Ab)
I

m
(Ab)
J

S
(A)
I

M
(A)
J

1.4909 1 1.4561

λ(A)/β(A) = h(A)/h 0.8998 1 0.9433

χ(A) = l(A)/l = S
(A)
I s

(Aa)
I = S

(A)
I s

(Ab)
I 1 1 1

Table 4.2: Summery of crystallographic slip systems, in-plane slip systems, and
the scaling ratios between crystallographic slip system material parameters and
effective slip system material parameters. Both the crystallographic slip system
and the in-plane slip systems are presented using Miller-notation and unit vector
representation.
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(σ11 − σ33)/(2τ0)

σ13/τ0
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G H
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Figure 4.5: Outer envelope (dashed line) and inner envelope (full line) that make-up
the yield surface of Monazite, depicted in normalized stress space ((σ11 − σ33)/(2τ0),
σ13/τ0). Each set of parallel line segments are oriented at the angle 2θ(A) (see Table
4.2) with respect to the (σ11− σ33)/2τ0-axis. The corresponding in-plane slip system
is included in parenthesis, while the vertex coordinates of the A - H (the intersection
of the line segments) are listed in Table 4.3.

with the lattice parameter β) is defined as the difference between slip measures
on crystallographic slip systems and effective in-plane slip systems. Thus, the two
scaling parameters can be used to express a correlation between the plastic work
expended on an effective in-plane slip system and the plastic work expended on a
mirrored pair of crystallographic slip systems as

Up
(A)

[γ(A)
eff ] = τ (A)

y

(
γ

(A)
eff + k(A)

(n+ 1)

(
γ

(A)
eff

)(n+1)
)

= Up
(Aa)

[γ(Aa)
eff ] + Up

(Ab)
[γ(Ab)
eff ] = 2

∫ γ
(Aa)
eff

0
τ̄

(Aa)
0 [γ]dγ

= 2 τ (Aa)
y

(
γ

(Aa)
eff + k(Aa)

(n+ 1)

(
γ

(Aa)
eff

)(n+1)
)

= λ(A)β(A)τ (Aa)
y

(
γ

(Aa)
eff + k(Aa)

(n+ 1)

(
γ

(Aa)
eff

)(n+1)
)

(4.5)

using the identity λ(A)β(A) = 2. Equation (4.5) is expressed in terms of the plastic
work associated with Model A and the assumption of monotonic loading (for reasons
of brevity), however, an equivalent relation would also be obtained using the general
plastic work expression in Eq. (2.4).
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Vertex (σ11 − σ33) /2τ0 σ13/τ0

A λ(2)/ tan
(

2θ(1)
)
− λ(1)/ sin

(
2θ(1)

)
= 1.0022 λ(2) = 1

B λ(2)/ tan
(

2θ(1)
)

+ λ(1)/ sin
(

2θ(1)
)

= −5.0277 λ(2) = 1

C −λ(2)/ tan
(

2θ(1)
)

+ λ(1)/ sin
(

2θ(1)
)

= −1.0022 −λ(2) = −1

D −λ(2)/ tan
(

2θ(1)
)
− λ(1)/ sin

(
2θ(1)

)
= 5.0277 −λ(2) = −1

E λ(3)/ tan
(

2θ(1)
)
− λ(1)/ sin

(
2θ(1)

)
= 0.2505 λ(3) = 1.3735

F λ(3)/ tan
(

2θ(1)
)

+ λ(1)/ sin
(

2θ(1)
)

= −5.7794 λ(3) = 1.3735

G −λ(3)/ tan
(

2θ(1)
)

+ λ(1)/ sin
(

2θ(1)
)

= −0.2505 −λ(3) = −1.3735

H −λ(3)/ tan
(

2θ(1)
)
− λ(1)/ sin

(
2θ(1)

)
= 5.7794 −λ(3) = −1.3735

Table 4.3: Vertices of the two sub yield surfaces of Monazite. Figure 4.5 illustrates
the two sub yield surfaces in normalized in-plane stress space.

In the limit of perfect plasticity (an assumption of [P3]) an expansion of the yield
surface cannot occur, implying that τ0 = τy in the reduced yield criterion (Eq. (4.2)),
such that the effective in-plane slip system (3) never becomes active. However, if
hardening effects are accounted for in relation to Model A and Model B, both con-
ventional strain hardening and hardening due to gradient effects may be incorporated.
Thus, in order to investigate hardening effects, scaling parameters associated with
the crystallographic hardening moduli, h, and the crystallographic length parameter,
l, (both of which are assumed equal on all crystallographic slip systems) must be
identified. The scaling parameter associated with the crystallographic hardening
moduli can be obtained through the relation between the higher order terms in
the first line and the last line of Eq. (4.5) (since the lower order terms are equal),
resulting in

τ (A)
y k(A)

(
γ

(A)
eff

)(n+1)
= λ(A)β(A)τ (Aa)

y k(Aa)
(
γ

(Aa)
eff

)(n+1)

(
β(A)

)n
τ (A)
y k(A)

(
γ

(A)
eff

)n
= λ(A)τ (Aa)

y k(Aa)
(
β(A)γ

(Aa)
eff

)n
∂

∂γ
(A)
eff

((
β(A)

)n
τ̂

(A)
0 [γ(A)

eff ]
)

= ∂

∂γ
(A)
eff

(
λ(A)τ (Aa)

y k(Aa)
(
β(A)γ

(Aa)
eff

)n)

h(A)[γ(A)
eff ] = λ(A)

β(A)h
(Aa)[γ(Aa)

eff ]

λ(A)

β(A) = h(A)

h
(4.6)
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This relation is valid for both Model A and Model B since no difference in harden-
ing moduli exits between the two models (as noted in the definition of the hardening
moduli see Section 2.1). Furthermore, this expression also allows identification of the
scaling parameter associated with the crystallographic strength coefficient, resulting
in the relation k(A) = k/

(
β(A)

)n
.

The effective slip of a crystallographic slip system is

(
γ

(Aa)
eff

)2
=
(
γ(Aa)

)2
+
(
l γ

(Aa)
,i s

(Aa)
i

)2
(4.7)

This expression may be scaled by
(
β(A)

)2
to obtain the effective slip on the corre-

sponding effective slip system

(
β(A)γ

(Aa)
eff

)2
=

(
β(A)γ(Aa)

)2
+
(
l β(A)γ

(Aa)
,i s

(Aa)
i

)2
(4.8)

=
(
γ

(A)
eff

)2
=

(
γ(A)

)2
+
(
l γ

(A)
,i s

(Aa)
i

)2
=
(
γ(A)

)2
+
(
l(A) γ

(A)
,i s

(A)
i

)2

here the gradient terms in the second line define a relation between the crystallographic
length parameter l and the effective length parameter l(A), given by

l γ
(A)
,i s

(Aa)
i = l(A) γ

(A)
,i s

(A)
i (4.9)

Multiplying both sides of the equation by δij s(A)
j and γ(A)

,i results in

l(A)/l = s
(Aa)
i s

(A)
i = χ(A) (4.10)

hence, the scaling parameter can equally be written χ(A) = s
(Aa)
I S

(A)
I . Furthermore,

as discussed above s(Aa)
I = s

(Ab)
I = S

(A)
I , such that the ratio between l and l(A)

is unity. The presented scaling parameters are summarized in Table 4.2, which
also includes expressions for λ(A) and β(A) based on the ratio between the effective
deformation tensor S(A)

I M
(A)
J and the sum of crystallographic deformation tensors

s
(Aa)
I m

(Aa)
J + s

(Ab)
I m

(Ab)
J , consistent with the notation used by [40].

4.3 The experiment

This section describes the planned experimental part of the PhD project, which has
been discontinued due to the unforeseen lack of access to sample surface coating
equipment. Electron microscopy relies on the interaction between specimen and a
continuous stream of electrons, such that the electrons that have interacted with
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the specimen can relay information about the specimen to a detection system.
Monazite is a non-electrically conducting ceramic, which makes observations in
electron microscopy difficult due to electron charging of the surface. The effect of
electron charging stems from the build-up of electrons on the surface of the specimen,
resulting in an electrical charge that repels the subsequent electrons directed at the
specimen. This issue is commonly dealt with by applying a conductive layer to the
surface of the specimen. In the case of the experimental technique electron backscatter
diffraction, such specimen coating (consisting of carbon) must be controlled precisely
in order to obtain reliable results. The precision needed is on the order of 2.5
nanometers [52]. However, equipment capable of applying a carbon layer to this level
of precision has not been accessible during the time allocated for the experiment.

A plane deformation state induced in single crystal Lanthanum phosphate LaPO4
(Monazite) and the subsequent characterization of the resultant micro-structure was
to be carried out during the author’s external research stay at Columbia University
in the city of New York. The external research stay was conducted over a period
of 6 months in the summer of 2013. Under the supervision of Professor Jeffrey
W. Kysar, the experiment was to be conducted at Columbia University, while the
micro-structural characterization was to be carried out at Brigham Young University
in the city of Provo, Utah. The experiment was from the beginning of the PhD
project divided into the following milestones

1. Obtain the crystallographic orientation of the single crystal.

2. Based on the crystallographic orientation, expose an area suitable for wedge
indentation (i.e. an area with normal parallel to the displacement axis of the
indenter).

3. Carry out the wedge indentation.

4. Expose an area of the material beneath the indentation.

5. Measure the lattice curvature using High Resolution Electron Backscatter
Diffraction (HR-EBSD).

6. Post process measurements to obtain the geometrically necessary dislocation
density structures beneath the indenter.

The crystallographic orientation of single crystal metals has been performed
successfully by Professor Kysar and his research group using the back-reflection
Laue X-ray diffraction technique, see e.g. [53]. However, this technique failed to
provide the crystallographic orientation of the single crystal Monazite in spite of
the techniques wide usage and robustness [54]. An explanation for the failure of the
experimental method has not been determined, however, due to the fact that the
experiment rests on the determination of lattice rotations through High Resolution
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Electron Backscatter Diffraction (HR-EBSD) [55], crystallographic orientation by
means of EBSD was chosen as a logical next step.

EBSD characterization of naturally occurring Monazite has been carried out by
[56] with particular focus on the choice of so-called match unit date used in the
automated indexing process. Match unit data consists of the geometric data that
defines the unit cell of a crystalline material. The sample preparation performed by
[56] consists of surface polishing and a subsequent carbon coating of the surface. The
material Monazite is a ceramic [57], which among other has the property of being
non-electrically conducting. Thus, a surface coating capable of removing the electrons
that otherwise accumulate on the surface of the specimen during EBSD analysis
is needed (the issue of so-called charging). Furthermore, the surface coating must
additionally allow the electrons that probe the subsurface region of the material to
travel relatively unrestricted through the surface coating (good electron transparency
due to low atomic number), which excludes the metals commonly used for surface
coating when dealing with scanning electron microscopy (SEM) imaging of non-
conductive materials (due to their high atomic numbers). As noted above, the lack
of access to sample surface coating equipment resulted in a discontinuation of the
experimental work.

In the spirit of continued work on this experiment, it should be noted that the
work of [56] found that the choice of match unit data is of vital importance when
indexing EBSD patterns of naturally occurring Monazite. The single crystal LaPO4
Monazite sample should be equivalent to the LaPO4 Monazite samples characterized
by [58], who report unit cell parameters that differ compared to those reported by
[56]. Highlighting the need for a critical assessment of the match unit data used with
the single crystal sample.



5
Slip and GND density fields

surrounding a void in single crystal
Monazite

This chapter presents the very recently obtained results of a two-dimensional boundary
value problem. While several numerical solution schemes have been implemented
during the PhD project, only the explicit solution scheme incorporate effects due
to gradients of strain. Furthermore, as noted in Section 2.5.3, several modifications
of the explicit finite element solution scheme, used to obtain the one-dimensional
results presented in [P1] and [P2], are needed in order to obtain reliable results of two-
dimensional boundary value problems. Identification of these modifications has relied
on the two conventional crystal plasticity implementations noted in the introduction
of Chapter 2.5. Furthermore, as noted, these modifications are identified through
comparison with the two conventional crystal plasticity solution schemes discussed
in Chapter 2.5. Verification of these two solution schemes has been conducted
through detailed comparison to work found in the literature. However, this has not
been possible in the case of the explicit finite element solution scheme. The results
presented in this chapter are investigated using three choices of hardening parameters;
the case of perfect plasticity, the case of conventional strain hardening, and the case
of hardening due to both conventional strain hardening and gradients of strain. The
second and the third case of hardening parameters are obtained using the explicit
solution scheme, while the first and the second case of hardening parameters are
obtained using the implicit solution scheme. This allows for a comparison between
two solutions obtained for the second case of hardening parameters, i.e. a comparison
of the two solution schemes. This comparison is included in the present work in
order to present the level of agreement between the two models. Furthermore, due
to the amount of changes introduced in order for the explicit solution scheme to be
applicable to the present two-dimensional boundary value problem, this comparison
is also conducted in order to illustrate the validity of the solutions obtained. A void of
radius Ri surrounded by a cylindrical domain of single crystal Monazite is subjected
to equi-biaxial tension. This boundary value problem fulfills the plane deformation
conditions required for the in-plane slip systems of Monazite, derived in Section 4.1,
to be applicable. The in-plane slip systems used in this section are oriented and
numbered in accordance with the derivation of Section 4.1, summarized in Table 4.2.
A sketch of the boundary value problem and the slip system orientations of Monazite
is shown in Fig. 5.1.

Boundary value problems similar to this are treated numerically using rate-
dependent strain gradient crystal plasticity models, by [59] in the case of a hexagonal
close-packed (HCP) material, and by [40] in the case of an HCP material and a

67
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Figure 5.1: Sketch of the void embedded in a cylindrical domain subjected to
equi-biaxial tension εRR. Furthermore, the crystallographic orientation and the
orientations of the in-plane slip systems are shown.

face-centered cubic (FCC) material. The present section employs the simplified
implementation of Model B, which assumes monotonic loading of a linear hardening
material (the plastic work expression in Eq. (2.52)).

The material parameters used in the present section follow the work of [59] and
[40], with τy/E = 1/(63.9× 103) and ν = 0.36. In the presented results of non-zero
conventional strain hardening, the hardening is chosen linear (n = 1) and given by
the normalized value h/G = 0.1 (this choice of conventional strain hardening is not
comparable to the cited works). These material parameters are crystallographic
parameters, which in the case of the in-plane slip systems (1) and (3) must be scaled
by the geometric scaling parameters λ(A) and β(A) presented in Table 4.2. The
cylindrical domain is given by the ratio of the inner and outer radius Ro/Ri = 100,
with the outer boundary subjected to equi-biaxial tension through the far field strain
εRR = 3.36× 10−4. The mesh is comprised of NR=200 elements through the radii
(with corner nodes distributed according to ((Ro/Ri)(x/NR) ×Ri) for {x ∈ N|0 ≤ x ≤
NR} and NC=360 elements through the circumference of the domain, such that
elements of approximately equal side length are obtained throughout the domain
(see Fig. 5.2). The far field strain, is applied in 300 steps of equal magnitude in the
case of the implicit solution scheme (presented in Section 2.5.2), and applied in 5000
steps of equal magnitude in the case of the explicit solution scheme (presented in
Section 2.5.1).

The present investigation will focus on predictions of slip field distributions
and GND density field distributions, such that in addition to the individual slip
fields, γ(A), the total accumulated slip γtotacc = γ

(1)
acc + γ

(2)
acc + γ

(3)
acc, and the total slip
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Figure 5.2: Zoom of the upper right quarter of the mesh illustrating the element size
biasing. The mesh is comprised of 72,000 elements with approximately equal side
lengths, and with 360 elements along the inner boundary.

γtot = γ(1) + γ(2) + γ(3), will be used to quantify predictions of slip. The individual
GND density is obtained through the expression

ρ
(A)
GND = −1

b
γ

(A)
,I S

(A)
I (5.1)

where b is the magnitude of the Burgers vector. In addition, the total GND
density ρtot|GND| = |ρ(1)

GND| + |ρ(2)
GND| + |ρ(3)

GND| and the total GND density sum
ρtotGND = ρ

(1)
GND + ρ

(2)
GND + ρ

(3)
GND are presented. Predictions of slip fields are normal-

ized by the reference slip γ0 = τy/G, while predictions of GND density fields are
normalized by the reference density ρ0 = γ0/(bRi). The contours representing the
individual slip measures on the effective in-plane slip, i.e. slip system (1) and (3),
may be interpreted as the sum of slip on the crystallographic slip systems (these
are equally activated) that make up each of the effective slip systems, while the
total accumulated slip may be interpreted as the sum of the slip activity on all five
crystallographic slip systems activated during the plane deformation history (as noted
by [40]). The total slip is introduced in order to illustrate regions of slip interaction.
Equivalently, the individual effective in-plane GND density may be interpreted as the
sum of the individual GND densities on the crystallographic slip systems that make
up the effective slip system. The total GND density can be obtained experimentally
through measurements of lattice rotations as presented by [53] for single crystal
wedge indentation experiments. While the total GND density sum is introduced to
highlight interaction between individual GND structures or the lack here of.
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In the present section rotational and mirror symmetry will be used to describe the
geometry of slip fields and GND density fields. In the case of rotational symmetry,
the rotation axis lies parallel to the (010) normal and in the case of mirror symmetry
the normal of the individual symmetry plane will be noted in the text.

The contours of slip measures and GND density measures for the limit of conven-
tional crystal plasticity (l/Ri = 0) and the limit of zero conventional strain hardening
(h/G = 0) are presented in Fig. 5.3. The predictions are obtained using the implicit
finite element solution scheme presented in Section 2.5.2. As noted in [P3], this
choice of hardening parameters is assumed to result in no activity on in-plane slip
system (3) since the resolved shear stress can not reach the value of the in-plane
critically resolved shear stress. Therefore, the slip system has not been included in
the numerical calculation for this choice of hardening parameters. The predicted
slip distributions of the active slip systems are shown in Fig. 5.3(b), displaying
4-fold rotational symmetry of the normalized slip fields, neglecting sign, and 2-fold
rotational symmetry, accounting for sign. While not shown, slip system (2) activates
first in points on the void surface coinciding with the vector S(2)

I +M (2)
I (90◦ periodic),

such that the slip field evolution displays 2-fold rotational symmetry, accounting for
sign, and mirror symmetry across a plane with normal S(2)

I +M
(2)
I . Activation of

slip system (1) occurs near the plastic boundary of slip system (2), reached, moving
in clockwise direction along the arc of the void surface from the points first activated
on slip system (2). Following activation of slip system (1), activity proceeds in
the directions which are tangent to the void surface and parallel to either S(1)

I or
M

(1)
I as seen in 5.3(b). Subsequently, the slip proceeds along the border of the

plastic boundary of slip system (2) as evident from the total slip field in 5.3(a). As
activity on slip system (1) proceeds further, an increase in interaction of the plastic
boundaries of slip system (1) and (2) seemingly repel each other to the extent that
slip on slip system (1) shifts and progresses along the directions parallel to either
S

(1)
I or M (1)

I which are also parallel to normals of the void surface. These directions
are 90◦ periodic and will be denoted as the tangent and normal pair of a slip system;
t
(A)
local and n

(A)
local. In the vicinity of the plastic boundary interactions, progression of

slip on slip system (2) in the direction of n(2)
local is seemingly restricted in comparison

to the progression of slip in the direction of t(2)
local. Furthermore, along the interaction

of the plastic boundaries, where slip system (1) and (2) seemingly repel each other
(where slip system (1) kinks) a high concentration of slip on both slip system (1)
and (2) is seen, which is further highlighted through the total accumulate slip in Fig.
5.3(a).

The predicted GND densities of the active slip systems are shown in Fig. 5.3(d),
displaying 2-fold rotational symmetry, neglecting sign, of the normalized GND density
fields. The GND structures are predominantly linear with two neighboring rays of
opposite sign parallel to the slip plane normals M (A)

I . However, some curvature of
the GND structures is seen along the interaction between the plastic boundaries
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of slip system (1) and (2). Here, GND structures of equal sign are seen along the
interacting boundaries that are parallel to S(1)

I , and GND structures of opposite sign
along the interaction between plastic boundaries that are parallel to M (1)

I . The GND
structures of equal sign are also seen in the total GND density sum (Fig. 5.3(c)),
while the GND structures of opposite sign are best identified in combination with
the total GND density field.

Figure 5.4 shows the predicted slip measures and GND density measures for the
limit of conventional crystal plasticity (l/Ri = 0) and normalized conventional strain
hardening h/G = 0.1, obtained using the implicit finite element solution scheme.
Since non-zero conventional strain hardening is used, activation of slip system (3) is
possible. Furthermore, as previously noted, a scaling of the crystallographic material
parameters is necessary for the effective slip systems of Monazite. The individual slip
fields and the total slip fields, display 4-fold rotational symmetry (neglecting sign)
and 2-fold rotational symmetry (accounting for sign). As seen in Fig. 5.4(b), the
slip evolution of slip system (1) and (2) is similar to the slip evolution predicted in
Fig. 5.3. However, incorporating conventional strain hardening leads to a significant
decrease of the predicted slip fields and dispersion of the slip fields, resulting in a
larger zone of interaction between the plastic boundary of slip system (1) and (2)
compared to Fig. 5.3. Activation of slip system (3) occurs near the plastic boundary
of slip system (2), reached, moving in counterclockwise direction along the arc of the
void surface from the points first activated for slip system (2). Following activation
of slip system (3), activity proceeds in the direction parallel to t(3)

local towards slip
of opposite sign on slip system (1) (as seen in Fig. 5.4(b)). Furthermore, the slip
is seen to concentrate in areas overlapping the highest concentrations of slip on
slip system (2). Evidently, initialization of the individual slip systems follows the
relative difference between the resolved shear stress scaling values λ(A), which due to
the scaling ratios of the conventional strain hardening parameter λ(A)/β(A) become
complicated to predict. As a result of the increase in the zone of interaction between
the plastic boundaries, an increase in slip along the void surface can be identified in
the total accumulated slip field, compared to that of Fig. 5.3(a).

The GND density fields of the individual slip systems are presented in Fig. 5.4(d),
showing dispersed, GND density fields, compared to the perfectly plastic limit (Fig.
5.3). A 2-fold rotational symmetry, neglecting sign, of the normalized GND density
fields is seen, which compared to the predominantly linear GND structures obtained
in the perfectly plastic limit show a mix of both linear and curved GND structures.
While the GND structures are dispersed, the general trends predicted in the perfectly
plastic limit can be seen for slip system (1), (2), and the total GND density sum.
Furthermore, the GND density field of slip system (3) overlaps with the GND density
field of slip system (2), indicating that activation of slip system (3) does not influence
the structure of the total GND density measures (Fig. 5.4(c)).

The contours of slip measures and GND density measures predicted by the
explicit finite element solution scheme presented in Section 2.5.1, are presented
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in Fig. 5.5. These predictions are obtained for the limit of conventional crystal
plasticity (l/Ri = 0) and normalized conventional strain hardening h/G = 0.1
(material parameters equal to those used to obtain the result of Fig. 5.4). As seen,
the predictions of the two solution schemes are in overall agreement. In the case
of the slip measures, small differences along the plastic boundaries are seen. In the
case of slip system (2), four small features are noticeable, which are not found in
the predictions of the implicit solution scheme. These features are expected to be a
result of the equilibrium iterations, while the use of bi-linear elements for the explicit
solution scheme compared to the quadratic elements used for the implicit solution
scheme may contribute additionally (as discussed in Section 2.5.3).

A comparison of the GND density fields also reveal differences between the
predictions of two solution schemes. As seen, the predictions of the explicit solution
scheme are slightly lower in magnitude, with some scattering along the boundaries.
This scattering, which is more pronounced in Fig. 5.6(c)-(d), is expected to be a
result of the more restrictive yield determination of the explicit solution scheme
compared to the semi-smooth yield determination of the implicit solution scheme (as
discussed in Section 2.6).

The strain gradient enhanced material response of Monazite is shown in Fig.
5.6 for the normalized conventional strain hardening parameter h/G = 0.1 and
the normalized length parameter l/Ri = 1. Evidently, accounting for the increased
hardening associated with slip gradients, results in reduced symmetry of the individual
slip fields, showing only 2-fold rotational symmetry (neglecting sign) in agreement
with the symmetry of the GND density measures presented throughout the present
chapter. As seen in Fig. 5.6(b), a confinement of the slip along the slip direction
on each individual slip system is predicted. Furthermore, a small decrease in the
slip fields, compared to the slip fields obtained in the conventional limit h/G = 0.1
and l/Ri = 0, is observed in combination with an increase in the zone of interaction
between the plastic boundaries (as seen in Fig. 5.6(a)-(b)).

Examining the individual GND density fields in Fig. 5.6(d) and their total
quantities in Fig. 5.6(c), the overall levels of GND density are highly reduced in
comparison to the GND density fields obtained in the conventional limit h/G = 0.1
and l/Ri = 0. This penalization introduced through the strain gradient enhancement
confines the GND densities along the slip direction, showing distinct and localized
features near points on the void surface with the slip direction vector as tangent.

The observations of slip and GND density confinement and the GND density
penalization discussed here, are also reported by [40] for an HCP crystal configuration
in the limit of zero conventional strain hardening and using the same value of the
normalized recoverable (energetic in their terminology) length parameter.
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Figure 5.3: Contours of total slip measures (a), individual slip measures (b), total
GND density measures (c), and individual GND density measures (d), obtained in the
limit of conventional crystal plasticity (l/Ri = 0) and perfect plasticity (h/G = 0).
The results are obtained using the implicit finite element scheme.

(a)

(b)

(c)

(d)
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Figure 5.4: Contours of total slip measures (a), individual slip measures (b), total
GND density measures (c), and individual GND density measures (d), obtained
in the limit of conventional crystal plasticity (l/Ri = 0) and conventional strain
hardening h/G = 0.1. The results are obtained using the implicit finite element
scheme.

(a)

(b)

(c)

(d)
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Figure 5.5: Contours of total slip measures (a), individual slip measures (b), total
GND density measures (c), and individual GND density measures (d), obtained in the
limit of conventional crystal plasticity (l/Ri = 0) and conventional strain hardening
h/G = 0.1. The results are obtained using the explicit finite element scheme.

(a)

(b)

(c)

(d)
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Figure 5.6: Contours of total slip measures (a), individual slip measures (b), total
GND density measures (c), and individual GND density measures (d), obtained for a
strain gradient dependent material, with l/Ri = 1 and conventional strain hardening
h/G = 0.1. The results are obtained using the explicit finite element scheme.

(a)

(b)

(c)

(d)



6 Conclusions

6.1 Concluding remarks

The development of two rate-independent strain gradient crystal plasticity models
is presented through unified expressions. The models extend conventional rate-
independent crystal plasticity to account for gradients of slip by relating an effective
slip measure, defined for the individual slip system, to a shear hardening relation.
The effective slip measure used to extend both models is a recoverable slip measure,
which results in strain gradient models, with purely recoverable stress measures
arising from the gradient extension. Both models account for dissipation of plastic
energy through the relation defined in conventional crystal plasticity, denoted the
dissipative micro-stress, in the present work. Counter-intuitively it is shown, based
on the Clausius-Duhem inequality, that the dissipative micro-stress must depend
on the sign of the increment of the slip, which is a consequence of the adopted sign
convention on the individual slip systems and is independent of the gradient exten-
sion. These definitions for the plastic energy contributions identify the dissipative
energy contribution in relation to densities of dislocations as relating to statistically
stored dislocations densities and the recoverable energy contributions as relating to
geometrically necessary dislocation densities. The term recoverable energy must,
however, be understood in the sense that this energy may not be recoverable through
mechanical deformation, but in principle through an annealing process. Specifically,
Model A is derived by relating the effective slip to the full shear hardening relation,
while Model B is derived by relating the effective slip to the shear hardening relation
without a constant term. An investigation of equivalent expression for the case of
isotropic strain gradient plasticity is conducted by [21]. Details of their findings
are presented alongside the discussions relevant to the pure shear boundary value
problem, which are in agreement with the findings of [21]. In terms of the objectives
for ‘proper model development’ presented in the introduction of this work, both
models fulfill objectives 1 and 2. Furthermore, based on the pure shear boundary
value problem, a closed form solution is obtained in the case of Model B, which is
possible due to the model’s fulfillment of objective 3 for ‘proper model development’.
Which is not the case for Model A since a proportional straining history is not
predicted.

A summary of the results presented in [P1] and [P2] quantify the differences
and similarities between Model A and Model B, which are investigated using the
pure shear boundary value problem. The works [P1] and [P2] define strengthening
as an apparent delay in plastic flow, while hardening is defined by the combined
effect of conventional strain hardening and the additional hardening related to
gradients of plastic strain. Based on these definitions, Model A displays strengthening,
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which results in a curvature of the stress-strain relation despite the prescribed
hardening being linear. The predictions of Model B does not display strengthening,
an explanation for this difference is found in the plastic work definitions for the
two models. In the case of Model B, linear strain hardening results in a recoverable
energy with a quadratic dependence on gradients of slip for which strengthening
does not arise (as discussed by [21]). The strengthening predictions are shown to
be governed by the length scale parameter, which allows for characterization of the
strengthening predictions as a function of the normalized length parameter. This
characterization is compared to the isotropic strain gradient theories of [39] and
[21]. In the case of the predictions reported by [39] quantitative similarities are
found, while the predictions reported by [21] are almost qualitatively equal. The
hardening predictions of both Model A and Model B are shown to be governed by
the conventional strain hardening parameter (a property shared with work such as
[39, 60, 61]). This is also evident from the closed form expressions derived using the
plastic work definition of Model B. Furthermore, this closed form expression for the
added hardening contribution due to the gradients of slip is also found to describe the
added hardening characteristics of Model A in the case of deformation levels where the
effect of the predicted strengthening is negligible. The effect of the length parameter
on the slip predictions of Model A are similar to those of Model B, however, a lower
magnitude of the slip profiles is found for Model A than for Model B due to the effect
of strengthening. The accompanying distributions of net Burgers vector densities
are distributed characteristically different, while both models predict a transition in
the predictions at the same level of length parameter. The effect of the conventional
strain hardening parameter on the slip predictions of Model A and Model B show
characteristic differences at low values. The predictions of Model A show increasing
boundary layers for decreasing values of conventional strain hardening, while no
boundary layers are predicted by Model B. The accompanying distributions of net
Burgers vector densities for Model B show almost linear distributions with a small
increase in magnitude for decreasing values of conventional strain hardening. In
comparison, the predictions of Model A show a high increase in concentration near
the boundaries for decreasing values of conventional strain hardening.

The characterization of ductile deformation behavior in the material Monazite
(LaPO4), found in literature, has resulted in the identification of the geometrical
considerations that allow for an in-plane analysis to be conducted. The crystal
structure of Monazite is monoclinic, which implies that only a single mirror symmetry
plane exists. Three in-plane slip systems are identified, two of which are comprised
of mirrored pairs of crystallographic slip systems and a third in-plane slip system is
in itself a crystallographic slip system. A characteristic of the crystallographic slip
systems that contribute to mirrored pairs is that their slip directions are equal to
each other and lie in the mirror symmetry plane. A further detail of the in-plane
slip systems is the coincidence of two in-plane slip systems, the crystallographic slip
system and a mirror pair slip system. Based on the crystallographic orientation of
the mirrored pairs of slip systems, a difference in values between material parameters
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for a crystallographic slip system and an in-plane slip system exist. The scaling
parameter for the resolved shear stress is identified through crystallographic slip
system and in-plane slip system expressions for the yield criterion. Furthermore, the
in-plane slip system expressions for the yield criterion allows for identification of
the initial yield surface, which in the case of Monazite is shown to comprise of an
inner and outer envelope, due to the two coinciding in-plane slip systems and their
difference in scaling parameter. These geometrical considerations allow for a plane
investigation of single crystal Monazite subjected to wedge indentation, which has
been investigated in [P3] for a perfectly plastic material, such that activation of only
the in-plane slip systems that comprise the inner envelope of the initial yield surface
occur.

In order to conduct plane investigations using the complete range of material
parameters of Model A and Model B, scaling parameters associated with the con-
ventional strain hardening parameter and the length parameter are identified. Based
on expressions for the plastic work on the individual slip system, in-plane and crys-
tallographic, the scaling parameter associated with conventional strain hardening is
identified. This scaling parameter is given by the ratio between the scaling parameter
associated with the resolved shear stress and the scaling parameter associated with
slip. The latter parameter is defined in terms of the scaling parameter associated
with the resolved shear stress and is used in conjunction with slip rate parameters
in [P3]. The scaling parameters associated with the length parameter is identified
thought expressions for the effective slip, in-plane and crystallographic, using the
scaling parameter associated with slip. The obtained expression for the scaling
parameter associated with the length parameter is given in terms of in-plane and
crystallographic slip direction vectors. However, in the case of Monazite, these slip
direction vectors are equal, such that the scaling parameters are unity.

The boundary value problem of a void embedded in a cylindrical domain of
single crystal Monazite is examined. Numerical predictions of slip and geometrically
necessary dislocation (GND) density fields are presented for hardening parameters,
ranging from the perfectly plastic case to the range where both conventional strain
hardening and hardening due to gradients of slip govern the material response. The
predictions are investigated using three choices of hardening parameters; the case of
perfect plasticity, the case of conventional strain hardening, and the case of hardening
due to both conventional strain hardening and gradients of strain. Obtaining results
across this range of hardening parameters has not been possible using only the explicit
solution scheme presented in the present work. However, more importantly, this
scheme is the only scheme which incorporates gradient of slip, such that verification
of this scheme is essential in order to investigate size effects near the void of the
single crystal. The verification process for the explicit solution scheme using the
void boundary value problem has identified the implementation changes necessary
in order to verify the solution scheme. The main changes, compared to the explicit
solution scheme applied to the pure shear boundary value problem, is the use of linear
interpolation for both the increment of the displacement field and the increment of
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the slip fields, and the addition of a small value along the diagonal of the system
matrix. Verification of the results obtained for the explicit solution scheme using these
changes, has relied on two implementations of conventional crystal plasticity theories,
which both iterates to fulfill the yield criterion. The two implementations are those
denoted by the condensed solution scheme and the implicit solution scheme, which
has been described in detail. This latter solution scheme is capable of predicting
continuous slip fields, such that comparison of both slip fields and GND density fields
are possible. The results across the range of hardening parameters noted above are
presented in order to illustrate differences and similarities between the two solution
schemes for the case of conventional strain hardening. While the case of perfect
plasticity is presented, allowing for a broader characterization of the plastic behavior
of single crystal Monazite.

The predictions of slip and geometrically necessary dislocation (GND) density
fields around a void embedded in single crystal Monazite, in the case of perfect
plasticity, are obtained using the implicit solution scheme. The predicted slip
fields show slip confined along the slip direction and the slip plane normal of the
individual slip systems, while the slip systems repel each other along interfaces
between slip systems. Activation of the individual slip systems is governed by the
scaling parameter for the resolved shear stress. Thus, during single slip, both four-
fold rotational symmetry (neglecting sign) and mirror symmetry is predicted, while
following activation of the second slip system the mirror symmetry is lost. The
GND density fields equally show two-fold rotational symmetry (neglecting sign),
with two parallel narrow spikes of opposite sign oriented along the direction of the
slip plane normals. Predictions for the case of conventional strain hardening is
obtained using both the implicit solution scheme and the explicit solution scheme.
The predictions of the two solution schemes are very similar, despite the difference
in element interpolation order and the difference in slip activity near the moving
elastic-plastic boundaries. The conventional strain hardening drastically reduces the
level of slip activity and the level of GND density fields, while resulting in an increase
in overlap of slip between the individual slip systems. Equal to the result obtained
in the case of perfect plasticity, the slip fields show four-fold rotational symmetry
(neglecting sign) and the GND density fields show two-fold rotational symmetry
(neglecting sign). The predictions for the case of hardening due to both conventional
strain hardening and gradients of strain obtained using the explicit solution scheme,
show very little reduction of the slip level due to the added hardening from the
gradient contribution. However, symmetry of the slip fields reduces to two-fold
rotational symmetry of the individual slip systems. The effect of hardening due to
gradients of strain, penalize the GND density fields, lowering the level significantly
compared to the predictions in the case of conventional strain hardening, showing
two-fold rotational symmetry (neglecting sign). These levels of symmetry resulting
from strain gradient contribution to the hardening are also obtained by [40] for the
face-centered cubic crystal structure, while their results for the hexagonal close-packed
crystal structure show mirror symmetry beyond the symmetry levels of Monazite.
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6.2 Future work

The verification process relating to the explicit finite element solution scheme pre-
sented in this work has been extensive. The result is a numerical finite element
solution scheme, which is capable of predicting size dependent plastic behavior of
one-dimensional and two-dimensional boundary value problems in the case of mono-
tonic straining. Based on the lessons learned through the different implementation
attempts for the explicit solution scheme, it must be concluded that this solution
scheme is extremely difficult to work with. In contrast, the implicit solution scheme
has proven very robust when applied to both the void boundary value problem, and
boundary value problems where unloading arise. However, as noted, the implicit
solution scheme is incapable of predicting size dependent plastic behavior.
In this context, development of an implicit solution scheme capable of predicting size
dependent plastic behavior should be pursued.

The experimental part of the investigation into the plastic behavior of single crystal
Monazite has been discontinued. As discussed in this relation, the issue relates purely
to the surface coating equipment. Thus, continued work should be possible when
suitable equipment has been acquired.





Appendices

83





A
Coordinate transformations for the

monoclinic crystal structure

The monoclinic crystal structure is defined in the so-called second setting by the
unit cell lattice parameters a = 0.6825nm, b = 0.7057nm, c = 0.6482nm, and
α = γ = 90◦ 6= β = 103.21◦. The lower case a, b, and c represent the length of the
lattice vectors ai, bi, and ci, respectively, with the angle γ between ai and bi, the
angle β between ai and ci, and the angle α between bi and ci. These lattice vectors
define a co-variant bases, while a contra-variant bases is defined by the reciprocal
lattice vectors ai∗, bi∗, and ci∗ of lengths a∗, b∗, and c∗, respectively. See Section
4.1 and Fig. 4.1 for further details. Miller notation describes a slip direction by
[hkl] and a slip plane normal by (hkl), which do not coincide in general since the
co-variant and contra-variant bases (dual bases) are not equal. In addition to the
dual bases associated with the monoclinic crystal structure, an orthonormal dual
basis is introduced to represent Miller notation.

Coordinate transformation between Miller indices and
Cartesian coordinates for the monoclinic crystal structure

The co-variant basis is defined in terms of Cartesian coordinates by

ai = gM1 =

 a cos(β − π
2 )

0
−a sin(β − π

2 )

 , bi = gM2 =

0
b
0

 , ci = gM3 =

0
0
c

 (A.1)

with the three base vectors gMi introduced for notational convenience, such that the
co-variant components of the metric tensor gMij = gMi · gMj , result in the co-variant
metric tensor on matrix form

gMco =

 a2 0 −a c sin(β − π
2 )

0 b2 0
−a c sin(β − π

2 ) 0 c2

 (A.2)

The contra-variant components of the metric tensor are given by gijM = [gMij ]−1, which
on matrix form is

gMcon =


−1

a2 (cos(β)2−1) 0 cos(β)
a c (cos(β)2−1)

0 1
b2 0

cos(β)
a c (cos(β)2−1) 0 −1

c2 (cos(β)2−1)

 (A.3)
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The contra-variant basis giM = gijM gMj is then

ai∗ = g1
M =


1

a sin(β)
0
0

 , bi∗ = g2
M =


0
1
b
0

 , ci∗ = g3
M =


cos(β) sin(β)
c (cos(β)2−1)

0
1
c

 (A.4)

which are identified as the reciprocal lattice vectors. The orthonormal dual bases
representing Miller notation, given in terms of Cartesian coordinates, are

gC1 = g1
C =

1
0
0

 , gC1 = g1
C =

0
1
0

 , gC1 = g1
C =

0
0
1

 (A.5)

with the co-variant and contra-variant metric tensor components given by

gCij = gijC = gCi · gCj = giC · g
j
C = giC · gCj = δji with δji =

{
1 if i = j

0 if i 6= j
(A.6)

Using the concept of the deformation gradient F = gCi giM as a bridge between
Miller indices and Cartesian coordinates for both slip directions and slip plane
normals, transformations are given by

gCi = F · gMi giC = HT giM gMi = H gCi giM = FT giC
(A.7)

Here uppercase T indicates the transpose of the two point tensors F and H, which are
related by the identity H = F−1. Thus, the two point tensors defined in Eq. (A.7)
admit the following transformations. The tensor F transforms slip directions given
in Miller notation [hkl] to Cartesian coordinates. While the tensor HT transforms
slip plane normals (hkl) to Cartesian coordinates. Only transformations from Miller
notation to Cartesian coordinates are used in the derivation of the in-plane slip
system of the Monazite material (see Section 4.1). However, transformations from
Cartesian coordinates to Miller notation is possible through the tensors FT and H
in Eq. (A.7), such that FT transforms slip directions and H transforms slip plane
normals.
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a b s t r a c t 

The present work investigates a new approach to formulating a rate-independent strain gradient the- 

ory for crystal plasticity. The approach takes as offset recent discussions published in the literature for 

isotropic plasticity, and a key ingredient of the present work is the manner in which a gradient enhanced 

effective slip measure governs hardening evolution. The effect of both plastic strains and plastic strain 

gradients are combined into this scalar effective slip quantity, the energy associated with plastic strain 

is dissipative (unrecoverable), while the energy from plastic strain gradients is recoverable (free). The 

framework developed forms the basis of a finite element implementation and is demonstrated on bench- 

mark problems designed to bring out effects such as strengthening and hardening. Monotonic loading and 

plane strain deformation is assumed throughout, but despite this, non-proportional straining is predicted 

in the plastic regime even under pure shear conditions. Results of single slip and symmetric double slip 

reveal that strengthening and hardening are governed by the slip system orientation and the material 

length parameter only. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Generalizations of plasticity theories, to account for strain gra- 

dient effects, have been discussed by a number of authors and 

approached in a variety of different ways. Common to the the- 

ories put forward by Fleck et al. (1994) , Gudmundson (2004) , 

Bardella (2006) , Fleck and Willis (2009) , Hutchinson (2012) , Fleck 

et al. (2014) , Fleck et al. (2015) is that they include the effect of 

both plastic strain and their gradients through a combined plas- 

tic strain quantity, commonly referred to as an enhanced effective 

plastic strain and it was first suggested by Fleck et al. (1994) in 

the case of isotropic strain gradient plasticity. Despite originating 

from isotropic theory the effective strain measure has also taken 

root in the framework of strain gradient crystal plasticity, where it 

has been extended to describe the plastic strain state on individ- 

ual slip systems (see e.g. Bardella, 2006; Borg, 2007 ). An attractive 

property of the effective plastic strain measure is that it incorpo- 

rates strain gradient effects through a flow strength evolution law, 

as commonly done in conventional plasticity formulations through 

the plastic strains. 

In an effort to characterize so-called strengthening and harden- 

ing ( Fleck et al., 2014 ) recently investigated the predictions of the 

theories put forward by Fleck and Willis (2009) and Hutchinson 

∗ Corresponding author. 

(2012) . In the present work, strengthening is defined as an appar- 

ent delay in plastic flow, whereas hardening refers to the combined 

effect of both conventional strain hardening and hardening due to 

the presence of strain gradients. Fleck et al. (2015) extended the 

work on isotropic plasticity by Fleck et al. (2014) , where it was 

found that strengthening characteristics are highly dependent on 

the effective strain measure and its relation to the plastic strain en- 

ergy density. However, the issue of strain gradient related strength- 

ening is not confined to isotropic strain gradient plasticity, but ex- 

tends to theories of strain gradient crystal plasticity (e.g. Bardella, 

2006; Gurtin et al., 2007 ). 

The recent experimental evidence of a strengthening behavior 

in polycrystalline wires under cyclic loading has been reported by 

Liu et al. (2015) , thus highlighting the need for numerical mod- 

els that incorporate such effects. The present work formulates a 

rate-independent strain gradient crystal plasticity theory which 

incorporates both strengthening and hardening. The formulation 

builds on the findings of Hutchinson (2012) , mirroring a num- 

ber of fundamental aspects of this isotropic strain gradient plas- 

ticity theory through the framework of strain gradient crystal plas- 

ticity formalized in Gurtin (20 0 0 ; 20 02 ). The objectives outlined 

in Hutchinson (2012) related to generalizing the conventional J 2 - 

theory are adopted, but recast into the framework of crystal plas- 

ticity: 

http://dx.doi.org/10.1016/j.ijsolstr.2017.01.025 

0020-7683/© 2017 Elsevier Ltd. All rights reserved. 
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• The theory should reduce to the conventional crystal plasticity 

framework in the limit of sufficiently small slip gradients. 

• In addition to elastic parameters, the input to the theory should 

be a relation between the resolved shear stress and the slip (a 

flow strength evolution curve) on the individual slip systems, 

τ (α) 
0 

[ γ (α) 
e f f 

] , and a material length parameter, l , which character- 

izes the gradient dependence. The shear relation τ (α) 
0 

[ γ (α) 
e f f 

] is 

arbitrary, but monotonically increasing representing a harden- 

ing solid. As in conventional plasticity theory, latent hardening 

may be modeled through a latent hardening matrix, but it is 

omitted in the following. 

• The flow theory and deformation theory must coincide for 

monotonic and proportional straining history. 

The first objective implies that when relating the effective strain 

measure to a flow strength evolution curve the predictions of the 

new theory should equal the conventional crystal plasticity theory 

as l → 0 (i.e. the effective plastic strain measure equals the con- 

ventional plastic strain measure in the limit of vanishing l ). The 

second objective is fulfilled by relating the flow strength evolution 

on an individual slip system to the effective plastic strain mea- 

sure. The presence of strain gradients increases the plastic work 

expended in the material, through the effective plastic strain mea- 

sure, for the same amount of deformation. The third objective will 

not be substantiated in the present investigation because a non- 

proportional straining history is predicted for the problem ana- 

lyzed (see discussion in Section 5 ). 

The effective plastic strain measure in the present formulation 

is defined in terms of both a dissipative and a recoverable con- 

tribution. Dissipation of plastic energy follows from the conven- 

tional crystal plasticity framework, while gradients of plastic strain 

are assumed to build up recoverable (free) energy in the material. 

The effective plastic strain defined in Hutchinson (2012) is formu- 

lated using the Mises equivalent strain measure in order to obtain 

a scalar quantity. However, the effective plastic strain measure in 

the present work is a scalar quantity defined on individual slip 

systems. Thus, a subtle difference in the definition of the strain 

gradient evolution exists between the formulation of Hutchinson 

(2012) and the present work. 

For reasons highlighted in the presentation of the theory, the 

present framework will be restricted to an incremental version 

which is limited to monotonic loading. Model predictions for the 

case of pure shear loading of an infinite crystalline strip are used 

to illustrate key features of the theory. 

The structure of the paper is as follows. In Section 2 the math- 

ematical framework is presented. Section 3 presents the numerical 

discretization procedure and central aspects of the numerical im- 

plementation. In Section 4 , the infinite crystalline strip problem is 

presented, while numerical predictions are displayed and discussed 

in Section 5 . Strengthening and hardening predictions are investi- 

gated and compared to various models found in literature, both, 

isotropic strain gradient theory and strain gradient crystal plastic- 

ity theory. The results confirm the existence of strengthening for 

the present model, as predicted by Fleck et al. (2015) for a broader 

class of theories. Furthermore, both strengthening and hardening 

characteristics are quantifiable through their relation to the ma- 

terial length parameter. Finally, concluding remarks are given in 

Section 6 . 

2. Theoretical framework 

The general framework is presented in terms of flow theory 

characteristic in Section 2.1 . The incremental formulation special- 

ized to monotonic loading follows in Section 2.2 . Index notation is 

adopted and indicated by subscript lowercase Latin letters. Super- 

script lowercase Greek letters define variables related to individ- 

ual slip systems and a superscript (:) is used to indicate all active 

slip systems. Repeated lower case Latin indices imply summation, 

while comma separation implies spatial derivatives; ∂ 
∂x i 

= () ,i . In- 

cremental quantities representing a variables change with respect 

to a time like quantity (dimensionless parameter increasing mono- 

tonically with time) are indicated by ˙ () , and functions will be in- 

dicated by the use of hard brackets e.g. f [ ∗]. 

2.1. General framework 

The crystal plasticity framework describes an anisotropic mate- 

rial, with slip, γ ( α) , occurring on a finite number of discrete slip 

systems. The α’th discrete crystallographic slip system is defined 

by a slip direction vector, s (α) 
i 

, and a vector which is normal to the 

slip plane, m 

(α) 
i 

. Both these vectors are of unit length. Thus, the 

macroscopic plastic strain, defined in terms of the total amount of 

slip occurring on all slip systems, is identified as 

ε p 
ij 

= 

∑ 

( α) 

γ ( α) μ( α) 
ij 

, with μ( α) 
ij 

= 

1 

2 

(
s ( 

α) 
i 

m 

( α) 
j 

+ s ( 
α) 

j 
m 

( α) 
i 

)
(1) 

with μ(α) 
i j 

being the Schmid orientation tensor which relates the 

resolved shear stress, τ ( α) , to the Cauchy stress, σ ij , through τ (α) = 

σi j μ
(α) 
i j 

. 

The small strain measure defines the total strain ε i j = (
u i, j + u j,i 

)
/ 2 , through the spatial gradients of displacements u i, j , 

with the displacements denoted by u i . An additive decomposition 

of the total strain is adopted, with ε i j = ε e 
i j 

+ ε p 
i j 
, where ε e 

i j 
is the 

elastic strain. 

The plastic response of the crystal is quantified phenomenologi- 

cally through the density of all dislocations that accumulate during 

deformation - whether the dislocations are statistically stored or 

geometrically necessary. Dissipation of energy is associated directly 

with the accumulation of statistically stored dislocations (SSDs), 

while geometrically necessary dislocations (GNDs) build up free 

energy. Inspired by incremental relations in the work of Bardella 

(2006) and Borg (2007) the gradient enhanced slip measure em- 

ployed in the present work combine the slip and the spatial gradi- 

ents of slip into the effective slip: 

γ (α) 
e f f 

= 

√ (
γ (α) 

)2 + l 2 
(
γ (α) 

,i 
s (α) 

i 

)2 
(2) 

Here, l is a length parameter governing the gradient dependence 

of the material. The choice of equal length parameters for all 

crystallographic slip systems is based on the underlying assump- 

tion that gradient effects contribute equally to dissipation and 

recoverable energy on all slip systems. Furthermore, the choice 

of only accounting for the slip gradient along the slip direction, 

γ (α) 
,i 

s (α) 
i 

, implies that only pure edge dislocation densities are ac- 

counted for. There is no restriction on the sign of the slip incre- 

ment (i.e. both positive and negative slip increments occur), thus; 

γ (α) = 

∫ t 
0 ˙ γ (α) d t ′ , while an accumulated slip measure is defined 

by; γ (α) 
acc = 

∫ t 
0 | ̇ γ (α) | d t ′ , which is used to account for the total plas- 

tic slip throughout a general loading history. The choice of allowing 

both positive and negative slip increments obviously introduces a 

dependence on the sign of the slip increment, while the positive 

slip measure | γ ( α) | introduces a dependence on the sign of the 

slip in the mathematical formulation. Specifically the mathemat- 

ical derivation in the present Section will rely on two derivatives, 

related to the evolution of the slip measures | γ ( α) | and γ (α) 
acc , which 

are a direct consequence of considering both positive and neg- 

ative slip increments. These are 
∂| γ (α) | 
∂γ (α) = sgn [ γ (α) ] , for γ (α) � = 0 

and 

∂γ (α) 
acc 

∂γ (α) = sgn [ ̇ γ (α) ] , for ˙ γ (α) � = 0 , with sgn[ ∗] denoting the sign 

function. The evolution of these slip measures and their deriva- 

tives are discussed in Appendix A , for the general loading case. 
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Fig. 1. Illustration of the slip resistance, τ (α) 
0 

, as a function of slip, at a monotoni- 

cally increasing and positive load resulting in the plastic deformation given by γ ( α) 

and net Burgers vector density γ (α) 
,i 

s (α) 
i 

. Initial yield has occurred on slip system 

“α” when the resolved shear stress reached the value of τ (α) 
y . The crystallographic 

slip, γ ( α) , contributes to a conventional energy (dark gray), while additional recov- 

erable energy (light gray) is stored in the presence of strain gradients through the 

effective slip, γ (α) 
e f f 

(
γ (α) ≤ γ (α) 

e f f 

)
. 

The contribution from the slip gradient along the slip direction, 

γ (α) 
,i 

s (α) 
i 

, is assumed to be unrestricted with respect to sign, such 

that; γ (α) 
,i 

= 

∫ t 
0 ˙ γ (α) 

,i 
d t ′ . In the equivalent isotropic formulation de- 

fined by Hutchinson (2012) , the gradient contribution is defined 

with an absolute value operator, which would be expressed as; 

γ (α) 
,i 

= 

∫ t 
0 | ̇ γ (α) | ,i d t ′ in the present formulation. 

The different slip measures presented above and their relation 

to the hardening relation assumed throughout the present work 

will be discussed in order to motivate the construction of a the- 

ory which applies to the case of general loading conditions. Thus, 

three cases will be used in this discussion, the case of monotonic 

and positive loading (i.e. deformation theory assuming that the slip 

occurs along the direction of the slip direction vector), the case 

of monotonic loading (i.e. deformation theory with slip occurring 

along the direction of the slip direction vector or the opposite di- 

rection) and the case of general loading (i.e. flow theory which ac- 

counts for history dependence). In the remainder of the present 

section, variables associated with the three cases will be indicated 

by a subscript () + for the case of monotonic and positive loading, 

() + |− for the case of monotonic loading and () ↔ 

for the case of 

general loading. Under monotonic loading, the effective slip incor- 

porates the effects of SSD (since the contribution from the slip to 

the effective slip is always increasing) and GND associated energy, 

and a linear relation for the hardening curve is assumed 

τ (α) 
0 

[ γ (α) 
e f f 

] = τ (α) 
y 

(
1 + k (α) γ (α) 

e f f 

)
(3) 

This curve characterizes the critical resolved shear stress (slip re- 

sistance) τ (α) 
0 

[ γ (α) 
e f f 

] on the α’th slip system, through the initial slip 

resistance, τ (α) 
y and the strength coefficient k ( α) (a schematic illus- 

tration is displayed in Fig. 1 ). 

The work expended in the material is defined as the sum of the 

elastic and plastic energy contributions 

U[ ε e i j , γ
(:) , γ (:) 

,i 
s (:) 

i 
] = 

1 

2 

L e i jkl ε 
e 
kl ε 

e 
i j + 

∑ 

(α) 

(
ϕ 

(α) + ψ 

(α) 
)

(4) 

where L e 
i jkl 

= G 

((
δik δ jl + δil δ jk 

)
+ 

2 ν
1 −2 ν δi j δkl 

)
is the isotropic elastic 

stiffness tensor, G is the shear modulus, ν is Poisson’s ratio, and 

δij is the Kronecker delta, while ϕ( α) and ψ 

( α) are dissipative and 

recoverable plastic energy contributions, respectively. In the case 

of monotonic loading the plastic contribution from the individual 

slip systems are defined by 

(
ϕ 

(α) + ψ 

(α) 
)

+ |− = U 

p (α) 

[ γ (α) 
e f f 

] = 

∫ γ (α) 
e f f 

0 

τ (α) 
0 

[ γ ′ ] d γ ′ (5) 

Thus, at a plastic deformation given by the slip γ ( α) and the net 

Burgers vector density γ (α) 
,i 

s (α) 
i 

, the plastic work expended in the 

material can be identified as the total area under the slip resis- 

tance curve in Fig. 1 , satisfying the second objective defined in 

the introduction. From Eq. (5) it follows that the plastic energy 

reduces to that of the conventional crystal plasticity formulation; 

ϕ 

(α) 
+ = U 

p (α) 
[ γ (α) ] = 

∫ γ (α) 

0 
τ (α) 

0 
[ γ ′ ] d γ ′ , in the limit where gradi- 

ents of slip are zero ( γ (α) = γ (α) 
e f f 

, dark gray area in Fig. 1 ) assum- 

ing monotonic and positive loading. Thus, the plastic energy asso- 

ciated with gradients of slip can be identified by the plastic energy 

surplus (light gray area in Fig. 1 ): 

ψ 

(α) 
+ = U 

p (α) 

[ γ (α) 
e f f 

] − U 

p (α) 

[ γ (α) ] = 

∫ γ (α) 
e f f 

γ (α) 

τ (α) 
0 

[ γ ′ ] d γ ′ (6) 

A given level of plastic work can be reached in two ways. In the 

absence of strain gradients the measure γ (α) 
e f f 

= γ (α) will give rise 

to a certain level of plastic work, which can also be reached in 

the presence of strain gradients, however, at a lower γ ( α) due to 

the gradient contribution to γ (α) 
e f f 

, consistent with the notion that 

GNDs account for the difference in plastic work between γ ( α) and 

γ (α) 
e f f 

. The plastic energy contribution given by Eq. (5) is valid for 

the case of monotonic loading since the effective slip measure es- 

sentially accounts for the absolute value of the slip, which is not 

the case for ϕ 

(α) 
+ . Thus, to account for monotonic negative loading 

the conventional limit of the plastic energy contribution is given 

by ϕ 

(α) + |− = U 

p (α) 
[ | γ (α) | ] = 

∫ | γ (α) | 
0 τ (α) 

0 [ γ ′ ] d γ ′ , which results in the 

plastic energy associated with gradient of slip in the case of mono- 

tonic loading 

ψ 

( α) 
+ |− = U 

p ( α) 
[
γ ( α) 

eff

]
− U 

p ( α) 
∣∣γ ( α) 

∣∣ = 

∫ γ ( α) 
eff

| γ ( α) | τ
( α) 
0 

[
γ ′ ]d γ ′ (7) 

This energy surplus is by definition, in the present model, a re- 

coverable energy contribution, such that Eq. (7) is also valid in the 

case of general loading ( ψ 

(α) ↔ 

= ψ 

(α) 
+ |−). Furthermore, the conven- 

tional limit of the plastic energy contribution in the case of gen- 

eral loading must include history dependence beyond that of the 

recoverable energy contribution (i.e. account for slip even if the 

recoverable energy contribution builds up and decreases back to 

zero). Thus, in the case of general loading the conventional limit of 

the plastic energy contribution must depend on the accumulated 

slip as ϕ 

(α) ↔ 

= U 

p (α) 
[ γ (α) 

acc ] = 

∫ γ (α) 
acc 

0 
τ (α) 

0 
[ γ ′ ] d γ ′ . 

The general framework for strain gradient crystal plasticity pro- 

posed by Gurtin (20 0 0) will serve as a basis for the remainder 

of the derivation. Thus, the incremental strain energy density can 

be defined in terms of strain quantities and their work conjugate 

stress quantities by 

˙ U [ ε e i j , γ
(:) , γ (:) 

,i 
s (:) 

i 
] = σi j ˙ ε 

e 
i j 

+ 

∑ 

(α) 

q (α) ︷ ︸︸ ︷ 
∂U 

p (α) 
[ γ (α) 

e f f 
, γ (α) 

acc ] 

∂γ (α) 

∂γ (α) 

∂t 

+ 

∑ 

(α) 

ξ (α) ︷ ︸︸ ︷ 
∂U 

p (α) 
[ γ (α) 

e f f 
, γ (α) 

acc ] 

∂ 
(
γ (α) 

,i 
s (α) 

i 

) ∂ 
(
γ (α) 

,i 
s (α) 

i 

)
∂t 

= σi j ˙ ε 
e 
i j + 

∑ 

(α) 

(
q (α) ˙ γ (α) + ξ (α) ˙ γ (α) 

,i 
s (α) 

i 

)
(8) 

The strong form of the equilibrium equations are (see Gurtin, 

20 0 0 ) 

σi j, j = 0 (9) 
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q (α) − τ (α) − ξ (α) 
,i 

s (α) 
i 

= 0 (10) 

Here, q ( α) is the micro-stress, work conjugate to the slip, and ξ ( α) 

is the higher order stress, work conjugate to the net Burgers vector 

density γ (α) 
,i 

s (α) 
i 

. 

The Cauchy stress is work conjugate to the elastic strain and is 

given by the conventional relation 

σi j = 

∂U 

∂ε e 
i j 

= L e i jkl ε 
e 
kl (11) 

The micro-stress for each slip system can be derived by q (α) = 

∂U 
∂γ (α) and it is additively decomposed into a recoverable and a dis- 

sipative part as q (α) = q R (α) + q D (α) . In the case of monotonic and 

positive loading the recoverable micro-stress is q R (α) = 

∂ψ 

(α) 
+ 

∂γ (α) while 

it is 

q R (α) = 

∂ψ 

(α) 
↔ 

∂γ (α) 
= 

( 

τ (α) 
0 

[ γ (α) 
e f f 

] 
γ (α) 

γ (α) 
e f f 

− τ (α) 
0 

[ | γ (α) | ] sgn [ γ (α) ] 

) 

(12) 

in the case of general loading. In the case of monotonic and pos- 

itive loading the dissipative micro-stress is q D (α) = 

∂ϕ (α) 
+ 

∂γ (α) , in the 

case of monotonic loading it is q D (α) = 

∂ϕ (α) 
+ |−

∂γ (α) while it is 

q D ( α) = 

∂ϕ 

( α) 
↔ 

∂γ ( α) 
= τ ( α) 

0 

[
γ ( α) 

acc 

]
sgn 

[
˙ γ ( α) 

]
for ˙ γ ( α) � = 0 

(13) 

in the case of general loading. The latter ensures positive dissipa- 

tion of energy since the dissipative stress quantity has the same 

sign as the slip increment (q D (α) ˙ γ (α) ≥ 0) and it includes a de- 

pendence on the total slip history. An implication of this expres- 

sion is that the dissipative micro-stress may vary discontinuously 

with sgn [ ̇ γ (α) ] . The recoverable micro-stress, q R ( α) , has the same 

sign as γ ( α) , such that the recoverable energy, q R ( α) γ ( α) , is a posi- 

tive quantity which increases or decreases with the value of | γ ( α) | 

and γ (α) 
e f f 

. Thus, the micro-stress under general loading conditions 

is ∂U 
∂γ (α) = 

∂ψ 

(α) ↔ 

∂γ (α) + 

∂ϕ (α) ↔ 

∂γ (α) : 

q (α) = 

q R (α) ︷ ︸︸ ︷ 
τ (α) 

0 
[ γ (α) 

e f f 
] 
γ (α) 

γ (α) 
e f f 

− τ (α) 
0 

[ | γ (α) | ] sgn [ γ (α) ] 

+ 

q D (α) ︷ ︸︸ ︷ 
τ (α) 

0 
[ γ (α) 

acc ] sgn [ ̇ γ (α) ] for ˙ γ (α) � = 0 and γ (α) � = 0 (14) 

which describes the plastic energy evolution sketched in Fig. 1 un- 

der monotonic loading ( | γ (α) | = γ (α) 
acc and sgn [ ̇ γ (α) ] = sgn [ γ (α) ] ). 

Moreover, the dissipative micro-stress expression accounts for 

the build up of plastic strains under general loading conditions, 

through the accumulated slip, consistent with the accumulation of 

SSD associated energy. 

The higher order stress is defined as ξ (α) = 

∂U 

∂ 
(
γ (α) 

,i 
s 
(α) 
i 

) , such 

that 

ξ (α) = 

∂ψ 

(α) 
↔ 

∂ 
(
γ (α) 

,i 
s (α) 

i 

) = τ (α) 
0 

[ γ (α) 
e f f 

] l 2 
γ (α) 

,i 
s (α) 

i 

γ (α) 
e f f 

(15) 

In the limit l → 0, no gradient dependence exists and the 

conventional crystal plasticity formulation is recovered, with Eq. 

(10) simplifying to q (α) = q D (α) = τ (α) (satisfying the first objec- 

tive defined in the introduction). In the present formulation, the 

gradient dependence is introduced through the recoverable micro- 

stress contribution and the higher order stress, which must both 

exist to fulfill the higher order equilibrium equation (see Eq. (10) ). 

Furthermore, while this quantity is termed recoverable energy, ac- 

tual recovery may not, in general, be possible through mechanical 

deformation, but the energy is in principle available through an 

annealing process. 

2.2. Incremental formulation assuming monotonic loading 

In this section, the strain gradient crystal plasticity framework 

is cast into incremental form, however, restricted to monotonic 

loading history. Thus, | γ (α) | = γ (α) 
acc and sgn [ ̇ γ (α) ] = sgn [ γ (α) ] . This 

restriction is chosen purely to simplify the discussion, preserving 

only the key characteristics relevant to the investigation of the 

present work. The incremental increase of SSDs is associated with 

˙ γ (α) 
acc = ˙ γ (α) , while the incremental increase of GNDs is associated 

with the increment of the net Burgers vector density ˙ γ (α) 
,i 

s (α) 
i 

. Fol- 

lowing the definition of the effective slip ( Eq. (2) ) the increment of 

the effective slip takes the form 

˙ γ (α) 
e f f 

= 

˙ γ (α) γ (α) + l 2 γ (α) 
,i 

s (α) 
i 

˙ γ (α) 
, j 

s (α) 
j 

γ (α) 
e f f 

(16) 

Increments of the strain quantities follow directly, such that 

the increments of total strain are given in terms of increments of 

displacement gradients, ˙ ε i j = 

1 
2 

(
˙ u i, j + ˙ u j,i 

)
, additively decomposed 

into elastic, ˙ ε e 
i j 
, and plastic, ˙ ε p 

i j 
, components, ˙ ε i j = ˙ ε e 

i j 
+ ˙ ε p 

i j 
, with 

the plastic components given by, ˙ ε p 
i j 

= 

∑ 

(α) 

˙ γ (α) μ(α) 
i j 

. The elastic re- 

lation defines the conventional stress increments as follows 

˙ σi j = L e i jkl 

( 

˙ ε kl −
∑ 

(β) 

˙ γ (β) μ(β) 

kl 

) 

(17) 

The increment of resolved shear stress is given by ˙ τ (α) = ˙ σi j μ
(α) 
i j 

. 

The micro-stress defined in Eq. (14) reduces to; q (α) = 

∂ϕ (α) 
+ |−

∂γ (α) + 

∂ψ 

(α) 
+ |−

∂γ (α) = τ (α) 
0 

[ γ (α) 
e f f 

] 
γ (α) 

γ (α) 
e f f 

under monotonic loading, and thus, the in- 

cremental micro-stress is given by 

˙ q (α) = h 

(α) [ γ (α) 
e f f 

] ̇ γ (α) 
e f f 

γ (α) 

γ (α) 
e f f 

+ τ (α) 
0 

[ γ (α) 
e f f 

] 

( 

˙ γ (α) 

γ (α) 
e f f 

− ˙ γ (α) 
e f f 

γ (α) 

γ (α) 2 

e f f 

) 

(18) 

Here, the hardening moduli defined by h (α) [ γ (α) 
e f f 

] = 

∂τ (α) 
0 

[ γ (α) 
e f f 

] 

∂γ (α) 
e f f 

only 

accounts for self-hardening, neglecting the effects of latent hard- 

ening. The incremental slip resistance follows from the differenti- 

ation of Eq. (3) as; ˙ τ (α) 
0 

= h (α) [ γ (α) 
e f f 

] ˙ γ (α) 
e f f 

, which can be identified 

as part of the first term in Eq. (18) . 

The incremental higher order stress follows from Eq. (15) and is 

given by 

˙ ξ (α) = l 2 s (α) 
i 

( 

h 

(α) [ γ (α) 
e f f 

] ̇ γ (α) 
e f f 

γ (α) 
,i 

γ (α) 
e f f 

+ τ (α) 
0 

[ γ (α) 
e f f 

] 

( 

˙ γ (α) 
,i 

γ (α) 
e f f 

− ˙ γ (α) 
e f f 

γ (α) 
,i 

γ (α) 2 

e f f 

) ) 

(19) 
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The principle of virtual work, on incremental form, for a body 

with volume V and surface S is given by ∫ 
V 

( 

˙ σi j δ ˙ ε i j + 

∑ 

(α) 

(
˙ q (α) − ˙ τ (α) 

)
δ ˙ γ (α) + 

∑ 

(α) 

˙ ξ (α) s (α) 
i 

δ ˙ γ (α) 
,i 

) 

d V 

= 

∫ 
S 

( 

˙ T i δ ˙ u i + 

∑ 

(α) 

˙ r (α) δ ˙ γ (α) 

) 

d S (20) 

Here, δ refers to a variational quantity, ˙ T i represents the incre- 

ments of the surface tractions, work conjugate to displacements, 

and ˙ r (α) represents the increments of higher order tractions, work 

conjugate to slips. The tractions on the boundaries are given by; 
˙ T i = ˙ σi j n j and ˙ r (α) = 

˙ ξ (α) s (α) 
j 

n j , with n j being the outward unit 

normal. 

The assumption of monotonic loading simplifies the numerical 

solution procedure, when based on the finite element method, as 

it excludes the need for evaluation of elastic unloading. However, 

a yield criterion is still needed. As discussed by Hutchinson (2012) , 

in relation to isotropic plasticity, only the Cauchy stress, σ ij , is as- 

sumed to change during elastic deformation. Thus, initial yield on 

the α’th slip system is in the present work defined as in the case 

of conventional crystal plasticity when τ (α) = τ (α) 
0 

[0] = τ (α) 
y . 

3. Numerical method 

The mathematical notation in this section relies on superscript 

upper-case Latin letters that identify elements in one and two- 

dimensional arrays, except the letter T which is used to indicate 

the transpose of a matrix. 

3.1. Finite element discretization 

The numerical formulation follows from the discretization of Eq. 

(20) , where increments of displacement and increments of slip are 

free variables. The variational quantities and field quantities are 

discretized using polynomial interpolation functions. In this case, 

a plane strain formulation is employed, with 8 node quadratic 

isoparametric elements used to discretize displacement associated 

quantities. Thus, the shape functions N 

M 

i 
are used to interpolate 

increments of nodal displacements, ˙ d M , such that a total of 16 

shape functions are used to approximate increments of displace- 

ments and increments of strains in two dimensions 

˙ u i = 

16 ∑ 

M=1 

N 

M 

i 
˙ d M and ˙ ε ij = 

16 ∑ 

M=1 

E M 

ij 
˙ d M (21) 

Here, E M 

i j 
= 

1 
2 (N 

M 

i, j 
+ N 

M 

j,i 
) is the strain–displacement matrix. The 

slip quantities are discretized by 4 node bilinear elements using 

isoparametric shape functions M 

N , and their derivatives M 

N 
,i 

. Thus, 

a total of 4 shape functions are used to approximate increments of 

slip and their spatial gradients from the nodal slips, ˙ g (α) N , as 

˙ γ ( α) = 

4 ∑ 

N=1 

M 

( α) N ˙ g ( α) N and ˙ γ ( α) 
,i 

= 

4 ∑ 

N=1 

M 

( α) N 
,i 

˙ g ( α) N (22) 

Discretization of Eq. (20) results in a system of equations which 

takes the form [
[ K e ] [ K 

(α) 
ep ] 

[ K 

(α) 
ep ] T [ K 

(α,β) 
p ] 

]{{ ˙ d } 
{ ̇ g (α) } 

}
= 

{{ F 1 } 
{ F (α) 

2 
} 
}

(23) 

with the three matrices 
[
K e 

]
, 
[
K 

(α) 
ep 

]
and 

[
K 

(α,β) 
p 

]
identified as 

(i) The conventional elastic stiffness matrix [
K e 

]MN = 

∫ 
V 

L e i jkl E 
M 

kl E 
N 
i j d V (24) 

(ii) Elastic–plastic matrices which couple nodal increments of dis- 

placements and nodal increments of slip [
K 

(α) 
ep 

]MN = −
∑ 

(α) 

∫ 
V 

L e i jkl μ
(α) 
kl 

M 

(α) M E N i j d V (25) 

(iii) Slip system matrices which couple nodal increments of slip, ei- 

ther on an individual slip system ( α = β) or across two distinct 

slip systems ( α � = β) 

[
K 

(α,β) 
p 

]MN = 

∑ 

(α) 

∑ 

(β) 

(∫ 
V 

μ(α) 
i j 

L e i jkl μ
(β) 

kl 
M 

(β) M M 

(α) N d V 

+ δα β

∫ 
V 

( ( ( 

h 

(α) [ γ (α) 
e f f 

] −
τ (α) 

0 
[ γ (α) 

e f f 
] 

γ (α) 
e f f 

) 

γ (α) 2 

γ (α) 2 

e f f 

+ 

τ (α) 
0 

[ γ (α) 
e f f 

] 

γ (α) 
e f f 

) 

M 

(α) M M 

(α) N 

) 

d V 

+ δα β

∫ 
V 

( 

h 

(α) [ γ (α) 
e f f 

] −
τ (α) 

0 
[ γ (α) 

e f f 
] 

γ (α) 
e f f 

) 

γ (α) 

γ (α) 2 

e f f 

l 2 γ (α) 
,i 

s (α) 
i 

s (α) 
j 

M 

(α) M 

, j 
M 

(α) N d V 

+ δα β

∫ 
V 

( 

h 

(α) [ γ (α) 
e f f 

] −
τ (α) 

0 
[ γ (α) 

e f f 
] 

γ (α) 
e f f 

) 

γ (α) 

γ (α) 2 

e f f 

l 2 γ (α) 
,i 

s (α) 
i 

M 

(α) M s (α) 
j 

M 

(α) N 
, j 
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d V 

)
(26) 

The right-hand side of Eq. (23) contains two contributions; 
{

F 1 
}

related to conventional tractions, and 

{
F (α) 

2 

}
related to higher or- 

der tractions. These are defined by 

{ F 1 } N = 

∫ 
S 

˙ T i N 

N 
i d S (27) 

{
F (α) 

2 

}N = 

∑ 

(α) 

∫ 
S 

˙ r (α) M 

(α) N d S (28) 

In the case of single slip ( α = β = 1 ), the combined element 

matrix in Eq. (23) comprises of; (i) the elastic stiffness matrix (16 

× 16 in size), (ii) the elastic–plastic coupling matrix (4 × 16), and 

(iii) the slip system matrix (4 × 4). In the case of multiple ac- 

tive slip systems, additional coupling matrices appear, compared 

to the case of single slip, and the combined element matrix in 

Eq. (23) then comprises of additional; (ii) elastic–plastic coupling 

matrices and (iii) slip system coupling matrices. Correspondingly, 

4 additional nodal slip variables and 4 additional right-hand side 

components appear for each additional slip system. 
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Fig. 2. Illustration of a crystalline strip of height H and width W subjected to pure 

shear loading conditions. The material is elastic–plastic, with two slip systems (in- 

dicated by dashed lines) inclined by the angle θ (1) = −θ (2) = θ with respect to the 

x 1 -axis. Micro-hard boundary conditions, blocking the motion of dislocations, are 

applied onto the top and the bottom of the strip, which are displaced the distance 

�/2 in the horizontal direction (indicated by arrows). 

3.2. Numerical implementation 

The discretized equations have been implemented into an in- 

house finite element code. Numerical integration follows the con- 

ventional Gauss quadrature rule. Full integration of the 8 node ele- 

ment implies 3 × 3 Gauss points, which is also used for the 4 node 

element. 

Evaluation of initial yield is carried out on Gauss point basis, 

such that the element stiffness may consist of both elastic and 

elastic–plastic contributions. In non-active plastic Gauss points, 

[ K 

(α) 
ep ] and [ K 

(α,β) 
p ] are set equal to zero when evaluating the com- 

bined element stiffness matrix. However, if a slip system is inac- 

tive in all Gauss points belonging to a specific element the stiff- 

ness matrix contributions from [ K 

(α,β) 
p ] , for α = β, are set equal 

to the identity matrix multiplied by a sufficiently large value (in 

the present work 10 7 × G ). This procedure is essentially a penalty 

method approach ensuring no slip on elements where a slip sys- 

tem is inactive. 

Special attention should be paid to several terms of Eq. (26) be- 

cause of their singular nature at initial yield. The approach cho- 

sen to overcome this numerical issue is to start calculations with a 

small value of initial slip throughout the analyzed body. The effect 

of this initial starting value on the final solution is investigated in 

Appendix B . For completeness, it is noted that the finite element 

implementation utilizes the external package SuiteSparse ( Davis 

et al., 2014 ) through the framework PETSc ( Balay et al., 2015 ) for 

solving the sparse linear system of equations. 

4. Problem formulation 

Investigation of the model predictions is carried out by exam- 

ining an infinite strip of crystalline material, which is sandwiched 

between rigid platens. The strip is subjected to monotonic pure 

shear loading conditions under the assumption of plane strain de- 

formation. A crystalline strip of height H and width W is sketched 

in Fig. 2 . The sketch describes a material with two slip systems 

inclined by the angle θ (1) = −θ (2) = θ, with respect to the x 1 - 

axis. In terms of conventional boundary conditions the pure shear 

problem is constrained, in the direction parallel to the x 2 -axis, 

on the entire boundary ( u 2 = 0 on x 2 = ±H/ 2 and x 1 = ±W/ 2 ). Pre- 

scribed displacements, �/2, act in opposite directions parallel to 

the x 1 -axis, on x 2 = ±H/ 2 , such that u 1 = �x 2 /H = ±�/ 2 . Peri- 

odicity of displacements is prescribed on x 1 = ±W/ 2 , with re- 

spect the x 2 -coordinate ( u 1 [ −W/ 2 , x 2 ] = u 1 [ W/ 2 , x 2 ] ). Higher order 

boundary conditions consist of micro-hard boundaries enforced on 

x 2 = ±H/ 2 : γ (α) = 0 for l > 0 . Furthermore, periodicity of the slip 

is enforced on x 1 = ±W / 2 : γ (α) [ −W / 2 , x 2 ] = γ (α) [ W / 2 , x 2 ] . The 

shear load increment is monotonically prescribed in steps of equal 

amplitude. A single column of 10 0 0 square elements over the 

height H is used to obtain results, and the load is prescribed in 

10,0 0 0 displacement increments in order to ensure convergence of 

the solution. 

The material is characterized by the ratio of the yield stress 

to the shear modulus τy /G = 0 . 0104 . The value of the normalized 

conventional strain hardening parameter is h/G = 0 . 2 , unless oth- 

erwise stated. Furthermore, a reference strain measure, γ y , is de- 

fined in terms of the initial yield stress through τy = G γy . 

Both single slip (in this case θ = 90 ◦) and symmetric dou- 

ble slip ( θ = 15 ◦ and 30 °, respectively) will be investigated in 

Section 5 . The Cauchy stress components σ12 = σ21 are the only 

nonvanishing conventional stress components for these configu- 

rations of slip systems and boundary conditions. Essentially this 

problem is a one dimensional boundary value problem for the 

slip variables and the horizontal displacements, given in terms 

of the constant resolved shear stress imposed on the strip (see 

Bittencourt et al., 2003 , for details). 

5. Results and discussion 

Different terminology is used in the literature when defining 

plastic flow characteristics. In the present work, strengthening is 

defined as an apparent delay in plastic flow, whereas hardening 

refers to the combined effect of both conventional strain harden- 

ing and hardening due to the presence of strain gradients. It is 

noted that strengthening behavior associated with the present the- 

ory arises due to a delay in plastic flow predictions beyond the ini- 

tial yield stress, as discussed by Fleck et al. (2015) in the case of 

rate-independent isotropic strain gradient plasticity theory. 

From here on all parameters related to plasticity are presented 

without superscript Greek letter slip system identifier since both 

are assumed equal in the case of symmetric double slip and only 

one exists in the case of single slip. The distinction between in- 

dividual parameters for several slip system orientations are pre- 

sented by the use of a subscript θ , representing the different slip 

system orientation angles. 

5.1. Single slip 

Model predictions for the case of single slip, with the slip 

system orientation angle specified by θ = 90 ◦, are presented in 

Figs. 3 –9 . The resolved shear stress response for varying values of 

the normalized length parameter l / H is shown in Fig. 3 , for sev- 

eral values of l / H from 0 to 1.6. The results reveal both increased 

strengthening and increased hardening for increasing values of l / H , 

while the conventional limit is obtained as l / H → 0. Furthermore, 

in spite of the prescribed linear strain hardening a slight curvature 

of the response curves is seen for l / H > 0, and this effect becomes 

more evident as l / H increases. Fig. 4 presents the slip profile am- 

plitude as a function of overall shear strain �/ H . The relationship 

between the amplitude and the overall shear strain is non-linear 

in the plastic regime for values of l / H > 0 and this non-linearity 

increases with l / H . The non-linear relationship is an indication of 

a non-proportional straining history, as discussed by Hutchinson 

(2012) . 

Fig. 5 shows the predictions of the slip at the final stage 

of deformation. The results clearly reflect the presence of strain 
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Fig. 3. Normalized resolved shear stress to the imposed overall shear strain �/ H 

for single slip ( θ = 90 ◦), for various values of the normalized length parameter l / H . 

The normalized conventional strain hardening parameter is h/G = 0 . 2 . 

Fig. 4. Slip profile amplitude to the imposed overall shear strain �/ H for single slip 

( θ = 90 ◦), for various values of the normalized length parameter l / H . The normal- 

ized conventional strain hardening parameter is h/G = 0 . 2 . 

gradients, both in the sense of a non-uniform slip profile distribu- 

tion and in the sense of an overall decrease in slip profile ampli- 

tude due to increased hardening for increasing values of l / H . Fur- 

thermore, a distinct change in profile shape is predicted as l / H be- 

comes small but larger than zero, with an almost uniform slip dis- 

tribution predicted through most of the strip height. In the limit, 

the slip profile converges to that of the conventional material re- 

sponse where the gradient terms disappear and the micro-hard 

boundary condition cannot be enforced ( Bittencourt et al., 2003 ). 

The normalized net Burgers vector density, l γ , 2 s 2 , predictions as- 

sociated with the slip profiles of Fig. 5 are shown in Fig. 6 . The 

result obtained for l/H = 0 . 01 shows a highly localized distribution 

at the boundaries, whereas the curves for values between 0.1 and 

0.4 predict a decreasing localization of the distribution. In the in- 

terval of l / H between 0.4 and 0.8, very little change in the distri- 

bution is predicted. However, as l / H is increased from 0.8 the dis- 

tribution is seen to decrease in value throughout the strip, with a 

distinctly different distribution compared to values of l / H < 0.4. 

Fig. 5. Slip profile, γ , at imposed overall shear strain �/H = 0 . 086 for single slip 

( θ = 90 ◦), for various values of the normalized length parameter l / H . The normal- 

ized conventional strain hardening parameter is h/G = 0 . 2 . 

Fig. 6. Normalized net Burgers vector density profile, l γ , 2 s 2 , at imposed overall 

shear strain �/H = 0 . 086 for single slip ( θ = 90 ◦), for various values of the normal- 

ized length parameter l / H . The normalized conventional strain hardening parameter 

is h/G = 0 . 2 . 

The effects associated with the conventional strain hardening 

parameter are presented in Figs. 7 –9 , for the normalized length pa- 

rameter l/H = 0 . 4 . Fig. 7 displays the effect of varying h / G on the 

resolved shear stress response. The results clearly reflect a large 

change in hardening predictions, with h/G = 5 × 10 −4 predicting 

an almost ideally plastic response. The conventional strain hard- 

ening parameter is seen to govern the hardening response, since 

no hardening is seen for h/G = 5 × 10 −5 despite a non-zero value 

of the length parameter. However, the strengthening response is 

seen to be independent of the conventional strain hardening pa- 

rameter as all curves in Fig. 7 transition to the elastic–plastic 

regime at the same resolved shear stress level. The relationship be- 

tween the length parameter and both the strengthening response 

and the hardening slope are further investigated and discussed in 

Section 5.2 . The effect of varying h / G on the slip profile distri- 

bution is shown in Fig. 8 . The predicted slip profiles reflect the 
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Fig. 7. Shear stress response to the imposed overall shear strain �/ H for single slip 

( θ = 90 ◦), for various values of the normalized conventional strain hardening pa- 

rameter h / G . The value of normalized length parameter is l/H = 0 . 4 . 

Fig. 8. Slip profile, γ , at imposed overall shear strain �/H = 0 . 086 for single slip 

( θ = 90 ◦), for various values of the normalized conventional strain hardening pa- 

rameter h / G . The value of normalized length parameter is l/H = 0 . 4 . 

decrease in h / G through an overall increase in slip profile ampli- 

tude. The results obtained for h/G = 5 × 10 −4 and h/G = 5 × 10 −5 

predict very sharp boundary layers in combination with a slight 

decrease in the slip profile amplitude, compared to the result for 

h/G = 5 × 10 −3 . The effect of conventional strain hardening on the 

slip profile is also examined by Bittencourt et al. (2003) . Their re- 

sults, which are obtained using a rate-independent strain gradi- 

ent crystal plasticity formulation, similarly reveal that conventional 

strain hardening (slip system dissipative hardening in their ter- 

minology) has a strong effect on the slip profile distribution for 

the case of pure shear loading. Fig. 9 shows the normalized net 

Burgers vector density predictions associated with the slip profiles 

in Fig. 8 . The data plotted is restricted to the interval between 

l γ, 2 s 2 = −0 . 5 and l γ, 2 s 2 = 0 . 5 , such that a visual comparison is 

possible. The cut-off interval excludes determination of the peak 

values for h/G = 5 × 10 −4 and h/G = 5 × 10 −5 , which are 1.432 and 

3.932, respectively. The distribution is seen to increase near the 

boundaries for decreasing values of h / G , with a very sharp peak 

predicted for values of h/G ≤ 5 × 10 −3 . Furthermore, an overall de- 

crease in magnitude is predicted away from the boundaries for 

Fig. 9. Normalized net Burgers vector density profile, l γ , 2 s 2 , at imposed overall 

shear strain �/H = 0 . 086 for single slip ( θ = 90 ◦), for various values of the normal- 

ized conventional strain hardening parameter h / G . The value of normalized length 

parameter is l/H = 0 . 4 . A zoom of the results near the lower boundary is included. 

these low values of h / G . A comparison of the normalized net Burg- 

ers vector density profiles associated with various values of l / H and 

h / G ( Fig. 6 and Fig. 9 ) indicates that a highly localized distribution 

is predicted at the boundaries for low values of both length pa- 

rameter and conventional strain hardening parameter. 

5.2. Comparison between single slip and double slip 

The strengthening and hardening characteristics for different 

slip system orientations are comparable through relatively simple 

relationships. To illustrate these relationships the average slip is 

defined by γ̄ = 

1 
H 

∫ H/ 2 
−H/ 2 γ [ x 2 ] d x 2 and a normalized length param- 

eter by 2 l θ s 2 θ / H . The slip direction vector component s 2 θ is con- 

stant for a given choice of slip system orientation and l θ is the slip 

system orientation dependent length parameter. Furthermore, it is 

noted that any discussion of the slip system orientation θ = 90 ◦

only refers to single slip and all other values of θ refers to sym- 

metric double slip. 

The resolved shear stress on the two slip systems for the pure 

shear problem is given by; τ = 2 σ12 μ12 θ , where the Schmid ori- 

entation tensor component, μ12 θ , depends on the slip system ori- 

entation (see Eq. (1) ). Thus, for comparison of results (between 

single slip and symmetric double slip), strengthening predictions 

are shown in Fig. 10 using the slip system orientation specific nor- 

malized resolved shear stress expression τ /(2 τ y μ12 θ ). The figure 

shows the slip system specific normalized resolved shear stress as 

a function of the average slip for three slip system orientations 

( θ = 15 ◦, 30 ◦ and 90 ◦, respectively) and two values of normalized 

length parameter, 2 l θ s 2 θ /H = 0 . 5 and 1 . It is seen that the cho- 

sen normalization of the resolved shear stress, predicts compara- 

ble strengthening which is dependent on the value of the normal- 

ized length parameter. The hardening predictions are not compa- 

rable using the chosen normalization, but by plotting the results 

using the normalized resolved shear stress τ / h the hardening pre- 

dictions become comparable and dependent only on the normal- 

ized length parameter. Predictions of strengthening are shown in 

Fig. 11 for a wide range of length parameters. In the case of the 

present theory, the results are obtained using one specific conven- 

tional strain hardening parameter ( h/G = 0 . 2 ), but it has been con- 

firmed to be independent of h / G . Hence, the predicted strengthen- 

ing is independent of conventional strain hardening. Three sets of 
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Fig. 10. Slip system dependent normalized resolved shear stress as a function of 

average slip. The choice of normalization captures the equivalent strengthening for 

three different slip system orientations ( θ = 15 ◦, 30 ◦ and 90 ◦, respectively) at two 

different values of normalized length parameter 2 l θ s 2 θ / H . 

Fig. 11. Effect of normalized length parameter 2 l θ s 2 θ / H on strengthening predic- 

tions. Points represent solution values obtained numerically for three different slip 

system orientations ( θ = 15 ◦, 30 ◦ and 90 ◦, respectively), while the dashed lines are 

linear interpolations between points. Furthermore, points representing solution val- 

ues obtained by Niordson and Legarth (2010) and Fleck et al. (2015) are also in- 

cluded. 

markers representing discrete data points, for the slip system ori- 

entations ( θ = 15 ◦, 30 ◦ and 90 ◦, respectively) are plotted together 

with dashed lines which are linear interpolations between points. 

Two additional sets of markers are included, one set is ob- 

tained with the rate-dependent isotropic strain gradient plas- 

ticity theory proposed by Gudmundson (2004) and investigated 

by Niordson and Legarth (2010) and the other set is presented 

in Fleck et al. (2015) . The predictions of Niordson and Legarth 

(2010) are obtained for an elastic-perfectly plastic material under 

pure shear loading and show strengthening (increase in effective 

yield strength in their terminology) as a function of a normal- 

ized dissipative length parameter. These results plotted in Fig. 11 , 

are scaled by a factor of 2 / 
√ 

3 on the normalized length param- 

eter axis to allow for a direct comparison with the results of the 

present theory. The scaling factor is necessary due to the defini- 

Fig. 12. Effect of normalized length parameter 2 l θ s 2 / H on the normalized average 

effective hardening moduli h e f f /h = (τ − τy ) / ( ̄γ h ) , for three different values of slip 

system orientation angle ( θ = 15 ◦, 30 ◦ and 90 ◦, respectively), and the value of the 

normalized conventional strain hardening parameter is h/G = 0 . 2 . The solid line is 

a fitted second order polynomial given by; 2 . 6110 ( 2 l θ s 2 θ /H ) 
2 + 0 . 5773 ( 2 l θ s 2 θ /H ) + 

1 . 0 , with the coefficient of determination for the fitted polynomial: R 2 = 0 . 9966 . 

tion of the effective plastic strain measure in the theory proposed 

by Gudmundson (2004) , which is defined without the Mises strain 

factor of 2/3. Furthermore, the results of Niordson and Legarth 

(2010) are representative of the rate-dependent strain gradient 

crystal plasticity formulation presented by Niordson and Kysar 

(2014) . The strengthening predictions of Fleck et al. (2015) are ob- 

tained for the case of tensile stretching of a plastically passivated 

layer, using a power law relation for plasticity, and they present 

strengthening (elastic loading gap in their terminology) as a func- 

tion of a normalized recoverable length parameter. A scaling of the 

results is unnecessary due to the definition of the effective strain 

measure in Fleck et al. (2015) . Furthermore, their results are ob- 

tained using a formulation which is closely related to the formula- 

tion presented by Hutchinson (2012) . Common to all results plot- 

ted in Fig. 11 is a slow increase in strengthening for small values of 

length parameter, while an almost linear relationship is predicted 

for larger values of the length parameter. However, while the re- 

sults of Fleck et al. (2015) are almost qualitatively equivalent to 

the results of the present theory, a qualitative difference is seen in 

the results of Niordson and Legarth (2010) . 

Fig. 12 presents the normalized average effective hardening 

modulus, h e f f /h = (τ − τy ) / ( ̄γ h ) , as a function of normalized 

length parameter. Due to a slight initial curvature of the response 

curves (similar to those seen in Fig. 10 ) the effective hardening 

modulus is calculated using data points at 90% and 100% of the im- 

posed overall shear strain. The data plotted is obtained using the 

normalized conventional strain hardening parameter ( h/G = 0 . 2 ), 

but results have been shown to be independent of non-zero val- 

ues of h / G . The markers on the curve are discrete data points, for 

three values of slip system orientation ( θ = 15 ◦, 30 ◦ and 90 ◦, re- 

spectively), and the solid line is plotted using a fitted second order 

polynomial; 2 . 6110 (2 l θ s 2 θ /H) 2 + 0 . 5773 (2 l θ s 2 θ /H) + 1 . 0 . The co- 

efficient of determination for the fitted polynomial is R 2 = 0 . 9966 . 

Niordson and Legarth (2010) investigated the effective hardening 

modulus as a function of their energetic length parameter and ob- 

tained a quadratic relationship (similar to Fig. 12 , but with a van- 

ishing linear term). Furthermore, their results are supported by an 

analytical expression based on a rate-independent and perfectly 

plastic material behavior. 
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6. Concluding remarks 

An extension of the conventional rate-independent crystal 

plasticity framework, which incorporates gradient of slip has 

been presented. The extension builds on the underlying ideas 

by Hutchinson (2012) of extending conventional isotropic J 2 - 

theory to account for strain gradient effects. Following Hutchinson 

(2012) three objectives related to the extension are defined. The 

first objective has been highlighted through the single slip results, 

where the theory has been shown to reduce to the conventional 

crystal plasticity framework in the limit l → 0. The second ob- 

jective is enforced throughout the presented theory by restricting 

parameters that govern material behavior to the shear modulus, 

Poisson’s ratio, a hardening relation between resolved shear stress 

and slip, and a material length parameter that scales the gradient 

effect. This objective defines the main assumption that is used to 

govern the evolution of plastic flow, which is incorporated by re- 

lating the gradient enhanced effective plastic strain measure to a 

shear relation between resolved shear stress and slip in the plas- 

tic regime. The shear relation must increase monotonically, and no 

further restrictions on the hardening law exist in the framework 

presented. The present work takes as offset linear hardening, but 

more complex hardening laws could readily be incorporated into 

the formulation. The definition of the plastic work is in the present 

formulation based on the assumption that the work related to gra- 

dients of slip is recoverable, while the work related to slip is a 

combination of both dissipative and recoverable energy contribu- 

tions. The present theory relates the effective strain to both terms 

of the shear hardening curve, and this is of critical importance to 

the strengthening predictions of the present theory, as discussed 

by Fleck et al. (2015) for isotropic plasticity. The third objective 

by Hutchinson (2012) states that flow theory and deformation the- 

ory must coincidence in the case of proportional straining history. 

This objective is not fulfilled for the examined problem of pure 

shear loading where a slightly non-proportional straining is pre- 

dicted (see Fig. 4 ). However, the overall trends of the results seem 

to indicate that model predictions converge towards proportional 

straining in the plastic regime as the effects due to strengthening 

become negligible. 

The incremental formulation presented is derived based on 

an assumption of monotonic loading to simplify the implemen- 

tation procedure, while preserving the characteristics of strength- 

ening and hardening behavior. The results of single slip in the 

case of pure shear loading are used to quantify these character- 

istics. Strengthening is shown to increase for increasing values of 

the length parameter, while it is predicted to be independent of 

the conventional strain hardening parameter. The distribution of 

slip is shown to depend on both the conventional strain harden- 

ing parameter and the length parameter, such that a concentration 

in the net Burgers vector density is predicted at the boundaries 

for low values of either the length parameter or the conventional 

strain hardening parameter. Predictions similar to these have re- 

cently been the focus of an investigation performed by El-Naaman 

et al. (2016) . Their findings relate these slip gradient distributions 

to experimentally observed dislocation arrangements of individual 

grains of crystalline materials, known as wall and cell structures. 

Slip system dependent strengthening and hardening predictions 

of the model is also presented in the present work. Two slip sys- 

tems oriented symmetrically with respect the x 1 -axis (see Fig. 2 ) 

predict results comparable to those of single slip. The normal- 

ized length parameter 2 l θ s 2 θ / H is shown to characterize both 

strengthening and hardening predictions. Results are compared to 

the isotopic strain gradient formulation investigated in Niordson 

and Legarth (2010) (equal results would be predicted by the crys- 

tal plasticity formulation investigated in Niordson and Kysar, 2014) , 

and despite several differences between the formulations strength- 

ening and hardening predictions show similar trends. Furthermore, 

model predictions of the strengthening behavior are almost quali- 

tatively equivalent to the recent findings of Fleck et al. (2015) . 

Lastly, the monotonic loading assumption excludes investigation 

of unloading and reverse loading. Recently the work of Liu et al. 

(2015) which presents cyclic torsion experiments of micron diame- 

ter copper and gold wires has revealed size dependent strengthen- 

ing and a Bauschinger effect. In light of these results, a very inter- 

esting extension of the present model is the case of general load- 

ing, which would permit investigation of strengthening and hard- 

ening characteristics of unloading and cyclic loading. 
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Appendix A 

In Section 2 the derivatives 
∂| γ (α) | 
∂γ (α) = sgn [ γ (α) ] , for γ (α) � = 0 and 

∂γ (α) 
acc 

∂γ (α) = sgn [ ̇ γ (α) ] , for ˙ γ (α) � = 0 are defined, where sgn[ ∗] denotes 

the sign function. This appendix presents and discusses details re- 

lated to the evolution of these derivatives and the slip measures 

γ ( α) , | γ ( α) | and γ (α) 
acc through a general loading history. The evo- 

lution of the slip is given by γ (α) = 

∫ t 
0 ˙ γ (α) d t ′ , while the evolu- 

tion of the slip related to conventional strain hardening (the mono- 

tonicaly increasing slip measure) follows the accumulated slip de- 

fined in the rate-dependent theory presented by Kuroda and Tver- 

gaard (2006) . Thus, the accumulated slip measure is given by; 

γ (α) 
acc = 

∫ t 
0 | ̇ γ (α) | d t ′ , which is used to account for the total plastic 

slip throughout a general loading history. The presented theory de- 

fines the slip as being work conjugate to the micro-stress, as is 

the case for conventional rate-independent crystal plasticity where 

Eq. (10) simplifies to q D (α) = τ (α) (as discussed in Section 2 ). Thus, 

the two derivatives are needed to derive the micro-stress under a 

general loading history (given by Eq. (14) ). The superscript ( α) is 

omitted in the remainder of this appendix. 

In Fig. A.13 a graphical interpretation of the derivatives are 

given based on the evolution of the slip increment, ˙ γ , and the slip 

measures γ , | γ | and γ acc . The loading history varies according to 

Fig. A.13 (a) , otherwise the details leading to the evolution of the 

plastic deformation are undefined. Fig. A.13 (a) shows the ˙ γ axis 

with the evolution of slip increment given by the (pseudo time) 

increments t i . The evolution of the slip through the increments t i 
are shown in Fig. A.13 (b) and (c) , versus | γ | and γ acc , respec- 

tively. Initial yield occurs at the increment leading up to t 1 , such 

that ˙ γ [ t 1 ] = γ [ t 1 ] = | γ | [ t 1 ] = γacc [ t 1 ] = 1 . The following increment 

results in ˙ γ [ t 2 ] = 2 and γ [ t 2 ] = | γ | [ t 2 ] = γacc [ t 2 ] = 3 . The incre- 

ment t 3 results in ˙ γ [ t 3 ] = 1 and γ [ t 3 ] = | γ | [ t 3 ] = γacc [ t 3 ] = 4 , thus, 

the derivatives evaluated in the interval t 1 to t 3 are 
∂| γ | 
∂γ

= 

∂γacc 

∂γ
= 

sgn [ γ ] = sgn [ ̇ γ ] = 1 . The following increment results in ˙ γ [ t 4 ] = 0 

(i.e. no plastic deformation), thus, γ [ t 4 ] = | γ | [ t 4 ] = γacc [ t 4 ] = 4 and 

∂| γ | 
∂γ

= sgn [ γ ] = 1 , but 
∂γacc 

∂γ
is undefined since ˙ γ [ t 4 ] = 0 . How- 

ever, since no plastic deformation has occurred no change in 

the micro-stress arises, and the value of the derivative 
∂γacc 

∂γ
is 

not needed. The following increment results in ˙ γ [ t 5 ] = −1 , with 

γ [ t 5 ] = | γ | [ t 5 ] = 3 and γacc [ t 5 ] = 5 , thus, reversal of the sign of the 

load results in 

∂| γ | 
∂γ

= sgn [ γ ] = 1 and 

∂γacc 

∂γ
= −1 . The increment t 6 

results in ˙ γ [ t 6 ] = −2 , with γ [ t 6 ] = | γ | [ t 6 ] = 1 and γacc [ t 6 ] = 7 . The 

following increment results in ˙ γ [ t 7 ] = −1 , with γ [ t 7 ] = | γ | [ t 7 ] = 0 
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Fig. A.13. Evolution of the plastic strain measures; ˙ γ , γ , | γ |, γ acc and the deriva- 

tives ∂ | γ |/ ∂ γ and ∂ γ acc / ∂ γ during a loading history from t 0 to t 10 . (a) Shows the 

evolution of the slip increment ˙ γ during the loading history indicated below the ˙ γ

axis. (b) Shows the absolute value of the slip versus the slip and the slope of the 

curves ( ∂ | γ |/ ∂ γ ) during the loading history indicated below the γ axis. (c) Shows 

the accumulated slip versus the slip and the slope of the curves ( ∂ γ acc / ∂ γ ) during 

the loading history indicated above the plot. 

and γacc [ t 7 ] = 8 . As seen γ and | γ | retain no information about 

the previous loading at this stage of the deformation, while γ acc 

accounts for the previous loading history. The derivative 
∂γacc 

∂γ
= 

sgn [ ̇ γ ] = −1 , while the derivative 
∂| γ | 
∂γ

is undefined since γ [ t 7 ] = 

0 . However, viewed from a numerical point of view, it will be 

practically impossible to encounter the exact value of γ = 0 . The 

increment t 8 results in ˙ γ [ t 8 ] = −2 , with γ [ t 8 ] = −2 , | γ | [ t 8 ] = 2 , 

γacc [ t 8 ] = 10 , 
∂| γ | 
∂γ

= sgn [ γ ] = −1 and 

∂γacc 

∂γ
= sgn [ ̇ γ ] = −1 . The fol- 

lowing increment results in ˙ γ [ t 9 ] = 0 , thus, γ [ t 9 ] = −2 , | γ | [ t 9 ] = 

2 , γacc [ t 9 ] = 10 , 
∂| γ | 
∂γ

= sgn [ γ ] = −1 and 

∂γacc 

∂γ
is undefined. Lastly, 

the increment t 10 results in ˙ γ [ t 10 ] = 1 , with γ [ t 10 ] = −1 , | γ | [ t 10 ] = 

1 , γacc [ t 10 ] = 11 , 
∂| γ | 
∂γ

= sgn [ γ ] = −1 and 

∂γacc 

∂γ
= sgn [ ̇ γ ] = 1 . From 

this example it is evident that sgn[ γ ] and sgn [ ̇ γ ] are equal when 

γ increases in magnitude (when | γ | increases in value), while they 

are opposite in sign when γ decreases in magnitude. The deriva- 

tive 
∂| γ | 
∂γ

is undefined in the case of γ = 0 and 

∂γacc 

∂γ
is undefined 

in the case of ˙ γ = 0 , however, the practical consequences of the 

derivatives being undefined at certain instances during a general 

loading are shown to be negligible. Furthermore, while the deriva- 

tive 
∂γacc 

∂γ
= sgn [ ̇ γ ] is governed by ˙ γ the evolution of γ acc depends 

on the evolution of the slip γ , as is the case of the slip measure 

| γ | and its derivative 
∂| γ | 
∂γ

. Thus, only the micro-stress measure 

related to conventional rate-independent crystal plasticity theory, 

q D ( α) , depends on the slip increment. 

Appendix B 

In Section 3 the existence of initially (at the onset of yield) un- 

bounded terms of the stiffness matrix is noted. Thus, a numeri- 

cal solution is not available when γ = 0 at initial yield. To over- 

come this issue, results presented in the present work are ob- 

tained using a small initial value of the slip; γ = γe f f = ω[ l/H] γy , 

which is defined in terms of the yield strain, γ y , and the scal- 

ing parameter, ω[ l / H ]. Fig. B.14 presents the influence of ω[ l / H ] on 

the deviation between slip profile amplitudes at the final stage of 

deformation. The slip profile amplitude is defined as A [ ω[ l/H]] = 

max (γ [ ω[ l/H]]) and the deviation in % between the slip profile 

amplitude and a reference value of the slip profile amplitude, 

A [ ω o [ l / H ]], is determined by A [ ω[ l /H]] −A [ ω o [ l /H]] 
A [ ω o [ l/H]] 

100% . Her e, ω o [ l / H ] 

refers to the lowest possible values at which a numerical solu- 

tion is obtained for that specific normalized length parameter. 

Results are presented for the case of single slip ( θ = 90 ◦) with 

γy = τy /G = 0 . 0104 for three choice of normalized length parame- 

ter l/H = 0 . 1 , 0 . 8 , and 1.6, using the normalized conventional strain 

hardening parameter h/G = 0 . 2 . The markers on the curves repre- 

sent discrete data values, solid lines are linear interpolations be- 

tween points, while the dashed line indicates the value of ω[ l / H ] 

(being 2 × 10 −3 ) used to obtain the results presented in Figs. 3 –

12 . Fig. B.14 shows that for increasing values of l / H a solution 

can be obtained for decreasing values of ω[ l / H ], with the differ- 

ence between ω[0.1] and ω[1.6] being above an order of mag- 

nitude. The lowest possible values are obtained using ω o [0 . 1] = 

Fig. B.14. Effect of initialization parameter ω[ l / H ] on the deviation in %, 
A [ ω[ l /H]] −A [ ω o [ l /H]] 

A [ ω o [ l/H]] 
100% , of the slip profile amplitude, A [ ω[ l / H ]], and a reference slip 

profile amplitude, A [ ω o [ l / H ]], at the prescribed overall shear strain value �/H = 

0 . 086 . The results are obtained for the case of single slip ( θ = 90 ◦), for three val- 

ues of the normalized length parameter l/H = 0 . 1 , 0 . 8 and 1.6, and the conven- 

tional strain hardening parameter is h/G = 0 . 2 . The dashed line indicates the value, 

ω FE = 2 × 10 −3 , which is used to obtain the results presented in Figs. 3 –12 . 
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2 × 10 −6 , ω o [0 . 8] = 7 × 10 −6 , and ω o [1 . 6] = 7 × 10 −5 , respectively. 

Furthermore, as seen the deviation increases for increasing values 

of l / H at a specific value of ω[ l / H ]. The largest deviation in the 

slip profile amplitude is below 1% for ω = 2 × 10 −3 (correspond- 

ing to the initialization value γe f f = 2 . 08 × 10 −5 ), confirming that 

this value leads to reasonable precision for the slip system orien- 

tation angle θ = 90 ◦. The presented theory is phenomenologically 

based, however, it is worth mentioning that Eq. (2) , and the rela- 

tion for the net Burgers vector density ρGND b = γ (α) 
,i 

s (α) 
i 

, leads to 

a γ (α) 
e f f 

= 10 −3 , when using the material parameters; an initial dis- 

location density of a single crystal ρ ∼ 10 12 m 

−2 , a Burgers vec- 

tor magnitude of b ∼ 10 −9 m and a material length parameter of 

l ∼ 10 −6 m, which are all within an order of magnitude of regu- 

larly reported values. 
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a b s t r a c t

Two rate-independent strain gradient crystal plasticity models, one new and one previously published,
are compared and a numerical framework that encompasses both is developed. The model previously
published is briefly outlined, while an in-depth description is given for the new, yet somewhat related,
model. The difference between the two models is found in the definitions of the plastic work expended
in the material and their relation to spatial gradients of plastic strains. The model predictions are highly
relevant to the ongoing discussion in the literature, concerning 1) what governs the increase in the
apparent yield stress due to strain gradients (also referred to as strengthening)? And 2), what is the
implication of such strengthening in relation to crystalline material behavior at the micron scale? The
present work characterizes material behavior, and the corresponding plastic slip evolution, by use of the
finite element method. The pure shear problem of an infinite material slab is investigated, with the
previously published model displaying strengthening, while the new model does not. In addition to the
numerical approach an exact closed form solution, to the pure shear problem, is obtained for the new
model, and it is demonstrated that the model predicts proportional straining in the entire plastic regime.
Somewhat surprising it is found that the predictions for strain gradient hardening coincide for the two
models.

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

Formulating strain gradient plasticity theories, without
compromising thermodynamics or allowing temporal discontinu-
ities in key stress measures, has been and continues to be, a great
challenge to the scientific community. The general experimental
trend that smaller is stronger is well-established (Greer and Hosson,
2011), but conclusive experiments are yet to unveil if the effect of
strain gradients gives rise to additional hardening, strengthening,
or a combination of the two. This work defines strengthening as an
apparent delay in plastic flow, while hardening is defined by the
combined effect of conventional strain hardening and the addi-
tional hardening related to gradients of plastic strain. Recent ex-
periments display evidence of a strengthening behavior in
polycrystalline wires under cyclic loading (Liu et al., 2015), and in
the average compressive load for thin confined copper films (Mu
et al., 2014). However, in the majority of micron-scale experi-
ments (e.g. nano-indentation and torsion Ma and Clarke, 1995; Guo

et al., 2017, respectively), the complexity of the deformation ob-
scures whether the size dependent observations link to hardening,
strengthening, or both.With off-set in isotropic theories, Fleck et al.
(2015) recently brought new insight into how the mathematical
structure of theories influences the predicted material behavior, in
their work entitled “Guidelines for Constructing Strain Gradient
Plasticity Theories”. Fleck et al. (2015) focus on the apparent elastic
gap at initial yield (referred to as strengthening in the present
work) that results from a number of existing theories. Their
intention is not to remedy theories, but rather to understand the
underlying mathematical structure governing this effect. Distinct
changes to the predicted material behavior are found for slight
modifications to the definition of plastic work expended in the
material. By leaving out the enrichment of strain gradients in the
lowest order contribution to the plastic work, the model prediction
is shown to preclude strengthening behavior. The present work
intends to extend these guidelines to crystal plasticity. Following
the findings of Fleck et al. (2015), the present work takes as off-set
the three key objectives, for “proper model development”, put
forward by Hutchinson (2012). That is, the proposed theoretical
framework has to;* Corresponding author.
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1) reduce to that of conventional J2 plasticity theory in the limit of
sufficiently small strain gradients.

2) take as input the elastic material properties, the uni-axial tensile
relation between stress and plastic strain, and a length param-
eter to characterize the gradient effects.

3) coincide with J2 deformation theory, with same inputs,
throughout a proportional straining history.

In Nellemann et al. (2017), the development of an “easy-to-
treat” rate-independent model of strain gradient plasticity, which
followed the theory of Hutchinson (2012), proved somewhat
complicated to handle in a numerical framework (referred to as
Model B in the present work). In contrast to this the new model
proposed in the present work (referred to as Model B) is shown to
obey all three objectives, demonstrating the following features; 1.
no strengthening is predicted, such that initial yield occurs at the
conventional yield stress, whereby strain gradients only contribute
to hardening. As a consequence, 2. the proposed model predicts
proportional straining in the entire plastic regime and, hence, al-
lows for an exact closed form solution to be developed for the pure
shear problem investigated. Moreover, both models take as input;
elastic parameters, a relation between the resolved shear stress and
the slip and a material length parameter, following objective 2). It is
emphasized that the three objectives above are highlighted since
they are desirable features of rate-independent plasticity theories,
which allow for an analytical treatment of a proposed framework.
Objective 3) only speaks to model predictions which display pro-
portional straining. The theories developed will involve directional
derivatives of higher order stresses that may be interpreted as back-
stresses which influence model predictions under general loading
conditions. The constitutive nature of these higher order stresses
determine whether gradient effects arise as strengthening, hard-
ening or a combination of the two. In the present work, Model B is
compared to Model A, and the differences between the two models
are emphasized. The present research extends the findings of Fleck
et al. (2015) regarding strengthening behavior of an isotropic solid
to crystal plasticity. The paper is structured as follows. The pro-
posed strain gradient crystal plasticity framework is outlined in
Section 2, where two different approaches to defining the plastic
work expended in the material are presented. Section 3 lays out the
numerical model, and Section 4 presents the pure shear problem
considered along with a closed form solution. Numerical results are
given in Section 5 and a direct comparison to the exact solution is
demonstrated. Finally, concluding remarks are given in Section 6.

2. Strain gradient crystal plasticity

One unified framework for rate-independent strain gradient
crystal plasticity that encompasses both the model (Model A) from
Nellemann et al. (2017) and a new and improved model (Model B),
is presented in Section 2.1. The definition of the plastic work
expended in the material constitutes the only difference between
the two models and both mathematical formulations will be dis-
cussed. Following the definitions of the plastic work expressions,
their incremental counterparts are presented in Section 2.2. The
presentation is limited to the assumption of monotonic loading,
which allows for a brief presentation of the models, that preserves
the characteristics relevant to the current investigation. The reader
is referred to Nellemann et al. (2017) for further details on the
derivation presented throughout Section 2.

Throughout, tensor notation is adopted and repeated lower case
Latin indices imply summation, whereas comma separation implies
spatial derivatives. Quantities denoted by superscript Greek letters
refers to a specific slip system, while all active slip systems are
indicated by the superscript (:). The Þð notation indicates an

incremental quantity and a function is indicated by hard brackets
e.g. f[*].

2.1. Modeling framework

The present work is restricted to small stain rate-independent
material behavior, where ui are the displacements, ui,j are the
spatial gradient of the displacements, and εij ¼

�
ui;j þ uj;i

�
/2 are the

total strains. The Cauchy stress is given by the elastic relation;
sij ¼ Leijklε

e
kl, where Leijkl is the isotropic elastic stiffness tensor and ε

e
ij

denotes the elastic strain determined by the total strain and the
plastic strain, ε

p
ij, as; ε

e
ij¼ εij�ε

p
ij. In accordance with the strain

gradient crystal plasticity framework initially proposed by Gurtin
(2000), the equations of equilibrium read

sij;j ¼ 0 (1)

qðaÞ � tðaÞ � x
ðaÞ
;i sðaÞi ¼ 0 (2)

with the conventional equilibrium given by Eq. (1) and the
microforce equilibrium given by Eq. (2). Here, the Cauchy stress, sij,
is work conjugate to the elastic strain, the micro-stress, q(a) (the
sum of a recoverable part, qR(a), and a dissipative part, qD(a)), is work
conjugate to the slip, g(a), and the higher order stress, x(a), is work
conjugate to the normalized pure edge dislocation density

(neglecting screw dislocations) gðaÞ
;i sðaÞi . The normalized dislocation

density is also known as the net Burgers vector density. The

resolved shear stress on a slip system is; tðaÞ ¼ sijm
ðaÞ
ij , with the

Schmid orientation tensor mðaÞij given by Eq. (3).

In the adopted crystal plasticity framework, the plastic strain
relates to the crystallographic slip, g(a), on individual slip systems
through the relation

ε
p
ij ¼

X
ðaÞ

gðaÞmðaÞij ; with m
ðaÞ
ij ¼ 1

2

�
sðaÞi mðaÞ

j þ sðaÞj mðaÞ
i

�
(3)

with a specific slip system, a, characterized by the slip direction
vector, sðaÞi , and the vector normal to the slip plane, mðaÞ

i .
The slip increment, _gðaÞ, is unrestricted with respect to sign,

such that both positive and negative slip increments may occur.

This results in the evolution of the slip; gðaÞ ¼ R t0 _gðaÞdt. Dissipation
of energy is assumed to be associated with the accumulation of
statistically stored dislocations (SSDs), while recoverable energy is
associated with the build up of geometrically necessary disloca-
tions (GNDs) (Ashby, 1970). Thus, the accumulated slip;

g
ðaÞ
acc ¼

R t
0

����� _gðaÞ
�����dt is related to dissipation, while the net Burgers

vector density, gðaÞ
;i sðaÞi is related to recoverable energy. A gradient

enhanced effective slip is defined by the quadratic relation

g
ðaÞ
eff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
gðaÞ

�2 þ l2
�
g
ðaÞ
;i sðaÞi

�2r
(4)

where a single length parameter, l, governs the gradient
dependence.

A power law hardening relation is adopted, such that;

t
ðaÞ
0 ½g� ¼ t

ðaÞ
y þ btðaÞ0 ½g� is the conventional shear hardening curve

defined in terms of the initial slip resistance, t
ðaÞ
y , andbtðaÞ0 ½g� ¼ t

ðaÞ
y kðaÞ gn, is the slip dependent shear hardening curve
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defined by a strength coefficient, k(a), and the hardening exponent,
n. The total work expended in the material is

U
h
ε
e
ij;g

ð:Þ;gð:Þ
;i s

ð:Þ
i

i
¼ 1

2
sij ε

e
ij þ

X
ðaÞ

UpðaÞh
g
ðaÞ
eff ;g

ðaÞ
acc

i
(5)

in which the plastic contribution to the work expended, on the
individual slip system, is defined by one of the two expressions:

Model A

UpðaÞh
g
ðaÞ
eff

i
¼

ZgðaÞ
eff

0

t
ðaÞ
0 ½g�dg

¼ t
ðaÞ
y

 
g
ðaÞ
eff þ

kðaÞ

nþ 1

�
g
ðaÞ
eff

�ðnþ1Þ
! (6)

Model B

UpðaÞh
g
ðaÞ
eff

i
¼

ZjgðaÞj

0

t
ðaÞ
0 ½g�dgþ

ZgðaÞ
eff

jgðaÞj

btðaÞ0 ½g�dg

¼ t
ðaÞ
y

 ����gðaÞ����þ kðaÞ

nþ 1

�
g
ðaÞ
eff

�ðnþ1Þ
! (7)

Equations (6) and (7) are similar to their isotropic contourparts
defined by Fleck et al. (2015), and their essential difference lies in
the fact that the contribution from the net Burgers vector density
does not affect the lowest order term in Eq. (7). The two models
may be condensed in a unifying formalism by introducing the

substitutional function t
ðaÞ
0 ½*�, which will represent t

ðaÞ
0 ½*� in the

case of Model A and btðaÞ0 ½*� in the case of Model B. An exception is
the expressions for the micro-stress, derived assuming monotonic
loading, which differ as shown in Eqs. (13) and (14). In the con-

ventional limit (l ¼ 0 and g
ðaÞ
acc ¼ g

ðaÞ
eff ), the plastic energy contribu-

tion is given by; UpðaÞ ½gðaÞ
acc� ¼

R gðaÞ
acc

0 t
ðaÞ
0 ½g�dg, which is recovered by

both Eqs. (6) and (7). On the other hand, with l>0, where gradients
contribute to the material behavior, an energy surplus can be
identified in both Eqs. (6) and (7) as

jðaÞ ¼ UpðaÞh
g
ðaÞ
eff

i
� UpðaÞh���gðaÞ���i ¼ ZgðaÞ

eff

jgðaÞj

t
ðaÞ
0 ½g�dg (8)

when substituting the function t
ðaÞ
0 ½*� in Eq. (8), for tðaÞ0 ½*� and btðaÞ0 ½*�

to obtain the energy surplus for Model A and Model B, respectively.
This energy surplus is here defined as a recoverable quantity
through the definition of the net Burgers vector density evolution
(with the evolution of slip gradients gðaÞ

;i ¼ R t0 _g
ðaÞ
;i dt).

The definition of the energy contributions allows the model
specific stress quantities to be derived. Through the additive split of
the micro-stress, the recoverable part is identified by; qRðaÞ ¼ vjðaÞ

vgðaÞ

and the dissipative micro-stress is; qDðaÞ ¼ vUp½gacc �
vgðaÞ ¼ t

ðaÞ
0 ½gacc�

sgn½ _gðaÞ�. Thus, the total micro-stress is given by

The derivatives
vjgðaÞj
vgðaÞ ¼ sgn½gðaÞ�; for gðaÞs0 and vgðaÞ

acc
vgðaÞ

¼ sgn½ _gðaÞ�; for _gðaÞs0, where sgn½*� denotes the sign function,
makes the recoverablemicro-stress undefined in the case of gðaÞs0

and the dissipative micro-stress undefined in the case of _gðaÞs0.
Before initial yield of a material point this is of no consequence
since the microforce equilibrium equation (Eq. (2)) is not valid for
such a material point. In practical terms during a general loading
history these restrictions are of little consequence since the sign of
the affected terms do not need to be updated unless a jump across
zero is encountered for either variable. A detailed discussion of the
micro-stress derivation can be found in Nellemann et al. (2017),
which also includes an explanation as to how the principle of
dissipation (also known as the Clausius-Duhem inequality),

qDðaÞ _gðaÞ � 0, introduces a dependence on the sign of the slip

increment _gðaÞ.
In the present models the higher order stress is purely recov-

erable, hence, defined by

xðaÞ ¼ vU

v
�
g
ðaÞ
;i sðaÞi

� ¼ t
ðaÞ
0

h
g
ðaÞ
eff

i l2 g
ðaÞ
;i sðaÞi

g
ðaÞ
eff

(10)

2.2. Incremental framework assuming monotonic loading

The incremental framework is, here, restricted to monotonic
loading to preserve the key characteristics relevant to the present
investigation, while simplifying the implementation procedure.

This restriction implies that;
���gðaÞ

��� ¼ g
ðaÞ
acc and sgn½ _gðaÞ� ¼ sgn½gðaÞ�.

The incremental contribution from the accumulated slip on the

individual slip system is; _g
ðaÞ
acc ¼

��� _gðaÞ���, and the increment of the net

Burgers vector density is; _g
ðaÞ
;i sðaÞi . From Eq. (4), the incremental

effective slip can be derived as

_g
ðaÞ
eff ¼

_gðaÞgðaÞ þ l2 g
ðaÞ
;i sðaÞi

_g
ðaÞ
;j

sðaÞj

g
ðaÞ
eff

(11)

In the isotropic plasticity theories by Fleck et al. (2015), two
effective plastic strain quantities (generalized effective plastic
strain in their terminology) are defined; one is a recoverable
effective plastic strain on non-incremental form, and one is an

qðaÞ ¼ vU

vgðaÞ
¼ t

ðaÞ
0

h
g
ðaÞ
eff

i gðaÞ

g
ðaÞ
eff

� t
ðaÞ
0

h���gðaÞ���isgnhgðaÞi
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{qR að Þ

þ t
ðaÞ
0

h
g
ðaÞ
acc

i
sgn
h
_gðaÞ
izfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{qD að Þ

for gðaÞs0 and _gðaÞs0 (9)
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unrecoverable (dissipative) effective plastic strain on incremental
form. The effective slip defined in the present work can be viewed
as a recoverable effective plastic strain in flow theory terminology,
while this distinction is indefinable in the current context of
deformation theory (monotonic loading). Furthermore, the
expression in Eq. (11) is singular at the onset of plastic flow, which
will be discussed further in relation to the finite element solution
procedure in Section 3.2.

The incremental form of the elastic strain, _εeij, follows the non-
incremental counterpart, thus, the elastic strain increment is
given by; _εeij ¼ _εij � _ε

p
ij, with increments of the total strain given by;

_εij ¼ 1
2

�
_ui; j þ _uj;i

�
, while increments of plastic strain is;

_εpij ¼
P

ðaÞ _g
ðaÞmðaÞij . Through the elastic strain relation, the increment

of Cauchy stress is

_sij ¼ Leijkl

0@_εkl �
X
ðbÞ

_gðbÞmðbÞkl

1A (12)

with the incremental resolved shear stress given by; _tðaÞ ¼ _sijm
ðaÞ
ij .

The assumption of monotonic loading simplifies the micro-stress
expression given in Eq. (9), which results in two different expres-
sions for the micro-stress

Model A (Based on Eq. (6))

qðaÞ ¼ t
ðaÞ
0

h
g
ðaÞ
eff

igðaÞ
g
ðaÞ
eff

(13)

Model B (Based on Eq. (7))

qðaÞ ¼ btðaÞ0

h
g
ðaÞ
eff

igðaÞ
g
ðaÞ
eff

þ tysgn
h
gðaÞ

i
for gðaÞs0: (14)

The second term of Eq. (14) does not contribute to the incre-
mental micro-stress, thus, either expression for the micro-stress
results in the incremental micro-stress

_qðaÞ ¼ hðaÞ
h
g
ðaÞ
eff

i
_g
ðaÞ
eff

gðaÞ

g
ðaÞ
eff

þ t
ðaÞ
0

h
g
ðaÞ
eff

i0B@ _gðaÞ

g
ðaÞ
eff

� _g
ðaÞ
eff

gðaÞ

g
ðaÞ2
eff

1CA (15)

Here, the hardening moduli are defined by hðaÞ½gðaÞeff � ¼
vtðaÞ0 ½gðaÞ

eff �
vgðaÞ

eff

,

which only accounts for self-hardening. This choice of hardening
law neglects latent hardening, which in the present work is chosen
in order to clearly distinguish the effects that govern hardening (i.e.
conventional strain hardening and the hardening contribution
associated with gradients of slip). Thus, based on the objectives
stated in the introduction any shear hardening relation (hardening
law) that increases monotonically could be used for the twomodels
presented.

The incremental higher order stress follows directly from Eq.
(10), such that either model leads to the incremental higher order
stress

_x
ðaÞ ¼ l2sðaÞi

0B@hðaÞ
h
g
ðaÞ
eff

i
_g
ðaÞ
eff

g
ðaÞ
;i

g
ðaÞ
eff

þt
ðaÞ
0

h
g
ðaÞ
eff

i0B@ _g
ðaÞ
;i

g
ðaÞ
eff

� _g
ðaÞ
eff

g
ðaÞ
;i

g
ðaÞ2
eff

1CA
1CA

(16)

The principle of virtual work on incremental form is

Z
V

0@ _sijd_εij þ
X
ðaÞ

�
_qðaÞ � _tðaÞ

�
d _gðaÞ þ

X
ðaÞ

_x
ðaÞ

sðaÞi d _g
ðaÞ
;i

1AdV ¼

Z
S

0@ _Tid _ui þ
X
ðaÞ

_rðaÞd _gðaÞ
1AdS

(17)

with the volume of the solid V, the surface S, and d denoting vari-
ational quantities. The incremental surface tractions, work conju-
gate to increments of displacements, and the incremental higher
order surface tractions, work conjugate to the increments of slips,
are _Ti ¼ _sij nj and _rðaÞ ¼ _x

ðaÞ
sðaÞj nj, respectively, with nj denoting

the unit outward normal to S.
The initial yield condition of the rate-independent strain

gradient crystal plasticity framework follows the conventional
crystal plasticity yield criterion, on individual slip systems, such
that tðaÞ ¼ t

ðaÞ
y . A key assumption related to the behavior of the

material is that only the Cauchy stress, sij, is assumed to change
during elastic deformation (discussed in detail by Hutchinson
(2012) in relation to isotropic plasticity).

3. Numerical method

The two models have been implemented in a 2D plane strain
finite element code, with increments of displacement and in-
crements of slip as free variables. The variational quantities and
field quantities are discretized using polynomial interpolation
functions, where the combination of quadratic elements for the
displacement field and bi-linear elements for the plastic slip field is
adopted.

3.1. Finite element discretization

Eight node quadratic isoparametric elements are used to inter-
polate increments of nodal displacements, _d

M
, such that 16 shape

functions, NM
i , are employed in 2D. Thus, increments of displace-

ments and increments of strains can be written as

_ui ¼
X16
M¼1

NM
i

_d
M

and _εij ¼
X16
M¼1

EMij
_d
M

(18)

with EMij ¼ 1
2 ðNM

i; j þ NM
j;i Þ. The superscript upper-case Latin letters

represent elements in one and two dimensional arrays in the pre-
sent section, with the exception of Twhich indicate the transpose of
a matrix. Four node linear isoparametric elements are used to
interpolate increments of nodal slips, _gðaÞN , with 4 shape functions,
M(a)N (equal for all slip systems). Thus, increments of slip and their
spatial gradients read

_gðaÞ ¼
X4
N¼1

MðaÞN _gðaÞN and _g
ðaÞ
;i ¼

X4
N¼1

MðaÞN
;i

_gðaÞN (19)

The system of equations, which follows from discretizing Eq.
(17), takes the form

" ½Ke �
h
KðaÞ
ep

i
h
KðaÞ
ep

iT h
Kða;bÞ
p

i #	 n
_d
o



_gðaÞ

� � ¼
	 f F1 gn

FðaÞ2

o � (20)

with the three matrices ½Ke �;
h
KðaÞ
ep

i
and

h
Kða;bÞ
p

i
identified as:

(i) The conventional elastic stiffness matrix
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½Ke �MN ¼
Z
V

LeijklE
M
kl E

N
ij dV (21)

(ii) Elastic-plastic matrices which couple nodal increments of
displacements and nodal increments of slip


K að Þ
ep

�MN ¼ �
Z
V

Leijklm
að Þ
kl M

að ÞNEMij dV (22)

(iii) Slip system matrices which couple nodal increments of slip,
either on an individual slip system (a ¼ b) or across two
different slip systems (asb)

where da b is the Kronecker delta. The right-hand side of Eq. (20)
contains two contributions; f F1 g related to conventional trac-
tions, and

n
FðaÞ2

o
related to higher-order tractions. These are

defined by

f F1 gM ¼
Z
S

_TiN
M
i dS (24)

n
FðaÞ2

oN ¼
Z
S

_rðaÞMðaÞNdS (25)

In the special case of single slip (a ¼ b ¼ 1), the combined
element matrix in Eq. (20) is comprised of; (i) the elastic stiffness
matrix (16 � 16 in size), (ii) the elastic-plastic coupling matrix
(4 � 16), and (iii) the slip system matrix (4 � 4). By extending the
system tomultiple active slip systems, additional coupling matrices
appear, compared to the single slip case, and the combined element
matrix in Eq. (20) is then comprised of additional elastic-plastic
coupling matrices and slip system coupling matrices. Essentially,
four additional nodal slip variables appear per element for each
additional slip system. Despite, being derived in terms of a forward
(explicit) Euler solution scheme the presented tangent stiffness
matrix is identical to the so-called consistent tangent stiffness
matrix commonly derived from equations that define divergence
from equilibrium (i.e. the residual).

3.2. Numerical implementation

An in-house 2D plane strain finite element code, that includes
both models, has been developed. The external package SuiteS-
parse (Davis et al., 2014) is used through the framework PETSc
(Balay et al., 2015) in order to solve the sparse linear system of
equations. Throughout, the conventional Gauss quadrature rule is
used for numerical integration, with 3� 3 Gauss point for both the
8 node elements (full integration) that discretizes the displacement
field and the 4 node elements (over integration) for the plastic slip
field.

In the proposed rate-independent models, initial yielding is
evaluated on Gauss point basis, such that the element stiffness may
consist of both elastic and elastic-plastic contributions. In non-

active plastic Gauss points,
h
KðaÞ
ep

i
and

h
Kða;bÞ
p

i
is set equal to zero

when evaluating the combined element stiffness matrix. However,

if a slip system is determined non-active in all Gauss points,
belonging to a specific element, the stiffness matrix contributions

from
h
Kða;bÞ
p

i
, for a ¼ b, are set equal to the identity matrix multi-

plied by a sufficiently large value (in the present work 107 � G, with
G being the shear modulus). This is essentially a penalty approach
which ensures zero slip increments on a specific slip system of that
element. As a result some Gauss points of the element which are by
definition in the plastic regime may not attain a non-zero value of
the slip increment, such that the elastic-plastic boundary reflects a
steep transition when moving from an elastic region into a plastic
region. Physically this boundary condition may be interpreted as a
constraint on the plastic flow which blocks the motion of disloca-
tions at the moving elastic plastic interface (a micro-hard bound-
ary). An alternative to penalizing the slip in this manner, which
results in a micro-free boundary, has been discussed by Martnez-
Paeda and Niordson (2016) and Niordson and Hutchinson (2003).

The discrete finite element mesh used to obtain all results
consists of a single column of 1000 square elements through the
height H (see Section 4 for a complete description of the boundary
value problem analyzed). The incremental solution schemes for the
two models differ to the extent that each is described separately.

Model A (the case of tðaÞ0 ¼ t
ðaÞ
0 ) is solved using 10,000 imposed

displacement steps of equal magnitude, and convergence of the
solution using a forward Euler scheme is found. In Nellemann et al.
(2017) it is reported that a numerical initialization procedure is
needed to overcome the singular behavior of several terms in Eq.
(23) at initial yield. The approach chosen to overcome this

h
Kða;bÞ
p

iMN ¼
Z
V

m
að Þ
ij Leijklm

bð Þ
kl M

bð ÞMM að ÞNdV

þda b

Z
V

��
h að Þ

h
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að Þ
eff

i
�
t

að Þ
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h
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að Þ
eff

i
g

að Þ
eff

�g að Þ2

g
að Þ2
eff

þ
t

að Þ
0

h
g

að Þ
eff

i
g

að Þ
eff

�
M að ÞMM að ÞN dV

þda b

Z
V

�
h að Þ

h
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að Þ
eff

i
�
t

að Þ
0

h
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að Þ
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i
g

að Þ
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� g að Þ

g
að Þ2
eff

l2 s að Þ
i g

að Þ
;i s að Þ

j

�
M að ÞM

; j M að ÞN þM að ÞMM að ÞN
; j

�
dV

þda b

Z
V

��
h að Þ

h
g

að Þ
eff

i
�
t

að Þ
0

h
g

að Þ
eff

i
g

að Þ
eff

��l2 s að Þ
i g

að Þ
;i

�2
g

að Þ2
eff

þ l2
t

að Þ
0

h
g

að Þ
eff

i
g

að Þ
eff

�
s að Þ
j M að ÞM

;j s að Þ
k M að ÞN

;k dV

(23)
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numerical issues is to start calculations with a small value of initial
slip throughout the entire body. The initial slip value used in the

present work is gðaÞ ¼ g
ðaÞ
eff ¼ 2� 10�3 g

ðaÞ
y , with the reference

strain measure given as gðaÞ
y ¼ t

ðaÞ
y /G. The effect of this initialization

procedure is demonstrated by Nellemann et al. (2017) for the case
of single slip in an infinite crystalline slab subjected to pure shear
deformation (equivalent to the boundary value problem investi-
gated in the present work). Nellemann et al. (2017) found that the

deviation between results for the value gðaÞ ¼ g
ðaÞ
eff ¼ 2� 10�3 g

ðaÞ
y

and the lowest possible value at which a solutionwas obtainable, is
below 1% for a representative range of length parameter values.

Model B (the case of tðaÞ0 ¼ btðaÞ0 ) is solved using 1000 imposed
displacement steps, initially of equal magnitude. However, an
iterative yield point approach scheme is used to determine the
value of the displacement which results in yielding. Due to the
specifics of the boundary value problem analyzed, the scheme it-

erates to fulfill the condition 0:0<
���tð:Þy ���� btð:Þ0 � 1� 10�8 for all

Gauss points in the domain. When the condition violates the upper
limit the imposed displacement increment is scaled by the value
0.9m, with m initialized to zero (at the beginning of the step) and
increasing by one each subsequent violation of the condition dur-
ing that specific step. When the condition is fulfilled the remaining
part of the displacement increment is added to the next displace-
ment increment and the incremental solution is recovered.

Furthermore, since
btðaÞ

0 ½gðaÞ
eff �

gðaÞ
eff

¼ hðaÞ½gðaÞ
eff � ¼ t

ðaÞ
y kðaÞ, for the case of

hardening exponent n ¼ 1 (linear hardening), the slip system
matrices that couple nodal increments of slip (Eq. (23)) reduce toh

Kða;bÞ
p

iMN ¼
Z
V

m
ðaÞ
ij Leijklm

ðbÞ
kl M

ðbÞMMðaÞNdV

þda b

Z
V

t
ðaÞ
y kðaÞ

�
MðaÞMMðaÞN þ l2 sðaÞj MðaÞM

;j sðaÞk MðaÞN
;k

�
dV

(26)

eliminating the need for a numerical initialization procedure. As a
consequence, no gradient effects contribute to the element stiffness
matrix in the limit of tðaÞy kðaÞ ¼ hðaÞ/0. Furthermore, an alterna-
tive way of deriving Model B in this limit could be through several
additive contributions to the plastic work

UpðaÞh���gðaÞ���;gðaÞ;i sðaÞi

i
¼

ZjgðaÞj

0

t
ðaÞ
0 ½g�dgþ

Zl gðaÞ
;i sðaÞi

0

btðaÞ0

h
g0;isi

i
d
h
g0 ;isi

i

¼ t
ðaÞ
y

 ����gðaÞ����þkðaÞ

2

�
g
ðaÞ
eff

�2!
(27)

which resembles the plastic work suggested by Fleck et al. (2015) in
the context of eliminating strengthening behavior in strain gradient
theories.

4. Pure shear of a crystalline strip

A crystalline strip of material with height H and width W,
confined between rigid platens and subject to monotonic pure
shear loading, is considered as benchmark problem (see Fig. 1). The
edges parallel to the x1-axis are bonded to rigid platens, and in
order to model an infinite strip the conventional boundary condi-
tions are

u2 ¼ 0 on x2 ¼ ±H/2 and on x1 ¼ ±W/2 (28)

u1 ¼ ±D=2 on x2 ¼ ±H=2 (29)

with the shear, D, prescribed incrementally in the finite element
analysis. Additionally, horizontal periodicity of displacement and
slips is prescribed

u1½ �W /2; x2� ¼ u1½W/2; x2� (30)

g að Þ½ �W=2; x2� ¼ g að Þ½W=2; x2� for all a (31)

while the edges parallel to the x1-axis are assumed micro-hard for
l>0

gðaÞ ¼ 0 on x2 ¼ ±H/2 (32)

The material is elastic-plastic, with the ratio between the initial slip
resistance and the shear modulus given by t

ðaÞ
y /G ¼ 0:0104 and

Poisson's ratio n ¼ 0.3. Linear strain hardening characterizes the
material (n ¼ 1), with the normalized conventional strain hard-
ening parameter h/G ¼ 0.2 (unless otherwise stated).

Themodel based on the plastic work defined in Eq. (7) (Model B)
can be treated analytically for the case of monotonic pure shear
loading, since it predicts a proportional straining history (related
results are presented and discussed in Section 5). The pure shear
loading of an infinite strip is essentially a one dimensional
boundary value problem for the slip variables and the horizontal
displacement, given in terms of the uniform distribution of the
resolved shear stress imposed on the strip (see Bittencourt et al.,
2003, for details). The boundary value problem with field quanti-
ties independent of x1 and the only non-zero Cauchy stress

Fig. 1. Illustration of a crystalline strip of height H and width W. The strip is subjected
to pure shear loading through the applied displacements D/2 acting parallel to the x1-
axis (indicated by arrows). The material is elastic-plastic, with two slip systems defined
by the slip direction vectors, sðaÞ , and the vectors normal to the slip plane, mðaÞ , (with
the slip planes indicated by dashed lines). The slip systems are inclined by the angle
qð1Þ ¼ qð2Þ ¼ q relative to the x1-axis, resulting in the relation
sð1Þ ¼ ðcosðqÞ; sinðqÞÞ ¼ mð2Þ , sð2Þ ¼ ðcosðqÞ;�sinðqÞÞ and mð1Þ ¼ ð�cosðqÞ; sinðqÞÞ.
Micro-hard boundary conditions, blocking the motion of dislocations, are applied onto
the top and the bottom of the strip for l>0.
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components being s12 ¼ s21 define the solutions of interest. The

case of symmetric double slip, with qð1Þ ¼ qð2Þ ¼ q (as illustrated in
Fig. 1), and the special case of a single slip system with the slip
system orientation angle q ¼ 90+ fall within the solutions of in-
terest. The conventional equilibrium condition (in Eq. (1)) requires
s12 to be spatially uniform. This results in yielding throughout the
entire strip at the exact same load increment, when yield is defined
as in the case of conventional crystal plasticity (noted in Section
2.2). However, as discussed by Fleck et al. (2015) (for the case of
isotropic strain gradient plasticity) the onset of plastic flowmay not

arise when tðaÞ ¼ t
ðaÞ
y . Fleck et al. (2015) use the term elastic

loading gap to characterize this behavior, which is termed
strengthening in the present work. The conditions reported by

Fleck et al. (2015):
vUpðaÞ ½gðaÞ

eff �
vgðaÞ ¼ t

ðaÞ
y and

vUpðaÞ ½gðaÞ
eff �

v
�
gðaÞ
;i sðaÞi

� ¼ 0 at g(a) ¼ 0 and

g
ðaÞ
;i sðaÞi ¼ 0 must be fulfilled, under monotonic and positive

loading, to ensure that strengthening does not arises in either

model. This condition is fulfilled for Model B, however, Model A

results in
vUpðaÞ ½gðaÞ

eff �
vgðaÞ ¼ t

ðaÞ
y

gðaÞ

gðaÞ
eff

and
vUpðaÞ ½gðaÞ

eff �
v
�
gðaÞ
;i sðaÞi

� ¼ t
ðaÞ
y

l2 gðaÞ
;i sðaÞi

gðaÞ
eff

at g(a) ¼ 0

and g
ðaÞ
;i sðaÞi ¼ 0, hence strengthening must be expected for this

model. However, as noted in Section 2.2 the Cauchy stress alone
defines yielding of the material, which leads to the definition of the
apparent rise in yield limit being a property related to plasticity in
the case of rate-independence.

In the remainder of this work, all parameters related to plasticity
are presented without a superscript Greek letter slip system iden-
tifier, since these will be assumed equal for the cases of symmetric
double slip and only one exists for the case of single slip.

4.1. An exact closed form solution to pure shear loading conditions

The analytical solutions will be restricted to characterize plastic
behavior, neglecting material behavior prior to yielding. Monotonic
positive slip is assumed, such that sgn½g� ¼ 1 and s2 ¼ sinðqÞ,
resulting in the reduced expression for the effective slip

geff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ l2

�
g;2s2

�2r
(33)

For the boundary value problem at hand, the micro-stress,
defined by Eq. (14), and the higher order stress, in Eq. (10),
reduce to

qðaÞ ¼ bt0hgeff i g

geff
þ ty (34)

xðaÞ ¼ bt0hgeff i l2 g;2s2
geff

; (35)

with the directional derivative of the higher order stress given by

x;2 s2 ¼ l2s22

  
h
h
geff

i
�
bt0hgeff i
geff

!�
g
�
g;2

�2 þ l2 s2 g;2 g;22

�
�
geff

�2
þ
g;22 bt0hgeff i

geff

!

(36)

Inserting Eq. (34) and Eq. (36) into the microforce equilibrium

equation (in Eq. (2)), and assuming linear hardening, results in

�l2g;22 þ g ¼ F (37)

where

l ¼ l s2 and F ¼
�
t� ty

�
h

(38)

This expression for the governing ordinary differential equation
of the specific boundary value problem is very similar to the one
obtained by Bittencourt et al. (2003) for their proposed rate-
independent strain gradient crystal plasticity formulation. The
analytical solution of the conventional crystal plasticity formula-
tion (the limit l¼ 0, wheremicroscopic boundary conditions cannot
be imposed), can be obtained by imposing the boundary condi-
tions; g;2 ¼ 0 at x2 ¼ ±H/2 on Eq. (37). This results in a uniform
slip across the material slab given by; g ¼ F. However, the solution
to Eq. (37) for l>0 is subject to the boundary conditions in Eq. (32),
which results in the more complex slip distribution given by

g ¼ F
�
1� coshðx2/lÞ

coshðH/ð2lÞÞ
�

(39)

The expressions for the slip distribution and the distribution of
the spatial gradient of slip will be compared to the finite element
solutions in Section 5.

The distributions of the first and second spatial derivative of the
slip in the x2-direction follow by differentiating Eq. (39), and result
in

g;2 ¼ �F
sinhðx2/lÞ

l coshðH/ð2lÞÞ (40)

and

g;22 ¼ �F
coshðx2/lÞ

l2 coshðH/ð2lÞÞ
(41)

The average slip through the height of the strip is given by

g ðavg:Þ ¼
1
H

ZH/2
�H/2

g dx2 ¼ F
�
1� tanhðH/ð2lÞÞ2l

H

�
(42)

which can be used to identify the normalized average effective
hardening modulus

heff
h

¼ F
g ðavg:Þ

¼ H
H � 2l tanhðH/ð2lÞÞ (43)

The definition of F indicates that the limit h/0 is singular, such that
the above expressions for the slip distribution, the slip gradient
distribution and the average slip are unbounded. However, the
average effective hardening modulus is independent of the con-
ventional shear hardening parameter, and expressed purely in
terms of l (i.e. the slip system orientation angle and the length
parameter) and the strip height H. The expression for the effective
hardening modulus is compared to finite element predictions in
Section 5.

5. Results and discussion

In the present work, strengthening is defined as an apparent
delay in plastic flow, while hardening is defined by the combined
effect of conventional strain hardening and the additional
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hardening owing to strain gradients. The results presented consist
of finite element predictions which for Model B, are compared to
the analytical solutions derived in Section 4.1. The case of single slip
(with q ¼ 90+) will be used to present hardening and strengthening
characteristics of the two formulations, while hardening pre-
dictions for both single slip and symmetric double slip (q ¼ 15+ and
30+, respectively) conclude the results section.

Results of single slip (q ¼ 90+) are presented in Figs. 2e9, where
predictions of strengthening and hardening behavior of the two
models are compared. The influence of the length scale parameter
on the shear stress-strain curves is shown in Fig. 2. It is seen that
both formulations reduce to the conventional limit when l/0,
while an increase in hardening is predicted for increasing values of
l/H. It is worth noticing that Model A predicts strengthening and a
slightly non-linear post yielding material response despite

employing a linear hardening model, and both effects are found to
intensify with increasing l/H. In contrast, Model B predicts linear
hardening and no strengthening for the same set of parameters.
The slip profile amplitude through the straining history is shown in
Fig. 3 for both models. The predictions of Model A are non-linear in
the plastic regime, indicating a non-proportional straining history
(see Hutchinson, 2012, for details on proportional straining in the
case of isotropic strain gradient plasticity). Contrary to this, Model B
predicts a piecewise linear evolution of the slip profile amplitude,
which indicates that proportional straining occurs at a single ma-
terial point of the strip in the plastic regime. The proportional
straining history predicted by Model B is further substantiated in
Fig. 4 where the normalized slip profile through the top half of the

Fig. 3. Slip profile amplitude to the imposed overall shear strain D/H, for single slip
(q ¼ 90+), and for various values of the normalized length parameter l/H. The
normalized conventional strain hardening parameter is h/G ¼ 0.2. The curves are ob-
tained using Model A and Model B.

Fig. 4. The normalized slip profile, g/g[x2/H ¼ 0], through half the height of the strip at
various stages of deformation. The stages of plastic strain are presented as percentages
of the plastic strain, given by ε

f
p ¼ Df

H � ty
G , imposed at the final stage of deformation, D

f

H .
The curves are obtained using Model A and Model B for single slip (q ¼ 90+), and the
normalized length parameter is l/H ¼ 0.8. The normalized conventional strain hard-
ening parameter is h/G ¼ 0.2.

Fig. 5. Slip profile, g, at imposed overall shear strain; Df/H ¼ 0.086, for single slip
(q ¼ 90+), and for various values of the normalized length parameter l/H. The
normalized conventional strain hardening parameter is h/G ¼ 0.2. The curves are ob-
tained using Model A and Model B, while the markers are obtained using Eq. (39).

Fig. 2. Shear stress-strain response to the imposed overall shear strain D/H, for single
slip (q ¼ 90+), and for various values of the normalized length parameter l/H. The
normalized conventional strain hardening parameter is h/G ¼ 0.2. The curves are ob-
tained using Model A and Model B.
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crystalline strip, at various stages of deformation, is shown for the
case of l/H ¼ 0.8. The stages of deformation are presented as per-
centages of the plastic strain imposed at the final stage of defor-
mation ε

f
p ¼ Df

H � ty
G , with Df/H ¼ 0.086. The non-proportional

straining history predicted by Model A is confirmed in Fig. 4. The
plastic strain essentially evolves from the initialization value and is
highly affected by the effect of strengthening. However, the slip
profile of Model A converges towards that of Model B as the plastic
deformation is increased (this has been confirmed by enforcing a
deformation of Df/H ¼ 0.86). The results presented in Figs. 2e4
substantiate the key objectives for “proper model development”
proposed by Hutchinson (2012) (restated in the introduction of the
present work). In the case of Model A objective one and two are
met, however objective three is not, while all three objectives are
met for Model B.

Predictions of slip profile distributions, for various values of l/H,

at the overall shear strain (Df/H) are presented in Fig. 5. The limit l/
H ¼ 0 is approached by the curves for l/H ¼ 0.01, which is reflected
by a uniform distribution of the slip throughout most of the strip
height and sharp boundary layers at the edges of the domain. The
predicted slip is seen to decrease in overall magnitude for
increasing l/H, and the strengthening predicted by Model A is re-
flected through a noticeable smaller magnitude of the slip distri-
bution when compared to the predictions of Model B and the
analytical solution presented in Eq. (39).

The associated slip gradient distributions are shown in Fig. 6(a)
and (b). The result obtained for l/H ¼ 0.01 shows a highly localized
slip gradient distribution at the boundaries, for both models, and
the results predicted by Model B and the analytical solution pre-
sented in Eq. (40) coincide. The results of both models for l/H ¼ 0.4

Fig. 6. Normalized slip gradient profile, l g,2 s2, at imposed overall shear strain Df/
H ¼ 0.086, for single slip (q ¼ 90+), and for various values of the normalized length
parameter l/H. The normalized conventional strain hardening parameter is h/G ¼ 0.2.

Fig. 7. Shear stress-strain response to the imposed overall shear strain Df/H, for single
slip (q ¼ 90+), and for various values of the normalized conventional strain hardening
parameter h/G. The normalized length parameter is l/H ¼ 0.4. The curves are obtained
using Model A and Model B.

Fig. 8. Slip profile, g, at imposed overall shear strain Df/H ¼ 0.086, for single slip
(q ¼ 90+), and for various values of the normalized conventional strain hardening
parameter h/G. The normalized length parameter is l/H ¼ 0.4. The curves are obtained
using Model A and Model B, while the markers are obtained using Eq. (39).
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and 0.8 are representative of the gradual change in slip gradient
distribution for the interval l/H ¼ 0.01e0.8. The value l/H ¼ 0.8
marks a transition which is reflected by the results of l/H ¼ 1.6,
displaying an overall decreases in magnitude for both models. In
the case of Model A, almost no change in distribution is seen as l/H
is increased from 0.4 to 0.8, while a further increase results in a
close to linear distribution near the boundaries in combination
with a distinct change in distribution away from the boundaries. As
the length parameter is increased from 0.4 to 0.8 Model B ap-
proaches an almost linear distribution, which decreases in over all
magnitude as l/H is increased further.

The influence of the conventional strain hardening parameter
on the resolved shear stress predictions of the twomodels is shown
in Fig. 7, for the case of l/H ¼ 0.4. The predictions of Model B display
no strengthening behavior and a linear hardening response, and
with an apparently ideally plastic material behavior predicted for
h/G ¼ 5� 10�5. Similarly, the predictions of Model A show
response curves with similar slopes, however, both strengthening
and a slight curvature of the post yielding material response is
observed. Furthermore, the strengthening predictions of Model A
are seen to be independent of conventional strain hardening which
is consistent with several other strain gradient theories exhibiting
strengthening (e.g. Fredriksson and Gudmundson, 2005; Lele and
Anand, 2008; Niordson and Legarth, 2010). Fig. 8 shows the asso-
ciated slip profiles for the two formulations and the analytical so-
lution presented in Eq. (39). The result obtained using Model A
displays boundary layers that increase in magnitude for decreasing
values of h/G � 5� 10�3, and with very sharp boundary layers for
h/G ¼ 5� 10�5. The predictions of Model B show an increase in slip
throughout the height of the strip for decreasing values of h/G.
Furthermore, perfect agreement is found between Model B and the
analytical solution, which has been accurately obtained by the
adopted yield point approach scheme (see Section 3.2). The pre-
dicted slip gradient distributions are presented in Fig. 9. The data
plotted is restricted to the interval between l g,2 s2 ¼ �0.5 and l g,2
s2 ¼ 0.5 on the normalized slip gradient axis, such that a visual
comparison is possible. In the case of Model A, the cutoff interval
excludes the peak values of the normalized slip gradient for h/G ¼
5� 10�3 and h/G ¼ 5� 10�5 which are determined to 0.5158 and
3.932, respectively. As seen, sharp peaks and high concentrations of
slip gradient profile are predicted for these values of conventional
strain hardening. The results predicted by Model B show almost
linear distributions, which increase slightly in overall magnitude
for decreasing values of h/G. The results of the analytical solution is
again in perfect agreement with the results of Model B (especially
notice the zoom included). A comparison of the slip gradient pro-
files associated with various values of l/H and h/G (Figs. 6 and 9)
indicates that a highly localized slip gradient distribution is pre-
dicted by Model A at the boundaries for low values of either the
length parameter or the conventional strain hardening parameter.
While Model B only shows the same trend for low values of l/H.

The analytical solution for the hardening, derived in Section 4.1, is
based on the definition of the plastic work in Eq. (7). This solution is
valid for the case of symmetric double slip and the special case of
single slip with the slip system orientation angle q ¼ 90+. Further-
more, as noted in relation to Eq. (43), the hardening enhancement
over conventional strain hardening is independent of h, and depends
only on the length parameter, the slip direction vector component s2,
and the height of the strip. In order to quantify the hardening
behavior, Fig.10 presents the normalized average effective hardening
modulus, heff/h ¼ (t � ty)/(g (avg.)h), as a function of a slip system
orientation dependent length parameter defined by; 2 ls2/H, to
compare results for various cases. The slip direction vector compo-
nent s2 is constant for a given choice of slip system orientation and l
is the slip system orientation dependent length parameter. The re-

sults of Model A and Model B are obtained using the normalized
conventional strain hardening parameter (h/G ¼ 0.2), but the nu-
merical results have been found to be independent of non-zero
values of h/G. The markers on the curve represent discrete data
point values, for three values of slip system orientation angle
(q ¼ 15+; 30+ and 90+, respectively), and the solid line is given by
Eq. (43). In the case of proportional straining history the expression

heff =h ¼
�
t
h
Df
100%

i
� ty

�.�
gðavg:Þ

h
Df
100%

i
h
�
, with Df

100% referring

to the percentage of overall imposed shear strain, is sufficient to
evaluate the effective hardening moduli. However, due to the non-

Fig. 9. Normalized slip gradient profile, l g,2 s2, at imposed overall shear strain Df/
H ¼ 0.086, for single slip (q ¼ 90+), and for various values of the normalized con-
ventional strain hardening parameter h/G. The normalized length parameter is l/
H ¼ 0.4. The curves are obtained using Model A and Model B, while the markers are
obtained using Eq. (40). A zoom of the results near the lower boundary is included.

Fig. 10. Effect of normalized length parameter 2ls2/H on the normalized average
effective hardening moduli heff/h ¼ (t � ty)/(g(avg.)h). The markers represent solutions
obtained by Model A and Model B, for three different values of slip system orientation
angle (q ¼ 15+ ;30+ and 90+) with the value of the normalized conventional strain
hardening parameter h/G ¼ 0.2. The solid line is plotted using the analytical expression
in Eq. (43).
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proportional straining history predicted by Model A, the effective
hardening moduli are calculated using data points at 90% and 100%
of the imposed overall shear strain (in this case beingDf/H¼ 0.172, or
twice the overall shear strain otherwise used in the present work).

Thus, the effective hardeningmoduli forModel A are evaluated using

heff /h ¼ ðt½Df
100%� � t½Df

90%�Þ/ððgðavg:Þ½Df
100%� � gðavg:Þ½Df

90%�ÞhÞ. It is

seen from Fig. 10 that the predictions of both Model A and Model B

coincide with the analytical solution, confirming that Model A con-
verges towards proportional straining as the effects due to
strengthening become negligible (also indicated by the findings
related to Figs. 3 and 4) and that the effective hardening relation is
independent of the conventional strain hardening parameter.

Further details on the strengthening behavior of Model A are pre-
sented in the work of Nellemann et al. (2017) which, also, includes a
figure showing the magnitude of the predicted strengthening as a
function of the normalized length parameter.

6. Concluding remarks

Two closely related rate-independent strain gradient crystal
plasticity models have been presented in a unifying framework.
Model A is investigated in the work of Nellemann et al. (2017),
while the present work presents Model B and a comparison of the
two models. The specific difference between the two models lies in
whether or not the constant term of the conventional strain
hardening curve is associatedwith gradients of slip in the definition
of the plastic work. Essential to this difference is the issue of
strengthening, as predicted by Fleck et al. (2015) for the case of
isotropic plasticity.

Three objectives proposed by Hutchinson (2012) for “proper
model development” are adopted in the present work. The first
objective is met since both the models predict the response of
conventional crystal plasticity theory in the limit of vanishing
gradients. The second objective is also fulfilled for both models, as
the unified framework is defined by elastic parameters (Poisson's
ratio and the shear modulus), the plastic material response is
defined in terms of a relation between resolved shear stress and slip
(corresponding to the uni-axial tensile curve in isotropic plasticity),
and a material length parameter that scales the gradient depen-
dence. The third objective requires that deformation theory and
flow theory coincides for a proportional straining history, which is
fulfilled in the case of Model B, but not for Model A. Model A pre-
dicts a non-proportional straining history for the pure shear
boundary value problem due to strengthening, which is found to be
independent of the conventional strain hardening. An apparent
consequence of this strengthening behavior is that Model A pre-
dicts a straining history which is approximately proportional when
the overall shear strain is sufficiently large and the effect of the
initial strengthening is negligible. Through deformation theory
considerations an exact solution to the plastic behavior in an
infinite slab subjected to pure shear is derived, based on the
framework for Model B. The solution is shown to coincide with the
prediction ofModel B. Furthermore, an analytical expression for the
effective hardening modulus is obtained, which reveals that the
effective hardening modulus is independent of conventional strain
hardening. The expression is even found to coincide with the pre-
dictions of Model A at deformation levels where the effects of
strengthening are negligible.

The microscopic response predicted by the two models gener-
ally show differences in distributions of slip and net Burgers vector
density, both in the case of varying values of the length parameter
and the level of the conventional strain hardening parameter. In the
case of Model A, increasingly sharp boundary layers are predicted

for both the distribution of slip and the net Burgers vector density
at low conventional strain hardening (Figs. 8 and 9). In contrast,
much smaller changes in the distribution of the slip and the net
Burgers vector density are predicted for varying conventional strain
hardening using Model B (Figs. 8 and 9). When varying the length
parameter, both models predict sharp boundary layers in the net
Burgers vector density distribution for a small length parameter
and vice-versa for intermediate length parameter values. A further
increase in length parameter reveals that the distribution increases
in overall magnitude until a transitional value is reached, at which
further increase in length parameter results in an overall
decreasing distribution (Fig. 6).

The incremental formulation is derived based on the assump-
tion of monotonic loading. This simplifies the numerical model
implementation and in combination with the use of linear con-
ventional strain hardening, the strengthening and hardening
characteristics of the two models are accentuated, both in terms of
the results presented and the analytical treatment of Model B.
Based on Model B a simplified expression for the slip system
matrices that couple increments of nodal slip is obtained for linear
conventional strain hardening (Eq. (26)), which is accompanied by
a simplified expression for the plastic work (Eq. (27)). These ex-
pressions reveal that the predictions of Model B are those of a
recoverable energy with a quadratic dependence on gradients of
slip since the slip and slip gradients contribute independently to
the plastic work. Contrary, to Model A where the slip and slip
gradient contribution is coupled through the effective slip measure.
The simplification of Model B for linear conventional strain hard-
ening (Eq. (26)) further reveals that gradient contributions to the
element stiffness matrix are scaled by the conventional shear
hardening modulus, such that the limit hðaÞ ¼ t

ðaÞ
y kðaÞ/0 reduces

the formulation to the perfectly plastic limit of conventional rate-
independent crystal plasticity.

As noted in Section 3.2 the general expression for the slip system
matrices that couple increments of nodal slip is singular at the

onset of yield, which in the case of Model A is overcome by using a

small initial value of the slip and in the case of Model B vanishes in
the limit of linear conventional strain hardening. While the

expression in Eq. (26) for Model B does not include cases of ns1, it
may be used in the first plastic load increment with the substitution

t
ðaÞ
y kðaÞ ¼ hðaÞ½gðaÞeff ¼ 0� in the case of general loading.

The effect of strengthening that arises from strain gradients is
significant at small material length scales (e.g. Liu et al., 2015). This
effect is predicted by Model A, while no such effect is predicted by
Model B for the choice of material parameters presented. This
finding supports the fact that strengthening does not arise in strain
gradient theories when a quadratic dependence on gradients of
plastic strain is utilized (see Fleck et al., 2015). The presented
models are phenomenologically based, however, assessed in light
of these experimental findings Model A seems a better choice from
a physical point of view. While this assessment is based entirely on
the pure shear boundary value problem analyzed, further in-
vestigations of Model B predictions may reveal strengthening and
other material micro structure characteristics when utilizing ma-
terial parameters that preclude a quadratic dependence on gradi-
ents of strain.
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Abstract

A numerical investigation of wedge indentation, with a nearly flat indenter,

into a monazite (LaPO4) single crystal is carried out to obtain the asymptotic

field solution associated with the moving contact point singularities. The

crystal orientation is such that plane strain conditions prevail, under the as-

sumption of small scale yielding, as out-of-plane deformations are eliminated

due to symmetry. To facilitate such a 2D study, effective slip systems, com-

prised of crystallographic slip systems with equal and opposite out-of-plane

deformation and rotation, are derived. The numerical simulations are con-

ducted within a framework specialized for self-similar problems and adopts

a visco-plastic single crystal material model. The detailed numerical inves-

tigation of the monazite single crystal reveals that the effective slip systems

lead to a non-symmetric deformation field which results in one contact point
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travelling at a greater speed than the other. The deformation near the mov-

ing contact points are divided into sectors separated by boundaries of either

glide shear or kink shear type. The slip rates on the individual systems re-

veal that one slip system is dominating at both contact points, whereas the

other slip system shows a significantly smaller activity, especially at the left

contact point.

Keywords: Self-similarity, Crystal plasticity, Monoclinic structure,

Asymptotic fields

1. Introduction1

Naturally occurring monazite may be recognized as a reddish-brown phos-2

phate mineral. Monazite is usually found in small isolated crystals and con-3

tains rare earth metals such as cerium, lanthanum, and neodymium. A par-4

ticular interest in the lanthanum phosphate (LaPO4) monazite material exists5

due to its relatively low hardness, high-temperature stability, and compatibil-6

ity with common structural oxide ceramics, while exhibiting weak bonding to7

other oxide elements. These special mechanical properties make monazite an8

ideal material for fibre reinforced ceramic matrix composites. For example,9

monazite coated fibres have proven to hinder destructive damage mechanisms10

by enabling crack deflection. Furthermore, the high-temperature stability11

eliminates the problem of oxidation which is commonly observed during fi-12

bre pullout for interface materials used in ceramic matrix composites (Davis13

et al., 2003; Ruggles-Wrenn et al., 2009).14

2



Investigation of the asymptotic slip solution field near moving singular15

points (such as growing cracks and wedge indentation), based on slip-line16

theory that assumes linear elastic, perfectly plastic material behaviour, dates17

back to the 1980s (Drugan et al., 1982; Drugan and Rice, 1984; Drugan, 1986;18

Rice, 1987; Drugan, 2001; Mesarovic and Kysar, 1996; Kysar, 2001a,b; Saito19

and Kysar, 2011). The early studies predict that the deforming domain near20

a moving contact point singularity can be divided into sectors separated by21

glide or kink shear discontinuities. The deformation, within each sector,22

will be governed by either purely elastic or active plastic deformation on a23

number of slip systems. The fundamental properties of asymptotic fields, in24

relation to both fracture and wedge indentation in single crystals, have been25

investigated experimentally by a number of authors (Bastawros and Kim,26

1998; Kysar, 2000; Crone and Shield, 2001; Kysar and Briant, 2002; Kysar27

et al., 2010; Saito and Kysar, 2011; Saito et al., 2012; Dahlberg et al., 2014;28

Sarac et al., 2016; Dahlberg et al., 2017; Sarac and Kysar, 2018; Juul et al.,29

2017b). However, existing studies are limited to the three most common30

crystal structures being FCC, BCC, and HCP. In fact, only few studies in-31

vestigate the details of the deformation in more special crystal configurations32

such as the monazite crystal (monoclinic structure). The existing numerical33

investigations of monazite have focused mainly on determining anisotropic34

elastic parameters, thermal conductivity (Feng et al., 2013), and radiation35

resistance (Grechanovsky et al., 2013). Furthermore, the deformation mech-36

anisms (experimentally observed active slip systems and twinning) of poly-37

3



crystalline monazite have been investigated by Hay and Marshall (2003) and38

Hay (2005, 2008).39

The aim of the present study is to investigate the deformation field, and40

the associated asymptotic fields in the vicinity of moving contact singular-41

ities for wedge indentation (i.e. the point where the indenter loses contact42

with the surface of the material), with a nearly flat indenter, into an elastic,43

perfectly plastic monazite single crystal. The results will serve as founda-44

tion for understanding the properties of monazite measured in indentation45

as the asymptotic solution reveals how dislocation activity can be linked to46

the formations of kink shear sector boundaries.47

The paper is divided into the following sections: The wedge indentation48

problem is outlined in Section 2. The material model, derivation of the in-49

plane effective slip systems and the yield surface of monazite are presented50

in Section 3. The numerical framework is presented in Section 4, and re-51

sults are presented in Section 5. Concluding remarks are given in Section 6.52

Throughout, index notation, including Einstein’s summation convention, is53

used and the superimposed dot, ˙( ), signifies a time derivative.54

2. Wedge indentation with a nearly flat indenter55

Wedge indentation into a monazite single crystal is simulated along the56

lines of Saito et al. (2012) and Juul et al. (2017b) with a nearly flat indenter57

such that the indenter angle, φ, is close to zero degrees (see Fig. 1). Thus, a58

small strain assumption is valid. Furthermore, the indentation is performed59
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under the assumption of negligible friction between the rigid indenter and60

an elastic, perfectly plastic material with a very low yield resistance (model61

parameters are listed in Table 1). The study is performed under such condi-62

tions to investigate the asymptotic field in the vicinity of the moving contact63

points as well as to ensure a direct comparison to work existing on more64

common crystal structures (Saito and Kysar, 2011; Saito et al., 2012; Juul65

et al., 2017b).66

In a corresponding numerical study, Juul et al. (2017b) compared results67

for the FCC and BCC crystal structures to the analytical predictions of Saito68

and Kysar (2011), which are based on an extension of slip line theory that69

assumes a linear elastic, perfectly plastic material behavior. Good agreement70

was found for this comparison. Following Rice (1987), the analytical inves-71

tigation by Saito and Kysar (2011) showed that the asymptotic deformation72

fields consist of angular sectors centered at the moving contact point singular-73

ity, with the sectors deforming either elastically or plastically. The angular74

sectors are separated by radial rays, emanating from the moving contact75

point, that coincide either with the slip direction or the slip plane normal76

of the in-plane effective slip systems. As described by Rice (1987), if the77

radial ray coincides with a slip direction, dislocations operate in glide shear78

along the ray, and if the radial ray coincides with the slip plane normal,79

dislocations operate in kink-shear mode. As the contact point singularity80

moves quasistatically relative to the crystal, the angular sectors and sector81

boundaries move correspondingly through the crystal, hence, velocity dis-82
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continuities across the radial sector boundaries exist under these conditions83

(Drugan and Rice, 1984). Both glide shear and kink shear sector boundaries84

have been identified experimentally (Bastawros and Kim, 1998; Crone and85

Shield, 2001; Kysar and Briant, 2002; Kysar et al., 2010).86

The driving force behind the present study is that such analytical solu-87

tions do not currently exist for the monoclinic crystal structure of monazite,88

but it is expected that the asymptotic solution near the moving points is89

governed by the same characteristics as the analytical solutions for FCC90

and BCC crystals. To bring out the angular sectors and sector boundaries91

for monazite crystals, the stress and slip rate distributions near the moving92

contact point singularity are analyzed in detail (see Section 5). Due to the ve-93

locity discontinuities, that are expected in the present study, spikes of highly94

localized slip rate emanating from the contact points are also investigated.95

3. Monazite single crystals96

3.1. Material model97

The wedge indentation study is conducted in a plane strain setting with98

a small strain formulation, where the displacement field, ui, provides the99

total strain, εij, through the relation; εij = (ui,j + uj,i)/2. The total strain100

is decomposed into an elastic part, εeij, and a plastic part, εpij, such that101

εij = εeij + εpij. When the elastic strain field is known, the stress field can be102

determined by σij = Lijklε
e
kl, where Lijkl is the elastic stiffness tensor.103
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The elastic strains, required for the calculation of stresses, are determined

by obtaining the plastic strains through summation over all slip systems, α:

ε̇pij =
∑

α

γ̇(α)P
(α)
ij , P

(α)
ij =

1

2

(
s
(α)
i m

(α)
j +m

(α)
i s

(α)
j

)
(1)

Here, P
(α)
ij is the Schmid tensor, γ̇(α) is the slip rate, and s

(α)
i and m

(α)
i are the

unit vectors defining the slip direction and the slip plane normal, respectively

(slip direction and normal are illustrated in Fig. 3b). The slip rate on the

individual slip systems, denoted by superscript α, is determined by employing

the visco-plastic power law slip rate relation proposed by Hutchinson (1976)

γ̇(α) = γ̇0 sgn
(
τ (α)

)( |τ (α)|
τ
(α)
0

)1/m

(2)

where τ (α) = σijm
(α)
i s

(α)
j is the resolved shear stress, τ

(α)
0 is the critically re-104

solved shear stress, and m is the rate sensitivity exponent (not to be confused105

with the slip normal m
(α)
i ). The present study concerns the rate indepen-106

dent limit and thus the rate sensitivity exponent is pushed towards this limit107

(m→ 0).108

3.2. In-plane slip systems for the 2D study109

The monazite material is monoclinic in crystal structure and belongs to110

the P21/n space group. The primitive monoclinic lattice structure is charac-111

terized accordingly in the so-called second setting (Donnay, 1943; Matthies112

and Wenk, 2009), with lattice parameters; a = 0.6825nm, b = 0.7057nm,113
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c = 0.6482nm, and β = 103.21◦ (∠bc = ∠ab = 90◦) as sketched in Fig. 3a114

(Hirth and Lothe, 1968; Hay, 2008). The low symmetry and large lattice115

parameters, compared to common metals with FCC and BCC structures,116

make the characterization of the material deformation somewhat more com-117

plex. For the monoclinic crystal structure the slip plane normal, given by118

the Miller-index representation (hkl), is associated with the non-orthogonal119

basis of the reciprocal lattice vectors and the slip direction is given by the120

Miller-index representation [hkl] associated with the non-orthogonal basis of121

the lattice vectors.122

Plane strain conditions in a single crystal can be achieved by choosing the123

plane of deformations such that it coincides with a mirror symmetry plane in124

the crystal (see e.g. Rice, 1987; Crone et al., 2004; Kysar et al., 2005; Niord-125

son and Kysar, 2014), meaning that the out-of-plane deformations from this126

plane has to be symmetric. Moreover, it is a requirement that the specimen127

geometry and the external loading also possess symmetry with respect to128

the mirror symmetry plane as well as a planar character without variations129

along the symmetry plane normal. Complying with these conditions, the130

slip systems can be arranged into mirrored pairs, such that each pair has an131

identical resolved shear stress. The mirrored pair of slip systems will then132

activated identically, and may be described by a single in-plane system.133

Hay (2008) presents findings of active slip systems in monazite and 12134

slip systems of interest are identified as possible candidates to form mirrored135

pairs of slip systems. These slip systems are summarized in Table 2. The136
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slip systems identified do not reflect the possible difference in slip resistance137

along opposite directions of slip. However, based on the discussion of this138

issue by Hay (2008) the difference is assumed negligible in the present work.139

Figure 3a presents the definition of the crystallographic orientation in140

three dimensional space (a Cartesian orthonormal basis). Here, the crys-141

tallographic orientation of the monazite is chosen such that the (010) plane142

is the mirror symmetry plane for the plane strain deformation, such that143

(see also Fig. 3c). When interpreting Figure 3, one should be aware of the144

following:145

1. The lattice vector b is parallel to the [010] direction, the x2-axis and146

the (010) plane normal.147

2. The lattice vector c is parallel to the [001] direction and the x3-axis.148

3. The lattice vector a is parallel to the [100] direction and the (010) ×149

(001) direction, thus, the lattice vector is oriented in the x1x3-plane150

(mirror plane) at the angle β with respect to the x3-axis (clockwise151

rotation).152

4. The reciprocal lattice vector represented by the (100) plane normal is153

parallel to the x1-axis.154

5. The reciprocal lattice vector represented by the (001) plane normal is155

parallel to the direction [100] × [010].156

For monazite single crystals, in the chosen configuration, three in-plane157

slip systems can be identified. Two being effective slip systems (mirrored158

pairs of crystallographic slip systems), and one being a crystallographic slip159
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system in itself. The first in-plane slip system (Fig. 3d) is comprised of the160

two crystallographic slip systems (011)[100] and (01̄1)[100] that are equiv-161

alent to the effective slip system (001)[100]. The second in-plane system162

(Fig. 3e) is the crystallographic slip system (1̄00)[001] which coincides with163

the third in-plane slip system (Fig. 3f), constructed from the crystallographic164

slip systems (1̄1̄0)[001] and (1̄10)[001] which gives the effective slip system165

(1̄00)[001]. It is seen that the first in-plane slip direction is at an angle of166

−103.21◦ with respect to the x3-axis, while the second and the third in-167

plane slip directions (one crystallographic and one effective) are parallel to168

the x3-axis. The three in-plane slip systems are summarized in Table 3 by169

in-plane unit vectors S
(A)
I and M

(A)
I , which are the rescaled projections of170

s
(α)
i and m

(α)
i onto the x1x3 mirror symmetry plane, respectively. Here, the171

superscript represents the in-plane slip systems and the subscript represents172

in-plane index notation. Lower case letters represent the actual slip sys-173

tems and upper case letters represent the in-plane systems. Furthermore,174

the in-plane unit vectors s
(α)
i and m

(α)
i will be substituted for S

(A)
I and M

(A)
I ,175

respectively, in the numerical analysis (Section 5).176

3.3. Yield surface177

Yielding is assumed to be governed by the Schmid law through the re-

solved shear stress

σijm
(α)
i s

(α)
j = ±τ0 for i, j ∈ {1, 2, 3} (3)
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with the superscript (α) omitted on the critically resolved shear stress since

this value is assumed equal for all crystallographic slip systems.

Considering plane strain loading in the the mirror symmetry plane of

the monazite crystal as (010), the stress tensor has no out-of-plane shear

(σ12 = σ32 = 0) and Eq. (3) reduces to

(s
(α)
1 m

(α)
3 + s

(α)
3 m

(α)
1 )σ13 + 2s

(α)
1 m

(α)
1

(
σ11 − σ33

2

)
= ±τ0. (4)

showing that there is no dependence on the out-of-plane normal stress σ22.178

Based on the geometric constraints governing the in-plane slip direction

vector and slip plane normal vector, and the definition of the in-plane angle

θ(A) (with a positive rotation defined counter clockwise, see Fig. 3b), the

relations S
(A)
1 = cos

(
θ(A)

)
= M

(A)
3 and S

(A)
3 = sin

(
θ(A)

)
= −M (A)

1 permit

Eq. (4) to be expressed as

σ13 = tan
(

2θ(A)
)(σ11 − σ33

2

)
± λ(A)τ0

cos (2θ(A))
. (5)

Here, λ(A) =
τ
(A)
0

τ0
is the ratio of slip resistance on the effective slip system

(A) and the crystallographic slip system. For the FCC and the BCC crystal

structures, Rice (1987); Niordson and Kysar (2014); Juul et al. (2017a,b) have

discussed the scaling ratios associated with slip system properties that are

needed for the response of the effective slip systems and the crystallographic

slip systems to coincide under plane strain conditions. In the present study,
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scaling of the critically resolved shear stress and scaling of the reference strain

rate will be sufficient and result in the following relations

τ
(A)
0 = λ(A) τ0, and γ̇

(A)
0 = β(A) γ̇0. (6)

The scaling ratios for each of the effective slip systems are listed in Table 3,179

which also include expressions for the two quantities based on slip system180

unit vectors (both effective and crystallographic unit vectors). As seen from181

Table 3, the scaling ratios of the two effective in-plane slip systems (1) and182

(3) are larger than unity (being the scaling factor for effective slip system183

(2)). The expression for the yield surface in Eq. (5), normalized with the184

critically resolved shear stress, allows for a convenient representation of the185

yield criterion in a two dimensional stress space with abscissa (σ11−σ33)/(2τ0)186

and ordinate σ13/τ0 (also discussed by Kysar et al., 2005). The yield surface187

thereby reveals itself as three sets of parallel lines, oriented at the angle 2θ(A)188

with respect to the (σ11−σ33)/(2τ0)-axis for the effective slip system oriented189

at the angle θ(A), and the distance λ(A) (perpendicular to the parallel lines)190

from the origin in normalized stress space. The inner envelope described191

by the parallel lines of the slip systems (1) and (2) and the outer envelope192

described by parallel lines of slip systems (1) and (3) form yield surfaces with193

the vertices listed in Table 4. An illustration of the yield surface is shown194

in Fig. 4 where it forms a parallelogram with the vertices A, B, C and D in195

normalized stress space. In case of the two sets of parallel slip systems (one196
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effective and one crystallographic), the scaling factor λ(2) results in the lowest197

critically resolved shear stress, such that plastic deformation will take place198

at the inner parallel effective slip system (2) for the elastic, perfectly plastic199

material considered. Thus, the effective in-plane slip system (3) (having the200

highest slip resistance) is assumed inactive in the present study and only201

slip system (1) and (2) are included in the numerical analysis (obviously this202

argument would not suffice in the case of a hardening solid).203

4. Numerical framework204

4.1. Self-similarity205

The present work employs a numerical framework developed for self-206

similar problems, where the features of the field quantities remain unchanged,207

while the fields change in size over time. This framework was first presented208

in Juul et al. (2017b) and employed on wedge indentation in FCC, BCC, and209

HCP single crystals with excellent results.210

For wedge indentation, the self-similar condition is achieved when the211

indentation rate, ȧ/a = ċ (with a being the half contact length and ȧ being212

the contact velocity), is constant. However, compared to the study of Juul213

et al. (2017b), indentation in a monazite crystal is slightly different due to214

the non-symmetric nature of the monoclinic structure. The FCC, BCC, and215

HCP crystals, all studied in Juul et al. (2017b), gave rise to a symmetric216

displacement field, such that the distance from the indenter tip and the217

moving contact point singularity on both sides of the indenter tip are equal.218
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However, this is not the case for monazite. Due to the monoclinic crystal219

structure, the displacement field will not remain symmetric and, thus, the220

velocity of the contact points to the left and right of the indenter tip will be221

different. Therefore, it is necessary to introduce individual contact lengths222

(and velocities) for the left and right contact points, respectively. These will223

be denoted ar and al as illustrated in Fig. 1. To satisfy the condition ȧ/a = ċ,224

that ensures a self-similar solution, the quantities a and ȧ will then have to be225

treated as the average values such that; a = (ar + al)/2 and ȧ = (ȧr + ȧl)/2.226

The self-similar development of the solution in indentation can be recog-

nized by an observer changing the magnification of the view at a rate related

to the indentation process, such that the field quantities appear constant in

both shape and size. This noteworthy characteristic of self-similar problems

ties to the fact that only one independent characteristic length exists. Thus,

the only time dependence in the problem enters through the evolution of this

characteristic length, a (see discussion in Juul et al., 2017b). The time rate

of change of any field quantity can thereby be related to a corresponding

spatial derivative in the self-similar coordinate system through the relation

ḟ = −ċ ξi
∂f

∂ξi
(7)

where ċ is the indentation rate and ξi is a self-similar coordinate system,

where the coordinates of the material points change with time. Based on

this key relation between time and spatial derivatives, it is possible to obtain
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the history dependence through spatial integration when solving the problem.

The numerical scheme for the spatial integration is adopted from Juul et al.

(2017b). Here, the integration lines are also located radially around the

indenter tip (see Fig. 1), making it convenient to express the self-similar

relation (Eq. (7)) in a self-similar polar coordinate system with origo located

at the tip of the indenter. The self-similar relation thereby transforms into

ḟ = −ċ ρ ∂f
∂ρ

(8)

where ρ is the radial distance to a point on the integration line.227

4.2. Numerical implementation228

The self-similar relation in Eq. (8) is applied to the material model out-229

lined in Section 3.1. Thus, all time derivatives are transformed into corre-230

sponding spatial derivatives through the indentation rate, ċ, and the distance231

to the indenter tip, ρ. A quantity of interest at the material point, ρ∗, can be232

envisioned to lie on a line that ends on the indenter tip and its deformation233

history is accounted for by spatial integration along that line toward the tip.234

Essentially, the integration starts in the elastic region (say point ρ0) far from235

the indenter tip, and ends at the point of interest, ρ∗ (see Fig. 1). Thus,236

the point of interest, ρ∗, obtains the history through information stored in237

points further away from the indenter tip. This integration method ensures238

that the elastic-plastic material response of the material is captured and also239

allows for potential elastic unloading.240
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Other than this tailored history integration, the framework adopted from241

Juul et al. (2017b), relies on the conventional principle of virtual work (PWV)242

for a quasi-static problem to determine the displacement field, ui;243

∫

V

LijklεklδεijdV =

∫

S

TiδuidS +

∫

V

Lijklε
p
klδεijdV. (9)

Here, Ti = σijnj is the surface traction (nj denotes the unit outward normal244

vector), V is the volume of the domain, and S is the boundary of the domain.245

The PVW is solved by employing the finite element method with 2D 8-node246

isoparametric elements using reduced Gauss integration (2×2 Gauss points).247

The implementation of the self-similar framework follows Juul et al. (2017b),248

and the pseudo-algorithm is as follows:249

1. Determine the displacement field, u
(n)
i , by use of the plastic strains250

from the previous iteration, ε
p(n−1)
ij (n is the iterative step).251

2. Determine the total strains, ε
(n)
ij from the current displacement field,252

u
(n)
i .253

3. Initiate spatial integration scheme to determine the slip and plastic254

strains.255

(a) The spatial derivatives are determined by applying the self-similar
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relation in Eq. (8) to the rate equations in the constitutive law.

∂γ(α)

∂ρ
= − γ̇

(α)
0

ρċ
sgn

(
τ (α)

)( |τ (α)|
g(α)

)1/m

(10)

∂εpij
∂ρ

=
∑

α

∂γ(α)

∂ρ
P

(α)
ij (11)

(b) The current slip, γ(α)(n), and plastic strains, ε
p(n)
ij , are determined256

through spatial integration257

γ(α)(n) =

∫ ρ∗

ρ0

∂γ(α)

∂ρ
dρ, and ε

p(n)
ij =

∫ ρ∗

ρ0

∂ε
(p)
ij

∂ρ
dρ. (12)

4. The stresses σ
(n)
ij are updated through the relation; σij = Lijklε

e
kl.258

5. Repeat step 1 through 4, until convergence is obtained. Here, the259

convergence is evaluated as the change in the displacement and stress260

field.261

The iterative framework is initiated by using the elastic solution (γ(α) = 0)262

in the first iteration. Moreover, the implementation of the framework relies263

on the modifications suggested by Niordson (2001), and Nielsen and Niord-264

son (2012a) regarding spatial integration techniques, introducing substeps265

between the Gauss points in the spatial integration procedure to ensure a266

robust framework. This is particularly important when the rate independent267

limit is approached (m→ 0).268
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5. Results269

The effective in-plane slip systems of the monazite crystal, derived in Sec-270

tion 3.2, are oriented non-symmetrically with respect to the external loading271

and the entire domain is therefore modelled to obtain the behaviour of the272

two distinct contact point singularities. The mesh is constructed such that273

the contact points are located in a finely meshed region, in order to achieve274

sufficient resolution of the results, while the mesh gradually becomes coarser275

when moving away from the contact point singularities (see domain in Fig. 5).276

5.1. Stress Fields277

The stress distribution for the wedge indented monazite crystal is first278

presented as contour plots in Fig. 6. Details on the stress quantities in the279

vicinity of the moving contact point singularities are then extracted along280

different angular paths (see Figs. 7 and 8), and lastly the stresses at the281

contact points are presented as stress trajectories (see Figs. 9 and 10). The282

contour plots are presented in a self-similar coordinate system, ξi, such that283

the right contact point singularity is always located at the coordinate ξi =284

(1, 0). For the parameters choosen in this study, the monazite material has285

been found to have a hardness of H/τ0 ≈ 6.2.286

In contrast to the effective slip systems investigated by Saito et al. (2012)287

and Juul et al. (2017b) (for FCC, BCC, and HCP crystals), the stress distri-288

bution for monazite shows no symmetry with respect to the vertical indenta-289

tion axis (see Fig. 6). This observation is directly linked to the non-symmetric290
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orientation of the slip systems, with respect to the indenter, and this drives291

the two contact points to different locations relative to the center axis, ξ3.292

In fact, the ratio of the distance to the two contact points is observed to be293

ar/al ≈ 1.05. Thus, the left contact point is located the closest to the ξ3-axis294

which implies that it travels at a lower velocity compared to the right contact295

point. Upon inspection of the stress contours, in the immediate vicinity of296

the contact points, it is seen that stress rays emanate from these characteris-297

tic points similarly to the FCC, BCC and HCP cases. This suggests that an298

asymptotic solution should exist close to the contact points in line with the299

predictions of Saito and Kysar (2011) for FCC and BCC crystals. In analogy,300

the asymptotic solution of the tangential stress distribution is expected to301

be independent of the distance in the immediate vicinity of the contact point302

while it is expected to break down further away.303

To establish the asymptotic solution numerically, the angular variation304

of the stresses near the contact points are extracted by employing inverse305

isoparametric mapping (Murti et al., 1988; Lim et al., 1992) within the finite306

element mesh (the angular paths are illustrated in Fig. 2). The stress quanti-307

ties are extracted at four different radii to confirm that the paths are within308

a region with negligible radial variations (similar to the observations for FCC309

and BCC crystals). The stress quantities are presented in Figs. 7 and 8 for310

the left and right contact point, respectively. Upon inspection of the angular311

stress variation, at the four different radii, it is seen that the plots for the two312

radii closest to the contact points are almost identical in magnitude, whereas313
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the plots for the larger radii start to deviate. This indicates that the region314

r < 0.25a is governed by the asymptotic solution which is independent of315

the radius. From Figs. 7 and 8 it is also worth to notice that the stress com-316

ponents satisfy the boundary conditions as σ13 = σ33 = 0 at ψ = 0 (at the317

free surface) and σ13 = 0 at ψ = −180◦ (at the frictionless indenter surface).318

Comparing the stress of the left (Fig. 7) and the right (Fig. 8) contact points,319

it is found that the σ13 components reach approximately the same maximum320

magnitude. However, the right contact point reaches a higher level of σ11,321

whereas the σ33 component is lower when compared to the left contact point.322

The stress trajectories for different radii are plotted in Figs. 9 and 10323

for the left and right contact point, respectively, starting at the star marker324

which is at the free surface (ψ = 0), and runs to the indenter surface (ψ =325

−180◦). Comparing the stress trajectory at the four different radii, it is seen326

that the characteristics of the trajectories gradually change, but with the327

two radii closest to the contact point being reasonably similar (inside the328

region r < 0.25a where the asymptotic solution is valid). For the left contact329

point (Fig. 9), it is observed that the stress trajectory moves in a counter330

clockwise direction towards the vertex on the yield surface (however, it is331

never reaches the vertex), whereafter it stays on the yield surface before it332

reenters the elastic region and returns to the stress region where it started.333

For the right contact point (Fig. 10), the stress trajectory moves in opposite334

direction (clockwise direction) towards the yield surface and then remains335

on the yield surface approaching the vertex. However, before reaching the336
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vertex, the stress state again reenters the elastic region and approaches the337

starting point. Note that the stress trajectory only reaches the vertex at a338

distance from the right moving contact point where the asymptotic solution339

is no longer assumed valid.340

5.2. Slip rate fields341

The slip rate fields for the wedge indented monazite is first presented as342

contour plots, to give an overview of the activity of the various slip planes343

in the vicinity of the moving contact points (see Fig. 11), and secondly as344

angular plots of the slip rate near the left and right contact points (see345

Figs. 12 and 13, respectively) to share details on the activity. The main346

goal is to bring out the discontinuities expected in the slip rate field, demon-347

strated by Drugan and Rice (1984); Rice (1987); Saito and Kysar (2011);348

Juul et al. (2017b) for FCC and BCC crystals. It should be noted that the349

rate-dependent model, employed in the current study, cannot predict actual350

discontinuities but rather rays with a finite width (however, they will be351

denoted as discontinuities in the following).352

Figure 11 displays the normalized slip rate on the two slip systems as well353

as the total slip rate (the sum γ̇(tot) =
∑

A

γ̇(A)). Even though an analytical354

solution has not been established for monazite, discontinuities are expected355

in the slip rate field as for the case of common cubic crystal structures. By356

examining the slip rates, it is clear that the slip intensifies on slip system357

(1) along a ray emanating from the right contact point along ψ = −103.21◦
358
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(suggesting a kink shear ray), however, a similar ray is not at first evident359

near the left contact point, due to very low activity (approx. six orders of360

magnitude lower) and its existence will be illustrated later. Another discon-361

tinuity arises at ψ = −90◦ on slip system (2) (forming a glide shear ray),362

which is evident at both the left and right contact point. Comparing the363

slip rate of the left and right contact point, it is seen that slip system (1) is364

significantly more active at the right contact point (see Fig. 11a), whereas365

the slip rate on slip system (2) is within the same order of magnitude at the366

two contact points. Moreover, it is worth to notice that the magnitude of367

the slip rate on slip system (2) is larger than on slip system (1). From the368

total slip rate in Fig. 11c, the interaction between slip system (1) and (2) is369

obvious at the right contact point, whereas the activity on slip system (2) is370

by far dominating the field near the left contact point.371

The angular variation of the slip rates near the two contact points is372

investigated closer in the following by using the same inverse isoparametric373

mapping scheme employed for the corresponding plots of the stress quantities374

(see the angular path in Fig. 2). The slip activity indicates the location of the375

sector boundaries as it divides regions into either elastic or plastic regions.376

The slip rates are presented in Figs. 12 and 13 for the left and right contact377

point, respectively. Inspection of the left contact point in Fig. 12 reveals378

two spikes in the slip rates that coincide with the orientation of the slip379

plane normal located at the angles ψ = −76.79◦ (this discontinuity was not380

seen in Fig. 11a due to the low activity on this system) and ψ = −90◦ for381
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the two inner radii of data extraction, supporting the observation at small382

distances where an asymptotic solution is expected to be valid. Furthermore,383

when increasing the radius of data extraction, going to a region where the384

asymptotic solution is no longer dominant, the spike on slip system (2) starts385

to deviate from the expected angle.386

For the right contact point in Fig. 13, the same clear spike is seen for slip387

system (2) at ψ = −90◦ as expected. For slip system (1) the expected dis-388

continuity is not observed, however, when investigating the magnitude of the389

normalized slip rate in the region where the asymptotic solution is expected390

to be valid, the activity on slip system (1) is approximately zero, suggesting391

that it is either inactive or suppressed in this region by slip system (2). At392

the largest radius of data extraction, the activity on slip system (1) starts to393

increase, however, the spike is still not located at the expected angle. The394

reason for this is ascribed to the activity on slip system (2) being dominat-395

ing which is evident from Fig. 11c, where it is seen that there is significant396

interaction between the two systems. From Fig. 11c it is observed that the397

expected direction of the discontinuity is not evident on slip system (1) be-398

fore a distance of approximately 1.5ar is reached, however, the asymptotic399

solution can no longer be assumed to be valid at this distance.400

6. Concluding remarks401

Numerical simulations of 2D wedge indentation in an elastic, perfectly402

plastic monazite single crystal have been carried out. The main focus in the403
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numerical analysis was to investigate the material behaviour in the immediate404

vicinity of the moving contact point singularities. The variations in the405

deformation, stress, and slip rate fields lead to the following key findings:406

• Indentation in the monazite crystal reveals a non-symmetric deforma-407

tion field. This is seen by the contact length and velocity of the left408

and right contact points being different. For the monazite crystal, with409

the given parameters, the right contact point travels faster than the410

left contact point, with a constant ratio of ar/al ≈ 1.05, between the411

contact lengths.412

• The stress distribution in the vicinity of the contact point singularities413

exhibits a non-symmetric field around the indenter. By investigating414

the angular variations in the stress field it is seen that, in the immediate415

vicinity of the contact points, an asymptotic field exists independent of416

the distance to the singularity. This is in-line with the findings of Saito417

and Kysar (2011) for FCC and BCC crystals. The stress trajectory for418

the monazite shows regions where the path follows the yield surface,419

implying that one of the sectors behaves plastically.420

• Numerical simulation revealed discontinuities in the slip rate corre-421

sponding to rays being either parallel or perpendicular to the slip sys-422

tems, similar to those predicted by Saito and Kysar (2011) for FCC423

and BCC crystals. The rays are parallel to slip system (2), causing424

glide shear, and perpendicular to slip system (1), causing kink shear.425
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Slip system (1) is most active at the right contact point and almost426

inactive at the left contact point. The activity on slip system (2) is427

on the same order of magnitude at both contact points, and dominates428

both the left and right contact point.429

Based on numerical calculations, a sector structure for the monazite ma-430

terial, similar to the analytical structure predicted by Saito and Kysar (2011)431

for FCC and BCC, is suggested in Fig. 14. Here, the material behaviour is di-432

vided into three sectors around each contact point, where two sectors behave433

elastically and one sector behaves plastically.434
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Figure 1: Wedge indentation in a rate-sensitive single crystal. The developed
numerical scheme, exploiting the self-similar properties, is applied inside the plastic
domain, whereas the material is treated as linear elastic outside this domain.
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Figure 5: Domain used for numerical simulations. The dashed arrows indicate
the direction of gradually increasing element size. The boundary of the domain
is sufficiently far away from the contact point to have negligible influence on the
results (the far boundary is clamped).
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Figure 6: Stress distribution, around the moving contact points in wedge indented
monazite, for the components; (a) σ11/τ0, (b) σ22/τ0, and (c) σ13/τ0. The contours
are plotted in the self-similar coordinate system; ξi = xi/ar, where ar/al ≈ 1.05.
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Figure 7: Angular stress distribution for monazite around the left contact point
at a radius of (a) r = 0.15al, (b) r = 0.25al, (c) r = 0.35al, and (d) r = 0.45al
away from the contact point.
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Figure 8: Angular stress distribution for monazite around the right contact point
at a radius of (a) r = 0.15ar, (b) r = 0.25ar, (c) r = 0.35ar, and (d) r = 0.45ar
away from the contact point.
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Figure 9: Stress trajectory for monazite around the left contact point at a radius
of (a) r = 0.15al, (b) r = 0.25al, (c) r = 0.35al, and (d) r = 0.45al away from the
contact point.
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Figure 10: Stress trajectory for monazite around the right contact point at a
radius of (a) r = 0.15ar, (b) r = 0.25ar, (c) r = 0.35ar, and (d) r = 0.45ar away
from the contact point.
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Figure 11: Slip rate, around the moving contact points in wedge indented mon-
azite, for the slip systems; (a) γ̇(1)/ċ, (b) γ̇(2)/ċ, and (c) γ̇(tot)/ċ. The contours are
plotted in the self-similar coordinate system; ξi = xi/ar, where ar/al ≈ 1.05.
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Figure 12: Angular slip rate distribution for monazite around the left contact
point at a radius of; (a) r = 0.15al, (b) r = 0.25al, (c) r = 0.35al, and (d)
r = 0.45al away from the contact point. The dashed lines indicates the expected
location of the slip rate discontinuity on slip system (1) (−76.79◦) and slip system
(2) (−90◦).
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Figure 13: Angular slip rate distribution for monazite around the right contact
point at a radius of (a) r = 0.15ar, (b) r = 0.25ar, (c) r = 0.35ar, and (d)
r = 0.45ar away from the contact point. The dashed lines indicates the expected
location of the slip rate discontinuity on slip system (1) (−103.21◦) and slip system
(2) (−90◦).
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Parameter Significance Value

τ0/E Yield strain ∼ 3e−5

ν Poisson ratio 0.3
m Strain rate-sensitivity exponent 0.02
γ̇0 Reference slip rate 0.001s−1

ċ Indentation rate 0.1s−1

φ Indenter angle 0.038◦

Table 1: Model parameters.
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α Slip System

1 (010)[001]
2 (010)[1̄00]
3 (1̄00)[010]
4 (1̄00)[001]
5 (1̄1̄0)[001]
6 (1̄1̄0)[1̄10]
7 (1̄10)[1̄1̄0]
8 (1̄10)[001]
9 (011)[01̄1̄]
10 (011)[100]
11 (01̄1)[011]
12 (01̄1)[100]

Table 2: Active slip systems in monazite at room temperature (identified by Hay,
2008).
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In-plane slip system (A) no. (1) (2) (3)

Mirrored pair of slip systems
(α)
(β)

(011)[100]
(01̄1)[100]

(1̄00)[001]
-

(1̄1̄0)[001]
(1̄10)[001]

s
(α)
i =





s1
s2
s3





(α) 



0.9735
0

−0.2285









0
0
1









0
0
1





m
(α)
i =





m1

m2

m3





(α) 



0.1703
0.6666
0.7257









−1
0
0









−0.7281
−0.6855

0





s
(β)
i =





s1
s2
s3





(β) 



0.9735
0

−0.2285





-





0
0
1





m
(β)
i =





m1

m2

m3





(β) 



0.1703
−0.6666
0.7257





-





−0.7281
0.6855

0





In-plane slip system (A) (001)[100] (1̄00)[001] (1̄00)[001]

S
(A)
I =

{
S1
S3

}(A) {
0.9735
−0.2285

} {
0
1

} {
0
1

}

M
(A)
I =

{
M1

M3

}(A) {
0.2285
0.9735

} {
−1
0

} {
−1
0

}

Angle to (100) in the (010) plane: θ(A) -13.21◦ 90◦ 90◦

λ(A) =
τ
(A)
0
τ0

= 2
β(A) 1.3415 1 1.3735

β(A) =
s
(Aα)
I m

(Aα)
J +s

(Aβ)
I m

(Aβ)
J

S
(A)
I M

(A)
J

1.4909 1 1.4561

Table 3: In-plane slip systems of monazite.51



Vertex (σ11 − σ33) /2τ0 σ13/τ0

A 1.0022 1
B -5.0277 1
C -1.0022 -1
D 5.0277 -1
E 0.2505 1.3735
F -5.7794 1.3735
G -0.2505 -1.3735
H 5.7794 -1.3735

Table 4: Vertices of the inner and outer envelope that make-up the yield surface
of Monazite (see Fig. 4).
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