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Abstract

In the present work, fracture mechanics-based concepts are introduced into a
fatigue life prediction framework used to optimise inspection planning of off-
shore welds for wind turbines. Offshore welds are typically subject to fatigue
loading conditions in corrosive environments which can lead to accelerated
crack growth, detrimentally affecting the structural integrity. The offshore
wind industry commonly applies inspection/repair procedures in conjunction
with corrosion protection systems in order to prolong the lifetime of offshore
welds. The research conducted through this work addresses three important
issues in the offshore wind industry, namely, the optimal inspection inter-
val, cost of maintenance as well as the impact of protection system failure
on the maintenance planning. This thesis is grossly divided into three dif-
ferent studies which encompass a stress-based fatigue approach, a fracture
mechanics-based fatigue approach and a probability theory-based approach.
Aforementioned fields are incorporated into inspection planning simulations,
all of which are shown to provide meaningful predictions for the industry.
Furthermore, the current research entails innovative approaches and meth-
ods used to simulate fatigue crack propagation in welded steel components
with the following common characteristics: the Multiple-Site Damage and
Residual Stresses. The research results presented herein show a strong de-
pendency of the maintenance planning on the prevailing environmental con-
ditions. Moreover, the parametric studies conducted suggest that the total
maintenance costs can significantly vary depending on the adopted inspec-
tion planning strategy. The research results presented in this thesis can
aid the development of cost effective solutions in the off-shore maintenance
framework.
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Nomenclature

Notation Meaning
a,∆a Crack length and crack growth.
af Crack size limit before failure.
A Area.
An Amplitude of the higher order terms.
C Paris Law parameter.
CA, CB Parameters for the bilinear Paris Law.
Cf Cost of failure.
CW Annual cost of a wind turbine failure.
CP ,CV Cost of the technicians and cost of the vessel.
CU ,CGW Cost of the ultrasonic equipment and the repair equipment.
CO Cost of logistics and data analysis.
CTOTAL, CI , CR Total cost, cost of inspection and cost of repair.
C0 Material constant related to crack closure effects.
d Distance between the crack tip and a boundary.
dLEFM Distance of the Application Limit of LEFM.
D,Df Damage and damage limit to failure.
E Young’s Modulus.
f Loading frequency.
feq Equivalent Crack Opening Factor.
fij Dimensionless function.
F Crack velocity factor.
g Limit state function.
gij Dimensionless function.
G Gravity force.
i, j, n Integer indexes.
J J-Integral.
k Constant related to the Stress Intensity Factor.
K, Kmax Stress Intensity Factor (SIF) and maximum SIF.
Keq Equivalent SIF.
KA, KB SIF.
∆Keq Equivalent SIF range.
KC Maximum SIF before fatigue failure.
∆Kth SIF threshold.
Kmax
eq , Kmin

eq Maximum and minimum equivalent SIF.
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Notation Meaning
KI , KII , KIII SIF for mode-I, mode-II and mode-III.
KI,RS, KII,RS Residual stress SIF (RSFI) for mode-I and mode-II.
Kmax
I , Kmax

II Maximum SIF of the periodic load for mode-I and -II.
Kmin
I , Kmin

II Minimum SIF of the periodic load for mode-I and -II.
∆KTP Transition point in between the two linear stages of the Paris Law.
Kop,eq Opening equivalent SIF.
∆Keff,eq Effective equivalent SIF range.
m Paris Law parameter.
mA,mB Parameters for the bilinear Paris Law.
M Moment.
nj Normal Vector.
N Number of cycles.
∆N Load cycle increment.
p, q Material crack growth parameters.
P External load.
Paccum,Tn Accumulated probability of a failure at year Tn.
Pf (t) Probability of a failure event for a time interval t.
Pt,n Annual probability of failure.
Pd,Tn Probability to repair a crack at year Tn.
r Distance from the crack tip.
r0 Notch radius.
rO′ Plastic zone radius.
rOε Plastic zone radius for plane strain conditions.
rOσ Plastic zone radius for plane stress conditions.
R Stress ratio.
s Standard Deviation.
S Stress.
∆S Stress range.
Smax Maximum nominal stress.
S(1), S(2) Load and auxiliary load.
t, tlim Time and limit of time for the fatigue analysis.
th Thickness of the specimen.
TIns Inspection interval.
Tn Year of inspection.
tTEP Period of time a system is environmentally protected.
ui Displacement vector.
u1, u2 Normalized and uncorrelated variables.
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Notation Meaning
u Vector of the normalized and uncorrelated variables.
x, y Cartesian axis reference.
v, w Wind and wave velocity.
W Strain energy density.
α Crack opening parameter.
α Unitarian vector.
β Reliability index.
βaccum Accumulated reliability index.
βt Annual reliability index.
βRS RS orientation.
γ Material constant related to crack closure effects.
Γ Contour.
δij Kronecker delta.
εij Strain distribution.
θ Circumferential coordinate reference.
θ0 Crack propagation direction.
µ Mean.
ν Poisson’s ratio.
σA,σB Tensional stresses.
σθθ Tangential stress around the crack tip.
σR Residual Stress (RS).
σo σys Flow stress and yield stress.
σij Stress distribution.
σ22 Stress applied to the crack.
σexternal External stress loading.
σc xx Stress value after extrapolation.
Φ Acceleration factor.
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Abbreviations

Notation Meaning
API American Petroleum Institute.
BIE Boundary Integral Equation.
EAC Environmental Assisted Cracking.
EPFM Elasto-Pastic Fracture Mechanics.
FE Finite Element.
FEM Finite Element Method.
FORM First Order Reliability Methods.
FM Fracture Mechanics.
FZ Fusion Zone.
HAZ Heat Affected Zone.
HCF High Cycle Fatigue.
ISO International Organization for Standardization.
LEFM Linear Elastic Fracture Mechanics.
MCS Maximum Circumferential Stress.
MIG Metal Inert Gas.
MTS Maximum Tangential Stress.
MSD Multiple Site Damage.
PENS Probabilistic Effective Notch Stress.
PFM Probabilistic Fracture Mechanics.
PoD Probability of Detection.
PZL Plastic Zone Link-Up.
RS Residual Stresses.
RSIF Residual Stress Intensity Factor.
SB Stress-Based.
SC Stress Concentration.
SIF Stress Intensity Factor.
SORM Second Order Reliability Methods
TP Transition Piece.
TEP Transitional Environmental Protection.
TIG Tungsten Inert Gas.
TMFEA Thermo-Mechanical Finite Element Analysis.
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1 Introduction

The offshore wind industry has constantly grown since the first offshore wind
farm in 1991. Three main designs are commonly found depending on the
foundation design: floating wind turbines, jacket wind turbines and monopile
wind turbines. The monopile wind turbine is an offshore structure divided
into five main components Fig. 1a:

• The blades: Structures that rotate around the nacelle due to the effects
of the wind.

• The nacelle: Its main purpose is to transform the kinematic energy into
electricity.

• The tower: Conical structure which is joined to the transition piece. It
supports the nacelle and the blades.

• Transition Piece (TP): Cylindrical component in between the tower and
the monopile. It is partially immersed and includes the boat landing
platform, ladders and the entrance to the wind turbine.

• The monopile: Cylindrical structure immersed into the sea.

Each component of the wind turbine is manufactured onshore and the final
assembly is done offshore. Firstly, the monopile is embedded into the seabed
by hydraulic ram drivers. Secondly, the transition piece is attached to the
top of the monopile. Finally, the tower, nacelle and blades are added to the
structure.

Once these five components of the wind turbine are mounted, an export
cable carries electric power from the nacelle to the offshore substation. The
export cable crosses the monopile through one groove. The groove includes
a film to isolate the water inside the monopile with the sea water.

During the installation process, a grouting connection made of concrete
is placed in between the transition piece and the monopile, Fig 1b. However,
concrete requires time to cure before it can serve as a structural support.
Engineers found a solution by installing a component, named bracket, that
temporary supports the TP while the concrete cures.
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(a) (b)

Figure 1: Illustration of: (a) An offshore wind turbine with foundation type
’monopile’. The parameter v represents the wind velocity and w the wave
velocity [1]; (b) Section A of the wind turbine that illustrates the assembly
of the tower, the Transition Piece (TP) and the monopile.

The bracket is a steel structure welded to the transition piece. There are
12 brackets in each wind turbine, Fig. 2a. Each pair of brackets is supported
by a hydraulic jack as shown in Fig. 2b. After the grouting connection cures,
the hydraulic jack is removed. At that moment, the brackets are no longer
structurally relevant and the force is solely transferred via the grouted joint.

2



(a) (b)

Figure 2: Illustration of: (a) The 12 brackets and 6 plates around the TP;
(b) The brackets, hydraulic pump and plate during the curing process of the
grouting connection.

In some wind farm projects, the grouting connection has satisfactorily
supported the wind turbines for few years of operation. However, the dy-
namic response of the structure during the shutdown of some wind turbines
has damaged the grouting connection. Two main consequences appear due
to this failure:

• Some brackets re-established contact with the mono-pile head.

• The displacement of the structure has moved the export cable.

The contact between the monopile and the bracket suggests that some brack-
ets became load bearing elements. The grouting connection may still be
structurally relevant, but it is currently unknown how much load is sup-
ported by either the grouting or the bracket piece.

Additionally, the displacement of the export cable has damaged the film
inside the groove of the monopile. Consequently, water can flow through the
groove. As the tie changes, sea water with high concentration of air dissolved
flows inside the monopile and some brackets may be temporally immersed.
This process created a corrosive environment inside the TP, Fig. 3.
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Figure 3: Photograph of the bracket inside the wind turbine, Fig. 1b. The
bracket is subject to severe corrosion. Photograp from Ørsted R©.

The permanent bracket support and the highly corrosive environment
introduce a structural and environmental situation that the foundation was
not designed for. The question raised is what type of maintenance can result
in being cost effective to the structure.

1.1 Previous studies

The situation presented in Fig. 3 introduces some doubts in whether the
wind turbine may fail and what type of maintenance is required to prevent
failure. Since a wind turbine is dynamically loaded, components of the wind
turbine are typically subject to a vast number of cyclic stresses. If the am-
plitude of those stresses is sufficiently high, the structural components may
fail due to fatigue.

Fatigue is the main cause of failure in offshore structures because it may
introduce cracks that can compromise the integrity of each component. In-
creasing the amplitude of the load signal as well as introducing an aggressive
environment accelerates the fatigue damage.

Previous structural studies of brackets were done by Ørsted R© engineers
and external consultants. Those researches assumed the worst structural and
environmental conditions, i.e. complete failure of grouting connection and
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free corrosion conditions. Engineers found several Stress Concentration (SC)
locations inside the bracket and around the weld that connects the bracket
to the TP. The SC locations are spots where crack propagation is more likely
to occur.

The studies done in the industry predicted a lifetime shorter than the
actual performance of the structure. Additionally, the fatigue studies were
incomplete and lacking any detailed plan to inspect.

1.2 The fatigue and maintenance challenge

The wind turbine lifetime estimated in previous studies is conservative. Ad-
ditionally, there is room for improvement in plans to mitigate failures due to
fatigue. Therefore, there is a strong motivation to further investigate about
these two topics.

It is important to state that both fatigue and maintenance assessments
are closely related. If the fatigue analysis does not lead to results that can
compromise the integrity of the foundation, maintenance might not be nec-
essary. On the other hand, if failure is predicted during the operational time
of a wind turbine, the preferred option is an effective maintenance coherent
with a cost or reliability-based approach.

An analysis that combines a realistic lifetime estimation and effective
maintenance planning for bracket connections includes several challenges.
Firstly, a life estimation assessment should be performed using better tech-
niques than in previous studies. Secondly, effective inspection planning
should use techniques that would optimize the inspection and repair intervals.
An optimal inspection-repair activity is performed when during inspections,
cracks are detected and on the limit for repair. Those cracks expose a serious
structural risk and can be repaired on time.

In an ideal scenario, fatigue analysis would accurately determine if the
brackets fail during the operational time. The fatigue analysis would predict
the crack propagation and determine the inspection interval. Inspections
would confirm the existence of the crack predicted in the fatigue model, and
technicians would repair it. All these activities would be performed using a
cost-effective approach, i.e. performing the inspections and repairs necessary
to assure the lowest global cost.

This ideal scenario is extremely complex. First, there are many uncer-
tainties in geometries, environmental loading and material characteristics. In
addition, there are no fatigue models that perfectly predict crack propagation
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and failure of a welded structure. Finally, inspections and repair techniques
depend on several other factors such as human expertise or equipment.

All the limitations mentioned present the tasks of fatigue and mainte-
nance assessment as extremely difficult. However, from the 90’s, there has
been a strong development of maintenance strategies of offshore structures.
The American Bureau of Shipping [2], the Det Norsk Veritas (DNV) [3] and
the American Petroleum Institute (API) [4] have published documents and
developed softwares that deal with maintenance of offshore structures based
on a probabilistic risk analysis. They proposed different guidelines for off-
shore components but they are not fully optimized in terms of costs.

The current research proposes a method of approaching the optimum
maintenance period of offshore welds from a conservative perspective and
under variable environmental conditions.

1.3 Objective of this research

The objective of this research is to shed some light on the fatigue analysis
and inspection planning of offshore welds for wind turbines subject to fatigue
loading. The 3D case in Fig. 3 has served as an inspiration to the topic. The
dissertation is divided into five core studies:

(i) Common fatigue life assessment methods in industry for offshore welds:
This research compares the most common methods used in industry to
estimate the life of a welded structure subject to cyclic loading and
different environmental conditions.

(ii) The fracture mechanics approach for fatigue analysis of offshore welds:
The fatigue analysis from a fracture mechanics perspective is presented.
This study includes concepts related to offshore welds such as corrosion,
multiple flaws and residual stresses.

(iii) Probabilistic fatigue analysis: The current research introduces the terms
probabilities of failure and reliability curves. Different reliability meth-
ods are illustrated.

(iv) Risk-Based Inspection Planning for Offshore welds from a fracture me-
chanics perspective: This work describes the concepts behind the main-
tenance plan from a probabilistic fracture mechanics method. This
section presents a case and describes a cost effective approach to main-
tenance.
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Additionally, the current research includes the following manuscripts:

(i) Manuscript A: Ruiz-Muñoz GA. Method to Analyse Multiple Site Dam-
age Fatigue before and after Crack Coalescence. Eng Fract Mech 2017;
In press

(ii) Manuscript B: Ruiz-Muñoz GA, Eder MA. A conservative approach for
Mode I-II fatigue analysis under residual stresses: The RSIF Propor-
tionality Conjecture. Submitted to Fatigue Fract Eng M.

(iii) Manuscript C: Ruiz-Muñoz GA. The effects of multiple-site damage
and corrosion on the structural reliability of a thin plate with a hole.
International conference on Structural Integrity and Durability, August
15-18, 2017, Dubrovnik, Croatia.

(iv) Manuscript D: Ruiz-Muñoz GA, Sørensen JD. Probabilistic inspection
planning of offshore welds subject to the transition from protected to
corrosive environment. Submitted to Mar Struct.
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2 Common fatigue life assessment methods

of offshore welds in industry

The fatigue life assessment of an offshore weld is commonly done in industry
through procedures addressed in standards, e.g. BS7910 [5] or DNVGL-
RP-C203 [6]. However, it is necessary to understand the structural and
material characteristics of a weld component to correctly apply concepts
from standards.

2.1 Introduction to fatigue

Fatigue is the phenomenon that occurs when a material irreversibly deforms
due to cycling loading. If the load ranges are sufficiently high, this phe-
nomenon will continue until the structure fails. The deformations expected
during the fatigue process are separated into two stages. The early stage in-
cludes micro-structural deformations in the form of voids. In the later stage,
few of those voids become cracks that propagate through the structure until
failure occurs. However, some structures may already include geometrical
crack shape defects prior to the fatigue process and present situations where
the first stage is negligible. A weld is one of these components, and its role
in many fatigue studies is crucial.

There are three types of fatigue analysis:

• The Low Cycle Fatigue, N . 104 cycles

• The High Cycle Fatigue (HCF), 104 cycles . N . 108 cycles.

• The Very High Cycle Fatigue, N & 108 cycles.

Note that N stands for the fatigue cycles a structure is subject to. The
present work focuses only on HCF cases, since HCF loads are common in the
wind turbines.

2.2 Weld structural characteristics

Welding is one of the most common joining techniques in industry. Welds
are generally performed through Tungsten Inert Gas (TIG) or Metal Inert
Gas (MIG) methods. The TIG welds consist of melting the base material
of the metallic structures. This procedure is done through a gas of ions in
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order to protect the welding zone from oxidisation, as shown in Fig. 4a. The
MIG technique also includes a shielding gas that protects from oxidisation,
but uses a consumable metallic bar that is melted. Melted metal is placed in
between two metallic structures to join them once it solidifies, Fig. 4b. [7]

(a) (b)

Figure 4: Illustration of the weld manufacturing: (a) Tungsten inert gas
(TIG); (b) Metal inert gas (MIG).

The TIG dressing is a slow and low productivity method and usually is
applied only for thin plates [8]. On the other hand, MIG welds are commonly
performed in the offshore wind turbine industry. The MIG welded area is
commonly divided into four zones, Fig. 5:

• Weld: Molten material from the consumable electrode bar which solid-
ifies after a period of time.

• The Fusion Zone (FZ): Part of the base material of the structure that
suffers change of phase during the welding procedure.

• The Heat Affected Zone (HAZ): Base material exposed to high tem-
peratures below the liquids point.

• The parent material: Rest of the material in a welded structure.
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Figure 5: Illustration of the four areas in a weld: the Weld, the Fusion Zone
(FZ), the Heat affected Zone (HAZ) and the parent material.

The DNVGL-RP-C203 Standard [6] shows many types of weld connections.
However, welds can generally be divided into two mayor groups:

• Fillet welds: The welded material is added onto the surface of two
metallic structures to support the contact in between those structures,
Fig. 6a.

• Butt welds: The welded material is added to the structure to fulfil a
gap in between two metallic structures. Welding techniques can be
applied on one side of the structure (Single Penetration Fig. 6b) or on
both sides (Double Penetration Fig. 6c).
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(a) (b)

(c)

Figure 6: Illustration of the three types of welds:(a) The fillet weld; (b) The
single penetration butt weld; (c) The double penetration butt weld.

The weld includes several structural features listed below:

• Weld Geometry: Misalignment between two structural components
welded together Fig. 7, weld toe radius or weld root radius are ge-
ometric characteristics that clearly influence the fatigue life of a weld.
Some of the geometrical peculiarities of the weld, such as the weld toe
or root, can be locations of high stress concentrations. [9]

• Weld Residual stresses: These stresses appear during the cooling phase
due to contraction of the melt in the FZ and due to thermal expan-
sion/contraction effects in the HAZ. According to Ahmed [9], some
locations in the weld include tensional residual stresses, which have a
detrimental effect on the fatigue life performance. However, other areas
may include compressive residual stresses, which have a positive effect
on the fatigue life.
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• Imperfections: The weld manufacturing may also include a number
of defects listed in the ISO 6520-1:2007 [10]. Examples include lack
of penetration, surface roughness and air occlusions, Fig. 7. These
defects are responsible for multiple damages and the low fatigue life
performance of a weld.

Figure 7: Example of defects found in welds.

2.3 Environmental aspects

The environment usually plays a key role in the integrity of a structure. The
moisture, temperature, erosion or periodic water immersions are some of the
topics extensively studied to determine the reliability curves of a structural
case. All these subjects may have an effect called Environmental Assisted
Cracking (EAC). The EAC is a highly complex topic and it strongly influ-
ences and exacerbates fatigue life predictions. [11]

Among the EAC causes, corrosion is the most popular. Corrosion is an
electrochemical reaction that appears when a structure transfers electrons
and ions to the environment that surrounds it. The structure under corro-
sion would be the equivalent of an anode in an electrochemical cell. The
most common mechanisms of localised corrosion are [12] [11]:

• Microbiological: Bacteria can interact with the environment at the steel
surface and generate products that can create or accelerate corrosion.

• Corrosion fatigue: It is defined as the fatigue damage acceleration of
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a structure in a corrosive environment when compared with an inert
environment.

• Stress corrosion cracking: Areas around the crack tip may include high
tensile stresses that can develop an electrical potential different to their
surroundings.

• Intergranular corrosion: Corrosion caused by the physical and chemical
difference between the core and edges of the grains.

• Stray current corrosion: An external source, such as cathodic protection
systems in the vicinity, creates an electrical potential that corrodes the
steel.

• Crevice corrosion: In a confined space, where there is a difference in
oxygen concentration on the steel surface, a driving electrical potential
can exist and develop corrosive effects.

• Pitting corrosion: This process starts on an unprotected surface where
localised areas are damaged. These spots become pits that act as an-
odes surrounded by a passive area, which acts as a cathode.

• Galvanic corrosion: Two metals in contact with each other may create
driving potential where the less noble metal starts to corrode.

The different types of corrosion are connected to one another. For exam-
ple, pitting affects crack initiation and, therefore, corrosion fatigue. The
synergies between different corrosion aspects that affect crack initiation and
propagation explain the difficulties to model EAC. [11]

2.4 The Transitional Environmental Protection pro-
cess

The corrosive environment has concerned the industry for many years. Meth-
ods such as galvanic protection or dehumidifiers are used in order to reduce or
eliminate the effects of corrosion in the life of a structure. However, these pro-
tection systems may fail during the operational time of an offshore structure.
Ruiz and Sørensen [1] define this situation as the Transitional Environmental
Protection (TEP) process. In a fatigue study of a structure under the TEP
process, calculations should consider variable environmental conditions.
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2.5 Common techniques of fatigue life assesment: Con-
stant Amplitude Loading

The weld, environmental and loading characteristics introduce a complex
structural system which indicates that the fatigue life estimation is extremely
difficult. A method that could combine all these factors and efficiently predict
a realistic fatigue performance does not exist. However, there are a number
of techniques in industry capable of predicting the life of welds and corroded
structures using a conservative approach, i.e. structures are expected to last
longer than the fatigue life results.

These techniques are known as the Stress-Based (SB) methods. A SB
method estimates the fatigue life of a component from its stress distribu-
tion. The SB approach relies on S-N curves for fatigue calculations, Fig. 8,
i.e. the results from previous experimental fatigue studies for different struc-
tural cases. Each S-N curve corresponds to a weld profile or environmental
condition.

Figure 8: SN curves for different weld profiles. ∆S denotes the stress range
and N the number of loading cycles.

2.5.1 The Nominal Stress Approach

The Nominal Stress Approach is the simplest SB technique to evaluate the
fatigue life of a weld. The fatigue life assessment of a structural case follows
this procedure:

(i) First, the S-N curve that corresponds to the case of study is selected.
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(ii) Then, the S-N curve will indicate the number of cycles to failure for
the stress range of the case.

This method is extremely efficient since no calculations are needed. However,
the main drawback is that the Nominal Stress Approach is limited to a
certain range of welded structures or load directions. A real structure may
include multi directional stresses or complex welded structures where further
advanced methods are required.

2.5.2 The Hot Spot Stress Approach

The Hot Spot Stress approach is a versatile alternative compared to the
Notch Stress Approach. Welded structures are modelled through the Finite
Element Methods (FEM) and the stresses are calculated. Those locations
where the stresses are the highest are called hot spots. At certain distances
from those spots, Fig. 9, the surface stresses are retrieved and transformed
to an equivalent stress. This procedure is well documented in the standard
DNVGL-RP-C203 [6]. The difference between the equivalent stress for a
maximum and for a minimum load in a signal is calculated. According to the
standard DNVGL-RP-C203 [6], this stress range must be used in a particular
S-N curve, named as D-curve, to calculate the fatigue life of a structure.

Figure 9: Hot spot stress approach to a fillet weld under tensional cycling
stresses σexternal. The curve denoted in blue is the stress distribution of the
stress σxx along the surface of the model. The blue line represents the linear
extrapolation from stress values at distance A and B set in the standards.
The parameter σc xx is the stress extrapolated value for fatigue calculations.
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There are two main advantages concerning this method. Firstly, it is a
versatile method that can be used to analyse a wide range of welded struc-
tures and loading directions. Secondly, detailed modelling of the weld geom-
etry can be omitted in most of the cases.

On the other hand, the hot spot method is not recommended when there
are several hot spots in close vicinity to one another, Fig. 10. In those scenar-
ios, the stress surface extrapolation methods described in DNVGL-RP-C203
[6] are no longer valid because of the stress interference between hot spots.

Figure 10: Hot spot methodology when two singularities are in close vicinity
to one another. The stress extrapolated value σc xx present negative values,
leading to inconsistent fatigue life predictions.

2.5.3 The Notch Stress Approach

The notch Stress Approach is a similar method to the Hot Spot Stress Ap-
proach. The structure is usually modelled through the FEM, including the
weld shape. The weld model must avoid sharp edges that could introduce
structural singularities. The weld design includes a toe and a root radius of
1mm according to DNV recommendations [6].

In the Notch Stress Approach, the material is assumed to be linear elastic.
The maximum stress of the model is retrieved. This procedure is done for
maximum and minimum external load applied in a load cycle. The difference
between these two results is a stress range that is later used in a particular
S-N from the standards in order to predict the number of cycles to failure.
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Figure 11: Notch stress approach to a fillet weld. The weld toe radii are
defined with a magnitude r0 = 1 mm. The maximum principal stress of this
model is retrieved for fatigue life calculations.

2.6 Common techniques of fatigue life assesment: Vari-
able Amplitude Loading

Real structural problems usually include loading signals with variable am-
plitude. The fatigue life estimations of these cases are normally addressed
by combining the techniques used for a constant amplitude loading with the
well-known Palmgren-Miner’s rule [13]. This rule assumes that the fatigue
damage caused by a load signal is the sum of the damages caused by each
individual sub-signal that composed it. For a given number of load cycles
N , the load is decomposed in k different sub-signals with Ni cycles, where
N =

∑k
i=1Ni. Each load sub-signal is associated with a number of cycles to

failure under constant amplitude Ni,f , where Ni,f is calculated as described
in Section 2.5. Total damage accumulated in a structure is calculated as

D =
k∑

i=1

Ni

Ni,f

, (1)

where failure occurs whenever the condition D ≥ 1 is met.
The effects of variable amplitude loading modifies the S-N curves used

to calculate Ni,f . For constant amplitude loading, some DNV S-N curves [6]
include a fatigue endurance limit. According to DNV S-N curves [6], if the
maximum stress range in a load signal is below the fatigue limit, there is no
damage. However, if the load signal includes stress ranges above the original
fatigue limit, the S-N curve is modified as shown from Fig.8 to Fig. 12.
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Figure 12: Configuration of S-N curves for variable amplitude loading. The
logarithmic results for high cycle stress present tilted straights.

2.7 The Transitional Environmental Protection pro-
cess for Stress-Based methods

Ruiz and Sørensen [1] propose to include the TEP process in fatigue calcu-
lations by assuming the linear accumulated damage model from Palmgren-
Miner, Eq. 1. The total damage is the sum of two phases:

• In the first phase, the damage D is calculated and accumulated from
S-N curves corresponding to the environmental protection condition,
e.g. cathodic protection or air conditions. This phase corresponds to
the time prior to the shift in environmental conditions, t < tTEP , where
t is time and tTEP indicates the time at which the protection system
fails.

• In the second phase, the damage D is calculated and accumulated
from S-N curves corresponding to the corrosive conditions. This phase
corresponds to the period of time after the failure of the protection
system, t ≥ tTEP .

The damage calculations only reach the second phase if the structural case
does not fail during the first phase, Fig. 13.
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Figure 13: Damage accumulation model for the Transitional Environmental
Protection (TEP) process. The structure is subject to stress ranges ∆S1 and
∆S2. The S-N curves used to calculate the damage shift from environmen-
tally protected conditions to corrosive conditions at t = tTEP .
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2.8 Limitations of common existing methods

The methods exposed in this section are the most common techniques for
fatigue life estimation in the industry. In general, they present advantages in
term of simplicity and computational efficiency. However, they include two
major disadvantages:

• These methods can not be used to calculate the real fatigue life be-
haviour since they lack to consider in detail different features of each
weld such as the weld toe radius, porosity, welding internal defects or
the residual stress distribution.

• These techniques are stress-based approaches and therefore do not sim-
ulate the crack propagation in a structure under fatigue loading. The
crack propagation is a key concept for inspection planing [12].

The simplicity of these models leads to a high uncertainty when compared
to the real behaviour of structural welds. Therefore, conservative values of
the S-N curves are usually considered during the design phase.

On the other hand, the limitations concerning crack propagation lead
to seek another method for fatigue life simulation. In this research, that
approach will be the Fracture Mechanics (FM) approach.

20



3 The fracture mechanics approach for fa-

tigue analysis of offshore welds

The fracture mechanics approach for fatigue analysis is the study of the crack
development in a structure subject of cycling loads. The main advantage of
the fracture mechanics approach, with respect to the SB approach, is that
it includes the analysis of the crack length over time, a key concept for
inspection planning simulations [12].

3.1 Fracture mechanics principles

The existence of cracks in a component includes stress raisers that can be
detrimental for the integrity of a structure. This high concentration of
stresses is originated by three types of loading modes, Fig. 14.

(a) (b) (c)

Figure 14: Three modes of loading in the fracture mecanics studies: (a)
Mode-I; (b) Mode-II, (c) Mode-III.

In the FM framework, cracks are often studied under the assumption of
the infinitely sharp shape. This condition introduces a structural singularity
in the crack tip, where in a linear elastic analysis the stresses increase towards
infinite as the distance from the crack tip reduces. [11]

Real structures do not present infinite stress values but instead plastically
deform around the crack tip and present finite stress values. Anderson [11]
describes the shape of the plastic zone depending on the loading mode, Fig.
15.
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(a) (b) (c)

Figure 15: Three plastic areas depending on the mode of load: (a) Mode-I;
(b) Mode-II, (c) Mode-III.

The study of the stresses in a plastically deformed area is cumbersome due
to the non-linear deformations. However, it is common to simplify the struc-
tural problem by assuming the Linear Elastic Fracture Mechanics approach
(LEFM).

3.1.1 Introduction to Linear Elastic Fracture Mechanics

Westergaard [14] or Irwin [15] were among the first authors to publish closed-
form stress expressions around crack tips for linear elastic isotropic materials.
They determined that the stress distribution near the crack tip σi,j for a linear
elastic isotropic material is calculated as

σij =

(
k

r
1
2

)
fij(θ) +

∞∑

n=0

Anr
n
2 g

(n)
ij (θ) (2)

where k is a constant, r is the distance from the crack tip, fij(θ) and g
(n)
ij are

dimensionless functions of the angular position θ and An is the amplitude of
the higher order terms.

The first term in Eq. 2,
(

k

r
1
2

)
fij(θ), is known as the singular term because

it approaches infinity when the distance from the crack tip to the stress
evaluation point approaches zero, r −→ 0. The second term of Eq. 2,∑∞

n=0Anr
n
2 g

(n)
ij (θ), is known as the non-singular part, and it includes the

T-stresses. As Anderson[11] explains, the first term in Eq. 2 is leading, and
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the stress is proportional to 1/r1/2 for any given configuration.
The stress distribution around the crack tip follows Eq. 2 as long as the

material behaves as elastic. This assumption is known as the Linear Elastic
Fracture Mechanics (LEFM) approach, and it is valid when the plastically
deformed area is negligible compared to the elastically deformed area, i.e.
small scale yielding Fig. 16. The elastic area around the crack tip is also
known as the K-dominated region, a zone where stresses are proportional to
1/
√
r, where r is the distance from the crack tip. [11]

Figure 16: Profile of the plastic zone and K-field for pure mode-I under the
assumption of LEFM. [16]

Eq. 2 includes a constant k which is related to the well-known term Stress
Intensity Factor(SIF),

K = k(2π)1/2. (3)

The SIF K is vastly studied in the FM framework in order to determine
e.g. the fatigue crack propagation [11] or the structural failure due to mono-
tonically increasing loads [17]. There are three different SIF depending on
the load direction, mode-I SIF KI , mode-II SIF KII and mode-III SIF KIII ,
Fig. 14. A common method to calculate the SIF under pure mode-I loading
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Fig. 14a is through the prominent J-integral concept proposed by Rice [18],

J = lim
Γs−→0

∫

Γs

(Wδ1j − σijui,1)njdΓ (4)

where W is the strain energy density denoted as

W =
1

2
σijεij, (5)

δ1j is the Kronecker delta, σij and εij are the stress and strain tensors, ui,1
is the derivative of the displacement vector ui with respect to the coordinate
xi, ui,1 = ∂ui

∂xi
, nj is the outward normal vector to the contour Γs, Fig. 17,

and Γ is the sum of all contours in Fig. 17,

Γ = Γ0 + Γ+ + Γs + Γ−. (6)

For a homogeneous material under quasi-static, isothermal loading with
no body forces, the J-Integral for traction-free crack faces can be written in
terms of the integral of an area A as ([19] [20] [21])

J =

∫

A

(σijui,1 −Wδ1j) q,jdA (7)

where q, j is the derivative of the plateau-type weight function with respect
to coordinate xj,

Figure 17: Plot of contours around the crack.
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Under pure mode-I conditions, the J-Integral is related to KI as

J =
K2
I

E ′
, (8)

where E ′ = E for plane stress, E ′ = E/(1 − ν2) for plane strain, E is the
Young’s modulus and ν is the Poisson’s ratio. The plane stress condition
occurs when a component of the stress tensor that corresponds to any par-
ticular surface in a 3D model is zero, whereas the plane strain condition
appears when a component of the strain tensor that corresponds to any par-
ticular surface in a 3D model is zero.

However, under mixed-mode -I,II loading conditions, i.e. when the mode-
I and mode-II loads are simultaneously applied on the structure Fig. 14, the
J-integral is related to both SIFs as

J =
K2
I +K2

II

E ′
. (9)

Eq. 9 holds as long as LEFM is applicable. Therefore, further analyses
are necessary to individually calculate KI and KII .

3.1.2 Mixed-mode fracture mechanics: The Interaction Integral.

A 2D structure is under mixed-mode -I,II loading conditions when there are
tensional and shear stresses in front of the crack tip. For fatigue purposes, it
is inevitable to calculate the SIF of each mode, KI and KII [22].

Stern et al. [23] and Yau et al. [24] proposed a methodology to calculate
each SIF in a mixed-mode situation by applying the interaction integral con-
cept. Assuming that a model with a crack is subject to a mixed-mode loading
S(1). The resulting stresses, strains and displacements around the crack are
denoted as σ

(1)
ij , ε

(1)
ij and u

(1)
i respectively. In a linear elastic problem, if an

auxiliary load randomly selected S(2) is added to the original case Fig. 18,
the resulting stresses, strains and displacement are calculated by applying
the superposition principle [19]

ui = u
(1)
i + u

(2)
i (10)

σij = σ
(1)
ij + σ

(2)
ij (11)

εij = ε
(1)
ij + ε

(2)
ij (12)
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where σ
(2)
ij , ε

(2)
ij and u

(2)
i are the stresses, strains and displacements associated

with S(2).

Figure 18: Example of loads S(1) and auxiliary loads S(2) for the interaction
integral method.

The substitution of the terms Eq. [10-12] in Eq. 7 results as [19]

JS =

∫

A

{(
σ

(1)
ij + σ

(2)
ij

)(
u

(1)
i,1 + u

(2)
i,1

)
− 1

2

(
σ

(1)
ik + σ

(2)
ik

)(
ε

(1)
ik + ε

(2)
ik

)
δ1j

}
q,jdA

(13)
Eq. 13 can be decomposed into three terms

JS = J (1) + J (2) +M (12) (14)

where

J (1) =

∫

A

{
σ

(1)
ij u

(1)
i,1 −

1

2
σ

(1)
ik ε

(1)
ik δ1j

}
q,jdA (15)

J (2) =

∫

A

{
σ

(2)
ij u

(2)
i,1 −

1

2
σ

(2)
ik ε

(2)
ik δ1j

}
q,jdA (16)

M (12) =

∫

A

{
σ

(1)
ij u

(2)
i,1 + σ

(2)
ij u

(1)
i,1 −

1

2
σ

(1)
ik ε

(2)
ik δ1j −

1

2
σ

(2)
ik ε

(1)
ik δ1j

}
q,jdA (17)

where M (12) is known as the interaction integral.
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According to Eq. 9, Eq. (13,15,16) can be expressed as

J (S) =

(
K

(S)
I

)2

+
(
K

(S)
II

)2

E ′
(18)

J (1) =

(
K

(1)
I

)2

+
(
K

(1)
II

)2

E ′
(19)

J (2) =

(
K

(2)
I

)2

+
(
K

(2)
II

)2

E ′
(20)

Considering the superposition principle, for each loading mode the total
SIF is the sum of the SIF related to each load [11],

K
(S)
I = K

(1)
I +K

(2)
I (21)

K
(S)
II = K

(1)
II +K

(2)
II (22)

Eq. 21 and Eq. 22 can be included in Eq. 18 as

J (S) =

(
K

(1)
I +K

(2)
I

)2

+
(
K

(1)
II +K

(2)
II

)2

E ′
(23)

The substitution of Eq. [19,20,23] in Eq. 14 results as

M (12) =
1

E ′

(
2K

(1)
I K

(2)
I + 2K

(1)
II K

(2)
II

)
. (24)

The interaction integral in Eq. 14 can be calculated by solving the three
load cases, i.e. Eq. 19 when only load S(1) is applied, Eq. 20 when only the
load S(2) is applied and Eq. 18 when both loads S(1) + S(2) are applied. The
stress, displacement and strain distributions can be retrieved from e.g. the
Finite Element Method (FEM). However, Eq. 24 is dependent on the mixed-
mode -I,II SIFs. The stress intensity factors can be individually calculated by
a proper selection of the auxiliary force S(2) such that results in pure auxiliary
modes. For instance, if an auxiliary force results in pure mode-I with a known
solution K

(2)
I = 1 and K

(2)
II = 0, Eq. 24 is reduced to K

(1)
I = E′

2
M (12). A

similar procedure can be done to calculate K
(1)
II . [19]
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3.1.3 The Equivalent Stress Intensity Factor and the Crack Growth
Direction

Under a mixed-mode crack growth analysis, the crack growth direction is
usually set by the direction where the maximum strain energy is released
[11]. Assuming that this direction is consistent towards pure mode-I, the
Equivalent Stress Intensity Factor KEq is presented as the SIF corresponding
to an infinitely small growth from a mixed-mode to a pure mode-I crack
geometrical configuration, Fig. 19. [22]

Figure 19: Crack propagation direction following an illustration by Meggio-
laro et al. [22]

Under a mixed-mode scenario, the equivalent SIF concept is extremely
useful because it opens the possibility to use formulas that were in principle
constraint to pure mode-I. The term KI is directly replaced by Keq in each
formula, as Ruiz explains in [25].

There are several criteria to calculate the equivalent SIF. The Irwin or
Energy Release criterion [15] shows an approximation, Eq. 25, based on the
relations between the energy release rate and the SIFs.

KEq,IRWIN =
(
K2
I +K2

II

)1/2
(25)

It is also widely used in literature the Tanaka’s formulation [26], Eq. 26,
which is based on the displacements behind the crack tip that reach a critical
value.

KEq,TANAKA =
(
K4
I + 8K4

II

)1/4
(26)

Another well-known model to calculate the equivalent SIF is the Maxi-
mum Circumferential Stress (MCS) criterion, also called the Maximum Tan-
gential Stress (MTS) criterion, proposed by Erdogan and Sih [27]. This
criterion considers that the crack growth is oriented in the direction where
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the maximum circumferential stress is located. Assuming the MCS this di-
rection is the same as the direction for pure mode-I growth. The Equivalent
SIF is formulated as

KEq,MCS =
1

4

(
3cos

θ0

2
+ cos

3θ0

2

)
KI −

3

4

(
sin

θ0

2
+ sin

3θ0

2

)
KII (27)

where θ0 is the pure mode-I crack growth direction Fig. 19 and it is calculated
as

θ0 = 2 tan−1


 KI

4KII

± 1

4

√(
KI

KII

)2

+ 8


 (28)

Two values can be obtained from Eq. 28. The final selected value is the
one that presents the maximum circumferential stress,

σθθ =
1

(2πr)1/2
cos

θ

2

[
KI cos2

(
θ

2

)
− 3

2
KII sin θ

]
(29)

where θ is the polar coordinate around the crack tip, Fig. 20.

Figure 20: Circumferential direction of the stresses in a polar coordinate
system with crack tip as the origin.

Fig. 21 shows the result of different Equivalent SIF formulations. For
high values of |KII/KI |, each model behaves differently. Meggiolaro et al.
[22] already showed this analysis and they incorporated other criteria such
as the strain energy density criterion or the maximum energy release rate
criterion. They concluded that at predominant mode I, where KI � KII ,
all these criteria show similar equivalent mixed-mode results. Meggiolaro et
al. state that since the presented criteria predicts a path deviation towards
a pure mode-I, the model will grow towards a situation where all criteria are
essentially the same. Among all equivalent SIF criteria, Meggiolaro et al.
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declare that the MCS criterion is a preferred approach due to its simplicity
and close form solution.
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Figure 21: Normalised equivalent SIF for different mix mode SIF and crite-
rion: Tanaka(Eq. 26), Maximum Circ. Stress(Eq. 27) and Irwin(Eq. 25).
The graph follows the illustration by Meggiolaro et al. [22].

3.1.4 The plastic zone under plane stress/strain conditions and
the application limit for LEFM analysis

The plane stress/strain conditions are widely used in literature as an ap-
proach to a 3D problem from a 2D perspective. The shape of the plastic
area around the crack tip depends on the condition applied. Irwin defines
the most simple approach to this area as a circle in front of the crack tip,
with radius

2rOε =
1

3π

(
Keq

σys

)2

(30)

for plane strain conditions, and

2rOσ =
1

π

(
Keq

σys

)2

(31)
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for plane stress conditions, where rOε stands for the radius of the plastic zone
under plane strain conditions, and rOσ denotes the radius of the plastic zone
under plane stress conditions.

Another approach to defining the plastic zone is by using the circle of
Mohr principles as explained in [11]. The shape of the plastic zone as a
function of the angle from the crack tip θ is shown as,

rOσ =
1

4π

(
Keq

σys

)2 [
1 + cos θ +

3

2
sin2 θ

]
(32)

for plane stress, and

rOε =
1

4π

(
Keq

σys

)2 [
(1− 2ν)2(1 + cos θ) +

3

2
sin2 θ

]
(33)

for plane strain conditions.
Dowling [16] suggests using the plasticity formulations to elaborate the

application limit for LEFM analysis. Among the equations of the plasticity
shape presented, Eq. 31 includes the location (2rOε, 0) with the highest
distance from the crack tip, Fig. 22. Dowling defines the application limit
for LEFM analysis as two times that distance,

dLEFM > 4rOε =
4

π

(
Keq

σys

)2

, (34)

where σys is the yielding stress and Dowling [16] defines dLEFM as the dis-
tance between the crack tip and a free surface, Fig. 23.

Fig.22a shows the shape of the plastic zone for the two different ap-
proaches. In both approaches, the plastic zone related to the plane stress
conditions is always larger than the one associated with plane strain condi-
tions. A further analysis, Fig.22b, presents the difference in size between the
application limit to LEFM, Eq. 34, and the plastic zones, Eq. [30-33]. [16]
[11]
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Figure 22: Shape of the plastic zone in front of the crack tip. Cartesian coor-
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: (a) Plastic Zone delimited

by plane stress/strain conditions from two different approaches, the Irwin
approach and the Mohr approach Eq. [30-33] [11]; (b) Comparison between
the plastic zones and the application limit to LEFM [16].
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Fig. 23 illustrates the limit situation where LEFM theory is applicable
for three cases.

(a) (b) (c)

Figure 23: Three limit situations where the LEFM theory are applicable.

3.1.5 Numerical methods for fracture mechanics

The analysis of the SIF in simple cases can be retrieved through parametric
formulation described in e.g. [11]. Closed form solutions only exist for simple
problems hardly applicable to the majority of fracture problems posed in real
life.

Several numerical methods are normally used to retrieve the SIFs of a
crack. Among the possibilities, Anderson [11] suggests the FEM and the
Boundary Integral Equation Method (BIE). Anderson states that the BIE
is very efficient for calculating unknown tractions and displacements at the
surface, but the FEM is more efficient for retrieving internal field quantities,
e.g. stresses, strains or displacements.

3.2 Introduction to fatigue analysis from a Linear Elas-
tic Fracture Mechanics perspective

The fatigue crack propagation is commonly defined by two phases, the crack
initiation and the crack propagation phase. [12] [28]

3.2.1 Fatigue crack initiation

The fatigue crack initiation is a period in which cracks initiate and start
to grow. The crack initiation mechanism is generally governed by slip-band
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cracking, inclusions or micro-voids [12] and the crack grows according to the
short/small crack growth curves, Fig. 24 [16].

(a)

(b)

Figure 24: Two types of crack propagation depending on the crack geometry
with respect to microstructure: (a) Crack growth rate according to small
cracks; (b) Crack growth rate according to short cracks.

The common size of cracks during this phase is usually lower than the
limit from which LEFM is applicable, a < 0.1 mm ([9],[12]). Lei et al. [28]
or Maierhofer et al. [29], among others, conducted several researches about
this fatigue period. However, there are no universal formulations that can
predict the crack initiation process to date.

3.2.2 Fatigue crack propagation

The fatigue crack propagation is usually divided into three stages, Fig. 25.
The Stage I, a non-linear phase where the crack growth rapidly increases, a
second stage where the crack growth follows the well-known Paris Law, and
a third stage where the crack growth rate approaches the structural collapse.
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The Stage II is the most popular, which its expression for mixed-mode fatigue
crack propagation is [22]

da

dN
= C∆Km

Eq (35)

where a is the crack length, N is the number of cycles, and C and m are
material parameters.

A discrete form of the Paris Law equation is shown as [16]

C∆Km
Eq =

da

dN
≈ ∆a

∆N
(36)

where the crack growth ∆a = aj − aj−1 is associated with a certain number
of load cycles ∆N = Nj −Nj−1, and j represents an integer index.

A discrete form of Eq. 35 can be found as [16] 36

∆a ≈ C∆Km
Eq∆N (37)

Forman and Mettu [30] proposed including the crack growth rate for the
three stages in a single expression

da

dN
= FC(∆KEq)

m

(
1− ∆Kth

∆KEq

)p
(

1− Kmax
KC

)q , (38)

where p and q are material parameters, KC is the maximum SIF a crack can
propagate without immediate failure, F is a crack velocity factor, Kmax is
the maximum SIF a crack propagates according to the Paris Law and ∆Kth

is the SIF threshold.
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Figure 25: The three crack growth stages of the fatigue crack propagation.
The parameter ∆Kth is the threshold, Kmax determines the boundary be-
tween the Paris Law regime and the third stage, and KC is the limit to
structural collapse.

In cases of HCF, the most relevant stages to study are I and II. The Stage
III is generally neglected [25] since the cycles involved in this stage are very
low when compared with the other two.

3.2.3 The overlap between the crack initiation and crack propa-
gation phase

The crack initiation phase and crack propagation phase defined in [12] implies
an overlap, Fig. 26 [16]. The first stage of the fatigue crack growth, Fig. 25
is overlapped by the short/small crack growth, Fig. 24. As a consequence, it
is not well defined where the crack initiation phase finishes. Maierhofer et al.
[29] proposed further formulations to account for this overlap in a modified
NASGRO equation. However, it is difficult to present a neat boundary in
between the two phases.
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(a) (b)

Figure 26: Overlap in between the crack growth model during the crack
initiation phase, denoted in a dash line, and the crack propagation phase,
denoted as a continuum line: (a) Initial growth for small cracks; (b) Initial
growth for short cracks.

3.2.4 The Crack Closure

Elber [31] was the first to study the effects of crack closure in 1970 when
he experimentally noticed that for same stress ranges, decreasing the stress
ratio involved lower fatigue crack growth. The crack closure is a mechani-
cal phenomenon that extends the fatigue life of a structure. There are five
common types of mechanisms that induce crack closure [11]:

• Corrosion Products: The corrosive waste generated under aggressive
environmental conditions can be stacked inside the crack, Fig. 27a.

• Fluid: Cracks of structures immersed in a fluid can include liquids
inside, Fig. 27b.

• Roughness: The irregular crack propagation caused by e.g. the T-
stresses [32] may result in contact in between the crack faces in some
spots, Fig. 27c.

• Plastic induced zone: The high stress values around the crack singu-
larity induce plastic deformations that result into compressive residual
stresses, Fig. 27d.
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• Transformed Zone: The crack propagation mechanism may induce
changes in the metallic composition due to e.g. high temperatures in-
duced by high loading frequency. Metallic changes towards e.g. marten-
sitic induce residual stresses Fig. 27e.

(a) (b) (c)

(d) (e)

Figure 27: The five typical mechanisms that induce closure effects: (a) The
products generated in a corrosive environment; (b) A fluid inside a crack;
(c) The roughness of the crack under e.g. mode-II FM analysis; (d) The
plasticity induced as crack propagates; (e) The transformed zone, i.e. part
of the metal result in a different composition e.g. martensitic.

The corrosion, fluid and roughness closure mechanisms are also known as
wedging mechanisms because cracks are prevented from closing completely
by different types of obstructions. On the other hand, the plasticity induced
situation and transformed zone result in closure effects due to compressive
residual stress generation.

Dowling [16] and Anderson [11] show two alternatives to include the crack
closure in a fatigue crack propagation model. Dowling shows a relation be-
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tween closure effects and Stress Ratio R through the Walker formulation

C =
C0

(1−R)m(1−γ)
, (39)

where γ and C0 are material constants and C and m are the Paris Law
parameters from Eq. 35.

Anderson suggests that the crack closure can be included by the term
Kop, Fig. 28, where adopting the Equivalent SIF concept [25], the effective
range is calculated as

∆Keff,eq = Kmax
eq −Kop,eq (40)

Figure 28: Illustration of the closure SIF Kop and the effective SIF range
∆Keff .

Newman [33] proposes a specific formulation for plasticity induced closure
problems in metallic structures,

feq =
Kop,eq

Kmax
eq

=

{
max(R,A0 + A1R + A2R

2 + A3R
3) R ≥ 0

A0 + A1R − 1 ≤ R < 0

(41)
where

A0 = (0.825− 0.34α + 0.05α2)[cos(πSmax/2σo)]
1/α, (42)

A1 = (0.415− 0.071α)(Smax/σo), (43)

A2 = 1− A0 − A1 − A3, (44)

A3 = 2A0 + A1 − 1, (45)
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the parameter Smax is the maximum nominal stress, σo is the flow stress, i.e.
the average between the yield stress σys and the ultimate tensile strength σu
[34], and α is a parameter that varies from α = 1 for a plane stress analysis
to α = 3 for a plane strain analysis. [25]

The analysis of feq for different parameters in Fig. 29 reveals that the
plane stress approach results in the biggest crack closure effects, whereas
plane strain conditions present the lowest closure. This result is coherent
with the plasticity induced closure theory, since the plane stress condition
shows the largest plastic area, Fig. 22 ([11],[16]). Fig. 29 also reveals that,
for high Stress Ratios R > 0.7, there are no closure effects since feq = R, i.e.
Kop,eq = Kmin

eq .
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Figure 29: Analysis of the plasticity induced crack closure parameter feq for
different α values [34] and ratio Smax/σo = 0.3. The closure effect vanishes
as the stress ratio increases.

3.3 Fatigue Formulation for offshore welds under 2D
analysis

The fatigue analysis of offshore welds usually includes several characteristics.
The initial size of manufacturing defects can lead to a fatigue performance
where the crack initiation phase is negligible compared to the crack prop-
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agation period [9]. The fracture mechanics approach in literature usually
proposes a conservative approach by studying the initial defect in a high
stress concentration spot and consider it with a crack shape. However, the
manufacturing defects [10] can result in a multiple crack analysis, also known
as a Multiple Site Damage (MSD) analysis.

Apart from the MSD analysis, offshore welds include Residual Stresses
(RS) and can be subject to environmental aspects that can be detrimental
to the structure. The study of these concepts is crucial to understand the
fatigue life performance of a weld.

3.3.1 The Multiple Site Damage

Rahman et al. [35], Huang et al. [36], Dundar and Ayhan [37], and Price and
Trevelan [38] have performed some of the multiple existing researches about
MSD. Seifi et al. studied multiple crack propagation from hollow pre-notched
plates whereas Huang et al. studied the MSD in complex welded structures.
Dundar et al. and Price et al. developed their own code for MSD fatigue in
2D and 3D analysis.

The MSD fatigue analysis presents several differences with respect to sin-
gle crack propagation. The author Ruiz [25] shows that the effects of multiple
cracks can lead to stress shielding or stress amplification. These effects can
be seen by performing Finite Element (FE) studies. However, there are an-
other two MSD peculiarities which require further studies, the closure effects
during MSD and the crack coalescence.

The closure effects in Multiple Site Damage
According to the Newman’s Eq. 41, the plasticity induced closure effect

depends on the 2D conditions imposed, i.e. plane stress, plane strain or
mixed conditions. Dowling [16] explains that a 2D model can be considered
under plane strain conditions as long as

(th ∪ d) ≥ 2.5

(
Kmax
eq

σys

)2

, (46)

where th is the thickness, d is the distance from the crack to a boundary.
However, as two cracks approach one another, the distance d decreases.

Therefore, the plane strain conditions are not satisfied. Dowling [16] suggests
that if Eq. 46 is violated, the FM analysis should be performed under plane
stress conditions. However, the Dowling’s approach dismissed the mixed
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conditions, i.e. an interval between plane strain and plain stress conditions
where the radios of the plastic zone is

(
2rO′ >

1

3π

(
Kmax
eq

σys

)2
)
∪
(

2rO′ <
1

π

(
Kmax
eq

σys

)2
)
. (47)

Rahman et al. [35] already performed an analysis about how the closure
effects vary as two cracks approach one another by adjusting the parame-
ter α of Eq. 41 during crack growth. However, their analyses are purely
empirical, i.e. the relation between α and cracks proximity is based on a cal-
ibration procedure to achieve consistent fatigue results between experiments
and crack growth simulations.

Ruiz [25] proposes to address the closure effects in MSD fatigue from a
conservative perspective. If the initial conditions are plane strain, this con-
dition is fixed during the entire fatigue analysis. Therefore, the plasticity
area is not affected by any change in the 2D conditions as cracks approach
one another. As a consequence, cracks grow faster under assuming constant
plane strain conditions than varying the conditions during MSD fatigue. On
the contrary, if initial plane stress conditions are satisfied, no assumption is
needed since this condition will be satisfied during all of the fatigue analysis.

The Crack coalescence
When two cracks approach one another, it is required to evaluate when

they will intersect. Skorupa et al. [39] explain the Plastic Zone Link-Up
(PZL) criterion, which was initially introduced by Swift [40]. The PZL cri-
terion determines that if the Dugdale’s Plastic limits,

dPZL =
π

8

(
Keq

σys

)2

, (48)

of two cracks are in contact, as shown in Fig. 30, crack coalescence appears.
Skorupa et al. [39] also remark that a more detailed analysis would be

the Elasto-Plastic Fracture Mechanics (EPFM) method, which keeps track
of the crack tip evolution for large areas plastically deformed. However, PZL
is a quicker and simpler solution and is still used for MSD type experiments,
even in complex geometry cases [39]. The PZL criterion is in general conser-
vative compared to EPFM, as it skips the plastic behaviour of the structure
by directly assuming coalescence.
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Figure 30: Geometrical position where crack coalescence appears under plane
stress/strain conditions. The plastic zone is defined by a radius 2rOε Eq. 30,
for strain conditions, and 2rOσ Eq. 31, for plane stress conditions. The
Plastic Zone link-up is delimited by dPZL,A and dPZL,B.

Fig. 30 shows the relative size of the plastic zone for plane stress/strain
conditions compared to the limits for the PZL

dPZL,A =
π

8

(
KA

σys

)2

, (49)

dPZL,B =
π

8

(
KB

σys

)2

, (50)

where dPZL,A is the PZL distance for crack tip A, dPZL,B is the PZL distance
for crack tip B, KA is the equivalent SIF associated with tip A and KB is
the equivalent SIF associated with tip B.

The PZL occurs when

dPZL,AB ≤ dPZL,A + dPZL,B =
π

8

(
KA

σys

)2

+
π

8

(
KB

σys

)2

, (51)

Assuming a scenario where KA > KB, the minimum distance between
cracks for a LEFM analysis is

dLEFM,A =
4

π

(
KA

σys

)2

. (52)

Fig. 31 shows the comparison between the application limit for LEFM
and the limit for PZL. The distance d associated with the application limit of

43



LEFM is higher for any SIF ratio KA
KB

. Consequently, the LEFM is violated
before crack coalescence, Fig. 32.
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Figure 31: Normalized values between the PZL and LEFM limits between
two crack tips: A and B, for different SIF relationsKB/KA. For the PZL limit
study d = dPZL,AB (Eq. 51), whereas for the LEFM limit study d = dLEFM,A

(Eq. 52).

Figure 32: Delimitation of the PZL (Eq. 50) and LEFM (Eq. 52) between
two crack tips: A and B.
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Ruiz [25] proposes an alternative to PZL criterion by considering crack
coalescence once the application limit of LEFM is violated, Eq. 52. This
approach is more conservative than PZL criterion since it predicts earlier
coalescence, but it respects the LEFM approach.

3.3.2 Residual stress effects in fatigue

Residual stresses result from the manufacturing process of a welded compo-
nent. During fatigue, tensional residual stresses have a detrimental effect in
the life of a structure whereas compressive residual stresses are beneficial.[9]

The Stress-Based methods used to calculate fatigue life of structures re-
lies on S-N curves that implicitly include the residual stress effects. However,
the FM approach needs to explicitly include the residual stress as part of the
fatigue life calculations.

The residual stresses can be calculated for a limited range of cases through
parametric formulation given in standards [5]. For most complex geometries,
the Thermo-Mechanical Finite Element Analysis (TMFEA) can be used to
estimate the residual stress distribution of a weld. The drawback about TM-
FEA is the high computational cost when compared with parametric formu-
lation. Finally, the most accurate approach to determine the residual stress
values is through experimental methods such as neutron diffraction. The
equipment used for these methods is generally costly and time-consuming,
usually exceeding the effort for TMFEA.

The residual stress values can subsequently be included in fracture me-
chanics models through different approaches e.g. weight functions [41] or
the modified J-integral [42]. Their results show a remarkable dependency
between the residual stress and the crack growth results.

Despite the multiple studies about residual stress in FM models, their
applicability in real welded structures face major limitations. Post weld
treatments, overloading or creep may develop residual stress relaxation. If
compressive residual stress relaxation is not included in fatigue calculations,
FM results are conservative. However, if tensional residual stress relaxation
is not taken into consideration, calculations can overestimate the fatigue life
of the structure.

The high complexity of the residual stress calculations for real and large
structures has motivated a need to seek for alternatives. Ruiz and Eder [43]
have developed the Residual Stress Intensity Factors (RSIF) Proportionality
Conjecture as an alternative to implement residual stresses in FM models.
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The RSIF addresses the question concerning the maximum growth rate of
a crack subject to residual stresses. Assuming a crack under fatigue loading
σ22 and residual stress σR, Fig. 33.

(a) (b)

Figure 33: Infinitely large plane strain/stress domain with horizontal crack
of length 2a under two simultaneous stresses: a) pure tensional cyclic stress
where σ22 = σmax22 when maximum stress is applied and σ22 = σmin22 when
minimum stress is applied. b) RS tilted βRS degrees.

Ruiz and Eder found that the maximum equivalent SIF was found at
two conditions: when the RSIF where proportional to the SIF related to the
external loading βRS = 0 degrees, and when residual stress had no effects on
SIF calculations βRS = 90 degrees, Fig. 34.
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Figure 34: Variation of ∆KEq,Tot with respect to the angular orientation
βRS of the RS. The illustration shows two peaks which correspond to the
same value of ∆KEq,Tot, at βRS = 0 degrees, where the RS vector is propor-
tional to the cyclic loading vector σ22, and βRS = 90 degrees, where the SIF
calculations are independent of the RS magnitude.

Ruiz and Eder extended their analysis to a full residual stress domain,
where they numerically demonstrated the conjecture:

The residual Stress Intensity Factors (RSIF) Proportionality Conjecture

Assuming any arbitrary crack under cyclic mixed-mode loading condi-
tions, where Kmax

I and Kmax
II denote the maximum mode-I,-II SIF, and Kmin

I

and Kmin
II denote the minimum mode-I,-II SIF.

Condition: If the external loading is proportional such that the following
condition holds:

Kmax
I

Kmax
II

=
Kmin
I

Kmin
II

where Kmax,min
I ≥ 0 and KI,II ε R (53)

Conjecture: The RSIF Proportionality conjecture states that the maximum
equivalent SIF range max(∆Keq) is attained if the RSIF ratio is proportional
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to the cyclic loading SIF ratio, according to the following condition:

Kmax
I

Kmax
II

=
KI,RS

KII,RS

where KI,RS ≥ 0 and KI,II ε R (54)

where KI,RS and KII,RS are RSIF for mode-I,II.
Corollary: If the RSIF ratio is proportional to the cyclic loading SIF ratio,
it follows that the max(∆Keq) becomes exclusively a function of the external
mode-I,-II SIF.

The residual Stress Intensity Factors (RSIF) Proportionality Conjecture
is based on the MCS criterion. This conjecture implies that the most con-
servative crack growth can be achieved by assuming no RS effects and the
Paris Law parameters for high stress ratios. As a consequence, no residual
stress calculations are needed.

3.3.3 Environmental fatigue

The environment plays a key role in fatigue life performance, especially when
the structure is subject to severe corrosion. Xu and Wang [44] presented
results about the effects of corrosion pitting on cracks generation in a steel
plate. Additionally, Wahab and Sakano [45] studied the corrosion effects in
a weld subject to biaxial fatigue loading. The formulation that describe the
fatigue crack propagation under a corrosive environment may be different
from one study to another. Anderson [11] describes one of the most popular
formulations as

da

dN corrosive
= Φ

da

dN Air
+

(
1

f

dā

dt

)

EAC

, (55)

where the term Φ da
dN Air

is the cycle-dependent corrosion fatigue and the term(
1
f
dā
dt

)
EAC

is the time-dependent corrosion fatigue. The parameter Φ is an

acceleration factor, da
dN air

is given by Eq. 38, f is the loading frequency and(
dā
dt

)
EAC

is the average environmental crack growth over a loading cycle.
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(a)

Figure 35: Crack growth rate as a function of the SIF range for Air or
corrosive environment.[11]

In spite of the multiple formulations found in literature, fatigue crack
propagation generally involves multiple parameters and complex equations.

3.3.4 The Fracture Mechanics approach to fatigue from the Stan-
dards perspective

The standard BS7910 [5] suggests simplifying the FM Eq. 55 by splitting
the fatigue crack growth into two linear stages Fig. 36,

da

dN
=

{
∆CA(∆Keq)

mA ∆Keq ≥ ∆KTP

∆CB(∆Keq)
mB ∆Keq < ∆KTP ,

(56)
where KTP CA,mA, CB and mB are material parameters that depend on the
environmental conditions and are defined in [5].
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Figure 36: British Standard approach [5]. The FM crack propagation for
different environmental conditions is simplified by two linear stages: A and
B.

Eq. 56 does not describe the fatigue crack propagation as accurate as
Eq. 38 or 35a. However, it is simple, it includes fewer parameters and the
material parameters are well documented in standards.

3.3.5 Fatigue crack propagation for variable amplitude loading

During a cycle range ∆N which includes different stress ranges, Anderson
[11] suggests calculating the crack growth as the weighted average of the
crack growth related to each stress range,

da

dN
=

∑n
i=1Ni (da/dN)i

∆N
, (57)

where i is an index that refers to a certain load range, n is the number of
different load ranges in a cycle range, and Ni is the number of cycles that
correspond to load i and is related to the cycle range as

∆N =
n∑

i=1

Ni. (58)

Eq. 57 is only applicable when ∆N is small enough so the crack growth
associated with the loading signal period ∆a = aj − aj−1 has a negligible
effect on the crack growth rates, i.e. ((da/dN)j)i ≈ ((da/dN)j−1)i for all
stress ranges in ∆N .
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3.3.6 The Transitional Environmental Protection process for the
FM approach

The TEP process under a FM perspective involves the transition between
crack generation or growth from environmentally protected conditions to
corrosive conditions. Ruiz and Sørensen [1] address this situation by using the
crack growth parameters associated with their corresponding environmental
condition for each phase during the TEP process, i.e. when the corrosion
protection system fails, at t = tTEP , the Paris Law parameters change from
protected to corrosive conditions. The crack size is adjusted to cope with the
crack initiation phase as Ruiz and Sørensen described in [1].

Figure 37: Crack growth analysis for the Transitional Environmental Protec-
tion (TEP) process. The crack growth parameters correspond to protected
conditions, e.g. air or cathodic protection, until the protection system fails
at t = tTEP . At that moment, the crack size is adjusted, as described in [1],
and the crack growth parameters shift to corrosive conditions.
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3.3.7 The fatigue analysis from a Elasto-Plastic Fracture Mechan-
ics approach

In cases where LEFM is not applicable because of high stress values, Elasto-
Plastic Fracture Mechanics (EPFM) is suggested [11]. This approach ac-
counts for the non-linear deformation of the structure through different tech-
niques such as e.g. the J-Integral. However, the EPFM calculations usually
introduce a higher degree of complexity than the LEFM calculations.

Standards such as [5] and some researchers e.g. ([9],[36],[46]) suggest to
use LEFM formulation for fatigue analysis of welds. However, some studies
show that stress may be in the order of yield stress and EPFM analysis is
necessary [47].

The current research focuses only on LEFM due to its simplicity and ef-
ficiency. However, further research is needed to compare LEFM and EPFM
fatigue calculations in welds.
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4 Probabilistic fatigue analysis

Numerous fatigue life studies use parameters as they were accurately known,
following a nomenclature called deterministic. In the analysis of real cases,
however, the knowledge about different parameters is limited, and they are
normally considered as stochastic. A stochastic variable is a parameter that
follows a statistical distribution. Since some variables that affect the fatigue
life are stochastic, the concept of a unique value associated with the fatigue
life of a real structure vanishes. Instead, probabilistic fatigue deals with the
concept probability of failure and reliability.

4.1 Common statistical distributions

The parameters that influence the fatigue life of a structure may follow dif-
ferent statistical distributions. Two of the most common statistical distri-
butions in fatigue analysis are the normal and the log-normal distribution
([48],[49],[50]). The normal distribution function of a stochastic variable Z
with mean µ and standard deviation s is calculated as

FZ(Z) = Φ

(
Z − µ
s

)
=

∫ Z

−∞

1√
2πs

e
−
(
z−µ√

2s

)2

dz (59)

where FZ(Z) denotes the probability of a random value is equal or lower than
Z.

The log-normal distribution is defined as

FZ(Z) = Φ

(
lnZ − µY

sY

)
=

∫ Z

−∞

1√
2πsY

e
−
(

ln z−µY√
2sY

)2

dz (60)

where sY =

√
ln

((
s
µ

)2

+ 1

)
and µY = lnµ− 1

2
s2
Y , and µ and s denote the

mean and standard deviation related to the parameter Z.
Fig. 38 shows the shape of both statistical distributions. Apart from

these two, other probability density functions, e.g. the Weibull distribution,
are generally found in the structural fatigue analysis. ([48] [50][12])
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(a) (b)

Figure 38: Shape of a: (a) Normal distribution (b) Log-normal distribution.

4.2 Introduction to reliability

In a probabilistic fatigue analysis, studies evaluate failure in terms of prob-
abilities. The first step is to determine the condition in which failure is
assumed. This condition is defined by an equation known as the Limit State
equation. There are different formulations of the Limit State equation de-
pending on the method used for fatigue life estimation. SB approach meth-
ods are normally defined by a limit state equation according to the damage
formulation,

g(N,Df ) = Df −D(N) (61)

where D(N) is the damage accumulated after a number of cycles N and Df

is the damage limit for failure.
The limit state equation for the Probabilistic Fracture Mechanics frame-

work can be defined as

g(N, af ) = af − a(N) (62)

where a(N) is the crack length associated with N cycles and af is the crack
length before assuming failure of the structure. The parameter af is typically
half of the width of the cracked specimen [9].

Once the limit state is posed, the failure is considered when g ≤ 0. For
monetary and risk analysis purposes, the general objective is to know what
is the probability of the failure of a component for a period of time Pf (t),
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i.e. the probability g ≤ 0 for a time interval t. The concept of probability of
failure is directly related to the reliability index as [51]

β(t) = −Φ−1[Pf (t)], (63)

where β is the reliability index, Pf (t) is the probability a failure event occurs
and Φ is the cumulative function of the standard normal distribution,

Φ(Z) =
1√
2π

∫ Z

−∞
e−z

2/2dz. (64)

4.2.1 Techniques to calculate the reliability index

There are several techniques to estimate the reliability of a structural case[52]:

• Simulation Techniques: Samples are generated according to the stochas-
tic variables and the probability of failure is estimated by computing
the number of samples that fail with respect to the total number of
samples generated. The number of samples necessary is found through
a convergence analysis.

• First Order Reliability Methods (FORM): The limit state equation is
transformed to be a function of normalized, uncorrelated and Normal
distributed variables, it is linearised and the reliability index is found
through an iteration scheme described in [52].

• Second Order Reliability Methods (SORM): The limit state equation is
transformed to be a function of normalized, uncorrelated and Normal
distributed variables, it is approximated to a quadratic function and
the reliability analysis is found through an iteration scheme described
in [52].

Fig. 39 shows an illustration about the first two techniques. The limit state
g(x) is defined in coordinates x = (x1, x2), where the values for x1 and x2 are
stochastic. The region ωf includes all combination of (x1, x2) where failure
is assessed. The rest of the space is region ωs, where no failure is addressed.

A simulation technique is performed and results are shown in Fig. 39b.
The samples which result in the failure region ωf are retrieved, nFail. The
probability of failure is calculated as Pf = nFail/nTotal, where nTotal is the
total number of samples.
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Fig. 39a and 39c illustrate how the reliability index is calculated through
a FORM technique. The space (x1, x2) and function g(x) is transformed
into normalized and uncorrelated variables (u1, u2) and its corresponding
limit state function gu(u). Through an iterative procedure described, a final
straight tangent to the function gu(u) is achieved, β − αTu = 0, where α
is a unitarian vector orthogonal to the tangent and β is the distance of the
straight to the origin, which corresponds to the reliability index.

If the limit state equation in the standardized u-space is rather non-linear,
the SORM is a good alternative. This quadratic approximation cannot be
described in a simple illustration and, therefore, the SORM technique is
not included in Fig. 39. Nevertheless, further descriptions can be found in
literature [52].
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(a) (b)

(c)

Figure 39: Illustration about different techniques to retrieve the reliability
index: (a) Original space (x1, x2) and failure function g(x) = 0, ωs includes
the safe region and ωf includes the failure region; (b) Simulation technique
where multiple samples are performed; (c) FORM technique where space and
function are transformed according to normalized and uncorrelated variables
(u1, u2). The function gu(u) is linearized into a tangent straight denoted in
red. The distance from the origin to the straight is the reliability index β.

Among these three techniques, the Simulation Techniques are the most
simple and capable to solve non-linear complex problems. A very popular
simulation technique is known as the Monte Carlo simulation. This technique
is suggested by Straub [12] in order to perform inspection simulations. In a
Monte Carlo simulation, a number of samples are generated and the failure
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of each sample is evaluated. The main drawback about this method is that
the number of samples necessary to reach convergence might be considerably
high.

Other simulation techniques may require a lower number of samples than
the Monte Carlo simulation. Examples are the Importance Sampling or
Monte Carlo sampling excluding the safe area. [52]

4.2.2 Common types of reliability index

The reliability index can be divided into different categories, where the most
common ones in the inspection planning framework are the annual reliability
index βt and the accumulated reliability index βaccum ([53],[12],[54]). The
parameter βt is related to the probability that the structural failure corre-
sponds to a certain year t, P (F )t. The accumulated reliability index βaccum
is related to the probability a component will fail before a certain time.

4.3 Influence of MSD and Corrosion in the reliability
curves.

The current research has performed a study on how MSD and corrosion
affects the accumulated reliability index of a structural case, Fig. 40 [55],
where the reliability is measured as a function of the number of loading
cycles. The component is subject to a cycling load P and fatigue parameters
are taken from the standard BS7910 [5]. Further details of this study are
found in [55].
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Figure 40: Specimens for fatigue crack propagation under Multiple Site Dam-
age. [55]

The study evaluates two factors affect fatigue life performance. The first
factor is the impact of including multiple flaws in the structure. Results
showed that there is a noticeable variation of results between single and
multiple crack propagation conditions, Fig. 41a. However, this study is per-
formed for a single case and further studies are required to determine what is
the minimum number, geometrical size or orientation of cracks that influence
the reliability index.

The second factor is the impact of corrosion in the reliability of a struc-
ture. Results show that a corrosive environment has a striking effect in
reliability results, where same reliability values can be found at cycles of or-
der of magnitude 100 times lower when compared to air conditions, Fig. 41b.

This study concludes that corrosion is an important phenomenon when
evaluating the reliability of a structure. However, MSD needs further studies
in order to assess its criticality when performing probabilistic fatigue.
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Figure 41: Reliability analysis of the case Fig. 40 for: (a) Single surface crack
growth or MSD fatigue under inert environmental conditions; (b) Compar-
ison with a corrosive environment for single surface crack growth or MSD
fatigue.[55]
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5 Risk-Based Inspection Planning for Offshore

welds from a fracture mechanics perspec-

tive

Risk-Based Inspection Planning comprehends all the studies that determine
the number and location of inspections through the structural lifetime, as
well as the inspection/repair techniques and the repair decisions. It is usually
based on two factors:

• The consequences of the failure.

• The likelihood of the failure.

The consequences of failures are determined through different risk assess-
ment procedures, where monetary costs, environmental risks or human losses
analyses are involved. This research does not focus on risk assessment, but
examples can be found in ([12],[56],[57]).

The likelihood of a structural component failure depends on the inspec-
tion plan performed. Each inspection plan may result in different reliability
curves, i.e the reliability index results along a period of time. [58]

5.1 Inspection Plan

In the early 1970’s, Yang and Trapp ([59],[60]) started to perform deteri-
oration models for inspection planning that updates with time. The opti-
mization of inspection plans for offshore structures was firstly developed by
researchers such as Skjong in the 80’s [61]. Since then, multiple studies have
been performed, e.g. ([62],[63],[64]).

Different inspection procedures are nowadays well spread in the offshore
industry. The inspection/repair mechanism is usually divided into three
phases:

• A first phase where technicians perform inspections of flaws and report
results.

• A second phase where technicians repair the spot where critical cracks
are found.

• A third phase where technicians repeat the inspection analysis of the
repaired spots.
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The inspection plan may have different origins. Some inspection procedures
are determined by standards or the authorities of the country where the off-
shore structure stands. Other inspection plans are developed by technicians
from their own experiences. However, these methods can be inefficient and
involve high costs.

The fracture mechanics approach to probabilistic inspection planning is
becoming popular in the past years. Doshi et al. [58] evaluated the reliability-
based inspection planning through fracture mechanics models of ship compo-
nents. Kim and Frangopol [65] performed simulations for optimum inspection
planning of ship hull structures by using FM models and evaluating the im-
pact of the detection delay. These inspection procedures have reached the
standards, e.g. DNVGL-RP-0001:2015 [66].

Ruiz and Sørensen [1] evaluates the reliability of offshore welded struc-
tures under the TEP process. Their results help to understand the impact
of different inspection/repair intervals and environmental conditions in the
reliability of a structure. They divided their algorithm into three main steps:

• The structural analysis.

• The reliability calibration.

• The inspection/repair simulation.

5.1.1 Structural analysis.

In the structural analysis step, calculations are executed through e.g. FEM,
and the principal stresses and SIF necessary for fatigue analysis are retrieved.
Two different structural analysis are performed. The first one is a SB method.
The second analysis is a FM calculation of the structure. Lotsberg et al. [53]
or Ruiz and Sørensen [1], among others, suggest imposing an initial crack in
the FM model. In both cases, a scaled load is submitted and the objective is
to retrieve the stresses and SIF that would be later applied in probabilistic
fatigue analyses. [1]

5.1.2 Calibration

The DNVGL-RP-0001:2015 [66] suggests to calibrate the FM model against
the SB methods as the FM approach generally does not physically describe
the crack initiation phase. The calibration is performed by varying different
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parameters of the fracture mechanics model, from the initial crack size to the
uncertainty of the FM model.

The FM model is calibrated with the SB approach when it presents similar
reliability curves. Fig. 42 shows an example of results after calibration for
the case described in [1].
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Figure 42: Reliability curves after the calibration for Air and Corrosive con-
ditions. The Probabilistic Fracture Mechanics (PFM) approach is calibrated
against the Probabilistic Effective Notch Stress (PENS) approach. The pa-
rameters calibrated were the initial crack size and the uncertainty of the FM
method.

5.1.3 Inspection/Repair Simulation

Once the FM model is calibrated, multiple Monte Carlo simulations are run
for different inspection intervals. Every time a simulation is performed, each
of the cracked samples is evaluated through a Probability of Detection (PoD)
curve. Fig. 43 shows the example of PoD curve for ultrasonic inspections.
Further examples of PoD for different techniques e.g. visual inspection or
eddy current can be found in [66].
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Figure 43: Probability of Detection (PoD) curve for cracks evaluated under
Ultrasonic technique. [66]

Every time a crack is detected, a probabilistic inspection plan model deals
with two main questions. The first question corresponds to whether the crack
size has exceeded the limit a crack can be repaired. The second question is if
the crack size is large enough to have a relevant impact on the reliability of
the structure for its remaining time in service. Ruiz and Sørensen [1] propose
a model where all cracks detected with a size a < 3 mm were repaired, where
a = 3 mm correspond to the limit for repairs through grinding [67]. Other
repair strategies could be e.g. TIG dressing or the complete replacement of
the welded component.

Literature usually suggests two types of assumptions after a crack is re-
paired [12]:

• The repaired sample is assumed to not fail for the rest of the operational
life.

• The repaired sample behaves as a new sample.
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5.2 Case of study: Cost effective inspection plan of the
2D bracket case.

The present research includes a publication [1] where the 2D bracket case was
evaluated for an arbitrary and variable amplitude loading condition, Fig. 44.

Figure 44: Geometry, constraints and load set-up of the offshore welded
component with dimensions in mm.

Fig. 44 is a 2D plane strain simplification of the case Fig. 1b. The
case includes a variable distributed load P and moment M located on the
upper surface of the model. The reference location of M is O coordinates.
A simulation-based probabilistic inspection algorithm [1] is used to calcu-
late the reliability levels for different inspection periods and environmental
conditions.
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Figure 45: Reliability curves for different inspection interval TIns: (a) Results
for permanent air environmental conditions; (b) Results for TEP process
from air to corrosive at tTEP = 10 years; (c) Results for TEP process from
air to corrosive at tTEP = 20 years; (d) Results for permanent corrosive
environmental conditions.[1]

This section introduces further calculations of the study in order to show
the benefits of applying probabilistic fracture mechanics for inspection plans
in the offshore industry. Table 1 presents the different costs involved in
maintenance, where CW is associated to the cost per year of a wind turbine
failure, CP is the average hourly cost of the technicians, CV is the daily cost
of the maintenance vessel, CU is the daily cost of ultrasonic equipment, CO
are daily costs related to logistic and data analysis of the inspection results
and CGW are the daily costs related to the grinding/welding equipment.
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The annual interest of the currency is assumed r = 0.06 and the costs are
dimensionless and based on an arbitrary price index.

Table 1: Cost index of the different factors involved in maintenance. The
values are indicative.

CW CP CV CU CO CGW
15000 1.25 70 3.75 20 1.75

The inspection/repair procedure is performed in 3 days. The first day,
six technicians perform an ultrasonic inspection of the bracket. The total
amount of hours worked is 14 per day. The cost involved on the first day is

C1 = 1day× 14hours/(people× day)× 6people×CP +CV +CU +CO. (65)

If the crack is detected and its size is a ≤ 3 mm, technicians grind and
weld the detected cracks. The cost involved is

C2 = 1day × 14hours/(people× day)× 6people× CP + CV + CGW . (66)

Finally, if the crack is repaired, a third day is necessary in order to perform
an inspection of the repaired bracket. The cost involved on the third day is
the same as the cost related to the first day, C3 = C1.

The first day corresponds to a cost due to inspection CI = C1, whereas the
second and third day correspond to a cost of repair, CR = C2 +C3 = C2 +C1.
The total expected cost is calculated as [57]

E[CTOTAL] = E[Cf ] + E[CI ] + E[CR] (67)

where E[Cf ] is the expected cost due to structural failure, E[CI ] is the ex-
pected cost related to inspections and E[CR] is the expected cost related to
repairs.

Eq. 67 can be formulated in terms of probabilities. The expected cost of
failure for 30 years can be expressed as

E[Cf ] =
30∑

n=1

Pt,n(31− n)CW (1 + r)−n (68)

where Pt,n is the annual probability of failure of the structure, the term
(31 − n) is the remaining years in service the wind turbine was designed to
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operate and the term (1 + r)−n is related to the interest rate.
The expected cost of inspections can be expressed as

E[CI ] =

TTotal,Ins∑

n=1

(1− Paccum,Tn)CI(1 + r)−Tn (69)

where n is an integer index, Tn = nTIns is the year when inspection take
place, TIns is the inspection period, TTotal,Ins is the total number of inspec-
tions planned and the term (1 − Paccum,Tn) is the survival probability after
Tn years. The parameter TTotal,Ins is calculated dividing the total number of
years by the inspection interval planned.

Finally, the expected cost of repair, including the expected cost of inspec-
tions of repaired cracks can be performed as

E[CR] =

TTotal,Ins∑

n=1

(1− Paccum,Tn)Pd,Tn(CR + CI)(1 + r)−Tn (70)

where Pd,In is the probability of repair a crack at year Tn and (CR + CI)
involves the cost of repair and the cost of inspecting the repaired structure.

The value Pd,Tn was calculated in the simulation-based procedure as
Pd,Tn=nrep,Tn/ntot where nrep,Tn is the number of samples repaired at I year
and ntot is the total number of samples, i.e. ntot = 106 [1].

Note that all the probabilities of failure are dependent of the inspection
interval, TIns. Eq. 68, 69 and 70 are included in Eq. 67, resulting in the
expected total cost expression,

E[CTOTAL] =
30∑

n=1

Pt,n(31− n)CW (1 + r)−n+

+

TTotal,Ins∑

n=1

(1− Paccum,Tn)(CI + Pd,Tn(CR + CI))(1 + r)−Tn .

(71)

Fig. 46 shows the cost calculated through Eq. 71 for the case in [1]. The
result shows different costs for different maintenance intervals and different
environmental conditions. Enlarging the isolation of the brackets against
corrosion has an enormous reduction in the expected total cost.

The curve for corrosive environment shows another peculiarity, i.e the
maximum expected total cost is found at the inspection interval of 8 years.
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This result demonstrates that in some cases, it is more effective to avoid any
type of maintenance than to perform inefficient inspections.

Fig. 46 also illustrates that the cost curves for different environmental
conditions tend to converge as the inspection interval reduces, where the cost
associated with the inspection interval of 6 months is essentially the same for
all cases. As inspection intervals decrease, the likelihood of failure becomes
very small for all cases and most of the costs are driven by inspection/repair
procedures.

0 10 20 30
0

5000

10000

15000

TIns(years)

E
[C

T
O
T
A
L
]

 

 

Corrosion

tTEP=10 years

tTEP=20 years

Air

(a)

0 10 20 30
0

500

1000

1500

2000

TIns(years)

E
[C

T
O
T
A
L
]

 

 

tTEP=10 years

tTEP=20 years

Air

(b)

Figure 46: Expected total cost depending on the inspection/repair interval
applied to the case [1]. The optimum inspection interval is considered to
be at the minimum cost value of each curve. For different environmental
conditions, the optimum inspection interval is different as well as the cost:
(a) Illustration of the expected total cost curves. (b) Close-up of the cost
curves.

Table 2 presents the optimum cost and inspection interval retrieved from
Fig. 46. It is worth noticing that depending on the environmental conditions,
the optimum inspection interval is different. Furthermore, the environment
has a large influence on the inspection costs. A bracket structure subject
to air conditions involves a total cost 34 times lower than under corrosive
conditions. Enlarging the environmental protection also has a remarkable
effect on the total cost.
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Table 2: Optimum maintenance interval TIns the associated cost index for
different environmental conditions, from air to corrosive environment. TEP
stands for Transitional Environmental Protection from air to corrosion.

Environment TIns(years) E[CTOTAL]
Air (tTEP = 30 years) 6 141

tTEP=20 years 6 284
tTEP=10 years 6 1095

Corrosive (tTEP = 0 years) 2 4792
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6 Discussion about the work

The current research describes the theory and numerical results related to
the fracture mechanics approach to probabilistic inspection planning of off-
shore welds for wind turbines. The work focuses on already existing theory
and develops new concepts and methods.

The Stress-Based methods explained are assumed to be accurate enough
to estimate the life of an offshore weld. However, the present study em-
phasizes that these methods are not directly applicable for inspection plan-
ning and thus, the fracture mechanics approach is introduced. Both, the SB
and the FM, include limitations. The SB method cannot describe the crack
growth and the FM method cannot describe the crack initiation phase. In
order to overcome both limitations, the present work suggests to calibrate
FM results with SB results in a similar procedure as the standards and lit-
erature suggest.

The calibration between both methods may introduce results oversim-
plified. Some weld characteristics, such as occlusions or porosity, are not
directly described in FM models, but they are assumed to be inside the S-N
curves used for the calibration.

Another weld characteristic, the Multiple Site Damage (MSD), is included
in an original method developed during this research. The MSD was evalu-
ated for different cases, which confirms the relation between the fatigue life
with the number of flaws. However, the Multiple Site Damage in welds re-
quires a deeper analysis in order to evaluate its contribution to the fatigue
lifetime and reliability of an offshore weld.

The residual stresses, an inherent characteristic of welds, is considered
through the Residual Stress Intensity Factor (RSIF) Proportionality conjec-
ture. The RSIF Proportionality Conjecture is an original contribution of
this study to the FM analysis of welds. This concept introduces a striking
simplification of fatigue calculations of welds by assuming no residual stress
and high stress ratios.

The study of offshore welds includes another characteristic, the corrosive
environment. The SB methods assume corrosive effects by using S-N curves,
which implicitly include those effects. On the other hand, the FM mechanics
formulation for corrosive environments is simplified using equations recom-
mended by standards. Corrosion phenomenon, such as pitting or crevice, are
assumed to be included inside the S-N curves used for the SB methods. The
calibration of the FM model to SB method will implicitly incorporate all the
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concepts.
Apart from the simplifications exposed above, the current research fo-

cuses on the LEFM analysis of offshore welds. The LEFM approach to weld
analysis is common in the scientific community and standards. However, it
might not be an accurate approach to the fatigue analysis of welded details.
Welds can include high stress locations where a Elasto-Plastic fracture me-
chanics analysis is more suitable. Further research in this field is necessary
in order to compare the deviation between the EPFM and the LEFM.

All the simplifications exposed during this research have served to pro-
pose doable FM models that can be applicable for inspection planning in the
industry. However, the author wants to emphasize that it is necessary to de-
termine how much these concepts deviate from the real structural behaviour.
Therefore, data from experiments can be used to adjust the FM models.

The FM concepts have subsequently been studied from a probabilistic
perspective. The probabilistic approach is necessary in order to perform
inspection planning simulations of real structures, where the parameters ap-
plied in the fatigue analyses are uncertain. This work focuses on how to incor-
porate the probabilistic analysis in FM models, which is shown Manuscript D.

The probabilistic inspection simulations were performed through the Monte
Carlo method. This technique is very common in the inspection planning
framework due to its simplicity and accuracy when compared with FORM or
SORM simulations. However it might not be the most efficient. As a result,
further alternatives to probabilistic simulations should be investigated.

Overall, the concepts described in this work are sufficient enough to elab-
orate a cost effective model of inspection planning from a fracture mechanics
perspective, as shown in Fig. 46. The author believes that the models and
methods described are applicable in the offshore industry.
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7 Conclusions

This research describes how to reach optimum inspection planning through
a fracture mechanics approach. The following conclusions can be drawn:

(i) The present study describes the Stress-Based methods. These methods
are commonly used in the offshore industry to estimate the fatigue
lifetime. However, the Stress-Based methods do not simulate the crack
propagation, an important concept for inspection planning.

(ii) Literature suggests using fracture mechanics methods in order to cal-
culate the crack propagation in welds. Nevertheless, to the best of
the author’s knowledge, the Fracture Mechanics framework does not
present universal formulation for the crack initiation period.

(iii) Fracture mechanics models of welds face the challenge of Multiple Site
Damage and residual stresses. The current research has developed an
algorithm for fatigue analysis of multiple crack propagation. Addition-
ally, it has demonstrated that under the RSIF Proportionality Conjec-
ture, residual stress calculations are not necessary for fatigue calcula-
tions from a conservative perspective.

(iv) This work has shown a general description of the corrosive effects on
the fatigue analysis of a weld. It includes a novel study about the
Transitional Environmental Protection (TEP) process of welded com-
ponents, i.e. when the corrosion protection system fails after a period
of time.

(v) The weld geometrical defects as well as the different corrosion mecha-
nism such as pitting were assumed implicitly in the S-N curves used for
the SB approach. The FM models account for these effects as well as
the crack initiation period through the calibration against SB methods.
The crack growth parameters in FM models depend on environmental
conditions.

(vi) A literature review about probabilistic fatigue and inspection plan-
ning has been introduced. The current research has developed an
algorithm capable of executing inspection/repair simulations through
Monte Carlo techniques. The algorithm shows different reliability curves
depending on the inspection intervals and environmental conditions.
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(vii) The analysis of a 2D bracket weld illustrates the capabilities of the
algorithms developed in this research. The method can serve to answer
three questions: The most cost-effective inspection interval, the cost
involved, and the impact of ageing the corrosion protection system.

(viii) Most of the inspection planning concepts developed in the present work
are aligned with the recommendations from the standards, e.g. DNV
or BS.

(ix) The FM models exposed in this work are constraint by 2D modelling
techniques. A further analysis of 3D modelling techniques is necessary
in order to address real fatigue cases.

(x) Further studies are necessary in order to compare the crack growth
results from this research with the real structural behaviour of offshore
welds for wind turbines. Additionally, cracks may grow from different
locations than the root and those situations should be accounted.
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8 Impact of the current research and contri-

bution to society

This work introduces a number of novel studies for the sake of reaching feasi-
ble solutions for the inspection planning of offshore welds for wind turbines.
Firstly, an innovative method for Multiple Site Damage (MSD) is presented
in Manuscript A, Appendix A. The publication enhances the knowledge of
the scientific community about multiple cracks modelling, and how to eval-
uate closure effects and coalescence under MSD fatigue.

The research includes another important contribution to the fracture me-
chanics field: The Residual Stress Intensity Factor (RSIF) Proportionality
Conjecture. This idea is presented in Manuscript B, Appendix B, and it
implies that no residual stress calculations are necessary in order to reach
conservative solutions of crack propagation in welds. As a consequence, crack
propagation solutions can be reached while avoiding multiple and complex
residual stress calculations. The conjecture considerably eases the path to-
wards the fracture mechanics studies of welds. However, further comparisons
with experimental data are necessary in order to evaluate this approach.

The author also includes a description of how to address the corrosion
topic in the Fracture Mechanics analysis of offshore welds. Manuscript C,
Appendix C, exposes the effects of corrosion in a structure with MSD that
becomes subject to fatigue loading. Results confirm the importance of envi-
ronmental conditions for the fatigue analysis.

The research finishes with the inspection planning of welded components
under different environmental conditions. Manuscript D, Appendix D, intro-
duces the concept of Transitional Environmental Protection (TEP) process.
The TEP process is a common phenomenon in the industry but, to the best
of the Author’s knowledge, it has not been well described in the academic
world. This thesis aims to shed light into this very relevant topic by opening
the path to developing new studies about the TEP process. The method
proposed in this work can be used to see the impact of corrosion protection
systems on optimized inspection planning solutions.

This thesis aims to narrate the most important concepts and methods
behind the fracture mechanics approach to optimize inspection planning of
offshore welds subject to fatigue loading. The consequence of an optimized
inspection plan is a lower maintenance cost in the offshore wind industry.
This implies a lower cost of electricity generated from offshore wind turbines.
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9 Future Research

The present study serves as a starting point for more advanced future re-
search in the probabilistic inspection planning framework. Some of the im-
provements and future research proposals are:

(i) Develop crack propagation models and Stress-Based methods in 3D.

(ii) Compare crack propagation simulations with experiments.

(iii) Validate the RSIF Proportionality Conjecture with 3D cases and ex-
periments.

(iv) Apply the inspection planning method described in Manuscript D to
real offshore structures and compare results.

(v) Include advanced and more precise damage accumulation and fatigue
crack propagation formulation in the inspection algorithms developed
for Manuscript D.

(vi) Further evaluation of multiple site damage in the reliability of a struc-
ture.

(vii) Perform sensitivity analysis of the reliability curve for different types
of inspection/repair methods.

(viii) Include the effects of false detection in the inspection plan algorithm.

(ix) Extend the inspection planning of Manuscript D to include variable
inspection intervals.

(x) Include Bayesian statistics, i.e. update the probabilistic fracture me-
chanics model with results from real inspections.

(xi) Include different parameters that influence offshore inspection plan-
ning, e.g. the weather forecast or the consequences of failure.
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a b s t r a c t

The Multiple Site Damage is a phenomenon that appears in e.g. aircraft fuselages and weld
geometries. This article introduces a method for solving the Multiple Site Damage fatigue
in a 2D specimen. The cases studied are for Linear Elastic Fracture Mechanics situations,
isotropic materials and crack growth governed by the Paris Law regime. Already known
fracture mechanics concepts are merged together in an innovative algorithm that increases
computational efficiency by optimizing the number of Finite Element Analyses necessary
for fatigue calculations. A new approach to crack coalescence is presented by using the
application limit of Linear Elastic Fracture Mechanics. Comparisons with analytical, exper-
imental and other software results have shown the reliability of this method for several
cases. A final explanatory example of a plate with multiple cracks and a hole shows the
capabilities of the method proposed.

� 2017 Published by Elsevier Ltd.

1. Introduction

Multiple Site Damage (MSD) is a phenomenon that occurs when multiple cracks are located in a structure. MSD can
appear frommultiple stress concentration locations, but also due to e.g. corrosion pitting [1], poor weld manufacturing tech-
niques as explained in ISO 6520-1:2007 [2] or inherent defects in the material. The aircraft fuselage fatigue cases are exam-
ples where multiple cracks are analysed in riveted lap joints [3].

A MSD fatigue analysis helps to determine fatigue growth directions, the number of cycles to failure and predominant
cracks. These three concepts are coupled and they are relevant to determine e.g. S-N curves or types of failures in a structure.
For applications that require high computational resources, e.g. probabilistic fatigue analysis, a method that is able to auto-
matically design MSD Finite Element (FE) models and efficiently simulate fatigue crack growth is preferred.

The MSD has already been studied using FE models by Jiang et al. [4], where the relation between Stress Intensity Factors
(SIF) and crack distributions is presented. The fatigue crack propagation of MSD is shown in recent publications by e.g.
Dündar et al. [5], Price et al. [6] and Liu et al. [7]. Dündar et al. use enriched finite elements to compute Stress Intensity
Factors for different 2D and 3D geometries. On the other hand, Price et al. propose a MSD fatigue analysis applying dual
boundary elements. Liu et al. analyse the crack coalescence through the boundary element method for random crack
distributions in 2D studies.

https://doi.org/10.1016/j.engfracmech.2017.09.011
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The experimental data, however, is scarce. MSD fatigue analysis has already been done by Rahman et al. [8] in the recent
years where crack closure was over-imposed to the fatigue numerical model through the Newman’s equations.

The coalescence criterion is still a point of discussion. Authors e.g. Rahman et al. [8,3] propose methods such as the Plastic
Zone Link-Up (PZL). However, the PZL criterion may reach situations where Linear Elastic Fracture Mechanics (LEFM) is no
longer valid and advanced fatigue formulations are required to calculate fatigue life.

The fatigue analysis of multiple cracks requires additional calculations compared to single crack propagation. This pub-
lication offers a novel method that optimises the number of Finite Element Analysis (FEA) in a MSD specimen for High Cycle
Fatigue (HCF). Cracks are automatically modelled and optimal crack steps are found through the combination of a novel algo-
rithm and convergence analysis.

The study is restricted to 2D specimens, where closure effects are evaluated for MSD mixed mode analysis under plane
strain or plane stress conditions. The fatigue analysis only takes into consideration the Linear Elastic Fracture Mechanics
(LEFM) approach and assumes that all presented cracks grow according to the Paris Law regime [9]. Crack coalescence is
addressed by using the Application Limit of LEFM (ALLEFM). Therefore, the well-known and simple Paris Law formulation
is applicable for the entire fatigue analysis. The method presented can operate with complex crack distributions for a large
variety of geometries, loads and constraints.

2. Theoretical background

The method explained in this publication combines already known concepts of fatigue, plane strain/stress analysis and
boundary analysis. The novelty of this publication is to show how they are merged into a method that is able to perform
MSD fatigue analysis before and after crack coalescence, using a low number of FEA for the sake of computational efficiency.

Nomenclature

a; alim crack length and crack length limit
b distance between two parallel cracks
bi number of divisions for 2D crack modelling
C0 Paris Law parameter
d distance between the crack tip and a boundary
dLEFM distance of the application Limit of LEFM
d1; d2 distance between coordinates in 2D crack modelling
dlim lower limit distance for the 2D crack modelling
E Young’s modulus
f eq equivalent crack opening factor
F external loads
h1;h2 global mesh size and mesh size around the crack tip
H height of a specimen
i; j integer index
K;Kmax Stress Intensity Factor (SIF) and maximum SIF
Keq;Keqmax;Keqop equivalent, maximum Equi. and opening Equi. SIF
KI;KII SIF for mode I and mode II
m Paris Law parameter
n;nlim number of cycles and number of cycles limit
N1 number of elements around the crack tip
r radial distance from a crack tip
R stress ratio
R1 mesh parameters
t thickness of the specimen
W width of a specimen
x; y Cartesian axis reference
a crack opening parameter
Dacum;DaTotal cumulative and total crack growth
c half crack tip angle
h0 deviation from the crack tip orientation
m Poisson’s ratio
r external load
rmax;rmin maximum and minimum nominal stress
ro rys flow stress and yield stress
/ crack orientation respect to Cartesian coordinates
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2.1. Fatigue formulation under closure and mixed mode

The Paris Law is a common formulation vastly used in fatigue crack propagation analysis. However, the original equation
corresponds to the crack propagation for pure mode-I specimens. Meggiolaro et al. [10] already describes an approach to use
the Paris Law for mixed mode conditions by applying the concept of equivalent SIF, Keq. A modification of Meggiolaro’s
approach, introducing the equivalent opening SIF is shown as

Da � C0ðKeqmax � KeqopÞmDn; ð1Þ

where m and C0 are material parameters, Keqmax is the equivalent maximum SIF, Keqop is the equivalent opening SIF, Da is the
crack growth and Dn is the cycle increment. Assuming that a crack trends to propagate towards pure mode-I [10], Keq is the
SIF once a crack propagates an infinitesimally small length from mixed mode towards pure mode-I, Fig. 1. This approach
would make valid the use of pure mode-I equations in mixed mode cases. A well-accepted form to calculate the equivalent
SIF [11] can be written as

DKeq ¼ DKI

2
þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DK2

I þ 4ð1:155DKIIÞ2
q

: ð2Þ

There are other alternatives proposed by Meggiolaro et al. [10] to calculate the equivalent SIF, such as the Strain Energy
Density criterion or the Maximum Energy Release Rate criterion. All these criteria show similar equivalent mixed mode SIF
whenever KI � KII , which is a general case in a mixed mode crack propagation under constant loading direction. Meggiolaro
et al. [10] already stated that since the presented criteria predicts a path deviation towards a pure mode-I, the cracks will
grow towards a situation where all criteria show the same results. The maximum tangential stress (MTS) criterion [12] is
preferred because of its simplicity and availability as a closed form solution [10],

Keqmax ¼ 1
4

3 cos
h0
2
þ cos

3h0
2

� �
KImax � 3

4
sin

h0
2
þ sin

3h0
2

� �
KIImax; ð3Þ

where h0 is the deviation from the previous crack growth direction,

h0 ¼ 2 tan�1 KImax

4KIImax
� 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KImax

KIImax

� �2

þ 8

s0
@

1
A; ð4Þ

KImax is the SIF for mode-I and KIImax is the SIF for mode-II when maximum load is applied. The orientation of the crack prop-
agation angle results in two solutions. The MTS states that the final orientation among both values is the one that results in
maximum tangential stress.

Apart from the maximum equivalent SIF calculation, crack closure analysis is necessary as well for Eq. (1). Rahman et al.
[8] applies Newman’s [13,14] equation for crack propagation under mixed mode conditions to seek a method that could
reproduce their experimental results for MSD fatigue. Newman’s equation has already been used to validate simulations
with experiments in other studies, e.g. [15]. Originally, Newman’s equation addresses the closure problems for mode-I SIF
in metallic structures. Using the equivalent SIF approach to account mixed mode conditions, Newman’s equation is modified
to

Keqop

Keqmax
¼ f eq �

maxðR;A0 þ A1Rþ A2R
2 þ A3R

3Þ R P 0
A0 þ A1R �1 6 R < 0

(
ð5Þ

where R is the stress ratio, A0 ¼ ð0:825� 0:34aþ 0:05a2Þ½cosðprmax=2roÞ�1=a;A1 ¼ ð0:415� 0:071aÞðrmax=roÞ, A2 ¼ 1� A0�
A1 � A3 and A3 ¼ 2A0 þ A1 � 1.

The term f eq is calculated using the right side formulation in Eq. (5). The opening equivalent SIF is the result of
Keqop ¼ f eqKeqmax.

The term rmax=ro is the ratio of the maximum nominal applied stress with respect to the flow stress. The parameter a is 1
for plane stress analysis and 3 for plane strain analysis. The plane stress condition is the condition where the stress vector is

Fig. 1. Illustration of equivalent SIF according to Meggiolaro et al. [10]. Crack propagates from a mixed mode configuration towards pure mode-I.

G.A. Ruiz-Muñoz / Engineering Fracture Mechanics xxx (2017) xxx–xxx 3

Please cite this article in press as: Ruiz-Muñoz GA. Method to analyse multiple site damage fatigue before and after crack coalescence.
Engng Fract Mech (2017), https://doi.org/10.1016/j.engfracmech.2017.09.011



zero across any particular surface in a 3D model, whereas the plane strain condition occurs when the strain vector is zero
across any particular surface in a 3D model.

The crack closure equation proposed by Newman poses an additional challenge for multiple crack propagation. Dowling

[16] suggests that plane strain conditions can be addressed as long as ðt [ dÞ P 2:5 K
rys

� �2
, where t is the thickness, d is the

shortest distance from the crack tip to a boundary and rys is the yield stress. Following the equivalent stress concept, the
plane strain condition for mixed mode is

ðt [ dÞ P 2:5
Keqmax

rys

� �2

: ð6Þ

When a crack grows towards another crack surface, the distance d decreases and plane strain conditions might not be
applicable any more. Consequently, the a values in Eq. (5), may decrease from a ¼ 3 for plane strain conditions towards
a ¼ 1 for plane stress conditions. The previous statement means closure effects may increase as a crack approaches another
crack surface.

2.2. Crack coalescence: application limit for LEFM analysis

When a crack grows towards another crack surface, a criterion to determine the crack coalescence is required. Skorupa
et al. [3] suggest the analysis of Elasto-Plastic Fracture Mechanics Methods (EPFM) to simulate coalescence. However, they
recognize the complexity of this approach and recommend simpler methods such as the Plastic Zone Link-Up (PZL) for the
sake of computational efficiency.

Another concept appears when a crack approaches a boundary. Dowling [16] explains the overall ALLEFM as

dLEFM P 4
p

K
rys

� �2
, which following the equivalent SIF definition can be approximated to mixed mode conditions as

dLEFM P
4
p

Keqmax

rys

� �2

: ð7Þ

The ALLEFM in Eq. (7) presents a length condition between the crack tip and the closest free surface. As a conservative
approach, crack coalescence could be assumed immediately before ALLEFM is violated. The main advantage of using the
ALLEFM is that the fatigue analysis always respects the LEFM approach. In addition, the formulation is fairly simple when
compared to the EPFM approach.

3. Methodoly to analyze MSD fatigue

The theoretical background explained is evaluated in order to develop a global algorithm that performs the MSD fatigue
analysis. The algorithm includes 2D modelling of cracks in a simple and automatic manner, and suitable for efficient execu-
tion in the Finite Element Method (FEM) framework.

3.1. 2D crack modelling

The multiple crack propagation analysis requires a flexible system able to evaluate different crack distributions through
FEM. The method proposed has the capability to analyse surface and internal cracks. The crack modelling is divided into two
stages. The first stage concerns the definition of the crack geometries, see Appendix A. In a second stage, a mesh topology and
element type is assigned to the geometry, see Appendix B.

3.2. Description of the algorithm

The algorithm depicted in Fig. 2 performs the multiple crack propagation with the following the steps:

� Initial case: Contains the initial geometry, loads, constraints, mesh parameters and fatigue parameters. An ANSYS script is
created.

� Finite Element Analysis: ANSYS calculates the SIFs.
� Fatigue Analysis: The algorithm performs the equivalent SIF calculations following Eq. (3) and, optionally, the equivalent
opening SIF calculations given by Eq. (5). The fatigue crack growth is retrieved using the Paris Law formulation Eq. (1) for
a certain cycle increment Dn which is pre-set before running the algorithm.

� Application Limit of LEFM (Optional): The user can optionally add the ALLEFM analysis after a certain number of FEA. If
visually, the cracks very closely approach the limit Eq. (7), the cracks can be forced to intersect as in Fig. 13 or failure of
the structure can be declared. The analysis of an example corresponding to Fig. 8 shows how this option works.

� Crack Growth Update: The cumulative crack growth as well as the mean growth direction are calculated from current and
previous fatigue analysis. The number of load cycles is updated for every crack growth update.
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� Mesh Compatibility (Optional): The user can optionally perform a mesh compatibility analysis after a certain number of
FEA. If after a visual inspection, the contour around a crack tip is very close to another boundary, the system can be cor-
rected as in the ALLEFM analysis. This option avoids computational failure due to problems with modelling the spider-
web mesh.

� Geometry Update: The geometry is updated for crack coalescence or crack tips whose growth increments are higher than
a certain limit Da > Dalim.

� Growth Initialization: Once a crack tip geometry is updated, its corresponding crack growth parameters are initialized.

The algorithm, shown in Fig. 2, finishes when the number of cycles or any crack length has reached a pre-set limit. Addi-
tionally, the user can interrupt the algorithm when failure of the structure is observed in the interface.

The algorithm is executed in a Matlab�-ANSYS� [17,18] system. Matlab performs all calculations except computation of
the SIFs, which are calculated by ANSYS.

An explanatory example is plotted in Fig. 3 together with Fig. 4. Fatigue occurs in two crack tips, crack tip 1 and crack tip
2. For each crack tip, a cumulative crack growth variable is initially assigned: Dacum ¼ 0. During every cycle increment, the
crack growth is added to the cumulative variable as Dacum ¼ Dacum þ Da. Simultaneously, the crack growth direction is cal-
culated as well. The variable h0 corresponds to the average of all crack growth directions calculated in the current and pre-
vious load cycles.

The multiple crack propagation shown in Figs. 3 and 4 is divided into different stages:

� Initial Stage: The geometry is submitted for FEA. The crack propagation is calculated Da; h0. Results are used to calculate
Dacum and h0 in every cycle increment.

� Stage A: The cumulative crack growth of crack tip 1 has crossed the limit Dacum > Dalim. The crack tip 1 location is updated
in the geometry through its values Dacum and h0. Growth associated with crack tip 1 is initialized. The new geometry is
submitted to a FEA. New results for Da and h0 are calculated.

� Stage B: Same procedure as Stage A, but applied to crack tip 2.

Fig. 2. Algorithm for the multiple crack propagation.
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� Stage C: The geometry is updated and submitted to a new FEA because crack tip 1 has reached the ALLEFM and inter-
sected crack 2. New results for Da and h0 are calculated. Crack tip 1 no longer exists for the rest of the analysis.

� Stage D: A limit of cycles is reached and the analysis finishes.

When a crack growth is initialized, its cumulative crack growth is set as Dacum ¼ 0. The stage where initialization occurs
serves as a starting point for calculating the variables Dacum and h0 again. Note that the geometry is submitted to a new FEA
only when Dacum P Dalim or there is crack coalescence. As a consequence, the higher Dalim, the fewer number of FEA are exe-
cuted for a given case. The proposed method optimizes the number of FEA executed by doing a convergence analysis reduc-
ing Dalim until results are no longer significantly different.

4. Comparison with analytical results, experiments and other sofware tools

A comparison with other studies can indicate the performance of the proposed method. Firstly, it is necessary to deter-
mine adequate values for the mesh parameters. A good parameter set-up can be achieved by benchmarking cases against
well-known solutions. Kim et al. [19] evaluated the interaction integral using h2=a ¼ 1=32 and number of contours
N1 ¼ 8. The mesh used for all cases in this research is defined by N1 ¼ 20 and h2=a 6 1=60. In this sense, the mesh set-up
around the crack tip includes a higher number of elements than in other scientific studies. In addition, the contour radius
is generally set to R=h2 ¼ 744=100, which assures several contours around the crack tip, Fig. 14. The spider-web mesh around
the crack tip is modelled using the mesh parameters described and the ANSYS command KSCON [18]. The distance limit was
considerably low, dlim ¼ 3R, to keep sharp shapes of cracks during 2D crack modelling.

The calculations of the SIF are done through the ANSYS command CINT [18], where SIF from the second to the fifth con-
tour is averaged in order to diminish discretisation errors. The first contour is avoided since the mesh set-up does not adjust
the first row of nodes to a distance h2=4 from the crack tip [9].

The mesh configuration presents acceptable results, with less than 3% error compared to the analytical solution, in con-
vergence studies for mixed mode and Multiple Site Damage, see Appendices C and D.

4.1. Crack path analysis

The current method is compared with the experiments done by Ingraffea and Grigoriu in [20]. Their results have previ-
ously been used for validation of crack growth problems under mixed mode conditions in other publications, e.g. [21]. The
material is homogeneous and isotropic, where Young’s modulus E ¼ 380 MPa. Plane strain conditions are applicable to the
geometry [20]. The case approach and the comparison between experiments and the current method are shown in Fig. 5. The

Fig. 3. Illustration of: (a) Cumulative crack growth; (b) Average crack growth.

Fig. 4. Crack tip relocation after every stage from Fig. 3.
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crack growth step Da is set to a fixed value and the crack orientation is calculated by Eq. (4). Note that Eq. (4) does not
depend on the absolute value of the force. However, a symbolic force of F ¼ 5:34 N was adopted in order to run the FE model.
Modifying the value of the load did not have any influence on the crack path.

The contour element size was kept constant during all crack growth h2 ¼ D=60 ¼ 12:7=60 mm in order to keep a small
ratio h2=a < 1=60. The radius of the spider-web mesh was R=h2 ¼ 744=100. Convergence analysis for the FE model were per-
formed in two studies: reducing the values of h1, and reducing the values Da. In every analysis, one of these two parameters
was reduced by half until no significant differences in crack path were observed. The final mesh and crack step configuration
were h1 ¼ 3:81 mm and Da ¼ 4:72 mm. The resulting mesh includes 7666 elements and 23,436 nodes.

The experimental results from Ingrafea and Grigoriu [20] were only reported as plots. The current study usesWebPlotDig-
itazer [22], an open source program, to extract data from plots to numerical values. Fig. 5 shows that the method is accurate
in predicting crack paths under mixed mode conditions, in particular when the material is isotropic and the crack follows a
MTS criterion tendency.

4.2. Two sided crack propagation in a thin plate

The proposed method is compared with the MSD simulations performed by Price et al. [6] and Dündar et al. [5]. Price et al.
proposed to analyse the SIFs through a J-integral calculated in a dual boundary element method. One of the analyses con-
cerns the multiple crack propagation of two-sided cracks described in Fig. 6. The same case was later studied by Dündar
et al., where they used three dimensional enriched FE to compute stress intensity factors.

The structure is subject to a cycling load with stress ratio R ¼ 0 and a stress amplitude of 100 MPa. The Young’s modulus

of the material is E ¼ 30 GPa. The Paris law constants are C ¼ 10�12 mm=cycle
ðMPa

ffiffiffiffiffiffi
mm

p Þm and m = 3. The Poisson’s ratio is t ¼ 0:3. Since

Price et al. and Dündar et Al. do not explicitly mention the closure problem in their publications, the current analysis
assumes that closure effects are already included in the Paris Law Parameter C. Thus, Eq. (1) is transformed into

Da � CðKeqmax � KeqminÞmDn; ð8Þ

where Keqmin is calculated in a very similar way as Eq. (3) but applying the minimum load to the structure. The analysis of the
case shown in Fig. 6 was evaluated through the present method. The study was approached to plane stress conditions assum-
ing an infinitesimally small thickness compared to the rest of the dimensions. The mesh parameters around the crack tip are
R=h2 ¼ 750=100 and h2 ¼ 2:5=60 mm < a0=60, where a0 is the initial crack length a0 ¼ 10 mm. Three convergence studies

Fig. 5. Crack path analysis: (a) Geometry (mm), load and constraints; (b) Comparison between current method and experimental results from Ingraffea
et al. [20]. Dimensions were transformed as 1 in. = 25.4 mm.
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were done reducing h1;Da and Dn. The crack propagation was studied until structural failure. The values h1 ¼ 2:4 mm,
Da ¼ 0:47 mm and Dn ¼ 1 cycle lead to good results in the convergence study. Reducing the parameters to h1 ¼ 1:2 mm
or Da ¼ 0:34 mm did not make a difference higher than 1:72% in fatigue life. The final mesh includes 7719 elements and
23,522 nodes. The comparison between the three methods is shown in Fig. 7.

The crack growth results predicted by Price seem to be slightly more conservative than those from the current method.
However, the method proposed presents a smoother crack path shape when comparing with the other two methods. The
tendency of the KII results at crack tip 2 in the current method is similar to the Dündar results, but with lower values. In
general, the three methods predict a similar fatigue performance.

Fig. 6. 2D model shown by Price et al. [6]. Dimensions in mm.

Fig. 7. Comparison between current method versus results from Price et al. [6] and Dündar et al. [5]: (a) Crack growth for crack tip 1; (b) Crack paths; (c)
Stress intensity factors of crack tip 2.
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An additional analysis of this case is provided in Appendix E, where the crack growths using two different equivalent SIF
criteria are compared, Eqs. (2) and (3). The results are essentially the same.

5. Example of study: MSD fatigue analysis of a plate with a hole under a pure tensional cycling load

In this section, the fatigue crack growth in an MSD specimen is solved to show the capabilities of the method. Fig. 8 shows
an MSD scenario under mixed mode conditions. A cycling load induces tension into the specimen with a stress ratio R ¼ 0:1
and maximum tension rmax = 17.5 MPa. A material with characteristics: Yield Stress rys = 458 MPa, C0 ¼
2:5241� 10�12 mm=cycle

ðMPa
ffiffiffiffiffiffi
mm

p Þm and m ¼ 3:14 was assumed. The relation between maximum stress and flow stress is assumed

rmax=ro ¼ 0:3. These values are only representative since the proposed method is valid for the analysis of any metallic struc-
ture that can be studied under LEFM and isotropic conditions.

The crack growths are assumed to follow the linear Stage II trend [9]. Two specimens from Fig. 8 are evaluated: One in
which the mechanical behaviour follows plane strain conditions and another for plane stress conditions.

The options of ALLEFM analysis and Mesh Compatibility analysis in the algorithm in Fig. 2 are activated for all the fatigue
studies. The mesh set-up is the same as in the benchmarked models in Appendices C and D: N1 ¼ 20 and the radius
R=h2 ¼ 744=100. The element size around each crack tip is h2 ¼ 0:0042 mm, which leads to a maximum ratio
h2=a2 ¼ 0:0168 ¼ 1=60, where a2 is the minimum crack length in Fig. 8, a2 ¼ 0:25 mm. As a consequence, the ratio
h2=a < 1=60 is kept along all crack growths.

The analysis evaluates all possible crack growths, before and after crack coalescence. In order to find optimal parameters
for the fatigue analysis, different convergence studies were done. The procedure followed in each convergence case starts by
an initial configuration, Fig. 8. The cracks grow according to the fatigue formulation, Eq. (1), until the fatigue study reaches
n ¼ 1:74� 106 cycles, Fig. 9. At this load cycle, the user identifies that the ALLEFM is very close to another surface. The user
forces crack coalescence by imposing an artificial crack growth: in this exercise, assigning Da ¼ 2 mm to crack tip A ensures
that crack coalescence takes place. The algorithm, Fig. 2 corrects the geometry as illustrated in Fig. 13.

Once coalescence is reached, the fatigue analysis continues. The final crack tip configuration immediately before the col-
lapse is shown at n ¼ 1:777� 106 cycles, Fig. 9. The crack distribution in the next cycle increment shows that the ALLEFM has
already crossed the surface boundaries of the specimen.

The Mesh Compatibility analysis was also activated for the current analysis. The procedure is the same as when evaluat-
ing the ALLEFM. A circular contour as was plotted in Fig. 9 is evaluated but with radius equal to the mesh parameter R in all
crack tips. When any of these mesh contours crosses another crack or any other surface, the user has to manually force crack
coalescence or failure of the structure. However, in the present study no contour mesh crossed any other crack.

In this example, three convergence analyses were done for plane strain conditions by reducing h1;Dalim and Dn. The
parameters h1 ¼ 0:6 mm, Dalim ¼ 0:0469 mm and Dn ¼ 103 cycles are considered adequate enough and they are used for
the rest of analysis in this example. Reducing the parameters to h1 ¼ 0:3 mm, Dalim ¼ 0:0344 or Dn ¼ 102 cycles did not pre-
sent any variation in fatigue life higher than 1.24%.

The mesh is based on 1673 elements and 5075 nodes. Fig. 10 shows a comparison between the plane stress and plane
strain conditions. Indeed the plane strain analysis leads to a faster fatigue crack growth than in plane stress analysis, as
can be deduced from Eq. (5) [13].

Fig. 8. Geometry, loads and constraints for MSD fatigue analysis of a plate with a hole. Dimensions in mm.
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The Fig. 10 presents a different behaviour of crack growth for every crack tip. The crack growth from crack tip A appears
from the beginning of the fatigue study and it accelerates as crack tip A approaches another crack. On the other hand, the
crack growth from crack tip D is only significant once crack coalescence appears.

Fig. 9. Analysis of crack propagation under plane strain conditions: (a) First crack coalescence occurs; (b) Last Dn LEFM is applicable.

Fig. 10. Comparison of the total crack growth DaTotal between plane stress (Crack closure parameter a ¼ 1) and plane strain (Crack closure parameter a ¼ 3)
analysis: (a) Crack tip A; (b) Crack tip C; (c) Crack tip D.
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There are some cycles in Fig. 10 where the total crack growth DaTOTAL is apparently constant. Even though crack growth
exists, it is not large enough to present a noticeable modification to the geometry: Dacum < Dalim. Fig. 10 only accounts for
crack growths once they cross the limit Dacum P Dalim.

A further study is performed to evaluate the computational efficiency of the method. The current results are compared
against using a smaller crack growth step, i.e Da ¼ 0:0252 mm. Even though the results are very similar, the computational
time is increased by 37% when using the smaller crack growth step. This analysis is an example of how computational time
is saved by using the value of Da from the convergence analysis and not smaller values.

6. Discussion of equivalent SIF approach

The concept of equivalent stress approach was introduced in this publication in order to address mixed mode crack prop-
agation problems with equations that were originally formulated for pure mode-I cases. The equivalent SIF concept was
described for an infinitesimally small crack growth. The computational analysis approaches that assumption by reducing
the crack step Da until fatigue life results do not significantly vary.

Apart from the scientific background in using equivalent SIF for the Paris Law formulation, e.g. [5,7,10], and the equivalent
SIF definition already described, two additional reasons explain the applicability of equivalent SIF. The first reason is the sim-
plicity and closed form solution of all the equations presented in this research. The second refers to an argument in [10]: as
cracks propagate towards pure mode-I, the different equivalent stress criterion lead to very similar results. The same concept
is used in the present publication: the difference between the equivalent SIF approach and more advance mixed mode for-
mulation decreases with increasing crack growth rate towards pure mode-I.

Consequently, the approach suggested might not be applicable if high mixed mode conditions prevail during crack
growth or if the cracks do not grow towards pure mode-I, e.g. some cases of non-proportional loading [23]. Further research
is needed to account for these limitations.

7. Further improvements

The system still needs several improvements. The crack coalescence is done manually, which does not lead to a fully auto-
matic process. Moreover, the system cannot do FEA when material is enclosed by two cracks, e.g. when two surface cracks
intersect one another. In addition, each FEA requires the ANSYS package to restart, which is computationally time consuming
compared to the rest of the operations in the method. Future research needs to reduce the drawbacks mentioned above and
benchmark the whole system with a real experimental case of an MSD specimen under fatigue, mixed mode and closure
problems. The research could be extended to the analysis of 3D structures, where the complexity of resulting shapes after
coalescence would require a more advanced strategy for crack modelling.

8. Conclusions

The current study proposes an innovative method to efficiently design and evaluate MSD fatigue in a 2D structure. Cracks
are generated in an FE model by simply assigning coordinates to their vertices. Computational efficiency is reached by a con-
vergence analysis of the crack growth step. The method accounts for closure problems for plane stress and plane strain
approaches under mixed mode conditions. The coalescence is addressed using the ALLEFM. Consequently, the simple and
well-known Paris Law formulation is applicable for the entire fatigue analysis.

The method has shown good computational time performance by comparison with other crack growth steps. Addition-
ally, the method has proved to give good results for the analysis of SIFs in the tilted crack and the two parallel cracks cases.
The system accurately reproduced the results of a crack direction experiment. Finally, a comparison with other existing tools
in a multiple crack propagation case has presented good performance.

A multiple crack growth analysis has been studied in a plate with a hole. The method has been able to evaluate crack coa-
lescence by applying ALLEFM. Predominant cracks were easily identified by using the proposed fatigue analysis. The plane
strain and plane stress conditions have been compared. Crack growth is faster in plane strain, which is coherent with closure
theory.

Several improvements are proposed for future research. Fully automatic crack coalescence or 3D MSD with closure, coa-
lescence and mixed mode conditions are among those improvements.
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Appendix A. Crack geometry

The theory exposed in the current research is valid as long as crack tip geometries are correctly approximated as infinite
sharp edges. Case A in Fig. 11 shows how surface cracks are modelled. The input coordinates are denoted by O and Ai. First

the OA1 line is used to reach a model with coordinates Bð1Þ
1 ; . . . ;Bð6Þ

1 . Then, the internal geometry coordinates Ai are used to
generate the geometry of the rest of the 2D crack. The geometry of the cracks follows two characteristics:

� A crack tip angle of 5 degrees is assumed to be small enough to simulate infinite sharp cracks. Therefore c ¼ 2:5	 in
Fig. 11. The validity of this assumption is checked in Appendix C.

� The method can reproduce finer cracks by modifying the parameter dlim. This parameter establishes a number of divisions
bi in each crack face. For instance, in the Case A, Fig. 11, the segment OA1 is divided into three segments b1 ¼ 3 with dis-
tance d1 ¼ OA1=b1. The number of divisions b1 is found as jOA1j=b1 ¼ d1 6 dlim and jOA1j=ðb1 � 1Þ > dlim. The same proce-
dure is followed to find bi for the rest of the crack geometry: AiAj.

If dlim is assigned to a large value, the crack representation is coarse, and thus, far away from the infinite crack approach.
Fig. 11 shows that in Case B, where dlim P OA1, the crack results in a much coarser shape than in Case A. The use of bisectors
to geometrically model cracks ensures that the distance between two parallel crack surfaces is always kept constant. For

example, the distance between line Bð1Þ
1 Bð5Þ

1 and line Bð2Þ
1 Bð6Þ

1 is the same as between Bð5Þ
1 Bð3Þ

2 and Bð6Þ
1 Bð4Þ

2 .
In the case of internal cracks, Fig. 12, the 2D geometry is built up from one crack tip O1 all along until the other crack tip

O2. The construction procedure is the same as the surface crack modelling, except that the crack angle c1 ¼ 2:5	 is only
assigned to one crack tip. The other angle, c2, is a result of the construction.

The present method includes the possibility of coalescence during multiple crack propagation. Fig. 13 shows a typical sit-
uation for the coalescence modelling. After a fatigue crack growth calculation, if the new position of the crack tip results at

Fig. 11. Two alternatives to model surface cracks. Case A is used for the method proposed. Case B results when dlim P OA1 and it is avoided in the current
research.

Fig. 12. Modelling of an internal crack. The proposed method is able to model irregular shapes.
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O0, where one crack crosses another, the crack tip is relocated to a new coordinate at O. Then, the cracks are modelled as

shown in Case A, Fig. 11. The D and E coordinates in Fig. 13 are generated, and the lines Bð1Þ
1 O;Bð2Þ

1 O and B10B20 are deleted.
Finally, the D and E coordinates are linked to the rest of the structure.

Appendix B. Element types and mesh topology

Anderson [9] suggests that quadratic elements are normally used for the crack analysis. In the present paper, the 8-node
quadratic elements are chosen in order to reduce the level of refinement compared to linear element meshes and the level of
complexity of Lagrangian elements. The commercial Finite Element software package ANSYS� Mechanical 16.0 [18] is
selected for the fracture mechanics analysis since it includes an element type with the characteristics exposed, PLANE
183. In addition, ANSYS is able to calculate the mixed mode SIFs by applying the principles of the Interaction Integral [24].

The required parameters for the mesh modelling in ANSYS are shown in Fig. 14. The element size at the boundaries and
distant from the crack tip is h1, whereas the element size around the crack tip is h2. The radius of the spider-web mesh is R. In
addition, the mesh set up needs to include the number of elements around the crack tip, N1.

Appendix C. Mixed mode SIF of tilted crack in plate under pure tension

Fig. 15 shows the analysis of a tilted crack with geometries H=a = 40,W=a = 20 and / ¼ 30	. The analytical expression can
be found in [9] as KI ¼ KIð0Þ cos2 / and KII ¼ KIð0Þ cos/ sin/, where KIð0Þ ¼ r

ffiffiffiffiffiffi
pa

p
follows a case of infinite width and height,

and r is a tensional load. Convergence is found at 1673 elements and 5075 nodes. Doubling the width and height of the
geometry did not present any significant variation. As a consequence, the infinite width and height approach is considered
a valid assumption. In addition, results obtained by reducing the crack angle c to half are not significantly different. Thus, the
assumption c ¼ 2:5	 to represent an infinite sharp crack is considered adequate for the method. Finally, varying the angle to
/ ¼ 0	;/ ¼ 10	 and / ¼ 20	 shows errors below 3% between numerical and analytical results.

Fig. 13. Modelling crack coalescence. The crack tip is relocated from coordinates O0 to O. The crack tip geometry is then transformed to coalescence
geometry.

Fig. 14. Different mesh parameters for the FE model: (a) Global mesh; (b) Spider-web mesh; (c) Element size around the crack tip.
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Appendix D. SIF of two paralel cracks in a plate under pure tension

Fig. 16 shows the analysis of SIFs of two parallel cracks under pure tension. The results are compared with the compu-
tational results from Jiang [4], where W=a ¼ 4 and b=a ¼ 1. A ratio of H=a ¼ 20 was assumed to be large enough for infinite
height analysis. The SIF are compared with the analytical solution of a central crack K0 ¼ r

ffiffiffiffiffiffi
pa

p
. Convergence is reached at

1010 elements and 3053 nodes. Calculations doubling the height do not result in any change of SIF at the scale of results
shown in this exercise. Consequently, the present example agrees well with infinite height assumptions. In addition, results
from other crack tips are not significantly different.

Fig. 15. Analysis of a tilted crack under pure tension: (a) Geometry, loads and constraints; (b) Mode-I SIF comparison; (c) Mode-II SIF comparison.

Fig. 16. Analysis of 2 parallel cracks under pure tension: (a) Geometry, loads and constraints; (b) SIF comparison for crack tip A.

Fig. 17. Case of study from Section 4.2 about fatigue analysis of crack tip 1. Comparison between using current method Eq. (3) and the equation proposed by
Richard et al. [11], Eq. (2). Results are essentially the same since smooth crack propagation under mixed mode presents KI � KII .
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Appendix E. Comparison between different Equivalen SIF formulations

The case in Fig. 6 is evaluated using the equivalent SIF range proposed in Eq. (2). A comparison between the proposed
method using Eq. (3) and using Eq. (2) is shown in Fig. 17. The results are essentially the same, as the relation KI � KII is
kept during crack propagation. This finding is coherent with that stated from Meggiolaro et al. [10], where all crack path
are toward pure mode-I in every single crack growth, and therefore different equivalent SIF criteria are linked to very similar
results.
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Nomenclature

a Crack length.

∆a Crack growth.

∆af Final crack growth.

∆alim Crack growth limit.

a Crack length.

C Paris Law parameter.

F External load.

KEq Equivalent Stress Intensity Factor(SIF).

Kmax
Eq , Kmin

Eq Maximum and minimum equivalent SIF.

Kmax
Eq,Tot, K

min
Eq,Tot Maximum and minimum equivalent total SIF.

KI , KII SIF for mode-I and mode-II.

KI,RS, KII,RS Residual stress SIF(RSFI) for mode-I and mode-II.

Kmax
I,App, K

max
II,App Maximum SIF of the periodic load for mode-I and -II.

Kmin
I,App, K

min
II,App Minimum SIF of the periodic load for mode-I and -II.

Kmax
I,Tot, K

max
II,Tot Maximum total SIF for mode-I and mode-II.

Kmin
I,Tot, K

min
II,Tot Minimum total SIF for mode-I and mode-II.

KIC Fracture toughness.

m Paris Law parameter.

n Number of nodes.

N Number of cycles.

p Domain parameter.
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Nomenclature

r Distance from the crack tip.

R Stress ratio.

RAppl Stress ratio corresponding to the cyclic load.

x, y Cartesian axis reference.

∆aTotal Total crack growth.

∆KEq Equivalent SIF range.

∆KEq,Tot Equivalent SIF range including cyclic loads and RS.

β RS orientation.

ε1 Relative error.

λ Load ratio.

θ Crack propagation direction.

θmax,θmin Crack propagation direction for maximum and minimum load.

σθθ Tangential stress around the crack tip.

σR Residual Stress(RS).

σmax, σmin Maximum and minimum nominal stress.

1. Introduction

New fatigue life predictive methods for welded connections (e.g. in off-

shore structures) become increasingly important for industry in order to im-

prove reliability in the design of new large-scale structures and for inspection

planning of existing structures. Accurate numerical fatigue life prediction of

welded connections faces three major challenges: the first concerns computa-

tional efficiency required for time history analysis of complex and extensive

3



multi-axial stress histories; the second is posed by complex part and weld

geometries; the third concerns knowledge about the present conditions of the

welded zone such as flaw sizes, flaw distribution and Residual Stresses (RS)

fields, to name a few.

Any welding seam has been subject to thermal processes and inherently

incorporates geometrical imperfections as e.g. stated in [1]. The welding

process induces RS in the weld seam itself, as well as in the parental mate-

rial in close vicinity of the weld, typically referred to as the Heat Affected

Zone (HAZ). According to Al-Mukhtar [2], the RS can either be tensional or

compressive, where the first is detrimental and the latter beneficial for the

fatigue life of a component.

Two major techniques used to estimate the fatigue life of a weld exist

to date: the Stress Based (SB) approach and the Fracture Mechanics (FM)

approach. The stress based methods, e.g hot spot stress approach, predict

failure through stress extrapolation techniques together with experimental

S-N curves stipulated in standards such as DNVGL-RP-C203 [3]. The ex-

perimental S-N curves correspond to welds which inherently incorporate RS

effects. The benefits of the SB methods are mainly versatility and computa-

tional efficiency. However, SB methods do not track crack propagation over

time, which is an important feature for inspection planning [4].

On the other hand, the FM models allow for crack propagation analysis

where the RS distributions are required for an accurate fatigue life predic-

tion. The three major methods to obtain RS distributions are the parametric

formulation, Thermo-Mechanical Finite Element Analysis (TMFEA) and the

experimental methods. The parametric formulations of RS are found in stan-
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dards, e.g. BS7910 [5], where closed-form solutions for RS fields are provided.

However, the number of parametric formulations is limited to a small range

of rather simplistic geometries.

The TMFEA calculates the RS field by simulating the welding procedure

[6]. This method can be applied to any arbitrary geometry. Nevertheless,

TMFEA is computationally demanding in comparison to parametric formu-

lation techniques.

Finally, the RS field can be measured through experimental characteri-

sation methods such as e.g. neutron diffraction [7]. Such characterisation

techniques result in realistic RS distributions. However, these experiments

are costly and time-consuming, usually exceeding the effort necessary for

TMFEA.

The effects of such obtained RS distributions can subsequently be consid-

ered in fracture mechanics-based models through different approaches. Bao

et al. [8] proposed a method to impose RS using weight functions. Alter-

natively, Seifi [9] suggests to impose the RS as an initial state and calculate

the Stress Intensity Factors (SIFs) through a modified J-Integral equation.

Sumi et al. [10] investigated the effect of biaxial RS on the fatigue life. Their

results show a considerable dependency of both crack path and crack prop-

agation rate on RS - emphasising the importance of their consideration.

It is noteworthy to mention that post-weld treatments, e.g. post-weld

heat treatment, can change the initial RS distribution as pointed out by

Pingsha [11]. Moreover, the RS may relax and be altered over time due to

creep [12] or external loading processes [13].

Two main RS relaxation mechanisms can be observed: tensional RS relax-
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ation and compressive RS relaxation. Since the tensional RS is detrimental

to the life of a structure [2], if tensional RS relaxation is not accounted for

in the FM model, the fatigue life prediction is considered conservative. Con-

versely, if compressional RS relaxation is disregarded, the predicted fatigue

life can be overestimated.

Despite the availability of sophisticated RS analysis techniques, their ap-

plication to existing structures faces practical limitations. The prediction

of RS distributions and their relaxation over time in a multitude of different

welded connections of large scale structures, e.g. wind farms, bear high levels

of uncertainty and require a high computation effort all of which renders the

RS distributions highly impractical.

This paper proposes a novel, conservative and computationally efficient

approach to evaluate the effect of RS distributions on numerical fatigue life

prediction, primarily intended for inspection planning of large scale struc-

tures. In the aforementioned context, conservative refers to an overestima-

tion of the predicted propagation rate in comparison to the expected rate

occurring in reality. That is to say, the real crack propagation rate is con-

servatively approximated from the lower bound. This stipulation ensures

conservative inspection intervals which are based on the estimation of the

crack depth over time, as e.g. Sørensen shows in [14]. The analyses pre-

sented are restricted to cases of positive external loading ratios and crack

propagation is assumed to belong to the Paris Law regime, as described in

[15].

The main implication of the proposed method is the possibility of avoid-

ing RS analysis in the framework which significantly decreases computation
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time. The effects of RS are considered in an analytically derived - worst-case

scenario - numerically evaluated at every crack propagation step. Addition-

ally, the formulation and findings presented can be directly extrapolated to

other combinations of static or quasi-static loading with a cyclic load.

2. Fracture mechanics approach to fatigue analysis under RS.

Inspection plans demand mechanisms to predict and track crack prop-

agation over time [4]. Since large scale structures typically involve multi-

directional stress states, a mixed-mode crack propagation method is usually

required. A FM approach can predict crack propagation under mixed-mode

conditions [15]. The FM analysis of welds is commonly done within the realm

of Linear Elastic Fracture Mechanics (LEFM), as discussed by e.g. Ahmed

[2] and Barosoum [16]. The striking advantage of LEFM is its simplicity,

allowing for superposition in addition to computational efficiency, compared

to advanced models such as e.g. Elasto-Plastic Fracture Mechanics (EPFM)

[15]. Assuming LEFM and mixed-mode I-II, the crack propagation can be

described through the modified Paris Law formulation [17, 18, 19]

da/dN = C(∆KEq)
m, (1)

where m and C are material parameters, a is the crack length, N is the

number of cycles and ∆KEq is the equivalent Stress Intensity Factor(SIF)

range. The parameter C increases by increasing the stress ratio.[20]

The equivalent SIF range can be written as

∆KEq = Kmax
Eq −Kmin

Eq . (2)
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where Kmax
Eq is the maximum equivalent SIF and Kmin

Eq is the minimum equiv-

alent SIF in a load cycle. Among the different equivalent SIF formulations

literature provides, the KEq corresponding to the Maximum Tangential Cri-

terion (MTC) [21] is preferred because of its availability of a closed form

solution [17], which can be written as

KEq = KIf(θ) +KIIg(θ), (3)

where

f(θ) =
1

4

(
3cos

θ

2
+ cos

3θ

2

)
, (4)

g(θ) = −3

4

(
sin

θ

2
+ sin

3θ

2

)
(5)

and θ is the crack propagation direction.

According to the MTC, the crack propagation can be calculated as

θ = 2 tan−1


 KI

4KII

± 1

4

√(
KI

KII

)2

+ 8


 (6)

Eq. 6 results in two angles. The one that corresponds to the maximum

tangential stress, is the crack propagation direction,

σθθ =
1

(2πr)1/2
cos

θ

2

[
KI cos2

(
θ

2

)
− 3

2
KII sin θ

]
, (7)

where σθθ is the tangential stress and r is the distance from the crack tip.

The mixed-mode crack propagation formulation seems fairly straight for-

ward. However, the complexity increases when including the RS. The RS

can be considered by applying superposition principles [16],

Kmax
I,Tot = Kmax

I,Appl +KI,RS, (8)

Kmin
I,Tot = Kmin

I,Appl +KI,RS, (9)
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where KI,Appl is the mode I SIF corresponding to the external loading and

KI,RS is the mode I SIF corresponding to RS. A similar procedure can be

applied to mode II crack propagation, where

Kmax
II,Tot = Kmax

II,Appl +KII,RS, (10)

Kmin
II,Tot = Kmin

II,Appl +KII,RS. (11)

The application of superposition principles can be extended to calculate the

equivalent SIF range necessary for the mixed-mode Paris law,

∆KEq,Tot = Kmax
Eq,Tot −Kmin

Eq,Tot. (12)

Using the MTC given by Eq. 3 and the superposition equations described in

Eqs.( 8-11), the terms from Eq. 12 are calculated as

Kmax
Eq,Tot = Kmax

I,Totf(θmax) +Kmax
II,Totg(θmax) =

= (Kmax
I,Appl +KI,RS)f(θmax) + (Kmax

II,Appl +KII,RS)g(θmax),
(13)

Kmin
Eq,Tot = Kmin

I,Totf(θmin) +Kmin
II,Totg(θmin) =

= (Kmin
I,Appl +KI,RS)f(θmin) + (Kmin

II,Appl +KII,RS)g(θmin).
(14)

Substitution of Eq. 8 and Eq. 10 into Eq. 6 gives the corresponding

angular crack propagation

θmax = 2 tan−1




Kmax
I,Appl +KI,RS

4(Kmax
II,Appl +KII,RS)

± 1

4

√√√√
(
Kmax
I,Appl +KI,RS

Kmax
II,Appl +KII,RS

)2

+ 8




(15)

whereas substitution of Eq. 9 and Eq. 11 into Eq. 6 gives

θmin = 2 tan−1




Kmin
I,Appl +KI,RS

4(Kmin
II,Appl +KII,RS)

± 1

4

√√√√
(
Kmin
I,Appl +KI,RS

Kmin
II,Appl +KII,RS

)2

+ 8
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(16)

The introduction of Kmax
Eq,Tot and Kmin

Eq,Tot with a different associated crack

propagation direction, i.e. θmax 6= θmin, leads to variations in the crack

propagation direction during a single load cycle, Fig. 1. Lucht [22] proposed

to update the geometry of the crack in every load cycle using the direction

θ =
θminKmin

Eq,Tot + θmaxKmax
Eq,Tot

Kmin
Eq,Tot +Kmax

Eq,Tot

. (17)

Lucht’s equation is a simplification of the Spievak et al. proposal [23].

(a) (b)

(c)

Figure 1: Three schemes for crack growth under one non-proportional loading cycle: (a)

Realistic crack growth where direction continuously varies during the load cycle. (b) The

crack propagation is discretized into crack growth steps with growth ∆ai and orientation

θi. The resulting growth corresponds to ∆af and θf [23]. (c) Crack growth calculated by

the weighted average [22], Eq. 17.

The total equivalent SIF range from Eq. 12 can subsequently be included

in the Paris Law formulation Eq. 1. The relocation of the crack tip depends
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on the crack growth speed and the crack growth direction, Eq. 17.

Inspection of Eqs. (1,8-12) shows that fatigue growth depends on RS.

A way to circumvent the necessity of determining the RS field would be to

prove that a RS distribution exists in which Eq. 1 results in the highest

crack growth rate and simultaneously ceases to be a function of KI,RS and

KII,RS. The solution to this problem is not straightforward since the crack

relocates during cyclic loading. That is, any RS distribution which maximises

∆KEq,Tot does not necessarily lead to the most conservative growth situation,

owing to crack tip roaming which might eventually decrease ∆KEq,Tot in

subsequent load steps. The next two sections aim to shed some light on this

circumstance.

3. A conservative RS field: The RSIF Proportionality Conjecture

In the quest for the most conservative RS distribution which maximises

the fatigue growth rate, the following issues need to be addressed:

• The effect of the RS on the crack growth rate da/dn at every crack tip

relocation.

• The effect of crack tip relocation on da/dn in a mixed-mode load step

for a given RS configuration.

3.1. Illustrative case

An illustrative example is presented to investigate the most conservative

RS field. A crack with length 2a=2 mm is located in an infinitely large plate

under plain stress/strain conditions. The material is considered isotropic

and linearly elastic. Fig. 2a shows the traction stress distribution along
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the crack induced by an uniaxial cyclic tensile load with maximum value

σmax22 = 100 MPa
√

m and a cyclic stress ratio RAppl = 0.5. Fig. 2b shows

a uniformly distributed residual stress traction σR = 200 MPa
√

m, inclined

with respect to the crack an angle β. The question posed is: which is the

orientation β that results in the fastest crack growth propagation?

(a) (b)

Figure 2: Infinitely large plane strain/stress domain with horizontal crack of length 2a

under two simultaneous stresses: a) pure tensional cyclic stress where σ22 = σmax
22 when

maximum stress is applied and σ22 = σmin
22 when minimum stress is applied. b) RS tilted

β degrees.

The crack growth rate in Fig. 2 is determined by Eq. 1. The parameter

m and C depend on the stress ratio [20] [5] where a conservative approach is

obtained by the adoption of C and m values for high stress ratios. Finally,

for maximum growth rate, ∆KEq,Tot needs to be maximised, where this pa-

rameter generally is a function of the RS field.

Applying the superposition principle and formulation for mixed-mode SIF
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[15], the mixed-mode SIF for example Fig. 2 are calculated as

Kmax
I,Tot =

(
σmax22 + σR cos2 β

)√
πa, (18)

Kmax
II,Tot = σR sin β cos β

√
πa, (19)

Kmin
I,Tot =

(
RApplσ

max
22 + σR cos2 β

)√
πa, (20)

where RAppl = σmin22 /σmax22 , and Kmin
II,Tot = Kmax

II,Tot.

The corresponding equivalent SIF are

Kmax
Eq,Tot =

√
πa
[(
σmax22 + σR cos2 β

)
f(θmax) + σR sin β cos β g(θmax)

]
,

(21)

Kmin
Eq,Tot =

√
πa
[(
RApplσ

max
22 + σR cos2 β

)
f(θmin) + σR sin β cos β g(θmin)

]
,

(22)

where θmax and θmin are the crack growth directions calculated using Eq. 6,

and f(θmin) and g(θmin) are calculated through Eq. 4 and Eq. 5.

The value of ∆KEq,Tot is calculated as ∆KEq,Tot = Kmax
Eq,Tot−Kmin

Eq,Tot.The

orientation β that results in the maximum ∆KEq,Tot is calculated as

d(∆KEq,Tot)

dβ
= 0. (23)

The analytical approach for solving Eq. 23 presents difficulties since

Eq. 23 includes a boolean function when solving θmax and θmin using Eq.

6. Instead, Eq. 21 and Eq. 22 are solved numerically. Fig. 3 shows the

∆KEq,Tot as a function of the RS orientation angle β. Two peaks with the

same value of ∆KEq,Tot are shown. The first peak occurs at β=0, where the

vector σR is proportional to the cyclic loading. A second peak appears where

σR is parallel to the crack, i.e. the RS have no effect on SIF calculations.
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Figure 3: Variation of ∆KEq,Tot with respect to the angular orientation β of the RS. The

illustration shows two peaks which correspond to the same value of ∆KEq,Tot, at β = 0

degrees, where the RS vector is proportional to the cyclic loading vector σ22, and β = 90

degrees, where the SIF calculations are independent of the RS magnitude.

From Fig. 3, it can be deduced that the maximum ∆KEq,Tot is found

when either the RS tensor components are proportional to the cyclic stress

components or when the RS have no effect on the SIF. In both cases, ∆KEq,Tot

is the same as not including RS in the SIF calculations.

3.2. Numerical Crack Growth analysis for the different RS distributions

The case from Fig. 2 includes the analysis of the stresses σ22 and σR.

However, in a generic case it might not be possible to analytically find the

relation between stresses and SIF, i.e. ∆KEq,Tot(σ
max
22 , σRS, ...). As a conse-

quence, the next analyses are performed in terms of SIF. From Eq. 12, and

using Eq. 13 and Eq. 14, the RS that present the highest ∆KEq,Tot fulfil

∂(∆KEq,Tot)/∂KI,RS = 0 and ∂(∆KEq,Tot)/∂KII,RS = 0. (24)

The Eq. 24 includes the same boolean expression as in Eq. 23. As a result,

a numerical approach is suggested in order to find the RSIFs that lead to
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the highest crack growth. The following studies are based on dimensionally-

normalised parameters.

3.2.1. Numerical analysis of a single case

In the following case, Eq. (13-16) are normalized with Kmax
I,Appl and in-

cluded in Eq. 12. A ratio Kmin
I,Appl/K

max
I,Appl = 0.2 and mixed-mode conditions

Kmax
I,Appl/K

max
II,Appl = 5 are adopted. The numerical domain is included in a

matrix with 100x100 nodes. Fig. 4a shows that the 3D surface has a distinct

maximum in the form of a linear ridge in the domain. Fig. 4b shows a verti-

cal section through the surface from which it can easily be seen that the peak

indeed occurs at the closest position to KI,RS/KII,RS = Kmax
I,Appl/K

max
II,Appl =

5. Consequently, it can be inferred that the maximum ∆KEq,Tot/K
max
I,Appl

is found when the RS are proportional to the externally applied stresses

KI,RS/KII,RS = Kmax
I,Appl/K

max
II,Appl. Henceforth, this situation will be referred

to as the The RSIF Proportionality Conjecture.
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Figure 4: Normalized values of ∆KEq,Tot: (a) 3D surface for different KI,RS/K
max
I,Appl

and KII,RS/K
max
I,Appl. As KI,RS/K

max
I,Appl decreases, the peak width also decreases. How-

ever, no singularities are reached; (b) Vertical section of the 3D surface taken at position

KI,RS/K
max
I,Appl = 100. The maximum peak is close to KI,RS/KII,RS = 100/20 = 5 =

KI,Appl/KII,Appl.
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3.3. The RSIF Proportionality Conjecture

Assuming any arbitrary crack under cyclic mixed-mode loading condi-

tions, where Kmax
I and Kmax

II denote the maximum mode-I,-II SIF, and Kmin
I

and Kmin
II denote the minimum mode-I,-II SIF.

Condition: If the external loading is proportional such that the following

condition holds:

Kmax
I

Kmax
II

=
Kmin
I

Kmin
II

where Kmax,min
I ≥ 0 and KI,II ε R (25)

Conjecture: The RSIF proportionality conjecture states that the maximum

equivalent SIF range max(∆Keq) is attained if the RSIF ratio is proportional

to the cyclic loading SIF ratio, according to the following condition:

Kmax
I

Kmax
II

=
KI,RS

KII,RS

where KI,RS ≥ 0 and KI,II ε R (26)

where KI,RS and KII,RS are RSIF for mode-I,II.

Corollary: If the RSIF ratio is proportional to the cyclic loading SIF ratio,

it follows that the max(∆Keq) becomes exclusively a function of the external

mode-I,-II SIF.

3.3.1. Demonstration of the RSIF Proportionality Conjecture on the entire

RS field

In an attempt to make a general investigation, the RS domain is extended

in order to investigate if the RSIF Proportionality Conjecture leads to the

highest ∆KEq,Tot/K
max
I,Appl for any RS configuration. The RS domain is defined

in a 200x200 matrix with KII,RS/K
max
I,Appl ranging from −100p to 100p and

KI,RS/K
max
I,Appl ranging from 0 to 100p. The parameter, p given by Eq. 27,
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is used to establish a RS SIF domain whose magnitude is up to 100 times

larger than that induced by external loading.

p = max(1, |Kmax
II,Appl/K

max
I,Appl|) (27)

Subsequently, the ∆KEq,Tot/K
max
I,Appl maxima are retrieved for everyKmax

II,Appl/K
max
I,Appl

together with their location in terms of KII,RS/KI,RS. Fig. 5 compares the

∆KEq,Tot/K
max
I,Appl maxima along the ordinate with those at KII,RS/KI,RS

along the abscissa. It shows that the maxima are all located along the first

median at KII,RS/KI,RS ≈ Kmax
II,Appl/K

max
I,Appl, confirming the validity of the

RSIF Proportionality Conjecture.
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Figure 5: Locations where the maximum ∆KEq,Tot/K
max
I,Appl appears for different RS com-

binations. Results follow a nearly straight line with KII,RS/KI,RS = Kmax
II,Appl/K

max
I,Appl.

Fig. 6 depicts the relative error distribution ε1 defined as the maximum

deviation between the predicted KI,RS/KII,RS = Kmax
I,Appl/K

max
II,Appl and the

actual value of KI,RS/KII,RS that satisfies the max(|∆KEq,Tot|). Fig. 6 shows

that the error decreases with increasing grid node density, which implies that
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lim
n−→∞

max(∆KEq,Tot) = ∆KEq,Tot(KI,RS/KII,RS = Kmax
I,Appl/K

max
II,Appl) (28)

for n > 0 , n εN.
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Figure 6: Deviation between max(∆Keq) with respect to the condition

Keq(KI,RS/KII,RS = Kmax
I,Appl/K

max
II,Appl) for mesh grids from n =100x100 to 400x400.

The results presented in Fig. 5 and Fig. 6 show the highest ∆KEq,Tot/K
max
I,Appl

is found when the RSIF Proportionality Conjecture is satisfied.

Further studies show that the RSIF Proportionality Conjecture holds for

different RS magnitudes, e.g. 1000 times smaller or 2 times larger compared

to stresses induced by external loading. Furthermore, the results appear to

be insensitive to the load ratio, validated for R = 0, 0.2, 0.5 and 0.9.

3.3.2. The RSIF Proportionality Conjecture: Implications

The RSIF Proportionality Conjecture implies the following simplification

KI,RS

KII,RS

=
Kmax
I,Appl

Kmax
II,Appl

−→
Kmax
I,Appl +KI,RS

Kmax
II,Appl +KII,RS

=
Kmax
I,Appl

Kmax
II,Appl

. (29)
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Applying Eq. 29 to Eq. 15, the crack propagation angle is

θmax = 2 tan−1




Kmax
I,Appl

4(Kmax
II,Appl)

± 1

4

√√√√
(
Kmax
I,Appl

Kmax
II,Appl

)2

+ 8


 . (30)

Since the external minimum loading is assumed to be proportional to the

external maximum loading, i.e. Kmin
I,Appl/K

min
II,Appl = Kmax

I,Appl/K
max
II,Appl, the crack

propagation is θmin = θmax = θ. Therefore, Eq. 13 and Eq. 14 are simplified,

and Eq. 12 can be expressed as follows

∆KEq,Tot = f(θ)(Kmax
I,Appl −Kmin

I,Appl) + g(θ)(Kmax
II,Appl −Kmin

II,Appl) (31)

Consequently, the RSIF Proportionality Conjecture leads to a formula-

tion, Eq. 30 and Eq. 31, where no RS values are necessary. Thus, assuming

the RSIF Proportionality Conjecture, conservative values of ∆KEq,Tot are cal-

culated and no RS field is needed for the FM calculations.

Further numerical analysis shows the same ∆KEq,Tot under the RSIF

Proportionality Conjecture and under no RS field.

4. Crack tip relocation

The RSIF Proportionality Conjecture addresses the highest da/dn. How-

ever, the crack growth rate varies with crack tip relocation. A crack growth

considered to be conservative needs to follow a path which consistently ex-

hibits the highest ∆KEq,Tot of all possible crack relocation directions. An-

derson [15] showed that the maximum energy release rate of a crack with

an infinitesimally small kink under mixed-mode conditions occurs in a pure

mode-I kink orientation. From that it can be deduced that the highest fa-

tigue crack growth speed occurs in a pure mode-I direction which can be

20



predicted by the MTS criterion. Since the maximum ∆KEq,Tot occurs when

RSIF are proportional to SIF associated to the cyclic loads, the resulting

crack growth occurs in a direction θmax = θmin always towards pure mode-I,

and thus, in the direction of the maximum crack propagation rate.

5. Application of the RSIF Proportionality Conjecture to a plate

with three holes and a punctual cyclic load.

In this section, a representative numerical example is used to investigate

the fatigue crack propagation for five different cases shown in Tab. 1. Each

case is associated with a different RSIF configuration.

Table 1: SIF values for different RS conditions. The cases A and B represent RS config-

urations which are not propotional to the stresses induced by external loading. Case C

represents a fatigue growth situation under the absence of RS. Case D and E represent

situations in which the RSIF Proportionality Conjecture is satisfied.

Case KI,RS(mm) KII,RS(mm)

A 2Kmax
I,Appl 0

B Kmax
I,Appl 0

C 0 0

D 2Kmax
I,Appl 2Kmax

II,Appl

E Kmax
I,Appl Kmax

II,Appl

Fig. 7 shows the geometry, boundary conditions and load set-up of the

numerical example. The decision to use this geometry and load set-up was

inspired by the research from Ingraffea et al. [24]. The peak load of F = 3

kN with a load ratio of RAppl = 0.57 was chosen.
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The Paris Law parameters are listed in Table 2. The fracture toughness

is chosen as KIC = 3345 N
mm3/2 (Corresponding to 105.79 MPa

√
m), a typical

value for structural carbon steel [25].

Figure 7: A simply-supported plate with three holes subject to a concentrated load. All

dimensions in mm. Plane strain conditions are chosen for the fatigue analysis.

Table 2: Paris Law Parameters following the BS 7910 [5] for R > 0.5.

∆Keq(N/mm) C mm/cycle
(MPa

√
mm)m

m

≤ 144 2.1 · 10−17 5.1

> 144 1.29 · 10−12 2.88

The crack propagation method, the mesh characteristics as well as mesh

convergence studies used for this analysis can be found in [18], where mesh

convergence analyses were performed. The method proposed in [18] was

chosen due to its reliability when comparing against experiments, analyti-

cal results and other software tools. The algorithm was executed within a

Matlab R©-ANSYS R©[26] [27] set-up, where the crack tip SIFs were obtained

by Finite Element Analysis (FEA). The crack growth is calculated through

the Paris Law, using the equivalent SIF formulation given in Eq. 1, where
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the Equivalent SIF range is computed according to Eq. 12. The geometry is

updated and a new FE model is created after every crack propagation stage

∆alim, where ∆alim is found through a convergence analysis.

In this example, the method was restricted to single-crack growth. The

crack growth orientations are updated for every crack stage using Eq. 17.
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Figure 8: Crack paths for the five different cases: (a) Crack paths shown in true relative

scale to the beam structure. All crack paths are kinking to the right towards the holes; (b)

Close-up of the hatched area indicated in (a). Crack paths of cases C D and E coincide.

Crack paths A and B exhibit increased curvature with a smaller initial kinking slope with

a preferential direction towards pure mode-I.

Fig. 8 shows the predicted fatigue crack paths for the five cases given,

where the dashed line represents the path evaluated when only pure mode-I

KI is used for fatigue crack growth formulations. The crack path predicted for

case C coincides with those predicted for cases D and E. However, the crack

paths follow a trend towards the pure mode-I path in cases A and B as KI,RS

is increased (see Fig. 8 and Table 2). All crack growth analyses finished at the
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same crack growth distance, which was selected arbitrarily. The maximum

SIF magnitude in these analyses was 1774.7 N
mm3/2 , still considerably lower

than the fracture toughness.

Fig. 9 shows the crack path lengths versus the number of cycles. It is

worth noticing a strong dependency of the crack propagation rate on the RS

distribution where cases A and B clearly present the lowest rates compared

to the remaining cases.
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Figure 9: Curves n vs ∆aTotal, where ∆aTotal is the total crack growth. The cases where

RS are proportional to the externally induced stresses show the same fatigue performance

as without RS: cases C, D and E. Misaligment leads to a lower fatigue rate: cases A and

B

6. Discussion

The results presented in Fig. 9 show that in situations where the RS field

is not proportional to the externally-induced stress field, ∆KEq,Tot strongly

depends on the RS magnitude. In those cases, an increase of the RS mag-

nitude decreased ∆KEq,Tot, which consequently led to a lower fatigue crack

propagation rate.
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A numerical proof of principle demonstrates that the application of the

MTS criterion through Eq. 12 leads to a maximum ∆KEq,Tot if the RSIF Pro-

portionality Conjecture is met. Non-proportional stress fields lead to a lower

crack propagation rate. The striking advantage of the RSIF Proportionality

Conjecture is that ∆KEq,Tot is no longer a function of the RS magnitude and

distribution. Consequently, the calculation of RS fields in the domain can be

avoided for the sake of computational efficiency.

It needs to be stressed that the RSIF Proportionality Conjecture follows a

non-physical albeit conservative assumption in which the RS field is propor-

tional to the externally-induced stress field after every cycle. It is important

to mention that although ∆KEq,Tot is independent of the RS magnitude, the

latter clearly has an influence on the Paris law parameters - with a distinct

dependency on low stress ratios.

In the numerical examples presented, the analysis was restricted to pos-

itive and high stress ratios, where there are no closure effects [28]. Mixed-

mode situations under negative stress ratios pose a different configuration

sinceKmin
I,Appl = 0 andKmax

I,Appl/K
max
II,Appl 6= 0, thusKmin

I,Appl/K
min
II,Appl 6= Kmax

I,Appl/K
max
II,Appl.

In those cases the RSIF Proportionality Conjecture no longer holds. More-

over, the current approach might disregard cases at which crack paths with

lower propagation rates reach a free surface earlier than those with the high-

est propagation rate, as the current definition of conservatism is only related

to crack propagation rate.

The findings in this publication raise the intriguing question as to whether

high tensional RS must always be considered detrimental to the fatigue life

of a structure. In cases of high load ratios where tensional RS are not sig-
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nificantly affecting the Paris Law Parameters, the effect of non-proportional

RSIF could even prolong the fatigue life of structures.

Another issue concerns that cyclic loads in conjunction with residual

stresses, which may induce non-proportional loading, i.e. Kmax
I,Tot/K

max
II,Tot 6=

Kmin
I,Tot/K

min
II,Tot , where in some cases [29] [30] the validity conditions for the

MTS criterion might not be fulfilled. Further research is required to clarify

these matters.

According to the theory applied, in cases with multiple pure mode-I con-

figurations, e.g. biaxial loading [15], further analysis is required to ensure

that the pure mode-I relocation is indeed leading to the fastest growth.

7. Conclusions

The following conclusions can be drawn:

(i) The RSIF Proportionality Conjecture states that the maximum equiv-

alent SIF range ∆KEq,Tot is attained if the RSIF ratio is proportional

to the external cyclic load induced SIF. If the RSIF proportionality

condition is fulfilled, ∆KEq,Tot becomes independent of the RSIF mag-

nitudes.

(ii) Under fulfilment of the RSIF proportionality condition, the highest fa-

tigue crack propagation speed - and therefore the most conservative

situation - is attained when Paris law parameters for high stress ra-

tios are adopted, where no closure effects appear. This conservative

approach does not require RS calculations.

(iii) The proposed conservative approach is especially suitable for inspec-

tions of welded large scale multi-component structures where the anal-
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ysis of multiple current RS states based on their temporal evolution is

associated with high uncertainty levels - which is generally the case in

the construction industry.
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THE EFFECTS OF MULTIPLE-SITE DAMAGE AND CORROSION ON THE                

STRUCTURAL RELIABILITY OF A THIN PLATE WITH A HOLE. 

G.A. Ruiz-Muñoz1,2, 
1Technical University of Denmark, Department of Wind Energy, Frederiksborgvej 399, 4000 Roskilde, Denmark 

2DONG Energy, Nesa Allé 1, 2820 Gentofte, Denmark 

Abstract: The present research shows the influence of multiple cracks and corrosion on the reliability of a given 

structural case. The fatigue analysis is performed using a fracture mechanics approach and assuming 

Linear Elastic Fracture Mechanics conditions. The Paris Law parameter C is considered as a stochas-

tic parameter and Monte Carlo simulations are performed for one million samples. The results show 

that corrosion has a very high impact on reliability curves, when compared to in air studies. Including 

an inner crack in the model slightly reduces the reliability of the structure. This study serves to shed 

some light on the structural reliability topic, which is an important concept for inspection planning. 

Keywords: Reliability, Multiple Cracks, Fatigue, Corrosion 

1. Introduction 

The offshore wind turbine industry is facing challenges regarding efficient inspection planning of their 

structures. The combination of fatigue and corrosion lead to reduced life of wind turbines. In addition, 

corrosion can lead to multiple cracks, also known as Multiple Site Damage (MSD). Offshore compo-

nents such as welds can also include different MSD distributions. The analysis of MSD has already 

been included in several studies e.g. [1] and [2].  

Once the wind turbine operates, one possibility to extend its lifetime is through maintenance. Mainte-

nance usually follows conservative guidelines that may result in inefficient and costly inspection plan-

ning. The inspection planning is linked to reliability curves [3]. Accurate reliability curves are there-

fore necessary for cost efficient probabilistic inspection planning [4].  

A fracture mechanics model can be used to simulate the crack propagation and reliability in a model. 

Fracture mechanics approaches based on Finite Element Methods (FEM) are generally more accurate 

than those base on parametric formulation. In addition, parametric formulations are limited to a range 

of geometries or flaw configurations [5]. The drawback of using FEM is the high computational de-

mand, where millions of different simulations required in a probabilistic set-up can be impractical.  

The inspection planning in offshore wind turbines has served as an inspiration to the develop a re-

search in calculating reliability curves from a fracture mechanics perspective. A simple structure is 

studied to evaluate the effects of free corrosion and MSD. The crack propagation is simulated once for 

every environmental and crack distribution condition. Results can give a perspective of how corrosion 

and MSD influence the reliability curves. The consequence of this study can later be extrapolated to 

study the influence of these two phenomena in inspection planning. 

The reliability curves are determined by assuming only one parameter as stochastic: a crack growth 

parameter from the Paris Law equation [5]. Further investigations can improve the modelling and re-

sults by assuming more variables as stochastic, e.g. initial crack length. 

2. Theoretical background. 

The Paris Law is a well-accepted formulation to describe fatigue in the second crack growth region. In 

a mixed mode crack growth environment, the Paris Law formulation can be written [6] as  

 
d𝑎

d𝑛
= 𝐶 (∆𝐾𝑒𝑞(𝑎))

𝑚
, (1) 
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where a is the crack length, n is the load cycle and  ∆𝐾𝑒𝑞 is the equivalent Stress Intensity Factor. The 

values C and m are material parameters. 

There are different approaches to calculate ∆𝐾𝑒𝑞. Meggiolaro et al. [6] consider the Maximum Tan-

gential Stress Criterion (MTS) because of its simplicity and closed-form solution. 

Assuming already existing cracks which growths correspond to the second crack growth region, and a 

very small fatigue life associated to the third crack growth region [5], the total fatigue life can be cal-

culated from a mathematical transformation of Eq. 1 [5] to 

 ∫ d𝑛

𝑛𝑓

0

= 𝑛𝑓 = ∫
d𝑎

𝐶 (∆𝐾𝑒𝑞(𝑎))
𝑚

𝑎𝑓

𝑎𝑖𝑛𝑖𝑡𝑖𝑎𝑙

=
1

𝐶
∫

d𝑎

(∆𝐾𝑒𝑞(𝑎))
𝑚 =

𝑎𝑓

𝑎𝑖𝑛𝑖𝑡𝑖𝑎𝑙

1

𝐶
𝐵, (2) 

where B is a parameter that depends on the geometry, loads, constraints and m. Loads and geometries 

are usually evaluated as stochastic parameters in probabilistic fatigue, e.g. [4] and [7]. However, in 

this research those parameters are assumed as deterministic for the sake of simplicity. Consequently, B 

is also considered as a deterministic parameter. The index f is associated with failure. A characteristic 

from Eq. 2 is the relation  

 𝐵 =  𝐶𝑗𝑛𝑓𝑗 = 𝐶𝑖𝑛𝑓𝑖 . (3) 

where i and j is the index for different values of C. For a given B, the Eq. 3 can be used to efficiently 

calculate the life of a structure for different values of C. Considering C as a stochastic parameter, the 

analysis of fatigue would be done from a probabilistic perspective. Therefore, multiple fatigue lives 

are calculated for different values of C. The calculations of multiple lives can be performed through a 

Monte Carlo simulation, as explained in [6]. Different fatigue lives will serve to calculate accumulated 

probability of failure and, therefore, reliability curves a structure. 

3. Reliability analysis of a thin plate with a single crack, multiple cracks and corrosion. 

The fatigue analysis of a thin steel plate is done through a fracture mechanics approach and assuming 

Linear Elastic Fracture Mechanics (LEFM). The geometry in Fig. 1 is considered suitable for plane 

stress modelling. The analysis of mixed mode crack propagation conditions by Ingraffea et al. [8] has 

inspired the location of a hole on the current structure. The actual location of cracks allows to investi-

gate the effects of surface and inner cracks in fatigue. The material characteristics are assumed as 

E=210 GPa and ν=0.3. The crack propagation is assumed to belong to the Paris Law regime, where 

parameters are obtained from the standard BS7910 [9]. The corrosion effects are accounted for by 

assigning a different Paris Law parameter distribution. 

Table 1. Paris Law Parameters for steel, R<0.5 and single slope approach. The symbol μ is the mean and σ is the 

standard deviation. [9] 

Specimen C (μ, lognormal) C (μ +2σ) m(deterministic) 

In air 3.98x10-13 6.77x10-13 2.88 

Freely corroding in marine environment 1.27x10-7 1.93 x10-7 1.3 

 

The model shown in Fig. 1 is loaded under uniform cycling pressure with maximum value P=17.5 

MPa and stress ratio R=0.1. The coordinates of the crack vertices are given in Table 2. 

The crack propagation system and the criterion to assume failure is based on the method from [10], 

where the equivalent SIF are calculated through the MTS criterion and the fatigue analysis is calculat-

ed using Eq. 4. Single crack propagation and MSD fatigue is evaluated in the present research.  
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                             Fig. 1. Specimens for fatigue crack propagation: a) Single crack; b) MSD. 

Table 2. Geometrical location of crack vertices. 

Coordinate x(mm) y(mm) 

A    0    5.2 

B  1.5   5.2 

C  3.5   5.8 

D   4   5.7   

E  4.3    4 

F  4.5   3.7 

O   3                                        7 

 

For every environmental condition and crack disposition, a method explained in [10] is performed 

once. Fatigue life results are included in Eq. 3 to calculate B. The results of the B parameter for the 

four different cases is presented in Table 2.  

Table 2. Different values of B for the four cases. B in (
mm

(MPa√mm)
𝑚) . 

Environment Flaw distribution m (deterministic)      B 

In air Single     2.88 1.43 x108 

In air MSD     2.88 1.29x108 

Freely corroding in marine environment Single     1.3 1.26 x105 

Freely corroding in marine environment MSD     1.3 8.53 x104 

 

The Fig 2. shows the crack shape of the MSD case immediately before the collapse of the structure. 

The circle around the crack tip represents the application limit for LEFM. Once the boundary is in 

contact with the edges of the specimen, the structure is assumed to collapse. Further details about this 

mechanism can be found in [10]. The same procedure is followed for single crack propagation. 

a) b) 
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Fig. 2. Crack disposition immediately before failure: a) Geometry of cracks. When the red cir-

cle is in contact with an external boundary, LEFM is no longer valid and failure is assumed 

[10]; b) Finite Element mesh of the structure with 12999 nodes and 4191 elements. 

 

For each case in Table 2, one million samples are computed through a Monte Carlo [11] analysis of 

Eq. 3. Each sample corresponds to a realization of the C distribution. The results of different fatigue 

lives are transformed to accumulated probabilities of failure as 

 𝑃𝑓(𝑛) =  
𝑁𝑓(𝑛)

𝑁
, (4) 

where 𝑃𝑓(𝑛) is the accumulated probability of failure for a cycle 𝑛, 𝑁𝑓(𝑛) is the total number of fail-

ures and N is the total number of samples, 𝑁 = 106. The accumulated reliability index is calculated as 

 𝛽(𝑛) =  −Φ−1(𝑃𝑓(𝑛)), (4) 

where Φ−1 is the inverse function of the standardized normal function [11].  

         

 

            Fig. 3. Reliability analysis for single and multiple cracks: a) In air; b) In air and corrosion. 

x 

y 

a) b) 

a) b) 
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Fig. 3 shows that imposing an inner crack to the model decreases the reliability of a structure. Howev-

er, its impact is not as striking as the environmental conditions. Future studies of different crack dispo-

sitions may help to analyse the influence of MSD in reliability curves. The reliability analyses can be 

extended to include the results of inspections allowing the reliability curves to be updated given the 

inspection results; which can serve as the basis for planning of inspections.  

4. Conclusions 

The reliability curves of a thin plate under fatigue where calculated by a combination of a fracture 

mechanics approach and Monte Carlo simulations. Four different cases were studied to evaluate the 

effects of corrosion and MSD on reliability. Corrosion reduces reliability by three orders of magnitude 

when compared to results from an in-air environment. On the other hand, imposing an internal crack 

only slightly changes reliability results. The same analysis can be used to evaluate the influence of 

different crack set-up on the reliability of a structure. Since the inspection planning is related to relia-

bility curves, corrosive conditions may have a significant impact in periodicity of inspections, whereas 

imposing multiple flaws may not have such large influence. 
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Abstract

Welds commonly include high stress concentration locations that, under fa-

tigue loading, may be responsible for a low life performance. Additionally,

offshore welded components may face corrosive environments which are detri-

mental to the integrity of the structure. These structures are usually isolated

or protected from the corrosive environment through e.g. dehumidifiers or

coating. However, the protective systems may fail during the lifetime of a

structure, a phenomenon denoted as the Transitional Environmental Protec-

tion (TEP) process. The present paper proposes a novel method to evaluate

how the reliability of a structure is affected by corrosive, protected or TEP

process conditions, as well as by different inspection/repair intervals. The

algorithm included is based on Monte Carlo simulations from a probabilistic

fracture mechanics approach. This method shows the effects of enlarging the

environmental protection on the maintenance plan of an offshore weld in a
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given case.

Keywords: Inspection, Fatigue, Fracture Mechanics, Corrosion

Nomenclature

a,∆a Crack length and crack growth.

aini,af Initial crack length and crack size limit before failure.

āSN S-N curve parameter.

aini,air Initial crack length for air conditions.

aini,cor Initial crack length for corrosive conditions.

arepLim Maximum length a crack can be repaired.

b Probability of detection parameter.

C Paris Law parameter.

CA, CB Parameters for the bilinear Paris Law.

D,Daccum, Df Damage, accumulated damage and damage limit to failure.

f, flt Loading frequency and long term stress cycle frequency.

i, k Integer indexes.

Keq Equivalent Stress Intensity Factor(SIF).

Kmax Maximum SIF for Paris Law analysis.

KC Maximum SIF before fatigue failure.

∆Kth Stress Intensity Factor threshold.

∆KTP Transition point in between the two linear stages of the Paris Law.

L Unit load in the order of magnitude of the load signal.

∆L Load range of the load signal.

m Paris Law parameter.
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Nomenclature

mA,mB Parameters for the bilinear Paris Law.

mSN S-N curve parameter.

n Number of nodes.

N,Nf Number of cycles and number of cycles to failure.

NI , NP Number of cycles to crack initiation and crack propagation.

p, q Material crack growth parameters.

P (F ) Probability that event F occurs.

Q Proportionality loading factor.

r0 Notch radius.

t, tlim, T Time, limit of time and number of years.

TIns Inspection interval.

tTEP Period of time a system is environmentally protected.

UL, UFM , UENS Uncertainty parameters.

x, y Cartesian axis.

X0 Probability of detection parameter.

v, w Wind and wave velocity.

β Reliability index.

βaccum Accumulated reliability index.

βt Annual reliability index.

σA,σB Tensional stresses.

σpr,max Maximum principal stress.

σpr,max,L Maximum principal stress calculated for a load L.

Φ Acceleration factor.
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1. Introduction

Offshore structures such as ships or wind turbines [[1],[2]] are subject to

dynamic loading and corrosive conditions that may generate fatigue crack

propagation [3]. The offshore industry commonly demands inspection/repair

programs to detect and avoid possible failures. In the early 1970’s, Yang and

Trapp [4] started to design deterioration models and optimized inspection

plans. During the next decade, Skjong [5] and Madsen et al. [6], among

others, generated optimized inspection plans for offshore structures.

Nowadays, multiple researchers are involved in inspection plan simula-

tions. The two main inspection planning categories are the qualitative ap-

proach, based on subjective judgement, and the quantitative approach, based

on statistical data [7]. The Fracture Mechanics (FM) approach to probabilis-

tic inspection planning is a quantitative approach that is becoming very pop-

ular. This field deals with crack propagation and repair simulations. Eltaif

et al. [8] performed a dynamic optimal inspection planning where they gen-

erated cost effective solutions by using FM models. Eltaif et al. evaluated

multiple scenarios and updated their model over time from previous inspec-

tion results. Doshi et al. [9] included FM models in order to measure the

reliability of ship components with different inspection techniques. Maljaars

et al. [10] modelled 3D crack propagation and calculated the reliability curves

for visual inspection techniques on multiple critical locations.

Among the different parts of offshore structures, a welded component

may include stress riser locations where fatigue problems are likely to occur

[[11],[12],[13]]. Lotsberg et al. [14] proposed new methods for inspection

planning of offshore welds, where the FM models are calibrated with another
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well established methods for fatigue life estimation in industry, known as the

Stress Based (SB) or the S-N curve approach.

These recent studies, together with standards [15], suggest to implement

Probabilistic Fracture Mechanics (PFM) approaches in the offshore industry

in order to optimize inspection intervals of offshore welded steel details. How-

ever, some offshore components face an environmental condition, denoted in

this work as the Transitional Environmental Protection (TEP) process. The

TEP process occurs when a component is protected or isolated from a cor-

rosive environment for a limited period of time. Examples of the TEP can

be seen e.g. when the coating of a weld is damaged after a certain period

of time, or when there are high moisture levels inside a wind turbine after

a leak, Fig. 1. Despite the multiple cases in industry, this research has

not found previous studies of the TEP process from a FM and inspection

planning perspective.

Figure 1: Welded component inside a wind turbine foundation under the Transitional

Environmental Protection (TEP) process. The weld was protected against corrosion for

a certain operational time. Afterwards, a leakage generated a corrosive environment.

Photograph from Ørsted R©.
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The current paper presents an innovative inspection/repair simulation

algorithm for offshore welded components under the TEP process. The

algorithm performs probabilistic fatigue analysis for two different types of

methods: the Probabilistic Effective Notch Stress (PENS) approach and the

Probabilistic Fracture Mechanics (PFM) approach. The reliability curves

obtained in the PFM approach are calibrated against the PENS reliability

curves. The calibrated PFM model is finally used to perform different inspec-

tion/repair simulations and determine their corresponding reliability curves.

The algorithm is extremely versatile and applicable for offshore welded com-

ponents.

2. Theoretical background

The offshore industry commonly calculates the fatigue life of structures

through the Stress Based (SB) approach, where Finite Element (FE) models

are designed in order to retrieve stress distributions. The SB approaches rely

on S-N curves to estimate the fatigue life. The three main SB approaches

are the Nominal Stress (NS) approach, the Hot Spot (HS) approach and

the Effective Notch Stress (ENS) approach [15]. The NS approach is the

simplest method but it is limited to a certain number of geometries and

load distributions. On the other hand, the HS approach is versatile but may

not be accurate when two Stress Concentration (SC) locations are nearby.

Finally, the ENS approach is the most flexible method and, therefore, it is

the one covered in this publication. However, it is complex since it requires

a detailed geometrical model of the weld. [15]
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2.1. The effective notch stress (ENS) approach

The ENS approach is described in DNVGL-RP-C203 [15] where e.g. fillet

weld geometries are defined as Fig. 2. The weld is described using a flank

angle of 45o and a toe radius r0 = 1 mm.

Figure 2: Fillet weld model for the ENS approach. Flank angle of 45o and toe radius r0 = 1

mm, measurements defined in[15]. The paremeters σA and σB are tensional stresses.

The geometry, loads and constraints are included in a Finite Element

(FE) model. The results give a maximum principal stress, generally located

in a notch toe or root. For constant amplitude loading, the stress range at

that location ∆σpr,max is used to calculate the fatigue life as

logNf = log āSN −mSN log ∆σpr,max (1)

where Nf is the number of cycles to failure, and āSN and mSN are parameters

retrieved from the S-N curves. Different environmental conditions, e.g. air

or free corrosion, are associated with different types of S-N curves. [15]

In cases of variable amplitude loading, damage accumulation models are

often required in order to estimate the fatigue life. Among these models, the
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Palmgren-Miners rule [16] is generally used in standards

D =
k∑

i=1

Ni

Nf,i

, (2)

where D is the damage accumulation parameter, i is an index associated

with a stress range, k is the number of stress ranges in a load signal, Ni is

the number of cycles that correspond to stress range ∆σi, and Nf,i is the

number of cycles to failure calculated in Eq. 1 and associated with i. As

the loading cycles increase over time, the values of each Ni may increase or

new load ranges are incorporated in Eq. 2. The limit state equation for the

damage accumulation model is [17]

g(Df , D) = Df −D, (3)

where g(Df , D) ≤ 0 indicates failure and the mean of Df is usually 1.

Despite the fact that SB approaches are widely used for fatigue life es-

timations, these methods do not contain information about the crack size,

which is an important parameter needed for inspection planning [17].

2.2. The Fracture Mechanics (FM) approach

The FM approach for fatigue analysis describes the shape of the crack

development. The associated limit state is usually described as [10]

g(af , a) = af − a(N). (4)

where af is the crack length limit to failure and a(N) is the crack length a

for N loading cycles. Whenever the number of cycles is large enough, i.e.

g(af , a) ≤ 0, failure of the structure is assumed.
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According to Schijve [18], the number of cycles to failure Nf is divided

into two phases Nf = NI + NP , where NI is the number of cycles for crack

initiation and NP is the number of cycles for crack propagation.

2.2.1. Crack Initiation

The crack initiation phase is a fatigue period where cracks are generated

through different mechanisms, e.g. slip-band cracking or voids, and start to

propagate with a rate according to a curve for short/small cracks as shown

in [[17],[19]]. During this period, the crack length is normally small enough,

a < 0.1 mm, so LEFM is not applicable [[11],[17]].

Bai-Mao et al. [20] and Maierhofer et al. [21] present different studies that

explain the crack initiation. However, the formulations proposed are limited

to certain cases and further research is required for universal crack initiation

formulations. Additionally, the crack initiation studies of offshore welds need

to consider corrosive factors e.g. pitting corrosion [3] or weld characteristics

such as occlusions that may result in negligible initiation periods compared

to the crack propagation period [11].

The crack initiation simulation from a fracture mechanics approach may

be cumbersome and computationally demanding. A detailed computational

model of this phase may be inefficient in terms of industrial applicability

when compared with the crack propagation phase.

2.2.2. Crack Propagation

The Crack propagation phase is generally divided into three stages: the

Stage I, the Paris Law regime, Stage II, and the Stage III, Fig. 3a [17]. The
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crack growth in the Paris Law phase for mixed mode-I,-II is calculated as

da/dN = C(∆Keq)
m, (5)

where a is the crack length, N is the number of cycles, Keq is the Equivalent

Stress Intensity Factor (SIF) and C,m are material parameters [22].

A more advanced formulation, which includes the crack propagation rate

of the three stages, Fig. 3a, is described as [3]

da/dN = C(∆Keq)
m

(
1 − ∆Kth

∆Keq

)p
(

1 − Kmax

KC

)q , (6)

where p and q are material parameters, KC is the maximum SIF a crack can

propagate without an immediate failure, Kmax is the maximum SIF a crack

propagates according to the Paris Law and ∆Kth is the SIF threshold, i.e.

the minimum SIF range for fatigue crack propagation.

Finally, corrosive effects can be accounted for fatigue calculations as [3]

da

dN corrosive
= Φ̄

da

dN Air
+

(
1

f

dā

dt

)

EAC

, (7)

where the term Φ̄ da
dN Air

is the cycle-dependent corrosion fatigue and the term(
1
f
dā
dt

)
EAC

is the time-dependent corrosion fatigue. The parameter Φ̄ is an

acceleration factor, da
dN air

is calculated in Eq. 6, f is the loading frequency

and
(
dā
dt

)
EAC

is the average environmental crack growth over a loading cycle.
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(a) (b)

Figure 3: Crack growth rate as a function of the SIF range for: (a) Air environment. (b)

Air or corrosive environment.[3]

Fig. 3b shows the difference between applying Eq. 6 and 7. These

equations present a higher degree of complexity than Eq. 5 and they include

further parameters required for the FM study. The BS7910 [23] suggests to

simplify the FM analysis by dividing the fatigue crack growth into two linear

stages of the Paris Law regime, Fig. 4,

da

dN
=





∆CA(∆Keq)
mA ∆Keq ≥ ∆KTP

∆CB(∆Keq)
mB ∆Keq < ∆KTP ,

(8)

where KTP CA,mA, CB and mB are material parameters that depend on the

environmental conditions and are defined in [23].
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Figure 4: Bristish Standard approach [23]. Eq. 6 and 7 are simplified to Eq. 8, where two

crack growth linear stages are defined in a logarithmic scale.

BS7910 [23] also includes a threshold value for fatigue calculations in air.

However, authors such as Dowling [19] explain that there is fatigue crack

growth below the threshold and, therefore, a more conservative approach is

to assume ∆Kth = 0

The Residual Stresses (RS) also influence fatigue crack propagation in a

weld [[24],[25],[26]]. Ruiz et al. [27] state that the study of RS is complex

because these stresses vary during the lifetime of a structure. If the RS varia-

tion is not simulated over time, fatigue life predictions can be overestimated.

Moreover, the RS simulation may involve computationally time consuming

simulations. Ruiz et al. [27] propose to circumvent the RS calculations by ap-

plying the Residual Stress Intensity Factors Proportionality Conjecture. This

conjecture proposes a conservative approach to fatigue crack propagation by

assuming no RS distribution and Paris Law parameters for high stress ratios.

[27]

Under variable amplitude loading, different values of KEq,i are achieved

for different loading amplitudes. Therefore, each load cycle Ni may result

in a different crack growth rate (da/dN)i. However, if for a number of cy-
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cles Ntotal there is no significant crack growth, the crack growth rate can be

calculated as a weighted average [3]

da

dN
=

∑k
i=1Ni (da/dN)i

Ntotal

, (9)

where i is an index that refers to a certain load range, k is the number of

different load ranges in a load signal and Ni is the number of cycles in a load

signal of Ntotal cycles that corresponds to load i.

2.2.3. Drawbacks of the Fracture Mechanics approach

The main inconvenience of the FM method is the lack of universal for-

mulations for the crack initiation phase. Additionally, including geometrical

defects of welds in FM models can be cumbersome. Finally, highly com-

plex calculations are involved in simulating crack initiation and propagation

in welds under different environmental conditions. The crack propagation

phase can be simplified through standards suggestions and conservative ap-

proaches. However, according to DNVGL-RP-C203 [15], FM methods are not

accurate enough to predict the full fatigue life of a complex welded structure

and, therefore, a calibration with well stablished industrial approaches, e.g.

the ENS approach, is required.

2.3. Probabilistic fatigue: The reliability-based approach

Fatigue calculations for real structural cases often include different uncer-

tainties that are incorporated in probabilistic models. This type of analysis

focuses on the reliability and probability of failure. Ditlevsen et al. [28]

propose several methods to estimate the reliability as a function of time,

e.g. First Order Reliability Methods, Second Order Reliability Methods or
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Monte Carlo simulations. The Monte Carlo techniques are very popular for

probabilistic fatigue simulations as they are simple and well established in

literature [[17],[10]].

The reliability as function of time can be calculated using different fatigue

methods, e.g. Probabilistic Fracture Mechanics (PFM) or Probabilistic Stress

Based (PSB) approaches. Chen et al. [16], Doshi et al. [9] and Sørensen [29],

among others, suggest to calibrate the reliability curve from the PFM ap-

proach against the PSB analysis. The result is a similar probabilistic fatigue

performance in between the SB and the FM approach. Sørensen [29] pro-

poses to calibrate the annual reliability index. On the other hand, Lotsberg

et al. [14] suggest to work with the accumulated reliability index βaccum in

the cases of inspection plan simulations.

2.4. The inspection/repair procedure.

A calibrated PFM model is suitable for inspection/repair simulations.

Standard DNVGL-RP-0001 [30] suggests multiple methods for crack inspec-

tions. Each method includes a corresponding Probability of Detection (PoD)

curve. The PoD for e.g. ultrasonic inspections is calculated as

P (a) = 1 − 1

1 + (a/X0)b
(10)

where a is the crack size, X0 = 0.41mm and b = 0.642 [30]

If a crack is detected, there is the option to repair it through e.g. grinding

or TIG dressing [[31],[32]]. Straub [17] suggests two types of repair: the repair

component is perfectly repaired and will not fail for the rest of the fatigue

analysis; or the repair component behaves as new.
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3. The algorithms for constant environmental and TEP conditions.

The current research focuses on the analysis of reliability of offshore

welds under fatigue loading, different environmental conditions and inspec-

tion/repair simulations. First, an algorithm for constant environmental con-

ditions is designed. Then, the algorithm is extended to cover the TEP pro-

cess.

3.1. The algorithm for constant environmental conditions

The algorithm for constant environmental conditions is illustrated in Fig.

5, and it is divided into three main parts:

• The structural analyses: The geometries and constraints are imple-

mented in two structural models, a FM model and an ENS model. A

unit load L with the order of magnitude of the load signal is submitted

to both models. The geometry of the weld is coherent with the DNV

standards for the ENS approach [15]. The FM approach includes an ini-

tial crack located in the highest stress concentration spot with an initial

size aini = 0.1 mm. The FM approach is used to calculate the equiv-

alent SIF as a function of the crack length Keq,L(a). The ENS model

proportionates the maximum principal stress σpr,max,L. The parame-

ters Keq,L(a) and σpr,max,L will be multiplied by different load ranges

in order to retrieve the values of ∆Keq(a) and ∆σpr,max necessary for

Eq. 1 and Eq. 4.

• Calibration: The results from the structural analyses are combined

with input parameters to calculate reliability curves through the PFM

and the PENS. The initial crack size aini and the uncertainty of the
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PFM model UFM are modified until both reliability curves are similar,

where UFM is directly applied to SIF values retrieved from the FM

model.

• Inspection/repair analysis: Probabilistic Inspection/Repair Simulations

are executed generating reliability curves for different inspection inter-

vals.

Figure 5: Algorithm to calculate reliability curves for different inspection/repair intervals

under constant environmental conditions. The algorithm is divided into the structural

analyses, the calibration and the inspection repair analysis.
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3.1.1. Input Parameters

The Input Parameters, Fig. 5, are stochastic variables that follow differ-

ent statistical distributions. These parameters are divided into three cate-

gories. The first category includes common parameters for both approaches.

The load signal, the mean frequency of long term stress cycles flt and the

limit of years a structure is under fatigue loading tlim are these parameters.

The load signal includes the different loading ranges and periodicity inside a

signal and it is assumed to periodically repeat over time.

The second category is the input parameters associated with the PFM

approach, i.e. Paris-Law Parameters for Eq. 8, initial crack size, the crack

length associated with failure af and the uncertainty of the FM approach

UFM . The uncertainty UFM is directly applied to the value Keq,L(a) re-

trieved from the FM model.

The third category is the input parameters associated with the PENS

approach, i.e. S-N curve parameters for Eq. 1, the Palmgren-Miner limit

to failure D and uncertainty of the ENS, UENS. The uncertainty UENS is

directly applied to the value σpr,max,L retrieved from the ENS model.

3.1.2. Probabilistic Fracture Mechanics (PFM)

The PFM of Algorithm Fig. 5 is further described in Fig. 6. The

PFM simulation generates through a Monte Carlo technique multiple pseudo-

random samples that follow distributions set in the Input Parameters. The

vector Keq,L(a), is interpolated to a polynomial function for each sample,

with Keq,L(0) = 0.

All cracked specimens are simultaneously evaluated at each cycle incre-

ment ∆N . The results of each sample are included in the crack growth
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analysis, Fig. 5: For each load range i, the equivalent SIF is calculated as

∆Keq,i(a) = QiKeq,L(a), where Qi is a scale factor between the load range

∆Li and the unit load L, obtained from ∆Li = QiL. All crack growth rates

for each sample are calculated using each ∆Keq,i in Eq. 8. the average crack

growth rate is the result from Eq. 9. Finally, the crack growth for each

sample is calculated as ∆a ≈ ∆N da/dN [19].

The crack lengths are updated and the number of failures associated with

the period of time t is obtained in order to calculate the probabilities of fail-

ure and reliability index. If all samples have failed or the period of time

reaches the limit of years, the PFM analysis finishes. Note that the cycle

increment ∆N and number of samples is calculated through a convergence

analysis of these parameters and the resulting reliability curve.
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Figure 6: Probabilistic Fracture Mechanics Approach. Random variables are calculated

for each sample in a Monte Carlo simulation. The crack growth of all specimens is simu-

latenously calculated for each cycle increment ∆N . The samples that fail are filtered in

each ∆N .

3.1.3. Probabilistic Effective Notch Stress (PENS)

The algorithm in Fig. 7 explains the procedure to perform PENS calcu-

lations. The maximum principal stress for the load L, σ̄pr,max,L, is computed

together with the Input Parameters in a Monte Carlo simulation that gen-

erates pseudo-random variables. The accumulated damage is initialized for

each sample, Daccum(0)=0. Every load range ∆Li is used to calculate its

corresponding maximum principal stress range in a similar procedure as in

the PFM, ∆σpr,max,i = Qiσpr,max,L. The number of cycles to failure for each
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stress range is calculated using Eq. 1. At this point, the damage for a given

cycle period ∆N is the result from Eq. 2. The damage is accumulated as

Daccum = Daccum + D. The number of samples that fail in each period is

used to calculate the reliability index. The time t and load cycle N are up-

dated, and the algorithm continues until all samples fail or a limit of years is

reached. The number of samples and ∆N necessary for the study is reached

by a convergence analysis of these parameters and the resulting reliability

curve.

Figure 7: Probabilistic Effective Notch Stress approach. The damage is calculated for

each time iteration. Samples which include damage above the limit Df are filtered from

the damage accumulation model and used to calculate the reliability curves.
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3.1.4. Probabilistic Inspection/Repair simulation

The Probabilistic Inspection/Repair simulation depicted in Fig. 8 follows

a similar procedure to the PFM simulation, Fig. 6. However, sample gen-

eration is not required since the data is retrieved from the calibrated PFM

model. Additionally, the user sets the inspection interval, the inspection

technique and the repair technique, and the algorithm in Fig. 8 performs a

crack inspection/repair procedure.

The Inspection/Repair mechanism, Fig. 8, generates pseudo-random val-

ues equally distributed from 0 to 1 for each sample. This value is evaluated

with respect to the PoD curve associated with the method of inspections.

Whenever a crack is detected, the crack is repaired as long as it is short

enough, i.e. a < arepLim, where arepLim is the maximum size at which a crack

can be repaired. The value of arepLim depends on the technique, and repairs

are assumed to be perfect.
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Figure 8: Probabilistic inspection/repair simulation. The method is similar to the PFM

approach, Fig. 6. However, initial values of the samples from the PFM are directly used

in this approach. The crack of every sample is inspected after every time interval, Tins.

Detected cracks are repaired if a < arepLim.

3.2. The algorithm for the Transitional Environmental Protection(TEP) Pro-

cess

The algorithm in Fig. 5 stands for constant environmental conditions.

However, the analysis of the Transitional Environmental Protection (TEP)

process contains two phases. A phase where the component is protected from

a corrosive environment by either isolation or other mechanism such as e.g.

cathodic protection, and a phase where free corrosion affects the structure.

The TEP process can be directly accounted in PENS by shifting the S-N

curves parameters from protected to corrosive environment whenever the en-
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vironmental conditions change, i.e. at t = tTEP . This change could be done

assuming full correlation between parameters to assure that corrosion always

has a detrimental effect on the structure. After the shift, the method would

continue to accumulate damage.

However, the analysis of the TEP for the FM approach is more complex

because the calibrated parameter aini might not be the same for corrosive

and for protected conditions. The current research proposes to evaluate the

TEP as a combination of the stochastic samples from protected and corrosive

conditions, Fig. 9. Firstly, structural calculations are performed following

the same scheme as in Fig. 5. Afterwards, two calibrations are incorporated:

one calibration for corrosive and another for environmentally protected condi-

tions. The stochastic parameters resulting from the calibrations are included

in Inspection/Repair simulations with the TEP process. The simulations are

similar to Fig. 8, but with a slight modification shown in Fig. 10.
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Figure 9: Global algorithm for the Transitional Environmental Protection process. The

method executes the algorithm in Fig. 5 for for envionmentally protected conditions and

for corrosive conditions, except some parts denoted in red. Finally, the inspection/repair

procedure is executed as explained in Fig. 10.

Figure 10: Inspection repair analysis for the TEP process. The algorithm is the same as

in Fig. 8, but it includes a slight modification denoted in blue.

Fig. 11 illustrates the crack growth of different samples when the algo-

rithm in Fig. 9 is executed. Fig. 11a shows the crack growth of different

samples in a Monte Carlo simulation for air conditions. The initial crack

of each sample follows a statistical distribution found during the calibration

24



process, aini,air. In every inspection interval Tins, the crack of some samples,

i.e A or C, are detected and repaired. The sample B results in failure.

Fig. 11b presents how the cracks grow under the TEP process. When

the environmental conditions shift t = tTEP , the samples with a < aini,cor,

A, C, D, are adjusted a = aini,cor. The parameter aini,cor is the initial crack

size of the structure under corrosion, which is obtained through the calibra-

tion process. The repaired sample A keeps growing from t = tTEP . A final

inspection detects and repairs the crack of sample C, whereas samples B and

A result in failure.

Figure 11: Simulation of the crack growth for multiple cracked samples: (a) Inspec-

tion/repair simulation for constant environmental conditions. The illustration shows some

samples are detected and repaired after an inspection interval. Repaired samples vanish

from the crack growth calculations. During the second inspection the crack B will not

be repaired since a > arepLim; (b)Inspection/repair simulation under the Transitional

Environmental Protection (TEP) process. Cracks grow according to protection system

conditions before t = tTEP . When t = tTEP , the crack size is readjusted for those cracks

smaller than the initial crack size for corrosive conditions, including repaired samples. The

crack growth parameters change to corrosive conditions.
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4. Example

The reliability analysis of a welded component from an offshore wind

turbine, Fig. 12, is studied for different TEP process and inspection/repair

periods. The case is a 2D simplification of a 3D offshore bracket component.

Plane strain conditions are assumed and the material is structural steel, with

Young’s modulus E = 210 GPa and Poisson’s ratio υ = 0.3

Figure 12: Offhosore weld analysis: (a) 2D representation of an offshore wind turbine

subject to wind with velocity v and waves with velocity w; (b) Geometry, constraints and

load set-up of the offshore welded component with dimensions in mm.

The Transition Piece (TP) is subject to two fatigue loading, a moment M
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and a homogeneous pressure P during 30 years. Both loads are distributed

along the top surface of the TP, Fig. 12b, where the moments origin is at

O point. The magnitude of both loads is proportional during the fatigue

analysis in a relation P/M = 1/105 mm−1. The mean load values are P = 4

MPa and M = 4 × 105 Nmm, where a unit load L is considered as P = 1

MPa and M = 105 Nmm. Table 1 presents the features of the loading signal,

which includes three main loading ranges. The value NMP describes the

average number of cycles for each load range in every 131 cycles. The load

signal does not correspond to realistic data and it is assumed to be the result

after a signal analysis through conventional methods, e.g. rain-flow counting

[19] and Markov matrix [33]. The mean frequency of long term stress cycles

is flt = 106 cycles/year.

Table 1: Different load ranges ∆Li of the load signal. Qi correspond to ∆Li = QiL.

∆Li ∆M (Nmm) ∆P (MPa) NMP (cycles) Qi

∆L1 8 × 105 0.8 1 8

∆L2 4 × 105 0.4 30 4

∆L3 0.8 × 105 0.08 100 0.8

The ultrasonic technique, with PoD Eq. 10, is selected to perform inspec-

tions. The repair technique proposed is grinding, which is capable to repair

cracks with size a ≤ 3mm [32] once they are detected. The question posed is:

what is the maximum inspection interval in order to keep a reliability level

of e.g. βaccum ≥ 3.1 [8] for air conditions, corrosive conditions, TEP process

tTEP = 10 years and TEP process tTEP = 20 years?

In order to answer the question the Algorithm Fig. 9 is executed. The
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load L is submitted to the structural models and the ENS approach is per-

formed through the commercial software ANSYS R© [34]. The element type

used is PLANE183, a quadratic 8-node element which requires less element

size refinement than linear elements to proportionate similar results [3]. A

mesh convergence analysis was performed by increasing the number of nodes.

The results converged at 177582 nodes with a maximum principal stress is

σ̄pr,max,L = 23.63 MPa , Fig. 12b.

The FM analysis is performed by using a method described by Ruiz in

[22], which consists of a Matlab R©-ANSYS R© [35] [34] system that calculates

crack propagation. No RS are imposed on the model by assuming the Resid-

ual Stress Intensity Factors Proportionality Conjecture [27]. The FEM model

includes an initial crack in the location where the highest stress concentra-

tion is in the weld, Fig. 12. The initial crack size for the FM structural

model is āini = 0.1 mm and the parameter Keq(a) is calculated through two

convergence analyses: reducing the mesh size and reducing the crack growth

step ∆a in between the calculation of Keq(a). The result is a mesh with

1085298 nodes, crack step ∆a = 0.075 mm for crack lengths a < 4 mm and

crack step ∆a = 1.5 mm for crack lengths a ≥ 4 mm. The FM analysis is run

until the crack length is half of the width af = 67 mm/2=33.5 mm, where

failure is considered [11].
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(a) (b)

Figure 13: Illustration of the two structural analyses for section A, Fig. 12b: (a) Maximum

principal stress after the ENS approach; (b) Shape of the crack after a certain growth

during the FM approach.

A non-linear geometrical analysis is performed for both structural models,

presenting very similar results as for linear geometrical deformations. Once

the evaluation of the structural models is finished, the calibration in Fig 9 is

run. The parameters and their stochastic distribution are described in Table

2 and Table 3, where the initials SD stand for Standard Deviation.
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Table 2: Parameters for PENS. D:Deterministic, LN:Lognormal, N:Normal

Parameter Mean SD Unit Distribution Reference

log a1(In-air) 13.758 0.2 log(cycles) N [15]

m1(In-air) 3 ———— log(cycles)
log(MPa)

D [15]

log a2(In-air) 17.996 0.2 log(cycles) N [15]

m2(In-air) 5 ———— log(cycles)
log(MPa)

D [15]

log a1(Corrosion) 13.28 0.2 log(cycles) N [15]

m1(Corrosion) 3 ———— log(cycles)
log(MPa)

D [15]

UENS 1 0.1 ———— N [15]

UL 1 0.2 ———— LN [15]

Df 1 0.3 ———— LN [15]
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Table 3: Parameters for PFM. D: Deterministic, LN: Lognormal, N: Normal, *: Calibra-

tion

Parameter Mean SD Unit Distribution Ref.

CA(Air) 4.8 × 10−18 8.1 × 10−18 mm/cycle
(MPa

√
mm)mA

LN [23]

mA(Air) 5.1 ———— ———— D [23]

CB(Air) 5.86 × 10−13 3.52 × 10−13 mm/cycle
(MPa

√
mm)mB

LN [23]

mB(Air) 2.88 ———— ———— D [23]

CA(Corrosion) 5.37 × 10−14 5.915 × 10−14 mm/cycle
(MPa

√
mm)mA

LN [23]

mA(Corrosion) 3.42 ———— ———— D [23]

CB(Corrosion) 5.67 × 10−7 9.05 × 10−7 mm/cycle
(MPa

√
mm)mB

LN [23]

mB(Corrosion) 1.11 ———— ———— D [23]

UFM * * ———— N

UL 1 0.2 ———— LN [15]

aini * * mm LN

The parameter UL represents the uncertainty of the loads described in

Table 1, where all load ranges are fully correlated. The parameters UENS

and UFM represents the uncertainty of the ENS model and the FM model.

The uncertainty of the geometrical dimensions are assumed to be included

in UNS and UFM . The reliability curve for PFM and PENS is calculated

using the algorithms in Fig. 6 and Fig. 7. The polynomial interpolation

in Fig. 6 is evaluated for each sample through the Matlab function Polyfit

[35], where 8th order polynomials present curves that fits very well with

the resulting Keq,L(a) from the structural calculations, with a maximum

deviation of around 0.3%.
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The calibration of the PFM approach is performed, where results are

shown in Fig. 14a and Table 4 present good results. The convergence of

reliability results is found at 106 samples and ∆N = 104 cycles.

Table 4: Parameters calibrated. D: Deterministic, LN:Lognormal and N: Normal

Parameter Mean COV Unit Distribution

UFM,Air 1 0.05 ———— N

aini,Air 0.15 0.66 mm LN

UFM,corrosive 1 0.05 ———— N

aini,corrosive 1 0.05 mm LN
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Figure 14: Comparisson between the PENS and PFM reliability curves: (a) Results after

calibration for air and corrosive conditions; (b) Result for the TEP process for different

times when corrosion starts tTEP .

Once the calibration is finished, the TEP is evaluated for different cases

in Algorithm Fig. 9. Fig. 14b shows a comparison between the PENS and

PFM for different TEP periods. The results show a slight deviation at the
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end of the fatigue period t=30 years.

The accumulative reliability index βaccum is calculated for different in-

spection intervals, Fig. [15a-15d]. The results show a striking difference in

reliability curves for different inspection plans, Fig 15d. Finally, Table 5 in-

cludes the maximum inspection interval to keep a reliability βaccum & 3.1 [8]

for different environmental conditions. If corrosion affects the structure, the

optimum inspection interval drops from 3 years to 6 months.
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Figure 15: Reliability curves for different inspection interval TIns: (a) Results for perma-

nent air conditions; (b) Results for the TEP process from air to corrosive at tTEP = 10

years; (c) Results for TEP process from air to corrosive at tTEP = 20 years; (d) Results

for permanent corrosive conditions.

Table 5: Inspection period in years in order to keep βaccum & 3.1. The analyises only

accounts constant inspection intervals during the 30 years of maintenance.

Air (tTEP > 30 years) tTEP = 20 years tTEP = 10 years Corrosion (tTEP = 0 years)

3 1/2 1/2 1/2
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5. Discussion about the results and method

The current research introduces an algorithm, Fig. 9, able to calculate

the reliability index for multiple environmental conditions and for different

inspection/repair intervals. The algorithm has been used in the example in

Fig. 12a, where the calibration results of the initial crack size in air are coher-

ent with literature [36]. Under corrosive conditions, the calibration results

involve a considerably higher initial crack size, Table 4. Additionally, the

algorithm has shown similar results between PFM and PENS for different

tTEP imposed in the example. Finally, the results show that each inspection

interval involves a different reliability curve.

The algorithm is based on a number of assumptions. Firstly, it relies

on stress based methods and the Palngrem-Miner rule to calibrate the FM

method, something not necessary realistic with the lifetime performance of

the structure.

Another issue is found when evaluating the initial size of some cracks,

which present values lower than the LEFM limit, i.e. 0.1mm. Despite the

fact that the initial growth of those cracks does not follow the crack prop-

agation Eq. 8, this equation has been used to evaluate the fatigue crack

growth of all the cracks because of two reasons. The first reason is that a(N)

is coherent with literature once a ≥ 0.1mm due to the calibration process.

The second reason, is that for a < 0.1 mm the crack length is generally too

low to be detected, and therefore a more realistic crack length as a function

of the number of cycles a(N) becomes irrelevant for those sizes.

The inspection strategy is arguable. Further improvements could intro-

duce variable inspection intervals. Additionally, the grinding repair strategy
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conducted in the wind turbine example could be replaced by other techniques

in order to increase arepLim.

It is suggested that future research could be conducting assuming im-

perfect repairs, as described by Straub [17], or incorporating advanced crack

propagation formulations. Finally, the assumption of full correlation between

stochastic parameters for air and corrosive conditions should be reviewed.

6. Conclusion

The following conclusions can be drawn:

(i) A novel algorithm to assess reliability results for different inspection/repair

intervals is presented. The method incorporates the Transitional En-

vironmental Protection process, i.e. a situation where the corrosion

protection system fails after a period of time.

(ii) The analysis of an example shows coherent results between the Prob-

abilistic Fracture Mechanics approach and the Probabilistic Effective

Notch Stress approach for different environmental conditions.

(iii) The algorithm is suitable for industrial applications where inspections of

offshore welded structures are common. This publication describes the

effects of different TEP processes on the inspection intervals necessary

to keep a high reliability level.
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