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Kinematic and dynamic modeling and approximate
analysis of a roller chain drive

Niels Fuglede, Jon Juel Thomsen1,

Department of Mechanical Engineering, Technical University of Denmark, Building 404,
DK-2800, Lyngby, Denmark

Abstract

A simple roller chain drive consisting of two sprockets connected by tight

chain spans is investigated. First, a kinematic model is presented which

include both spans and sprockets. An approach for calculating the chain

wrapping length is presented, which also allows for the exact calculation of

sprocket center positions for a given chain length. The kinematic analysis

demonstrate that the total length of the chain wrapped around the sprock-

ets generally varies during one tooth period. Analytical predictions for the

wrapping length are compared to multibody simulation results and shows

very good agreement. It is thereby demonstrated that chain drives with

tight chain spans must include compliant components to function. Second,

a dynamic model is presented which includes the two spans and the driven

sprocket. Assuming the presence of a stationary operating state, the pre-

sented dynamic model allows for analytical studies of the coupled motion

of the chain spans and driven sprocket. Parametric excitation of the spans

come from sprocket angular displacements, and the driven sprocket acts as a

boundary which can be compliant in the axial direction. External transverse
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excitation of the spans comes from polygonal action, and is treated through

kinematic forcing at the moving string boundaries. Perturbation analysis

of the model is carried out using the method of multiple scales. Results

show a multitude of internal and external resonance conditions, and some

examples are presented of both decoupled and coupled motion. Together,

the kinematic and dynamic model are aimed toward providing a framework

for conducting and understanding both numerical, and experimental inves-

tigations of roller chain drive dynamics.

Keywords: Roller chain drive, axially moving string, moving boundaries,

polygonal action, kinematic analysis, multibody simulation

1. Introduction

Roller chain drives are applied for power transmission in many mechan-

ical systems due to a high energy efficiency, large power capacities, timing

capabilities, flexibility in choosing shaft center distance, and ease of installa-

tion and maintenance. However, roller chain drives are also challenging due

to the presence of undesired noise and vibration, and is therefore subject to

ongoing studies [1].

Kinematic studies of roller chain drives are carried out by modeling the

sprockets as polygons [2]. The angular motion of two sprockets connected by

a chain span is considered to happen through a series of four-bar mechanisms

[3]. Because a chain wrapped around a sprocket forms a polygon rather than

a circle, several less desirable effects are introduced. These are referred to

as polygonal action and include; impact when a roller seats on a sprocket,

non-constant torque transmission and velocity ratio between sprockets. The

monograph [4] introduces subjects such as tooth geometry, load distribution,

friction, wear, and driven sprocket velocity variations. Studies demonstrate
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how the center distance can be chosen to minimize velocity variations of

the driven sprocket [5]. A procedure for calculating the driven sprocket

motion for a general chain drive was developed, and examples demonstrated

how design parameters influence the polygonal action [6]. An exact and

approximate kinematic analysis of the chain drive modeled as a four-bar

mechanism was given [7]. The presentation included the derivation of the

driven sprocket angular- position, velocity, and acceleration. Seating and

release configurations were also determined, and the analytical results were

illustrated using three chain drive configurations.

It is common to the above kinematic studies that the analysis only con-

siders the tight span transferring the torque between two sprockets. In

this work, the slack span is also considered, which is relevant for practical

roller chain drives where the sprockets are positioned to keep all the chain

spans in tension during operation, as in e.g. low speed marine propulsion en-

gines. The kinematic analysis of a roller chain drive presented here is for two

sprockets with arbitrary number of teeth and center distance. Our results

demonstrate that when sprockets are modeled as polygons, and the chain

spans are pretensioned to form straight lines, the total wrapping length of

the chain varies periodically with the tooth frequency. This leads to a pre-

diction of a tooth-periodic variation of the axial tension in the chain spans.

The analytical kinematic prediction is compared to multibody simulation

results and shows very good agreement. Simulation results are obtained

using a simulation program which include dynamic effects, flexible contact,

and the exact geometry of the sprocket teeth [8, 9]. These results demon-

strate that a real roller chain drive must include compliant components for

a tensioned chain to wrap around rotating sprockets, as the sprockets are

effectively eccentric. The kinematic results allow for the exact prediction of
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the shaft center distance, for which a chain with a given number of links

wraps tightly around two sprockets.

Under the assumption that the chain span motion decouples from the

dynamics of sprockets and attached machinery, the studies of roller chain

drive dynamics is found to border the analysis of axially moving strings,

which belongs to the class of gyroscopic systems. For a decoupled axially

moving string, equations governing non-linear oscillations were derived using

Hamiltons principle, and the influence of transport velocity and nonlinear-

ity on the natural frequencies was analyzed [10], along with examples of

the modal distributions [11]. Based on the modal analysis of discrete gyro-

scopic systems [12, 13], the result of exact modal analysis of axially moving

continua was presented [14], as well as asymptotic studies of the forced

and free response around super- and sub-critical axial velocity [15]. From

these studies, the characteristics of axially moving strings are shown to be

transport-velocity dependent natural frequencies, the presence of a critical

speed, and complex-valued traveling string eigenfunctions utilized by casting

the system in a first order form. The complex eigenfunctions are shown to

be a superior orthogonal discretization basis, compared to real-valued sta-

tionary string eigenfunctions, when predicting parametric instability [16].

For an extensive review of the research on axially moving materials until

2004 we refer to [17].

In this study we analyze the effect of the span being supported by moving

boundaries with prescribed endpoint displacements, and demonstrate that

a span with a first order variable length introduces a second order effect.

Central to many studies of string dynamics is the presence of parametric

excitation from prescribed tension fluctuations, which may lead to para-

metric instability. Most often these excitations are single frequency har-
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monic excitations, but the response have also been analyzed for multiple

frequency excitations [18]. Tension variation can have many sources, e.g.

camshaft excitation, eccentricity of belt pulleys or variable transport ve-

locity, cf. the review [19]. The study of sprocket and chain span motion

introduced in [20, 21] and subsequent studies [22] are based on the assump-

tion that the driven sprocket angular velocity varies time-harmonically at

the tooth frequency, due to the excitation coming from the variable velocity

ratio between driver and driven sprocket. Comprehensive models are de-

rived for belt drives [23] and engine timing chain drives [24], with non-linear

transverse and longitudinal motion of the chain spans coupled to the dis-

placements of pulleys/sprockets with flexible supports. In the case where

chain span decouples from the motion of the driven sprocket, the chain span

stability was analyzed [24].

Here we present a model which takes into account the coupled motion

of span and sprocket angular displacements, i.e. motion of the chain span

when it is connected to a sprocket which is compliant, and the sprocket

motion is not assumed to be given. We demonstrate how the coupled non-

linear system of the spans and driven sprocket can be analyzed analytically

using perturbation methods, and predictions are provided for the amplitude

frequency response.

Meshing between the chain span and sprockets introduce problems with

noise and wear in real chain drives. It is therefore of interest to study the

chain span subjected to transverse excitation at, or near, the span bound-

aries. One approach is to analyze the impulse created when a roller seats

on a sprocket, and assume the impulse to be independent of the chain span

dynamic response [25, 26]. Noise and vibration problems has also moti-

vated several experimental studies [27, 28]. Including the chain vibrations
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in the estimate of the impulse function improves the analytical predictions,

and gives better agreement with experimental results [29, 30]. Predictions of

meshing noise that compare well with measurements has also been presented

[31, 32].

For this study we consider an impulsive excitation acting at the tooth

frequency at both span ends, in order to model the kinematic transverse

excitation coming from polygonal action. The impulses are assumed to be

independent of the span dynamics, and are derived only from the chain ge-

ometry and operating speed. The time between the impulses acting at either

span end can be determined from the kinematic configuration of the chain

drive [7]. This type of excitation is of specific interest to designers of chain

drives operating in low-speed marine engines. Our analysis demonstrate

how the impulse loading leads to multifrequency excitation, and identifies

the operating conditions where the transverse excitation from meshing can

be resonant to other excitation sources.

The structure of the paper is as follows: First we present a kinematic

model, carry out the analysis for the total wrapping length, and demon-

strate the analytical results by some examples. Analytical predictions for

the kinematic analysis are then compared to multibody simulation results.

Secondly, we derive the governing equations for the coupled chain-sprocket

dynamic model, perform an approximate analysis, and present three exam-

ples to illustrate the type of results that can be achieved.

2. Kinematic modeling and analysis

First we introduce the model assumptions followed by the definition of

the coordinate systems and main kinematic parameters. When defining the
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kinematic model we also introduce the seating and release configurations for

both spans, as well as the driven sprocket angular position determined as a

function of the driver angular position. These kinematic relations provide

the initial steps required for the determination of the lower span length,

and are based on the analysis [7]. With the seating, release and driven

sprocket motion determined, a procedure for determining the lower span

length is given. With the lower span length determined, the (approximate)

total wrapping length can be calculated, which is the main object of the

kinematic analysis.

2.1. Kinematic model assumptions

The kinematic model neglects all dynamic effects. It is assumed that the

chain spans are tensioned into straight lines, sprockets are rigid and match

the chain such that the sprocket pitch is equal to the chain pitch, and rollers

are seated at the center of the seating curves. There are no mechanical

clearances, and the system is frictionless. The kinematic model is shown in

Figure 1.

By modeling the two sprockets and the upper span a as a four-bar mech-

anism, the length lb of the lower span b is determined as a function of the

driver angle θ. As will be shown, this length is not constant, but varies

during each tooth period. The length lb is calculated by assuming that span

b is the only member which can deform, i.e. for the upper span a, as well

as the parts of the chain seated on the sprockets, the distance between the

rollers equals the chain pitch. It is necessary to make this assumption in

order to obtain results for the total wrapping length of a chain using the

existing methods, i.e. the chain drive modeled as a four-bar mechanism. In

a real chain drive, the deformation would be distributed on all the chain
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drive components, but taking this into account would require a different

approach, which is not readily apparent.

The method is exact when the total wrapping length equals an integer

number of chain links, since in this case, the chain is not deformed. The

analysis thereby provides a method for calculating the exact sprocket center

positions for a given chain length. This is of practical relevance, since real

chains has a high axial stiffness, and the axial span tension is therefore

sensitive to the sprocket center positions. With this analysis we identify and

approximately quantify the property of roller chain drives having a variable

wrapping length. This effect has been observed for real chains, but has not

previously been treated theoretically.

2.2. Kinematic model

Figure 1 shows the kinematic model of a chain drive consisting of a

driven sprocket O connected by the chain to make both sprockets rotate

in the clockwise direction, as prescribed by the driver sprocket C. The

sprockets are positioned such that the two spans are both in tension and

form straight lines. The angular position of the sprockets to the rollers

constituting the current span endpoint are given by θa and ϕa, for the the

driver and driven sprockets, respectively; similarly for the lower span, where

the span endpoint positions are θb and ϕb. Subscripts o, c and a, b are used

throughout the kinematic analysis to relate variables specific to sprockets

O,C and spans a, b respectively, e.g. αo and θb.

As the sprockets rotate, chain links will recurrently be released from a

sprocket to enter the connecting span and seated on a sprocket, thereby being

removed from the connecting span; these seat and release configurations are

referred to with subscripts r and s, respectively.
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Figure 1: Kinematic model of a chain drive consisting of two sprockets connected by tight

spans a and b of instantaneous length la and lb, respectively. The driver sprocket C rotates

counter-clockwise.

A sprocket with n teeth is modeled as a pitch polygon with n sides

of length p, where p is the chain pitch length. A chain roller seated on

a sprocket is positioned such that the center of the sprocket seating curve

and the roller center traces out the pitch circle with radius R = p/(2 sinα),

circumscribing the pitch polygon. The circle inscribed of the pitch polygon

has radius r = p/(2 tanα) and the pitch angle is given by α = π/n, making

the angle between two seated rollers 2α.

The origin of the inertial X,Y coordinate system coincides with the

center of sprocket O. It is orientated such that the X-axis is parallel with

the upper tangent tu which is common to the two inscribed circles. The

center position of sprocket C is (xc, yc), where

xc = (N + 1 + f)p, yc = ro − rc. (1)

By this definition of xc, two parameters have been introduced: The number
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of chain links N ∈ N and the pitch fraction f ∈ [0, 1[. For the lower span,

the X ′, Y ′ coordinate system has its origin coinciding with the center of

sprocket C, and is orientated such that the X ′-axis is parallel to the lower

tangent tl.

For real chain drives, a chain wrapped around two sprockets must contain

an inter number of chain pitches. Therefore the pitch fraction f will not be a

parameter than can be chosen independently when the spans form straight

lines, since the shaft center distance OC must be adjusted to obtain the

desired pretension of the chain.

It is necessary to determine the seating and release configurations, as

these are required for calculating the chain wrapping length. Seating and

release configurations for the upper and lower span can be determined ac-

cording to [7]: By considering the two sprockets to be connected by one

span only, the seating and release configurations are determined from the

kinematic analysis of the resulting four-bar mechanism. Following [7], the

upper span seating and release configurations are: (θas, ϕas) and (θar, ϕar),

and similarly for the lower span, (θ′bs, ϕ
′
bs) and (θ′br, ϕ

′
br). These seating

and release configurations are determined in the X,Y and X ′, Y ′ coordinate

systems, respectively.

It is also necessary to determine the driven sprocket angular position and

the span length la as a function of the driver angular position, as it is required

for calculating the chain wrapping length. The kinematic motion of the four-

bar mechanism with span a can determined according to [7]: By considering

the two sprockets to be connected by span a only, the angular position of

the driven sprocket can be determined as a function of the angular position

of the driver sprocket, i.e. ϕ = ϕ(θ). Also, the span length la = la(θ) can be

determined according to [7]. The span length la varies discontinuously with
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the driver angular position, because links enter and leave the span. Here,

and in the following, a variable marked with prime denotes angles given in

the X ′, Y ′ coordinate system. In the following, a procedure for determining

the lower span length lb will be given.

2.3. Calculating the lower span length

It is convenient to consider one period of the angular motion to start

from θas, the configuration where a roller from the span a seats on the

driver sprocket. The upper span length varies according to

la = (N + 1 + h)p, h =

 0 for θas ≥ θa ≥ θar,

1 for θar ≥ θa ≥ θas + 2αc.
(2)

Note that θ and ϕ decrease as the sprockets rotates in clockwise direction.

The angle between the two coordinate systems is π+β, where β is given by

β = 2arccos
(
xc/|OC|

)
. (3)

The seating and release configurations provides limits for the angles to the

span endpoints. Expressing these limits in the X,Y coordinate system gives

θa ∈ [θas − 2αc, θas], (4)

ϕa ∈ [ϕar, ϕar + 2αo], (5)

θb ∈ [θ′br + π + β, θ′br + π + β + 2αc], (6)

ϕb ∈ [ϕ′bs + π + β − 2αo, ϕ
′
bs + π + β]. (7)

These limits will be used to determine the number of rollers seated on the

two sprockets. Expressing the angels to span b in terms of the angles to

span a and integer increments of 2α gives

θb = θa + 2αcn̂c, (8)

ϕb = ϕa + 2αoňo − 2hαo, (9)
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where the function h ensures that ϕb decrease continuously, as ϕa jumps

discontinuously when a roller is released from the driven sprocket at ϕar.

In (8)-(9) the total number of sprocket seating curves has been split into

being either free or occupied by a chain roller, i.e.

n = ň+ n̂, ň, n̂ ∈ N, (10)

where the number of seating curves with a roller seated is ň and the number

of seating curves with no roller seated is n̂. Substituting (8) into (6) gives

the number of free seating curves on the driver sprocket:

θ′br − θa + π + β

2αc
≤ n̂c ≤

θ′br − θa + π + β

2αc
+ 1. (11)

Similarly, by substituting (9) into (7) the number of rollers seated on the

driven sprocket can be determined from

ϕ′bs − ϕa + π + β

2αc
− 1 + h ≤ ňo ≤

ϕ′bs − ϕa + π + β

2αc
+ h. (12)

With n̂c determined from (11), the contact angle to the lower span at the

driver sprocket can be determined from (8). The contact angle to the lower

span at the driven sprocket can be determined from (9) with ňo determined

from (12) and h given in (2). The total wrapping length of the chain is then

L = la + lb + (ňc + ňo)p, (13)

with la given by (2), ňc by (10) and the lower span length calculated from

lb =
√

(xc +Rc cos θb −Ro cosϕb)2 + (yc +Rc sin θb −Ro sinϕb)2. (14)

In summary, the total length L of the chain wrapping around both sprockets

was determined by assuming that only span b could deform. Because the

lower span length varies as the sprockets rotate, it has been shown that a
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roller chain drive with tight spans must in general include compliant com-

ponents to function. To improve the quantitative estimate of the wrapping

length variation, the deformation of the other chain drive components should

be included, i.e. the deformation of the both spans, and the deformation of

chains wrapped on elastic sprockets [33, 34, 35]. The above analysis serves as

an initial investigation of this effect of polygonal action, which has not been

treated previously. Lastly, the kinematic configuration of all the chain drive

components determined when the wrapping length equals an integer num-

ber of chain pitches is exact. This is useful for initializing e.g. multi-body

simulations of roller chain drives.

3. Example results of the kinematic analysis

Twelve different chain drive configurations are used to present results

for the calculation of the wrapping length, with ID and properties as listed

in Table 1. For a given pitch length p, number of teeth nc, no, span length

given by N and pitch fraction f , the sprocket center positions can be found

from (1). The tight span length la can be determined from (2), and the

total number of links in the chain is given by M . Calculated values for

the minimum, mean and maximum wrapping length obtained from (13) are

presented, all nondimensionalized with the pitch p. Configuration C1 has

been subject to experimental measurements of ”angular displacement error”

[5] as well as kinematic studies of driven sprocket angular motion [7]. Note

from Table 1, that if both chain spans are to be in tension for a given

configuration, the pitch fraction f cannot be chosen freely.

Figure 2 shows how the wrapping length varies during one tooth period

for the configurations in Table 1. In general, the magnitude of the wrapping
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Table 1: Chain drive configurations

ID nc no N M f Lmin/p Lmean/p Lmax/p

A1 6 12 4 20 0.3325 20.0020 20.0200 20.0411

A2 8 28 0.4066 28.0027 28.0162 28.0329

A3 16 44 0.4516 44.0046 44.0130 44.0236

B1 12 12 8 31 0.5015 31.0030 31.0032 31.0034

B2 16 46 0.0024 46.0048 46.0048 46.0048

B3 24 63 0.5032 63.0064 63.0065 63.0066

C1 12 18 11 40 0.4302 40.0040 40.0091 40.0149

C2 22 62 0.4655 62.0066 62.0100 62.0138

C3 33 84 0.4786 84.0085 84.0110 84.0138

D1 24 32 16 63 0.4106 63.0064 63.0079 63.0094

D2 24 79 0.4408 79.0080 79.0095 79.0112

D3 32 95 0.4569 95.0097 95.0111 95.0126

length variation is seen to decrease as the number of sprocket teeth and

span length is increased. For the special configuration B where nc/no = 1,

it is seen from Figure 2(b) that the length variation decreases significantly,

and vanishes completely for configuration B2, where the number of links M

equals an even number and f ≃ 0. Except for configurationsB, the wrapping

length variation resembles a harmonic function, albeit the variations are not

completely symmetric. A time-varying wrapping length demonstrates that

a chain drive with tight spans must generally include compliant components

to function.
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Figure 2: Chain wrapping length variation L−Lmean normalized by pitch p for one tooth

period. Configurations A-D are shown in figures (a)-(d), respectively. The line types (—),

(−−) and (− · −) identify the, short, medium and long span lengths, respectively.

4. Wrap length comparison with multi body simulation

The kinematic analysis is based on a simplified model of a chain drive and

the results describe the motion when deformations, clearances, dissipation

and dynamics are neglected. In order to access the potential similarity with

chain drives in operation, the kinematic results are compared with results

from multibody simulations, which includes both greater detail of the chain

drive geometry and dynamic effects. The multibody simulations are carried

out using a simulation program developed by Pedersen et al. [8], which
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includes a detailed modeling of the tooth geometry and the flexible contact

between teeth and chain rollers [9].

In the multibody model, the mass of the chain is assumed to be lumped

at the roller locations, and the rotational inertia of the rollers about their

centre of gravity is ignored. Springs and dampers with constant stiffness and

damping coefficients model the links. Clearances between pin and bushing

are neglected. Tooth geometry in the simulation program used to produce

the results presented here is Type II per ASA B29.1-1950. For this compar-

ison the chain drive configuration C1 is used, which has also been analyzed

experimentally [5]. Full details of the simulation parameters are compre-

hensive to present and only the main dynamic parameters are given: Chain

pitch 0.0254m, link stiffness 0.221GN/m, link mass 0.066kg, link damp-

ing 0.01Ns/m, driven sprocket rotational inertia 0.046kgm2 and rotational

damping 0.1Nms/rad. The driver angular velocity is constant at 10, 100

and 300 rpm, and the simulations show no significant vibratory response of

the chain spans or driven sprocket at these driver velocities.

Analytical predictions of the wrapping length given by (13) are compared

to the results of multibody simulation and presented in Figure 3. It is seen

that the minimum wrapping length predicted by the kinematic analysis is

in excellent agreement with the simulation results. The wrapping length

variation shows resemblance to harmonic functions, and the simulation and

analytical results are in very good qualitative agreement. Quantitatively,

the kinematic analysis predicts an amplitude of the wrapping length which

is about a two times larger than what is observed in the simulation results.

One reason for this could be that the multibody model allows for indentation

of the rollers into the sprockets. Finally, it is seen that the phenomena

is not limited to quasi static (low speed) operation of the chain drive, as
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the simulation results for 10, 100 and 300 rpm all shows a tooth periodic

variation of the wrapping length. As the driver velocity increases there

is seen to be a slight increase in the minimum wrapping length, and one

explanation for this could be an increased axial tension of the chain due to

centrifugal effects.

0 0.5 1 1.5 2

40.004

40.01

40.016

t/T

L
/
p

Figure 3: Normalized chain wrapping length L/p for configuration C1 for two tooth pe-

riods. Results in broken lines (−−), (− · −) and (· · ·) identify results from multibody

simulation at a driver speed of 10, 100 and 300 rpm, respectively. The analytical predic-

tion of the wrapping length is independent of the driver speed and is shown with a solid

line (—).

During installation of real chain drives, i.e. when the drive is stationary

and unloaded, the span tension will depend on the angular position of the

driver sprocket. During operation the axial force is then expected to vary pe-

riodically with the tooth frequency. The effect appears here for chain drives

with only two sprockets, but is also expected for chain drive configurations

with more sprockets and spans, and should also not be limited to low-speed

chain drives. We hypothesize that multiple sprockets can be positioned to

either attenuate or amplify the effect of a variable wrapping length. If this
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is the case, careful positioning of e.g. a tensioner sprocket could possibly

neutralize the effect of a variable wrapping length, and allow for a constant

span tension even for chain drive configurations where the sprockets have

few teeth.

5. Dynamic modeling and analysis

First a model is derived which is capable of representing the coupling be-

tween the chain span transverse vibrations with the driven sprocket angular

vibration. Then we present approximate solutions for the longitudinal dis-

placements, and perform a mode shape expansion leading to coupled equa-

tions of motion of the tight span, the slack span and the driven sprocket.

This resulting 3-DOF model is analyzed using the method of multiple scales,

and three example results are presented.

The tight- and slack chain spans are assumed to have axial tension P, P̃ >

0, respectively, thereby providing elastic coupling across the driven sprocket.

In real applications of roller chain drives such as low speed marine engines,

the roller chain is pretensioned in this way in order to minimize chain span

transverse vibrations. Pretension is achieved by the positioning of a fixed

tightener sprocket, ensuring that all chain spans in the drive are in positive

tension. However, the choice of pretension giving the optimal vibration

suppression at various operating conditions is not well understood, and in

some designs guide-bars must be applied to limit transverse vibrations.

In roller chain drives both ends of the chain spans are subjected to trans-

verse excitation from chain and sprocket meshing. Axial excitation of the

chain span coming from polygonal action, non-uniform motion of the driver

sprocket, and external loading of the driven sprocket will be included.
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Throughout the modeling and analysis we identify prescribed external

forcing to be included in the multiple scales analysis by a star ( )∗. Whenever

possible, we do not present equations for the slack span, as for P̃ > 0 they

are equivalent to equations for the tight span. Parameters and variables for

the slack span are identified by a tilde (̃ ), and their definitions are equivalent

to the similar variables for the tight span without a tilde.

5.1. Dynamic model

A simple model consisting of two sprockets is considered, with gravity

ignored. The local coordinate systems and definitions of displacements are

shown in Figure 4. The dependent variables U, Ũ , Ŵ , ˆ̃W and θ1 are the

displacements measured at a steady state of operation, i.e. the particular

solution of the forced response, calculated when the mean of the input torque

M2 equals the mean of the output torque M1.

The motion of the driving sprocket is assumed to be given, i.e. θ∗2 is a

known function of time. This represents the case where angular motion of

e.g. a crankshaft is given, and the crankshaft kinematically forces the chain

drive, as is relevant with combustion engines, where the chain drive powers

auxiliary equipment requiring only a small fraction of the power required

at the main output. For example with ship propulsion engines, the chain

drive powering the hydraulic pumps is driven directly by the crankshaft, and

consumes only about 1% of the power required for driving the propulsion

propeller.

At steady state the input torque balances the output torque, such that

there is no net transient acceleration and change of velocity of the drive.

This is equivalent to the chain drive operating at nominal angular velocity

[24]. Assuming the initial total span (pre)tension Ptot = Ppre + P̃pre at zero
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Figure 4: Mechanical model of a chain drive system with two sprockets

external load and zero angular velocity to be known, as well as the nominal

span velocity S and input torque M̂2, the longitudinal forces at steady state

operation are, for the upper and lower spans

P0 =
1
2(Ptot + M̂1/R1), (15)

P̃0 =
1
2(Ptot − M̂1/R1). (16)

The output torque M̂1 can me modeled as comprised of a constant (brake)

load f̂1, rotational viscous damping d̂1, and a time dependent torque M̂∗
1 (t),

where t is time

M̂1 = d̂1S/R1 +R1f̂1 + M̂∗
1 . (17)

For M̂∗
1 = 0 (15)-(16) with (17) demonstrate how the nominal tension of

the chain spans varies with initial pretension, operating speed, and constant

external load. Centrifugal forces are not included in this model, which could

be relevant for high-speed roller chain drives, and we note that chain wear

corresponds to a reduction of Ptot.
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In the following section, the equations of motion for the chain spans are

derived using Hamiltons principle. For the driven sprocket, the equation of

motion will be derived using Newtons 2nd law. The governing equations are

formulated such that the driven sprocket motion couples the tight and slack

span motion through their boundary conditions.

5.2. Equation of motion for the chain spans

The roller chain is modeled as an axially moving string supported by

moving boundaries, as illustrated in Figure 5. The coordinate system X,Y

is inertial and the moving string endpoint displacements are prescribed from

the axial positions X1(T ) and X2(T ). In a chain drive, the chain span

travels in the axial direction with the span endpoint constituted by the

rollers seated on the rotating sprocket which has a neighboring roller in the

free span. As the sprockets rotate, chain links recurrently enter and leave

the span. Therefore the positions of the span endpoints from which the

displacements are prescribed moves instantly at these events cf. Figure 1.

Consequently, the amount of string material within the boundaries varies,

as we see from the periodically varying span length given by (2) for the tight

span. To model this, it is necessary to allow the position from which the

span endpoint displacements are prescribed from to be functions of time;

X1(T ) and X2(T ) models this. Between the seating and release events, the

distance X2(T ) − X1(T ) equals the span length, and the boundaries move

in the positive x-direction at nominal speed S ≥ 0.

From the moving span endpoint axial positions X1, X2, we denote the

span endpoint longitudinal displacements by U1(T ), U2(T ), respectively. In

the transverse direction, the string endpoint displacements are given by

Y1(T ), Y2(T ).
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Figure 5: Axially moving chain span supported by moving boundaries

The string is assumed to have constant axial stiffness EA and mass per

unit length ρA, and is subjected to axial tension P > 0. Longitudinal and

transverse displacements of the string are denoted by U(X,T ) and Ŵ (X,T ),

respectively, while out of plane motion is not considered. Both longitudinal

and transverse displacements is possible at the moving span endpoints, i.e.

the boundary conditions are inhomogeneous:

U(X1(T ), T ) = U1(T ), U(X2(T ), T ) = U∗
2 (T ) (18)

Ŵ (X1(T ), T ) = Y1(T ), Ŵ (X2(T ), T ) = Y2(T ). (19)

Kinematic forcing from the angular motion of the driver sprocket is assumed

prescribed and identified by a star, U∗
2 .

The axial and transverse velocity components are U,T +S(1 +U,X ) and

Ŵ ,T −SŴ ,X , respectively. With this, the kinetic energy of the string is

K(T ) =
ρA

2

∫ X2(T )

X1(T )

((
U,T +S(1 + U,X )

)2
+

(
Ŵ ,T −SŴ ,X

)2)
dX. (20)

Since X2(T )−X1(T ) is not constant for all T , the amount of string material

within the boundaries varies, and we can investigate the effect of a chain

span having a time-varying length. When P0 is the mean over time of the

axial force P , the mean axial strain is e0 = P0/EA, and the total strain is
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e0 + e(X,T ). The approximate nonlinear measure for the dynamical strain

is [15]:

e(X,T ) = U,X +1
2Ŵ ,X . (21)

Using this, the potential energy associated with elastic string deformation

is

V (T ) =
EA

2

∫ X2(T )

X1(T )

(
P0

EA
+ U,X +1

2Ŵ ,2X

)
dX, (22)

where K(T ) and V (T ) are most accurate when |Ŵ ,X | = |U,X | = O(ε),

ε ≪ 1 and U = O(Ŵ 2), such that nonlinear strain deriving from U is

negligible. The equations of motion and the associated boundary conditions

can be derived using Hamilton’s principle,

δ

∫ T2

T1

(K − V )dT = 0. (23)

By specifying the motion at the boundaries, and requiring the virtual

displacements to be kinematically admissible, the displacement variations

at the boundaries where motion is prescribed is zero; this ensures that the

virtual work done at either boundary is zero [36]. The actual work done by

the boundaries is not zero, and not required to be [37]. The total mechan-

ical energy is not constant, even for fixed boundary conditions [38]. But

the application of Hamiltons principle presupposes the applied forces to be

derivable from a potential; it does not require constant energy. Non-constant

energy is usually associated with damping (or external non-potential forces),

but there are no dissipative forces in the system so far, and the equations of

motion can be derived using (23).

Since the limits of integration in (20) and (22) are time dependent, the

usual process of deriving the governing equations [10] using integrations

by parts is not possible, and the use of Leibniz rule for differentiation of
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integrals is required, as in [39]. This gives:

ρA(U,TT +2SU,XT +S2U,XX )− EA(U,X +1
2Ŵ ,2X ),X = 0, (24)

ρA(Ŵ ,TT +2SŴ ,XT +S2Ŵ ,XX )− EA
(
Ŵ ,X (U,X +1

2Ŵ ,2X +
P0

EA
)
)
,X = 0,

(25)

with boundary conditions given by (18)-(19). The functions U1(T ) and

U∗
2 (T ) relates to the non-constant angular motion of the driven and driver

sprockets, respectively; U∗
2 (T ) is assumed to be given, and U1(T ) will be

formulated in terms of the angular displacements of the driven sprocket in

section 5.5. Equations (24)-(25) are non-dimensionalized with all lengths

measured relative to the length l,

(x, u, ŵ, x1, x2, y1, y2) =
(X,U, Ŵ ,X1, X2, Y1, Y2)

l
, (26)

where l = |OC|, and time is non-dimensionalized by the fundamental fre-

quency of a fixed-fixed string of length l under constant axial tension Pt,

t =

√
Pt
ρAl2

T. (27)

Here we do not specify Pt, as the convenient choice for Pt depends on the

object of the analysis; e.g. engine builders usually normalize to the driver

frequency, in which case Pt can be chosen accordingly. The corresponding

non-dimensional equation of motion for the transverse motions ŵ of the tight

span becomes

ŵ,tt+2sŵ,xt+s
2ŵ,xx−α

(
ŵ,x (u,x+

1
2 ŵ,

2
x+γ)

)
,x= 0, (28)

while longitudinal motions u of the tight span are governed by

u,tt+2su,xt+s
2u,xx−α(u,x+1

2 ŵ,
2
x ),x= 0, (29)
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where dimensionless parameters have been introduced as

s =
S√
Pt
ρA

, α =
EA

Pt
, γ =

P0

EA
, γ̃ =

P̃0

EA
. (30)

Note that, if Pt = P , then αγ = 1 and αγ̃ = P̃ /P . The non-dimensional

boundary conditions are

ŵ(x1(t), t) = y1(t), ŵ(x2(t), t) = y2(t), (31)

u(x1(t), t) = u1(t), u(x2(t), t) = u∗2(t), (32)

where u1 depends on the driven sprocket angular displacements and u∗2 is

given by the driving sprocket angular displacements.

5.3. Solution for the longitudinal displacement and axial tension

The transverse wave speed for a roller chain under axial tension P0 and

mass per unit length ρA is cw =
√
P0/ρA. The natural frequencies of a

stationary (s = 0) fixed-fixed string with length l are ncw/2l, n = 1, 2, . . ..

Assuming EA and ρA to be constant, the longitudinal wave speed is cu =

EA/ρA. The analysis is restricted to roller chain spans operating under low

or moderate loads, and with a maximum allowable tension Pmax being small

compared to the axial stiffness EA. The longitudinal waves propagate much

faster than the lower transverse waves, and the influence of longitudinal in-

ertia is small. Under this assumption the axial force is only time dependent,

i.e. N,x= 0.

The instantaneous axial tension N can be identified from (28) as the

coefficient to ŵ,xx:

N(x, t) = α(u,x+
1
2 ŵ,

2
x+γ)− s2. (33)
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Using N,x= 0 gives

(u,x+
1
2 ŵ,

2
x ),x= 0, (34)

which shows that the strain is also constant along the axial direction, e,x=

0. Integrating (21) with the boundary conditions (32), the axial dynamic

dynamic strain becomes:

e(t) =
u∗2(t)− u1(t) +

1
2

∫ x2(t)
x1(t)

ŵ,2x dx

x2(t)− x1(t)
. (35)

Integrating (21) from x1(t) to x gives the solution for the axial displacement

u(x, t) = u1(t) + e(t)
(
x− x1(t)

)
− 1

2

∫ x

x1(t)
ŵ,2x dx. (36)

Which shows how u depends nonlinearly on the transverse motion ŵ,x. The

axial force is then given by

N(t) = α
(
e(t) + γ

)
− s2, (37)

which becomes useful when deriving the equation of motion for the driven

sprocket.

5.4. Obtaining homogeneous boundary conditions for the transverse motion

To obtain homogeneous boundary conditions we employ a linear trans-

formation

ŵ(x, t) = w(x, t) + y1(t)
(
1− x

)
+ y2(t)x. (38)

Substituting into (28) and (35) for the dynamic strain, the equation of trans-

verse motion becomes

w,tt+2sw,xt−(αγ−s2)w,xx−αe(t)w,xx= −y,tt (1−x)−y2,tt−2s(y2,t−y1,t ),

(39)
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with boundary conditions

w
(
x1(t), t

)
= 0, w

(
x2(t), t

)
= 0. (40)

Although homogeneous, the boundary conditions are specified from a mov-

ing position. For roller chain drives the change in span endpoint position

is small compared to the span length; it is therefore reasonable to limit the

analysis to small axial variations of the support positions. They are assumed

to be of the form

x1(t) = ε∆x1(t), x2(t) = 1 + ε∆x2(t), (41)

where ε ≪ 1 denotes smallness of terms. Taylor expanding the boundary

conditions (40) around x = 0 and x = 1 gives

w(x1(t), t) = w(0, t) + ε∆x1(t)w(0, t),x+O(ε2) (42)

w(x2(t), t) = w(1, t) + ε∆x2(t)w(1, t),x+O(ε2). (43)

When deriving the kinetic and potential energies it was used that |U,x | =

|Ŵ ,x | = O(ε), which is fulfilled when |w,x | = O(ε). Then (42)-(43) reduce

to

w(x1(t), t) = w(0, t) +O(ε2), (44)

w(x2(t), t) = w(1, t) +O(ε2). (45)

For roller chain drives the transverse displacements of the chain span end-

points is also small compared to the span length, and it is reasonable to

specify the displacements of the boundaries to satisfy |y2 − y1| = O(ε) and

|x1 − x2| = O(1). Then the dynamic strain (35) reduces to

e(t) = u∗2 − u1 +
1
2

∫ 1

0
w,2x dx+O(ε2), (46)
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and the equation of motion for the transverse motion of the tight span

becomes

w,tt+2sw,xt−(αγ − s2)w,xx−εα
(
u∗2 − u1 +

1
2

∫ 1

0
w,2x dx

)
w,xx

= −y1,tt (1− x)− y2,tt x− 2s(y2,t−y1,t ) +O(ε2). (47)

with boundary conditions

w(0, t) = 0 +O(ε2), (48)

w(1, t) = 0 +O(ε2). (49)

Thus, the effect of boundary positions moving in the axial and transverse

direction by a small amount O(ε) leads to a second order effect in the equa-

tion of motion and boundary conditions for transverse vibrations of the chain

span.

5.5. Driven sprocket equation of motion

For the driven sprocket it is assumed that the sprocket center is fixed

such that only rotation around the sprocket center is possible. The equation

of motion can be obtained using Newton’s second law, which gives

Ĵ1θ1,TT +d̂1θ1,T = R1(N − Ñ) + M̂1, (50)

where Ĵ1 is the mass moment of inertia for the driven sprocket and attached

machinery, d̂1 is the coefficient of viscous rotational damping of sprocket

motion, M̂1, is the externally applied torque, and N, Ñ are the axial reaction

forces from the upper and lower chain span, respectively. Assuming a purely

kinematic relationship between the sprocket angular displacements θ1,2∗ and

the span endpoint longitudinal displacements u1,2∗ allows us to write

θ1 =
l

R1
u1, θ∗2 =

l

R2
u∗2. (51)
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Inserting this, and using (27) and (33) gives

Ju1,tt+du1,t= α

(
u,x+

1
2 ŵ,

2
x+γ − s2

α

)
− α

(
ũ,x+

1
2
ˆ̃w,2x+γ̃ − s2

α

)
+M1,

(52)

where

J =
Ĵ1

ρAlR2
1

, d =
d̂1

R2
1

√
ρAPt

, M1 =
M̂1

R1Pt
. (53)

When the mean axial forces P and P̃ in (30) are chosen such that they

balance the nominal output torque (17), (52) reduces to

Ju1,tt+du1,t= α(u,x+
1
2 ŵ, x

2)− α(ũ,x+
1
2
ˆ̃w,2x ) +M∗

1 (t), (54)

where M∗
1 (t) is the time dependent driven sprocket torque with zero mean.

The two terms multiplied by α can be recognized to be the dynamic axial

strains of the upper and lower spans. Under the already made assumptions of

e,x= 0 and small endpoint displacements these are given by (46). Assuming

rigid connection of the upper and lower span across the sprocket, i.e.

u1 = −ũ1, u∗2 = −ũ∗2, (55)

and inserting the dynamic strains given by (46), using (55) to eliminate

ũ1, ũ2, (54) becomes

Ju1,tt+du1,t+2αu1 = 2αu∗2 +
α

2

∫ 1

0
(w,2x−w̃,2x )dx+M∗

1 (t). (56)

This is an inhomogeneous ordinary second order differential equation for

the driven sprocket angular displacements u1 measured from steady state

operating conditions. The equation is nonlinearly coupled to the upper and

lower span transverse displacements w and w̃.
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5.6. Mode shape expansion

Because the main focus is to study the coupling between the two spans

and the driven sprocket it is chosen to use stationary mode shapes for the

discretization of the equations governing the transverse vibrations of the

string. As noted in the introduction, using complex mode shapes provides a

better basis for estimating parametric instability. However, to simplify the

algebra and produce results which are more easily interpreted, and still valid

at lower speeds s, (47) is discretized using the standard Galerkin method

with test functions chosen as mode shapes for transverse vibrations of an

axially non-moving uniform string:

w(x, t) =

N∑
n=1

ξn(t)ϕn(x), ϕn(x) = sinnπx. (57)

Following the standard Galerkin procedure, the equation governing the modal

amplitudes ξm, m = 1, 2, . . . , N becomes

ξm,tt+2sCmnζm,t+(αγ−s2)(mπ)2ξm+α(mπ)2
(
u∗2−u1+1

4

N∑
n=1

ξ2n(nπ)
2
)
ξm

= −(y1,tt−2s(y2,t−y1,t ))Gm + (y1,tt−y2,tt )Em, (58)

where

Cmn =
2mn (1− (−1)m+n)

m2 + n2
, Gm =

2 (1− (−1)m)

mπ
, Em =

−2(−1)m

mπ
. (59)

It is seen here that the non-linear term introduces modal coupling. The

Coriolis term (with Cmn) will only be included with an expansion including

an even and an odd mode.

5.7. Single mode approximation

For the purpose of this analysis, where there is modal coupling between

the tight and slack span, only a single mode expansion will be used for
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each span. For a single m mode, the equation for the corresponding modal

coordinate becomes:

ξm,tt+2µmξm,t+ω
2
mξm + εαm

(
u∗2 − u1 + p∗o(t)

)
ξm + εκmξ

3
m

= −(y1,tt−2s(y2,t−y1,t ))Gm + (y1,tt−y2,tt )Em, (60)

where

ω2
m = (αγ − s2)(mπ)2, αm = (mπ)2α, κm = 1

4(mπ)
4α, (61)

linear modal damping with coefficient 2µm has been added, and axially

varying tension coming from the varying wrapping length as specified by

the function p∗o(t) has been included.

5.8. Modeling transverse excitation

The span endpoint positions y1, y2 follows curves which resemble a cy-

cloid. At the instant where a roller enters (or leaves) the chain span, the

projections of the nominal tangential velocity s in the y-direction changes

discontinuously, cf. Figure 1. Therefore, the endpoint transverse velocities

are non-smooth in time, and the span endpoint accelerations also jumps

discontinuously in time, which leads to impulsive loading of the chain spans

from meshing. The external non-dimensional modal forcing fm depends on

the transverse velocity and acceleration of the span endpoints, and is given

by the right hand side of (60):

fm(t) = −(y1,tt−2s(y2,t−y1,t ))Gm + (y1,tt−y2,tt )Em, (62)

where Gm = 0 for m even, while Em ̸= 0 for all m. To represent the

impulsive loading at the span endpoints, the acceleration jumps are modeled
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using Dirac pulse trains,

y1,tt=
∞∑

j=−∞
Q1δ(t− jτo), y2,tt=

∞∑
j=−∞

Q2δ(t− (ψ + j)τo), (63)

where τo =
√
Pt/ρAl2(n2f2)

−1 is the non-dimensional tooth period, f2 is the

driver frequency in Hz, and n2 the number of teeth on the driver sprocket.

The acceleration jump at the driven sprocket Q1 occurs at the instant where

a roller is released from the sprocket. Similarly, the acceleration jump Q2

occurs at the instant where a roller seats on the driver sprocket. The Dirac

pulses of the two endpoint accelerations are separated in time by a phase

ψ, which relates to the shaft center distance, specifically the pitch fraction

f [7]. Assuming the span to remain straight, the relative velocities between

two neighbouring rollers at the instant of seating and release, respectively,

are given by

Q1 = 2s sinα1 =
sp

R1
, Q2 = 2s sinα2 =

sp

R2
, (64)

where α1, α2 are the pitch angles, R1, R2 are the pitch circle radius, p is

the pitch length, and it has been used that R1 = p/(2 sinα1) and R2 =

p/(2 sinα2). The same relative velocities are used in [32] for the study

of impact between a roller seating at the driver sprocket. It is seen from

(64) that increased sprocket radius, shorter pitch length and lower velocities

reduce the endpoint acceleration discontinuities. Assuming the acceleration

terms to be dominating, the terms proportional to s are neglected in (62),

and the approximation of the modal forcing becomes

fm(t) = (Em−Gm)

∞∑
j=−∞

Q1δ(t− jτo)−Em

∞∑
j=−∞

Q2δ(t− (ψ+ j)τo). (65)
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Since the forcing is time-periodic, it can be written as a (complex-valued)

Fourier series,

fm(t) =

∞∑
p=−∞

kpe
i2πpt/τo , (66)

where

kp =
1

τo

(
(Em −Gm)Q1 − EmQ2e

−i2πpψ). (67)

The Fourier coefficients have the same value for all p, due to the properties

of the Dirac pulse train. The coefficient kp is complex, due to the phase ψ

and forcing can be obtained as the real part of (66). For high-speed drives,

the loading coming from Q2 will be dominant, as intertial forces reduce

the discontinuous velocity jump at the driven sprocket. The approximate

forcing introduced here is suitable for the purpose of investigating the tooth-

periodic impulsive loading inherent to chain drives; shown here to lead to

multi-frequency external transverse excitation.

5.9. Multiple scales perturbation analysis

The vibrations of the chain spans and the driven sprocket are governed

by coupled non-linear equations. To analyze the dynamics of this system the

Method of Multiple Scales is employed. This relies on the sorting of terms

into orders of magnitude, and the results and solution procedure depends on

this ordering. Here, aiming at identifying and analyzing possible resonance

conditions, we assume damping, parametric coupling and excitation to be

weak, as well as non-linearity, and the forcing on the chain spans from

impact loading. Under these assumptions, with smallness of terms identified

by a book keeping parameter ε≪ 1, the governing equations for transverse

vibrations of the upper and lower span given by (60) with external forcing

33



(66), and rotational vibrations of the driven sprocket (56) are:

ξm,tt+2εµmξm,t+ω
2
mξm + εαm

(
u∗2 − u1 + p∗o(t)

)
ξm + εκmξ

3
m

= ε

∞∑
j=−∞

kme
ijΩot, (68)

ξ̃n,tt+2εµ̃nξ̃n,t+ω̃
2
nξ̃m + εα̃n

(
u1 − u∗2 + p∗o(t)

)
ξ̃n

+ εκ̃nξ̃
3
n = ε

∞∑
j=−∞

k̃ne
ijΩot+ϕ, (69)

u1,tt+2εµθu1,t+ω
2
θu1 + εη̃nξ̃

2
n − εηmξ

2
m = εω2

θu
∗
2 + εM∗

1J
−1, (70)

where (57) has been inserted in (56), Ωo = 2π/τo, a phase ϕ ∈ [0, τo] has

been introduced between the upper and lower span external loading (which

depends on the chain drive configuration), and

2µθ =
d

J
, ωθ =

√
2α

J
, ηm =

α(mπ)2

4J
, η̃n =

α(nπ)2

4J
. (71)

We seek solutions in the form of uniformly valid expansions:

ξm(t) = q0(T0, T1) + εq1(T0, T1) +O(ε2), (72)

ξ̃n(t) = q̃0(T0, T1) + εq̃1(T0, T1) +O(ε2), (73)

u1(t) = ν0(T0, T1) + εν1(T0, T1) +O(ε2), (74)

where T0 = t and T1 = εt is the slow time. Substituting into (68)-(70) and

equating to zero like powers of ε gives, to order ε0:

D2
0q0 + ω2

mq0 = 0, (75)

D2
0 q̃0 + ω̃2

nq̃0 = 0, (76)

D2
0ν0 + ω2

θν0 = 0, (77)
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where Di
i ≡ ∂j/∂T ji , and to order ε1:

D2
0q1 + ω2

mq1 = −2D0D1q0 − 2µmD0q0 + αm(ν0 − u∗2 + p∗o(T0))q0

− κmq
3
0 +

∞∑
j=−∞

kme
ijΩot, (78)

D2
0 q̃1 + ω̃2

nq̃1 = −2D0D1q̃0 − 2µ̃nD0q̃0 + α̃n(u
∗
2 − ν0 + p∗o(T0))q̃0

− κ̃nq̃
3
0 +

∞∑
j=−∞

k̃ne
ijΩot+ϕ, (79)

D2
0ν1 + ω2

θν1 = −2D0D1ν0 − 2µθD0ν0 + ηmq
2
0 − η̃nq̃

2
0 + ω2

θu
∗
2 +M∗

1 /J. (80)

The general solutions to (75)-(77) are

q0 = A(T1)e
iωmT+ + cc, (81)

q̃0 = Ã(T1)e
iω̃nT+ + cc, (82)

ν0 = V (T1)e
iωθT0 + cc, (83)

where the unknown functions A, Ã, V are complex functions of slow time to

be determined, and cc complex conjugates of preceeding terms.

So far, the parametric excitation p∗o(t), the kinematic forcing of the driver

sprocket u∗2(t) and the external excitation of the driven sprocket M∗
1 (t) has

been assumed to have a zero mean, but otherwise arbitrary. Assuming each

of them to be mono-frequency harmonic,

p∗o = p0 cos(Ω0T0), (84)

M∗
1 /J = p1 cos(Ω1T0), (85)

u∗2 = p2 cos(Ω2T0), (86)
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and substituting (81)-(83) into (78)-(80), gives

D2
0q1 + ω2

mq1 =
1

2
km − (2iωmA

′ + 2iµmωmA+ 3κmA
2Ā)eiωmT0

+ αm(AV e
i(ωm+ωθ)T0) + ĀV ei(ωθ−ωm)T0)

− 1

2
αmp2(Ae

i(Ω2+ωm)T0 + Āei(Ω2−ωm)T0)

+
1

2
αmp0(Ae

i(Ω0+ωm)T0 + Āei(Ω0−ωm)T0)

− κmA
3e3iωmT0 +

∞∑
j=1

kme
ijΩot + cc (87)

D2
0 q̃1 + ω̃n

2q̃1 =
1

2
k̃n − (2iω̃nÃ

′ + 2iµ̃nω̃nÃ+ 3κ̃nÃ
2 ˜̄A)eiω̃nT0

− α̃n(ÃV e
i(ω̃n+ωθ)T0) + ˜̄AV ei(ωθ−ω̃n)T0)

+
1

2
α̃np2(Ãe

i(Ω2+ω̃n)T0 + ˜̄Aei(Ω2−ω̃n)T0)

+
1

2
α̃np0(Ãe

i(Ω0+ω̃n)T0 + ˜̄Aei(Ω0−ω̃n)T0)

− κ̃nÃ
3e3iω̃nT0 +

∞∑
j=1

k̃ne
i(jΩot+ϕ) + cc (88)

D2
0ν1 + ω2

θν1 = ηmAĀ− ηnÃ
˜̄A− (2iωθ)V

′ + 2iµθωθV )eiωθT0

+ ηmA
2ei2ωmT0 − η̃nÃ

2ei2ω̃nT0 +
1

2
ω2
θp2e

iΩ2T0 +
1

2
p1e

iΩ1T0 + cc (89)

The external sources of parametric excitation of the spans are from p0 and

p2. When p1 = 0 and p0 ̸= 0 there will be parametric excitation of the

spans, and the driven sprocket is only forced by span transverse vibration.

When p1 ̸= 0 or p2 ̸= 0, there is parametric excitation of the spans and

also direct excitation of the driven sprocket. To proceed with the solution

of the coupled equations (87)-(89) it is necessary to identify resonant terms
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for each equation. For (87), certain right hand terms are resonant to the

homogeneous part under conditions of:

External resonance: jΩ0 ≈ ωm,

Primary parametric resonance: Ω2 ≈ 2ωm and/or Ω0 ≈ 2ωm, (90)

Internal two-to-one resonance: ωθ ≈ 2ωm.

Similarly for (88):

External resonance: jΩ0 ≈ ω̃n,

Primary parametric resonance: Ω2 ≈ 2ω̃n and/or Ω0 ≈ 2ω̃n, (91)

Internal two-to-one resonance: ωθ ≈ 2ω̃n,

and for (89):

External resonance: Ω2 ≈ ωθ and/or Ω1 ≈ ωθ,

Primary parametric resonance: Ω2 ≈ 2ω̃n and/or Ω0 ≈ 2ω̃n, (92)

Internal two-to-one resonance: 2ω̃n ≈ ωθ and/or 2ωm ≈ ωθ.

Thus, a multitude of resonance - and combined resonance cases exists, which

involves one, two or all three degrees of freedom q1, q̃1, and ν1. Note that

for e.g. the tight span motion q1, primary parametric and external reso-

nance coming from polygonal action (p0 and km terms) cannot exist simul-

taneously, since primary parametric resonance requires Ω0 ≈ ωm, in which

case the external forcing is has frequency jΩ0 ≈ j2ωm, i.e. non-resonant.

Primary parametric resonance of both spans simultaneously is practically

possible when there is no torque on the driven sprocket, as in the case of a

guide or coupler sprocket; under these conditions the natural frequency of

the two spans will be nearly identical, and coupling could occur across the
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driven sprocket if it is compliant. This case, as well as resonant transverse

span excitation (km terms), possibly in combination with other resonant

excitations, are left for future studies.

In the following we investigate three resonance cases which are of practi-

cal interest, but also demonstrate how the motions (de)couple in this model;

primary parametric resonance of the tight span is treated first, then external

resonance of the driven sprocket, and lastly, the two cases combined, i.e. pri-

mary parametric resonance of the tight span along with internal resonance

of the driven sprocket.

5.10. Primary parametric resonance of the tight span

This example is relevant, since it demonstrates how decoupled transverse

vibration of a single chain span, coming from a harmonic variation of axial

tension leading to parametric resonance, could be realized in a real roller

chain drive. We consider primary parametric resonance of the tight span

q1 coming from p2. There are no other external or internal resonances, and

the tight and slack span are detuned such that ωm is away from ω̃n. For

the external forcing coming from p2, the nearness to primary parametric

resonance of the tight span is quantified by a detuning parameter σ2, such

that

Ω2 = 2ωm + εσ2, (93)

Inserting into (87)-(89) and requiring secular terms to vanish gives the solv-

ability conditions:

2iωm(A
′ + µmA) + 3κmA

2Ā+ 1
2αmp2Āe

iσ2T1 = 0, (94)

2iω̃n(Ã
′ + µ̃nÃ) + 3κ̃nÃ

2 ˜̄A = 0, (95)

2iωθ(V
′ + µθV ) = 0, (96)
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where a prime denotes differentiation with respect to T1. Letting

A = 1
2ae

iφ, a, φ ∈ R, (97)

Ã = 1
2 ãe

iφ̃, ã, φ̃ ∈ R, (98)

V = 1
2ve

iρ, v, ρ ∈ R, (99)

and substituting first into (94) gives, when separating real and imaginary

parts:

a′ = −µma−
1

4ωm
αmp2a sinψ2, (100)

ψ′
2 = σ2 −

3

4ωm
κma

3 +
1

2ωm
αmp2 cosψ2, (101)

where

ψ2 = σ2T1 − 2φ. (102)

Substituting (102), (97) and (93) into (72), then gives

ξm = a cos(12Ω0T0 +
1
2ψ2) +O(ε), (103)

from which it is seen, that in seeking a stationary response of ξm where the

amplitude and phase does not change, we must require a′ = ψ′
2 = 0. In this

case (100)-(101) has a trivial solution

a = 0, cos(ψ2) =
2σ2ωm
αmp2

, (104)

that is, a solution exists for which the span does not vibrate. A non-trivial

solution also exists:

a2 =
4ωm
3κm

(
σ2 ±

√(αmp2
2ωm

)2
− 4µ2m

)
, tanψ2 =

2µm
4ωma2

3κm
− σ2

, (105)

when the following conditions are fulfilled,(αmp2
2ωm

)2
≥ 4µ2m and σ2 ±

√(αmp2
2ωm

)2
− 4µ2m ≥ 0. (106)
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For the solution of Ã we substitute (98) into (95) and readily solve to find:

ã = ã0e
−µ̃nT1 , (107)

φ̃ = φ̃0 −
3κ̃nã

2
0

µ̃nT1
e−2µ̃nT1 , (108)

where ã0 and φ̃0 are arbitrary real-valued constants. Equation (107) shows

that ã → 0 as T1 → ∞, since µ̃n > 0, and consequentially ξ̃n remain small

under the specified loading conditions. For the driven sprocket (96) gives

the solution

v = v0e
−µθT1 , (109)

ρ = ρ0, (110)

where v0 and ρ0 are arbitrary real-valued constants. Here equation (109)

shows that v → 0 as T1 → ∞, since µθ > 0. Therefore also the driven

sprocket angular displacements u1 remain small under the specified loading

conditions.

Inserting (102) and (93) in (97)-(99) and substituting according to (93) in

the oscillatory terms of (88)-(89) the solutions to (81)-(83) can be expressed

as

ξm = a cos(12Ω0T0 +
1
2ψ2) + ε

[
km
ω2
m

+
αmp2a

16ω2
m

cos(32Ω0T0 − 1
2ψ2)

+
αmp0a

Ω0(2ωm − Ω0)
cos((Ω0 +

1
2Ω2)T0 − 1

2ψ2)

− αmp0a

Ω0(2ωm +Ω0)
cos((Ω0 − 1

2Ω2)T0 +
1
2ψ2)

+
κma

3

4ω2
m

cos(32(Ω2T0 − ψ2))

+
∞∑
j=1

2km
ω2
m − (jΩ0)2

cos(jΩoT0)

]
+O(ε2), (111)
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ξ̃n = ε

[
k̃n
ω̃2
n

+
∞∑
j=1

2k̃n
ω̃2
n − (jΩ0)2

cos(jΩ0T0 + ϕ)

]
+O(ε2), (112)

u1 = ε

[
2ηma

2

ω2
θ

+
2ηma

2

ω2
θ − Ω2

2

cos(Ω2T0 − ψ2)

+
ω2
θp2

ω2
θ − Ω2

2

cos(Ω0T0) +
p1

ω2
θ − Ω2

1

cos(Ω1T0)
]
+O(ε2). (113)

By assuming the external excitation of the driven sprocket coming from p2

to be non-resonant and of order O(ε), as prescribed by the term εω2
θu2 in

(70), we in effect render the driven sprocket with a zero vibratory response,

i.e. the driven sprocket is not compliant to the driver sprocket excitation.

For this to hold in the case where the external excitation of the driven

sprocket coming from p2 is not weak, but O(1), the frequencies Ω2 and ωθ

should be so far apart that the driven sprocket forced response given by

ω2
θp2/(ω

2
θ − Ω2

2) cos(Ω2T0) becomes O(ε). With this we have demonstrated

under which conditions span vibrations decouple from the remaining system,

with the response being similar to the decoupled motion of an axially moving

string.

5.11. Primary external resonance of driven sprocket

During normal operation of a real chain drive, the nominal (angular) ve-

locity varies according to the desired operating conditions. As the excitation

from the driver is often period with the driver nominal angular velocity, it is

relevant to examine the case where the external excitation is near-resonant

to the driven sprocket, Ω2 ≈ ωθ. The other direct and parametric excitations

are assumed non-resonant. To describe the nearness of external resonance,

we introduce the detuning parameter σθ by

ωθ = Ω2 + εσθ. (114)

41



Inserting into (87)-(89) and requiring secular to terms vanish we obtain the

solvability conditions,

2iωm(A
′ + µmA) + 3κmA

2Ā = 0, (115)

2iω̃n(Ã
′ + µ̃nÃ) + 3κ̃nÃ

2 ˜̄A = 0, (116)

2iωθ(V
′ + µθV )− 1

2ω
2
θp2e

−iσθ = 0, (117)

which are decoupled. Equations (115) and (116) have the same form as (95),

thus the response for ξm and ξ̃n will decay to zero in the stationary state.

Inserting (99) into (117), and introducing

ψθ = σθT1 + ρ, (118)

the modulation equations becomes

v′ = −µθv − 1
2ωθp2 sinψθ, (119)

vψ′
θ = vσθ − 1

2ωθp2 cosψθ. (120)

Back substitution as in the previous case gives ν0 = v cos(Ω2T0 + ψθ), from

which we require v′ = ψ′
θ = 0 for stationary solutions. Using this in (119)-

(120) we note that v = 0 is not a solution, and the stationary amplitude

and phase are given by

v =
1

2

ωθp2√
µ2θ + (ωθ − Ω2)2

, tanψθ =
−µθ

ωθ − Ω2
. (121)
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With A = Ã = 0 and V given by (99) with (121)-(121) and (118), the

solution of (87)-(89) and (81)-(83) becomes

ξm = ε
[ km
ω2
m

+

∞∑
j=1

2km
ω2
m − (jΩ0)2

cos(jΩoT0) +O(ε2)
]
, (122)

ξ̃n = ε
[ k̃n
ω̃2
n

+

∞∑
j=1

2k̃n
ω̃2
n − (jΩ0)2

cos(jΩ0T0 + ϕ) +O(ε2)
]
, (123)

u1 = v cos(Ω2T0 + ψθ) + ε
[ p1
ω2
θ − Ω2

1

cos(Ω1T0)
]
+O(ε2). (124)

This case demonstrates that for-near resonant excitation of the driven sprocket

there will be no transverse vibrations of the spans, if the excitation frequency

is not near primary parametric resonance of the spans. However, this is un-

der the assumption that the parametric excitation of the chain spans is

small compared to the linear axial stiffness of the chain spans, as assumed

in (68)-(69), which might not be fulfilled under large resonant vibrations of

the driven sprocket. However, in real chain drives, the ratio between linear

axial stiffness and parametric excitation can be decreased by increasing the

pretension Ptot. We note from (121) that, with the present model, rotational

damping of the driven sprocket is the only mechanism which will limit the

response of the driven sprocket subjected to resonant excitation. For a real

roller chain drive this case indicates that for a chain drive in operation, pass-

ing a natural frequency of the driven sprocket does not lead to transverse

span vibrations if the excitation is not near parametric resonance of the

spans, and that rotational damping of the driven sprocket may reduce the

resonant response.

5.12. Combined parametric and internal resonance between span and sprocket

In the first example (section 5.10) we analyzed the span response when

the driven sprocket is not compliant, i.e. the driver excitation let to a
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vibratory response of the chain span only. The second example (section

5.11) demonstrated the response in the case where the driver excitation

caused a vibratory response of the driven sprocket only. Here we analyze

the case where the driver excitation may cause a vibratory response of both

the driven sprocket and the chain span. This is both of practical interest,

and novel to the study of the dynamics of axially moving strings.

Thus we consider primary parametric excitation of the tight span Ω2 ≈

2ωm combined with internal two-to-one resonance between span and the

driven sprocket ωθ ≈ 2ωm. All remaining excitations are assumed non-

resonant, and the two spans are detuned by loading of the driven sprocket,

such that ωm is away from ω̃n. To describe the nearness to primary para-

metric resonance we introduce the detuning parameter σ2 defined by (93).

Similarly, to describe the nearness to internal resonance we introduce the

detuning σi defined by

ωθ = 2ωm + εσi. (125)

Inserting into (87)-(89) and equating to zero the resulting secular terms gives

the solvability conditions,

2iωm(A
′ + µmA) + 3κmA

2Ā− αmĀV e
iσiT1 + 1

2αmp2Āe
iσ2T1 = 0, (126)

2iω̃n(Ã
′ + µ̃nÃ) + 3κ̃nÃ

2 ˜̄A = 0, (127)

2iωθ(V
′ + µθV )− ηmA

2e−iσiT1 − 1
2ω

2
θp2e

i(σ2−σi)T1 = 0. (128)

The condition for Ã is decoupled, and when represented in polar form (95)

the solution is given by (107)-(108), showing that Ã → 0 as T1 → ∞.

The two other conditions are coupled. Using (97) and (99) the modulation
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equations (126) and (128) becomes:

a′ = −µma− Λ1av sinψ1 − f1a sinψ2, (129)

v′ = −µθv + Λ2a
2 sinψ1 − f2 sin(ψ2 − ψ1), (130)

aφ′ = Λ0a
3 + Λ1av cosψ1 + f1a cosψ2, (131)

vρ′ = Λ2a
2 cosψ1 + f2 cos(ψ2 − ψ1), (132)

where

ψ1 = σiT1 − 2φ+ ρ, (133)

ψ2 = σ2T1 − 2φ, (134)

Λ0 =
3κm
8ωm

, Λ1 =
−αm
4ωm

, Λ2 =
−ηm
4ωθ

, f1 =
αmp2
4ωm

, f2 = −1
2ωθp2. (135)

Back substitution gives q0 = a cos(12Ω2T0− 1
2ψ2) and ν0 = v cos(Ω2T0+ψ2−

ψ1). Thus, for stationary solutions of (129)-(132) we require a′ = v′ = ψ′
1 =

ψ′
2 = 0, which with (133)-(134) gives the equations governing stationary

amplitudes:

0 = −µma− Λ1av sinψ1 − f1a sinψ2, (136)

0 = −µθv + Λ2a
2 sinψ1 − f2 sin(ψ2 − ψ1), (137)

1
2aσ2 = Λ0a

3 + Λ1av cosψ1 + f1a cosψ2, (138)

v(σ2 − σi) = Λ2a
2 cosψ1 + f2 cos(ψ2 − ψ1). (139)

There is a trivial solution given by,

a = 0, v2 =
f22

µ2θ + (σ2 − σi)2
, tan(ψ2 − ψ1) =

µθ
σi − σ2

, (140)

Representing pure rotational motion of the driven sprocket without trans-

verse vibrations of the upper span, as examined in section 5.11. As for
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non-trivial solutions a ̸= 0, corresponding to coupled motions of the driven

sprocket and the tight span, the algebraic set of nonlinear equations (136)-

(139) are not readily solved for a and v; here we must rely on numerical

solution.

6. Example results of the dynamic analysis

To illustrate results of the above three resonance cases, we present solu-

tions for a specific chain drive, using configuration C1 in Table 1 with pitch

p = 0.0254 m, and mass, stiffness, damping and loading parameter values as

listed in Table 2. We consider the first mode m = 1. With a stationary an-

Table 2: Dynamic parameters

Ptot 1000 N

EA 0.56e6 N

ρA 2.61 kg/m

Ĵ1 0.6 kg m2

f̂1 200 N

d̂1 1.1 Nms/rad

θ∗2 0.005 rad

µθ 0.02

µm 0.02

gular velocity of the driver of 400 rpm there will then be internal resonance

between the tight span and the driven sprocket.

6.1. Parametric resonance of the tight span

Here we present an example of the results derived in section 5.10 for

the response of the tight span under primary parametric excitation. The
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analysis demonstrated that the tight span transverse motion decouples, be-

cause the driven sprocket is non-compliant. The solution for the steady state

span vibration amplitude a given by (105) is shown in Figure 6 along with

numerical solutions of the modulation equations (100)-(101) shown with cir-

cles ◦. Full and broken lines identifies stable and unstable solution states,

respectively.

The resonance peak near Ω2/ωm = 2 bends to the right due to non-

linear hardening coming from increased axial tension at large amplitudes,

represented by the cubic nonlinearity in the model. Increased parametric

excitation amplitude p2 and decreased damping µm widens the resonance

peak. It is seen that as the upper branch bends to the right, there are two

co-existing stable solutions; one with zero amplitude and another with a

large amplitude. Since this is a non-linear response, the solution to which

the system converges depends on the initial conditions, which for the nu-

merical solutions were chosen at random, to demonstrate the presence of

coexisting solution branches.

In real chain drives, adjusting the span tension to change the natural

frequency of the span can be used as an approach to ensure that the the

span does not operate near the critical excitation frequencies.

6.2. Resonant excitation of driven sprocket

The solution for the driven sprocket steady state amplitude v given by

(121) is shown in Figure 7 for the resonant excitation of the driven sprocket,

as analyzed in section 5.11. Near Ω2/ωθ = 1 there is a clearly defined

maximum amplitude and the analytical result in (121) shows that increased

damping reduces the height of the resonance peak.

In this example the sprocket motion decouples since the spans are ten-
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Figure 6: The tight span transverse vibration amplitude a at primary parametric resonance

according to perturbation results (105) (solid lines stable, dashed line unstable), and

numerical solution of the modulation equations (100)-(101) (circles).

sioned to prevent transverse vibration. Therefore, the response is essentially

linear, and the numerical solution confirms there is only a single, indepen-

dent of initial conditions. The analysis presupposes that the parametric

excitation amplitude of the spans is small compared to the span linear stiff-

ness, and the solution is only a good approximation when these conditions

are fulfilled; they could be violated during large resonant vibration ampli-

tudes of the driven sprocket, which should therefore still be avoided in real

roller chain drives.

6.3. Combined parametric resonance and internal resonance

The combination of internal resonance and parametric resonance was

investigated in section 5.12. The solution for the span and sprocket steady

state response is obtained through numerical integration of the modulation
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Figure 7: The driven sprocket angular vibration amplitude v at resonant direct external

excitation according to the perturbation results (121) (solid line), and numerical solutions

of the modulation equations solutions (119)-(120) (circles).

equations (129)-(132). Results for the stationary amplitudes a of the span

and v of the driven sprocket are shown in Figures 8 and 9, respectively. In

these figures exact parametric resonance occurs for σ2 = 0, and exact inter-

nal resonance occurs on the line running diagonally across the graphs where

σi = σ2. Figure 8(a) shows three projections of the span vibration ampli-

tude for three values of the detuning of internal resonance σi, as indicated

by bold lines in Figure 8(b). First we point to the qualitative and quanti-

tative similarity between the bended resonance peak in the response of the

decoupled span motion in Figure 6 and the response drawn with solid bold

lines for σi/ωm = −1.9 in Figure 8(a) and at the edge of Figure 8(b). For

σi/ωm = −1.9 the amplitude a is zero until σ2/ωm > −0.3. For σ2/ωm > 0.5

the stationary amplitude jumps between two solution states. This is similar

to what is shown in Figure 6, where the span motion was decoupled, and
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Figure 8: Span transverse vibration a under combined primary parametric resonance and

internal resonance obtained by integration of the modulation equations (129)-(132). In

(a) cross sections of (b) for values σi/ωm ≃ [−1.9, −1.1, −0.3] are shown with lines

[−, −−, − · −], respectively.

it also appears from Figure 8 that for σ2/ωm > 0.5 there are two coexist-

ing solutions between which the response jumps between depending on the

initial conditions.

Secondly, we observe in Figure 8 that there is a large upright am-

plitude peak running diagonally across Figure 8(b) near exact combined

parametric and internal resonance σi = σ2. As σi/ωm = σ2/ωm increase

from below to approach zero, the upright resonant peak combines with the

bended resonance peak and the amplitude reaches maximum for σi/ωm =

σ2/ωm ≃ −0.3. The upright peak is present for values of σ2/ωm much lower

than zero, and the upright and bended resonance peaks are separated for

σi/ωm < −1.1. This indicate that when the driven sprocket is compliant,

chain span vibrations excited by parametric excitation can occur for much

lower values of σ2/ωm than when the span is decoupled, which is a significant
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and novel result. In real chain drives, this means that span transverse vi-

bration can be excited at frequencies lower than parametric resonance when

the driven sprocket has a vibratory response.
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Figure 9: Driven sprocket angular vibration v under combined parametric and internal

resonance obtained by integration of the modulation equations (129)-(132). In (a) cross

sections of (b) for values σ2/ωm ≃ [−0.9, −0.5, 0] are shown with lines [−, −−, − · −],

respectively.

Figure 9(a) shows three projections of the driven sprocket amplitude

for three values of the detuning of parametric resonance σ2 indicated with

bold lines in Figure 9(b). We observe a qualitative and partly quantitative

similarity to the upright resonance peak in the response of driven sprocket

motion in Figure 7 and the cross sections in Figure 9(a). The maximum

value of v is observed for σ2/ωm ≃ −0.5.

In both Figure 8(b) and 9(b) we observe an amplitude peak around

σi/ωm = σ2/ωm ≃ −1.5. The explanation for this may require further anal-

ysis. For all the presented examples we note that the response is obtained

using a perturbation method assuming near-resonance. Thus, predictions
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will be most accurate near σi = σ2 = 0.

7. Conclusion(s)

1. A kinematic model of a two-sprocket roller chain drive with straight

spans was presented, along with a procedure for calculating the to-

tal chain wrapping length. Analytical predictions were compared to

multibody simulation results and demonstrated that the total wrap-

ping length of the chain generally varies periodically with the tooth

frequency. The chain wrapping length was shown to be constant for

a configuration where both sprockets have the same number of teeth

and the chain consists of an even number of chain links.

2. Since the chain wrapping length generally varies during rotation of the

sprockets, it is hypothesized (and left for future studies) that careful

positioning of more than two sprockets can be done so as to attenuate

or amplify the effect of a variable wrapping length.

3. Deriving the equations of motion for the chain spans we treated the

problem of an axially moving string supported by moving boundaries,

and showed that a first order variable string length leads to a second

order effect.

4. We presented a new dynamic model for the coupled motion of the

tight chain spans transverse vibration and the driven sprocket angular

displacement. The model assumed the presence of a steady operation

state from which displacements are measured.

5. The dynamic model provides insight into resonance conditions and

amplitude responses, and was analyzed approximately using a mode

shape expansion and perturbation analysis.
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6. Three example results of the dynamic analysis were presented, illus-

trating the conditions where the motions of the span and sprockets

decouple. Results for a case of combined internal and parametric res-

onance showed that large span vibrations can occur due to compliance

of the driven sprocket.

7. Though the model is simple, it provides useful insight into the coupled

dynamics of chain drives, and may aid the design and interpretation

of numerical and experimental results.

8. Due to the systematic structure of multiple scales analysis presented

here, where the modulation equations decouple for non-resonant ex-

citation, it is expected that the dynamics of chain drives with more

than two sprockets could be analyzed using a similar modeling and

analysis approach. In the analysis presented here, the coupled motion

of transverse span vibrations happens across a single degree of freedom

oscillator, which is the driven sprocket with a given natural frequency.

For a larger chain drive with more sprockets, this would correspond to

modal excitation near the natural frequencies of the coupled rotational

motion of the sprockets with the spans acting as linear springs.
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Nomenclature

Latin

a(T1) Real-valued slow modulation amplitude for transverse vibra-

tions

A Cross section area of string

Aj-Dj Chain drive configurations, j = 1, 2, 3 (def. in Table 1 )

A(T1) Complex-valued slow modulation amplitude for transverse vi-

brations

cu, cw Wave speed of transverse and axial string waves, resp.

C Driver sprocket

Cmn Modal expansion coefficient (def. in Eq. (59))

d d̂1 non-dimensionalized by R2
1

√
ρAPt

d̂1 Rotational viscous damping coefficient for driven sprocket

Dk
j ( ) k’th partial derivative with respect to Tj

e Axial strain with mean value subtracted

e0 Mean axial strain

E Young’s modulus of string material

Em Modal expansion coefficient (def. in Eq. (59))

f Pitch fraction

f2 Rotation frequency (in Hz) of driver sprocket

fm(t) m’th modal forcing component

f̂1 Brake load

Gm Modal expansion coefficient (def. in Eq. (59))

h Binary function (def. in Eq. (2))

i imaginary unit

J Ĵ1 non-dimensionalized by ρAlR2
1
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Ĵ1 Mass moment of inertia of driven sprocket and machinery, resp.

kp Fourier coefficient

K Kinetic energy of string

l Driven to driver sprocket center distance

la Length of upper (tight) span

lb Length of lower (slack) span

L Total chain length

Lmax Maximum wrapping length

Lmean Mean wrapping length

Lmin Minimum wrapping length

m Mode number

M Total number of chain links

M1 Output torque non-dimensionalized by R1Pt

M2 Input torque non-dimensionalized by R2Pt

M̂1, M̂2 Nominal (mean) output and input torque, resp.

M̂∗
1 , M̂

∗
2 Time varying part of output and input torque, resp.

n Sprocket tooth number

n1, n2 Number of teeth on driven and driver sprocket, resp.

n̂ Number of seating curves with a roller seated

ň Number of seating curves with no roller seated

N In sects. 2-4: Number of chain links in a chain span; In sects.

5-6: Number of modes included in Galerkin expansion

N([x, ]t) Instantaneous string tension

O Driven sprocket

O( ) Order of magnitude

p Chain pitch length
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p0, p1, p2 Non-dimensional harmonic forcing amplitudes for the single-

mode approximation

p∗0 Additional tension from time-varying wrapping length

P Actual span tension

P0 Mean steady state span tension

Ppre Span pretension

Pt Reference span tension (for non-dimensionalizing time)

Ptot Total pretension (two spans)

q0, q1 Multiple scales expansion functions for ξm(t)

Q1, Q2 Acceleration jump at driven and driver sprocket, resp.

r Radius of pitch polygon inscribed circle

R Radius of pitch circle

R1, R2 Radius of driven and driver pitch circle, resp.

s S non-dimensionalized by
√
Pt/ρA

S Nominal span velocity

t Time non-dimensionalized by
√
ρAl2/Pt

tu, tl Upper and lower tangent of inscribed sprocket circles

T Time

T0, T1 Slow and fast time in Multiple scales analysis

u U non-dimensionalized by l

u1, u2 U1, U2 non-dimensionalized by l

u∗2 U∗
2 non-dimensionalized by l

U Axial displacement of chain or string point

U1, U2 Axial displacement (wrt. X1, X2) of moving string endpoints

U∗
2 Prescribed / kinematically forced value of U2
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v(T1) Real-valued slow modulation amplitude for rotational vibra-

tions of driven sprocket

V Potential (elastic) energy of string

V (T1) Complex-valued slow modulation amplitude for rotational vi-

brations of driven sprocket

w Non-dimensionalized transverse chain or string displacement

with rigid body mode subtracted

ŵ Ŵ non-dimensionalized by l

Ŵ Transverse displacement of chain or string point

x, y X, Y non-dimensionalized by l

x1, x2 X1, X2 non-dimensionalized by l

X, Y Inertial coordinate system for upper chain span

X1, X2 Left and right endpoint coordinates along X of moving string

X ′, Y ′ Inertial coordinate system for lower chain span

y1, y2 Y1, Y2 non-dimensionalized by l

Y1, Y2 Transverse displacement (at X1, X2) of moving string endpoints

Greek

α In Sect. 22: Pitch angle; Elsewhere: Axial string stiffness EA

non-dimensionalized

α1, α2 Pitch angle of driven and driver sprocket, resp.

αm Modal expansion coefficient (def. in Eq. (61))

β Angle btw. coord. systems (X,Y ) and (X ′, Y ′)

γ P0 non-dimensionalized by EA

δ( ) Variation

∆x1,∆x2 Small axial variations of string support positions

ϵ Small quantity (used for order of magnitude ranking)
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ηm, η̃n Coupling coefficients (def. in Eq. (71))

ϕ Phase shift between upper and lower span acceleration jump

ϕa, ϕb Angle to, resp., upper and lower span endpoint roller for driven

sprocket

ϕm(x) m’th transverse mode shape for axially non-moving uniform

string

φ(T1) Real-valued slow modulation phase for transverse string vibra-

tions

θ1, θ
∗
2 Angular position of driven and driver sprocket, resp.

θa, θb Angle to, resp., upper and lower span endpoint roller for driver

sprocket

θar, ϕar Upper span release configuration

θas, ϕas Upper span seating configuration

θ′br, ϕ
′
br Lower span release configuration

θ′bs, ϕ
′
bs Lower span seating configuration

κm Modal expansion coefficient (def. in Eq. (61))

µm m’th modal damping coefficient

µθ Damping coefficient for rotational vibrations of driven sprocket

ν0, ν1 Multiple scales expansion functions for u1(t)

ξm(t) m’th modal amplitude

ρA String mass per unit length

ρ(T1) Real-valued slow modulation phase for rotational vibrations of

driven sprocket

σ2 Detuning: nearness of Ω2 to parametric resonance 2ωm

σθ Detuning: nearness of Ω2 to external resonance ωθ

σi Detuning: nearness of ωθ to internal resonance 2ωm
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τ0 Non-dimensional tooth period

ψ Phase shift between acceleration jump at driver and driven

sprocket

ψ1,2,θ(T1) Slow phase variables for the multiple scale analysis

ωm m’th linear natural frequency for upper span

ω̃n n’th linear natural frequency for lower span

ωθ Linear natural frequency for rotational vibrations of driven

sprocket

Ω0 Fundamental frequency of acceleration jumps at sprockets

Ω1 Oscillation frequency of external load on driven sprocket

Ω2 Oscillation frequency of driver sprocket

Subscript

a Upper (tight) chain span

b Lower (slack) chain span

c, 2 Driver sprocket

o, 1 Driven sprocket

r Release configuration of chain link

s Seat configuration of chain link

Diacritic and other symbols

( )′ In sects. 2-4: Variable measured in (X ′, Y ′); In Sect. 5: differ-

entiation wrt. T1

( ), Partial differentiation wrt. the variable(s) following the comma

(̃ ) Parameter or variable for lower (slack) span

(̄ ) Complex conjugate

63




