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Probabilistic Harmonic Modeling of Wind Power
Plants
Emerson Guest, Kim H. Jensen, and Tonny W. Rasmussen,

Abstract—A probabilistic sequence domain (SD) harmonic
model of a grid-connected voltage-source converter is used to
estimate harmonic emissions in a wind power plant (WPP)
comprised of Type-IV wind turbines. The SD representation
naturally partitioned converter generated voltage harmonics into
those with deterministic phase and those with probabilistic phase.
A case study performed on a string of ten 3MW, Type-IV
wind turbines implemented in PSCAD was used to verify the
probabilistic SD harmonic model. The probabilistic SD harmonic
model can be employed in the planning phase of WPP projects
to assess harmonic emissions to a given quantile, potentially
avoiding an over-engineering of passive filters otherwise needed
to satisfy infrequently occurring cases.

I. I NTRODUCTION
The computation of power quality (PQ) of grid-connected
power-electronic devices is an ongoing area of research for the
energy industry [1]. An estimation of harmonic emissions is
usually performed in the planning phase of a wind power plant
(WPP) project. This facilitates proper allocation of passive
filters and reduces risk of non-compliance of the WPP with
harmonic emission limits. Electromagnetic transient (EMT)
models can be used to calculate harmonic emissions in WPPs
but have restrictively long simulation times when multiple
wind turbine model instances are required. This precludes
EMT modeling of WPPs consisting of tens to hundreds of
wind turbines, instead linear harmonic models are often used.
The simplest and most widely used method for linear
harmonic modeling wind turbines utilizes harmonic current
sources. Harmonic current sources have been used to compute
harmonic flows in DFIG based wind farms [2], applied to
the calculation of aggregated current harmonics in a wind
farm connected to a public grid [3], used to assess the
accuracy of collector system models [4] and as a basis for
probabilistic modeling of wind turbine harmonic sources [5].
In addition, harmonic current sources form the basis for
harmonic assessment of wind turbines in IEC 61400-21:2008
[6]. Unfortunately, PQ computations based on current source
models can be misleading due to a misrepresentation of
the internal harmonic source of the converter [1],[7]-[10].
Consequently, a per-phase converter harmonic model of the
grid-side voltage-source converter (VSC) of a Type-IV wind
turbine was proposed [9] and extended in [11] to a sequence
domain (SD) harmonic model where the three-phase properties
of the converter are maintained.
A challenge when using linear models to compute harmonic
emissions by a WPP is assigning the phase of each harmonic
source (wind turbine) to achieve the correct aggregated harmonic voltages and currents at the PCC. This is important

because it is the harmonics at the PCC that are checked
for compliance with harmonic emission limits. The classic
approach for aggregating power systems harmonics assumes
uniformly distributed magnitude and phase of the constituent
harmonic phasors [12],[13] giving closed-form solutions for
the probability density functions (PDFs) of the aggregated
harmonic phasor. On the contrary, the phase of converter
generated low-order characteristic odd voltage harmonics due
to dead-time [14]-[17] have been shown to depend deterministically on the phase of the fundamental component of converter
current [11].
In this paper a probabilistic SD harmonic model is employed
for calculating harmonic emissions by WPPs comprised of
Type-IV wind turbines. The following claims are made:
1) The SD harmonic model, see Section II-A, can be used
to integrate converter generated voltage harmonics of
both deterministic and probabilistic basis.
2) The SD representation naturally partitions converter generated voltage harmonics into two groups; a deterministic group, see Section II-B and a probabilistic group,
see Section II-C.
3) The aggregated SD voltages and currents can be expressed as a per-phase magnitude distribution, see Section II-D.
Section III reports a case study on a fictitious WPP consisting of ten string-connected, 3M W , Type-IV wind turbines.
Results from a PSCAD implementation of the WPP are
compared to the corresponding probabilistic SD harmonic
model under different resonance conditions and wind turbine
operating points. The probabilistic SD harmonic model can
be employed in the planning phase of WPP projects to assess
harmonic emissions to a given quantile, potentially avoiding an
over-engineering of passive filters otherwise needed to satisfy
infrequently occurring cases.
II. H ARMONIC M ODELING M ETHODS
Fig. 1 shows a fictitious WPP consisting of N stringconnected Type-IV wind turbines. Each wind turbine’s gridside VSC is coupled to the collector system through a filter
inductor L. The step-up transformers, interconnecting cables,
bulk transmission cable and lumped grid are denoted by their
rated impedance ZT X , ZL , ZLG and Zg respectively1 .
1 For brevity the PWM filters and cable shunt capacitors have been omitted
from Fig. 1.
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1
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(2)
which equates to two decoupled Thevenin equivalent circuits.
The WPP model shown in Fig. 1 is transformed into the
frequency domain by substituting an instance of the SD
harmonic model for each wind turbine as shown in Fig. 3. The
transformers, cables and external grid are modeled by their SD
impedance matrix calculated at each harmonic order2 .
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Fig. 1: Fictitious WPP consisting of N string-connected, TypeIV wind turbines connected to an external grid.
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Fig. 2: Block diagram of a grid-side VSC used in a Type-IV
wind turbine.
model of the VSC [11] is developed in the frequency domain
as
i
i
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Fig. 3: Linear harmonic model of the WPP with an instance
of the SD harmonic model for each wind turbine VSC.
B. Characteristic Converter Generated Voltage Harmonics
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A block diagram of the ith grid-side VSC, i = 1, ..., N , is
shown in Fig. 2. The time-domain vectors, iiabc (t) and viabc (t),
represent the phase currents and phase-ground voltages at the
grid-side of the filter inductor L respectively. The SD harmonic

LG, pn

(1)

where iipn (jhω1 ) and vipn (jhω1 ) are the SD counterparts of
iiabc (t) and viabc (t) respectively calculated at each harmonic
order, h, of the fundamental frequency, ω1 . The closed-loop
control of the converter is captured in the SD impedance
matrix Zpn which can be derived analytically [19] or extracted numerically [20]. vd,i
pn (jhω1 ) is the vector of apparent
harmonic voltage sources generated by the converter. Each
instance of vd,i
pn (jhω1 ) is valid for the operating point (active
power injection) under which it was calculated. An instance
of vd,i
pn (jhω1 ) can be calculated from real measurements on
the wind turbine in question [9] or from a corresponding
electromagnetic transient (EMT) model [11]. Under balanced
and slightly unbalanced grid conditions Zpn is approximately

The apparent harmonic voltage source, vd,i
pn (jhω1 ), is comprised of harmonic sources with different phase and magnitude
characteristics. Within the linear modulating range, low-order
converter generated voltage harmonics (f ≤ fc /2) are predominately contributed by dead-time error pulses [14],[15]. In
high-power applications the dead-time delay, Td , is typically
in the range of 1% − 3% of the switching period, Tc .
Both uncompensated dead-time (UDT) and compensated
dead-time (CDT) schemes are used in grid-connected VSCs.
Under UDT and sinusoidal load currents the averaged error
pulses form a square wave of height DVdc , D = Td /Tc , and
opposite polarity to the load current [15]-[17]. Multiple zerocrossings in the load current have been shown to eliminate
some of the error pulses in the vicinity of the fundamental
current zero-crossing [17]. Let kd ∈ N represent the number of
misplaced error pulses that occur each side of the fundamental
current zero-crossing. The averaged a-phase to DC mid-point
error pulse voltage, ēa,U DT (t), with respect to the zerocrossing of the a-phase fundamental component of current,
ia,1 (t), is shown in Fig. 4a and has Fourier coefficients


2Vdc D
2πh jhθ1
Eh,U DT =
cos kd
e
.
(3)
hπ
p
θ1 is the phase of the fundamental component of current, h is
an odd harmonic order and p = ωc /ω1 is the pulse ratio.
2 Of interest are the aggregated harmonics due to the harmonic sources
within the wind farm so the grid model appears as an impedance only.
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(b) Averaged error pulse signal, ēa,CDT (t), due to CDT.

Fig. 4: Averaged error pulse voltage due to dead-time and
multiple zero-crossings in the load current.
Compensated dead-time (CDT) schemes delay or advance
the active switching edge depending on the polarity of the
sampled load current [15],[16], avoiding most of the error
pulses. Under CDT, multiple zero crossings in the load current
can cause error pulses in the vicinity of the fundamental
current zero-crossing [11]. The averaged error pulse voltage
ēa,CDT (t) is shown in Fig. 4b and has Fourier coefficients



2πh
2Vdc D
1 − cos kd
ejhθ1 .
(4)
Eh,CDT =
hπ
p
Balanced three-phase fundamental load currents will generate balanced three-phase load voltages, ēabc (t), due to the
averaged error pulses. The SD Fourier series representation
of ēabc (t) is


∞
X
Eh 1 + 2 cos( 2π
(h − 1)) jhω1 t
3
ēpn (t) =
e
. (5)
3 1 + 2 cos( 2π
3 (h + 1))
h=−∞

where Eh are the Fourier coefficients of the a-phase to
DC mid-point error pulse voltage (ēa,U DT (t) for example).
Equation (5) depicts the characteristic spectrum of six-pulse
converters where all non-zero positive and negative sequence
odd harmonics are of the order h = 6k + 1 and h = 6k − 1
respectively, where k ∈ N. Consequently, error pulses due
to dead-time schemes also produce characteristic voltage
harmonics with phase linearly related to the phase of the
fundamental component of current, θ1 . Conveniently, this
means a load flow can be employed to calculate θ1i for the ith
wind turbine in a WPP containing N wind turbines. The phase
of the hth characteristic harmonic used in the SD harmonic
model is then calculated deterministically as hθ1i . For example
arg(vnd,i (j5ω1 )) = 5θ1i and arg(vpd,i (j7ω1 )) = 7θ1i .
C. Carrier Sideband and Non-characteristic Converter Generated Voltage Harmonics
Carrier sideband voltage harmonics generated by carrierbased PWM schemes are defined by the modulation scheme
and the fundamental component in the modulating signal [21].
The phase of carrier sideband harmonics are proportional to
the phase of the PWM carrier, φc . The sampling by the ith
wind turbine VSC in a WPP is random hence φic is a random
variable with circular uniform distribution U(0, 2π).

The non-characteristic spectrum of harmonics includes the
even harmonics, triplen harmonics and the odd positive and
negative sequence harmonics of order h = 6k − 1 and h =
6k+1 respectively, where k ∈ N. In Type-IV wind turbines the
generation of non-characteristic harmonics is largely attributed
to asymmetry in the dead-time error pulses, non-linearity of
the switching devices and semi-conductor voltage drops. These
factors combine such that the phase of non-characteristic
harmonics appears random. In lieu of a precise understanding
of the phase distribution of non-characteristic harmonics the
distribution with maximal entropy is chosen [22]. The circular
uniform distribution U(0, 2π) has maximal entropy for the
class of circular distributions, thereby minimizing the amount
of prior information. Another motivating factor for choosing
U(0, 2π) to represent the phase of non-characteristic harmonics is that physical systems often transition to maximal entropy
configurations over time (principle of maximum entropy).
D. Magnitude Distribution of Sums of Harmonic Phasors
Let the sum of positive sequence current phasors (with
harmonic order h) at the PCC of a WPP due to N harmonic
sources (wind turbines) be Ip,h where
Ip,h = |Ip,h |eiθp,h = Xp,h + jYp,h =

N
X
i
i
(Xp,h
+ jYp,h
).
i=1

(6)
i
i
i
Suppose the constituent harmonic phasors Ip,h
= Xp,h
+jYp,h
have real and imaginary parts with zero-mean and variance
i
)2 . The central limit theorem is generally satisfied for
(σp,h
PN
2
i
large N if the variance of the sum σp,h
= i=1 (σp,h
)2 is not
dominated by a single term [23]. This permits individual phasors being non-identically distributed but the sum of phasors
being approximately bivariate normally distributed [12],[13].
The joint PDF for the sum of positive sequence harmonic
phasors is
fXp,h ,Yp,h (x, y) =

− 12 [x2 +y 2 ]
1
e 2σp,h
2
2πσp,h

(7)

2
where Xp,h and Yp,h are normally distributed as N (0, σp,h
).
Converting (7) to polar coordinates and finding the marginal
distribution of the magnitude |Ip,h | gives the Rayleigh distri2
bution R(σp,h
) with PDF

f|Ip,h | (a) =

a
2
σp,h

−

e

a2
2σ 2
p,h

.

(8)

If the center of the joint PDF is offset from zero due to a
constant factor then
− 12 [(x−µpx,h )2 +(y−µpy,h )2 ]
1
2σ
p,h
.
e
2
2πσp,h
(9)
The mean of the real and imaginary parts of Ip,h are
PN i
PN i
µpx,h =
i=1 µpx,h and µpy,h =
i=1 µpy,h respectively.
The distance between the origin and the center of the joint
PDF is d2h = µ2px,h + µ2py,h [23]. The marginal distribution of

fXp,h ,Yp,h (x, y) =

2
the magnitude of (9) is the Rice distribution S(dh , σp,h
) with
PDF
!
(a2 +d2h )
a − 2σ1p,h
adh
2
f|Ip,h | (a) = 2 e
.
(10)
I0
2
σp,h
σp,h

Analogous expressions for (6)-(10) exist for the sum of negative sequence harmonic current phasors In,h . An example of
R(σ 2 ) and S(d, σ 2 ) is shown in Fig. 5 for σ 2 = 1 and d = 3.
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Fig. 5: Rayleigh and Rice distributions when σ 2 = 1 and
d = 3.
Ip,h and In,h are converted to

 
Ia,h
1
 Ib,h  = α2
Ic,h
α

phase components as


1 
I
α  p,h
In,h
α2

(11)

which for the a-phase gives
Ia,h = Xp,h + Xn,h + j(Yp,h + Yn,h ).

(12)

If Ip,h and In,h are independent then the sum of random
variables Xp,h + Xn,h and Yp,h + Yn,h are normally dis2
2
2
2
tributed as N (0, σp,h
+ σn,h
) giving |Ia,h | ∼ R(σp,h
+ σn,h
).
Using basic properties of the normal distribution it can be
shown that |Ib,h | and |Ic,h | are also Rayleigh distributed
2
2
as R(σp,h
+ σn,h
). It is a remarkable that under certain
conditions a per-phase magnitude distribution denoted |Ix,h |
where x = a, b, c contains the information about both the
positive and negative sequence components. This is fortuitous
as harmonic emission standards typically quote emission limits
in terms of per-phase values [24],[25].
2
2
The magnitude distribution |Ix,h | ∼ R(σp,h
+ σn,h
) is
applicable when the positive and negative sequence harmonic
sources are both of non-characteristic type as discussed in
Section II-C. If either Ip,h or In,h arise from characteristic
type harmonic sources, as discussed in Section II-B, then a
deterministic factor dh must be added and |Ix,h | becomes
2
2
Rice distributed as S(dh , σp,h
+ σn,h
). An example is the
5th harmonic currents which are comprised of a deterministic
In,5 and a probabilistic Ip,5 . In summary the magnitude
distributions for the sum of harmonic currents injected by a
WPP consisting of Type-IV wind turbines are categorized as
(
2
2
R(σp,h
+ σn,h
)
even, triplen, carrier sideband
|Ix,h | ∼
2
2
S(dh , σp,h + σn,h ) odd (non-triplen).
(13)

E. Monte-Carlo Methods
Monte-Carlo methods provide numerical solutions to problems that lack closed-form solutions or are non-deterministic.
In crude Monte-Carlo simulations the random variables and
inputs draw from designated distributions
giving an error in
√
the output variance proportional to 1 n where n is the number
of samples [18]. Therefore, four times the number of samples
are generally needed to halve the error.
Normally when assessing harmonic emissions only a measure of the sampled output quantities is required. The 95thquantile of the magnitude is a commonly used measure as
it includes the region of the sample space with the highest
probability but avoids the tail of the PDF. This avoids over engineering remedial solutions for cases that occur infrequently.
The 95th-quantile of a Rayleigh distribution is actually the
basis for the summation factor for harmonics of order h > 10
found in IEC 61000-3-6 [24]. Suppose a quantile is desired
for the non-characteristic harmonics. The z-th quantile QR (z)
2
2
for the Rayleigh distribution |Ix,h | ∼ R(σp,h
+ σn,h
) is
p
(14)
QR (z) =σ −2 ln(1 − z)
2
2
which for σ 2 = σp,h
+ σn,h
and z = 0.95 gives
q
2 + σ 2 ).
QR (0.95) ≈ 6(σp,h
n,h

(15)

Therefore, the 95th-quantile of |Ix,h | is calculated directly
2
2
obtained
and σn,h
based on the sample variances of σp,h
by the Monte-Carlo simulation. For characteristic harmonics
either the positive or negative sequence component has a deterministic offset dh . The z-the quantile of the Rice distribution
QS (z) is well approximated by the normal distribution when
d/σ  3 [23] such that
√
(16)
QS (z) ≈ d + σ 2 · erf−1 (2z − 1)
2
2
which for z = 0.95, d2 = µ2X,h + µ2Y,h and σ 2 = σp,h
+ σn,h
gives
q
q
2 + σ 2 . (17)
QS (0.95) ≈ µ2X,h + µ2Y,h + 1.645 · σp,h
n,h

III. C ASE S TUDY
The WPP shown in Fig. 1 was implemented in PSCAD
as a means of evaluating the probabilistic SD harmonic
modeling method. The WPP consisted of a string of N = 10,
3M W , Type-IV wind turbines with the ratings given in Table
I. Each wind turbine instance contained a reduced-order
mechanical model, a switched converter model (including
dead-time placement and compensation) and the control
software implementation. Two instances of the PSCAD model
were simulated for each case: first, φic = 0 so that sampling
by each wind turbine VSC was synchronized (approximate
worst case); second, φic ∼ U(0, 2π) so sampling by each
wind turbine VSC was random. The lumped grid model had a
short-circuit and X/R ratio of 5. The interconnecting cables
ZL were modeled as PI equivalents of a typical three-phase
underground cable of 1000m length. The bulk transmission
cable ZLG was similarly modeled but had variable length

depending on the case.

Voltage Harmonics at the PCC

TABLE I: Ratings of the Type-IV wind turbine grid-side VSC.
Value
3 MW
50 Hz
690 VRM S
2.5 kHz
4 µs
CDT

% Rated

A. Mixed Operating Points - Short Length Cable
Turbines 1-3, 4-6 and 6-10 injected 80%, 50% and 20%
of rated active power respectively and ZLG was based on a
10km long cable. Fig. 6 shows |Vx,h | and |Ix,h | compared to
the PSCAD results. The characteristic odd harmonics exhibit
negligible in magnitude when φic = 0 or φic ∼ U(0, 2π).
Conversely, Fig. 7 shows that φic ∼ U(0, 2π) affected the
switching sideband harmonics as they were largely canceled
at the PCC (for that particular random instance of φic ). The
95th-quantile of the switching sideband harmonics was just
over 50% of the synchronized value which agrees with the
theoretical value3 .
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Fig. 7: Switching sideband harmonics at the PCC when the
wind turbines are injecting different levels of active power.

B. Same Operating Points - Medium Length Cable
All turbines injected 100% rated active power, ZLG was
based on a 30km long cable and a resonance occurred at 30th
harmonic. Fig. 8 shows that the magnitude of the amplified
harmonic current |Ix,30 | is largely reduced in when φic ∼
U(0, 2π), which is reflected in the corresponding 95th-quantile
obtained by the Monte-Carlo simulation. This highlights how
random sampling amongst wind turbines naturally attenuates
the aggregated non-characteristic harmonics.
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A crude Monte-Carlo simulation was used to implement
the probabilistic SD harmonic models of the wind turbines.
The magnitude of the apparent harmonic voltage sources
vd,i
pn (jhω1 ), i = 1, ..., N , for the particular Type-IV wind
turbine used in the WPP were initially determined at each
operating point (active power injection) [11]. The phase of
vd,i
pn (jhω1 ) was assigned according to Sections II-B and II-C.
The positive and negative sequence linear models were then
solved to obtain |Vx,h | and |Ix,h | at the PCC of the WPP.
The Monte-Carlo simulation generated n = 500 samples at
each harmonic order h.
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Parameter
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Dead-time Scheme
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Fig. 8: Baseband harmonics at the PCC when a resonance
occurs around the 30th harmonic.

C. Same Operating Points - Long Length Cable
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Fig. 6: Baseband harmonics at the PCC when the wind turbines
are injecting different levels of active power.

3 Given N phasors with constant amplitude A and uniformly distributed
p
phase the 95th-quantile of the aggregated sum attenuates as 3/N .

All turbines injected 100% rated active power, ZLG was
based on a 50km long cable and a resonance occurred near the
11th harmonic. Fig. 9 shows that the amplified characteristic
harmonic exhibits little attenuation when φic ∼ U(0, 2π). The
probabilistic SD harmonic model captures to a large degree
the resonance seen in the PSCAD model. This is critical for
the efficacy of a harmonic model used in the planning phase
of a new WPP.
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IV. C ONCLUSION
This paper has shown how a probabilistic SD harmonic
model of a grid-connected VSC can be used to estimate
harmonic emissions due to WPPs comprised of Type-IV
wind turbines. The SD representation naturally partitioned
converter generated voltage harmonics into two groups; those
with deterministic phase or those with probabilistic phase.
The phase of deterministic harmonics are assigned through
load flow. The phase of probabilistic harmonics are drawn
from a circular uniform distribution. A per-phase quantile
is calculated from the aggregated SD quantities for direct
comparison to stipulated harmonic emission limits.
A fictitious WPP consisting of ten string-connected, 3M W ,
Type-IV wind turbines was used to evaluate the probabilistic
SD harmonic model. The 95th-quantile of the aggregated
harmonic voltages and currents generated by a Monte-Carlo
simulation were compared to the corresponding results obtained by a PSCAD model. The probabilistic SD harmonic
model replicated the harmonic response of the WPP obtained
by PSCAD for different resonance conditions and wind turbine
operating points. The probabilistic SD harmonic model can
be used in the planning phase of WPP projects to estimate
harmonic emissions to a given quantile, potentially avoiding an
over-engineering of passive filters otherwise needed to satisfy
infrequently occurring cases.
F UTURE W ORK
The Monte-Carlo framework can be extended to include
other random factors. For example, the wind turbine operating
point could be made a random variable. The aggregated
harmonic voltages and currents at the PCC would then include information about the time-varying nature of the energy
sources.
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