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Nutrient uptake affinity affects the competitive ability of microbial organisms at low
nutrient concentrations. From the theory of diffusion limitation it follows that uptake affinity
scales linearly with the cell radius. This is in conflict with some observations suggesting
that uptake affinity scales to a quantity that is closer to the square of the radius, i.e., to
cell surface area. We show that this apparent conflict can be resolved by nutrient uptake
theory. Pure diffusion limitation assumes that the cell is a perfect sink which means that
it is able to absorb all encountered nutrients instantaneously. Here, we provide empirical
evidence that the perfect sink strategy is not common in phytoplankton. Although, small
cells are indeed favored by a large surface to volume ratio, we show that they are
punished by higher relative investment cost in order to fully benefit from the larger surface
to volume ratio. We show that there are two reasons for this. First, because the small
cells need a higher transporter density (p) in order to maximize their affinity, and second
because the relative cost of a transporter is higher for a small than for a large cell. We
suggest, that this might explain why observed uptake affinities do not scale linearly with
the cell radius.
Keywords: phytoplankton, nutrient uptake, allometric scaling, molecular diffusion, size

INTRODUCTION
In a recent review of microbial nutrient uptake models (Fiksen et al., 2013) it was noted, that
nutrient uptake affinity is a consistent and meaningful measure of competitive strength in microbes.
This is because, at very limiting nutrient concentrations, the nutrient uptake rate is simply a
product of the affinity and the nutrient concentration. This is particularly useful for the analyses
of competitive relationships in oligotrophic conditions. Further, the scaling relationship between
nutrient uptake affinity and organism size, often referred to as the master trait (Litchman and
Klausmeier, 2008), is of considerable interest (e.g., Tambi et al., 2009; Edwards et al., 2012; Andersen
et al., 2015). Encounters between microbial organisms and nutrient molecules are facilitated by
molecular diffusion. The nutrient uptake rate (V) of a spherical cell of radius (r) can be expressed
V = 4π Dr(S − Sr ) (Pasciak and Gavis, 1974), which suggests that the nutrient uptake rate
is proportional to the radius rather than to cell surface. Here, D is the diffusion rate for the
nutrient molecules in seawater (symbols and their units are summarized in Table 1). The nutrient
concentration at the cell surface is Sr , and S is the concentration at infinite distance. In practice S can
be taken as the bulk nutrient concentration of the seawater. Note that this simple uptake model has
no explicit representation of internal cellular constraints such as nutrient handling. The biological
constraints on uptake will here be reflected in elevated Sr concentrations. For derivation of
uptake models with explicit representations of both physical and biological constraints we refer to
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Affinity is often said to be diffusion limited because it is
assumed that only diffusive transport, and no organism traits
(except cellular size, r), affect the uptake rate. For such organisms
it might be expected that measured affinities scale linearly with
r such as in the expression for a perfect sink: αmax = 4πDrS.
However, linear scaling between observed affinity and cell size is
not supported by the empirical studies summarized by Edwards
et al. (2012). Their results suggest that nitrate and phosphate
affinities rather scale with cell volume according to α ∝ (r3 )b
where b was 0.75 and 0.85, respectively. This corresponds to
α ∝ rx where x is 2.25 and 2.55, respectively, and clearly deviates
from the perfect sink model where x = 1. Here, we apply nutrient
uptake theory (reviewed in Fiksen et al., 2013) and show why
x > 1 scaling can be expected for nutrient uptake affinity.

TABLE 1 | Explanation to symbols used in the text.
Symbol

Description

Unit

α

Nutrient affinity

µm3 s−1 cell−1

αmax

Maximum nutrient affinity

µm3 s−1 cell−1

D

Molecular diffusion rate for the nutrient in
seawater

µm2 s−1

k

Half saturation constant (data from Edwards
et al., 2015)

mol µm−3

n

Number of uptake sites (transporters)

–

p

Fraction of cell surface covered by transporters

–

r

Cell radius

µm

s

Radius of transporter opening

µm

S

Nutrient concentration at infinite distance (bulk
concentration)

mol µm−3

Sr

Nutrient concentration at the cell surface

mol µm−3

v

Cell volume (data from Edwards et al., 2015)

µm3

V

Nutrient uptake rate

mol s−1

Maximal uptake rate (data from Edwards et al.,
2015)

mol s−1

Vmax

METHODS
Theoretical Model for the Uptake Affinity
Theoretical studies (Berg and Purcell, 1977; Zwanzig, 1990)
suggest that the chance of capturing a nutrient molecule is a nonlinear function of the number of uptake sites or transporters (n).
This leads to a general expression for the nutrient uptake affinity
(Aksnes and Cao, 2011):

Fiksen et al. (2013). Nevertheless, the term 4πDr of the above
expression defines the maximal affinity (α max with unit µm3 s−1
cell−1 ) of a spherical cell and this quantity is also present in
uptake models with explicit representation of nutrient handling.
It should be noted, however, that neither the maximal affinity
nor the realized affinity coefficient is affected by handling time
(see Section Methods). Another quantity, the specific affinity is
obtained by dividing affinity by a proxy for the cellular biomass
such as the carbon content or the cell volume. If the cell volume
is used, the unit becomes s−1 , i.e., the same as in growth rate.
Specific affinity is often used as an index of competitive uptake
ability for nutrients and therefore used in comparisons between
species (e.g., Tambi et al., 2009). Unless otherwise stated, in
the present study affinity refers to the quantity with unit µm3
s−1 cell−1 .
A cell capable of immediate absorption of all nutrient
molecules that collide with the cell surface is a perfect sink and
implies Sr = 0. Two conditions must be met for this to happen.
First, the entire cellular surface must be receptive for nutrient
absorption. Second, the absorption of one nutrient molecule
cannot be hampered by the handling of a previous collision
(sensu Aksnes and Egge, 1991). Such handling constraints is not
reflected in the affinity coefficient and is not further elaborated
in the present study. In nature, absence of handling constraints
is likely to occur only in the oligotrophic situations (i.e., S → 0)
where the probability of two successive collisions at an uptake site
is very low. In such oligotrophic situations, the nutrient uptake
rate might correspond to that of a perfect sink and consequently
be equal to αmax S. But this also requires, that the entire surface
is receptive for nutrient absorption. If not, the actual affinity (α)
will be lower than α max . Thus, although the affinity coefficient
is not constrained by handling time it is indeed constrained by
the amount of the cell surface that can absorb nutrient molecules
(Aksnes and Cao, 2011), i.e., the number of transporters which is
also termed uptake sites (see Equation 1).
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α = 4πDr

ns
ns + πr(1 − p)

(1)

where s is the radius of the effective catch area of an uptake
site (Aksnes and Egge, 1991) which can be taken as the radius
of the opening of a transporter (Parker and Newstead, 2014).
The transporter density (p), is the total catch area of all uptake
sites divided by the cell surface, i.e., p = nπs2 /(4πr2 ). Thus,
this quantity is a non-dimensional number between 0 and 1.
For p = 1, the entire surface is covered by transporters and, as
noted in the introduction, the affinity is then at its maximum,
i.e., α = αmax = 4πDr. If n in Equation (1) is eliminated (by
insertion of n = 4pr2 s−2 ) the uptake affinity can be expressed as
a function of p and cell size, according to:
α=

16πpDr2
4pr + πs(1 − p)

(2)

We will use this expression to obtain the scaling exponent, x in
α ∝ rx , for different transporter densities. It should be noted
that handling time is not part of the affinity expression and that
the effects of handling limitations on nutrient uptake are not
considered in the present study. A model combining the nutrient
affinity expression in Equation (1) with nutrient handling is
derived in Aksnes and Cao (2011) and discussed in Fiksen et al.
(2013).

Experimental Studies and Estimation of
Transporter Density
Edwards et al. (2015) published a data collection, which is
larger than that reported in Edwards et al. (2012), of laboratory
measurements of the maximum uptake rate (Vmax ), the nutrient
specific half-saturation constant (k), and the cell volume (v) of
different phytoplankton species. We used 205 sets where 71 and
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134 were for nitrate and phosphate uptake, respectively. Similarly
to Edwards et al. (2012), we approximated the uptake affinity
according to α ≈ Vmax /k. From the cell volume we calculated
1/3
the equivalent spherical radius (ERS), r = 3v/(4π)
.
p was estimated from affinity and cell radius according to:
p=

πsα
−4rα + πsα + 16πr2 D

(3)

This equation is a rearrangement of Equation (2) and values
of 0.001 µm and 1000 µm2 s−1 were assumed for s and D,
respectively (Aksnes and Cao, 2011). Out of the 205 affinity
observations, 16 were higher (6 and 10 for nitrate and phosphate
uptake, respectively) than the theoretical maximum (i.e., αmax =
4πDr) for spherical and non-motile cells. Violations of these
assumptions, as well as inaccurate size and uptake measurements,
might lead to values higher than the maximum. Since, our
idealized model cannot account for affinity values above the
theoretical maximum they are not included in the analysis below.

FIGURE 1 | Affinity expressed as the proportion of the theoretical
maximum (i.e., α/αmax ) as a function of estimated transporter density
(obtained by Equation 3). The dashed and solid lines represent the affinity
predicted by Equation (2) for cells with a radius of 1 and 100 µm, respectively.
Light gray and dark gray circles indicate the affinity and the corresponding
transporter estimates extracted from Edwards et al. (2015) for phosphate (P)
and nitrate (N), respectively. Area of the circles indicate cell size.

Estimation of Scaling Exponents
Allometry is commonly expressed as power functions. For
our case, α = mrx , the scaling exponent (x) is often
estimated as the slope in a linear regression analysis on the
logarithmic form, i.e., ln α = x log r + log m. Edwards et al.
(2012) applied standardized major axis (SMA) regression rather
than ordinary least square regression (OLS). The rationale for
using SMA fitting is that this method allows errors in the
independent as well as the dependent variable. For data on uptake
affinity and organism size, SMA-fit typically provides larger
scaling exponents than standard regression. The orthogonal
fitting procedure in Statistica (StatSoft, Dell Software), which
corresponds to SMA, provided an estimate of x = 2.22 while
standard regression gave x = 1.55 for the data set of Edwards
et al. (2015; see Figure 1). We have used OLS to fit power
functions to predictions from Equation (2). Such theoretical
predictions are not subject to errors in the independent variable
(such as cell size) when these are assumed rather than measured.

If transporter biomass and cell biomass are approximated by their
corresponding volumes, e.g., p4πr2 s and 34 πr3 , respectively, the
specific transporter investment (I) can be expressed by the ratio
of the two biomasses, i.e., I = 3psr−1 . Here, we assume that
s reflects the thickness of the layer occupied by transporters.
Although, this layer is likely to be thicker than s, it does not
affect the result that the investment cost for a given p decreases
with increased cell size, i.e., I ∝ r−1 . Thus, even though small
cells are indeed favored by a large surface to volume ratio,
this analysis suggests that they are punished by higher relative
investment costs to take the full advantage of their higher surface
to volume ratio. We have shown that there are two theoretical
arguments for this. First, because the small cells need a higher
p in order to approach αmax (Figure 1), and second because the
relative cost of a transporter is higher for a small than for a large
cell.

RESULTS
Small Cells Need Higher Transporter
Investment than Large Cells in Order to
Become a Perfect Sink

Scaling Exponents and Observations
Extracted from Edwards et al. (2015)

First, we consider some useful theoretical results. According to
Equation (1) a p of p = 1 yields α = αmax , which is a requirement
of a perfect sink. Affinity approaches this maximum at relatively
low transporter densities. As pointed out by Berg and Purcell
(1977) and Jumars et al. (1993) above a certain level, there is little
gain to further increase the p (Figure 1). Another noteworthy
result is, that the affinity of large cells satiates at a lower p than
the affinity of small cells. To reach an affinity of 50% of maximal
affinity, a small cell (r = 1 µm) needs a p two orders of magnitude
higher than a cell with r = 100 µm (Figure 1). Generally, it is
more costly for small cells to become perfect sinks.
We now use the ratio between the transporter biomass and the
cellular biomass as a proxy for investment in p at the cell surface.
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The estimated scaling exponents, i.e., x in the relationship
α ∝ rx for the nitrate and phosphate affinities are shown in
Figure 2. OLS on the log-transformed data provided x = 1.55
(Figure 2A). A perfect sink corresponds to a p of p = 1 and
the expected scaling coefficient for perfect sinks is x = 1 (see
Figure 2A). At very low transporter densities (i.e., p → 0 in
Equation 2) the cell becomes a minimal sink, where the scaling
exponent approaches 2 (Figure 2A).
As noted in the Methods Section, if orthogonal fitting (SMA
regression) is applied instead of standard regression, we obtain
a scaling exponent larger than 2 (x = 2.22 rather than 1.55 in
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FIGURE 2 | Scaling exponents (x) of the allometric relationship between uptake affinity and cell radius. Light gray and dark gray dots represent the affinity
estimates that were extracted from Edwards et al. (2015) for nitrate (N) and phosphate (P), respectively. The dashed line indicates the theoretical maximum affinity,
which corresponds to perfect sink (x = 1) obtained for p = 1 (Equation 2). (A) The gray line is the fit to the data from Edwards et al. (2015) using OLS regression which
provides x = 1.55 (see Method). The dash-dotted line indicates the minimal sink (x = 2) obtained for p → 0. (B) Scaling exponents larger than 2 are expected if
transporter density increases with cell size. The three solid lines illustrate the expected scaling when transporter density increases with r, r 2 , and r 3 , respectively.
Equation (2) is fundamentally not a power function and therefore the indicated scaling exponents represent only the initial and steepest part of the lines.

DISCUSSION
Purely diffusion limited nutrient uptake implies that the cells
are perfect sinks and that uptake affinity should scale linearly
with cell radius. However, our results suggest that phytoplankton
cells are imperfect sinks (Figure 1) and that this might explain
why nutrient uptake affinity scales in proportion to a quantity
that is closer to the cell surface area, i.e., α ∝ r2 . Contrary
to a perfect sink, an imperfect sink can increase its nutrient
affinity by increasing the transporter number (Equation 1).
But increased diffusion will also increase affinity, and the
notion of either being diffusion limited or transporter limited
appears inappropriate. Experimental support for simultaneous
diffusion and transporter limitation is presented in the study of
Tambi et al. (2009). Assuming diffusion limitation, they found
relatively good agreement between experimentally measured
and theoretically derived phosphate uptake affinities in bacteria
and phytoplankton of different sizes. On the other hand, if a
power function is fitted (by OLS) to their phytoplankton affinity
measurements (Tambi et al., 2009, Table 2) vs. the ERS, a scaling
exponent close to 2 is obtained (for the specific affinity, the
exponent is −1). This suggests, that at least some the organisms
in their study were imperfect sinks and that diffusion limitation
is not a sole predictor for the observed uptake affinity. The
observations of Tambi et al. (2009) therefore appear consistent
with the results reported here and those reported by Edwards
et al. (2012). There are likely large uncertainties in both the
affinity and the cell size measurements in Figure 2. Presumably,
these contribute to the relatively large scatter and uncertainties
in estimating the scaling exponent. Our results suggest, however,
that such large scatter might also reflect the lack of a common

FIGURE 3 | Transporter density estimates (obtained by Equation 3) vs.
cell radius calculated from Edwards et al. (2015).

Figure 2A). Scaling exponents larger than 2 are in accordance
with theory for cases where p increases with cell size (Figure 2B).
Given the result above, that relative transporter cost is lower
for large than for small cells, increased porter density with cell
size could be expected. A plot of the estimated p vs. cell radius,
however, provides no evidence for such increasing trend. In fact,
if the three experiments with cells larger than 100 µm (Figure 3)
are included in a regression analysis there is a downward trend
with size (not shown).
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optimal transporter density, but rather represent diversity both
within and across size classes.
Cells need different nutrients and several types of transporters
have been identified (Tsay et al., 2007; Nussaume et al., 2011).
In the estimation of the p, which is expressed as a fraction rather
than a true density, we assumed a transporter opening (s) of 1 nm.
This value appears to be close to the opening of a phosphate
transporter (Huang et al., 2003; Pedersen et al., 2013), while
a value closer to 10 nm was reported for a nitrate transporter
(Parker and Newstead, 2014). We note, that the p estimates are
affected by the actual choice of s. For example, the p estimates
(x-axis in Figure 1) becomes 10 times higher if s is set equal to
10 instead of 1 nm. However, this does not affect α/α max values
(y-axis in Figure 1), nor the different scaling exponents shown in
Figure 2.
The expectation of a linear scaling (x = 1) between
affinity and cell radius arises as a result of diffusion limitation
due to the boundary layer around the cell. This boundary
layer may, however, be disturbed by fluid turbulence, leading
to enhanced concentrations near the cell surface, and thus
higher uptake (Guasto et al., 2012; Barton et al., 2014).
This effect would be stronger the larger the cell. Theoretical
arguments, however, imply that only cell larger than ∼60–
100 µm might be affected (Guasto et al., 2012). The sizes
considered in the present study are generally smaller than
100 µm, indicating that the nutrient uptake of these organisms
is not likely to benefit from increased turbulence. However, if
the laboratory conditions of the uptake experiments involved
strong stirring, we cannot exclude that mixing might have
contributed to the observed x > 1 scalings. Such effects cannot be
resolved here, but needs to be addressed in future experimental
studies.
Our results indicate that the observed uptake affinities of large
cells are closer to the theoretical maximum than the affinities of
small cells (Figure 1). This is not surprising given the theoretical
evidence that the cost of a transporter (relative to the cellular
volume) is less for large than for small cells, and that large cells

need lower p to realize their maximal affinity potential than
small cells. But what is the optimal transporter investment? This
question cannot be answered by our analysis as nutrient uptake
is just one among many vital processes to be considered in tradeoff conflicts. Phytoplankton cells require several nutrients, with
their specific transporters having to share the cells surface area.
Therefore, to optimize uptake, the required cellular nutrients
ratio and the environmental nutrient concentrations have to
be considered. Further, investment in more nutrient uptake
transporters is not beneficial if carbon fixation (i.e., light) is
a larger bottleneck for survival and reproduction. Under such
circumstances investment should rather be directed toward
chloroplasts. The nature of such co-limitations and associated
trade-offs is likely to be size dependent (Andersen et al.,
2015, 2016). Another kind of trade-off mechanism emerges if
nutrient transporters are entry points for viral attacks (Menge
and Weitz, 2009) which also affect optimal transporter density.
Thus, future studies aiming to explain the large variation in
observed nutrient uptake affinity (as seen in Figures 1–3) need
to address, not only nutrient uptake, but a wide range of
processes and associated trade-offs affecting growth, survival and
reproduction.
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