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Reaching the Chu lower bound on Q with magnetic
dipole antennas using a magnetic-coated PEC core

Oleksiy S. Kim and Olav Breinbjerg, Member, IEEE

Abstract—We analytically solve the radiation problem for
a spherical magnetic dipole antenna with a material-coated
perfectly electrically conducting core. Using the closed-form
expressions derived for the internal and external stored energies
as well as for the radiation quality factor Q, we determine the
optimal geometrical and material parameters of the antenna. We
show that the optimal permeability of the coating increases as
the coating becomes thinner; as a result, the energy stored in
it and the radiation quality factor Q reduce. In the limit of an
infinitely thin coating, the optimal permeability tends to infinity,
the internal stored energy vanishes, and the Q reaches the Chu
lower bound, irrespective of the antenna electrical size ka and
permittivity of the coating.

Index Terms—Electrically small antennas, fundamental limi-
tations, magnetic dipole, quality factor, Chu lower bound

I. INTRODUCTION

IN his seminal work from 1948 [1] Chu established a lower

bound for the radiation quality factor Q of an electrically

small antenna; this can be expressed as [1]–[3]

QChu =
1

(ka)3
+

1

ka
(1)

with k being the free-space wave number and a the radius

of the smallest sphere circumscribing the antenna. The Chu

lower bound is generally considered to be too optimistic, since

it takes into account only the stored energy in the region

external to the circumscribing sphere. If the stored energy

in the internal region is also taken into account, the Q will

increase. For a spherical electric surface current distribution

with free-space internal region – a so-called air-core – it

has been shown [4]–[6] that the quality factor Q is limited

from above to 1.5QChu for electric dipole antennas (radiating

the TM10 spherical mode) and 3.0QChu for magnetic dipole

antennas (radiating the TE10 spherical mode) as ka → 0. A
range of practical antennas [7]–[12] confirm these values.

There is obviously a strong interest in antennas that over-

come the limits of the air-core spherical antennas and approach

the Chu lower bound. The lower Q requires the internal

stored energy – electric energy for electric dipole antennas and

magnetic energy for magnetic dipole antennas – to be reduced.

One way to do it was pointed out by Wheeler in his work from

1958 [4]. Wheeler showed that the Chu lower bound can be

reached by a magnetic dipole antenna with a solid spherical

magnetic core of infinite permeability – but only in the limit
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ka → 0. For a finite-size magnetic dipole antenna the quality

factor is proved to be [13], [14]

Q ≈
{

1 + 0.366(ka)2
}

QChu. (2)

On one hand, the expression (2) suggests that the Q can

approach the Chu lower bound QChu very closely; e.g., within

10% for ka = 0.5. On the other hand, it excludes that QChu

can be reached by a finite-size magnetic dipole antenna with a

solid spherical magnetic core. The limiting mechanism is the

internal resonances, which start occurring when the electrical

size of the core reaches specific values. However, they may be

avoided if a metal sphere is introduced into a solid magnetic

core, as shown in this paper.

Another way to lower the Q follows from the Huygens-Love

principle, which states that equivalent electric and magnetic

currents on a surface enclosing a source radiate the same fields

as the original source. Furthermore, the equivalent currents

produce zero fields internally to the surface they reside on.

Thus, equivalent electric and magnetic surface currents being a

source itself represent an ideal antenna with no internal stored

energy and the lowest possible Q [15], [16]. The principle

is used in [17], [18] to derive lower bounds on the Q for

electrically small antennas of arbitrary shape. In subsequent

works by the same authors [19], [20], it is suggested to utilize

a thin sheet of high-permeable magnetic material to produce

magnetic polarization currents as an alternative to the current

of magnetic charges. Indeed, a numerical investigation of an

electric dipole antenna [19], [20] illustrates that the air-core

limit can be overcome and the Chu lower bound QChu closely

approached.

The purpose of this paper is to show that the Chu lower

bound can be approached even closer than (2) for a finite-

size magnetic dipole antenna using a material-coated perfectly

electrically conducting (PEC) core. This facilitates electrically

small antenna designs of the best possible performace with

respect to the quality factor and thus bandwidth. Preliminary

results of this work were presented in [21], and similar results

were independently reported in [22]. Here, we present the

details of the analytical solution for the problem (Section II)

and determine the optimal parameters of the antenna ensuring

the lowest possible ratio Q/QChu (Section III).

The time factor exp(−iωt) is assumed and suppressed

throughout the paper.

II. THEORY AND RESULTS

The geometry of the antenna is sketched in Fig. 1. A

spherical PEC core of radius b is coated with a concentric
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Fig. 1. Magnetic dipole antenna with a material-coated PEC core. Time-
harmonic surface current density J is distributed over the surface of the
antenna.

magnetodielectric shell of external radius a. The material

of the shell is linear, isotropic, homogeneous, lossless and

dispersion-less with the relative permittivity εr, relative per-

meability µr, and wave number ks =
√
εrµr k. In a spherical

coordinate system (rθφ) with the origin at the center of the

core, an impressed electric current density on the surface of

the shell is defined as

J = âφJ0 sin θ (3)

where âφ is the azimuthal unit vector and J0 is the amplitude

(A/m). In the free space, externally to the antenna, this current

radiates electromagnetic fields equal to those of a z-directed
elementary magnetic dipole located at the origin.

A. Analytical Solution

The electric and magnetic fields in the material shell,

E
−(r) and H

−(r), and in free space, E+(r) and H
+(r), are

expressed in terms of vector spherical wave functions as

E
−(r) =

ks√
ηs

C−
F

(5)
101(r) (4a)

H
−(r) = −iks

√
ηsC

−
F

(5)
201(r) (4b)

E
+(r) =

k√
η
C+

F
(3)
101(r) (4c)

H
+(r) = −ik

√
ηC+

F
(3)
201(r) (4d)

where ηs and η are the intrinsic admittances of the shell

and free space, respectively, and C± are coefficients to be

determined. The F-functions are defined using the notation of

Hansen [23] as

F
(5)
101(r) =

√
6

4
√
π
z
(5)
1 (ksr) sin θâφ (5a)

F
(5)
201(r) =

√
6

2
√
π

z
(5)
1 (ksr)

ksr
cos θâr

−
√
6

4
√
π

1

ksr

d

d(ksr)
{ksrz(5)1 (ksr)} sin θâθ (5b)

F
(3)
101(r) =

√
6

4
√
π
z
(3)
1 (kr) sin θâφ (5c)

F
(3)
201(r) =

√
6

2
√
π

z
(3)
1 (kr)

kr
cos θâr

−
√
6

4
√
π

1

kr

d

d(kr)
{krz(3)1 (kr)} sin θâθ. (5d)

The radial dependence of the fields in free space is rep-

resented by the spherical Hankel function of the first kind

z
(3)
1 (kr) = h

(1)
1 (kr), whereas for the shell an appropriate

linear combination of spherical Bessel and Neumann functions

z
(5)
1 (ksr) = j1(ksb)y1(ksr)−y1(ksb)j1(ksr) is introduced, so
that the boundary condition at the surface of the PEC core is

satisfied.
By substituting (5) into (4) and enforcing the boundary

conditions at the surface of the antenna r = a, the coefficients
C± can be determined in closed form as

C− = J0ia

√
ηs

η

4
√
π√
6
kah

(1)
1 (ka)I−1 (6a)

C+ = J0ia
1√
η

4
√
π√
6
ksaz

(5)
1 (ksa)I

−1 (6b)

where

I =
ηs
η
kah

(1)
1 (ka)

d

d(ksa)
{ksaz(5)1 (ksa)}

− ksaz
(5)
1 (ksa)

d

d(ka)
{kah(1)

1 (ka)}. (7)

B. Stored Energy and Quality Factor

To determine the stored energies, the fields in (4) are spa-

tially integrated over the respective regions. In free space, the

contribution of the propagating field is subtracted, so that only

the energy density of the non-propagating field remains [2].

The resulting expressions for the internal electric W−

E , internal

magnetic W−

H , external electric W+
E , and external magnetic

W+
H stored energy are found to be

W−

E =
1

4ω
|C−|2

{

(ksa)
3

2

[

R2
1(ksa)−R0(ksa)R2(ksa)

]

+
(ksb)

3

2
R0(ksb)R2(ksb)

}

(8a)

W−

H =
1

4ω
|C−|2

{

(ksa)
3

2

[

R2
0(ksa)−R−1(ksa)R1(ksa)

]

− ksaR
2
1(ksa)−

(ksb)
3

2
R2

0(ksb)

}

(8b)

W+
E =

1

4ω
|C+|2 1

ka
(8c)

W+
H =

1

4ω
|C+|2

{

1

(ka)3
+

1

ka

}

. (8d)
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where Rn(ksr) = j1(ksb)yn(ksr) − y1(ksb)jn(ksr). The

expressions for the external stored energies, (8c) and (8d),

have been reported previously [2], [13], [24], whereas the

expressions for the stored energies in the spherical shell

enclosing the PEC sphere, (8a) and (8b), are new.

The radiation quality factor Q is determined from

Q = 2ω
max(W−

H +W+
H ,W−

E +W+
E )

Prad

(9)

using (6), (8), and the radiated power

Prad =
1

2
|C+|2. (10)

Expression (9) assumes that a resonant system is established

by increasing the lesser of the electric and magnetic energies

to equal the larger through use of, e.g., a lumped-component

tuning circuit.

C. Results

The effect of the magnetic-coated PEC core (εr = 1)
is illustrated in Fig. 2. In Fig. 2a, the ratio of the total

stored electric energy WE = W+
E +W−

E to the total stored

magnetic energy WH = W+
H +W−

H is plotted vs. the relative

permeability µr of the shell for three values of the relative

radius of the PEC core b/a = 0.0, 0.65, and 0.9 with fixed

external electrical radius ka = 0.5. For the permeability

close to the free space value, the magnetic energy clearly

dominates irrespective of b/a. As the permeability increases,

the relative part of the stored electric energy becomes larger,

and eventually the first resonance is reached.

Figure 2b shows the ratio of the internal stored

energy W− = W−

E +W−

H to the total stored energy

WTotal = W−

E +W−

H +W+
E +W+

H vs. the relative permeabil-

ity µr. The internal stored energy, which is predominantly

magnetic, initially decreases with µr; however, as µr passes an

optimum value, it starts rising towards the internal resonance,

at which the total stored energy is entirely internal.

The radiation quality factor Q demonstrates similar be-

haviour, as seen in Fig. 2c, where the Q, normalized by the

Chu lower bound QChu, is plotted vs. the relative permeability

µr. The ratio Q/QChu is lowest for some optimal µr, and it

becomes of course infinite at the internal resonances.

In the free space case (µr = 1), the ratio W−/WTotal

increases as the PEC core becomes relatively larger (Fig. 2b).

The source currents on the surface of the antenna induce

oppositely directed currents on the surface of the PEC core,

and as the PEC surface becomes closer to the source currents,

the external fields – and thus the external stored energy and

the radiated power – reduce. In the limiting case b/a → 1 and

µr = 1, the ratio W−/WTotal tends to unity, and the Q tends

to infinity.

The most prominent effect of the magnetic-coated PEC core

is that the larger b/a, the higher the value of the permeability

µr at which the first resonance occurs. The optimal value of

the permeability, at which the ratios W−/WTotal and Q/QChu

are minimal, becomes correspondingly higher. Potentially, an

arbitrary high µr can be used – and an arbitrary low ratio

W−/WTotal achieved – without the risk of hitting a resonance
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Fig. 2. Energy and quality factor as functions of µr (εr = 1) for fixed
ka = 0.5: (a) Ratio of electric and magnetic stored energies; (b) Ratio of
internal and total stored energy; (c) Quality factor (normalized by Chu lower
bound).
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if the shell is thin enough. In the limit of an infinitely thin

magnetic shell (b/a → 1), the optimal µr is infinitely high,

the magnetic energy stored in the shell vanishes, and the Q
reaches the Chu lower bound QChu.

III. OPTIMAL PARAMETERS

In this section, we determine the optimal geometrical

and material parameters minimizing the ratio Q/QChu for a

spherical magnetic dipole antenna with material-coated PEC

core. First, the optimal parameters are found from the exact

analytical solution presented in Section II. Second, a simple

standing wave model that provides a physical insight into the

problem of determining the optimal parameters is discussed.

A. Optimal Parameters Extracted from the Exact Solution

Assuming that all parameters are chosen such that the stored

magnetic energy exceeds the stored electric energy,WH > WE,

the expression for the radiation quality factor Q can be written

from (6)-(10) as

Q = 2ω
W−

H +W+
H

Prad

=

{

1 +
1

µr

Ψ(ksa, b/a)

}

QChu (11)

where

Ψ(ksa, b/a) =
(ksa)

2

2R2
1(ksa)

{

R2
0(ksa)− (b/a)3R2

0(ksb)

−R−1(ksa)R1(ksa)} − 1. (12)

1) Optimal µr for given ka, εr and b/a: The minimum of

Q in (11) with respect to the relative permeability µr of the

shell is found by solving the equation

∂Q

∂µr

=
(ksa)

2

∂Ψ(ksa, b/a)

∂(ksa)
−Ψ(ksa) = 0. (13)

Since Ψ(ksa, b/a) in (12) is an oscillating function, equa-

tion (13) has infinitely many solutions – values of ksa – for

any value of b/a. Denoting these solutions as Φn(b/a), the
optimal permeability of the shell for a given ka and εr is

determined as

µopt
r =

Φ2
n(b/a)

εr(ka)2
. (14)

Substituting (14) into (11), we obtain the lowest achievable Q
for each n as

Q =

{

1 + εr(ka)
2Ψ(Φn(b/a), b/a)

Φ2
n(b/a)

}

QChu. (15)

The functions Φn(b/a) are plotted in Fig. 3a for three values of
n =1, 2, and 3; the corresponding ratios Q/QChu are shown in

Fig. 3b for ka
√
εr = 1.0. It is observed that the solutions with

higher n yield higher ratios Q/QChu, and though the difference

becomes negligible as b/a → 1, the first solution n = 1 is of

most interest. As evident from (15), this observation holds for

arbitrary ka
√
εr.

Use of plotted data is not always convenient. Therefore, we

applied a least-squares curve fitting of a rational function

Φ1(x) ≈ u1
1 +Ax+Bx2

1− x2
(16)

10
0

10
1

10
2

10
3

10
4

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

O
p
ti

m
al

 e
le

ct
ri

ca
l 

si
ze

, 
k
s
a

Relative radius, b/a

2.816

exact; n = 1

n = 2

n = 3

approximation (16); n = 1

(a)

 1

 1.1

 1.2

 1.3

 1.4

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

Q
/Q

C
h

u

Relative radius, b/a

n = 1
n = 2
n = 3

(b)

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 2.6

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

Q
/Q

C
h

u

Relative radius, b/a

2.00

1.75

ka�√εr = 1.50

1.25

1.00

0.75

0.50
0.25

(c)

Fig. 3. Optimal electrical size ksa (a) and the corresponding lowest
achievable ratio Q/QChu: (b) for n = 1, 2, 3, and ka

√
εr = 1.0; (c) for

various ka
√
εr and n = 1.
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to the numerically found data points of Φ1(b/a). In (16),

u1 ≈ 2.8161 is a constant determined in [14] while solving

a problem for a spherical magnetic dipole antenna with a

solid material core (b/a = 0). Constants A ≈ −0.1048 and

B ≈ 0.3894 are found to yield a root mean square error of

1.4%; the resulting approximation is compared to the exact

curve in Fig. 3a.

The dependence of the lowest achievable ratio Q/QChu vs.

the relative radius of the PEC core b/a is presented in Fig. 3c

for various values of ka
√
εr. The plot is based on (15) with

n = 1. It is observed, that irrespective of the antenna electrical
size, the Chu lower bound QChu can be reached as the shell

becomes infinitely thin (b/a → 1). For other shell thicknesses,
the lowest achievable ratio Q/QChu depends on ka

√
εr. Par-

ticularly, for a fixed ka, the Q deteriorates as the relative

permittivity εr of the shell increases. The similar dependence

was observed for a magnetic dipole antenna with a solid

magnetodielectric core [13], [14]. However, with a material-

coated PEC core the deteriorating effect of the permittivity

can be mitigated by decreasing the shell thickness (increasing

b/a). For instance, an antenna with ka
√
εr = ka = 0.5 and

b/a = 0.135 yields Q/QChu = 1.09. Changing permittivity

from 1 to 16 results in ka
√
εr = 2.0 and brings Q/QChu up

to 2.44. By making the shell thinner, so that b/a = 0.952, the
ratioQ/QChu can be reduced to its initial value 1.09. Although,

in all cases the relative permittivity of the shell µr is assumed

to be optimal according to (14), this prerequisite is not very

strict, due to the wide minimum seen in Fig. 2c.

If the electrical size of the antenna ka, the radius of the core
b and the permittivity of the coating εr are fixed, the optimum

size ksa is found from either (16) or Fig. 3a. The optimum

permeability of the coating µr is then determined using (14),

and the lowest achievable Q is given by (15) or Fig. 3c.

2) Optimal b/a for given ka, µr and εr: As shown above,

the advantage of a material-coated PEC core versus a solid

material core is that a Q very close to the Chu lower bound

can be achieved for a finite-size magnetic dipole antenna. This

is done using a very thin magnetic coating of a high-permeable

material with no restrictions on its permittivity. However, a

free choice of material permeability is not usually possible

in practice. Therefore, it is useful determine optimal relative

radius of the PEC core b/a for selected antenna electrical

size ka, and coating permeability µr and permittivity εr. The
problem reduces to solving the following equation

∂Q

∂(b/a)
=

∂Ψ(ksa, b/a)

∂(b/a)
= 0. (17)

Similar to (13), the equation (17) can have multiple solutions

as

b/a = Fn(ksa). (18)

The first three ones are shown in Fig. 4a. Note, that Fn(ksa)
is not the inverse of the Φn(b/a) function. For instance, for

n = 1, the optimal ksa for a solid core (b/a = 0) is ksa =
u1 ≈ 2.816 (Fig. 3a), whereas the value of ksa for which the

optimal b/a = 0 is approximately 2.083 (Fig. 4a).

Substituting (18) into (11) yields the lowest achievable Q
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for given ksa and n

Q =

{

1 + εr(ka)
2Ψ(ksa, Fn(ksa))

(ksa)2

}

QChu. (19)

Again, as in the previous case (Section III-A1), the first

solution n = 1 yields the lowest ratio Q/QChu (Fig. 4b). And

as in the previous case, higher values of ka
√
εr require higher

µr, and thus higher ksa and b/a, to achieve the same ratio

Q/QChu (Fig. 4c).
A convenient approximation of F1(ksa) is found to be

F1(x) ≈
√
x2 − 2.0832

x+ 1.671
, x ≥ 2.083 (20)

which ensures the root mean square error of 0.4%; the fitting

is compared to the exact solution in Fig. 4a.
The design of a magnetic dipole antenna with a material-

coated PEC core starts with the antenna electrical size ka
and parameters µr, εr of the material. The optimal ratio b/a
is determined using Fig. 4a or the approximation (20). The

lowest achievable Q is then found using (19) or Fig. 4c for

the corresponding ka
√
εr. If ksa < 2.083, a solid material

core should be applied, and the lowest Q is then given by (2).
3) Range of validity: The expressions (11)-(20) are valid

as long as WH > WE, that is, until the first resonance is

reached. Figure 5 shows the optimal parameters compared to

the parameters for the first resonance found numerically for

several values of ka and εr. Note, that the results are presented
as ks(a−b)/(2π) = (a−b)/λs vs. the relative radius b/a, that
is, the vertical axis of the plot represents the shell thickness

measured in wavelength in the coating material λs = (2π)/ks.
To show the optimal parameters found in Sections III-A1

and III-A2 on the same plot in Fig. 5, the expression (14) is

transformed as

a− b

λs

=
1

2π
(Φ1(b/a)− (b/a)Φ1(b/a)) (21)

and the expression (18) is casted in a parametric form as
{

a−b
λs

= a
λs

(1− F1(ksa))

b/a = F1(ksa)
(22)

where 0 < ksa ≤ ∞ is a parameter.
The optimal parameters are valid as long as the optimal shell

is thinner than the shell corresponding to the first resonance.

Since the optimal shell thickness found from (18) is always

less than the resonance thickness, it is valid in the entire

range of parameters ka, εr. On the other hand, the validity

of (14) is conditional. For εr = 1, the optimal parameters

found using (14) can safely be used in the entire region

where an antenna is regarded as electrically small (ka < 0.5),
and actually up to ka ≈ 2. In this range of ka, the shell

thickness, at which the resonance occurs, exceeds the optimal

shell thickness. For larger electrical sizes ka and permittivity

εr, the applicability of (14) depends on b/a.
In the limit b/a → 1, the optimal parameters (14) are

valid irrespective of ka and εr. Indeed, as ksb → ksa, the
electrical size ksa becomes much larger than 1 (see Fig.3a).

Consequently, the fields in the shell are locally plane waves,

implying that the shell thickness for the internal resonance

is λs/2, whereas the optimal thickness found using (14) is

approximately 0.2877λs.
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Fig. 6. Scattering of a spherical wave by a PEC sphere immersed in a
medium with parameters εr, µr, ks =

√
εrµr k, λs = 2π/ks.

B. A Standing Wave Model

Optimal parameters can also be determined approximately

by considering the material coating as a spherical waveguide

with a PEC sphere of radius b centered at the origin (Fig. 6).

The PEC sphere is illuminated by an inward-propagating

TE10 spherical wave, and, due to the spherical symmetry, the

reflected outward-propagating wave is also a TE10 spherical

wave. Since a spherical standing wave is formed, there is a

radius a > b, at which the wave impedance is infinite. Placed

at this radii an impressed electric current density (3) will

radiate minimally inward, and, thus, the internal stored energy

and the radiation Q will be minimized. It can be shown that

the radius a of infinite impedance is given by the following

equation

arg{h(2)
1 (ksa)} = arg{h(2)

1 (ksb)}+
π

2
. (23)

For a vanishingly small PEC sphere (ksb ≪ 1), the solution
can be found analytically as

ksa = χp (24)

where χp is the p-th root of the spherical Neumann function

of first order y1(x). For finite ksb, the equation (23) is solved
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numerically and the result is shown in Fig. 7 along with the

exact solutions found in Section III-A. It is observed, that for

small b/a the approximate solution is very close to the exact

optimal parameters found from (14), whereas for larger b/a the

approximate solution approaches the exact optimal parameters

found from (18). Thus, the standing wave model provides a

reasonable approximation to the exact solution.

IV. CONCLUSION

The radiation problem for an electric current density im-

pressed on the surface of a material-coated PEC sphere and

radiating the TE10 spherical mode is solved analytically.

Closed-form expressions for electric and magnetic internal and

external stored energies as well as for the radiation quality

factor Q are derived. From those, the optimal parameters of

the antenna, which ensure the radiation Q closest to the Chu

lower bound, are determined.

It is shown that a PEC sphere introduced into a solid

magnetic core shifts the core permeability, at which the first

TE10-mode resonance occurs, towards higher values. Conse-

quently, the optimal permeability also becomes higher, and this

results in lower internal stored magnetic energy and lower Q.

For instance, the optimum permeability of a solid magnetic

core with ka = 0.5 is µr = 31.72, which corresponds to

Q = 1.09QChu, whereas the optimum permeability of the

same core with a PEC sphere of radius b = 0.9a inside is

µr = 1313.51, and thus Q = 1.01QChu.

Furthermore, it is shown that the negative effect of the

dielectric permittivity can be compensated by decreasing the

thickness of the magnetodielectric coating. For an infinitely

thin coating, the optimal permeability becomes infinite, and the

Q reaches the Chu lower bound, irrespective of the permittivity

and antenna electrical size ka.

Thus, the realistic lower bound on the radiation Q for

spherical magnetic dipole antennas is indeed the Chu lower

bound.
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