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We present a theoretical expression for the acoustic interaction force between small spherical particles
suspended in an ideal ßuid exposed to an external acoustic wave. The acoustic interaction force is the part
of the acoustic radiation force on one given particle involving the scattered waves from the other particles. The
particles, either compressible liquid droplets or elastic microspheres, are considered to be much smaller than the
acoustic wavelength. In this so-called Rayleigh limit, the acoustic interaction forces between the particles are well
approximated by gradients of pair-interaction potentials with no restriction on the interparticle distance. The
theory is applied to studies of the acoustic interaction force on a particle suspension in either standing or traveling
plane waves. The results show aggregation regions along the wave propagation direction, while particles may
attract or repel each other in the transverse direction. In addition, a mean-Þeld approximation is developed to
describe the acoustic interaction force in an emulsion of oil droplets in water.
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I. INTRODUCTION

Techniques relying on acoustoßuidic forces, such as acous-
tic radiation force and streaming, are currently used in many
different ways to handle suspended cells, microparticles, and
ßuids nonintrusively and label free in microßuidic setups
such as separation, trapping, and sorting of cells, particle
manipulation, as well as generation and control of ßuid motion
[1Ð3]. Experimentally, ultrasound waves emitted into a particle
suspension give rise to acoustic streaming of the carrier
ßuid [4], and they are responsible for the two acoustoßuidic
forces driving the acoustophoretic motion of the suspended
particles: the acoustic radiation force and the Stokes drag force
from acoustic streaming. The theoretical description of these
complex, nonlinear acoustic effects is not yet complete, and in
this paper we develop the theory of the acoustic radiation force,
which dominates the motion of the larger microparticles [5].

Concerning the radiation force exerted on a single particle,
the so-called primary radiation forceFrad, recent studies by
Doinikov [6] and Danilov and Mironov [7], as well as Settnes
and Bruus [8] and Silva [9], have advanced the theoretical
treatment beyond the seminal contributions by King [10],
Yosioka and Kawasima [11], and Gorkov [12]. The main
improvement found in these recent studies is the introduction
of thermoviscous effects in both the incident ultrasound waves
and the scattered wave from the particle. However, in a
particle suspension exposed to an external acoustic wave,
a secondary radiation force appears, the so-called acoustic
interaction force Frad

int . For a given particle, the acoustic
interaction force is caused by the scattered waves from the
other particles. Investigations on this force dates back to the
19th century, when Bjerknes studied the mutual force between
a pair of bubbles [13], and the analysis performed by K¬onig
on the acoustic interaction force between two rigid spheres
[14]. Subsequently, this force was investigated considering
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short-range interaction between particles of the types rigid-
rigid [15,16], bubble-bubble [17,18], bubble-rigid [19], and
bubble-droplet [20], whereas long-range rigid-rigid [21] and
bubble-bubble [22,23] interactions have also been studied.
The acoustic interaction force between two droplets aligned
relative to an incident plane wave with arbitrary interparticle
distance was also analyzed [24]. Moreover, bubble-bubble
interaction at any separation distance has also been analyzed
through a seminumerical scheme based on the partial-wave
expansion method and the translational addition theorem of
spherical functions [25].

The current literature on the acoustic interaction force lacks
an investigation on a suspension composed of compressional
ßuid droplets or solid elastic particles without any restriction
on the interparticle distances. These kinds of particles are often
used in experiments on acoustoßuidics, acoustical tweezers,
and demulsiÞcation of particle-water mixtures by ultrasound.
It is our goal here to provide an analytical expression for
the acoustic interaction force between suspended droplets or
solid elastic microparticles in an inviscid ßuid. The proposed
method, which takes the form of a scalar potential theory
for the acoustic interaction force, extends the single-particle
radiation force theory developed by Gorkov [12] to include
rescattering events between particles in the suspension. The
method is applied to various examples of the acoustic interac-
tion force in the case of either a standing or a traveling external
plane wave, and a mean-Þeld theory is proposed and applied
to compute the acoustic interaction force between the drops in
an emulsion of oil drops in water.

II. THEORY

The linear wave theory for the acoustic Þelds in an
unbounded, isotropic ßuid of density� 0 and isentropic
compressibility� 0 = 1/ (� 0c2

0 ), wherec0 is the adiabatic sound
velocity in the ßuid, is standard textbook material [26Ð28].
We neglect the viscous dissipation of the acoustic Þeld in
the particle suspension, which is a good approximation for
particle radii much larger than the width of the viscous
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boundary layer [8] and for frequencies much lower than
hypersound frequencies (below GHz for water). Consequently,
a time-harmonic acoustic wave can be described by the
velocity potential� (r ,t ), wherer is position andt is time,
in terms of a complex-valued phase factoreŠi�t , where� is
the angular wave frequency, and an amplitude function� (r ),
which satisÞes the Helmholtz wave equation,

� (r ,t ) = � (r ) eŠi�t , (1a)

� 2� (r ) = Š k2 � (r ), with k =
�
c0

. (1b)

In terms of the potential� (r ), the amplitude function of the
pressurep(r ), the density� (r ), and the velocityv(r ) are given
by

p(r ) = i�� 0 � (r ), (2a)

� (r ) = i
�� 0

c2
0

� (r ), (2b)

v(r ) = � � (r ). (2c)

In the following we outline some fundamental concepts
of acoustic scattering and radiation forces on small particles
suspended in the ßuid.

A. Single-particle scattering in the Rayleigh limit

Consider a monochromatic acoustic wave represented
by the velocity potential amplitude� in(r ) incident on and
scattering off a small spherical particle suspended in the
medium. The scattered wave adds to the acoustic wave incident
on any other particle in the suspension, so the Þrst particle acts
as a source of additional acoustic radiation forces felt by the
other particles in the suspension. All physical quantities related
to this source particle are marked by the subscript ÒsÓ such
as particle radiusas, density � s, isentropic compressibility
� s, and center positionr s, as sketched in Fig.1. At any
given probe positionr p , the outgoing scattered wave from
the source particle is represented by the velocity potential

rs

rp

rp Š rs

� in(r )

� sc(rp|rs)

�

FIG. 1. (Color online) Sketch of the external incident wave� in(r )
(red straight lines) scattered by a suspension of small spherical
particles with radiias � � . The scattered wave� sc(r p |r s) (green
dashed curves) from a source particle located atr s (black sphere) is
probed at the positionr p .

amplitude function� sc(r p |r s), where subscript ÒpÓ here and
in the following relates to the probe. Throughout this work, we
only consider the so-called Rayleigh scattering limitkas � 1.
We also assume ideal scattering boundary conditions, i.e.,
total absorption without reßection of any scattered waves at
inÞnity. In this limit, the acoustic scattering is dominated by
the monopole and dipole scattering, and the scattered wave is
given by [29]

� sc(r p |r s) = if 0,s
a3

s �
3� 0

� in(r s) eikRps

Rps

Š f 1,s
a3

s

2
� p ·

�
vin(r s) eikRps

Rps

�
+ O

�
(kas)5

(kRps)3

�
,

(3)

whereRps = | r p Š r s|, � p is nabla acting onr p , and terms of
the order (kas)5/ (kRps)3 arise from the quadrupolar scattering
[30]. The monopole and dipole scattering factorsf 0,s andf 1,s
of the source particle are given in terms of the density ratio
÷� s = � s/� 0 and the compressibility ratio ÷� s = � s/� 0 as follows
[11,12]:

f 0,s = 1 Š ÷� s, (4a)

f 1,s =
2( ÷� s Š 1)
2 ÷� s + 1

. (4b)

For the analysis of the higher-order scattering, it is useful
to introduce the scattering parameters� s and� p , as well as the
dimensionless probe-source distancexps,

� s = kas, � p = kap , xps = kRps. (5)

This, together with Eqs. (2b) and (2c), can be used to rewrite
Eq. (3) in terms of a scattering operator acting on the incident
wave� in(r s) as

� sc(r p |r s) = Š � 3
s

eixps

xps

�
f 0,s

3
+

if 1,s

2

�
1 +

i
xps

�
	 xps

�
� in(r s)

+ O
�

÷� s
5�

, (6)

where ÷� s = � s/x
3/ 5
ps . Note thatRps � as impliesxps � � s, and

thus� sc(r p |r s) = O(� s) for probes near the source.

B. Single-particle radiation force

Once the scattering velocity potential in Eq. (6) is known,
the resulting acoustic radiation force acting on a suspended
probe particle of radiusap and scattering coefÞcientsf 0,p and
f 1,p placed atr p can be calculated in standard manners using
second-order time-averaged perturbation theory in the pressure
or the particle velocity amplitude [8,11,12]. In the Rayleigh
scattering limit for any incident acoustic wave� in(r ), except
plane traveling waves, the radiation forceFrad(r p ) is a gradient
of a potentialU given by

Frad(r p ) = Š � pU(r p ), (7a)

U(r p ) = Š
� 3

p 
� 0

k

�
f 0,p

3
|� in(r p )|2 Š

f 1,p

2
| ÷� p � in(r p )|2

�

+ O
�
÷� 5
p

�
, (7b)
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where ÷� p = (1/k )� p , used in Eq. (7b), is the dimensionless
nabla operator convenient to use when calculating derivatives
of the velocity potential.

C. Scattering in a suspension of particles

We now consider a speciÞc conÞgurationS of N spher-
ical particles arbitrarily placed at the positionsr s for s =
1,2,3, . . . ,N . The particle at positionr s has the monopole
and dipole scattering coefÞcientsf 0,s andf 1,s, respectively, as
well as radiusas. All particles are assumed to have expansion
parameters� s = kas � 1.

An external incident wave with velocity potential� ext hits
the N-particle suspension and multiple-scattering processes
occurs. The resulting acoustic Þeld� in(r p ) incident at the
probe positionr p can thus be written as

� in(r p ) = � ext(r p ) + � msc(r p |S), (8)

where� msc(r p |S) is that part of the acoustic Þeld at position
r p that is caused by prior multiscattering events at one or more
particles in the conÞgurationS.

In the Rayleigh limit, the multiscattering contribution to
the acoustic wave� in(r p ) incident at the probe pointr p
is dominated by scattering waves having undergone only a
single prior scattering event at some source pointr s different
from r p , written ass �= p. To lowest scattering order, the
multiple-scattering part� msc(r p |S) to the incident wave at
r p can thus be written as a sum over nonidentical pairs of
positions,

� msc(r p |S) =
�

r s� S

�
� sc(r p |r s) + O(÷� 6). (9)

Here the primed summation means that the sum is per-
formed in all suspended particles excepts = p, and the
expansion parameter is ÷� = maxs{÷� s}.

D. The acoustic interaction force

When the particle interaction is taken into account through
the scattered waves, the radiation force can be written as
the sum of contributions from the unperturbed external Þeld
� ext(r p ) and from the conÞguration-dependent interaction
Þeld, which involves terms like� �

ext(r p )� msc(r p |S). By substi-
tuting Eq. (8) into Eq. (7b) we Þnd

Frad(r p ) = Frad
ext(r p ) + Frad

int (r p |S). (10a)

The radiation forceFrad
ext(r p ) from the external Þeld corre-

sponds to� in = � ext in Eq. (7b),

Frad
ext(r p ) = Š � 3

p 
� 0 ÷� p

�
f 0,p

3
|� ext(r p )|2Š

f 1,p

2
| ÷� p � ext(r p )|2

�

+ O
�
÷� 5
p

�
. (10b)

It follows that the conÞguration-dependent acoustic interaction
force can be expressed as a gradient force,

Frad
int (r p |S) = Š � p

�

S

�
U(r p |r s) + O

�
÷� 5
p

�
. (10c)

For given probe and source positionsr p and r s the pair-
interaction potential energy is

U(r p |r s) =

 � 3

p � 0

k
Re

�
2f 0,p

3
� �

ext(r p )� sc(r p |r s)

Š f 1,p ÷� p � �
ext(r p ) · ÷� p � sc(r p |r s)

�
. (11)

The potential energy depends on a particle volume product
a3

pa3
s and on scattering factors likef i,p f i,s , with i = 0,1.

It is clear that the acoustic interaction force has the same
dependence on these parameters. Note further that the potential
energyU(r p |r s) is not necessarily symmetric with respect to
its indices. Thus, the acoustic interaction force may not be
symmetric either.

We now move on to analyze to which order in� p the acoustic
interaction force contributes to the total radiation force. To en-
sure consistent approximations, this contribution must appear
with a smaller order in� p than the quadrupole ÷� 5

p contribution
given in Eq. (7b). The pair-interaction approximation is more
dominant when the dimensionless probe-source distancexps is
small, satisfyingk(ap + as) � xps < 1. Combining Eqs. (11)
and (10c), one can show that the leading contribution to the
interaction force is

	
	 F rad

int

	
	 � | [ ÷� p � �

ext(r p ) · ÷� p ] ÷� p � sc(r p |r s)| �
� 3

p

x4
ps

. (12)

We Þrst note the strong suppression ofFrad
int by xŠ4

ps as the
particle distance increases above a few wavelengths,xps � 1.
Then we may expressxps in terms of the scattering parameter
of the probe particle asxps = � � p , where � > 1 + as/a p .
Therefore,|F rad

int | = O[� Š4� Š1
p ]. Comparing the leading term

in the acoustic interaction force with the quadrupole correction
in Eq. (7b), we Þnd that consistent approximations are
obtained, given that� Š4� Š1

p 	 ÷� 5
p or that � is restricted to

the limited range 1+ as/a p < � � � Š3
p . For example, if� p =

0.1, then� � 1000; otherwise, the acoustic interaction force
magnitude becomes comparable to the quadrupole correction,
which was already neglected in the radiation force expression
given in Eq. (7a).

III. EXAMPLES OF THE ACOUSTIC PAIR-INTERACTION FORCE

The acoustic interaction force exerted on a probe by a single source particle will be determined considering the interaction
potential energy in Eq. (11) for an external traveling plane and standing wave. The source particle is at the origin of the coordinate
systemr s = 0, while the probe particle is at any other positionr p = r = r er . Furthermore, the shorthand notationU(r ) = U(r |0)
andFrad

int (r ) = Frad
int (r |0) will be used.
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A. Traveling plane wave

Consider an external plane wave propagating along thez axis. The velocity potential amplitude of this wave is

� ext(z) =
v0

k
eikz, (13)

wherev0 is the magnitude of the oscillatory velocity.
The pair-interaction potential energy is calculated by substituting Eq. (13) into Eq. (6). Thus, inserting the obtained result into

Eq. (11), we Þnd in spherical coordinates (r,� ,
 ) that

U(r,� ) = 
E 0k3a3
pa3

s

�
cos[kr(1 Š cos� )]



f 1,p f 1,s

1 + 3 cos 2�
2

1
(kr)3

Š
�

4
9

f 0,p f 0,s + f 1,p f 1,s
1 + cos 2�

2
Š

2
3

(f 0,sf 1,p + f 0,p f 1,s) cos�
�

1
kr

�

Š sin[kr(1 Š cos� )]
�

1
2

f 1,p f 1,s Š
2
3

(f 0,sf 1,p + f 0,p f 1,s) cos� +
3
2

f 1,p f 1,s cos 2�
�

1
(kr)2

�
, (14)

whereE0 = 1
2� 0v2

0 is the characteristic energy density of the external traveling plane wave. Below we study two special cases of
this expression, and in this context it is useful to introduce the compression and density interaction potential strengths,U0 and
U1, respectively,

U0 =
4

9

E0k3a3
pa3

s f 0,p f 0,s, (15a)

U1 = 
 E 0k3a3
pa3

s f 1,p f 1,s. (15b)

As the Þrst special case, we reproduce the seminal result for the secondary Bjerknes force between two bubbles, for which it
is assumed that the external wave frequency is much smaller than the resonance frequency of the bubbles. Since for gas bubbles
f 0 
 Š 105 andf 1 
 Š 2, and becausekr > ka s 
 10Š3 implies thatf 0 	 f 1/ (kr), only the term involvingf 0,p f 0,s is relevant
in Eq. (14), and we arrive at atU andFrad

int = Š � U,

U(r,� ) = Š U0
cos[kr(1 Š cos� )]

kr
, (16a)

Frad
int (r,� ) = Š kU0



sin[kr(1 Š cos� )] sin �

kr
e� +

cos[kr(1 Š cos� )] + kr sin[kr(1 Š cos� )](1 Š cos� )
(kr)2

er

�
(16b)


 Š
kU0

(kr)2
er = Š

4
E 0k2a3
pa3

s� p � s

9� 2
0r 2

er , kr � 1, (16c)

where the latter is the secondary Bjerknes force in the short-range limit as derived by Zheng and Apfel [24].
As the second special case, we consider the acoustic interaction between particles collected in the transverse plane (� = 
/ 2).

Since the phase of the external wave does not change in the transverse plane, the angular dependence drops out of Eq. (14). In
this special case, only the radial distance� =

�
x2 + y2 in the transverse plane and the associated in-plane radial unit vectore�

play a role in the following. The potentialU becomes

U(� ) = U0 n0(k� ) + U1
n1(k� )

k�
, (17a)

where, respectively, the functionsn0(x) = Š cos(x)/x andn1(x) = Š sin(x)/x Š cos(x)/x 2 are the zero- and Þrst-order spherical
Neumann functions. In the short-range limitk� � 1, the negative gradient of Eq.17(a) gives

Frad
int (� ) = Š kU1

�
3

(k� )4
+ O([k� ]Š2)

�
e� , k� � 1, (17b)

which depends on the inverse interparticle distance to the fourth power. Furthermore, the interaction force is antisymmetric
Frad

int (r p |r s) = Š Frad
int (r s|r p ). It is worth noticing that the dependence on the inverse interparticle distance� Š4 has also been

found in the acoustic interaction force between two rigid small particles derived by Weiseret al. [31]. In the long-range limit
k� 	 1, the acoustic interaction force in the transverse plane is

Frad
int (� ) = Š kU0



sin(k� )

k�
+ O([k� ]Š2)

�
, k� 	 1. (17c)
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This result has been previously obtained by Zhuk for the interaction of two rigid small particles [21]. Note that the acoustic
interaction force decays with the interparticle distance, but that it oscillates in space with two consecutive zeros separated by a
half wavelength of the external traveling plane wave. Finally, it should be noted that the short-range interaction depends on the
product of the density contrast factorsf 1,p f 1,s, whereas in the long-range interaction the dependence is upon the product of the
compressibility contrast factorsf 0,p f 0,s.

B. Standing plane wave

Now, consider the case where the external incident wave is a standing plane wave deÞned by the potential

� ext(z) =
v0

k
sin[k(z Š h)], (18)

whereh is the distance from the Þrst wave node to the origin of the coordinate system. A particle exposed to such a wave will be
collected in the potential node if the scattering coefÞcients satisfy 2f 0,p < Š3f 1,p and in the potential antinode if 2f 0,p > Š3f 1,p .

We calculate the interaction potential energy by inserting Eqs. (6) and (18) into Eq. (11). Accordingly, we obtain

U(r,� ) = 
E 0k3a3
pa3

s

�
cos[k(r cos� Š h)]

f 1,p

2



f 1,s cos(kh)(1 + 3 cos 2� )

cos(kr)
(kr)3

+
�

4
3

f 0,s sin(kh) cos� coskr

+ f 1,s cos(kh)(1 + 3 cos 2� ) sin(kr)
�

1
(kr)2

Š
�
f 1,s cos(kh)(1 + cos 2� ) cos(kr) Š

1
3

f 0,s sin(kh) cos� sin(kr)
�

1
kr

�

+ sin[k(r cos� Š h)]
2f 0,p

3



f 1,s cos(kh) cos�

coskr
(kr)2

+
�

2
3

f 0,s sin(kh) cos(kr) + f 1,s cos(kh) cos� sin(kr)
�

1
kr

��
.

(19)

Using a similar analysis as performed in Sec.III A , we
Þrst study the acoustic interaction force between two air
bubbles. The force is given by the negative gradient of Eq. (19)
considering only the term containingf 0,p f 0,s, and we arrive at
the secondary Bjerknes force in a standing plane wave,

Frad
int (r ) 
 Š

4
E 0k2a3
pa3

s� p � s

9� 2
0r 2

sin2(kh)er , kr � 1. (20)

This is equivalent to the result obtained by Zheng and
Apfel [24].

Next we focus on the acoustic interaction force between
particles in the transverse plane deÞned by� = 
/ 2. In this
special case Eq. (19) reduces to

U(� ) = U0 sin2(kh)n0(k� ) + U1 cos2(kh)
n1(k� )

k�
. (21)

We note that this interaction potential only depends on distance
between the source and the probe, and consequently, the
acoustic interaction force between particles in the transverse
plane is antisymmetric with respect to the probe and the source
particles.

According to whether a given set of particles is collected in
either the nodal or the antinodal planes of the standing wave,
we can choose to let the transverse plane coincide with a nodal
plane by settingkh = 0, in which case all sin(kh) terms vanish
in Eq. (21), and with an antinodal plane bykh = 
/ 2, in which
case all cos(kh) terms vanish.

Thus, from the gradient ofU in Eq. (21) we obtain the
acoustic interaction force between particles in the nodal plane
(kh = 0) in the short-range limitk� � 1 to be

Frad
int (� ) = Š kU1



3

(k� )4
+ O([k� ]Š2)

�
e� , (22a)

which depends on inverse of the interparticle distance to the
fourth power. Furthermore, only the density scattering factors
and not the compressibility factors enter. In the long-range
limit k� 	 1 for the nodal plane, the acoustic interaction force
is

Frad
int (� ) = kU1



2 cos(k� )

(k� )2
+ O([k� ]Š3)

�
e� , (22b)

which has an oscillatory behavior with half an external
wavelength distance between two consecutive zeros, while
it decays with the inverse square of the interparticle distance.
Note that only on the density scattering factors appear.

Similarly, in the antinodal plane (kh = 
/ 2), the short-
range limitk� � 1 of the acoustic interaction force is

Frad
int (� ) = Š kU0

�
1

(k� )2
+ O(1)

�
e� , (23a)

while the long-distance limitk� 	 1 is

Frad
int (� ) = Š kU0



sin(k� )

k�
+ O([k� ]Š2)

�
e� . (23b)

In the antinodal plane only the compressibility scattering
factors occur.

IV. MEAN-FIELD APPROXIMATION

Going beyond the simple two-particle problem, we now de-
rive an analytical expression for the acoustic interaction force
between a probe particle and the particles surrounding it in a
homogeneous particle suspension. In Sec.II C we considered
N particles with positionsr s in a given conÞgurationS in a
suspension of volumeV. Using DiracÕs� function � (r ), we
can formally rewrite the sumU over pair potentialsU as an
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integral,

U(r p ) =
�

r s� S

�
U(r p |r s) =




V
U(r p |r ) n(r ) dr , (24a)

n(r ) =
�

r s� S

�
� (r Š r s), (24b)

wheren(r ) can be interpreted as the particle concentration
Þeld. In a mean-Þeld approximation,n(r ) is smoothened, such
that the numberdN of particles particles in a small volume
dr at any given positionr is given bydN = n(r ) dr . For
a homogeneous suspension, we haven(r ) 
 N/V , and the
interaction potential experienced by the probe particle is well
approximated by

U(r p ) 

N
V




V
U(r p |r ) dr . (25)

This mean-Þeld approximation is expected to improve for an
increasing number of source particles per volume.

To illustrate the mean-Þeld approximation in the acoustic
interaction force problem, we assume that the source particles
are uniformly distributed within a circular region of radius
R and thickness 2as at the antinodal plane (thexy plane)
of the external standing plane wave Eq. (18). The volume
occupied by the particle distribution is thusV = 2
R 2as. The
probe particle is placed at the origin of the coordinate system,

while the center of the disk-shaped source-particle region is
displaced backwards along what is deÞned to be thex axis to
the positionŠrp ex. With this conÞguration and using Eq. (21),
the pair-interaction potentialU(r p |r s) becomes

U(r p |r s) = Š 2U0
coskrs

krs
, with r p = 0, (26)

while the limits of the integration regionV in the expression
(24b) for the total interaction potential requires some analysis.
Using the cylindrical polar coordinates (r,
,z ) for the source
position r s, we Þnd that in the direction
 , a source particle
can at most be at the distanceR�(
 ) from the probe particle,

R�(
 ) =
�

R2 Š x2
p sin2 
 Š rp cos
. (27)

The total interaction potentialU having a strength ofU0 =
2NU0/
 for the probe particle atr p = 0, becomes

U(r p ) = Š
2NU0


R 2(2as)


 2


0
d



 as

Šas

dz

 R�(
 )

0
dr r

cos(kr)
kr

= Š U0


 2


0
d
 sin[kR�(
 )], U0 = U0

2N



. (28)

For an arbitrary positionr p of the probe particle relative
to the center of the source-particle region, this integral can
be evaluated numerically. However, for small displacements
rp � R, we can obtain an analytical expression by Taylor
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FIG. 2. (Color online) The acoustic interaction pair potentialU(r p |0) [Eq. (14), contours] and forceFrad
int (r p |0) = Š � U (arrows) between

a pair of identical 12-µm particles induced by the traveling plane wave (TPW) Eq. (13), with the source particle located at the origin,r s = 0,
for kr > 0.2. (a) Silicone oil droplets (oil-oil), with the prober p = (x,y,0) in the transversexy plane. (b) Same as (a) but for polystyrene
microparticles (ps-ps). (c) Same as (a), but with the prober p = (x,0,z) in the parallelxz plane (oil-oil). (d) Same as (b), but with the probe
r p = (x,0,z) in the parallelxz plane (ps-ps).
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