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Determination of the of Rate Cross Slip of Screw Dislocations
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The rate for cross slip of screw dislocations during annihilation of screw dipoles in copper is deter-
mined by molecular dynamics simulations. The temperature dependence of the rate is seen to obey an
Arrhenius behavior in the investigated temperature range: 225–375 K. The activation energy and the
effective attempt frequency can therefore be extracted from the simulations. The transition state energy
for the annihilation process is calculated by identifying the transition state using the nudged elastic band
path technique. The two activation energies agree very well, indicating that transition state theory is
applicable for this type of process.

PACS numbers: 61.72.Lk, 07.05.Tp, 82.20.Db
To what extend can a simple Arrhenius rate law be used
to describe elementary processes in materials? This ques-
tion is of increasing relevance as modeling of material pro-
cesses based on atomistic input is carried further. Direct
molecular dynamics (MD) simulations can be used to ad-
dress aspects of material behavior over short time scales
as exemplified by studies of dislocation dynamics [1] or
deformation of nanocrystalline metals [2]. However, mod-
eling over longer times commonly resorts to an effective
description of the atomistic dynamics in terms of a num-
ber of “events” with prescribed rates associated with them,
where the rates are typically assumed to obey an Arrhenius
temperature dependence. This approach has, for example,
been used extensively in kinetic Monte Carlo simulations
of diffusion and growth [3], and it is also fundamental in
coarse-scale modeling of dislocation dynamics [4]. Rate
theory is also an important ingredient in new accelerated-
dynamics techniques [5].

The applicability of the Arrhenius law — and the appro-
priate determination of activation energies and rate pre-
factors —has been dealt with in some detail in the case
of simple atomic diffusion processes involving only a few
atoms. Several studies have shown that harmonic transi-
tion state theory [6] is often applicable even at rather high
temperatures [3,7]. Dislocation processes, on the other
hand, are of a different nature. Dislocations are extended
line defects and their motion involves the collective mo-
tion of many atoms. It is therefore from the outset unclear
whether anharmonic entropic effects or dynamical recross-
ings may give rise to strongly temperature dependent pre-
factors. In the present paper we investigate the annihila-
tion of a screw dislocation dipole by cross slip in copper,
using both molecular dynamics simulations and rate the-
ory, and show that the obtained activation energies agree
completely. Also, the rate prefactor for cross slip deter-
mined from the MD simulations is found to have a typical
atomistic value, in agreement with a theoretical estimate.
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We focus on dislocation dipoles because they are consid-
ered to play an important role in the plastic deformation of
fcc metals. The two determining factors in the dislocation
density of deformed metals are the dislocation multiplica-
tion and annihilation rates. At ambient temperature, where
climb processes are limited, dislocation annihilation occurs
only via cross slip of screw dislocation [8]. In this Letter
we investigate the activated annihilation of a dipole with
height h � 1.3 nm. The atomic interactions are calculated
using an effective medium theory (EMT) many-body po-
tential [9], which describes the elastic properties of cop-
per quite well. The elastic constants are within 10% of
experimental reference values, and the intrinsic stacking
fault energy of the potential is 31 mJ�m2, somewhat lower
than the value 45 mJ�m2 inferred from experiments [10]
or 56 mJ�m2 obtained with density functional theory [11].

The computational system used in the simulations con-
tains 130 680 atoms placed in a cell with 66 �111� planes
(14.5 nm) wide, nonorthogonal closed packed sides along
the �111� and �111� planes. The cell extends � � 30b
(7.6 nm) along the �110� direction —previously shown to
be sufficient to describe the 3D nature of the annihilation
process [12]— and we apply periodic boundary conditions
in all directions. The two screw dislocations with opposite
Burgers vectors, b � 6

a
2 �110�, are introduced into the

cell as Shockley partial dislocations: aC �
a
6 �211 � and

Da � a
6 �121�, and Ca and aD, respectively. The initial

splitting of the partials is determined by linear, isotropic
elasticity theory. The dipolar configuration, with the dis-
locations separated by six �111� planes (1.3 nm), is subse-
quently relaxed to a minimum energy configuration using
the MDmin algorithm [13].

In the MD simulations the system is heated to a given
temperature T using Langevin dynamics [13] for a period
of theat � 10 ps [see frame (a) in Fig. 1]. Subsequently,
the thermalized system is subjected to Verlet dynamics [13]
until the dislocation annihilation has occurred.
© 2000 The American Physical Society
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FIG. 1. Snapshots from the MD simulation of screw dipole an-
nihilation at 350 K. The atoms are colored in accordance with
their neighbor relations: atoms within the Shockley partials are
dark grey, atoms within stacking faults are light grey, and ordi-
nary bulk atoms are invisible. Panel (a) shows the configuration
after thermalization. In (b) cross slip has been initiated. In (c)
two partials have annihilated along part of the (former) dipole,
leaving a stacking fault between the remaining partials.

The point of annihilation can be clearly determined from
the disappearance of the s�110� �112 � stress component in the
simulation, as seen in the inset of Fig. 2 for T � 255 K.
The annihilation can be verified by performing a series of
energy minimizations with initial conditions along the MD
trajectory. At times earlier than t � 598.2 ps the system
falls into the initial state with the dislocation dipole, but at
later times the system relaxes into the perfect crystal with-
out any dislocations, i.e., no recrossings were observed.

We are therefore able to determine the time at which the
annihilation event occurs (which we shall call the “life-
time” of the dipole in the following) as the time elapsed
after the Langevin thermalization until the s�110� �112 � stress
begins to disappear. The disappearance of the dislocation
dipole can also be monitored by using the common neigh-
bor analysis [14], as shown in Fig. 1.

The annihilation process could for this particular dipole
height be studied with molecular dynamics in the tempera-
ture range from 225 to 375 K. The lower temperature
bound is determined by computational limitations, corre-
sponding to more than 670 000 MD time steps ��3 ns�.
The upper bound corresponds to approximately 1700 time
steps ��8 ps�, since higher well-defined temperatures are
inaccessible due to annihilation during the initial thermal-
ization process.

We have performed a total of 19 MD runs in the men-
tioned temperature range and for each run we have deter-
mined the lifetime of the dipole. The obtained lifetimes
are shown on a logarithmic scale in Fig. 2 as a function
of inverse temperature. Assuming that the lifetime t is
0.0025 0.0030 0.0035 0.0040 0.0045
T

−1
 (K

−1
)

15

18

21

24

27

ln
(t

−1
)

300K375K 250K

Time (ns)

 

σ 
(M

Pa
)

0.3 0.6

0

−80

FIG. 2. Arrhenius plot of the annihilations times (lifetimes) for
temperatures between 225 and 375 K. The error bars represent
the width of the thermal distribution. The solid line is a linear
fit to the 19 data points, yielding an activation energy of 291 6
27 meV and a n value of �4 3 1013 sec21�b21. The dashed line
is the best fit to the data points for a line with slope correspond-
ing to the zero Kelvin NEB activation energy of 315 meV. It
yields a n value of �5 3 1013 sec21�b21. The inset shows the
s�110� �112 � component as a function of time for the MD simula-
tion at 255 K.

exponentially distributed at a given temperature, we have
for the average of the logarithm of the lifetime 	ln�t�
 �
ln�t� 2 g, where t denotes the average lifetime t � 	t

and g is Euler’s constant �g � 0.5772�. The width s��� ln�t����
of the distribution of ln�t� is given by s��� ln�t���� � p�

p
6 �

1.28 and is indicated in the figure as error bars.
It is seen that the data points in Fig. 2 can be fitted

well with a straight line corresponding to an Arrhenius
expression for the annihilation rate r � 1�t:

r � 1�t � n exp�2E�kBT � , (1)

where E denotes the activation energy. A least squares fit
leads to the value E � 291 6 27 meV of the activation
energy and the prefactor can be estimated to be n � 2 3

1015 sec21 for this dislocation length.
The MD results apparently follow the simple Arrhenius

behavior in the investigated temperature range and we pro-
ceed to analyze the results using transition state rate theory
(TST) [6]. In TST the rate can be written as

r �

s
T

2pm
exp�2DF�kBT � , (2)

where m is the atomic mass, and DF is the difference in
free energy between the dividing surface (through the tran-
sition state) and the initial state. In the simplest harmonic
approximation to TST [6], the Arrhenius form for the rate
[Eq. (1)] is obtained, and the activation energy E is identi-
fied as the difference between the energy in the transition
state and the initial state. We therefore need to find the
transition state (i.e., the saddle point on the potential en-
ergy surface) and we have done this by using the nudged
3867
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elastic band (NEB) method [15]. The NEB method locates
the transition state between relaxed initial (the dislocation
dipole) and final (a perfect fcc lattice) states; here we use
a linear interpolation in all atomic coordinates as an initial
guess. The transition path is represented computationally
by a sequence of 25 configurations between the initial and
final configurations. The path is subsequently relaxed to a
so-called minimum energy path, where the force perpen-
dicular to the path vanishes. The saddle point configuration
(transition state) is then the configuration with maximal
energy along the minimum energy path. The NEB calcu-
lation leads to a value of E � 315 meV for the transition
state energy, consistent with the value of the activation en-
ergy obtained by Arrhenius fitting to the MD results.

Having seen that the activation energy calculated from
the MD simulations agrees well with the expectation from
TST we continue to discuss the obtained rate prefactor in
the same framework. In harmonic TST the entropic con-
tribution to the rate [Eq. (2)] is calculated by performing
a harmonic approximation to the potential energy surface
around the initial state and the transition state [6]. The
prefactor then becomes independent of temperature, and it
is given by the frequencies vi of the eigenmodes at the
transition state (TS) and in the initial state (IS),

n �
1

2p

Q
i v

IS
iQ0

i v
TS
i

, (3)

where the prime indicates that the mode with imaginary fre-
quency corresponding to the reaction coordinate has been
left out of the product over the TS modes. The harmonic
approximation can be expected to work well at sufficiently
low temperatures, where all modes can be considered har-
monic (excluding possible quantum effects at very low
temperatures). In this low temperature regime the compu-
tational unit cell must actually contain 30 identical transi-
tion states on each dislocation, which can be transformed
into each other by translation with an integer times the
Burgers vector. Each of these transition states would give
the same contribution to the rate so —pretending for a
moment that the simulations are in this low temperature
regime— the proper prefactor from a single transition state
would be n�60 � 4 3 1013 sec21. This value is within
1 order of magnitude of other atomistic prefactors obtained,
for example, for single-atomic diffusion processes [3].

The harmonic approximation should not in fact be con-
sidered applicable for all of the relevant modes in the in-
vestigated temperature range. If we, for example, consider
the translation of the transition state along the direction of
the dislocation line, the energy barrier is probably of the
same order of magnitude or smaller than the barrier for jog
mobility on single screw dislocations, which was recently
calculated to be only 15–20 meV [16]. This value is simi-
lar to the temperature, so the harmonic approximation is
bound to fail. In the opposite limit, where the temperature
is much higher than the energy barriers separating the dif-
ferent transition states, a simple calculation of the entropy
3868
shows [17] that, in Eq. (3), the frequency corresponding
to this mode should be replaced by

p
2pkBT�mb2. A

power-law dependence on the temperature thus appears in
the prefactor. Unfortunately, it is not possible to determine
the exact temperature dependence of the prefactor from the
MD simulations because of the limited temperature range
available.

It is interesting to compare the calculated prefactor with
simple estimates based on dislocation theory. If we first
consider a single screw dislocation split up into partials,
a natural “attempt frequency” for cross slip would be the
frequency v0 corresponding to an oscillation in the sepa-
ration between straight partials. From linear elasticity
theory this frequency is seen to be [10] v0 �p

m�16pr� �b�d �, where m is the shear modulus along
the closed packed �111� planes, d is the separation be-
tween the partials, and r� is the dislocation mass (per
length of dislocation). Taking m � 44 GPa (from the EMT
potential) and d � 3b (from the simulations), and ob-
taining a rough estimate of the mass as r� � r0b2�4p �
4.6 3 10217 kg�m (see Ref. [10]), we find a frequency
of v0 � 1.5 3 1012 sec21. However, this frequency
cannot be directly compared with the prefactor per length
obtained from the MD simulations as we are still missing
the characteristic length.

To see how the characteristic length appears in a disloca-
tion description of the rate and in order to provide a rough
estimate of the entropic contributions from fluctuations of
the dislocation lines we shall consider a simplified model,
which has the virtue of being exactly solvable. The model
contains a string described by a function y�x, t�, where x
is a space coordinate and t is the time. The Lagrangian L
for the string is given by

L �
Z ∑

1
2

r�

µ
≠y
≠t

∂2

2
1
2

a

µ
≠y
≠x

∂2

2 V ��� y�x����
∏

dx ,

(4)

with a quartic double-well potential V � y� �
r�v

2
0

8d2 � y 2

d�2� y 1 d�2. The model can be viewed as describing
the cross slip of a screw dislocation using a line tension
description of the dislocation lines. The variable y cor-
responds to the separation between the two partials. In
the initial state the partials are separated by a distance d
in the primary glide plane (corresponding to the solution
y � d), and after the cross slip they have the same sepa-
ration in the cross slip plane (corresponding to y � 2d).
The quartic potential is chosen so that the frequency for the
straight string vibrating around the y � d solution is v0.
The transition state of the cross slip process in this model
consists of a widely separated kink-antikink pair with the
reaction coordinate being the distance between the kink
and the antikink. (A “kink” in the model corresponds to a
“constriction” in the real cross slip process.) The beauty
of the model is that it is possible to calculate the harmonic
prefactor [Eq. (3)] exactly [18,19]. We shall not repeat the
rather lengthy calculations here, but just state the simple
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result. For a string configuration with a single kink (i.e.,
where y�x� ! 6d for x ! 6`) the fluctuation factor is
surprisingly simple: F �

Q
i v

IS
i �

Q0
i v

kink
i �

p
12 v0,

where the prime indicates that the eigenmode correspond-
ing to translation of the kink has been omitted.

Returning to the kink-antikink pair as the transition state,
we see that we have to treat the two modes related to
kink and antikink translation in a special way. The trans-
lation of the kink and antikink relative to each other is
the reaction coordinate, which should be omitted from the
product over modes in Eq. (3). The other mode corre-
sponds to the common translation of the kink and antikink
together, and for symmetry reasons this mode has zero
eigenfrequency. As a consequence the prefactor becomes
proportional to the length of the string. In fact we can
use the above-mentioned substitution rule for a free mode
v !

p
2pkBT�M�2, where the length � of the disloca-

tion now enters and M is the mass corresponding to kink
translation. The final result for the prefactor becomes

nstring � �
v0

2p
12

√
Mv

2
0

2pkBT

!1�2

. (5)

Inserting M � MCu as the mass for the constriction of
the partials [16] and T � 300 K, this corresponds to a
prefactor of nstring � 1.3 3 1014 sec21, which is only an
order of magnitude from the result of our simulations.

In conclusion we have determined the temperature de-
pendent rate for screw dislocation cross slip by direct
molecular dynamics simulations of the annihilation of a
screw dislocation dipole. The rate is found to obey an Ar-
rhenius behavior, and the activation energy is shown to
agree with the transition state energy. The prefactor is
shown to have a typical atomic-scale value, as also ex-
pected from a simple line tension dislocation model.
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