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Preface

This dissertation presents the research work during my study towards a
Ph.D. degree in the Electromagnetic Systems Group (EMS), Electrical Engi-
neering Department, Technical University of Denmark (DTU).

The Ph.D. project is part of a major project ”Wireless Coupling in Small
Autonomous Apparatus” carried out from 2007-2011 in a cooperation be-
tween the Technical University of Denmark (Danmarks Tekniske Univer-
sitet), Danish Technological Institute (Teknologisk Institut), and Widex with
financial support from the Danish National Advanced Technology Founda-
tion (Højteknologifonden). The Ph.D. project constitutes one of six work
packages in the major project and deals with antenna miniaturization; pri-
marily for hearing-aid applications. This is a relatively new field for wireless
technology in general and antenna technology in particular, and there was
no fixed specifications for the antenna performance and parameters from the
outset of the Ph.D. project. The wireless communication link budget was de-
veloped through an iterative process during the course of the project; e.g. sev-
eral operation frequencies were considered and investigated before the final
frequency was chosen about 2 years into the project. Also, the choice of the
specific hearing-aids for which the antenna prototype should be developed
was not made before 2 years into the project. For this reason, the antenna de-
signs and investigations presented in this thesis are for various frequencies
and various antenna sizes, and most are of a general nature not readily suit-
able for a specific hearing-aid. Furthermore, the project was conducted under
a confidentiality agreement between the 3 partners and in consequence this
thesis does not provide specific information about the hearing-aids, the com-
munication link, and precise antenna designs for specific hearing-aids. The
thesis documents an investigation of miniaturized loop antennas, the devel-
opment of new measurement techniques for miniaturized antennas, and an
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investigation of the influence of the human head on the antenna performance.
While all efforts have been exercised to respect the confidentiality agreement,
it will be clear to the reader that the research work is aimed at hearing-aid ap-
plications.
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Abstract

Hearing-aids today constitute devices with an advanced technology, and
wireless communication integrated into hearing-aids will introduce a range
of completely new functionalities. The antenna is an important component
in any wireless system, and the demand for compact wireless systems with
stringent specifications makes the antenna size reduction a significant chal-
lenge. Antenna miniaturization is thus one of the key technologies in design-
ing a successful wireless unit for the hearing-aid application. This disserta-
tion is focused on three areas that are related to the integration of a wire-
less communication system into the heading-aids, and these are the antenna
miniaturization, the measurement techniques for electrically small antennas
and the influence of complex environments on the characteristics of electri-
cally small antennas, respectively.

Antenna Miniaturization
In this dissertation, we present several novel designs of electrically small
loop antennas for the hearing-aid application. First antenna design is a two-
dimensional (2-D) planar differential-fed electrically small loop. The working
mechanism of this antenna is based on the capacitive loading and the induc-
tive coupling between two small loops. An analytical model, simulations,
fabrications and measurements are presented for this antenna. Second an-
tenna design is a planar two-turn electrically small loop antenna. The work-
ing mechanism of this antenna is based on the capacitive loading, and both
the capacitive and inductive coupling between two small loops that are of a
comparable size are taken into account. An analytical model is provided to
give a guidance in the impedance tuning. Third, several three-dimensional
(3-D) folded electrically small loop antennas are proposed, the properties
of which are significantly improved compared to the 2-D planar electrically
small loop antennas.
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Measurement Techniques for ESAs
In this dissertation we proposed two novel measurement techniques for elec-
trically small antennas. A modified Wheeler cap method for the radiation
efficiency measurement of balanced electrically small antennas is proposed.
This method provides the following advantages. First, no balun is required
during the measurement and thus the problems of narrow impedance band-
width and extra scattering effect caused by the balun are avoided. As a result,
the proposed method is valid in a broad frequency band. Second, the applica-
tion of proposed method and the proper use of the circle fitting for the mea-
sured scattering parameters ensure that the cavity resonances do not have
any significant effect on the measurement results. By using the Wheeler cap
method in the proposed way, most of its limitations and disadvantages are
avoided. The method is, therefore, suitable for input impedance and radia-
tion efficiency measurement for most types of antennas in a broad frequency
band. The antennas under test are not limited to be electrically small and
these can be balanced or unbalanced, symmetric or asymmetric type. More-
over, the modified Wheeler cap method for measurements of small antennas
in complex environments is further developed. A cable-free impedance and
gain measurement technique for electrically small antennas is also proposed.
The electromagnetic model of this technique is derived by using the spherical
wave expansion, and it is valid for arbitrary electrically small AUT at arbi-
trary distances between the probe and AUT. The whole measurement setup
is modeled by the cascade of three coupled multiple-port networks. The elec-
tromagnetic model, the simulation results, and the obtained measurement
results are presented.

Influence of the Complex Environments on ESA Characteristics
The influence of complex environments on the characteristics of electrically
small antennas is also investigated such as the human head phantom and
the hearing-aids. First, the sensitivity analysis of the head phantom parame-
ters on the antenna characteristics is presented, including the influence of the
head permittivity and conductivity. Second, the sensitivity analysis of the po-
sitions of electrically small antennas is presented, including the orientations
and locations of antennas and the distance between the small antenna and
head. Third, the influence of the hearing-aid shell material on the antenna
characteristics is investigated.

Jiaying Zhang
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Resumé

Allerede i dag omfatter høreapparater avanceret teknologi, og integration af
trådløs kommunikation i apparaterne vil muliggøre en række helt nye funk-
tionaliteter. Antennen er en vigtig komponent i ethvert trådløst system, og
efterspørgslen efter kompakte trådløse systemer med strenge specifikationer
gør minimering af antennens størrelse til en betydelig udfordring. Minimer-
ing af antennen er derfor en af de centrale teknologier ved design af en vel-
lykket trådløs enhed til høreapparatanvendelser.

I denne afhandling præsenterer vi en række nye designs af elektrisk små
sløjfeantenner til høreapparatanvendelser. Først beskrives designet af en
plan, differentiel input, elektrisk lille sløjfeantenne. Virkemåden er baseret
på den kapacitive belastning og den induktive kobling mellem to små sløjfer.
Den analytiske model, simuleringer, fremstilling og målinger præsenteres.
Dernæst foreslås en to-vindings elektrisk lille sløjfeantenne. Virkemåden er
baseret på den kapacitive belastning og både den kapacitive og den induktive
kobling mellem to sløjfer, som er sammenlignelige i størrelse. Den analytiske
model fremlægges for at give hjælp til impedanstuningen. For det tredje
foreslås flere tre-dimensionelle (3-D) foldede elektriske små sløjfeantenner,
hvis egenskaber er betydeligt forbedret i forhold til 2-D plane elektrisk små
sløjfeantenner. Virkemåden er baseret på den kapacitive belastning og den
induktive kobling mellem to sløjfer. Den store sløjfe er foldet på en bestemt
måde for bedre at kunne udnytte enhedens volumen.

I denne afhandling har vi foreslået flere nye teknikker til måling af elek-
trisk små antenner (ESA’er) som kan sammenfattes, som følger. En modi-
ficeret Wheeler cap metode til måling af strålingseffektivitet af balancerede
ESA’er er foreslået. Denne metode giver følgende fordele. For det første er
en balun ikke nødvendig for målingen, og dermed undgås problemerne med
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lille impedans båndbredde og ekstra spredning opstået pga. balunen. For
det andet er den forslåede metode brugbar i et bredt frekvensbånd. For det
tredje har hulrumsresonanser ingen væsentlige effekter på måleresultaterne
med den rette brug af cirkel tilpasning af de målte s-parametre. Ved den rette
brug af Wheeler cap metoden kan de fleste af dens begrænsninger og ulem-
per undgås. Metoden er derfor velegnet til måling af indgangsimpedans og
strålingseffektivitet for de fleste typer antenner i et bredt frekvensområde.
Antennerne er ikke begrænset til at være ESA’er, og kan være af den bal-
ancerede eller ubalancerede, og symmetriske eller asymmetriske typer. Desu-
den er anvendelsen af denne modificerede Wheeler cap metode i komplekse
omgivelser videreudviklet. En måleteknik for kabelfri impedans og gain for
ESA i komplekse omgivelser foreslås. Den elektromagnetiske model af denne
teknik er udledt ved hjælp af den sfæriske bølgeekspansionsteknik, som er
gyldig for vilkårlige antenner under test (AUT) på vilkårlige afstande mellem
sonden og AUT. Hele målingsopsætningen er derefter modelleret som en
kaskade af tre koblede multiportsnetværk. Den elektromagnetiske model,
simuleringsresultater samt måleresultaterne præsenteres.

I denne afhandling præsenterer vi også den påvirkning som komplekse om-
givelser har på ESA’er, såsom menneskehovedmodel og høreapparater. Først
præsenteres følsomhedsanalysen af menneskehovedmodellens parametre,
herunder afhængighed af hovedets permittivitet og ledningsevne. Dernæst
præsenteres følsomhedsanalysen af placeringen af ESA’er, herunder orienter-
ing og placeringen af ESA’er samt afstanden mellem ESA og hoved. Endelig
undersøges også indflydelsen af høreapparatets ydermateriale.
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CHAPTER

ONE

Introduction

This Ph.D. project is part of a major project ”Wireless Coupling in Small
Autonomous Apparatus” carried out from 2007-2011 in a cooperation be-
tween the Technical University of Denmark (Danmarks Tekniske Univer-
sitet), Danish Technological Institute (Teknologisk Institut), and Widex with
financial support from the Danish National Advanced Technology Founda-
tion (Højteknologifonden). The Ph.D. project constitutes one of six work
packages in the major project and deals with antenna miniaturization; pri-
marily for hearing-aid applications.

Hearing-aids today constitute devices with an advanced technology, and
wireless communication integrated into hearing-aids will introduce a range
of completely new functionalities. This Ph.D. project concerns the antenna
systems for wireless communication with hearing-aids. It aims at designing
highly miniaturized antennas for hearing-aids, where the antennas are not
only geometrically small but also electrically small. It is noted that the anten-
nas are to function in very complex environments that influence the perfor-
mance of the antennas significantly. It is necessary to take into account this
influence in the design of the small antennas. Moreover, the development of
highly accurate measurement facility is necessary to investigate the charac-
teristics of the small antennas. In this chapter, the background, justification,
purpose and outline of this Ph.D. project are provided.

1.1 Background and State of the Art

In recent years, there has been a strong interest in antenna miniaturization
techniques for numerous applications, such as hearing-aids, cell phones,
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portable wireless equipments, sensors, RFIDs, implantable medical devices,
as well as other ultra small devices [1–6]. This is because the antenna is a
very crucial component in a wireless communication system, which plays
the roles of transforming the RF signals into electromagnetic waves and vice
versa. Nowadays for many small devices and wireless systems, their maxi-
mum dimensions are limited by the size of the antennas. The designing of
highly miniaturized antennas with the acceptable bandwidth and radiation
efficiency is extremely important to make the wireless devices compact.

However, it is challenging to design a small antenna with the acceptable per-
formances for a particular application. This is due to the tradeoff fact between
the performances and the dimensions of an antenna. The dimensions of an
antenna are mainly determined by its working frequency, and the traditional
minimum length of a resonant antenna is about one half of a wavelength at
its frequency of operation. The antenna performances such as the impedance
bandwidth and radiation efficiency are functions of the antenna geometry.
When the antenna dimensions are reduced, its bandwidth and radiation ef-
ficiency also decrease, which are viewed as a result of the antenna miniatur-
ization. Antenna miniaturization is a very promising technology that enables
wireless communications among ultra small devices, and this is the driving
force of this research. To investigate the performances of small antennas and
understand their working mechanisms, several basic terms and parameters
of antennas will be briefly discussed as follows.

1.1.1 Performance Parameters of Electrically Small Antennas

Electrically Small Antennas (ESAs)
An antenna is considered to be electrically small when its maximum physical
dimension is much less than the free-space wavelength, λ, and thus it is noted
that the frequency must be identified for the term ”electrically small” to be
valid. Several definitions have been given for ESAs, which are provided in
[7–9]. A commonly used definition for ESAs, proposed by H. A. Wheeler [7],
is that an antenna satisfies the condition

l

λ
<

1

2π
, (1.1)

where l is the maximum dimension of the antenna, λ is the working wave-
length and λ/2π is called radian-wavelength. Ronold W. P. King [8] defined
an antenna as ESA when it satisfies the condition

l

λ
<

1

10
. (1.2)
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In this dissertation, we adopt the definition proposed by R. C. Hansen [9] that
an antenna is electrically small when

ka < 1, (1.3)

where k is the wavenumber, 2π/λ, and a is the radius of the minimum sphere
enclosing the antenna. It is noted that higher order spherical modes become
evanescent for ka < 1. By adopting this definition, a short dipole with a
length less than λ/π, a small loop with a diameter less than λ/π, and a patch
with a diagonal dimension less than λ/π are ESAs. In this project, we deal
with small antennas that are geometrically small as well as electrically small.
When the dimension of an ESA is much smaller than the free space wave-
length, the ESA essentially is a capacitor or inductor with a certain amount of
radiation. The difference between the ESAs and lumped components is that
there is the radiation provided by ESAs, although the amount may be small.
In general, there are three basic types of ESAs, which are the small electric
dipole, the small magnetic dipole and the combination of them.

Several important parameters are being used to characterize the perfor-
mances of ESAs. Here we concern about the most important ones, which
are the directivity D(θ, ϕ), radiation efficiency erad, gain G(θ, ϕ), quality fac-
tor Q and impedance bandwidth BW . These parameters are presented and
explained as follows before we start to discuss the ESAs.

Antenna Directivity D(θ, ϕ)
In the usual spherical (r, θ, ϕ) coordinate system, the electric far fields
E⃗(r, θ, ϕ) are expressed as [10]

E⃗(r, θ, ϕ) =
exp(−jkr)

r
F⃗ (θ, ϕ), (1.4)

where k is the wave number and F⃗ (θ, ϕ) is the radiation vector. The magnetic
far fields H⃗(r, θ, ϕ) are then written as

H⃗(r, θ, ϕ) =
exp(−jkr)

η0r
r̂ × F⃗ (θ, ϕ), (1.5)

where η0 is the intrinsic impedance of vacuum. The Poynting vector S⃗(r, θ, ϕ)
is defined as

S⃗(r, θ, ϕ) =
1

2
E⃗(r, θ, ϕ) × H⃗∗(r, θ, ϕ) =

F 2(θ, ϕ)

2η0r2
r̂, (1.6)

where F (θ, ϕ) = |F⃗ (θ, ϕ)|. Then the radiated power Prad is determined by in-
tegrating the power flow density, S(r, θ, ϕ), over the far field radiation sphere
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that is
Prad =

∫ ∫

Radiation Sphere
S(r, θ, ϕ)r2 sin θdθdϕ. (1.7)

where S(r, θ, ϕ) is given by S(r, θ, ϕ) = F 2(θ,ϕ)
2η0r2 . The radiation intensity U(θ, ϕ)

is defined as the radiated power per unit solid angle which is

U(θ, ϕ) =
dPrad(θ, ϕ)

dΩ
= S(r, θ, ϕ)r2, (1.8)

where Ω is the solid angle. The directivity D(θ, ϕ) is an important parame-
ter which describes how the antenna radiates power in different directions.
D(θ, ϕ) is defined as the ratio of the radiation intensity in the direction (θ, ϕ)
to the averaged radiation intensity in all directions [10].

D(θ, ϕ) =
U(θ, ϕ)

1
4π

∫ 2π
0

∫ π
0 U(θ, ϕ) sin θdθdϕ

. (1.9)

It is noted that the directivity is a function of the direction (θ, ϕ) to the far-
field observation point. In many cases only the maximum directivity of an
antenna is provided in the antenna specification datasheet. The maximum
directivity Dmax is a single constant that is

Dmax = max[D(θ, ϕ)]. (1.10)

For the ẑ-directed ESAs that radiate the electric or magnetic Hertzian dipole
mode, the electric field intensity is proportional to the factor sin θ, and the
maximum directivity is Dmax=1.5.

Antenna Radiation Efficiency erad

The radiation efficiency erad of an antenna is defined as the ratio of the radi-
ated power Prad to the accepted power Pacc that is [10]

erad =
Prad

Pacc
=

Prad

Prad + Ploss
, (1.11)

where Pacc = Prad+Ploss and Ploss represents the power due to the ohmic loss.
The radiation efficiency erad can also be expressed in terms of the radiation
resistance Rrad and ohmic loss resistance Rloss, which is

erad =
Rrad

Rrad + Rloss
, (1.12)

where Rrad and Rloss are the equivalent resistances in which the power Prad

and Ploss are dissipated.

4



Moreover, another commonly used term is the overall efficiency of an an-
tenna, which includes all possible losses for an antenna. It is defined as the
ratio of the total radiated power Prad to the input power Pinput, that is

eoverall =
Prad

Pinput
=

Prad

Pacc/(1 − |Γ|2) = (1 − |Γ|2)erad, (1.13)

where Γ is the reflection coefficient at the input terminal of an antenna.

Antenna Gain G(θ, ϕ)
The gain of an antenna in the direction (θ, ϕ) is determined from the directiv-
ity D(θ, ϕ) and its radiation efficiency erad, that is

G(θ, ϕ) = eradD(θ, ϕ). (1.14)

The maximum antenna gain, Gmax, is often provided for an antenna, which
is

Gmax = max[G(θ, ϕ)]. (1.15)

Similarly, the realized gain of an antenna in the direction (θ, ϕ) can be deter-
mined from

Grealized(θ, ϕ) = (1 − |Γ|2)eradD(θ, ϕ). (1.16)

Antenna Quality Factor Q
The quality factor, Q, of an antenna is defined to be 2π times the ratio of the
maximum stored energy to the dissipated and radiated energy during one
period of the time-harmonic field, that is

Q = 2π
Wstored

PaccT
= 2π

Wstored

(Pdissipated + Prad)T
=

2ω max(We, Wm)

Pdissipated + Prad
, (1.17)

where Wstored is the stored energy, We and Wm are the time-average stored
electric and magnetic energy, Prad and Pdissipated are the radiated and dissi-
pated power, Pacc is the accepted power at the input terminal of the antenna
and ω is the radian frequency. In the last expression of (1.17), the assumption
of erad = 1 leads to the relation Prad = eradPacc = Pacc. Moreover, the antenna
is assumed tuned to be resonant, which may be realized by the self-resonance
or by adding a lossless and non-radiating lumped matching circuit.

The minimum quality factor Q of an ESA is well studied in [7, 9, 11–30]. As-
suming that the antenna is enclosed by a minimum sphere with a radius a, it
is well-known that the minimum quality factor Q of an ESA that radiates a
single TE10 or TM10 mode is [11, 13]

Qmin, TE10 or TM10 = erad

[
1

ka
+

1

(ka)3

]
, (1.18)
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where erad is the radiation efficiency of an ESA.

For an ESA that radiates equally excited TE10 and TM10 modes, the mini-
mum quality factor Q becomes [13]

Qmin, TE10 and TM10
= erad

[
1

2
(

2

ka
+

1

(ka)3
)

]
. (1.19)

Antenna Bandwidth BW
It is shown that several well known methods are being used to characterize
Q. For ESAs, the quality factor Q is approximately inversely proportional to
antenna bandwidth BW . Fante, Yaghjian and Best have studied the relations
between the quality factor and fractional bandwidth of an antenna [17, 18].
These results will be summarized briefly here.

It seems that Fante [17] is the first to give the relation between the 3-dB frac-
tional bandwidth and the quality factor of an antenna. He started the discus-
sion by considering the input impedance of an antenna system,

Z = Rrad + jX =
1

|I|2 [Prad + j2ω(Wm − We)]. (1.20)

He showed that for a high-Q system that is resonant at ω = ω0, there are
the relations [dRrad/dω]|ω=ω0 ≃ 0 and X(ω0) = 0. The impedance Z can be
further expressed by using the Taylor series expansion around ω0 which is

Z = Rrad + jX ≃ Rrad + j(ω − ω0)[
dX(ω)

dω
]|ω=ω0 + · · · . (1.21)

The half-power (3-dB) points occur when |(ω − ω0)[
dX(ω)

dω ]|ω=ω0 | = Rrad, from
which the fractional bandwidth can be determined from

BW ≃ 2Rrad

ω0[
dX(ω)

dω ]|ω=ω0

=
2Prad

ω0|I|2[dX(ω)
dω ]|ω=ω0

. (1.22)

Finally, the fractional bandwidth BW is found to be

BW ≃ [
ω0(We + Wm)

Prad
+ F (ω0)]

−1 = [
2ω0We

Prad
+ F (ω0)]

−1

= [
2ω0Wm

Prad
+ F (ω0)]

−1 = [Q + F (ω0)]
−1, (1.23)

where F (ω0) is derived to be

F (ω0) ≤ 2

BW
[

∑
n,m |∆Cnm|2∑
n,m |Cnm|2 ]1/2. (1.24)
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The coefficients Cnm are proportional to the mode excitation coefficients of
the TE and TM modes, and the term

∑
n,m |Cnm|2 represents the total radiated

power at ω = ω0. The term
∑

n,m |∆Cnm|2 represents the change in Cnm over
one half of the antenna bandwidth.

It is noted that due to the presence of the term F (ω0) the fractional bandwidth
is not necessarily equal to the inverse of Q. However, for the cases where the
term F (ω0) is small, there is the following approximation

BW ≃ 1

Q
. (1.25)

He also mentioned that for some special antennas such as linear radiators
with a symmetric current distribution or for very small antennas, it can be
shown that F (ω0) = 0. In summary, the equation (1.25) is valid under the
following assumptions which are

• The antenna is a high-Q system and is lossless.

• The derivative of the radiated power tends to zero around ω = ω0.

• The term F (ω0) is small compared to Q, for instance, the antenna is
electrically small.

Another relation between the antenna bandwidth BW and quality factor Q
is given in Yaghjian and Best’s work [18]. In these derivations, the anten-
nas are assumed to be resonant antennas, which are self-resonant antennas
or tuned antennas by adding a non-radiating and lossless series reactance.
They derived the exact and approximated expressions of the quality factor
Q for tuned antennas at resonance or antiresonance frequencies, which is ex-
pressed in terms of antenna frequency dependent impedance. It is found that
Q is approximately proportional to the magnitude of the frequency derivative
of the input impedance, |Z ′

0(ω0)|, and is valid for all frequencies. They also
defined the fractional matched voltage standing wave ratio (VSWR) band-
width, BV SWR, as well as the approximated expression of BV SWR. It is found
that BV SWR is inversely proportional to the magnitude of |Z ′

0(ω0)| (approxi-
mately). Hence, the quality factor Q is inversely proportional to the fractional
VSWR bandwidth, BV SWR, approximately.

They started the analysis by considering the input impedance of an antenna
system is

Z(ω) = R(ω) + jX(ω). (1.26)
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When this antenna is tuned to the resonance, the input impedance of the
tuned antenna becomes

Z0(ω) = R0(ω) + jX0(ω) = R0(ω) + j[X(ω) + Xs(ω)], (1.27)

where Xs(ω) is the series reactance. At the frequency of ω0, there is

X0(ω0) = X(ω0) + Xs(ω0) = 0. (1.28)

The quality factor Q of a tuned antenna is approximately determined from
the antenna input impedance

Q(ω0) ≃ ω0

2R(ω0)
|Z ′

0(ω0)| =
ω0

2R(ω0)

√
(R′(ω0))2 + (X ′(ω0) +

X(ω0)

ω0
)2,

(1.29)
where R

′
(ω0) and X

′
(ω0) are the frequency derivatives of the un-tuned an-

tenna resistance and reactance, respectively.

They also give the definition of the fractional matched VSWR bandwidth,
BV SWR, as well as the approximated expression of BV SWR. For an antenna
resonant at the frequency of ω0, the matched VSWR bandwidth BV SWR is
defined as the difference between the two frequencies above and below ω0 at
which the VSWR equals a constant. Thus BV SWR is given by

BV SWR(ω0) =
ω+ − ω−

ω0
≃ 4

√
βR0(ω0)

ω0|Z ′
0(ω0)|

, (1.30)

where ω− and ω+ are the two frequencies below and above ω0. The above
relation holds for the conditions that BV SWR<< 1 or β ≤ 1.

Hence, a relation between the matched VSWR bandwidth BV SWR and the
quality factor Q is formulated as follows.

Q(ω0) ≃ 2
√

β

BV SWR(ω0)
,and

√
β =

V SWR − 1

2
√

V SWR
≤ 1. (1.31)

The equation (1.29) and (1.31) holds under the assumptions that the an-
tenna exhibits a single resonance within the VSWR bandwidth and the match
VSWR bandwidth is not too large.

1.1.2 Electrically Small Dipoles

In general there are three basic types of ESAs which are the small electric
dipole, the small magnetic dipole and the combination of them. In this sub-
section, the basic physical insight and mechanisms of ESAs are explained,
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by taking the small electric dipole and magnetic dipole (loop) as examples.
The input impedance, bandwidth, radiation efficiency and the dependence
of these performances on the electrical length of ESAs are discussed. Then a
comparison between these two types of ESAs is presented.

The small electric dipole is one of the simplest types of ESAs. The radiation
properties in far fields are introduced first. In a usual rθϕ-coordinate system,
the electric far fields of a small dipole which is center-fed and with the center
being placed at the origin are written as [31]

E⃗(r, θ, ϕ) =
exp(−jkr)

r
F⃗ (θ, ϕ), (1.32)

where F⃗ (θ, ϕ) is the radiation vector and it is given by [31]

F⃗ (θ, ϕ) =
jkη

4π
r̂ × r̂ × P⃗ (θ, ϕ), (1.33)

and

P⃗ (θ, ϕ) =

∫

v
J⃗(r⃗′) exp(jkr̂ × r⃗′)dv′ (1.34)

=

∫

v
J⃗(r⃗′) exp(jk[x′ sin θ cos ϕ + y′ sin θ sinϕ + z′ cos θ])dv′

For a ẑ-directed small dipole with its center at the origin, the radiation vector
F⃗ (θ, ϕ) becomes

F⃗z−directed(θ, ϕ) =
jkη

4π
θ̂ sin θ

∫ l/2

−l/2
I(z′) exp(jkz′ cos θ)dz′

≃ jkη

4π
θ̂ sin θ

∫ l/2

−l/2
I(z′)dz′

≃ jkη

4π
θ̂ sin θA, (1.35)

where A =
∫ l/2
−l/2 I(z′)dz′. In equation (1.35), the term sin θ represents the

element factor, and the integration term,
∫ l/2
−l/2 I(z′) exp(jkz′ cos θ)dz′, rep-

resents the space factor. In the far field region of ESAs, we have the rela-
tion that kz′ << 1, and thus the space factor is approximately simplified to∫ l/2
−l/2 I(z′)dz′=A, which represents the area under the curve of the electric cur-

rent on the dipole. Hence, it is seen that the radiation vector F̄ (θ, ϕ) depends
on two terms, which are the element term sin θ and the current distribution
on the dipole. Since the current distribution on the wire antenna is sinusoidal
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and should go to zero at the wire end, and considering the length of a small
dipole is only a fraction of one wavelength, the current distribution on a small
dipole can be approximated by a linear triangle, as shown in Figure 1.1. For
this current distribution, the area under the curve is found to be A = 1

2 |IA|l.
While Figure 1.2 illustrates the current distribution of an ideal dipole with
the same length, which is compared to the current distribution of the small
dipole in Figure 1.1. The current distribution of the ideal dipole is uniform,
and thus the curve under the current distribution is a rectangle, the area un-
der which is A = |IA|l. Hence, it is found that the radiated electric field of
an ideal dipole is two times of that of the small dipole. This fact also shows
that the electric field can be increased by enlarging the area under the curve
of the current distribution, or in other words, by making the current distri-
bution more uniform. Moreover, in many cases the changes in the current
distribution can be realized by adding some top-loaded capacitive elements
at the end of the wire antenna.

Figure 1.1: Small Dipole. Figure 1.2: Ideal Dipole.

The input impedance of an antenna, ZA, is composed of the real and imagi-
nary parts, ZA = RA + jXA, where RA is the input resistance and XA is the
reactance, respectively. The input resistance RA of an antenna includes the
dissipations in two ways, which are the radiation and the ohmic loss on the
antenna structure. Thus, RA is expressed as RA = Rrad + Rloss.

The Radiation Resistance Rrad

The radiation resistance, Rrad, is defined as the equivalent resistance in which
the radiated power Prad is dissipated when the current flowing through it is
IA, where IA is the current at the input terminal of the antenna. Hence, to
this end, the radiated power is related to the radiation resistance and the
input electric current as

Prad =
1

2
|IA|2Rrad. (1.36)

While on the other hand, the radiated power can also be determined from the
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radiation vector F̄ (θ, ϕ) that is

Prad =
1

2η

∫

4π
|F̄ (θ, ϕ)2| sin θdθdϕ. (1.37)

By comparing the above two equations, together with (1.35), the expression
of the radiation resistance is found to be

Rrad =
2

|IA|2
1

2η

∫

4π
[
jkη

4π
sin θA]2 sin θdθdϕ

=
80π2

λ2
(

A2

|IA|2 ), (1.38)

where A is the area under the electric current curve and IA is the input current
at the antenna terminal. It shows that Rrad depends on the current distribu-
tion on the dipole, which is proportional to the square of the area under the
current curve, A2, and again Rrad can be increased by making the current dis-
tribution more uniform. This is the basic fact to increase the radiated field,
radiation resistance and radiation efficiency of small dipoles.

For an ideal dipole, the area A is determined from A =
∫ l/2
−l/2 I(z′)dz′ = |IA|l,

and thus the radiation resistance equals

Rrad,ideal =
80π2

λ2
(

A2

|IA|2 ) =
80π2

λ2
(
|IA|2l2
|IA|2 ) = 80π2(

l

λ
)2. (1.39)

While for a small dipole, the area A is determined from A =
∫ l/2
−l/2 I(z′)dz′ =

1
2 |IA|l, and thus the radiation resistance becomes

Rrad,small =
80π2

λ2
(

A2

|IA|2 ) =
80π2

λ2
(

1
4 |IA|2l2
|IA|2 ) = 20π2(

l

λ
)2. (1.40)

Hence it shows that for the ideal dipole and small dipole the radiation re-
sistance only depends on the square of the electrical length, that is ( l

λ)2. It
also shows a relation that is Rrad,ideal = 4Rrad,small. Figure 1.3 presents the
analytical value of Rrad versus different electrical lengths. Moreover, several
typical Rrad values for the small dipoles are found to be:

• Rrad(dipole length = λ
100) = 0.0197Ω,

• Rrad(dipole length = λ
20) = 0.4935 Ω,

• Rrad(dipole length = λ
10) = 1.9739 Ω.
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Figure 1.3: Rrad versus the electrical lengths.

The Ohmic Loss Resistance RLoss

The ohmic loss resistance is related to the skin depth δs which is defined as

δs =
1√

πµ0σf
, (1.41)

where σ is the metal conductivity and µ0 = 4 × 10−7π H/m is the vacuum
permeability.

For an ideal dipole with a uniform current distribution, Rloss equals

Rloss, ideal ≃ l

σ(2πaδs)
=

l

2πa
Rs, (Ω) (1.42)

where l is the length of the wire antenna, a is the wire radius and Rs is the
surface resistance which is written as

Rs =
1

σδs
=

√
πfµ0

σ
=

√
ωµ0

2σ
, (Ω) (1.43)

The ohmic resistance of the small dipole is also less than that of the ideal
dipole. Rloss is determined by comparing the two expressions of the dissi-
pated power Ploss as follows

{
Ploss = 1

2

∫ l/2
−l/2

1
σ(2πaδs)

|I(z′)|2dz′ = 1
2

Rs
2πa

∫ l/2
−l/2 |I(z′)|2dz′

Ploss = 1
2 |IA|2Rloss

. (1.44)

Then the expression of Rloss, short is found to be

Rloss, short ≃ 1

2πa
Rs

∫ l/2
−l/2 |I(z′)|2dz′

|IA|2 , (1.45)
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where

I(z′) = IA(1 − 2|z′|
l

), |z′| ≤ l

2
. (1.46)

By using the expression of Iz in (1.46), it gives a relation that is
∫ l/2

−l/2
|I(z′)|2dz′

|IA|2 =
l
3 ; thus the ohmic resistance in (1.45) becomes

Rloss, short ≃ Rs

2πa

l

3
, (1.47)

which shows the ohmic resistance of a small dipole is one-third of that of an
ideal dipole.

The Radiation Efficiency erad

For a small dipole with the electric current distribution on the wire being
triangular, the radiation efficiency is determined by inserting (1.40) and (1.47)
to (??) , that is

erad =
Rrad

Rrad + Rloss
=

20π2( l
λ)2

20π2( l
λ)2 + l

2πa
Rs
3

. (1.48)

Several methods are used to improve the radiation efficiency of a small
dipole. For instance, the current distribution on the wire antenna can be en-
larged by using the capacitive top-loaded technique, and then the radiation
efficiency is found to be

erad =
Rrad

Rrad + Rloss
=

80π2

λ2

80π2

λ2 + l
2πaRs

[ ∫
l+l′ I2(z′)dz′

(
∫ l/2

−l/2
I(z′)dz′)2

] . (1.49)

It is noted that the integration path for the ohmic resistance is (l+ l′), where l′

accounts for the path that is added due to the loading elements. When such
technique is employed, the term Rrad increases due to the changed current
distribution and the term Rloss also increases due to the losses caused by the
loading elements. Hence, the radiation efficiency is improved only in the case
that the increase in Rrad is larger than that in Rloss.

It is found that radiation resistance and ohmic loss resistance of a small dipole
are less than that of an ideal dipole of the same length. For the small dipole,
its radiation resistance equals one-fourth of that of the ideal dipole, while its
ohmic resistance is one-third of that of the ideal dipole. Hence, the radiation
efficiency of the small dipole is lower than that of the ideal dipole.
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The Reactance XA

The ESA behaves a large input reactance. The small dipole is capacitive while
the small loop is inductive. The reactance of a small dipole approximately
equals [32]

XA = −120

π l
λ

[
ln(

l

2a
) − 1

]
(ohm). (1.50)

Then the total input impedance of a small dipole is determined from

ZA = Rrad + Rohmic + jXA =

[
20π2(

l

λ
)2 +

Rs

2πa

l

3

]
− j

120

π l
λ

[
ln(

l

2a
) − 1

]
.

(1.51)

Observations for the Small Dipole: Rrad, Rloss and erad versus the Electrical
Length l

λ
First, the radiation resistance only depends on the square of the dipole elec-
trical length, that is ( l

λ)2. Second, RLoss is proportional to the dipole electrical
length and it also depends on the frequency of operation, which is

Rloss =
l

3

Rs

2πa
=

l

6πa

√
πfµ

σ
= (

l

λ
)

1

6πa

√
c2πµ

fσ
. (1.52)

The following observations are obtained for the small dipole:

• Dependence on the electrical length (l/λ):
Rrad is proportional to the square of the electrical length, that is ( l

λ)2,
while Rloss is linearly proportional to the electrical length that is ( l

λ).
Hence, it is seen that the radiation efficiency increases with the increase
of the electrical length, because the increase in Rrad is faster than that in
Rloss.

• Dependence on the frequency of operation:
As shown in ( 1.52), Rloss is proportional to

√
(1/f). Hence, for the

same electrical length, a higher frequency results in a lower ohmic resis-
tance and better radiation efficiency. Figure 1.4 and Figure 1.5 illustrate
Rloss and erad versus the electrical lengths at different frequencies.

• Dependence on the wire radius a:
The thicker wire provides a larger equivalent cross section area, which
is 2πaδs, with δs being the skin depth; thus Rloss is inversely propor-
tional to the wire radius a. Hence, using a thick wire results in a reduc-
tion in the ohmic resistance and an increase in the radiation efficiency
accordingly.
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• Dependence on the conductivity σ:
Rloss is proportional to

√
(1/σ). Using a material of high conductiv-

ity results in a decrease in the ohmic resistance and an increase in the
radiation efficiency. Typically the copper is a common choice. The com-
parison in Rloss and erad by using materials of different conductivity are
given in Figure 1.4 and Figure 1.5, respectively.
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Figure 1.4: Rloss and erad versus the electrical lengths at different frequencies, with the con-
ductivity being σ = 58 × 106S/m.
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Figure 1.5: Rloss and erad versus the electrical lengths at different frequencies, with the con-
ductivity being σ = 2 × 106S/m.

Observations for the Small Dipole: Rrad, Rloss and erad versus the Physical
Length l

For a small dipole of the same physical length l, how Rrad, Rloss and erad

change with the other antenna parameters are also presented. This analy-
sis gives the straightforward dependence of antenna performances on the
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physical length, frequency, wire radius and conductivity, respectively. The
expressions for Rrad, Rloss, and erad are rewritten and summarized in (1.53),





Rrad,smalldipole = 20π2( l
λ)2 = 20π2l2 f2

c2
,

Rloss,smalldipole = 1
3

l
2πa

√
πfµ
σ ,

erad,smalldipole = Rrad
Rrad+Rloss

=
20π2l2 f2

c2

20π2l2 f2

c2
+ 1

3
l

2πa

√
πfµ

σ

=
20π2 1

c2

20π2 1
c2

+ 1
6πal

√
πµ

σf3

,

(1.53)
and the observations are summarized as follows:

• Dependence on thephysical length l:
It is seen from (1.53) that Rloss is linearly proportional to the dipole
length l, while Rrad is proportional to the square of the physical length
that is l2. Although both Rrad and Rloss are frequency dependent, the
increase in Rrad versus l is faster than that in Rloss, and thus the radia-
tion efficiency increases as the physical length increases.

• Dependence on the frequency of operation:
As shown in (1.53), Rloss is proportional to

√
f , and meanwhile Rrad

is proportional to f2. Hence, as the frequency increases the increase
in Rrad is larger than that in Rloss and thus the radiation efficiency in-
creases. Figure 1.6 shows the Rloss, Rloss and erad versus the dipole
physical length at different frequencies.

• Dependence on the wire radius a:
The thicker wire provides a larger equivalent cross area 2πaδs and thus
Rloss is inversely proportional to a. Hence, using a thick wire results
in a reduction in the ohmic resistance and an increase in the radiation
efficiency.

• Dependence on the conductivity σ:
Rloss is proportional to

√
(1/σ). Hence, using a material of high con-

ductivity results in a reduction in the ohmic resistance and an increase
in the radiation efficiency. Again, the copper is a common choice.

1.1.3 Electrically Small Loop Antennas

For an electrically small loop that is placed on the xy-plane in a usual rθϕ-
coordinate with the loop center being at the origin, the radiation vector
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Figure 1.6: Rrad, Rloss and erad versus the dipole physical lengths at different frequencies,
with the conductivity being σ = 58 × 106S/m and wire radius a being 0.675 mm.

F̄ (θ, ϕ) of this small loop is found to be

F̄ (θ, ϕ) =
jkη

4π
r̂ × r̂ ×

∫

v
J⃗(r⃗′) exp(jkr̂ × r⃗′)dv′

≃ k2η

4π
(IAA) sin θϕ̂, (1.54)

where a is the wire radius, r is the loop radius, A is area cover by the loop and
IA is the input current at the loop terminal. J⃗ represents an uniform current
distribution which is

J⃗ = IAϕ̂δ(ρ − r)δ(z). (1.55)

Similar to previous procedures for the small electric dipole, the radiation re-
sistance is determined by comparing the expressions of Prad as follows

{
Prad = 1

2η

∫
4π |F̄ (θ, ϕ)|2 sin θdθdϕ

Prad = 1
2 |IA|2Rrad

. (1.56)
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Then the expression of Rrad is found to be

Rrad =
320π4

λ4

|(IA|A)2

|IA|2 = 320π4(
A

λ2
)2 = 20π2(

lloop

λ
)4. (1.57)

where lloop is the loop circumference.

The ohmic resistance is determined by comparing the expressions of Ploss as
follows

{
Ploss = 1

2

∫
lloop

1
σ(2πaδs)

I2(l′)dl′ = 1
2

Rs
2πa(|IA|2lloop)

Ploss = 1
2 |IA|2Rloss

, (1.58)

Then the expression of Rloss is found to be

Rloss =
lloop

2πa
Rs =

lloop

2πa

√
πfµ

σ
= (

lloop

λ
)

1

2πa

√
c2πµ

fσ
. (1.59)

The electrically small loop is inductive and the inductance L for a small cir-
cular loop is determined from [32]

L = µa

[
ln(

8a

r
) − 1.75

]
. (1.60)

For the small loop, the radiation resistance Rrad is proportional to (lloop/λ)4,
while Rloss is proportional to (lloop/λ), as shown in (1.57) and (1.59). It is
found that erad increases as the electrical length increases. Besides the elec-
trical length, Rloss also depends on the frequency of operation, wire radius
and conductivity. A high frequency, large wire radius and high conductivity
result in a low ohmic resistance and thus a better radiation efficiency. More-
over, for the circular loop, the radiation efficiency is found to be

erad =
Rrad

Rrad + Rloss
=

20π2(
lloop

λ )4

20π2(
lloop

λ )4 + (
lloop

λ ) 1
2πa

√
c2πµ
fσ

=
20π2

20π2 + 1
2πa

√
c2πµ
fσ (

lloop

λ )−3
(1.61)

Moreover, it is noted that the radiation resistance Rrad increases significantly
by using the multiple-turn loop (N turns). This is because the electric current
in the loop is proportional to the turn N and the electric field is also pro-
portional to the turn N. Thus, the radiated power and radiation resistance
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Figure 1.7: Rrad, Rloss and erad versus the loop diameter at 400 MHz and 800 MHZ, respec-
tively, with conductivity being σ = 58 × 106S/m and wire radius being 0.675mm.

are proportional to N2. On the other hand, the addition of the conductor
in extra turns also results in an increase in the ohmic loss, but the ohmic
loss resistance is only increased by N times. Hence, the radiation efficiency
increases as the number of turn N increases, under an assumption that the
coupling between each turn is ignored. However, when several turns are
used the coupling between each turn needs to be considered which results
in a decrease in the radiation efficiency. An alternative way to increase the
radiation resistance is using the ferrite material as the winding core. The
physical insight is understood by examining the phase constant β, which is
β = ω

√
µε = ω

√
µ0ε0

√
µeff = 2π

λ
√

µeff . µeff is the effective relative perme-
ability and it depends on the shape and size of the ferrite core. For an N-turn
loop with a ferrite core, the radiation resistance becomes

Rrad = 20π2N2(
lloop

λ/
√

µeff
)4 = 20π2N2µ2

eff (
lloop

λ
)4, (1.62)

which shows Rrad is proportional to N2 and µ2
eff .
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1.2 Overview in Antenna Miniaturization Techniques

Several miniaturization techniques are being used for ESAs which are briefly
summarized as follows.

External Matching Circuit: Using Lumped Components
Although ESA behaves a small resistance and a large reactance, the in-
put impedance of the ESA can be matched to the system characteristic
impedance, for instance 50Ω, by designing an external matching circuit. In
general, there are three types of commonly used matching networks which
are designed in terms of lumped elements. These are L-section, Π-section and
T-section matching networks, respectively [33, 34], which are named from
their shape. Considering the limited space in small devices, the narrow-band
L-section matching network may be preferable. The narrow-band matching
means the matching is designed for one single frequency only, which is the
center frequency. The matching is perfect at the center frequency and de-
grades away from it. At the center frequency, the roles of the matching net-
work are eliminating the antenna reactance and shifting the antenna resis-
tance level to the system characteristic impedance. The bandwidth of an ESA
is mainly determined by the ratio of the antenna resistance to its reactance.
Moreover, the cascade of two or three sections of matching networks are used
to increase the bandwidth, but at the expense of extra losses introduced by
the lumped components.

For a small dipole with a length of 1 cm and at the frequency of 800 MHz, the
resistance and reactance are RA = 0.1482 ohm and XA = −1865.8 ohm, re-
spectively. As shown in Figure 1.8, the matching circuit is designed using the
L-section, the cascade of two L-sections and the cascade of three L-sections,
respectively. The ideal components are assumed in the matching networks.
Figure 1.9 presents the bandwidth of this antenna with each matching net-
work, from which it is seen that the bandwidth is broadened by using the cas-
cade matching sections. The -10 dB impedance bandwidth are 0.02%, 0.03%
and 1% for the L-section, two L-sections and three L-sections, respectively.
It shows that the impedance bandwidth is improved by using the cascade
matching networks, but the improved bandwidth of the ESA is still narrow.

The Self-Resonant ESAs: Using the Capacitive or Inductive Coupling
Mechanisms
The input impedance of an ESA can be matched to the system characteris-
tic impedance without using any additional matching network and lumped
components, by using a capacitive or inductive coupling mechanism. First,
the imaginary part of the antenna impedance is tuned to zero by the com-
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Figure 1.8: The matching network for an ESA by using a single L-section, cascade of two L-
sections and cascade of three L-sections, respectively. The ideal lumped compo-
nents are assumed in the matching networks.

Figure 1.9: The bandwidth for the ESA with a matching network of single L-section, cascade
of two L-sections and cascade of three L-sections, respectively

pensation of the loading element. Since the tolerance and aging problems of
lumped components result in the changes in the antenna properties, a dis-
tributed printed loading element is preferred to replace the loading lumped
components. Second, by feeding the ESA through a capacitive or inductive
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coupling element, an appropriate resistance level that is matched to the sys-
tem characteristic impedance can be obtained. The role of the coupling mech-
anism is viewed as an impedance transformer. There are four types of basic
ESAs that can be designed using these coupling mechanisms, which are

• Electrically Small Loop Antenna Excited by an Inductive Element

• Electrically Small Loop Antenna Excited by a Capacitive Element

• Electrically Small Dipole Antenna Excited by an Inductive Element

• Electrically Small Dipole Antenna Excited by a Capacitive Element

For instance, an electrically small loop antenna can be excited either by a very
small inductive loop element or a small capacitive dipole element. The work-
ing mechanisms for these two designs are based on the inductive and capaci-
tive coupling between the excitation element and loop antenna, respectively.
It is noted that the radiation efficiency of the self-resonant ESA is mainly de-
termined by the radiating element itself, because the feeding element is much
smaller than the radiating element. The excitation element will introduce a
little shift in the antenna resonance frequency. It is necessary to take this shift
into account in the antenna impedance tuning.

High Permittivity and Permeability Dielectric Loaded Antennas
Another commonly used antenna miniaturization technique is to load the an-
tenna by using the high permittivity and permeability dielectrics, for instance
a loaded microstrip patch. It gives a size reduction factor of antennas on the
order of

√
εrµr, where εr and µr are the relative permittivity and permeability

of the antenna substrate. For a microstrip antenna with the dimensions being
length L, width W and thickness h, the bandwidth is related to the design
parameters in the form [35]

BW (V SWR ≤ 2) =
8

3
√

2εr

h

λ0

W

L
100%. (1.63)

It is seen that the antenna bandwidth is inversely proportional to the rela-
tive permittivity εr, and is independent of the relative permeability µr. The
major drawback of this method is that the EM energy within the near-field
region is difficult to radiate out of the dielectric, which is due to the wave-
impedance mismatch between the dielectric material and surrounding air re-
gion. Strong resonance behavior of this type of antenna structure only allows
the impedance matching over a very narrow bandwidth.
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Folded Geometry: Microstrip Antennas and Fractal Antennas
The conventional rectangular patch antenna resonates when its length equals
one half of a wavelength. By introducing a shorting wall at the center of
the patch, the size of the patch antenna is reduced to a quarter wavelength.
Moreover, by folding the patch with a shorting wall, the overall size of the
two-layer patch antenna is further reduced to one-eighth wavelength [36–38].
The multiple-layer folded patch antenna is further developed by folding the
patch in an appropriate way, which results in a highly miniaturized antenna.
The approximate resonant length L of the N-layer folded patch antenna is
found to be [39]

L =
λ0

4N
√

εr
, (1.64)

where εr is the relative dielectric constant of the patch substrate.

Fractals are broken curves that are categorized into main geometric types of
the deterministic fractals and random fractals. Random fractals are very fa-
miliar which can be used to describe the real-world objects in the nature, such
as clouds, mountains and coastlines. Deterministic fractals take a genera-
tor and are generated in an iterative fashion. Usually fractals are described
as being self-similar or self-symmetric. Fractals have advantages in the re-
search areas of antenna miniaturization, wideband and multiband applica-
tions. Due to the space-filling properties of some fractal shapes, these ge-
ometries are used to miniaturize antennas where an electrically large feature
is efficiently packed into a small area. Hence, the nature of fractal antennas
are physically small and electrically large antennas. Since the electrical length
plays an important role in the antenna design, the input impedance match-
ing for these small antennas is improved. The self-similar nature in fractal
geometries can also be utilized for the wideband and multiband antennas as
well.

Metamaterial-Inspired ESAs:
Recently it is reported that the sub-wavelength resonant ESAs can be de-
signed theoretically, in which an electrically small dipole is covered by the
negative permittivity shell (ϵr < 0). It holds the potential for far smaller an-
tennas in the future. However, the realization and fabrication of the low loss
metematerial shell is of great challenges.

Instead of using the real metamaterial, the metamaterial-inspired electrically
small antennas were presented in [40], in which a metamaterial-inspired par-
asitic element is introduced in the near-field of ESAs. The parasitic element is
used as a unit cell of the metamaterial. These ESAs are resonant and matched
to the source without any external matching network, which are also efficient
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and electrically small. Several such metamaterial-inspired electrically small
antennas are presented in [41–49].

Optimizations using the Genetic Algorithm:

Genetic algorithm (GA) is a stochastic direct search method based on the
principle and concepts of the natural selection and evolution [50, 51]. GAs
have the advantages of solving complex problems and have also been used
in many electromagnetic (EM) applications [52]. Figure 1.10 shows the typ-
ical structure of a genetic algorithm. At the beginning of the computation,
a number of individuals are randomly initialized. The objective function is
then evaluated for these individuals, from which the initial generation is pro-
duced. If the optimization criteria are not met, a new generation starts. In the
new cycle, first, the individuals are selected according to their fitness for the
production of the offspring. Second, the parents are recombined to produce
the offspring. Third, all offspring will be mutated with a certain probabil-
ity. The fitness of the offspring is then computed. Fourth, the offspring are
inserted into the population replacing their parents, producing a new gener-
ation. The above cycle is performed until the optimization criteria is reached.

The optimization procedures are described briefly to illustrate the method for
the antenna application. The optimization is performed by using GA in con-
junction with an EM simulator such as the commercial package HFSS [53].
Figure 1.11 presents the main control process of the optimization. It shows
that the GA optimization is evaluated in Matlab and the the antenna is in-
vestigated using the EM simulator HFSS, which is programmed using VB
scripts. An interface script is required to create a link between HFSS scripts
and GA optimization scripts. Then a main control script is created to combine
the EM simulator and GA optimization scripts, and exchange the information
in-between. The main task is described as follows. First, HFSS is controlled
and called in Matlab, and all the drawings, solution setups and simulations
in HFSS are controlled through the so-called HFSSAPI, which is written in
Matlab scripts and is used to control HFSS. The initial antenna parameters
provided by the GA optimization are used in the HFSS simulations. Second,
GA optimization is performed in Matlab to evaluate the objective function,
by using the simulation results exported from HFSS. The objective function
is the antenna characteristic that needs to be optimized, such as the antenna
input impedance, bandwidth and radiation efficiency. The cycle is performed
until the optimization criteria are reached.

Commercial Available Small Antennas:
Several commercial available small antennas are evaluated and compared in
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Figure 1.10: Structure of a single population evolutionary algorithm of GA.

Figure 1.11: The main control process of the GA optimization.

this project. Most of these small antennas are chip antennas which are printed
on high permittivity ceramics or uses LTCC techniques. Another commonly
used type is the optimized fractal antennas. The advantages of these small
antennas are their high performances which are presented by the manufac-
turer in datasheet, such as the impedance matching, bandwidth and radiation
efficiency, etc. These high performance are the exact demands in commercial
market.

The company Sarantel (www.sarantel.com) develops and manufactures
very advanced miniature filtering antennas for mobile, wireless and hand-
held devices. These antennas are made by using high permittivity dielec-
tric materials to shrink the antenna size, but maintaining high radiation effi-
ciency. Antenova (www.antenova.com) is another leading developer and
supplier of high performance antennas and RF antenna modules for mo-
bile handsets, portable devices and laptop computers. Their balanced high
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dielectric antennas (HDA) enable integrated antennas to be small and effi-
cient, operate across multiple bands and offer more robust performances.
Fractus (www.fractus.com) develops small antennas for wireless devices
from mobile phones and TV to Bluetooth headsets. Yageo Corporation
(www.yageo.com) announced the release of 2012 LTCC antenna, with the di-
mensions of 2.0 x 1.2 x 1.1 mm3, which is the world’s smallest ceramic an-
tenna designed for the dynamic Bluetooth and WLAN applications.

However, these antennas may be not as efficient as their manufacturers an-
nounced for two reasons. First, the good performances of these small an-
tennas can only be obtained by mounting the antenna on a PCB board of
the required size in the datasheet, and an external matching network is even
added for some of them. The resonance frequency is determined by the chip
antenna together with the PCB ground plane and extra matching network.
The measurement results may change significantly if a ground plane with a
different size is employed. Second, it is well known that the measurements
for ESAs represent a great challenge which is due to the leaking current on
the outer conductor of the feed line. For instance, for ESAs with low radiation
efficiency, the measured efficiency can be strongly overestimated due to this
effect. Hence, their measurements may not be performed in an appropriate
way when the announced performances exceed theoretical limitations.

1.3 Purposes of the Dissertation and Research Challenges

Hearing-aids today constitute devices with an advanced technology, and
wireless communication integrated into hearing-aids will introduce a range
of completely new functionalities. The antenna is an important component
in any wireless system, and the demand for compact wireless systems with
stringent specifications makes the antenna size reduction a significant chal-
lenge. Antenna miniaturization is thus one of the key technologies in design-
ing a successful wireless unit for the hearing-aid application.

Recently, there is a strong demand for the hearing-aid with a wireless com-
munication integration in the commercial market [54]. However, the design
of ESAs for hearing-aid applications, which must be highly miniaturized and
operated in a very complex environment, is not yet a well developed technol-
ogy. Thus, this is one of the research areas that will be studied in this disser-
tation. Moreover, the measurement techniques and instruments for ESAs are
also not well developed. Although several measurement techniques are be-
ing used for ESAs, some well known problems remain unsolved, such as the
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disturbance of the leaking current and scattering effect of the feed line. Ac-
curate measurement techniques for the input impedance and radiation prop-
erties need to be addressed for ESAs.

1.3.1 Purposes of the Dissertation

The purpose of this dissertation is to develop ESAs for the hearing-aid ap-
plication and explore the appropriate measurement techniques for ESAs. In
details, this Ph.D. project consists of three major areas of investigation for the
antennas in wireless communication systems with hearing-aids. The specific
tasks of this dissertation are outlined as follows.

• Task 1 The design of the highly miniaturized ESAs which are used for
the hearing-aid application is a main task. The desired ESAs are func-
tioned to communicate between the hearing-aids and external devices
which are placed at least 10-meter away from the hearing-aids, as well
as the communication path between two hearing-aids on human ears.
The drawback of the antenna miniaturization is a reduction in the band-
width and radiation efficiency of ESAs; thus the properties of these
ESAs are required to satisfy the specifications listed in the communi-
cation link budget.

• Task 2 The development of the input impedance, radiation efficiency
and gain measurement techniques and instruments for ESAs is another
task. Accurate experimental characterization of small antennas in com-
plex environments requires development of new measurement tech-
niques. The measurements may be performed at the DTU Spherical
Near-Field Antenna Test Facility operated by the Technical University
of Denmark (DTU) as an external reference laboratory for the European
Space Agency. This is a state-of-the-art facility that for several years
has served Danish and European industry with high-accuracy measure-
ments and calibrations of antennas. However, for the measurement of
small antennas of the present project it will be necessary to design and
implement new measurement set-ups and techniques for two reasons.
First, since the ESA will eventually operate in a complex environment
comprising the hearing-aids and a person’s head, it is necessary that
the measurements are also conducted in a model of this environment.
Hence, a so-called human head phantom must be designed and imple-
mented. Second, since the antennas are electrically small the measure-
ments will be strongly influenced by the electrical and mechanical sup-
port equipments used during the measurement, a calibration for this is
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required or this will necessitate the development of other measurement
techniques than those used for traditional antennas to determine the
efficiency (or gain) of the ESAs.

• Task 3 The influences of the complex environments on the characteris-
tics of the ESAs will also be investigated, i.e. human head phantom, as
well as the device that the antenna is integrated into. The ESAs are to
function in very complex environments that will significantly influence
the performance of the antennas. An antenna radiating a primary RF
field will induce currents in all nearby objects and these currents will
then radiate a secondary RF field that interferes - in a potentially de-
structive manner - with the primary RF field. It is thus necessary in the
design of the antennas to take into account the influence of the complex
environment. For an antenna integrated into a hearing-aid, this means
that the influence of the hearing-aid itself, the human ear and the hu-
man head must be included in the analysis. Mobile phone communica-
tion faces a similar challenge and much of the experience gained in this
field over the past 10 years can be exploited in the present work. How-
ever, the mobile phone communication is always between the phone
and a distant base station. The communication paths for the functional-
ities envisaged in this project is of course different from that of mobiles,
and will be more complicated than that of mobiles. Thus, this is one of
the research areas that will be studied in this dissertation.

1.3.2 Research Challenges in Antenna Miniaturizations

To achieve the above goals, the research challenges in antenna miniaturiza-
tions and small antenna measurement techniques are discussed in this sub-
section. The antenna miniaturization will raise new research questions. Three
major characteristics of the small antennas are considered as follows.

The Impedance Matching
The highly miniaturized ESA essentially is a capacitor or inductor with a cer-
tain amount of radiation. The resistance of an ESA is small while the reac-
tance of an ESA is very large. The perfect impedance matching of an antenna,
at the resonance frequency, requires that the antenna resistance equals the
characteristic impedance of the feed line and the antenna reactance equals
zero. Hence, the impedance matching of an ESA is difficult and thus the
bandwidth is narrow. The first challenge of the antenna miniaturization is
that the ESA must be matched to the characteristic impedance of a transmis-
sion line to maximize the accepted power, while the bandwidth of the ESA
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that needs to be maintained to an acceptable level for the specified applica-
tion.

The Radiation Efficiency
The radiation efficiency erad is defined as the ratio of the radiated power to
the accepted power. The dissipated power or the losses in an ESA may be
caused by the ohmic losses in the conductor of the antenna, ohmic losses in
lossy dielectrics or polarization losses. These conduction and dielectric losses
may come from the antenna, the antenna support and the device structures
nearby. As the dimensions of the ESA decrease the radiation efficiency also
decreases. The second challenge of the antenna miniaturization is that the
antenna must be efficient to maximize the radiated power.

The Radiation Pattern
The radiation pattern is a numerical or graphical representation of the spa-
tial distribution of the characteristics of the antenna radiated field. It may
be expressed in terms of the far-field pattern, near-field pattern, gain pattern
and directivity pattern, etc. The radiation of an ESA is sensitive to the nearby
structures such as the human head and the devices that the antenna is inte-
grated into. Thus, the third challenge of the antenna miniaturization is that
the antenna must provide a proper radiation pattern to function correctly.

1.3.3 Research Challenges in Small Antenna Measurements

Nowadays the performances of antennas are verified with cable measure-
ments in anechoic chambers, which work very well for most traditional an-
tennas. However, the input impedance and radiation efficiency measure-
ments of ESAs represent great challenges. Typically, there exist two mech-
anisms that introduce errors in the measurements.

First, the feed line causes a significant influence on the measured radiation
efficiency for ESAs, due to leaking current on the outer surface of the feed
line. The measured radiation efficiency can be strongly overestimated due
to this effect. Although a balun can be used to avoid the leaking current, it
is typically a narrow-band device. Several baluns are thus required for dif-
ferent frequency bands. Also, the dimensions of the balun need to be tuned
carefully at the specified frequency. In addition, the balun may have a size
comparable to or even larger than that of the small antenna; thus it may give
rise to the scattering. Ferrite cores are also commonly used in the small an-
tenna measurements. However, this method may not be an appropriate ap-
proach. It is because the ferrite cores are placed in the reactive field region
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of the ESAs; thus the leaking current on the feed line is partially reflected
back and partially absorbed by the ferrite cores. The working mechanism of
adding ferrite cores is to provide a very high reactive impedance along the
feed line so that the leaking current is forced to reflect back. Several pieces of
ferrite cores are required to make sure the impedance is high enough. This
method is only valid up to 1 GHz in the radiation measurement.

Second, the feed line represents a large scattering structure even if the leak-
ing current is avoided. Measurements of the small antenna characteristics
without the use of the feed line is therefore highly desirable.

1.4 Summary of Main Contributions

During this Ph.D. project, the main contributions to the research field of an-
tenna miniaturizations and small antenna measurement techniques are listed
as follows.

Journal Paper

• Jiaying Zhang, Pivnenko Sergey and Olav Breinbjerg, ”Theory and
Practice of a Cable-Free Impedance and Gain Measurement Technique
for Electrically Small Antennas”, Preparing in Submission to Transactions
on Antennas and Propagations.

Conference Paper(s)

• Jiaying Zhang and Olav Breinbjerg, ”Self-Resonant Electrically Small
Loop Antennas for Hearing-Aids Application”, Proceedings of the
Fourth European Conference on Antennas and Propagation (EuCAP 2010),
Barcelona, Spain, April 2010.

• S. Pivnenko, J. Zhang, A. Khatun, T. Laitinen and J. Carlsson, ”Charac-
terization of Small Antennas for Hearing-aids by Several Measurement
Techniques”, Proceedings of the Fourth European Conference on Antennas
and Propagation (EuCAP 2010), Barcelona, Spain, April 2010.

• Jiaying Zhang, Pivnenko Sergey and Olav Breinbjerg, ”A Modified
Wheeler Cap Method for Radiation Efficiency Measurement of Bal-
anced Electrically Small Antennas”, Proceedings of the Fourth European
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Conference on Antennas and Propagation (EuCAP 2010), Barcelona, Spain,
April 2010.

• Jiaying Zhang and Olav Breinbjerg, ”Miniaturization of Multiple-Layer
Folded Patch Antennas”, Proceedings of the Third European Conference on
Antennas and Propagation (EuCAP 2009), Berlin, Germany, April 2009,
pp. 3502-3506.

• Jiaying Zhang, Pivnenko Sergey and Olav Breinbjerg, ” A Cable-Free
Impedance and Gain Measurement Technique for Electrically Small An-
tennas”, Proceedings of the 32nd Annual Symposium of Antenna Measure-
ment Techniques Association (AMTA 2010), Atlanta, US, October 2010.

• Jiaying Zhang, Pivnenko Sergey and Olav Breinbjerg, ” Application of
the Modified Wheeler Cap Method for the Radiation Efficiency Mea-
surement of Balanced Electrically Small Antennas”, Proceedings of the
32nd Annual Symposium of Antenna Measurement Techniques Association
(AMTA 2010), Atlanta, US, October 2010.

• Jiaying Zhang, Pivnenko Sergey and Olav Breinbjerg, ”Electromagnetic
Model of a Near-Field Cable-Free Impedance and Gain Measurement
Technique for Electrically Small Antennas”, Proceedings of the Fifth Euro-
pean Conference on Antennas and Propagation (EuCAP 2011), Rome, April
2011.

1.5 Dissertation Outline

This dissertation is divided into five chapters.

Chapter 1 gives a brief background introduction of this project. In this chap-
ter, the background, justifications, purpose and outline of this Ph.D. project
are provided.

Chapter 2 presents several novel designs of electrically small loop antennas
for the hearing-aid application which is summarized as follows. The first
antenna design is a two-dimensional (2-D) planar differential-fed electrically
small loop antenna. An analytical model, simulation results, fabrication and
measurement results are presented. The idea of this design is based on the
capacitive loading and the inductive coupling between the two small loops.
The second antenna design is a planar two-turn electrically small loop an-
tenna. The working mechanism of this antenna is based on the capacitive
loading, and both the capacitive and inductive coupling between the two
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small loops that are of a comparable size are taken into account. An analyt-
ical model is provided to give guidance in the impedance tuning. In addi-
tion, several designs of three-dimensional (3-D) folded electrically small loop
antennas are proposed, the properties of which are significantly improved
compared to the 2-D electrically small loop antennas.

Chapter 3 presents several novel measurement techniques for ESAs. First, the
effectiveness of ferrite cores and design of a tunable sleeve balun are inves-
tigated. Second, a modified Wheeler cap method for the radiation efficiency
measurement of balanced electrically small antennas are introduced. More-
over, the modified Wheeler cap method for measurements of small antennas
in complex environments is further developed. Third, a cable-free impedance
and gain measurement technique for ESAs is proposed. An electromagnetic
model, simulation results, as well as measurement results are presented.

Chapter 4 investigates the influence of complex environments on the charac-
teristics of ESAs. First, the sensitivity analysis of the head phantom parame-
ters on the antenna characteristics is presented, including the influence of the
head permittivity and conductivity. Second, the sensitivity analysis of the po-
sitions of the ESAs on the antenna characteristics is presented, including the
orientations and locations of the ESAs and the distance between the ESA and
head. Third, the influence of the hearing-aid shell material on the antenna
characteristics is investigated.

Chapter 5 gives the conclusion and future work of this project.

1.6 Chapter Summary

This chapter starts with a background introduction of the antenna miniatur-
ization and small antenna measurement techniques. After introducing the
background, the research challenges are presented, including the theoretical
limitations on antenna properties versus the antenna size. Then the tasks of
this project are identified. In the end, the major contributions and the outline
of this dissertation are provided.
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CHAPTER

TWO

Antenna Miniaturizations:
Electrically Small Loop Antennas

In this chapter, several novel designs of electrically small loops are proposed
for the hearing-aid application. Considering the specified application, sev-
eral requirements in antenna specifications that need to be satisfied are in-
troduced briefly as follows. First, since the power that is provided by the
hearing-aid battery is in the µW range, a low frequency of operation may
be preferred, for instance lower than 1 GHz; thus in this project the small
antennas are designed and evaluated at 400 MHz, 900 MHz and 1000 MHz,
respectively. Second, the communication distance between the hearing-aids
and external devices is set to 10 meters and the corresponding communica-
tion link budget must be fulfilled. Third, the demand for compact systems
with stringent specifications makes the antenna size reduction a significant
challenge. Therefore the antenna miniaturization is one of the key technolo-
gies in designing successful wireless hearing-aids. Hence, the above require-
ments lead us to the research area of designing highly miniaturized antennas
for the ultra low power and short-range wireless communication.

2.1 Differential-Fed Planar Electrically Small Loop Antennas for
the Hearing-Aid Application

Electrically small loop antennas are popularly used in short-range wireless
communications. However, the small loop antenna itself is inefficient and
badly matched in the impedance. An additional matching network may be
required to make the antenna resonant, in which lumped components may
be used. Moreover, the tolerance and aging problems of lumped components
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result in the changes in antenna properties. The small antenna designs with-
out using the lumped components will be desired; thus the loop antenna de-
signs by using the inductively-coupled feed mechanism or the capacitively-
coupled feed mechanism is considered in this project.

The coupled feed mechanisms have been used in the designs of antennas
[55–59]. Moreover, a metamaterial-inspired small loop antenna was pro-
posed recently in [40], where a small loop is covered by a simple mu-negative
(MNG) shell. However, a large ground plane is present in the design of
[40], which is not suitable for ultra small devices. Differential feed electri-
cally small antennas will be desired in ultra small devices, such as sensors,
hearing-aids and RFIDs. This is because the fact that a ground plane required
for proper operation of unbalanced antennas is not existing in these small de-
vices. Moreover, the differential feed is also commonly used in the RF trans-
mitters because of its stability to the pin inductance which may result in the
power immunity of the battery; thus for low power application such as the
heading-aid, using the differential feed provides higher power supply than
using the unbalanced single-end feed. Hence, the differential feed electrically
small antennas are adopted in this project.

We are aiming at designing miniaturized antennas for the hearing-aid ap-
plication around 900 MHz, which are not only geometrically small but also
electrically small. In this section, a differential-fed self-resonant electrically
small loop antenna, by using an inductively coupled feed, is presented. The
working mechanism of this antenna is based on the capacitive loading and
the inductive coupling between the two loops, which are the primary loop
(the small one) and the secondary loop (the large one). An analytical cir-
cuit model is also derived to account for the antenna structure and explain
the working mechanism of the inductively-coupled loops, by using which
the design rules are illustrated. The impedance matching is realized by this
proposed model. In this model, the inductive feed is coupled to the loop an-
tenna through the magnetic flux linkage, and the magnetic flux due to the
large loop is approximated by the flux due to two infinitely long wires that
carry currents with equal amplitudes and opposite directions. The proposed
model is valid through the comparison between the calculations and the nu-
merical simulations. It is noted that the primary and secondary loops share
a small piece of path segment in this design. The only effect of the contact
of the two loops is that it combines the currents from the two loops in the
shared path segment. This does not give any significant changes in the an-
alytical model, compared to the cases that the primary and secondary loops
are separated placed. It is because the fundamental working mechanism and
the mutual inductance still play the dominate roles in the designs, which are
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confirmed by HFSS simulation. Moreover, several three-dimensional (3-D)
folded electrically small loop antennas are further developed in the follow-
ing subsections, the properties of which are significantly improved compared
to the two-dimensional (2-D) planar electrically small loop antennas.

The geometry and design variables of the loop antenna design are illustrated
in Figure 2.1. In this antenna, there exist two loops, the small one and the
large one, which are connected together. The large loop is effectively closed
by the capacitive loading that is formed by two closely spaced wires. The
small loop is covered by the large loop and is excited by a differential feed.
The working mechanism of this antenna is based on the inductive coupling
between two small loops. The antenna impedance is matched to 50 ohm with-
out any additional matching network and lumped components.

Figure 2.1: Geometry and design variables of the self-resonant electrically small loop antenna.
(The loop is designed around 900 MHz, with the dimensions being 35 mm×10
mm×1.524 mm.)

2.1.1 Analytical Model of the Proposed Antenna

The antenna working mechanism and the physical model are explained in
this subsection. For the loop antenna presented in Figure 2.1, it is noted that
the antenna system is fed on the small loop. The large loop is coupled to
the small loop through the magnetic flux linkage, and the magnetic flux due
to the large loop can be approximated by the flux due to two infinitely long
wires that carry currents with equal amplitudes and opposite directions. The
antenna impedance is matched to a specific value without using any addi-
tional matching network and lumped components by tuning the antenna as
follows.

• First, the imaginary part of the antenna impedance is tuned to zero be-
cause the loop inductance is compensated by the loading capacitance
involved in the large loop.
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• Second, the real part of the antenna impedance, resistance, is matched
to 50 ohm by tuning the small loop dimensions.

Figure 2.2: Analytical model of the self-resonant electrically small loop antenna.

The two loops contained in this antenna can be located on the same layer
or opposite layers of the PCB board depending on the specific designs. On
the same layer, the small loop can be placed inside or outside of the large
loop, as shown in Figure 2.3-2.4. However, the mutual inductance is different
for these two cases which plays an import role in the impedance matching.
The analytical formulas of the antenna input impedance versus the antenna
parameters will be derived to illustrate the design rules. Additionally, the
antenna shape also has its influence. The hearing-aid application requires
the shape of the large loop to be rectangular. While for the small loop, the
influence of its shape on the impedance matching will be analyzed in the
following subsections which are the rectangular and circular, respectively .

The analytical model that is used to explain the antenna working mechanism
is illustrated in Figure 2.2. The details of the antenna parameters are pre-
sented in Figure 2.3-2.4, respectively. The dimensions of the small loop are L1

and W1, and those of the large loop are L2 and W2. The distance between the
two loops is d. The antenna system is fed on the small loop. Rloop1 and Lloop1

are the resistance and inductance of the small loop, and Rloop2 and Lloop2 are
the resistance and inductance of the large loop, respectively. Rloop2 can be
further expressed to be the sum of the antenna radiation resistance Rrad and
ohmic loss resistance Rloss, that is Rloop2 = Rrad + Rloss. C is the capacitance
of the loading element that is existing in the large loop. Ccouple and M are the
mutual capacitance and mutual inductance between the two loops. Ccouple is
influenced by the relative position between the two loops. For the antenna
design shown in Figure 2.1, the size of the small loop is much less than that
of the large loop, and therefore Ccouple is approximated to be negligibly small
and only the mutual inductance M contributes to the working mechanism.
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In the circuit model illustrated in Figure 2.2, the resistance and reactance of
the input impedance Zant of this antenna are determined from

Rant = Rloop1 + (ωM)2
Rloop2

R2
loop2 + (ωLloop2 − 1

ωC )2
(2.1)

Xant = ωLloop1 − (ωM)2(ωLloop2 − 1
ωC )

R2
loop2 + (ωLloop2 − 1

ωC )2
. (2.2)

Near the resonance condition where ωLloop2 = 1
ωC , the resistance and reac-

tance becomes

Rant = Rloop1 + (ωM)2
1

Rloop2
(2.3)

Xant = jωLloop1 ≃ 0, (2.4)

In the above equations, the resistance Rloop2 of the secondary loop is deter-
mined from

Rloop2 = RRAD
loop2 + RLOSS

loop2 = 31171
A2

loop2

λ4
+

lloop2

p

√
πfµ

σ
(2.5)

where RRAD
loop2 is the radiation resistance of the loop antenna, RLoss

loop2 is the loss
resistance of the loop conductor, Aloop2 is the loop area, lloop2 is the total length
of the loop conductor, p is the perimeter of the cross section of the loop con-
ductor. The inductance Lloop2 of the secondary loop is determined from

Lloop2 = LA
loop2 + LI

loop2 = 2µ
aloop2

π
[ln(

aloop2

bloop2
) − 0.774] + µ

Aloop2

2aloop2
, (2.6)

where LA
loop2 is the inductance of the loop antenna, LI

loop2 is the inductance
of the loop conductor. aloop2 is the equivalent quadratic side of a rectangular
loop, which is aloop2 =

√
L2W2 with L2 and W2 being the length and width

of the secondary loop, respectively. bloop2 is the equivalent circular radius
of a tube conductor which is given by bloop2 = 0.35h + 0.24w, with h being
the thickness of the loop conductor and w being the width of the conductor
[60]. C is the capacitance of the loading element that exists in the large loop
(the secondary loop). For the loop design using a loaded capacitor the initial
estimation of C is determined from

C =
1

ω2
0Lloop2

, (2.7)

where ω0 is the frequency of operation. This loaded capacitor will be inserted
in the analytical model. For the loop design using the finger printed capac-
itive loading the initial estimation of C is tuned by changing the distance
between the conductors to search the desired resonance.
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Mutual Inductance M and Antenna Resistance Rant when the Excitation
Loop (Small Loop) is Rectangular

The small excitation loop can be placed inside or outside the large loop. For
the case where the small loop is located outside the large one, as shown in
Figure 2.3, the magnetic flux due to the large loop is approximated by that
due to two infinitely long wires that carry currents with equal amplitudes
and opposite directions. Hence the magnetic flux due to these two infinitely
long wires are opposite, and the mutual inductance M is then determined
from

M =
µ0

2π
L1ln

(W2 + d)(W1 + d)

d(W1 + W2 + d)
, (2.8)

and the antenna input resistance Rant at resonance is

Rant =
1

Rloop2
{2πf

µ0

2π
L1ln

(W1 + d)(W2 + d)

d(W1 + W2 + d)
}2 (2.9)

When the small loop is placed inside the large one, as shown in Figure 2.4,

Figure 2.3: Configuration of the self-resonant electrically small loop antenna, with the small
loop being rectangular and placed outside the large loop.

Figure 2.4: Configuration of the self-resonant electrically small loop antenna, with the small
loop being rectangular and placed inside the large loop.

again the magnetic flux due to the large loop can be approximated by that
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due to two infinitely long wires that carry currents with equal amplitudes and
opposite directions. Since the small loop is in-between these two wires, the
magnetic flux contributions from the two infinitely long wires are the same;
thus the mutual inductance M is much stronger than the situation when the
small loop is placed outside. The mutual inductance M is determined from

M =
µ0

2π
L1ln

(W1 + d)(W2 − d)

d(W2 − W1 − d)
, (2.10)

and the antenna input resistance at resonance is

Rant =
1

Rloop2
{2πf

µ0

2π
L1ln

(W1 + d)(W2 − d)

d(W2 − W1 − d)
}2 (2.11)

Mutual Inductance M and Antenna Resistance Rant when the Excitation
Loop (Small Loop) is Circular

Figure 2.5: Configuration of the self-resonant electrically small loop antenna, with the small
loop being circular and placed inside the large loop.

Figure 2.6: Configuration of the self-resonant electrically small loop antenna, with the small
loop being circular and placed outside the large loop.

As shown in Figure 2.5-2.6, the small circular loop can be placed inside or
outside the large loop. The dimensions of the large loop are L2 and W2. The
radius of the small loop is r. The distance between the two loops is d. Again
the magnetic flux due to the large loop can be approximated by that due
to two infinitely long wires that carry currents with equal amplitudes and
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opposite directions. When the small loop is outside the large one, the mutual
inductance M is then determined from

M = µ0[
√

(W2 + d + 2r)(W2 + d)

−
√

(d + 2r)d − W2] (2.12)

and the antenna input resistance at resonance is

Rant =
1

Rloop2
{2πfµ0[

√
(W2 + d + 2r)(W2 + d) −

√
(d + 2r)d − W2]}2 (2.13)

When the small loop is inside the large one, the mutual inductance M is de-
termined from

M = µ0{W2 −
√

(d + 2r)d −√
(W2 − d)(W2 − 2r − d)}. (2.14)

and the antenna input resistance at resonance is

Rant =
1

Rloop2
{2πfµ0[W2 −

√
(d + 2r)d − (2.15)

√
(W2 − d)(W2 − 2r − d)]}2 (2.16)

2.1.2 Simulation Results and Discussions

Simulation results of the electrically small loop antenna are presented in this
subsection, based on the loop design shown in Figure 2.1. For our applica-
tion, we are aiming at designing ESAs around 900 MHz. The dimensions of
the large loop is fixed to be 35 mm × 10 mm, which is limited by the max-
imum size of the hearing-aids. Thus, the resistance and inductance of the
large loop are calculated analytically, which are Rloop2 and Lloop2. Then by
using equation (2.11) in the circuit model, the dimensions of small loop can
be calculated accordingly.

Based on this starting point, the antenna is designed and simulated using the
commercial software package HFSS [53]. The antenna dimensions are illus-
trated in Table 2.1. The simulated resonance frequency is found to be 906
MHz. The impedance bandwidth reference to -10 dB and -15 dB are 3.3 MHz
and 1.3 MHz, respectively. The radiation efficiency is found to be 17%. The
simulated antenna reflection coefficient (|S11|) and antenna input impedance
are presented in Figure 2.7-2.8. Moreover, the simulated antenna reflection

40



Table 2.1: Dimensions and performances of the self-resonant electrically small loop antenna,
designed around 900MHz.

Electrically Small Loop Antenna Performances
Antenna Dimension Length=35mm=0.105λ0

Width=10mm=0.03λ0

LoopLength=4.5mm
LoopWidth=1.5mm
W=1mm, d0=1.8mm

Substrate: Rogers 5870 (thickness=1.5mm)
Frequency of Operation 906 [MHz ]

Impedance Bandwidth @ -10 dB 3.3 [MHz ]
Impedance Bandwidth @ -15 dB 1.7 [MHz ]

Radiation Efficiency [%] 17%
Maximum Directivity [dBi ] 1.74 [dBi ]

Maximum Gain [dBi ] -5.9 [dBi ]
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Figure 2.7: Antenna Reflection Coefficient.
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Figure 2.8: Antenna Input Impedance.

coefficient and impedance are compared to the analytical results by the pro-
posed circuit model, which are presented in Figure 2.9-2.10, respectively. A
good agreement is observed. From the previous analysis, it shows that the
antenna impedance is related to the dimensions of the small loop that are its
length and width. Figure 2.11 presents how the antenna resistance changes
with the small loop length, when its width is fixed, and a comparison with
the HFSS simulation result is presented. Figure 2.12 presents how the an-
tenna resistance changes with the small loop width, when its length is fixed.
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Figure 2.9: The comparison of antenna reflection between the HFSS simulation and analytical
results.

Figure 2.10: The comparison of input impedance between the HFSS simulation and analytical
results.

2.1.3 Measurement Results and Discussions

This self-resonant small loop antenna was fabricated on a piece of dielectric
substrate, Rogers 5870, with the dielectric constant being 2.33 and loss tan-
gent being 0.0012. The overall antenna dimensions are 35mm × 10 mm × 1.5
mm, and the electric size of the antenna length is ka = 0.33, which is shown
in Figure 2.13.
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Figure 2.11: The analytical antenna input resistance versus the length of small loop, and a
comparison between the analytical results and HFSS simulation.

Figure 2.12: The analytical antenna input resistance versus the width of small loop, and a
comparison between the analytical results and HFSS simulation.

The magnitude of the scattering parameter |S11| was measured first by us-
ing the network analyzer HP 8753, with an absorber placed in front of the
antenna. A tunable quarter-wave sleeve balun is added to avoid the leaking
current along the cable. The sleeve balun used in this measurement was il-
lustrated in Figure 2.13. Since an ordinary balun is a narrow band device, a
tunable balun is designed for this measurement which allows us to choose
the optimal parameters for the balun. First, in order to suppress the leak-
ing current efficiently, the diameter of the sleeve balun should be fairly large
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compared to that of the coaxial cable [61]. Based on HFSS simulation results,

Figure 2.13: Illustration of the fabricated electrically small loop antenna, the sleeve balun and
the conductive glue.
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Figure 2.14: The simulated and measured |S11| for the electrically small loop antenna which
is designed to operate at 906 MHz.

a diameter of 11 mm is chosen. Second, due to the fringing field effect, a gap
is suggested between the antenna and the open end of the balun. Moreover,
a conductive glue is necessary to provide a perfect shorting wall. Then the
simulated and measured |S11| of this small loop are compared in Figure 2.14.
While the simulated resonance frequency is 906 MHz, the measured reso-
nance frequency is 911 MHz, and the deviation is 5 MHz, that is 0.6%. The
simulated and measured -10 dB impedance bandwidth are 3.3 MHz and 4.9
MHz respectively, and the difference is thus 1.6 MHz. The difference in the
resonance frequency is due to the sensitivity in the capacitance loading in the
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large loop as well as the fabrication precision.

The radiation efficiency measurement of ESA is of a great challenge. The
small antenna is a balanced device, and using an unbalanced coaxial cable
to feed the antenna results in a leaking current along the cable, which may
give a significant error in the radiation efficiency. For this measurement, the
small antenna is measured by using two different techniques as follows, and
in both of them a quarter-wavelength sleeve balun was added. First, the

Figure 2.15: Illustration of the measurement setup of the electrically small loop, in the DTU
spherical near field antenna test facility.

antenna is measured by using the Wheeler’s Cap method, and the radiation
efficiency is found to be 21%, which is reasonably close to the simulated radi-
ation efficiency 17%. The gain is acceptable for the antenna of such small di-
mensions. The difference in the radiation efficiency can be explained by that
the loss in the dielectric material may be not exactly the same as the value
used in the simulations, which is provided by the manufacturer. Second, this
small antenna was also measured in the DTU spherical near field antenna
test facility, illustrated in Figure 2.15. The simulated and measured directiv-
ity versus θ scan are compared, for the cases of ϕ = 0o and ϕ = 90o, respec-
tively, which are shown in Figure 2.16- 2.17. A good agreement is observed
when the quarter-wavelength balun is added. Then the radiation efficiency
of this antenna was obtained by using the substitution method, and is found
to be 20%. It agrees very well with the measured result by the Wheeler’s cap
method.
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Figure 2.16: The simulated and measured directivity versus θ for the electrically small loop
antenna when ϕ = 0o. The antenna is designed to operate around 906 MHz.

2.2 Two-Turn Planar Electrically Small Loop Antenna

It is known that the radiation efficiency of a loop antenna is improved signif-
icantly when the multiple-turn loop is used. For the loop design presented
in previous section, although there exist two loops which are the large one
and small one, only the large loop contributes to the radiation because the
dimensions of the small loop are much smaller than that of the large one, as
illustrated in Figure 2.1. The working mechanism of that self-resonant electri-
cally small antenna is based on the inductive coupling between the two loops.
Only the mutual inductance M contributes to the working mechanism, and
Ccouple is approximated to be negligibly small.

Furthermore, if the dimensions of the two loops become comparable as il-
lustrated in Figure 2.18, both the mutual capacitance Ccouple and mutual in-
ductance M must be taken into account. The same analytical model can still
be applied by considering the capacitive coupling together with the inductive
coupling between the two loops, as shown in Figure 2.2. This is viewed as the
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Figure 2.17: The simulated and measured directivity versus θ for electrically small loop an-
tenna when ϕ = 90o. The antenna is designed to operate around 906 MHz.

Figure 2.18: Illustration of the two -turn electrically small loop antenna.
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Figure 2.19: Analytical model of the two-turn self-resonant electrically small loop antenna.

main difference between the designs illustrated in Figure 2.1 and Figure 2.18.
For the design in Figure 2.18, it is noted that the capacitive loading elements
are used in both two loops, for the purpose of compensating the inductance
in each loop. Then the equivalent model is modified, as shown in Figure 2.19,
where Cloop1 and Cloop2 represent the capacitive loading in each loop. Since
both of the two loops in this antenna contribute to the radiation mechanism,
the radiation efficiency of this antenna is improved significantly compared
the previous loop design, but the impedance tuning becomes complicated.

In the circuit model illustrated in Figure 2.19, the resistance and reactance of
the input impedance Zant for this antenna are determined from

Rant = Rloop1 + (ωM)2
Rloop2

R2
loop2 + (ωLloop2 − 1

ωC2
)2

(2.17)

Xant = j(ωLloop1 − 1

ωC1
) − j

(ωM)2(ωLloop2 − 1
ωC2

)

R2
loop2 + (ωLloop2 − 1

ωC2
)2

. (2.18)

where

C1 = Cloop1 + Ccouple (2.19)
C2 = Cloop2 + Ccouple (2.20)

The antenna impedance is tuned to resonance by tuning the capacitance
Cloop1, Cloop2, Ccouple and the mutual inductance M . The equation (2.17) and
(2.18) provide guidance in the tuning of the antenna input impedance.

The geometry and design variables of this two-turn self-resonant electrically
small loop is illustrated in Figure 2.20 and its dimensions are provided in
Table2.2. The simulated resonance frequency is 903.2 MHz. The impedance
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Figure 2.20: Geometry and design variables of the two-turn self-resonant electrically small
loop antenna.

bandwidth reference to -10 dB is 4.5 MHz. The simulated radiation efficiency
is found to be 35 %. The magnitude of the antenna reflection coefficient and
the antenna input impedance are given in Figure 2.21 and Figure 2.22, re-
spectively. The magnitude of the simulated surface current vector provided
by HFSS is presented in Figure 2.23. It is seen that the current flow in each
loop are in the same direction, which shows both of the two loops contribute
to the radiation; thus the radiation efficiency is improved compared to the
previous loop design.

2.3 Three-Dimensional (3-D) Folded Electrically Small Loop An-
tennas

Since the antenna size is limited by the dimensions of hearing-aids, the per-
formances of the two-dimensional (2-D) planar loop antenna are restricted
and thus the performances are difficult to be improved further. In this sec-
tion, several 3-D folded electrically small loops are proposed, and they are
configured so that the hearing-aids will be embedded inside the folded loop
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Table 2.2: Dimensions and performances of the planar two-turn self-resonant electrically
small loop antenna, designed around 900MHz.

Two-Turn Electrically Small Loop Antenna Performances
Antenna Dimension Lloop2=36.6mm=0.109λ0

Wloop2=11.6mm=0.03λ0

d1 = d2 = d3 = d4 = d5=0.2mm
L=6.2mm, W=0.6mm

L1=4.6mm,L2 = L3=0.6mm
Substrate: Rogers 5870 (thickness=1.5mm)

Center Frequency of Operation 903.2 [MHz ]
Impedance Bandwidth @ -10 dB 4.5 [MHz ]
Impedance Bandwidth @ -15 dB 2.5 [MHz ]

Radiation Efficiency [%] 35%
Maximum Directivity [dBi ] 1.64 [dBi ]

Maximum Gain [dBi ] -2.89 [dBi ]
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Figure 2.21: Magnitude of the Antenna reflec-
tion coefficient.
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Figure 2.22: Antenna input impedance.

antenna. These antennas are designed to make better use of the volume of
hearing-aids so that the antenna performances are improved.

Similarly, the 3-D loop antenna is formed by two small loops, the small one
and large one, and the working mechanism is also based on the inductive
coupling between the two loops. The dimensions of the small loop are much
less that of the large one, and the large loop is folded in a proper way to form
the 3-D antenna design. The capacitive loading is also added to compensate
the loop inductance and make the antenna resonant.
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Figure 2.23: The magnitude of the simulated surface current vectors for the two-turn electri-
cally small loop at 900 MHz, predicted by HFSS.

Figure 2.24 presents the configuration of this 3-D loop folded loop antenna,
which is designed at 1000 MHz. The antenna is mainly formed by a copper
strip of the width 1 mm and of the thickness 35 µm. The antenna occupies
a volume of 25 mm×9 mm×6 mm, with ka=0.28. In the design illustrated
in Figure 2.24 (a) a capacitor of 0.17 µF is used as the loading element, while
in the design illustrated in Figure 2.24 (b) a distributed printed capacitive
element is used as the loading element. The advantage of the latter case is that
it avoids using the lumped components which face the aging and tolerance
problems.

At the initial design phase, no substrate is present in the antenna design. This
is because the material permittivity and conductivity of the hearing-aid shell
are unknown. The permittivity measurement of this material faces a diffi-
culty because the manufacturer can not provide a sample for measurements
with a suitable size. Hence, we will first design the antenna insolated to un-
derstand its working mechanism and investigate its performances, and later
on this antenna will be adjusted to fit the surface of hearing-aids and will be
tuned together with the device.

The geometry and design variables of these 3-D folded self-resonant electri-
cally small loops are illustrated in Figure 2.25 and their dimensions are pro-
vided in Table 2.3. For antenna design (a), a lossless capacitor of 0.17 µF is
used as the loading element. The simulated resonance frequency is 1003.5
MHz. The impedance bandwidth reference to -10 dB and -15 dB are 2.3 MHz
and 1.0 MHz, respectively. The simulated radiation efficiency is found to be
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Figure 2.24: The 3-D folded loop antenna designed at 1000 MHz. (a) and (b) present different
types of the loading element which is a capacitor and the distributed printed
capacitive element.

41.23%. For antenna design (b), the distributed printed capacitive element, of
a finger shape, is used as the loading element. The simulated resonance fre-
quency is 999 MHz. The impedance bandwidth reference to -10 dB and -15
dB are 2.3 MHz and 1 MHz, respectively. The simulated radiation efficiency
is found to be 40%. The radiation pattern and the magnitude of the simulated
surface current vector for the antenna design in Figure 2.25 (a) are presented
in Figure 2.26, which is predicted by HFSS.

Figure 2.25: The geometry and design variables of the 3-D folded self-resonant electrically
small loops, designed at 1000 MHz.

Moreover, there are several ways to fold the large loop, as illustrated in Fig-
ure 2.27. This results in the differences in antenna radiation pattern and other
performances. The geometry and design variables of the 3-D folded loop an-
tennas are given in Table2.4 for designs presented in Figure 2.27 (c) and (d),
respectively.

For antenna design in Figure 2.27 (c) , a lossless capacitor of 0.17 µF is used

52



Table 2.3: Dimensions and performances of the 3-D folded self-resonant electrically small loop
antennas, designed around 1000 MHz.

3-D Folded Electrically Antenna Antenna
Small Loops (a) (b)

Antenna Lloop=25mm=0.083λ0 Lloop=25mm=0.083λ0

Dimensions Wloop=9mm=0.03λ0 Wloop=9mm=0.03λ0

Hloop=6mm=0.028λ0 Hloop=6mm=0.028λ0

L = 5.6mm, W = 2.5mm L = 5.6mm, W = 2.5mm
Substrate: no Substrate: no

C=0.17µ F d1 = d3=0.4mm
d2=0.2mm,L1=11.3mm

L1=11.3mm
ka 0.28 0.28

Center Frequency 1003.5 [MHz ] 999 [MHz ]
Impedance Bandwidth 2.3 [MHz ] 2.3 [MHz ]

@ -10 dB
Impedance Bandwidth 1.0 [MHz ] 1.0 [MHz ]

@ -15 dB
Radiation Efficiency 41.23% 40%

Maximum Directivity 2.136 [dBi ] 2.134 [dBi ]
Maximum Gain -1.71 [dBi ] -1.89 [dBi ]

as the loading element. The simulated resonance frequency is 1001 MHz,
and the impedance bandwidth reference to -10 dB and -15 dB are 2.3 MHz
and 1.0 MHz, respectively. The simulated radiation efficiency is found to be
43.5%. For antenna design in Figure 2.27 (d), a lossless capacitor of 0.02 µF
is used as the loading element. The simulated resonance frequency is 998
MHz, and the impedance bandwidth reference to -10 dB and -15 dB are 2.3
MHz and 1.0 MHz, respectively. The simulated radiation efficiency is found
to be 41.8%. The simulated radiation pattern and magnitude of the simulated
surface current vectors of these two designs are presented in Figure 2.28 and
Figure 2.29, respectively, from which the difference in antenna radiation pat-
tern is presented. It is seen that the bandwidth for these antenna designs are
almost the same, but the design shown in Figure 2.27 (c) gives the highest
radiation efficiency among these designs which is 43.5%.
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Figure 2.26: The radiation pattern and magnitude of the simulated surface current vectors of
the 3-D folded self-resonant electrically small loop, designed at 1000 MHz. (a)
presents the 3-D polar gain pattern, (b) presents the 2-D gain pattern in ϕ = 0o

and ϕ = 90o plane and (c) presents the simulated surface current vectors.

2.4 Chapter Summary

In this chapter, several novel designs of the self-resonant electrically small
loop antennas are presented for the hearing-aid application. The working
mechanisms of these designs are explained. These antennas are

• 2-D planar electrically small loop antenna, evaluated at 900 MHz.
The working mechanism is based on the capacitive loading and the in-
ductive coupling between the two small loops. The measured radiation
efficiency is found to be 21% with ka being 0.33, and the impedance
bandwidth reference to -15 dB is 1.7 MHz.

• 2-D planar two-turn electrically small loop antenna, evaluated at 900
MHz.
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Figure 2.27: The 3-D folded loop antenna designed at 1000 MHz. Several different folding
methods are presented.

Table 2.4: Dimensions and performances of the 3-D folded self-resonant electrically small loop
antennas, for designs shown in Figure 2.27 (c) and (d).

3-D Folded Electrically Antenna Antenna
Small Loops Figure 2.27(c) Figure 2.27 (d)

Antenna Lloop=25mm=0.083λ0 Lloop=25mm=0.083λ0

Dimensions Wloop=9mm=0.03λ0 Wloop=9mm=0.03λ0

Hloop=6mm=0.028λ0 Hloop=6mm=0.028λ0

L=5.4mm, W=2.4mm L=5.4mm, W=2.4mm
ka 0.28 0.28

Center Frequency 1001 [MHz ] 998 [MHz ]
Impedance Bandwidth 1.0 [MHz ] 1.0 [MHz ]

@ -15 dB
Radiation Efficiency 43.5% 41.8%

The working mechanism of this antenna is based on the capacitive load-
ing, and both the capacitive and inductive coupling between the two
small loops that are of a comparable size are taken into account. The
simulated radiation efficiency is found to be 34% with ka being 0.33,
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Figure 2.28: The radiation pattern and magnitude of the simulated surface current vectors
of the 3-D folded self-resonant electrically small loop, for design shown in Fig-
ure 2.27 (c). (a) presents the 3-D polar gain pattern, (b) presents the 2-D gain
pattern in ϕ = 0o and ϕ = 90o plane and (c) presents the simulated surface cur-
rent vectors.

and the impedance bandwidth reference to -15 dB is 2.5 MHz.

• 3-D electrically small loop antennas, evaluated at 1000 MHz
The working mechanism is based on the capacitive loading and the in-
ductive coupling between the two loops. The large loop is folded in a
proper way to make better use of the device volume. There exist sev-
eral ways to fold the large loop, and this results in a difference in the
antenna radiation pattern. The maximum radiation efficiency of the
folded loop is found to be 43% with ka being 0.28, and the impedance
bandwidth reference to -15 dB is 1.0 MHz.
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Figure 2.29: The radiation pattern and magnitude of the simulated surface current vectors
of the 3-D folded self-resonant electrically small loop, for design shown in Fig-
ure 2.27(d). (a) presents the 3-D polar gain pattern, (b) presents the 2-D gain pat-
tern in ϕ = 0o and ϕ = 90o plane and (c) presents the simulated surface current
vectors.

During this project, several frequencies are evaluated for the hearing-aid ap-
plication, including 405 MHz, 900 MHz and 1000 MHz, respectively. It is
noted the optimization in the antenna radiation efficiency is only performed
for the loop designs at 1000 MHz. In this dissertation, we mainly discuss the
antenna designs at the frequency of 1000 MHz. In summary, the following
observations are obtained in this chapter, which are

• Impedance Matching
These antenna designs show that the impedance can be matched to the
system characteristic impedance by using the self-resonant electrically
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small loops, without the use of any external matching circuit. The use
of the lumped components is avoided by replacing the loaded capaci-
tors with the distributed printed loading element. The difficulty in the
impedance matching is thus overcome.

• Impedance Bandwidth
The specification in the impedance bandwidth is 1.0 MHz reference to
-15 dB, as required in the link budget. Although the impedance band-
width of these ESAs are narrow, the specification in the impedance
bandwidth can still be satisfied, either for the 2-D planar loops or the
3-D folded loops.

• Radiation Efficiency
The specification in the radiation efficiency can be satisfied. The radi-
ation efficiency is improved to as high as 43% for the 3-D folded loop
antenna, which occupies a volume of 25 mm×9 mm×6 mm.
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CHAPTER

THREE

Measurement Techniques for
Electrically Small Antennas

Nowadays the performances of antennas are verified with cable measure-
ments in the anechoic chamber. This measurement technique works very
well for most of the traditional antennas with the electrical size being lager
than one half of a wavelength at least. However, the input impedance and
radiation efficiency measurements for ESAs represent a great challenge, and
typically there exist two mechanisms that introduce errors in the measure-
ments.

First, the feed line causes a significant influence on the measured radiation ef-
ficiency for ESAs, due to leaking current on the outer surface of the feed line.
The measured radiation efficiency can be strongly overestimated up to +10
dB due to this effect [61]. Although a sleeve balun can be added to suppress
the leaking current, it is typically a narrow-band device. Several baluns are
thus required for different frequency bands. Also, the dimension of a balun
needs to be tuned carefully at the specified frequency. In addition, the balun
may have a size that is comparable to or even larger than that of the ESA;
thus it may give rise to scattering. Ferrite cores are also commonly used in
the small antenna measurements, but this method may not be an appropriate
solution either. It is because the ferrite cores are placed in the reactive field
region of the ESAs. The leaking current on the feed line is partially reflected
back and partially absorbed by the ferrite cores.

Second, the feed line contributes a large scattering structure even if the leak-
ing current is suppressed. Measurements of antenna characteristics without
the feed line is therefore highly desirable.
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In this chapter, first, the effectiveness of adding ferrite cores and tunable
sleeve-balun are investigated. Second, a modified Wheeler cap method for
the radiation efficiency measurement of balanced electrically small anten-
nas is introduced. Moreover, the application of this modified Wheeler cap
method for antenna measurements in complex environments is further in-
vestigated. Third, a cable-free impedance and gain measurement technique
for electrically small antennas is proposed. The electromagnetic model, sim-
ulation results, as well as measurement results are presented.

3.1 Ferrite Cores and Tunable Sleeve Balun

Ferrite cores are commonly used in small antenna measurements, but this
method may not be an appropriate solution. It is because that ferrite cores
are placed in the reactive field region of the ESAs; thus the leaking current on
the feed line is partially reflected back and partially absorbed by the ferrite
cores. The working mechanism of adding ferrite cores is to provide a very
high reactive impedance along the feed line so that the leaking current can
be forced to reflect back. Hence several pieces of ferrite cores are required
to make sure the impedance is high enough. This solution is only valid up
to 1 GHz for the radiation measurements. In this section, we focused on the
application of the tunable sleeve balun. To start this analysis, the antenna
under test (AUT) is described first.

A balanced electrically small loop is used as the AUT in this investigation.
The miniature, self-resonant, capacitively loaded loop antennas were de-
signed to operate around 400 MHz and around 900 MHz, respectively. The
loop and the capacitor strips were printed on a 1.5 mm thick Rogers 5870 sub-
strate with εr = 2.33 and tan δ = 0.0012. The parameters of the capacitor and
the feeding part were optimized with the HFSS software. An example of the
loop antenna for operation around 900 MHz is shown in Figure 3.1 (a).

It was discovered soon after obtaining first measurement results that sim-
ple feeding of this almost symmetric antenna with a bare coaxial cable pro-
duced clearly wrong results. For example, not only the measured radiation
pattern was strongly asymmetric, but also the measured radiation efficiency
was strongly overestimated, for some techniques by as much as 3 times, as
it will be shown below. It was clear that due to the asymmetric feeding, the
leaking currents on the feed cable can be very strong and they contribute
significantly to the antenna radiation. Therefore, it was decided to apply a
standard solution to this problem using a sleeve balun. However, in order

60



Figure 3.1: Illustrations of the AUT and the tunable sleeve balun. (a) presents the antenna
under test (AUT). (b) presents the fabricated tunable sleeve balun. (c) illustrates
the parameters of the tunable sleeve balun.

to have the flexibility of adjusting the balun characteristics, it was decided to
manufacture a tunable balun with the possibility to change and optimize its
length and the gap between the open end of the balun and the antenna. The
details of the used tunable balun are presented in Figure 3.1 (b) and (c).

The illustration of the importance of a balun in the radiation efficiency mea-
surements is presented at first in Figure 3.2. The radiation efficiency of the
small loop antenna was measured without the balun for different lengths
of the feeding cable. It is seen from Figure 3.2 that the measured values
can increase more than 2 times, as compared to the expected value of about
20%, depending on the relative length of the cable. This effect is found to be
weaker for free-space measurements, where the cable goes through the ab-
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sorbers covering the support structure, and stronger for the measurements
in a reverberation chamber, where the cable goes into the metallic wall. The
latter apparently increases the effect of the leaking current by working as a
reflecting surface and creating a standing wave.

Figure 3.2: Dependence of the simulated and measured radiation efficiency on the feed cable
length, without using a balun.

The measured radiation pattern of the loop antenna with and without the
sleeve balun is shown in Figure 3.3 together with the simulated pattern from
HFSS. It is clearly seen that improper feeding leads to a significant distortion
of the radiation pattern, especially in the E-plane, where the error is +4/-
9 dB. On the other hand, application of the properly tuned balun provides
very good results with very small deviations up to the angle θ = 140o, after
which the tower shadow gives pattern deviation within a couple of dBs. The
tower shadow effect is minimized by using a 1 meter long dielectric tube as
the mechanical support interface.

It should also be noted that careful tuning of the balun is also very impor-
tant, both for the radiation pattern and for the radiation efficiency measure-
ments. The optimum balun parameters are investigated and the measured
radiation efficiency versus the balun gap length are presented in Figure 3.4
(a), (b) and (c) for the balun length being 83mm, 88mm and 93mm, respec-
tively. Figure 3.4 (d) presents the measured radiation efficiency versus the
lengths of the feed line, for three cases with a perfectly tuned balun. It is
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Figure 3.3: The measured radiation pattern of the loop antenna with and without the sleeve
balun. (a) presents the measured directivity in the E-plane (ϕ = 0o) at DTU, with
and without the tunable balun. (b) presents the measured directivity in the H-
plane (ϕ = 90o) at DTU, with and without the tunable balun.

seen that the measurement result changes versus the gap length. By exam-
ining the expected radiation efficiency that is 20%, the optimum parameter
Ltube is thus obtained which is approximated to be 68 mm for all the three
cases. The gap length is better chosen to be 10 mm-20 mm from our expe-
riences. Though it is called a quarter-wave sleeve balun, it was found that
the optimum length of the short-circuited sleeve (air-filled) should be about
0.2 wavelength, while the optimum gap between the open end of the sleeve
balun and the antenna should be between 0.06-0.1 wavelength. It was noted
from numerous experiments that even small deviation from these optimum
parameters, e.g. decreasing or increasing the gap, results in strong overesti-
mate of the radiation efficiency, in our case up to twice as much. The found
optimum parameters of the balun generally agree with those found in the
literature, but the increased sensitivity to the balun parameter deviations, to
our knowledge, was not reported before.
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Figure 3.4: Illustrations of the balun parameter investigations. (a) presents the measured ra-
diation efficiency versus the gap length, for the balun length being 83 mm. (b)
presents the measured radiation efficiency versus the gap length, for the balun
length being 88 mm. (c) presents the measured radiation efficiency versus the gap
length, for the balun length being 93 mm. (d) presents the measured radiation ef-
ficiency versus the length of the feed-line, for three cases with a perfectly tuned
balun.

3.2 Modified Wheeler Cap Method for the Radiation Efficiency
Measurement of Balanced Electrically Small Antennas

For small antenna measurements, the Wheeler cap method is a well known
and widely used method for the radiation efficiency measurement. However,
this method possesses several limitations [62–64]. First, while being applied
for unbalanced antennas on a ground plane, it presents a challenge for bal-
anced antennas like loops or dipoles. Balanced electrically small antennas,
such as dipoles and loops, have many applications, especially in ultra small
devices like sensors, hearing-aids and RFIDs. Wide use of balanced anten-
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nas in these applications is caused by the fact that the ground plane required
for proper operation of unbalanced antennas, such as monopoles or inverted
F antennas, is not existing in the ultra small devices. The performances of
unbalanced antennas are then very sensitive to the changes in the working
environment, while the balanced antennas are less sensitive to these. For
electrically small antennas, the antenna impedance and radiation efficiency
are two important parameters that characterize their performances and are
of particular interest. However, proper measurement of these two parame-
ters represents great challenges. Unless a carefully adjusted balun is used,
the feeding coaxial cable has a significant influence on the measured perfor-
mances due to the leaking current on the outer conductor and the scattering
effects. Accurate measurement techniques for balanced small antennas need
to be addressed, especially for the radiation efficiency measurements. Sec-
ond, the presence of the cavity resonances and their influence on the mea-
surement results impose certain limitations on the cavity dimensions. Thus
measurements of different small antennas working at different frequencies
may require several cavities of different dimensions, since measurements in a
wide frequency band represent a great challenge. Moreover, limited dimen-
sions of the cavity also impose limitations on small antenna measurements
in a complex environment. For instance, measurements in the presence of
a human hand or head phantom or antenna-on-body measurements are not
possible.

In this section, we propose a modification of the Wheeler cap method for the
radiation efficiency measurement of balanced ESAs which can be symmetric
or asymmetric balanced antennas. A new three-port network model is then
proposed for this modified Wheeler cap technique. In order to confirm the
validity of the proposed method, an electrically small loop antenna and a
wideband dipole were simulated and measured using this method and the
obtained results are compared. These results are also compared to the mea-
surement results obtained in an anechoic chamber, with a balun added in
front of the AUT.

3.2.1 Three-Port Model of the Wheeler Cap Method

The original Wheeler cap method [62] was further developed in [63–65], in
which a two-port network model is proposed by assuming that the antenna is
operated in a single mode, and the two ports are defined as the antenna input
terminal and the transition between the antenna and free space, respectively.
Two measurements are involved in this method, which are the measurement
of the antenna input reflection coefficients in free space and in a Wheeler cap,
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respectively. The antenna radiation efficiency can be calculated from these
two measurements. However, this method is well applied only for antennas
on a ground plane, while for balanced antennas the influence of the feed cable
represents a severe problem.

In this work, a three-port network model is proposed for the Wheeler cap
method for measuring the radiation efficiency of small balanced antennas. As
shown in Figure 3.5, the three ports are two excitation ports and one radiation
port. A differential-fed antenna is viewed as a linear two-port model, and a
virtual ground plane is assumed in the middle of the excitation terminal.

Figure 3.5: An electrically small balanced antenna with the two-port excitation in free space.

Figure 3.6: The three-port network model of the Wheeler cap measurement for balanced small
antennas.

Determination of the differential impedance by using the scattering parame-
ter (s-parameter) based measurements has been studied previously [66–68].
In the method reported in [66], two microstrip lines mounted back to back
are used as the test fixture. Then several home-made non-standard calibra-
tion tools are used at the end of two microstrip lines in the calibration. The
accuracy is found to be acceptable up to 1 GHz. Later, further development
of this method was proposed in [67]. It was suggested doing the calibration
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by using standard calibration tools, which is performed at the end of the ca-
bles of the vector network analyzer (VNA). Instead of using microstrip lines,
two pieces of extra coaxial cables are used as the test fixture, whose outer
conductors are soldered together. The test fixture parameters need to be ex-
tracted from the measurement data in the de-embedding. Then the antenna
impedance can be calculated. Recently, Qing et al. suggested to use the port
extension function of the VNA to find the antenna impedance, instead of the
above calculations [68].

In this work, we apply the s-parameter based method in combination with
the Wheeler cap method to determine the antenna radiation efficiency for bal-
anced small antennas. An electrically small dipole antenna with the two-port
excitation in free space is illustrated in Figure 3.5. Inside the Wheeler cap,
Figure 3.6, the port 3 is loaded with the impedance of the Wheeler cap, with
the reflection coefficient being ΓL, and we obtain the scattering equations for
the two ports

[
Swc

11 Swc
12

Swc
21 Swc

22

]
=

[
S11 + S13S31ΓL

1−S33ΓL
S12 + S13S32ΓL

1−S33ΓL

S21 + S23S31ΓL
1−S33ΓL

S22 + S23S32ΓL
1−S33ΓL

]
(3.1)

where Swc
nm are the s-parameters of the model obtained inside the Wheeler

cap. While in free space, ΓL = 0, and the scattering equations are simplified
to [

Sfs
11 Sfs

12

Sfs
21 Sfs

22

]
=

[
S11 S12

S21 S22

]
. (3.2)

where Sfs
nm are the s-parameters of the model obtained in free space, as shown

in Figure 3.6. For symmetric electrically small antennas, the antenna input
impedance Zant in free space and in the Wheeler cap can be determined from

Zfs
ant = 2Z0

1 − (Sfs
11 )2 + (Sfs

21 )2 − 2Sfs
21

(1 − Sfs
11 )2 − (Sfs

21 )2

= 2Z0
(1 + Sfs

11 − Sfs
21 )

(1 − Sfs
11 + Sfs

21 )
(3.3)

Zwc
ant = 2Z0

1 − (Swc
11 )2 + (Swc

21 )2 − 2Swc
21

(1 − Swc
11 )2 − (Swc

21 )2

= 2Z0
(1 + Swc

11 − Swc
21 )

(1 − Swc
11 + Swc

21 )
(3.4)

Here, Z0 is the characteristic impedance of the feed cable. As shown in equa-
tions (3.3) and (3.4), the simplified formulas are used to avoid the singularity
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for the case 1 − Sfs
11 − Sfs

21 = 0 or 1 − Swc
11 − Swc

21 = 0. For asymmetric electri-
cally small antennas, the antenna input impedance Zant in free space and in
the Wheeler cap are

Zfs
ant =

2Z0(1 − Sfs
11Sfs

22 + Sfs
12Sfs

21 − Sfs
12 − Sfs

21 )

(1 − Sfs
11 )(1 − Sfs

22 ) − Sfs
21Sfs

12

, (3.5)

Zwc
ant =

2Z0(1 − Swc
11 Swc

22 + Swc
12 Swc

21 − Swc
12 − Swc

21 )

(1 − Swc
11 )(1 − Swc

22 ) − Swc
21 Swc

12

. (3.6)

In order to determine the antenna radiation efficiency, two measurements
are necessary, which are the full two-port s-parameter measurement in free
space and in the Wheeler cap, respectively. Then the antenna input reflection
coefficients in free space Γfs

ant and in the Wheeler cap Γwc
ant can be determined,

and the antenna radiation efficiency erad is calculated using

erad =
1

1 − |Γfs
ant|2

× 2

(∆Smax)−1 + (∆Smin)−1
(3.7)

where ∆Smax and ∆Smin are the maximum and minimum of ∆S = |Γfs
ant −

Γwc
ant| [65]. In (3.7), the cavity is assumed to be lossless. However, the cavity

loss may needs to be compensated for frequencies that are higher than 2 GHz.
A modified radiation efficiency formula that includes the cavity loss is now
introduced, that is

erad =
1

ecavity(1 − |Γfs
ant|2)

× 2

(∆Smax)−1 + (∆Smin)−1
(3.8)

where the term ecavity represents the cavity efficiency ’ and ecavity = 1 repre-
sents a lossless cavity. The cavity efficiency can be obtained from a Wheeler
cap measurement by using a reference antenna with a known radiation effi-
ciency.

3.2.2 Simulation Results and Discussions

Balanced Electrically Small Loop Antenna
An electrically small capacitively-loaded loop antenna was designed to be
operated around 900 MHz for the hearing-aid application. The loop is
printed on the Rogers 5870 substrate, with the dielectric constant being 2.33
and loss tangent being 0.0012. The overall dimensions of the antenna are
35×10×1.5 mm3.
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First, the loop antenna itself is simulated with HFSS software by using a
lumped port excitation in free space, as shown in Figure 3.7. For this config-
uration, the input impedance and radiation efficiency are obtained directly
and represent reference results.

Second, according to the proposed modified Wheeler cap method, the loop
antenna with two extra cables is simulated in free space and in the Wheeler
cap, respectively. The outer conductors of the test cables are connected in-
between to provide a common ground. These two cables are properly taken
into account in the simulation. The so-called waveports are used as the exci-
tation ports, as illustrated in Figure 3.8, which are located at the end of each
coaxial cable. In order to find the full two-port scattering matrix at the an-
tenna terminal, the port de-embedding is applied on each waveport. It is
noted that the lossless cables are used in this simulation.

Figure 3.7: Lumped port excitation of the
small loop antenna: HFSS model.

Figure 3.8: Two waveport excitations
and port de-embedding:
HFSS model.

An aluminum cylindrical cavity with a diameter of 26 cm and a height of
35 cm is used in this simulation as the Wheeler cap. Then the simulated
full two-port scattering matrix of the loop antenna are obtained in free space
and inside the Wheeler cap, respectively. From these results, the antenna
input impedance, the reflection coefficient and the radiation efficiency are
calculated.

The properties of the small loop antenna which are calculated from the full
two-port scattering matrix are compared to the reference simulation results
with a lumped port excitation. The input impedance, reflection coefficient
and the radiation efficiency of the loop antenna are illustrated in Figs. 3.9-
3.12. It is seen that the results are in a good agreement and the small dif-
ference is explained by the finite simulation precision. All simulation results
show that the cable effects on the radiation efficiency is avoided by using the
proposed method.
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Figure 3.9: Antenna input impedance obtained from a direct simulation and calculated from
the simulated full two-port scattering matrix.
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Figure 3.10: Antenna reflection coefficient obtained from a direct simulation and calculated
from the simulated full two-port scattering matrix.

Broadband Dipoles
In order to prove that the proposed method is broadband, a differential-fed
wideband dipole is simulated to show the possibility of the radiation effi-
ciency measurement over a broad frequency band. Here we use a wideband
dipole with two arms made of thin metallic discs without any substrate, as
shown in Figure 3.13 and Figure 3.14. The radius of each disc is 3 cm and the
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Figure 3.11: Antenna reflection coefficient circle versus frequency in free space and in a
Wheeler cap, respectively.
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Figure 3.12: Antenna radiation efficiency obtained from a direct simulation and calculated
from the simulated full two-port scattering matrix.

gap between the two discs is 2 mm. The radiation efficiency of this wideband
dipole is expected to be very close to 100%, since the loss in this antenna is de-
termined only by the finite conductivity of the metal, which is set to 5.8×107
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S/m to represent the copper. Although this antenna is not electrically small,
we prefer to use, both in simulation and in measurement, a broadband an-
tenna with well known radiation efficiency. The radiation efficiency of the
dipole which is determined from the simulated scattering matrix is almost a
constant over the frequency band from 500 MHz to 2000 MHz and it is equal
to 99.7%. This result shows that the radiation efficiency measurement by us-
ing the three-port Wheeler cap method is valid over a wide frequency band.

Figure 3.13: Full two-port scattering ma-
trix simulation in free space
(HFSS).

Figure 3.14: Fabricated Broadband
Antenna.

3.2.3 Measurement Results and Discussions

Several electrically small loop antennas were manufactured according to the
design parameters and measured using the modified Wheeler cap technique.
The Wheeler cap used in this measurement was originally designed for mea-
surements of the small antennas down to 400 MHz, but later it was found
that it can also be used at higher frequencies by the generalized Wheeler cap
method [65], which avoids the influence of cavity resonances.

The full two-port scattering matrix was measured for the loop antenna in free
space and in the Wheeler cap, by using the network analyzer HP 8753D, as
illustrated in Figure 3.15. The extracted antenna radiation efficiency is shown
in Figure 3.16. The measured radiation efficiency is also compared to the
result obtained from a spherical near-field antenna facility, where the antenna
was measured with a sleeve balun. It is seen from Figure 3.16 that very good
agreement is observed between all the results. This confirms the validity of
the proposed modified Wheeler cap method.

The measured radiation efficiency for the broadband dipole antenna in the
frequency range of 1-3 GHz is illustrated in Figure 3.17. It is seen that
the measured efficiency has an average of about 99% and the ripples are
explained by the finite calibration accuracy of the VNA. Again, this result
clearly shows that the proposed method works very well also in a wide fre-
quency band; thus it can be used for the input impedance and radiation effi-
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ciency measurements for wideband antennas.

Figure 3.15: The measurement setup of the modified Wheeler cap technique.

Figure 3.16: The simulated and measured radiation efficiency for the small loop antenna.

In summary, a modified Wheeler cap method was proposed for accurate mea-
surements of input impedance and radiation efficiency of small balanced an-
tennas. The advantages of the proposed method are summarized as follows.
First, no balun is required during the measurement and thus the problems
of narrow impedance bandwidth and extra scattering caused by the balun
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Figure 3.17: The measured radiation efficiency for the broadband dipole antenna.

are avoided. As a result, the proposed method is valid in a broad frequency
band. Second, the application of the proposed method and the proper use
of the circle fitting for the measured s-parameters ensure that the cavity res-
onances do not have any significant effect on the measurement results. By
using the Wheeler cap method in the proposed way, most of its limitations
and disadvantages are avoided. The method is, therefore, suitable for the
input impedance and radiation efficiency measurements for most types of
antennas in a broad frequency band. The antennas under test are not limited
to be electrically small which can be balanced or unbalanced, symmetric or
asymmetric antennas.

3.3 Modified Wheeler Cap Method in Complex Environments

A modified Wheeler cap method, proposed recently in [64] and applied in
[69] for balanced antennas, gives significant improvements on this method
and allows the radiation efficiency measurements for different kinds of small
antennas, including balanced, unbalanced, symmetric and asymmetric types.
Measurements in a wide frequency band are also possible, which thus re-
moves the limitation on the cavity size. Therefore, the method allows the
measurement using a large cavity and it provides the potential to include
the antenna working environment. In this section, this modified Wheeler
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cap method is applied for the radiation efficiency measurement of balanced
electrically small antennas, with particular focus on the involvement of the
complex environment: a human head phantom.

In traditional applications of the Wheeler cap method, the presence of cavity
resonances in a large cavity requires the use of a small cavity which prevents
the antenna measurement in their working environment. This is viewed as
a serious disadvantage of this method. In this section, the determination for
the AUT radiation efficiency in a complex environment by the Wheeler cap
method is investigated. The measurement is performed in a large cavity and
uses a proper circle fitting technique to reconstruct the reflection coefficients
disturbed by the cavity resonances.

erad,ant =
Rrad,ant

Rrad,ant + Rloss,ant + Rloss,head
. (3.9)

Rrad,ant and Rloss,ant represent the radiation resistance and loss resistance in
presence of the head, and Rloss,head represents the loss caused by the head
phantom.

The losses obtained from the measurement inside the Wheeler cap represent
a sum of the terms Rloss,ant, Rloss,cavity and Rloss,head(wc). Here, Rloss,cavity is
the loss in the cavity walls, and considering the high conductivity of the metal
cavity this loss is typically very small. Rloss,head(wc) represents the loss in the
head phantom when it is inside the Wheeler cap. Two effects are involved
in Rloss,head(wc) which are the absorption losses due to the antenna and the
cavity, respectively. Hence, the difference between the loss caused by the
head phantom in free space and in the Wheeler cap is the absorption loss
inside the cavity. This difference and the cavity loss must be found out in the
determination of the radiation efficiency. A calibration of the cavity loss and
phantom absorption due to the cavity will be performed using a reference
antenna with known radiation efficiency. The calibration is the key feature
for the radiation efficiency measurement in a complex environment by using
the Wheeler cap method.

3.3.1 Simulation Results and Discussions

The same loop antenna that is used in the previous section is also used as the
AUT in this simulation. In the previous section, the simulations for the de-
termination of the AUT radiation efficiency were presented by using an alu-
minum cylindrical cavity as the Wheeler cap, with a diameter of 26 cm and
a height of 35 cm. In this section, we focus on the simulation results by the
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proposed method versus different cavity sizes which will show the possibil-
ity of the Wheeler cap measurement in a large cavity. First, the loop antenna
itself is simulated with HFSS software by using a lumped port excitation in
free space. In this configuration, the radiation efficiency is obtained directly
and represents reference results. Second, according to the proposed modified
Wheeler cap method, the loop antenna with two extra cables is simulated in
free space and in the Wheeler cap, respectively. The outer conductors of the
test cables are connected in-between to provide a common ground. These
two cables are properly taken into account in the simulation. The so-called
waveports in HFSS are used as the excitation ports. In order to find the full
two-port scattering matrix at the antenna terminal, the port de-embedding is
applied on each waveport. It is noted that lossless cables are used. In this sim-
ulation, several aluminum cavities are evaluated as the Wheeler cap, which
are an aluminum cylindrical cavity with a diameter of 26 cm and a height of
35 cm and two rectangular cavities with the dimensions being 40 × 40 × 40
cm3 and 60 × 60 × 60 cm3, respectively. The first cavity was originally de-
signed for measurements of small antennas down to 400 MHz, but later on
it was found that it can also be used at higher frequencies by the generalized
Wheeler cap method and proper circle fitting techniques which avoids the
influence of cavity resonances. The simulated full two-port scattering matrix
of the loop antenna are obtained in free space and inside the Wheeler cap,
respectively. From these results, the radiation efficiency of the loop antenna
is calculated.

Figure 3.18 shows the radiation efficiency obtained from a direct HFSS simu-
lation and that is extracted from the simulated full two-port scattering matrix
in different cavities. At the resonance frequency, 906.5 MHz, the direct HFSS
simulation gives a radiation efficiency of 17.7%, while the radiation efficiency
extracted from the proposed method are 17.2%, 17.9% and 17.8% for the cylin-
drical cavity, 40 × 40 × 40 cm3 rectangular cavity and 60 × 60 × 60 cm3 cavity,
respectively. The difference between the direct free space simulation and the
proposed method are therefore 0.5%, 0.2% and 0.1%. Hence, a good agree-
ment is clearly observed. Decreasing the convergence parameter in HFSS,
which is the maximum delta for s-parameters, results in an improvement in
the agreement, but at the expense of long simulation time.

3.3.2 Measurement Results and Discussions

The measurement results by the proposed method are presented for an elec-
trically small loop antenna in this subsection, which is placed close to a head
phantom. An aluminum cavity of the dimension 40 × 40 × 40 cm3 was built

76



Figure 3.18: Antenna radiation efficiency, obtained from a direct HFSS simulation and ex-
tracted from the simulated full two-port scattering matrix in different cavities.

and used as the Wheeler cap in the experiments. The full two-port scatter-
ing matrix was measured for the loop antenna together with the head phan-
tom, in free space and in the Wheeler cap, as illustrated in Figure 3.19 (a).
The simulated and measured antenna radiation efficiency are presented in
Figure 3.19 (b). Due to the presence of the head, the antenna resonance fre-
quency is shifted from 910 MHz to 901 MHz. At the resonance, the measured
radiation efficiency is 16%, while the simulated radiation efficiency is 15.2%.
The deviation is 0.8%. However, the deviation becomes as large as 4% at 910
MHz, and this is due to the worse impedance matching at that frequency.

In summary, the steps for this measurement are given as follows.

• The VNA calibration is performed at the SMA connectors of the test
fixture by using the standard calibration kits.

• The de-embedding calculation of the test fixture is performed. The pa-
rameters of the coaxial cable are extracted from a short circuit measure-
ment.

• The calibration of the cavity loss and head phantom loss is performed
by using a calibrated reference antenna with known radiation efficiency.

• The full two port S-parameters of a balanced small antenna, together
with the head phantom, are measured in free space.

• The full two port S-parameters of a balanced small antenna, together
with the head phantom, are measured inside the Wheeler cap.
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Figure 3.19: Measurement results. (a) presents the measurement setup. (b) presents the sim-
ulated and measured radiation efficiency for the small loop antenna, in the pres-
ence of a head phantom.

• The circle fitting technique is used to re-construct the antenna reflection
coefficient inside the Wheeler cap.

• The antenna impedance and radiation efficiency are extracted together
with the compensation of the losses in the test fixture, cavity and head
phantom.

In summary, the proposed radiation efficiency measurement technique is a
further development of the modified Wheeler cap method that is presented in
the previous section, by taking the complex environments into account in the
measurement. It is shown that the limitation on the cavity size is overcome
with this method and the influence of the cavity resonances are removed by a
proper circle fitting technique. Hence, it is possible to perform the radiation
efficiency measurement inside a large cavity. The proposed method can also
be applied for broadband antennas. Finally, the measurement results for elec-
trically small antennas in complex environments are presented to show the
validity of this technique. A calibration technique for the losses in the cavity
and phantom is introduced. The device, in which the antenna is integrated,
can be involved in the measurement, as well as the human body or human
head phantom. Hence, the antenna on-body measurements may become pos-
sible by using the proposed modified Wheeler cap method, which is inexpen-
sive, fast and able to provide accurate results. Different circle re-constructing
techniques can be compared, aiming at an accuracy improvement. One of
the planned improvements to be tested is using a new test-fixture with two
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pieces of very thin cables and ultra small connectors, which is expected to
reduce the structural scattering influence of the test fixture. Future develop-
ment is the investigation on the antenna-on-body measurement in a cavity
that is larger than the one presented now. Another future development is the
measurements of ultra wideband antennas in a complex environment.

3.4 A Cable-Free Impedance and Gain Measurement Technique
for Electrically Small Antennas

In this section, we propose a novel cable-free measurement technique to mea-
sure the input impedance and gain for ESAs. It is formulated slightly differ-
ently from the RCS method [70]- [71]. A complete electromagnetic model is
established for the measurement system by using spherical wave expansion
(SWE) for the AUT, the probe and the transmission formula to account for the
propagation between these. Then the measurement system is modeled by a
cascade of three coupled multiple-port networks which represent the probe,
AUT and the propagation in-between, respectively.

3.4.1 Theory and Electromagnetic Modeling

In this model the mono-static configuration is described where the probe is
both transmitting and receiving, while the AUT is located at a finite distance
from the probe. The time convention e−iwt is used in the following deriva-
tions.

Model of the Probe and AUT
The electric field E⃗(r⃗) around an antenna, enclosed by the minimum sphere
of radius r0, can be expressed by a spherical wave expansion for r > r0 [72]
as

E⃗(r⃗) =
k√
η

2∑

s=1

N∑

n=1

n∑

m=−n

{asmnF⃗ (4)
smn(r⃗) + bsmnF⃗ (3)

smn(r⃗)} (3.10)

where the superscript c = 3, 4 denotes outward and inward propagating
waves, respectively. asmn and bsmn are the expansion coefficients. F⃗

(c)
smn are

the power-normalized spherical vector wave functions. k is the wave num-
ber, η is the intrinsic admittance of the medium and r⃗ is the position vector
for a point with (r, θ, ϕ) spherical coordinates. For practical measurements
only a finite number of spherical modes are needed to represent the fields.
A truncation number N is used for the n summation to make sure the fields
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are converged. An antenna can be modeled as a multi-port network with
one excitation port that is connected to the generator/load and the radiation
ports. Each radiation port represents one spherical wave outside the antenna
minimum sphere. The total scattering matrix expression for an antenna is
expressed as

[
w
b̄smn

]
=

[
Γ R̄s′m′n′

T̄smn
¯̄Ssmn

s′m′n′

]

︸ ︷︷ ︸
[¯̄S]

·
[

v
ās′m′n′

]
(3.11)

where v and w are the complex amplitudes of the incoming and outgoing
waves on the excitation port of an antenna. ās′m′n′ and b̄smn are column
vectors that represent the complex amplitudes of the incoming and outgo-
ing spherical modes, respectively. R̄s′m′n′ is a row vector describing the an-
tenna receiving coefficients. T̄smn is a column vector representing the antenna
transmitting coefficients. ¯̄Ssmn

s′m′n′ is a square matrix that represents the antenna

structural scattering coefficients. [¯̄S] is the antenna scattering matrix. If there
is no incoming wave, ās′m′n′ = 0, it leads to

w = Γv. (3.12)

b̄smn = vT̄smn, (3.13)

Both the probe and AUT are modeled by a scattering matrix [¯̄S] in the form
as given in (3.11), which are denoted as [¯̄SProbe] and [¯̄SAUT ], respectively.

Transmission Formula and Model of the Propagation
We define the coordinates (x, y, z) with respect to the probe, and the primed
coordinates (x′, y′, z′) with respect to the AUT. The primed coordinate system
of the AUT is related to the unprimed coordinate system of the probe by 3
rotations - through the so-called Euler angles φ, θ, χ and one translation of the
distance A, see [72]. The transmission formula describes the complex signal
received by the AUT in terms of the transmission coefficients of the probe,
the receiving coefficients of the AUT, the 3 rotation angles and the translation
distance A [72], that is

w(A,χ, θ, ϕ) =
v

2

∑

smn
σ′µ′ν′

TProbe
smn eimϕeiµ′χdn

µ′m(θ)

·Csn(3)
σ′µ′ν′(kA)RAUT

σ′µ′ν′ , (3.14)

where
s = 1, 2;m = −n,−n + 1, ..., n; n = 1, 2...
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σ′ = 1, 2; µ′ = −ν ′, −ν ′ + 1, ..., ν′; ν ′ = 1, 2... (3.15)

where smn and σ′µ′ν ′ are the SWE indices of the transmitting and receiving
antennas, respectively. TProbe

smn are the transmitting coefficients of the probe
and RAUT

σ′µ′ν′ are the receiving coefficients of the AUT. eimϕ, eiµ′χ and dn
µ′m(θ)

are the rotation coefficients and C
sn(3)
σ′µ′ν′(kA) are the translation coefficients.

Model of the Entire Measurement System
The measurement system of the proposed cable-free technique is presented
in Figure 3.20. In this model, the entire measurement setup is analyzed by the
cascade of three coupled multiple-port networks which represent the probe,
the free space propagation and the AUT, respectively. The scattering matrix
equations for the AUT and probe are formulated as

[
wAUT

b̄AUT
σµν − āAUT

σ′µ′ν′

]
=

[
ΓAUT R̄AUT

σ′µ′ν′

T̄AUT
σµν (¯̄S

AUT
σ′µ′ν′
σµν

− ¯̄IAUT )

]
·

[
vAUT

āAUT
σ′µ′ν′

]
(3.16)

and
[

wProbe

b̄probe
smn − āProbe

s′m′n′

]
=

[
ΓProbe R̄Probe

s′m′n′

T̄Probe
smn (¯̄S

Probe
s′m′n′
smn

− ¯̄IProbe)

]
·

[
vProbe

āProbe
s′m′n′

]
, (3.17)

where ¯̄IProbe and ¯̄IAUT denote the unit matrices of an appropriate matrix size.
The mode index smn and s′m′n′ represent outgoing and incoming spherical
waves in the coordinate system of the probe, respectively. The mode index
σµν and σ′µ′ν ′ represent outgoing and incoming spherical waves in the co-
ordinate system of the AUT, respectively.

The scattering matrix modeling the free space propagation is expressed as
[

āProbe
s′m′n′

āAUT
σ′µ′ν′

]
=

[
0 ¯̄G−
¯̄G+ 0

]
·
[

b̄probe
smn

b̄AUT
σµν

]
, (3.18)

where the elements of matrix ¯̄G+ and ¯̄G− are obtained from (3.14).

On the other hand, the overall measurement system can also be modeled by
a two-port network [¯̄ST ], the scattering matrix of which is given by

[
wProbe

wAUT

]
=

[
ST

11 ST
12

ST
21 ST

22

]
·
[

vProbe

vAUT

]
. (3.19)
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where ST
11, ST

12 , ST
21 and ST

22 can be obtained by eliminating the parameters
b̄probe

smn , āProbe
s′m′n′ , b̄AUT

σµν and āAUT
σ′µ′ν′ using the equations (3.16) - (3.18) as follows.

ST
11 and ST

21 are obtained by setting vAUT = 0 and solving for wProbe/vProbe

and wAUT /vProbe, respectively. Similarly, ST
12 and ST

22 are obtained by setting
vProbe = 0 and solving for wProbe/vAUT and wAUT /vAUT , respectively. For
increasing distance between the probe and AUT the influence of the multiple
scattering and reflections decreases due to the spatial attenuation of the free
space propagation. We assume that the multiple scattered terms are negligi-
bly small, and only the first interaction is taken into account. The scattering
parameters ST

11, ST
12 , ST

21 and ST
22 are found to be

ST
11 ≃ ΓProbe + R̄Probe ¯̄G−(¯̄SAUT − ¯̄IAUT )

· ¯̄G+T̄Probe (3.20)

ST
12 ≃ R̄Probe ¯̄G−T̄AUT (3.21)

ST
21 ≃ R̄AUT ¯̄G+T̄Probe (3.22)

ST
22 ≃ ΓAUT + R̄AUT ¯̄G+(¯̄SProbe − ¯̄IProbe)

· ¯̄G−T̄AUT (3.23)

The second term on the right side of (3.23) represents the influence of the
structural scattering from the probe on ST

22 of the AUT. This term can be as-
sumed negligibly small compared to the first term for two reasons. First,
because a minimum scattering probe is employed, and, second, because of
the spatial attenuation in ¯̄G+ as well as ¯̄G−. Thus (3.23) is approximated by

ST
22 ≃ ΓAUT . (3.24)

Determination of the Total Scattering Matrix [¯̄ST ]
The measurement setup is described as follows. There are two antennas in-
volved in this cable-free measurement setup, as illustrated in Figure 3.20,
which are the transmitting and receiving probe and the AUT. Their scattering
matrices are [¯̄S]Probe and [¯̄S]AUT , respectively.

For the total measurement setup, a two-port scattering matrix [¯̄ST ] can be
established for reference planes at the input terminal of the probe and AUT.
The total scattering matrix [¯̄ST ] is expressed as

[¯̄ST ] =

[
ST

11 ST
12

ST
21 ST

22

]
. (3.25)
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Figure 3.20: Setup of the mono-static measurement of the reflection coefficient and gain of
electrically small antennas.

When the AUT is loaded, the measured scattering parameter at the input
terminal of the probe is denoted by ST ′

11 which is related to the two-port scat-
tering parameter [¯̄ST ] as

ST ′
11 = ST

11 +
ST

12S
T
21ΓL

1 − ST
22ΓL

(3.26)

where ΓL is the reflection coefficient of the loads on the AUT.

In the measurement setup that is illustrated in Figure 3.20, the AUT is loaded
in turn by a short-circuit, an open-circuit and a known load. The input re-
flection coefficient of the transmitting probe, ST ′

11 , is measured for these three
cases. Then the scattering parameters ST

11, ST
22 and ST

12S
T
21 of the total scatter-

ing matrix are extracted, respectively, and these can be related to the input
reflection coefficient and gain of the AUT later. ST

11 and ST
22 are determined

from

[
ST

11

ST
22

]
=




( 1

Γ
(1)
L

− 1

Γ
(2)
L

) (S
T ′,(1)
11 − S

T ′,(2)
11 )

( 1

Γ
(1)
L

− 1

Γ
(3)
L

) (S
T ′,(1)
11 − S

T ′,(3)
11 )




−1

·




S
T ′,(1)
11

Γ
(1)
L

− S
T ′,(2)
11

Γ
(2)
L

S
T ′,(1)
11

Γ
(1)
L

− S
T ′,(3)
11

Γ
(3)
L


 (3.27)

where Γ
(1),(2),(3)
L are the measured reflection coefficient of each load, and

S
T ′,(1),(2),(3)
11 are the measured reflection coefficient of the transmitting probe
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when the AUT is loaded in three cases. ST
12S

T
21 is then extracted after ST

11 and
ST

22 are determined, that is

ST
12S

T
21 = (S

T ′,(i)
11 − ST

11)(1 − ST
22Γ

(i)
L )/Γ

(i)
L , (3.28)

where i=1,2,3. It is noted that there are three sets of data available to be used
in this equation, which are obtained from the above three measurements, and
they should lead to the same results of ST

12S
T
21. Taking an average of these

results from different sets will result in an improvement in the accuracy.

Antenna Impedance and Gain Determination without the structural scat-
tering and multiple reflections
The impedance of the AUT, ZAUT , is determined from

ZAUT = Z0
1 + ΓAUT

1 − ΓAUT
, (3.29)

where Z0 is the characteristic impedance and ΓAUT is determined from the
equation (3.24). The AUT gain is determined by expressing the transmission
formula in terms of a gain product of the probe and AUT which is

GProbeGAUT
p =

4(kA)2|ST
12|2

(1 − |ΓProbe|2)(1 − |ΓAUT |2) (3.30)

Here, GAUT
p is the partial gain of the AUT which is parallel to the polariza-

tion of the probe. The characteristics of the transmitting probe are assumed
known to us from a separate calibration, which are GProbe and SProbe

11 . Hence,
GAUT

p can be extracted by using the equation (3.27), (3.28) and (3.30). (3.30) is
the key relation that is used in this cable-free gain measurement technique. It
must be mentioned that the probe is assumed to be linearly polarized while
the polarization of the AUT is arbitrary. The total gain of the AUT is deter-
mined by two orthogonal partial gain measurements.

3.4.2 Simulation Results and Discussions

Two simulation examples of the proposed measurement technique are pre-
sented in this subsection, obtained from the commercial software package
Ansoft HFSS [53]. A half-wavelength dipole and an electrically small loop
antenna are used as the AUT, respectively. In both of these two simulations,
the probe is modeled by a half-wavelength dipole. It is noted that the multi-
ple scattering between the probe and AUT is included in the numerical sim-
ulations. The first example shows the validation of the proposed method
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in a general sense, while the second example shows the validation of this
technique for ESAs which may have the characteristics of narrow impedance
bandwidth and low radiation efficiency.

Half-Wavelength Dipole

In this example, two identical half-wavelength dipoles are simulated as the
probe and AUT, respectively. The length of the half-wavelength dipole is 152
mm and the diameter is 2 mm, which is designed to be resonant around 910
MHz. The material of the dipole is copper. The procedures for this simu-
lation are given as follows. First, the half-wavelength dipole itself (AUT) is
simulated in free space by using a lumped-port excitation. At this step, the in-
put impedance and gain of the AUT are obtained directly and will represent
the reference results which will be compared to the extracted impedance and
gain by the proposed cable-free technique. Second, the measurement setup
based on the proposed cable-free measurement method is then simulated, as
shown in Figure 3.21 (a). The separation distance between the two dipoles is
approximated to be two wavelengths at 910 MHz. The probe is excited using
a lumped port. The input reflection coefficient of the probe is recorded, when
the AUT is loaded in turn by an open, short and 50 ohms impedance, respec-
tively. Third, in order to investigate the noise influence in a real measurement
environment, a random noise at -60 dB level is added to the measured reflec-
tion coefficient of the probe ST ′

11 , which is denoted by ST ′
11,noise and is given

by
ST ′

11,noise = ST ′
11 + {max1,2,3|ST ′

11 |} · 10NLdB/20αejβ , (3.31)

where NLdB is the noise level to be estimated, α is a random real-valued
number between 0 and 1, and β is a random real-valued number between
0 and 2π. It is noted that a new set of random noise is created for every
measurement.

Then the antenna reflection coefficient, input impedance and gain product of
two half-wavelength dipoles are extracted from the three simulation sets of
ST ′

11 , by solving the equations (3.24), (3.27), (3.28) and (3.30). (3.30) is the key
relation that is used in this cable-free gain measurement technique. Since two
identical antennas are used, the gain for each half-wavelength dipole is deter-
mined by taking the square root of (3.30). It is noted that a smoothing func-
tion is then used on the extracted antenna reflection coefficient, impedance
and gain to remove the random noise influence, which uses a sliding average
over the samples within a rectangular window.

The extracted antenna reflection coefficient of the AUT by using the cable-free
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Figure 3.21: Simulations of the cable-free measurement technique, for the AUT being a half-
wavelength dipole at 910 MHz. (a) presents the configuration of the simulation
setup used in HFSS. (b) presents the comparison of the antenna reflection co-
efficient versus frequency by using the cable-free technique (with and without
smoothing) and by using the direct simulation in free space. (c) presents the com-
parison of the antenna impedance versus frequency by using the cable-free tech-
nique (with and without smoothing) and by using the direct simulation in free
space. (d) presents the comparison of the dipole gain (at θ = 90o) versus fre-
quency by using the cable-free technique (with and without smoothing) and by
using the direct simulation in free space.

technique is presented in Figure 3.21 (b), and after the reflection coefficient is
calculated, a smoothing function is used on the extracted reflection coefficient
to remove the random noise. Then the obtained result is also compared to the
direct simulation of the same AUT in free space. It is seen that the maximum
deviation in the reflection coefficient doesn’t exceed 0.2 dB. The comparison
of the extracted antenna input impedance (with smoothing) versus frequency
by using the proposed cable-free method and by using the direct simulation
in free space is presented in Figure 3.21 (c). A good agreement can be ob-
served. The extracted antenna gain (with smoothing) versus frequency is
shown in Figure 3.21 (d) and the result is also compared to the direct simu-
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lation result in free space. The deviation in antenna gain is less than 0.05 dB.
This example shows that the proposed cable-free technique works well in
a real measurement environment with noise, and accurate input impedance
and gain are obtained. It is noted that the dynamic range of the modern VNA
can well exceed 60 dB which is the value used in the above simulations, and
values less than 100 dB can also be easily obtained.

Electrically Small Loop Antenna

In this subsection, the simulation of the proposed cable-free measurement
technique is presented for an electrically small loop antenna. An electrically
small loop antenna that is resonant at 910 MHz is used as the AUT. It is a self-
resonant balanced electrically small loop antenna by using a distributed ca-
pacitive loading element. The working mechanism is based on the capacitive
loading and inductive coupling between the two small loops. It is printed on
the Rogers 5870 substrate with a thickness of 1.5 mm. The dielectric constant
of the substrate is 2.33 and the loss tangent is 0.0012. The overall dimen-
sions of this antenna are 35 x 10 mm2, and the electric size of this antenna is
ka = 0.33, where k is the wave number and a is the radius of the minimum
sphere enclosing the antenna.

The configuration of the measurement setup used in the HFSS simulation is
presented in Figure 3.22 (a). Again, the half-wavelength dipole used in the
previous example is also used as the probe here and the small loop is mod-
eled as the AUT. The simulation procedures are similar to the previous exam-
ple of the half wavelength dipole. Again, a random noise level of -60 dB is
added to the measured reflection coefficient of the probe, ST ′

11 , to represent a
real measurement environment. The extracted antenna reflection coefficient
of the AUT by the cable-free technique is presented in Figure 3.22 (b), and
after the reflection coefficient is calculated, a smoothing function is used on
the extracted reflection coefficient to remove the random noise. Then the ob-
tained result is compared to the direct simulation of the AUT in free space. It
is seen that the maximum deviation in the reflection coefficient does not ex-
ceed 0.5 dB. The comparison of the simulated antenna input impedance (with
smoothing) versus the frequency by using the proposed cable-free method
and by using the direct simulation in free space is presented in Figure 3.22
(c). The extracted antenna gain (with smoothing) versus the frequency is
shown in Figure 3.22 (d), and the result is compared to the direct simulation
in free space. The deviation in the antenna gain is less than 0.05 dB. A good
agreement is clearly observed.
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Figure 3.22: Simulations of the cable-free measurement technique, for the AUT being an elec-
trically small loop antenna at 910 MHz. (a) presents the configuration of the sim-
ulation setup used in HFSS. (b) presents the comparison of the loop antenna re-
flection coefficient versus frequency by using the cable-free technique (with and
without smoothing) and by using the direct simulation in free space. (c) presents
the comparison of the loop antenna impedance versus frequency by using the
cable-free technique (with and without smoothing) and by using the direct sim-
ulation in free space. (d) presents the comparison of the loop antenna gain (at
θ = 90o) versus frequency by using the cable-free technique (with and without
smoothing) and by using the direct simulation in free space.

3.4.3 Measurement Results and Discussions

Three measurement examples by the proposed technique are presented in
this subsection. A standard gain horn antenna, a monopole antenna and an
electrically small loop antenna are tested as the AUT, respectively. A com-
mercial available standard gain horn antenna is used as the probe for all of
these measurements.

Measurements for the Standard Gain Horn
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In order to verify the proposed method, two identical commercially available
horn antennas are measured first by the proposed method, which are tested
as the probe and AUT, respectively, as shown in Figure 3.23 (c). First, the
input reflection coefficient of the probe is measured by using the vector net-
work analyzer (VNA) HP 8753D, when the AUT is connected to a short, open
and 50 ohm load, respectively. Second, the reflection coefficients of the three
loads are measured. Then the antenna input reflection coefficient and the
gain product of the two antennas are extracted from the measurement data
by using equations (3.24), (3.27), (3.28) and (3.30). (3.30) is the key relation
that is used in this cable-free gain measurement technique. Since two identi-
cal horn antennas are used, the gain for each horn antenna is determined by
taking the square root of (3.30).

In this measurement, the frequency range is selected to be 800 MHz-1000
MHz. The following settings in the VNA are performed to ensure a sufficient
dynamic range and accuracy. The number of points used in this frequency
range is selected to be 1601 points. The power level is set to the maximum
value of the VNA that is +10 dBm. A narrow IF bandwidth is desired which
is set to 30 Hz in this measurement. As shown in Figure 3.23 (c), the mea-
surement is performed in a partial anechoic environment. The absorbers are
placed on the ground floor and around the antennas, but not on the ceiling
and walls. The distance between the probe and AUT is 7 wavelengths at
1 GHz. The measured antenna gain versus the frequency is shown in Fig-
ure 3.23 (a) and the result is also compared to the antenna gain given in the
datasheet. The deviation in the gain is less than 0.5 dB. The comparison of the
antenna input reflection coefficient versus the frequency by using the cable-
free method and by using the direct VNA measurement is presented in Fig-
ure 3.23 (b). The small deviation in the reflection coefficient may be because
that the structural scattering of the probe is ignored. The noise in the mea-
surement environment also has influence.

Measurement Results for the Monopole Antenna

The measurement of the input reflection coefficient for a monopole antenna
is presented as follows. The horn antenna is also used as the probe, while
the monopole is treated as the AUT, as shown in Figure 3.24 (a). The length
of the monopole is 80 mm and the wire diameter is 2 mm, which is made of
copper and placed over an aluminum ground plane of dimensions 40 cm x
40 cm. It is designed to be resonant around 870 MHz. Two measurements
are performed at the distances of 1.7 m and 2.1 m, respectively, which are 5.5
wavelengths and 7 wavelengths at 1 GHz. Several pieces of foam are used to
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Figure 3.23: The cable free measurements for the standard gain horn antenna. (a) presents the
comparison of the antenna gain versus the frequency, by the proposed technique
and by the datasheet. (b) presents the comparison of antenna input reflection
coefficient versus the frequency, by using the proposed technique and by using
direct VNA measurement. (c) presents the setup of the cable-free measurement
technique, for two identical horn antennas.

support the monopole antenna.

The reflection coefficients for the monopole antenna are presented in Fig-
ure 3.24 (b), compared to the direct VNA measurement. It is noted that a
smoothing function was performed on the extracted reflection coefficient to
remove the noise. It is seen that the maximum deviation in the reflection co-
efficient is 0.7 dB, which is at 930 MHz. A good agreement is observed at
other frequencies.

Measurement Results for the Electrically Small Loop Antenna
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Figure 3.24: The cable free measurements for the monopole, around 910 MHz. (a) presents
setup of the cable-free measurement technique, with the probe being a standard
gain horn antenna and the AUT being a monopole antenna. (b) presents the an-
tenna input reflection coefficient versus the frequency.

The measurements for an electrically small loop antenna are presented in this
subsection. As illustrated in Figure 3.25 (a), an electrically small loop antenna
that is resonant at 910 MHz is used as the AUT in this measurement. It is a
self-resonant balanced electrically small loop antenna by using a distributed
capacitive loading element. The working mechanism is based on the induc-
tive coupling between the two small loops. It is printed on the Rogers 5870
substrate with a thickness of 1.524 mm. The dielectric constant of the sub-
strate is 2.33 and the loss tangent is 0.0012. The overall dimensions of this
antenna are 35 mm x 10 mm, and the electric size of this antenna is ka=0.33,
where k is the wave number and a is the radius of the minimum sphere en-
closing the antenna.

Different from the normal size antennas such as horn antennas, the ultra
small connectors and loads are desired for the electrically small antennas.
The dimensions of the connectors and loads are required to be much smaller
than that of the antennas to avoid the extra scattering effects. Several ultra
small connectors and loads that are used in the measurements are illustrated
in Figure 3.25 (b).

In this measurement, the distance between the probe and AUT is 5.1 wave-
lengths at 900 MHz. The measured gain of the small loop antenna by using
the proposed cable-free technique, the spherical near-field facility and the
Wheeler cap method are presented in Figure 3.25 (c), together with the sim-
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Figure 3.25: The cable-free measurement results for the electrically small loop antenna that
is resonant around 910 MHz. (a) presents the fabricated electrically small loop
antenna, the ultra small connector and the loads used in the measurement. (b)
presents the setup of the cable-free measurement technique, with the probe being
a standard gain horn antenna and the AUT being an electrically small loop. (c)
presents the comparison of the antenna gain versus the frequency by different
techniques. (d) presents the comparison of the antenna input reflection coeffi-
cients versus the frequency by different techniques.

ulated gain from HFSS. Comparisons of the measured antenna gain for this
small loop antenna at the resonance frequency by different techniques show
that the maximum deviation is up to 1.05 dB. The deviation in the antenna
gain indicates there is the effect due to the feeding cable.

The measured reflection coefficients for the small loop antenna are shown in
Figure 3.25 (d). A comparison of the raw data, the smoothing result of the
cable-free measurement, and the direct VNA measurement are presented. In
the direct VNA measurement, a balun is used in front of the loop antenna to
avoid the leaking current on the cable. At the resonance frequency, the mea-
sured |S11 from the direct VNA measurement is -24.5 dB, while the measured
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|S11 from the proposed cable-free method is -22.5 dB. Thus there is a devia-
tion of 2 dB. This deviation indicates there is the scattering effect due to the
feeding cable or the balun.

In summary, the electromagnetic model of a cable-free impedance and gain
measurement technique for electrically small antennas is proposed by us-
ing the spherical wave expansion, which is valid for arbitrary AUT at arbi-
trary distances between the probe and AUT. The whole measurement setup
is modeled by the cascade of three coupled multiple-port networks. Three
measurements by the proposed methods are presented. Comparison of the
antenna measurement techniques, with and without the feeding cable, has
shown that there exist the scattering effects from the cable in both the reflec-
tion coefficient measurement and gain measurement.

3.5 Summary

The input impedance and radiation efficiency measurements for ESAs rep-
resent a great challenge due to the leaking current on the feeding cable as
well as the scattering effects caused by the cable. The development of the
input impedance, radiation efficiency and gain measurement techniques and
instruments for ESAs is one of the main tasks in this work. In this chapter,
we proposed several novel measurement techniques for electrically small an-
tennas. These measurement techniques are

• Investigations of the Tunable Sleeve Balun

The effectiveness of the tunable sleeve balun are investigated. Since an
ordinary balun is a narrow band device, a tunable balun is designed for
this measurement; thus allows us to choose the optimal parameters for
the balun. It is noted that a careful tuning of the balun is very impor-
tant, both for the radiation pattern and for the efficiency measurements.
The optimum balun parameters are investigated. Though it is called a
quarter-wave sleeve balun, it was found that the optimum length of the
short-circuited sleeve (air-filled) should be about 0.2 wavelength, while
the optimum gap between the open end of the balun and the antenna
should be between 0.06-0.1 wavelength.

• The Modified Wheeler Cap Technique

A modified Wheeler cap technique for the radiation efficiency measure-
ment of balanced electrically small antennas is proposed. This method
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provides the following advantages. First, no balun is required during
the measurements; thus the problems of narrow impedance bandwidth
and extra scattering effects caused by the balun are avoided. As a result,
the proposed method is valid in a broad frequency band. Second, the
application of proposed method and the proper use of the circle fitting
technique for the measured scattering parameters ensure that the cav-
ity resonances do not have any significant effect on the measurement
results. By using the Wheeler cap method in the proposed way, most
of its limitations and disadvantages are avoided. The method is, there-
fore, suitable for the input impedance and radiation efficiency measure-
ments for most types of antennas in a broad frequency band. The an-
tennas under test are not limited to be electrically small and the AUT
can be balanced or unbalanced, symmetric or asymmetric antennas.

• The Modified Wheeler cap Method for the ESA Measurement in
Complex Environments

Moreover, the modified Wheeler cap method for measurements of
small antennas in complex environments is further investigated. It is
shown that the limitation on the cavity dimensions can be overcome
by this method because the influence of cavity resonances is removed
by a proper circle fitting technique. Hence, it is possible to perform
the radiation efficiency measurement inside a large cavity. Finally, the
measurement results for electrically small antennas in complex envi-
ronments are presented to show the validity of this technique.

• A Cable-Free Impedance and Gain Measurement Technique for Elec-
trically Small Antennas

A cable-free impedance and gain measurement technique for electri-
cally small antennas is proposed. The electromagnetic model, simu-
lation results, as well as measurement results are presented and dis-
cussed. The electromagnetic model of this technique is derived by
using the spherical wave expansion. It is valid for arbitrary electri-
cally small AUT at arbitrary distances between the probe and AUT. The
whole measurement setup is modeled by the cascade of three coupled
multiple-port networks. Three measurement examples by the proposed
cable-free technique are presented, in which a standard gain horn an-
tenna, a monopole antenna and an electrically small loop are tested as
the AUT, respectively. Comparison of the antenna measurement tech-
niques, with and without the feeding cable, shows that there exist the
scattering effects from the cable in both the reflection coefficient mea-
surement and gain measurements.
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CHAPTER

FOUR

Complex Environments

The antennas are to function in very complex environments that significantly
influence the performance of the antennas. It is necessary to take into account
this influence in the design of the antennas. For an antenna integrated into a
hearing-aid, this means that the influence of the hearing-aid itself, the human
head and ear must be included in the analysis. It is known that the electro-
magnetic properties of body tissues change significantly with the tissue type
and the frequency. Thus, the modeling of human head is a necessary task,
and the determination of the accurate dielectric parameters of head tissues at
the desired frequency is also important. Mobile phone communication faces
a similar challenge, and much of the experience gained in this field over the
past 10 years can be exploited in the present work [73,74]. However, previous
work for mobile phone antennas is focused on the Specific Absorption Rate
(SAR). Moreover, the electrical size of the mobile phone antennas is also not
as small as the ESAs in the hearing-aids.

For the hearing-aid application, there exist many sources in the complex en-
vironments that can affect the antenna performance. An overview of these
sources is provided briefly as follows. These sources are classified into three
categories which are

• Human Head Parameters
In this category, the head permittivity and conductivity, which are func-
tions of the frequencies, are the parameters that affect the antenna per-
formance. Moreover, the shape and dimension of a human head also
play their roles in the determination of the antenna performance.

• Types, Positions, and Orientations of the ESAs
This category deals with the parameters that are related to antenna de-
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signs. For instance, what type of ESAs is employed, and how the ESA
interferes with the surroundings. It also includes the factors such as
the orientation and feeding position of an ESA, as well as the relative
position and distance between the ESA and human head.

• Hearing-aid Device
The dielectric and metal materials in a small device are the sources that
influence the antenna performance, such as the plastic shell and the
battery. If an ESA is located on the surface of an ultra small device,
the electromagnetic properties of the shell are important which must be
taken into account in the antenna designs.

In this chapter, the influence of complex environments on the characteristics
of electrically small antennas is investigated, including the influence of the
human head, the hearing-aid and the antenna locations. First, the sensitiv-
ity analysis of the head influence on the antenna performance is presented,
including the influence of the head permittivity and conductivity. Second,
the sensitivity analysis of the positions of the electrically small antennas is
presented, including the orientations and locations of the antennas and the
distance between the small antenna and head. Third, the influence of the
hearing-aid shell material is investigated. In the end, a summary on the in-
fluence of environments is provided.

4.1 Sensitivity Analysis of the Head Phantom Parameters: Per-
mittivity and Conductivity

To start the analysis, the determination of the electromagnetic parameters of
head tissues at the desired frequency will be the first task, and the modeling
of the human head for both simulations and measurements will be described
in detail.

4.1.1 Human Head Permittivity and Conductivity versus Frequency
and the Head Modeling

High resolution anatomically human head and body models are available
from the medical imaging data. The electromagnetic properties of more than
30 tissue types have been identified [75–79], which can be used in electromag-
netic simulations. The dielectric properties of various body tissues change
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with the frequency, and thus they need to be determined at every single fre-
quency of operation for simulations. In this project, we evaluated the ESA
designs at three frequencies which are 405 MHz, 900 MHz and 1017.66 MHz,
respectively, and thus we mainly investigated the head permittivity and con-
ductivity at these three frequencies. Several human head models have been
used in this evaluation, as illustrated in Figure 4.1, which are explained as
follows.

• Simple Six-Layer Head Model
To model the human head, we mainly consider six types of tissues that
are skin, fat, bone, dura, CSF and brain, respectively [80–82]. In this
way, the human head is modeled by a sphere or ellipsoid with six lay-
ers, as illustrated in Figure 4.1 (a) and (b). This simple model is used for
simulations, at the beginning step of the parameter investigations. The
advantage of this model is that it takes less simulation time, compared
to the so-called SAM model (see below).

• Simple Homogeneous Head Model
Alternatively, we can use a homogeneous head model for simulations,
in which the averaged permittivity and conductivity are employed, and
again the shape can be modeled by a sphere or ellipsoid for simplicity.
This simple model is also used for simulations, at the beginning step
of the parameter investigations. The advantage of this model is that it
takes the least simulation time, among all these head models.

• SAM Model
The SAM (Standard Anthropomorphic Model) is a head shell phantom
intended primarily for use in the measurement of exposure from mo-
bile phones. It is also suitable for radio radiation pattern testing which
provides a precise shape representation of a real head. This standard
SAM model is used for both simulations and measurements, as illus-
trated in Figure 4.1 (c) and (d). The head is modeled by a shell filled
with a liquid which represents a conservative estimate of the head ma-
terial properties.

A standard CAD file of the SAM head is available for the simula-
tion purpose. It can be imported into electromagnetic simulation soft-
ware packages like HFSS and CST. A commercially available SAM head
phantom is also available to be ordered for the measurement purpose.
The advantage of this model is that the measurements can be carried
out in reality with it, and thus a comparison between the simulations
and measurements is possible. Another advantage is that it provides a
more precise head representation for the simulation than the above two
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models, but at the expense of very long simulation time. This model is
useful in antenna tuning at the finalized step. However, for the hearing-
aid application the inclusion of human ears is also of great importance,
especially for the hearing-aids that are behind the ears (BTE). A disad-
vantage of this model is that it is initially proposed for the application
of mobile phone antennas, and thus the human ears are not included.

It is noted that the head phantom illustrated in Figure 4.1 (d)
was ordered for our measurements from the company SPEAG
(www.speag.com/products/), which is named SAM Head V4.5BS (Broad-
band Solid) [83]. It has been designed for assessment of the radiation
pattern or total radiated power. Its geometry complies with the SAM
data as defined by IEEE SCC34 and 3GPP TR25.914, Release 6, CTIA test
plan for mobile station over the air performance, Revisions 2.2 and 3.0.
High precision casting ensures accurate shape, thickness and tolerances
in the relevant areas. The head is filled with a broadband GEL material,
with dielectric specifications of the head tissue being valid from 300
MHz - 6 GHz, according to the IEC 62209 and CTIA test plan for mo-
bile station over the air performance, revisions 3.0 standards. Typical
deviation of the used material with respect to the target dielectric head
parameters is also provided by SPEAG, as shown in Figure 4.2 [84].

• Accurate Head Model including Ears for Hearing-Aid Application

We prefer an accurate head model with the ears being included, for
both simulation and measurements. The inclusion of ears into the head
model is necessary. However, as far as we know, the human ears are not
included in most of commercially available head phantoms. Hence, a
real head phantom is fabricated at Danish Technological Institute (Tek-
nologisk Institut). By using the 3-D plastic printing techniques from a
CAD head file, a plastic shell with the shape being suitable for our mea-
surements is fabricated, as illustrated Figure 4.1 (e) and (f). This plastic
shell is filled with the commercially available equivalent liquid to rep-
resent the averaged head tissue. The liquid filled into this shell is also
ordered from the company SPEAG, which is named HSL 900. This liq-
uid is a mixture of water and sugar, with the tolerances from the target
being less than 5%.

In this project, we investigate the ESA performance at three frequencies
which are 405 MHz, 900 MHz and 1017.66 MHz, respectively. The dielec-
tric constant and conductivity of head tissues are computed according to the
so-called 4-Cole-Cole Model described in ”Compilation of the dielectric prop-
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Figure 4.1: Illustrations of the human head phantom used for simulations and measurements.
(a) and (b) represent the sixer-layer sphere or ellipsoid head which is used for sim-
ulations. (c) and (d) represent the SAM head model for simulations and measure-
ments, respectively. (e) and (f) represent the head model with ears for simulations
and measurements, respectively.
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Figure 4.2: Illustrations of the typical deviations in the dielectric constant and conductivity of
the used material with respect to the target dielectric constant and conductivity,
copied from the phantom datasheet [84].

Table 4.1: Permittivity and conductivity of head tissues at 405 MHz

Layer Tissue Dielectric constant εr Conductivity σ [S/m]
1 Skin 46.67 0.69
2 Fat 5.58 0.04
3 Bone 13.14 0.09
4 Dura 46.62 0.83
5 CSF 70.94 2.25
6 Brain 49.67 0.59

Table 4.2: Permittivity and conductivity of head tissues at 900 MHz

Layer Tissue Dielectric constant εr Conductivity σ [S/m]
1 Skin 41.41 0.87
2 Fat 5.46 0.05
3 Bone 12.45 0.14
4 Dura 44.43 0.96
5 CSF 68.64 2.41
6 Brain 45.81 0.77
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Table 4.3: Permittivity and conductivity of head tissues at 1017.66 MHz

Layer Tissue Dielectric Constant εr Conductivity σ [S/m]
1 Skin 40.86 0.91
2 Fat 5.44 0.05
3 Bone 12.35 0.16
4 Dura 44.16 1.00
5 CSF 68.41 2.46
6 Brain 45.81 0.77

Table 4.4: Averaged Permittivity, conductivity and density of brain versus frequencies

Frequencies Averaged Dielectric Averaged Conductivity Averaged
Constant εr σ [S/m] Density

405 MHz 49.67 0.59 1030.00
900MHz 45.81 0.77 1030.00

1017.66 MHz 45.37 0.81 1030.00
2400 MHz 42.61 1.48 1030.00

erties of body tissues at RF and microwave frequencies” by Camelia Gabriel
in the U.S. Air Force Report AFOSRTR-96 and also in [75–79]. The calculated
dielectric constant and conductivity for the main tissues in a head are listed in
Table 4.1-4.3, at the evaluated frequencies. The calculated averaged dielectric
constant, conductivity and density are listed in Table 4.4. It is seen that as the
frequency goes up, the dielectric constants decrease while the conductivities
increase. Based on the above calculations and the modeling of a human head,
now we start the sensitivity analysis on the head parameters.

4.1.2 Sensitivity Analysis of the Human Head Permittivity

The head permittivity changes from people of different ages, genders and
races. To make sure the antenna works properly, it is necessary to investigate
the influence of the permittivity changes on the performance of the small an-
tennas. This analysis is performed and confirmed by simulations, using the
EM simulator Ansoft HFSS. An electrically small loop is used in this simula-
tion which is placed normal to a homogeneous sphere head with a diameter
of 17.5 cm, as illustrated in Figure 4.3. The dimensions of this electrically
small loop are 35 mm × 10 mm × 1.524 mm, and the distance between the
loop and the sphere head is set to 1 mm. It is tuned to be resonant in the pres-
ence of the head and its resonant frequency of operation is found to be 988
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MHz which is obtained from the HFSS simulations. The impedance band-
width reference to -15 dB is 3.8 MHz, and the simulated radiation efficiency
is found to be 22%. These performances will be used as the references which
will be compared to the antenna performances as εr changes.

It is noted that for this investigation only the head permittivity is changed,
with an increasing step of 5% each time. As shown previously, a homoge-
neous sphere head is employed for simplicity. At the desired frequency, the
relative dielectric constant is approximated to be εr=45.37. All the other pa-
rameters are kept the same as follows.

• The homogeneous head model is used in simulations, and the head
dimensions are fixed.

• The head conductivity is fixed.

• The relative position and distance between the ESA and head phantom
are fixed.

Figure 4.3: Illustrations of the simulation setup for sensitivity investigation of the head per-
mittivity.

The influence of the changes in the head dielectric constant on the loop per-
formance is presented in Figure 4.4. Figure 4.4 (a), (b), (c) and (d) present the
simulated |S11|, radiation efficiency, antenna resistance and reactance versus
the changes in the head dielectric constant εr, respectively. As εr increases
step by step, the antenna resonance frequency, the minimum of |S11|, and the
shift in the antenna resonance frequency from the reference value are listed
in Table 4.5. It is seen that as εr increases up to 35%, the frequency shift in
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Figure 4.4: Illustrations of the influences of the changes in the head dielectric constant on the
loop performance. (a), (b), (c) and (d) present the simulated |S11|, the radiation ef-
ficiency, antenna resistance and reactance versus the changes in the head dielectric
constant εr .

the minimum of |S11| is only 0.3 MHz which is negligibly small. Although
the minimum |S11| changes from -34 dB to -27.4 dB which gives an increase
of 6.6 dB, it still stays within the required impedance bandwidth. It can be
concluded that the changes in the head dielectric constant result in very small
changes in |S11|.

Table 4.6 presents the influence on the antenna impedance bandwidth (BW )
versus the changes in the head dielectric constant, as well as the changes in
BW . It is seen that as εr increases up to 35%, the change in the antenna
bandwidth reference to -15 dB is less than 0.1 MHz.

Table 4.7 presents the influence on the radiation efficiency erad versus the
changes in the head dielectric constant, as well as the changes in erad. It
is found that as εr increases up to 35%, the change in the antenna radiation
efficiency is 1.05%. For each increasing step in εr, the decrease in erad is about
0.15% approximately.
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It is found that the changes in the head dielectric constant result in very small
changes in |S11| and the impedance bandwidth BW . The changes in the head
dielectric constant result in a small decrease (not significant) in erad. These
observations show that using a homogenous head model with an averaged
dielectric constant is reasonable for fast simulations, compared to the six-
layer head model or the SAM head model.

Table 4.5: Influence on |S11| versus the changes in the head dielectric constant

Dielectric constant Resonance frequency Shift in frequency and |S11|
Changing step=5% Freq/min(|S11|) ∆Freq/∆|S11|

εr=45.37 988 MHz/-34.0 dB 0 MHz/0 dB
(Reference) σ = 0.81 S/m

εr is increased by : 5% 988 MHz/-32.7 dB 0 MHz/+1.3 dB
εr is increased by : 10% 987.9 MHz/-31.7 dB -0.1 MHz/+2.3 dB
εr is increased by : 15% 987.9 MHz/-31.0 dB -0.2 MHz/+3.0 dB
εr is increased by : 20% 987.8 MHz/-30.3 dB -0.2 MHz/+3.7 dB
εr is increased by : 25% 987.8 MHz/-29.2 dB -0.2 MHz/+4.8 dB
εr is increased by : 30% 987.8 MHz/-28.4 dB -0.2 MHz/+4.6 dB
εr is increased by : 35% 987.7 MHz/-27.4 dB -0.3 MHz/+6.6 dB

Table 4.6: Influence on the impedance bandwidth (BW ) versus the changes in the head di-
electric constant

Dielectric constant Bandwidth BW Shift in BW
Changing step=5% Reference to -15 dB ∆BW

εr=45.37 [986.1 MHz-989.9 MHz],BW=3.8 MHz 0 MHz
(Reference) σ=0.81 S/m
εr is increased by : 5% [986.1 MHz-989.9 MHz],BW=3.8 MHz 0 MHz
εr is increased by : 10% [986.1 MHz-989.8 MHz],BW=3.7 MHz -0.1 MHz
εr is increased by : 15% [986 MHz-989.7 MHz],BW=3.7 MHz -0.1 MHz
εr is increased by : 20% [986 MHz-989.8 MHz],BW=3.8 MHz 0 MHz
εr is increased by : 25% [986 MHz-989.7 MHz],BW=3.7 MHz -0.1 MHz
εr is increased by : 30% [985.9 MHz-989.7 MHz],BW=3.8 MHz 0 MHz
εr is increased by : 35% [985.9 MHz-989.7 MHz],BW=3.8 MHz 0 MHz

4.1.3 Sensitivity Analysis of the Human Head Conductivity

In this subsection, the influence of the changes in the head conductivity on
the antenna performance is investigated. Again, this analysis is performed
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Table 4.7: Influence on the antenna radiation efficiency erad versus the changes in the head
dielectric constant

Dielectric constant Radiation efficiency Shift in frequency and erad

Changing step=5% Freq/erad ∆Freq/∆erad

εr=45.37 988 MHz/21.91% 0 MHz/0%
(Reference) σ = 0.81 S/m

εr is increased by : 5% 988 MHz/21.77% 0 MHz/−0.14%

εr is increased by : 10% 987.9 MHz/21.73% -0.1 MHz/−0.18%

εr is increased by : 15% 987.9 MHz/21.54% -0.2 MHz/−0.37%

εr is increased by : 20% 987.8 MHz/21.32% -0.2 MHz/−0.59%

εr is increased by : 25% 987.8 MHz/21.16% -0.2 MHz/−0.75%

εr is increased by : 30% 987.8 MHz/21% -0.2 MHz/−0.91%

εr is increased by : 35% 987.7 MHz/20.87% -0.3 MHz/−1.04%

Figure 4.5: Illustrations of the influence of changes in the human head conductivity. (a), (b), (c)
and (d) present |S11|, the radiation efficiency, the antenna resistance and reactance
versus the changes in the head conductivity σ.

105



and confirmed by simulations, using the EM simulator Ansoft HFSS. The
same electrically small loop, the head model and the simulation setup that
is used in previous investigations are also used here. As shown previously,
a homogeneous sphere head is employed for simplicity. The performance of
the same antenna will be used as the reference which will be compared to the
antenna performance as σ changes.

It is noted that the head conductivity is the only changed parameter in this in-
vestigation, with an increasing step of 5% each time. At the desired frequency,
the averaged head conductivity is approximated to be εr = 0.81 [S/m]. All
the other parameters are kept the same as follows.

• The homogeneous head model is used in simulations and the head di-
mensions are fixed.

• The head permittivity is fixed.

• The relative position and distance between the ESA and head phantom
are fixed.

Table 4.8: Influence of |S11| versus the changes in the head conductivity

Head conductivity Resonance frequency Shift in frequency and |S11|
Changing step=5% Freq/min(|S11|) ∆Freq/∆|S11|

Reference conductivity 987.81 MHz/-48.7 dB 0 MHz/0 dB
σ = 0.81 S/m

σ is increased by 5%: 0.85 S/m 987.81 MHz/-45.3 dB 0 MHz/+3.4 dB
σ is increased by 10%: 0.89 S/m 987.81 MHz/-42.8 dB 0.06 MHz/+5.9 dB
σ is increased by 15%: 0.93 S/m 987.87 MHz/-41.1 dB 0 MHz/+7.6 dB
σ is increased by 20%: 0.97 S/m 987.81 MHz/-39.4 dB 0 MHz/+9.3 dB
σ is increased by 25%: 1 S/m 987.87 MHz/-38.4 dB 0.06 MHz/+10.3 dB

The influence of the changes in the head conductivity on the antenna perfor-
mance is presented in Figure 4.5. The simulated |S11|, radiation efficiency,
input resistance and reactance versus the changes in the head conductivity σ
are illustrated in Figure 4.5 (a), (b), (c) and (d), respectively. As σ increases
step by step, the antenna resonance frequency, the minimum of |S11|, and the
shift in resonance frequency from the reference are listed in Table 4.8. It is
seen that as σ increases up to 25%, the frequency shift in the minimum of
|S11| is only 0.06 MHz which is negligibly small. Although the minimum of
|S11| changes from -48.7 dB to -38.4 dB which gives an increase of 10.3 dB,
it still stays within the required impedance bandwidth. It can be concluded
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Table 4.9: Influence of the bandwidth BW versus the changes in the head conductivity

Head conductivity Bandwidth BW Shift in BW
Changing step=5% Reference to -15 dB ∆BW

Head conductivity [985.9 MHz-989.8 MHz],BW=3.9 MHz 0 MHz
σ = 0.81 S/m

σ is increased by 5%: 0.85S/m [985.9 MHz-989.8 MHz],BW=3.9 MHz 0 MHz
σ is increased by 10%: 0.89S/m [985.9 MHz-989.8 MHz],BW=3.9 MHz 0 MHz
σ is increased by 15%: 0.93S/m [985.9 MHz-989.8 MHz],BW=3.9 MHz 0 MHz
σ is increased by 20%: 0.97S/m [985.9 MHz-989.8 MHz],BW=3.9 MHz 0 MHz
σ is increased by 25%:σ = 1S/m [985.9 MHz-989.8 MHz],BW=3.9 MHz 0 MHz

Table 4.10: Influence of the antenna radiation efficiency erad versus the changes in the head
conductivity

Head conductivity Radiation efficiency Shift in frequency and erad

Changing step=5% Freq/erad ∆Freq/∆erad

Head conductivity 987.81 MHz/22% 0 MHz/0%
σ = 0.81 S/m

σ is increased by 5%: 0.85 S/m 987.81 MHz/22.1% 0 MHz/+0.1%

σ is increased by 10%: 0.89 S/m 987.81 MHz/21.9% 0 MHz/−0.1%

σ is increased by 15%: 0.93 S/m 987.9 MHz/21.8% 0.06 MHz/−0.2%

σ is increased by 20%: 0.97 S/m 987.81 MHz/22% 0 MHz/0%

σ is increased by 25%: 1 S/m 987.87 MHz/21.9% 0.06 MHz/−0.1%

that the changes in the head conductivity result in very small changes in the
resonant frequency and |S11|.

Table 4.9 presents the influence on the antenna impedance bandwidth (BW )
versus the changes in the head conductivity, as well as the changes in BW . It
is seen that as σ increases up to 25%, the changes in the antenna bandwidth
(reference to -15 dB) is very small.

Table 4.10 presents the influence on the radiation efficiency erad versus the
changes in the head conductivity, as well as the changes in erad. It is found
that as σ increases up to 25%, the change in the antenna radiation efficiency
is 0.2% only.

It can be concluded that the changes in the head conductivity result in very
small changes in |S11|, the impedance bandwidth BW and the radiation effi-
ciency erad.
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4.2 Sensitivity Analysis of the Antenna Related Parameters: Po-
sitions and Orientations

The sensitivity analysis of the antenna related parameters on the characteris-
tics of ESAs is presented in this section, including the orientations and loca-
tions of the ESA and the distance between the ESA and head. This analysis is
carried out at the frequencies of 405 MHz, 900 MHz, and 1000 MHz, respec-
tively.

Sensitivity Analysis of the Antenna Parameters: 405 MHz
A self-resonant electrically small loop antenna which is designed to be reso-
nant at 405 MHz was used in this simulation to investigate the influence of
the antenna related parameters, such as the orientation of the ESA and the
distance between the ESA and head. The dimensions of this loop are 35 mm
× 10 mm × 1.524 mm, and a capacitor is loaded in this antenna, as illustrated
in Figure 4.7 (a). For the small loop itself in free space, its resonant frequency
of operation is 404.6 MHz. The impedance bandwidth reference to -10 dB
and -15 dB are 1.6 MHz and 0.8 MHz, respectively. The simulated radiation
efficiency is found to be 1.4%. These performances will be used as the ref-
erence which will be compared to the antenna performance with the head
being present. It is noted that a six-layer sphere head is employed in this
simulation, with a diameter of 17.5 cm. At the desired frequency, the dielec-
tric parameters of head tissues are computed according to the 4-Cole-Cole
Model, as illustrated in the previous section.

The small loop antenna can be arranged normal or parallel to the head. Fig-
ure 4.6 (a) and (b) illustrate the antenna orientation that is normal to the head.
Figure 4.6 (d) and (e) illustrate the antenna orientation that is parallel to the
head. The distance between the loop and head is d, and the simulated an-
tenna reflection coefficients at different distances d are presented in Figure 4.6
(d) and (e) for the normal and parallel orientations, respectively. It is found
that the presence of the head results in a shift in the resonance frequency
which is illustrated in Table 4.11 and Table 4.12. The resonance frequencies
of the loop for the normal orientation are 403.2 MHz, 403.3 MHz, 403.3 MHz
and 403.4 MHz at the distances of 5 mm, 10 mm, 15 mm and 20 mm, respec-
tively. Thus, the shifts in the resonance frequency are 1.4 MHz, 1.3 MHz, 1.3
MHz and 1.2 MHz, respectively. The resonance frequencies of the loop for the
parallel orientation are 402.1 MHz, 403.2 MHz, 403.4 MHz and 403.6 MHz at
the distances of 5 mm, 10 mm, 15 mm and 20 mm, respectively. Thus, the
shifts in the resonance frequency are 2.5 MHz, 1.4 MHz, 1.2 MHz and 1 MHz,
respectively. Moreover, it is seen that the presence of the human head results
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in very small changes in the antenna impedance bandwidth.

The 3-D gain patterns of the loop antenna versus distances are presented in
Figure 4.7, with the loop being placed normal to the human head. Figure 4.7
(a) presents the gain pattern for the loop antenna in free space. Figure 4.7 (b),
(c), (d) and (e) present the gain patterns for the cases that the loop is normal
to the head, with the distances in-between being 5 mm, 10 mm, 15 mm and
20 mm, respectively. It is seen that the presence of the head results in the
changes in the radiation pattern and efficiency, as summarized in Table 4.11.
With the head in present, the radiation efficiencies of the loop for the normal
orientation are 2.51%, 2.51%, 2.44% and 2.35% at the distances of 5 mm, 10
mm, 15 mm and 20 mm, respectively. Comparing to the radiation efficiency
of the loop itself in free space, there is the increases in the antenna radiation
efficiency, and the increases are 1.11%, 1.11%, 1.04% and 0.95% for the dis-
tances of 5 mm, 10 mm, 15 mm and 20 mm, respectively.

When the loop is placed parallel to the human head, the 3-D gain patterns of
the loop antenna versus distances are presented in Figure 4.8. Figure 4.8 (a)
presents the gain pattern for the loop antenna itself in free space. Figure 4.8
(b), (c) and (d) present the cases that the loop is placed parallel to the head,
with the distances in-between being 5 mm, 10 mm and 15 mm, respectively.
It is seen that the presence of the head results in the changes in the radiation
pattern and efficiency, as summarized in Table 4.12. With the head in present,
the radiation efficiencies of the loop for the parallel cases are 0.18%, 0.26%,
0.34% and 0.42% at the distances of 5 mm, 10 mm, 15 mm and 20 mm, respec-
tively. Comparing to the radiation efficiency of the loop itself in free space,
there is the significant decreases in the radiation efficiency, and the decreases
are 1.22%, 1.14%, 1.06% and 0.98% for the distances of 5 mm, 10 mm, 15 mm
and 20 mm, respectively. It can be concluded that the normal orientation has
an advantage over the parallel orientation and the loop needs to be arranged
normal to the head in order to get a better radiation efficiency.

Table 4.11: Human head influence versus distances when the loop is normal to the head: at
405 MHz

Resonance Bandwidth Bandwidth Radiation
Distance Frequency (-10 dB) (-15 dB) Efficiency

Loop Only 404.6 MHz 1.6 MHz 0.8 MHz 1.4%

d=5mm 403.2 MHz 1.6 MHz 0.8 MHz 2.51%

d=10mm 403.3 MHz 1.7 MHz 0.9 MHz 2.51%

d=15mm 403.3 MHz 1.7 MHz 0.9 MHz 2.44%

d=20mm 403.4 MHz 1.7 MHz 0.9 MHz 2.35%
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Figure 4.6: The reflection coefficients of the loop antenna (in presence of a human head) versus
the distances between the antenna and head. (a) and (b) illustrate the antenna
orientation that is normal to the head. (d) and (e) illustrate the antenna orientation
hat is parallel to the head. (c) and (f) represent reflection coefficients of the loop
antenna versus the distances for the normal and parallel orientations, respectively.
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Figure 4.7: The 3-D gain patterns of the loop antenna (normal to a human head) versus the
distances between the antenna and head. (a) presents the situation that only the
loop antenna is present. (b), (c), (d) and (e) present the cases that the loop is placed
normal to the head, with the distances in-between being 5 mm, 10 mm, 15 mm and
20 mm, respectively.
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Table 4.12: Human head influence versus distances when the loop is parallel to the head: at
405 MHz

Resonance Bandwidth Bandwidth Radiation
Distance Frequency (-10 dB) (-15 dB) Efficiency

Loop Only 404.6 MHz 0.9 MHz 0.8 MHz 1.4%

d=5mm 402.1 MHz 1.5 MHz 0.6 MHz 0.18%

d=10mm 403.2 MHz 1.7 MHz 0.8 MHz 0.26%

d=15mm 403.4 MHz 1.7 MHz 0.8 MHz 0.34%

d=20mm 403.6 MHz 1.7 MHz 0.8 MHz 0.42%

Figure 4.8: The 3-D gain patterns of the loop antenna (parallel to a human head) versus the
distances between the antenna and head. (a) presents the situation that only the
loop antenna is present. (b), (c) and (d) present the cases that the loop is placed
parallel to the head, with the distances in-between being 5 mm, 10 mm and 15 mm,
respectively.
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Sensitivity Analysis of the Antenna Parameters: 910 MHz

Similar to the previous procedures, a self-resonant electrically small loop an-
tenna, designed to be resonant around 910 MHz, was used in this simulation
to investigate the influence of the antenna related parameters, including the
ESA orientations and the distance between the ESA and head. The dimen-
sions of the loop antenna are 35 mm × 10 mm × 1.524 mm. For the loop
itself in free space, its resonant frequency of operation is 912.4 MHz. The
impedance bandwidth reference to -10 dB and -15 dB are 3.7 MHz and 1.9
MHz, respectively. The simulated radiation efficiency is optimized to 30%.
These performances will be used as the reference which will be compared to
the antenna performance with the head being present.

Again, two orientations that the loop is relative to the head are investigated
which are the normal and parallel orientations. The simulated antenna re-
flection coefficients versus the distances are presented in Figure 4.9 (a) and
(b) for the normal and parallel orientations, respectively. It is found that the
presence of the head results in the shifts in the resonance frequency which are
illustrated in Table 4.13 and Table 4.14. The resonance frequencies of the loop
antenna for the normal orientation are 909.2 MHz, 910.2 MHz, 910.2 MHz and
910.3 MHz at the distances of 5 mm, 10 mm, 15 mm and 20 mm, respectively.
Thus, the shifts in the resonance frequency are 3.2 MHz, 2.2 MHz, 2.2 MHz
and 2.1 MHz, respectively. The resonance frequencies of the loop for the par-
allel orientation are 897.7 MHz, 906.8 MHz, 908.5 MHz and 909.4 MHz at the
distances of 5 mm, 10 mm, 15 mm and 20 mm, respectively. Thus, the shifts
in the resonance frequency are 14.7 MHz, 5.6 MHz, 3.9 MHz and 3 MHz, re-
spectively. Hence, the parallel orientation of the loop results in a lager shift in
the resonance frequency than that of the normal orientation. Moreover, it is
seen that the presence of the head causes very small changes in the antenna
impedance bandwidth.

The presence of the head results in the changes in the radiation pattern and
efficiency, as summarized in Table 4.13. The radiation efficiencies of the loop
antenna for the normal orientation are 11.46%, 13.01%, 13.7% and 13.9% at the
distances of 5 mm, 10 mm, 15 mm and 20 mm, respectively. Comparing to
the radiation efficiency of the loop itself in free space, there are the decreases
in the radiation efficiency, and the decreases are 18.54%, 16.99%, 16.3% and
16.1% at the distances of 5 mm, 10 mm, 15 mm and 20 mm, respectively.
The radiation efficiencies of the loop antenna for the parallel orientation are
2.03%, 4.02%, 6.43% and 11.37% at the distances of 5 mm, 10 mm, 15 mm and
20 mm, respectively. Comparing to the radiation efficiency of the loop itself
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in free space, there are the significant decreases in the radiation efficiency,
and the decreases are 27.97%, 25.98%, 23.57% and 18.63% at the distances
of 5 mm, 10 mm, 15 mm and 20 mm, respectively. It is concluded that for
both the normal and parallel orientations there are the decreases in the radia-
tion efficiency at 910 MHz, but the decreases in the normal orientation is less
than that in the parallel orientation. Thus, the normal orientation still has
an advantage over the parallel orientation. In order to get a high radiation
efficiency, the loop needs to be placed normal to the head.

Table 4.13: Human head influence versus the distances when the loop is normal to the head:
at 910 MHz

Resonance Bandwidth Bandwidth Radiation
Distance Frequency (-10 dB) (-15 dB) Efficiency

Loop Only 912.4 MHz 3.7 MHz 1.9 MHz 30%

d=5mm 909.2 MHz 3.5 MHz / 11.46%

d=10mm 910.2 MHz 3.7 MHz 1.9 MHz 13.01%

d=15mm 910.2 MHz 3.7 MHz 2 MHz 13.7%

d=20mm 910.3 MHz 3.7 MHz 2 MHz 13.9%

Table 4.14: Human head influence versus the distances when the loop is parallel to the head:
at 910 MHz

Resonance Bandwidth Bandwidth Radiation
Distance Frequency (-10 dB) (-15 dB) Efficiency

Loop Only 912.4 MHz 3.7 MHz 1.9 MHz 30%

d=5mm 897.7 MHz / / 2.03%

d=10mm 906.8 MHz 3.5 MHz / 4.02%

d=15mm 908.5 MHz 3.9 MHz 1.9 MHz 6.43%

d=20mm 909.4 MHz 3.9 MHz 1.9 MHz 11.37%

Sensitivity Analysis of the Antenna Parameters: 1000 MHz

The frequency of 1000 MHz is interesting for this application, and the sen-
sitivity analysis of the ESA related parameters is also investigated. A self-
resonant electrically small loop antenna resonant at 998 MHz is used in this
simulation, with the dimensions being 35 mm×10 mm × 1.524 mm. In the
previous investigations, the starting point is that the loop antenna is tuned to
be resonant at the desired frequency, when it is placed in free space without a
head. A head model is added in the simulations afterwards, and the distance
between the loop and the head changes step by step. Then we compare the
shifts in the antenna performance for the cases with and without the head,
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Figure 4.9: Reflection coefficients of the loop antenna (in presence of a human head) versus
the distances between the antenna and head. (a) presents the orientation that the
antenna is normal to the head. (b) presents the orientation that the antenna is
parallel to the head.

and also show the changes in the antenna performance versus the distances.

Different from the previous investigations, in this analysis the loop antenna
is tuned to be perfectly matched when it is close to the head with the distance
being 1 mm, and this is the starting point of this investigation. Then the
distance changes from 1 mm to 13 mm, with an increasing step of 1 mm.
Since the normal orientation has an advantage over the parallel orientation
which is observed from the previous analysis, we only investigate the cases
for the normal orientation.

The performance of the loop antenna, in the presence of a human head, ver-
sus the distances between the antenna and head is presented in Figure 4.10.
Figure 4.10 (a) presents the changes in the antenna reflection coefficient ver-
sus the distances, and Figure 4.10 (b) presents the changes in the antenna
radiation efficiency versus the distances. It is seen that as the distance in-
creases from 1 mm to 13 mm, the antenna resonance frequency changes from
988 MHz to 1012 MHz which results in a shift of 24 MHz towards the higher
frequencies. The radiation efficiency increases from 22.5% to 35.8%, as the
distance increases from 1 mm to 13 mm.
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Figure 4.10: The performance of the loop antenna in the presence of a human head, versus the
distances between the antenna and head. (a) presents the changes in the antenna
reflection coefficient versus the distances. (b) presents the changes in antenna
radiation efficiency versus the distances.

4.3 Sensitivity Analysis of the Hearing-Aid Shell Material

The sensitivity analysis of the hearing-aid shell material on the antenna char-
acteristics is investigated in this section. The electromagnetic properties of
the hearing-aid shell are unknown at the antenna frequency of operation
which is around 1000 MHz. The permittivity of the shell material, which
is Polybutylene Terephthalate, is only given at very low frequencies by the
manufacturer. The permittivity of this material before the injection molding
is 3.1 and 3.0 at 100 Hz and 1 MHz, respectively. The permittivity of this
material after the injection molding is 3.9 and 3.7 at 100 Hz and 1 MHz, re-
spectively. It is known that the permittivity of a dielectric material changes
with frequencies, and thus the permittivity and conductivity measurements
of the hearing-aid shell are necessary. However, these measurements face
difficulties and are not performed yet. The material sample under test (SUT)
of a suitable size, which is required by the measurement facility, can not be
provided by the manufacturer.

Since we may place the antenna on the surface of hearing-aids, an investiga-
tion of the permittivity changes on the antenna characteristics is necessary.
It can provide guidance in the tuning of antenna impedance for the practical
designs. Moreover, the influence of the permittivity changes in the shell ma-
terial is different for two cases depending on what type of capacitive loading
is employed in the loop antenna which are the distributed printed loading
element and the loaded capacitors. This analysis is confirmed by the simula-
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tions using Ansoft HFSS.

Small Loop Antenna with the Distributed Printed Loading Element

An electrically small loop is used in this simulation to investigate the influ-
ence of the substrate permittivity, as illustrated in Figure 4.11. The dimen-
sions of this electrically small loop are 35 mm×10 mm × 1.524 mm, and the
distributed printed loading element is added in this antenna. Figure 4.11
presents the reflection coefficient and input impedance of this antenna. The
resonant frequency of operation is tuned to 1001.5 MHz, and the simulated
radiation efficiency is found to be 49.7%. The substrate used in this antenna
design is Rogers 6002, with the dielectric constant being 2.94 and the loss tan-
gent being 0.0012. The characteristics of this loop antenna, in the case the
substrate Rogers 6002 is used, are treated as the reference which will be com-
pared to the antenna characteristics as the substrate permittivity εr changes.
Thus, in this investigation the initial value of the substrate εr is 2.94, and the
range of εr is selected to be [2, 4], with an increasing step of 0.2 in εr. Fig-
ure 4.12 presents the magnitude of the antenna reflection coefficient |S11| ver-
sus the changes in the permittivity of the heading-aid shell, with εr changed
in the range [2, 4]. It is seen that as εr increases from 2 to 4, the antenna
resonance frequency changes from 1095 MHz to 910 MHz which gives a fre-
quency shift of 185 MHz. For each increasing step of the permittivity, that is
0.2 in εr, it results in a shift in the resonance frequency of 15-20 MHz, approx-
imately. Although there is a shift in the resonance frequency, the changes in
the minimum of |S11| (at the shifted resonance frequency) are less than 5 dB,
and the minimum of |S11| still stays within the impedance bandwidth. It is
concluded that the changes in the shell dielectric constant result in the shifts
in the resonance frequency, but very small changes in the minimum of |S11|.

Figure 4.13 and Figure 4.14 present the antenna input resistance and reactance
versus the changes in the shell permittivity of the hearing-aids, with εr being
in the range [2, 3] and [3, 4], respectively. The following observations are
made for the changes in the shell permittivity that are

• The resonance frequency is very sensitive to the changes in the shell
permittivity. It results in a frequency shift of 15-20 MHz for each in-
creasing step in εr, that is 0.2 in εr. The reason for this sensitivity is
explained by the addition of the distributed capacitive loading element.

• As εr increases, the changes in the minimum of |S11| (at the shifted res-
onance frequency) are very small.

• The measurements of the hearing-aid shell permittivity and conductiv-
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Figure 4.11: The reflection coefficient and input impedance of the electrically small loop an-
tenna at 1000 MHz, obtained from Ansoft HFSS.

ity are necessary.

Small Loop Antenna by Using Lumped Capacitors as the Loading Element

For the small loop antenna by using a distributed printed circuit as the load-
ing element, the advantage is that it avoids using lump capacitors which face
aging and tolerance problems, and the disadvantage is that the design is sen-
sitive to the shell permittivity which is unknown. In this subsection, the in-
fluence of the shell permittivity on the antenna characteristics is investigated
for the loop antenna that uses lumped capacitors as the loading element.

An electrically small loop with its shape fitting to the hearing-aid shell is used
in this simulation to evaluate the influence of the shell permittivity, as illus-
trated in Figure 4.15. The dimensions of this electrically small loop are listed
in Figure 4.15, and a capacitor is used to replace the distributed capacitive
loading element, see the blue element in Figure 4.15. The substrate used for
this antenna is Rogers 6002, with the dielectric constant being 2.94 and the
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Figure 4.12: The magnitude of the antenna reflection coefficient |S11| versus the changes in
the shell permittivity of the heading-aids.

loss tangent being 0.0012. Again, in this investigation the initial value of the
substrate εr is set to 2.94. The range of εr is selected to be [2, 4], with an
increasing step of 0.2 in εr.

Figure 4.15 presents the antenna reflection coefficient |S11| versus the changes
in the heading-aid shell permittivity, with εr changed in the range [2, 4]. It is
seen that as εr increases from 2 to 4, the antenna resonance frequency changes
from 1016 MHz to 998 MHz which gives a frequency shift of 18 MHz. For
each increasing step of the permittivity, that is 0.2 in εr, it only results in a
shift of 2 MHz in the resonance frequency, approximately. The changes in
the minimum of |S11| (at the shifted resonance frequency) is less than 5 dB,
and the minimum of |S11| still stays within the impedance bandwidth. It is
concluded that changes in the shell dielectric constant result in a small shift
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Figure 4.13: The antenna input impedance versus the changes in the shell permittivity of the
heading-aids, with εr in the range [2, 3].

in the resonance frequency and the minimum of |S11|.

4.4 Summary

In summary, the influence of complex environments on the ESA characteris-
tics is investigated in this chapter.

• First, the sensitivity analysis of the head phantom parameters on the
antenna characteristics is presented, including the influence of the head
permittivity and conductivity. The observations are summarized as fol-
lows.

By keeping all the other parameters fixed, the changes in the head di-
electric constant result in very small changes in |S11| and the impedance
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Figure 4.14: The antenna input impedance versus the changes in the shell permittivity of the
heading-aids, with εr in the range [3, 4].

bandwidth BW . It results in a small decrease in the radiation efficiency
erad. These observations show that using a homogenous head model
with an averaged dielectric constant is reasonable for fast simulations,
compared to the six-layer head model or the SAM model.

By keeping all the other parameters fixed, the changes in the head con-
ductivity result in very small changes in |S11|, impedance bandwidth
BW and radiation efficiency erad.

• Second, the sensitivity analysis of the ESA related parameters is pre-
sented, including the orientation and location of the ESAs and the dis-
tance between the ESA and head. This analysis is performed at the
frequencies of 405 MHz, 905 MHz and 1000 MHz, respectively. Two ori-
entations that the loop antenna is relative to the head are investigated
which are the normal and parallel orientations.

The presence of the head results in a shift in the resonance frequency.

121



Figure 4.15: The antenna reflection coefficients versus the changes in the shell permittivity of
the heading-aids, with εr changed in the range [2, 4].

Moreover, the parallel orientation of the loop results in a larger shift in
the resonance frequency than that of the normal orientation.

The presence of the head causes very small changes in the antenna
impedance bandwidth.

The presence of the head results in significant changes in the radiation
pattern and radiation efficiency. The normal orientation has an advan-
tage over the parallel orientation and in order to get a better radiation
efficiency, the loop needs to be placed normal to the head.

• Third, the material influence of the hearing-aid shell is investigated.
The influence of the permittivity changes in the shell material are differ-
ent for the two situations depending on what type of capacitive loading
is employed in the loop which are the distributed printed element and
the loaded capacitors.

For the loop design using the distributed printed loading element, the
resonance frequency is very sensitive to the changes in the shell per-
mittivity. As εr increases from 2 to 4, the antenna resonance frequency
changes from 1095 MHz to 910 MHz which gives a frequency shift of
185 MHz. Thus, it causes a frequency shift of 15-20 MHz for each chang-
ing step in εr, that is 0.2 in εr. The reason for this sensitivity is explained
by the addition of the distributed capacitive loading element. As εr in-
creases, the changes in the minimum of |S11| (at the shifted resonance
frequency) are very small. The measurements of the hearing-aid shell
permittivity and conductivity are necessary.
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For the loop design using lumped capacitors as the loading element, as
εr increases from 2 to 4, the antenna resonance frequency changes from
1016 MHz to 998 MHz which gives a frequency shift of 18 MHz. For
each increasing step of the permittivity, that is 0.2 in εr, it only results
in a shift of 2 MHz, approximately, in the resonance frequency. Thus,
the loop antenna using the lumped capacitors as the loading element
is less sensitive than that using the distributed printed element as the
loading element.
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CHAPTER

FIVE

Conclusions

This chapter presents an overview of the major contributions obtained from
this work, and summarizes the main results in all previous chapters. To con-
tinue the research in the area of antenna miniaturizations for the hearing-aid
application, it is also our duty to address research issues in future work.

Antenna Miniaturizations
Designing the highly miniaturized electrically small antennas (ESAs) that are
used for the hearing-aid application is a main task in this dissertation. Sev-
eral novel designs of electrically small loops were presented for the hearing-
aid application, which are summarized as follows. First antenna design is
a two-dimensional (2-D) planar differential-fed electrically small loop. The
working mechanism of this antenna is based on the capacitive loading and
the inductive coupling between the two small loops. The analytical model,
simulations, fabrications and measurements are presented for this antenna.
The measured radiation efficiency is found to be 21% with ka being 0.33. The
measured impedance bandwidth reference to -15 dB is 3.0 MHz. Second an-
tenna design is a planar two-turn electrically small loop antenna. The work-
ing mechanism of this antenna is based on the capacitive loading, and both
the capacitive and inductive coupling between the two small loops that are of
a comparable size are taken into account. An analytical model is provided to
give guidance in the impedance tuning. The simulated radiation efficiency is
found to be 34% with ka being 0.33. The impedance bandwidth reference to
-15 dB is 2.5 MHz. Third, several three-dimensional (3-D) folded electrically
small loop antennas are proposed, the properties of which are significantly
improved compared to the 2-D planar electrically small loop antennas. The
working mechanism is based on the capacitive loading and the inductive cou-
pling between the two loops. The large loop is folded in a proper way to
make better use of the device volume. There exist several ways to fold the
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large loop, which result in different radiation patterns. The maximum radia-
tion efficiency of the folded loop is found to be 43% with ka being 0.28. The
impedance bandwidth reference to -15 dB is 1.0 MHz.

These antenna designs show that the antenna impedance can be matched
to the system characteristic impedance by using the self-resonant electri-
cally small loops, without adding any external matching circuit. The use
of lumped components is avoided, by replacing the capacitors with a dis-
tributed printed loading element. The difficulty in the impedance matching
is thus overcome. The specification in the impedance bandwidth is 1.0 MHz
reference to -15 dB, as required in the link budget. Although the impedance
bandwidth of these ESAs is narrow, the specification in the impedance band-
width can still be satisfied, either for the 2-D planar loops or the 3-D folded
loops. The specification in the radiation efficiency can also be satisfied. The
radiation efficiency is improved to as high as 43% for the 3-D folded loop
antenna, which occupies a volume of 25 mm×9 mm×6 mm.

Measurements Techniques for ESAs
The development of the input impedance, radiation efficiency and gain mea-
surement techniques and instruments for ESAs is another main task in this
work. Nowadays the characteristics of antennas are mainly verified with ca-
ble measurements in the anechoic chamber, which works very well for most
of traditional antennas. However, this measurement technique is not well
applicable for ESAs. The input impedance and radiation efficiency measure-
ments of ESAs represent a great challenge. Typically, there exist two mecha-
nisms that introduce errors in the measurements which are the leaking cur-
rent and the scattering effect caused by the feed line. It is necessary to design
and implement new measurement set-ups and techniques for the measure-
ment of ESAs. In this work, several novel measurement techniques are pro-
posed for ESAs, which are summarized as follows.

The effectiveness of adding a tunable sleeve balun in the ESA measurement
is investigated and its validity is presented. The optimum balun parameters
are studied. It is noted that a careful tuning of the balun is very important,
both for the radiation pattern and for the radiation efficiency measurement.

A modified Wheeler cap technique for the radiation efficiency measurement
of balanced electrically small antennas is proposed. This method provides the
following advantages. First, no balun is required during the measurement
and thus the problems of narrow impedance bandwidth and extra scattering
effect caused by the balun are avoided. As a result, the proposed method
is valid in a broad frequency band. Second, the application of the proposed
method and the proper use of the circle fitting for the measured s-parameters
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ensure that the cavity resonances do not have any significant effect on the
measurement results. By using the Wheeler cap method in the proposed way,
most of its limitations and disadvantages are avoided. The method is, there-
fore, suitable for the input impedance and radiation efficiency measurements
for most types of antennas in a broad frequency band. The antennas under
test are not limited to be electrically small. They can be balanced or unbal-
anced, symmetric or asymmetric antennas.

Moreover, the modified Wheeler cap method for measurements of small an-
tennas in complex environments is further developed. It is shown that the
limitation on the cavity dimension can be overcome by this method because
the influence of the cavity resonances is removed by a proper circle fitting
technique. Hence, it is possible to perform the radiation efficiency measure-
ment inside a large cavity. Finally, the measurement results for electrically
small antennas in complex environments are presented to show the validity
of this technique.

A cable-free impedance and gain measurement technique for electrically
small antennas is proposed. The electromagnetic model, simulation results,
as well as measurement results are presented and discussed. The electro-
magnetic model of this technique is derived by using the spherical wave
expansion, and it is valid for the arbitrary electrically small AUT at arbi-
trary distances between the probe and AUT. The whole measurement setup is
modeled by the cascade of three coupled multiple-port network. Three mea-
surement examples using the proposed cable-free technique are presented,
in which a standard gain horn antenna, a monopole antenna and an electri-
cally small loop are tested as the AUT, respectively. Comparison of the an-
tenna measurement techniques, with and without the feeding cable, shows
that there exists the scattering effects from the cable in both the reflection
coefficient measurement and gain measurement.

Complex Environments
The influence of complex environments on the characteristics of ESAs is in-
vestigated, such as the influence of the human head phantom and hearing-
aids.

The sensitivity analysis of the head phantom parameters on the antenna char-
acteristics is presented, including the influence of the head permittivity and
conductivity. The following observations are obtained. First, by keeping all
other parameters fixed, the changes in the head dielectric constant result in
very small changes in |S11| and the impedance bandwidth (BW ). It results
in a small decrease (not significant) in the radiation efficiency erad. These
observations show that the use of a homogenous head model with an av-
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eraged dielectric constant is reasonable for fast simulations, compared to the
six-layer head model or the SAM model. Second, by keeping all other param-
eters fixed, the changes in the head conductivity result in very small change
in |S11|, the impedance bandwidth BW and the radiation efficiency erad.

The sensitivity analysis of the ESA related parameters on the antenna charac-
teristics is presented, including the orientations and locations of the ESA and
the distance between the ESA and head. This analysis is performed at the fre-
quencies of 405 MHz, 905 MHz and 1000 MHz, respectively. Two orientations
that the loop antenna is relative to the head are investigated which are nor-
mal and parallel orientations. The observations are summarized as follows.
First, the presence of the head results in a shift in the resonance frequency.
The parallel orientation of the loop results in a larger shift in the resonance
frequency than that of the normal orientation. Second, the presence of the
head causes very little change in the antenna impedance bandwidth. Third,
the presence of the head results in the significant changes in the radiation pat-
tern and radiation efficiency. The normal orientation has an advantage over
the parallel orientation. In order to get a better radiation efficiency, the loop
antenna needs to be arranged normal to the head phantom.

The influence of the hearing-aid shell material on the antenna characteristics
is also investigated. The influence of the permittivity changes in the shell ma-
terial is different for the two situations depending on what type of capacitive
loading element is employed in the loop antenna, which are the distributed
printing element and the lumped capacitors. First, for the loop design us-
ing the distributed printed loading element, the resonance frequency is very
sensitive to the changes in the shell permittivity. As εr increases from 2 to 4,
the antenna resonance frequency changes from 1095 MHz to 910 MHz, which
gives a frequency shift of 185 MHz. Thus, it causes a frequency shift of 15-20
MHz (approximately) for each changing step in the shell permittivity, that
is 0.2 in εr. The reason for this sensitivity is explained by the addition of the
distributed capacitive loading element. The measurements of the hearing-aid
shell permittivity and conductivity are thus necessary. Second, for the loop
design using lumped capacitors as the loading element, as εr increases from
2 to 4, the antenna resonance frequency changes from 1016 MHz to 998 MHz,
which gives a frequency shift of 18 MHz. For each increasing step in the per-
mittivity, that is 0.2 in εr, it only results in a shift of 2 MHz (approximately) in
the resonance frequency. Thus, the loop antenna using the lumped capacitors
as the loading element is less sensitive than that using the distributed printed
element as the loading element.

Summary
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Based on the research carried out in the above three areas, it can be shown
that the difficulties in the designs and measurements of ESAs for the heading-
aid application are overcome. The current work is mainly focused on the
antenna miniaturization for the BTE (behind the ear) hearing-aid applica-
tion. The future work is suggested on the further development of the antenna
miniaturization for the CIC (completely in the canal) hearing-aid application.
Based on the positive results obtained from this project, we believe that the
integration of a wireless communication unit into the hearing-aids will be-
come a reality soon in the commercial market.
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Abstract—Impedance and gain measurements for electrically
small antennas represent a great challenge due to the influence
of the feeding cable. In this paper, a novel cable-free antenna
impedance and gain measurement technique for electrically small
antennas is proposed. In this approach, the antenna properties
are extracted by measuring the signal scattered by the antenna
under test (AUT) with a probe antenna, when the AUT is loaded
with three known loads. The proposed technique is formulated
differently from the known radar cross section method. A
complete electromagnetic model is derived for a measurement
system that includes an arbitrary probe, free space propagation,
and an arbitrary AUT. In this model, the probe and AUT
are modeled by the spherical wave expansion (SWE) and the
whole measurement system is modeled by the cascade of three
coupled multiple-port networks of the SWE. The influence of
the structural scattering and multiple reflections between the
probe and AUT on the measured impedance and gain is included
in the model. Moreover, a simple model without the structural
scattering and multiple reflections is also introduced for the cable-
free measurement at an electrically large distance between the
probe and AUT. Simulation and measurement results by the
proposed method are presented and discussed.

I. INTRODUCTION

In recent years, there has been a strong interest in antenna
miniaturization techniques for numerous applications such
as hearing-aids, cell phones, portable wireless equipments,
sensors and RFIDs. However, the antenna miniaturization
results in performance degradations such as narrow impedance
bandwidth and low radiation efficiency. Hence, the perfor-
mance of electrically small antennas (ESAs) needs to be
characterized accurately. Here we focus on the most important
parameters that are the input impedance and gain. Nowadays,
the performance of antennas is usually tested with cable
measurements in an anechoic chamber. This technique works
very well for antennas with the electrical size being lager than
one half wavelength. However, the traditional techniques are
not well applicable to ESAs, the dimensions of which are
comparable to the feed line and the support structure. Although
several measurement techniques are being used for ESAs, the
measurements of the impedance and gain for ESAs represent a
great challenge and typically there exist two error mechanisms.
First, the feeding cable may have a significant influence on
the measured radiation pattern and radiation efficiency due to

the leaking current on the outside of the feeding cable [1].
Although a balun can be used to avoid the leaking current,
it is typically a narrow-band device. Several baluns are thus
required for different frequency bands. Also, the balun needs
to be tuned carefully at the specified frequency. In addition,
the balun may have a size comparable to or even larger than
that of the ESA; thus it gives rise to scattering. Second, the
feeding cable presents a large scattering structure even if the
leaking current is avoided. Measurement of the small antenna
performance without the use of a feeding cable is therefore
highly desirable.

The radar cross section (RCS) measurement technique with-
out the use of a feeding cable for traditional antennas has
been used for many years. The measurement of the antenna
impedance and gain by the RCS method has been described in
[2] and later developed in [3] and [4]. The antenna parameters
are extracted from measurements of the scattered fields by
the AUT, when it is loaded by several known loads. The
method is well applicable for antennas with an electric size
of several wavelengths, but when it is used for ESAs with a
low radiation efficiency the dynamic range of the measured
signal becomes rather low, which reduces the measurement
accuracy. A complete electromagnetic model that takes into
account an arbitrary AUT located at an arbitrary distance
from the transmitting and receiving probe antenna needs to
be addressed to analyze the scattering mechanism between the
probe and AUT. By using such a model the antenna impedance
and radiation characteristics may also be obtained from a near-
field distance measurement. Another improved measurement
approach is proposed in [5], which is a combination of
the RCS method and three-antenna method. However, it is
only partial cable-free since the feeding cable is used in the
reflection coefficient measurement of the AUT. The antenna
gain is then determined from the RCS method by taking
into account the above reflection coefficients, in which the
cable influence is still involved. Recently, an indirect contact-
less impedance measurement technique for small antennas has
been reported in [6]-[7], but it does not provide the gain and
radiation efficiency.

In this paper, we propose a cable-free measurement tech-
nique for the determination of both the input impedance



and the gain of ESAs. A complete electromagnetic model is
proposed for the measurement system by using the Spherical
Wave Expansion (SWE), which includes an arbitrary probe,
the free space propagation, and an arbitrary AUT. This model
is valid for an arbitrary distance (larger than the sum of the
radii of the AUT and probe minimum spheres) between the
AUT and probe. The probe and AUT are modeled by separate
SWEs. Then the SWEs are used to formulate the electromag-
netic model of the measurement system by the cascade of three
coupled multiple-port networks that represent the probe, the
free space propagation, and the AUT, respectively. The antenna
gain is extracted from the transmission formula between the
probe and AUT. The present work emphasizes this with the
theory part and the complete electromagnetic model, together
with two simulation results. The experimental application of
the proposed measurement technique for an electrically small
loop antenna is also presented. More measurement results by
the proposed technique were presented in [8].

This paper is organized as follows. The electromagnetic
model of the measurement system is derived in Section II.
In Section III, the determination of the antenna impedance
and gain is presented by deriving the transmission formula
using the SWE. In Section IV, two simulation examples by the
proposed measurement technique are presented and discussed
for a half-wavelength dipole and an electrically small loop
antenna, respectively. In Section V, the measurement results for
an electrically small loop antenna is presented and discussed.
The conclusions and future work are provided in Section VI.

II. ELECTROMAGNETIC MODEL OF THE MEASUREMENT
SYSTEM

In this section, the complete electromagnetic model of the
measurement system is proposed which is valid for an arbitrary
distance between the probe and AUT. The time convention
e−iwt is adopted.

A. Model of the Probe and the AUT

While some previous works have assumed just a simple
spherical mode for AUT, the model presented here allows for
arbitrary AUT and takes into account the complete SWE. The
overall transmission system includes the scattering effects and
multiple reflections of the probe and AUT which are modeled
by scattering matrices with all spherical modes considered.
Based on the proposed model, the impedance and far-field
characteristics of ESAs may also be extracted from a near-
field distance measurement.

The electric field E⃗(r⃗) around an antenna, enclosed by the
minimum sphere of radius r0, can be expressed by using the
SWE for r > r0 [9], that is

E⃗(r⃗) =
k√
η

2∑

s=1

N∑

n=1

n∑

m=−n

{asmnF⃗ (4)
smn(r⃗) + bsmnF⃗ (3)

smn(r⃗)}

(1)
where the superscript c = 3, 4 denotes outward and in-
ward propagating waves, respectively. asmn and bsmn are
the expansion coefficients. F⃗

(c)
smn are the power-normalized

spherical vector wave functions. k is the wave number, η is the
intrinsic admittance of the medium and r⃗ is the position vector
for a point with (r, θ, ϕ) spherical coordinates. For practical
measurements only a finite number of spherical modes are
needed to represent the field. The truncation number N for the
n summation must ensure the required convergence. Several
truncation rules have been developed, and these depend on
the required accuracy of the fields and the electric size of the
antennas [10]. In particular, for small antennas with electric
size kr0 < 1, the truncation rule N = [kr0] + n1 can be
applied, where n1 = 2, 3 or 4 depending on the required
accuracy. The square brackets in [ ] indicate the largest integer
smaller than or equal to kr0.

Fig. 1. The network representation of an antenna. (a) presents an antenna
with spherical wave modes in its minimum sphere. (b) presents the network
representation of the antenna modes. Redrawn from [9].

An antenna can be modeled as a multi-port network with
one excitation port that is connected to the generator and
the radiation ports each representing one outward and inward
spherical mode outside the antenna minimum sphere r0. The
equivalent network is illustrated in Fig. 1(a) and (b). The total
scattering matrix of the antenna can be written as [9]

[
w
b̄smn

]
=

[
Γ R̄s′m′n′

T̄smn
¯̄Ssmn

s′m′n′

]

︸ ︷︷ ︸
[¯̄S]

·
[

v
ās′m′n′

]
(2)

where v and w are the complex amplitudes of the incoming
and outgoing waves on the excitation port of the antenna.
ās′m′n′ and b̄smn are the column vectors that represent the
complex amplitudes of the incoming and outgoing spheri-
cal modes, respectively. R̄s′m′n′ is a row vector containing
the antenna receiving coefficients. T̄smn is a column vector
containing the antenna transmitting coefficients. ¯̄Ssmn

s′m′n′ is a
square matrix that contains the antenna structural scattering
coefficients. The mode index smn and s′m′n′ represent the
outgoing and incoming spherical waves in the coordinate
system of the probe, respectively. [¯̄S] is the total scattering
matrix. Both the probe and AUT can be modeled by a
scattering matrix [¯̄S] in the form (2), which are denoted as
[¯̄SPRB ] and [¯̄SAUT ], respectively.

B. Free-Space Propagation Model by One-Way Transmission
Formula

In this derivation, we define the un-primed coordinates
(x, y, z) with respect to the probe and the primed coordinates



Fig. 2. Coordinates of the transmitting and receiving probe and AUT.
Redrawn from [9].

(x′, y′, z′) with respect to the AUT, as illustrated in Fig. 2.
The primed coordinate system of the AUT is related to
the unprimed coordinate system of the probe by 3 rotations
through the angles ϕ, θ, χ and one translation of the distance
A, see [9]. The transmission formula describes the complex
signal received by the AUT in terms of the transmission
coefficients of the probe, the receiving coefficients of the AUT,
the 3 rotation angles and the translation distance A [9], that
is

wAUT (A,χ, θ, ϕ) =
vPRB

2

∑

smn
σ′µ′ν′

TPRB
smn eimϕeiµ′χdn

µ′m(θ)

·Csn(3)
σ′µ′ν′(kA)RAUT

σ′µ′ν′ , ... (3)

where

s = 1, 2;m = −n, −n + 1, ..., n; n = 1, 2...

σ′ = 1, 2;µ′ = −ν′, −ν′ + 1, ..., ν′; ν′ = 1, 2... (4)

Here smn and σ′µ′ν′ are the indices of the SWEs of the probe
and AUT, respectively. TPRB

smn are the transmitting coefficients
of the probe and RAUT

σ′µ′ν′ are the receiving coefficients of the
AUT. eimϕ, eiµ′χ and dn

µ′m(θ) are the rotation coefficients.
C

sn(3)
σ′µ′ν′(kA) is the translation coefficient.

C. Model of the Measurement System

The scattering matrices equation for the AUT and the probe
will each be of the form (2). In order to obtain the amplitude
of the modes of the scattered fields and not just the outgoing
fields, the contribution due to the incident fields must by
subtracted from these scattering matrices of the probe and
AUT. Hence, these become

[
wAUT

b̄AUT
σµν − āAUT

σ′µ′ν′

]
=

[
ΓAUT R̄AUT

σ′µ′ν′

T̄AUT
σµν (¯̄S

AUT
σµν

σ′µ′ν′
− ¯̄IAUT )

]
·

[
vAUT

āAUT
σ′µ′ν′

]
(5)

and
[

wPRB

b̄PRB
smn − āPRB

s′m′n′

]
=

[
ΓPRB R̄PRB

s′m′n′

T̄PRB
smn (¯̄S

PRB
smn
s′m′n′

− ¯̄IPRB)

]
·

[
vPRB

āPRB
s′m′n′

]
, (6)

where ¯̄IPRB and ¯̄IAUT denote unit matrices of appropriate
sizes.

The measurement setup is modeled by the cascade of three
coupled multiple-port networks which represent the probe,
the free space propagation, and the AUT, respectively, as
illustrated in Fig. 3. There are incoming and outgoing spherical
waves for the probe as well as the AUT. The complex ampli-
tude of the incoming spherical waves in the AUT coordinate
system can be related to the complex amplitude of the outgoing
spherical waves in the probe coordinate as follows,

aAUT
σ′µ′ν′ =

∑

smn

gsmn
σ′µ′ν′(A,ϕ, θ, χ)bPRB

smn (7)

where the gsmn
σ′µ′ν′ are the combined rotation and translation

coefficients

gsmn
σ′µ′ν′ =

1

2
eimϕeiµ′χdn

µ′m(θ)C
sn(3)
σ′µ′ν′(kA) (8)

Similarly, the amplitude of the incoming spherical waves for
the probe can be related to the amplitude of outgoing spherical
waves for the AUT,

aPRB
s′m′n′ =

∑

σµν

gσµν
s′m′n′(−A,−ϕ,−θ, −χ)bAUT

σµν , (9)

where gσµν
s′m′n′(−A,−ϕ, −θ, −χ) are applied for transforming

from outgoing waves in the AUT coordinate system to the in-
coming waves in the probe coordinate system. By application
of the equations (A 2.7), (A 3.15), (3.21) and (3.22) in [9],
we obtain the following expression

gσµν
s′m′n′(−A,−ϕ,−θ, −χ) = (−1)m′+µgs′,−m′,n′

σ,−µ,ν (A,ϕ, θ, χ).
(10)

The scattering matrix modeling the free space propagation
can be determined from (7) and (9), that is

[
āPRB

s′m′n′

āAUT
σ′µ′ν′

]
=

[
0 ¯̄G−

¯̄G+ 0

]
·
[

b̄PRB
smn

b̄AUT
σµν

]
, (11)

where the elements of the matrix ¯̄G+ and ¯̄G− are gsmn
σ′µ′ν′ (8)

and gσµν
s′m′n′ (10), respectively.

The equations (5) - (11) give the network model of the AUT,
probe, and the free space propagation. The overall measure-
ment system also can be modeled as a two-port network [¯̄ST ]
with the scattering matrix given by

[
wPRB

wAUT

]
=

[
ST

11 ST
12

ST
21 ST

22

]
·
[

vPRB

vAUT

]
. (12)

where ST
11, ST

12 , ST
21 , and ST

22 can be obtained by elim-
inating the parameters b̄PRB

smn , āPRB
s′m′n′ , b̄AUT

σµν , and āAUT
σ′µ′ν′

from the equations (5) - (11) as follows. ST
11 and ST

21 are
obtained by setting vAUT = 0 and solving for wPRB/vPRB



Fig. 3. Scattering matrix for the measurement system, including the probe,
free space propagation factor and AUT.

and wAUT /vPRB , respectively. Similarly, ST
12 and ST

22 are
obtained by setting vPRB = 0 and solving for wPRB/vAUT

and wAUT /vAUT , respectively. Thus, the S-parameters ST
11,

ST
12 , ST

21 , and ST
22 are found to be

ST
11 = ΓPRB + R̄PRB [¯̄IPRB − ¯̄G−(¯̄SAUT − ¯̄IAUT )

· ¯̄G+(¯̄SPRB − ¯̄IPRB)]−1 ¯̄G−(¯̄SAUT − ¯̄IAUT )

· ¯̄G+T̄PRB (13)

ST
12 = R̄PRB [¯̄IPRB − ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+ (14)

·(¯̄SPRB − ¯̄IPRB)]−1 ¯̄G−T̄AUT ,

ST
21 = R̄AUT [¯̄IAUT − ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G− (15)

·(¯̄SAUT − ¯̄IAUT )]−1 ¯̄G+T̄PRB ,

ST
22 = ΓAUT + R̄AUT [¯̄IAUT − ¯̄G+(¯̄SPRB − ¯̄IPRB)

· ¯̄G−(SAUT − IAUT )]−1 ¯̄G+(¯̄SPRB − ¯̄IPRB)

· ¯̄G−T̄AUT . (16)

The indices for each antenna are left out for simplicity. The 2
inverse matrices appearing in equations (13) to (16) represent
the multiple reflections between the probe and AUT, and they
can be expressed in power series. Thus,

[¯̄IAUT − ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−(¯̄SAUT − ¯̄IAUT )]−1

= ¯̄IAUT + [ ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−(¯̄SAUT − ¯̄IAUT )]+

[ ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−(¯̄SAUT − ¯̄IAUT )]2 + ... (17)

The first term on the right side of the equation (17) represents
the direct field, the second term represents a field scattered
once by the AUT then the probe, and so on. Similarly,

[¯̄IPRB − ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+(¯̄SPRB − ¯̄IPRB)]−1

= ¯̄IPRB + [ ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+(¯̄SPRB − ¯̄IPRB)]+

[ ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+(¯̄SPRB − ¯̄IPRB)]2 + ... (18)

By keeping only the first two terms on the right-hand side of
equations (17) and (18), equations (13) to (16) become

ST
11 ≃ ΓPRB + R̄PRB ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+T̄PRB

+R̄PRB ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+(¯̄SPRB − ¯̄IPRB)

· ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+T̄PRB (19)

ST
12 ≃ R̄PRB ¯̄G−T̄AUT + R̄PRB ¯̄G−(¯̄SAUT − ¯̄IAUT )

· ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−T̄AUT (20)

ST
21 ≃ R̄AUT ¯̄G+T̄PRB + R̄AUT ¯̄G+(¯̄SPRB − ¯̄IPRB)

· ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+T̄PRB (21)

ST
22 ≃ ΓAUT + R̄AUT ¯̄G−(¯̄SPRB − ¯̄IPRB) ¯̄G+T̄AUT

+R̄AUT ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−(¯̄SAUT − ¯̄IAUT )
¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−T̄AUT (22)

It is seen that in the equation (19) and (22), the effects of the
scattered fields on ST

11 and ST
22 are through the second-order

propagation (∝ | ¯̄G+ ¯̄G−|) and the fourth-order propagation
(∝ | ¯̄G+ ¯̄G− ¯̄G+ ¯̄G−|). While in the equation (20) and (21), it
is seen the effects of the scattered fields on ST

12 and ST
21 are

through the third-order propagation(∝ | ¯̄G+ ¯̄G− ¯̄G+|).
For increasing electrical distance between the probe and

AUT the multiple scattered term decreases because of the spa-
tial attenuation of the free space propagation along the forward
and backward directions. A minimum scattering probe will
reduce the multiple scattered terms even further. We assume
this term to be negligibly small and hence, the equations (13)
to (16) are further simplified to

ST
11 ≃ ΓPRB + R̄PRB ¯̄G−(¯̄SAUT − ¯̄IAUT )

· ¯̄G+T̄PRB (23)

ST
12 ≃ R̄PRB ¯̄G−T̄AUT (24)

ST
21 ≃ R̄AUT ¯̄G+T̄PRB (25)

ST
22 ≃ ΓAUT + R̄AUT ¯̄G+(¯̄SPRB − ¯̄IPRB)

· ¯̄G−T̄AUT (26)

Now we start to analyze the effect of the second term on
the right side of the equation (26), and its influence on the
measured gain and impedance of the AUT. It will be shown
in the next sub-section that the measurement is performed by
measuring the reflection coefficient at the input terminal of the
probe, denoted by ST ′

11 , when the AUT is loaded with three
known loads. Equation (30) shows this relation between ST ′

11

and the two-port scattering parameters. By using the power
series expansion of the term 1/(1 − ST

22ΓL) in (30), and
inserting the expressions of the ST

11, ST
22, and ST

12S
T
21 from

the equations (23) to (26), (30) becomes

ST ′
11 ≃ ΓPRB + R̄PRB ¯̄G−(¯̄SAUT − ¯̄IAUT ) ¯̄G+T̄PRB +

[R̄PRB ¯̄G−T̄AUT ][R̄AUT ¯̄G+T̄PRB ][ΓL + Γ2
L ·

ΓAUT + Γ2
LR̄AUT ¯̄G+(¯̄SPRB − ¯̄IPRB) ¯̄G−T̄AUT ]

+o(
1

(ka)4
). (27)

On the right-hand side of (27), the first term represents the
reflection coefficient of the probe, the second term represents
the scattered fields from the AUT, and the third term includes
the effects of the modulated loads, the reflection coefficient of
AUT, and scattered fields due to the probe. Thus, these show



that the second term on the right-hand side of the equation (26)
only contributes to the measurement through the fourth-order
propagation terms. In fact, the fourth-order propagation terms
can be assumed negligibly small compared to the second-
order propagation term due to the spatial attenuation of the
free space propagation. It can be summarized that the second
term on the right-hand side of (26) represents the influence
of the structural scattering from the probe on the ST

22 of the
AUT. This term can be assumed negligibly small compared to
the first term for two reasons. First, it is because a minimum
scattering probe is employed, and, second, it is because the
strong spatial attenuation in ¯̄G+ as well as ¯̄G−, which are
approximated to be negligible compared to ΓAUT . Thus, (26)
is approximated by

ST
22 ≃ ΓAUT . (28)

Furthermore, in the case there is the limited dynamic range
for the backscattering measurement for small antennas, the
measurement at a finite distance in the near-field region
may become necessary. In this case, the formula (28) can
still be applied by choosing a probe antenna with minimum
structural scattering, as well as the equations (24) and (25).
However, in equation (23) the second term on the right-hand
side of it represents the scattering due to the AUT. It is not
possible to assume that the structural scattering of the AUT,
(¯̄SAUT − ¯̄IAUT), is small for an arbitrary AUT since the
structural scattering is unknown.

In summary, equations (13) to (16) give the general expres-
sions of the matrix element of [¯̄ST ] for arbitrary probe and
AUT, and it is valid for any distance between the probe and
AUT. [¯̄ST ] can be obtained from the measurement. The equa-
tions (23) to (26) give the expressions of the matrix element of
[¯̄ST ] when the multiple scattered terms are negligibly small,
but in these expressions the lowest order interaction of the
scattered field is still taken into account. The equation (28) is
valid because first the structural scattering of the probe is small
and second the scattered fields of the probe only contribute to
the measurement through the high order propagation terms.
The conditions for using above formulas are summarized as
follows. First, under conditions that the probe and AUT are
separated by an electrically large distance, the scattered fields
of the probe caused by the structural scattering and multiple
reflections are negligibly small. The formula (24), (25), and
(28) are applicable. Second, for the measurement at a small
distance, the formula (24), (25), and (28) can still be used by
choosing a suitable probe with minimum structural scattering.

D. Determination of the Total Scattering Matrix [¯̄ST ]

The measurement setup is described as follows. There are
two antennas involved in this monostatic cable-free measure-
ment setup as illustrated in Fig. 4, which are the transmitting
and receiving probe and the AUT. Their scattering matrices are
[¯̄S]PRB and [¯̄S]AUT , respectively. For the total measurement
setup, a two-port scattering matrix [¯̄ST ] can be established for
reference planes at the input terminal of the probe and AUT.

The total scattering matrix [¯̄ST ] is expressed as

[¯̄ST ] =

[
ST

11 ST
12

ST
21 ST

22

]
. (29)

When the AUT is loaded, the measured reflection coefficient
at the input terminal of the probe is denoted by ST ′

11 , which is
related to the two-port scattering parameter [¯̄ST ] as

ST ′
11 = ST

11 +
ST

12S
T
21ΓL

1 − ST
22ΓL

(30)

where ΓL is the reflection coefficient of the load of the AUT.
In the measurement setup that is illustrated in Fig. 4, the

AUT is loaded in turn by a short-circuit, an open circuit, and
a known load, and the reflection coefficient of the transmitting
probe is measured. Then the scattering parameters ST

11, ST
22,

and ST
12S

T
21 of the total scattering matrix can be extracted. ST

11

and ST
22 are determined from

[
ST

11

ST
22

]
=




( 1

Γ
(1)
L

− 1

Γ
(2)
L

) (S
T ′,(1)
11 − S

T ′,(2)
11 )

( 1

Γ
(1)
L

− 1

Γ
(3)
L

) (S
T ′,(1)
11 − S

T ′,(3)
11 )




−1

·




S
T ′,(1)
11

Γ
(1)
L

− S
T ′,(2)
11

Γ
(2)
L

S
T ′,(1)
11

Γ
(1)
L

− S
T ′,(3)
11

Γ
(3)
L


 (31)

where Γ
(1),(2),(3)
L are the measured reflection coefficient of

each load, and S
T ′,(1),(2),(3)
11 are the measured reflection coef-

ficients of the probe when the AUT is loaded in three cases.
ST

12S
T
21 can be extracted after ST

11 and ST
22 are determined, that

is
ST

12S
T
21 = (S

T ′,(i)
11 − ST

11)(1 − ST
22Γ

(i)
L )/Γ

(i)
L , (32)

where i=1,2,3. It is noted that there are three sets of data

Fig. 4. Setup of the monostatic measurement for the impedance and gain of
electrically small antennas.

available to be used in this equation, which are obtained from
the three measurements. Taking an average of the results from
different sets results in an improvement of the accuracy. The
next task is to determine the impedance and gain of the AUT
by formulating the relations between these parameters and
[¯̄ST ], which is described in the next section.



III. ANTENNA IMPEDANCE AND GAIN DETERMINATION
WITHOUT THE STRUCTURAL SCATTERING AND MULTIPLE

REFLECTIONS

In this section, the probe structural scattering and multiple
reflections are assumed to be negligibly small, as shown in the
equations (24), (25) and (28). The impedance of the AUT will
be determined first, and then the determination of the AUT
gain is presented.

A. Antenna Impedance Determination

First, ST
22 is determined from (31) and, second, ΓAUT is

determined from (28). Third, the AUT input impedance ZAUT
in

can be obtained from

ZAUT
in =

1 + ΓAUT

1 − ΓAUT
Z0, (33)

where Z0 is the reference impedance.

B. Determination of the Antenna Gain

Both the probe and AUT are treated as general reciprocal
antennas with all the high order spherical modes considered.
The only assumption here is that the probe is linearly polarized
along x̂, while the polarization of AUT is arbitrary. In this
derivation, we define the coordinate system (x, y, z) with
respect to the probe, and the primed coordinate (x′, y′, z′)
system with respect to the AUT so that x̂′ = x̂, ŷ′ = ŷ and
ẑ′ = ẑ. Thus, (χ, θ, ϕ) =(0, 0, 0) and

eimϕ = 0; eiµχ = 0; dn
µm(0) = δµm. (34)

The transmission formula (3) then becomes

wAUT (A, 0, 0, 0) =
vPRB

2

∑

smn

∑

σmν

TPRB
smn Csn(3)

σmν (kA)RAUT
σmν .

(35)
For electrically large distances, kA ≫ 1, the translation

coefficient C
sn(3)
σµν (kA) becomes ([9], Appendix A3)

Csn(3)
σµν (kA) = o(

1

kA
), for µ ̸= ±1, (36)

C
sn(3)
σ,±1,ν(kA) =

√
(2n + 1)(2ν + 1)

2
iν−n−1(±1)s+σ ·

eikA

kA
+ o(

1

kA
), (37)

Thus, the modes with µ ̸= ±1 decay much faster than the
modes with µ = ±1. It can be approximated that a non-zero
translation coefficient C

sn(3)
σµν (kA) only exist for the mode µ =

±1.
The transmission formula (35) is then

wAUT (A, 0, 0, 0) =
vPRB

2

eikA

kA

∑

nν

√
(2n + 1)(2ν + 1)

2
iν−n−1

·(TP
2,1,n +TPRB

1,1,n )(RAUT
2,1,ν +RAUT

1,1,ν +RAUT
1,−1,ν −RAUT

2,−1,ν) (38)

where the relations RPRB
2,1,ν = −RPRB

2,−1,ν and RPRB
1,1,ν = RPRB

1,−1,ν

for an x-polarized probe have been used.

The far-field pattern function K⃗smn(θ, ϕ) is defined as [9]

K⃗smn(θ, ϕ) = lim
kr→∞

[
√

4π
kr

eikr
F⃗ (3)

smn(r, θ, ϕ)]. (39)

Once the transmission formula is determined, the relations
between the transmission formula and the gain of the probe
and AUT are established. The far field pattern K⃗PRB(0, ϕ) in
the probe coordinate system in the direction of AUT can be
given by

K⃗PRB(θ = 0, ϕ) =
∑

smn=
s,±1,n

TPRB
smn K⃗smn(0, ϕ) (40)

= −
∑

n

(−i)n
√

2n + 1[TPRB
2,1,n + TPRB

1,1,n ]x̂

The far field pattern of the AUT in the direction of the probe
can be determined from

K⃗AUT (θ′ = π, ϕ′) =
∑

σµν=
s,±1,ν

TAUT
σµν K⃗σµν(θ′ = 0, ϕ′) (41)

=
∑

ν

iν
√

2ν + 1

2
[RAUT

1,−1,ν + RAUT
1,1,ν + RAUT

2,1,ν − RAUT
2,−1,ν ]x̂

−iν+1

√
2ν + 1

2
[RAUT

1,1,ν − RAUT
1,−1,ν + RAUT

2,−1,ν + RAUT
2,1,ν ]ŷ,

where the transmission coefficient TAUT
σµν is transformed to the

receiving coefficient RAUT
σµν by using the reciprocity relation

TAUT
σ,−µ,ν = (−1)µRAUT

σµν . (42)

Hence, the transmission formula (38) can be rewritten in
terms of K⃗PRB and K⃗AUT as

wAUT (A, 0, 0, 0) =
vPRB

2

ieikA

kA
{K⃗PRB(θ = 0, ϕ) · x̂}

·{K⃗AUT (θ′ = π, ϕ′) · x̂}, (43)

and introducing the gain of the probe, GPRB , and the partial
gain of the AUT along x̂ direction, GAUT

x , which are

GPRB =
1

1 − |ΓPRB |2 |K⃗PRB(θ = 0, ϕ) · x̂|2 (44)

GAUT
x =

1

1 − |ΓAUT |2 |K⃗AUT (θ′ = π, ϕ′) · x̂|2, (45)

Combining (43) to (45) gives

|wAUT |2
|vPRB |2 = (1−|ΓPRB |2)(1−|ΓAUT |2)GPRBGAUT

x

4(kA)2
. (46)

On the other hand, we have

|ST
12|2 =

|wAUT |2
|vPRB |2 (47)

Hence, the gain product of the probe and AUT becomes

GPRBGAUT
x =

4(kA)2|ST
12|2

(1 − |ΓPRB |2)(1 − |ΓAUT |2) . (48)



Since the characteristics of the probe, GPRB and SPRB
11 , are

assumed known to us from a separate probe calibration, GAUT
x

can be extracted.
The equation (48) is the key relation that is used in this

cable-free gain measurement technique. In order to determine
the total gain for the AUT, two gain measurements are required
for two orthogonal orientations of the probe.

In summary, the steps for the determination of the AUT
gain can be as follows.

• First, three measurements of the reflection coefficients of
the probe are performed, when the AUT is loaded in turn
by a short, open, and a known impedance.

• Second, the reflection coefficients of the loads connected
to the AUT are measured, which are the short, open, and
impedance.

• Third, the parameters |ST
11|, |ST

22|, and |ST
12|2 can be

extracted from the equations (31) and (32). Then the
partial gain along x̂, GAUT

x , is determined using (48).
• Fourth, since |ST

11| and |ST
22| have been determined from

the previous step, only one more measurement is enough
to determine another partial gain in the orthogonal direc-
tion that is GAUT

y . The reflection coefficients of the probe
is measured when the AUT is loaded by any one of the
short, the open, and the known impedance.

• Fifth, the total gain of the AUT is determined by adding
GAUT

x and GAUT
y . Hence, four measurements are re-

quired in total to determine the total AUT gain in one
direction.

IV. SIMULATION RESULTS AND DISCUSSIONS

Two simulation examples of the proposed cable-free mea-
surement technique are presented in this section, which are
obtained by the commercial software package Ansoft HFSS
[11]. A half-wavelength dipole and an electrically small loop
antenna are used as the AUT, respectively. In both of these two
simulations, the probe is modeled by a half-wavelength dipole.
It is noted that the multiple scattering between the probe and
AUT is included in the numerical simulations.

A. Half-Wavelength Dipole

Two identical half-wavelength dipoles are simulated as
the probe and AUT, respectively. The length of the half-
wavelength dipole is 152 mm and the diameter is 2 mm, which
is designed to be resonant around 910 MHz. The material
of the dipole is copper. The procedures of this simulation
are given as follows. First, the half-wavelength dipole itself
(AUT) is simulated in free space by using a lumped-port
excitation and no feeding cable is present in the simulation.
From this step, the input impedance and gain of the AUT are
obtained directly and represent the reference results, which
will be compared to the extracted impedance and gain by the
proposed cable-free technique. Second, the measurement setup
for the proposed cable-free measurement method is simulated,
as shown in Fig. 5. The separation between the two dipoles
is 2 wavelengths at 910 MHz. The probe is excited by using
the lumped-port excitation, and the input reflection coefficient

of the probe is recorded, when the AUT is loaded in turn by
an open, short, and 50 ohm impedance, respectively. Third, in
order to investigate the noise influence in a real measurement
environment, a random noise at -60 dB level is added to the
measured reflection coefficient of the probe ST ′

11 , which is
denoted by ST ′

11,noise and is given by

ST ′
11,noise = ST ′

11 + {max1,2,3|ST ′
11 |} · 10NLdB/20αejβ , (49)

where NLdB is the noise level, α is a random real-valued
number between 0 and 1, and β is a random real-valued
number between 0 and 2π. It is noted that a new set of random
noise is created for every simulated measurement.

Then the antenna reflection coefficient, input impedance and
gain product of two half-wavelength dipoles can be extracted
from the three simulation sets of ST ′

11 , by solving equations
(28), (31), (32) and (48). Since two identical antennas are
used, the gain for each half-wavelength dipole is determined
by taking the square root of (48). It is noted that a smoothing
function is then used on the extracted antenna reflection
coefficient, impedance, and gain to remove the random noise
influence, which uses a sliding average over samples within
a rectangular window. Fig. 6 compares the reference and

Fig. 5. The configuration of the measurement setup used in HFSS simulation,
for the cable-free impedance and gain extraction.

Fig. 6. Comparison of the dipole impedance versus frequency by using the
cable-free technique (with and without smoothing) and by using the direct
simulation in free space.

extracted antenna input impedances versus frequency. A good
agreement can be observed. Fig. 7 presents the reference and
extracted antenna gain versus frequency. The deviation in the
gain is less than 0.05 dB. This example shows that the pro-
posed cable-free technique works well in a real measurement
environment with the noise accounted for. The accurate input



Fig. 7. Comparison of the dipole gain (at θ = 90o) versus Frequency by
using the cable-free technique (with and without smoothing) and by using the
direct simulation in free space.

impedance and gain can be obtained. It is noted that the
dynamic range of a modern VNA can well exceed 60 dB which
is the value used in the above simulations, and the values larger
than 100 dB can also be easily obtained.

B. Electrically Small Loop Antenna

The simulation results of the proposed cable-free measure-
ment technique is presented for an electrically small loop
antenna, illustrated in Fig. 8, that is resonant at 910 MHz. It is
a self-resonant balanced electrically small loop antenna using
a distributed capacitive loading element [12]. The working
mechanism is based on the capacitive loading and inductive
coupling between the two small loops. It is printed on the
Rogers 5870 substrate with a thickness of 1.5 mm. The
dielectric constant of the substrate is 2.33 and the loss tangent
is 0.0012. The overall dimensions of the antenna are 35 x 10
mm2, and the electrical size of the loop is ka = 0.33, where k
is the wave number and a is the radius of the minimum sphere
enclosing the antenna. The configuration of the measurement

Fig. 8. The AUT: an electrically small loop antenna designed at 910 MHz
(not scaled).

setup used in the HFSS simulation is presented in Fig. 9.
Again, the half-wavelength dipole is used as the probe and the
small loop antenna is modeled as the AUT. The simulation
procedures and the noise model are similar to the previous
example.

Fig. 10 presents the comparison of the reference and
extracted antenna input impedances versus frequency. The
reference and extracted antenna gains versus frequency is

Fig. 9. The configuration of the measurement setup used in HFSS simulation,
for the cable-free impedance and gain extraction (not scaled).

Fig. 10. Comparison of the loop impedance versus frequency by using the
cable-free technique (with and without smoothing) and by using the direct
simulation in free space.

presented in Fig. 11. The deviation in the loop gain is less
than 0.05 dB.

V. MEASUREMENT RESULTS AND DISCUSSIONS

The measurement results by the proposed method are pre-
sented in this section. In order to verify the proposed method,
an electrically small loop antenna that is resonant around 910
MHz is tested as the AUT, and a commercial available standard
gain horn antenna is used as the probe for this measurement,
as illustrated in shown in Fig. 12. In this measurement, the
frequency range is selected to be 900 MHz - 925 MHz. The

Fig. 11. Comparison of the loop gain (at θ = 90o) versus frequency by
using the cable-free technique (with and without smoothing) and by using the
direct simulation in free space.



Fig. 12. The setup of the cable-free measurement technique, for the probe
and the small loop antenna.

Fig. 13. The ultra small connectors and loads for the electrically small loop
antenna.

following settings in the VNA are performed to ensure a
sufficient dynamic range and accuracy. The number of points
used in this frequency range is selected be to 201 points. The
power level is set to the maximum value of the VNA that is
+10 dBm. A narrow IF bandwidth is desired which is set to 30
Hz in this measurement. As shown in Fig. 12, the measurement
is performed in a partial anechoic environment. The absorbers
are placed on the ground floor and around the ESA, but not on
the ceiling and walls. Different from the normal size antennas
such as horn antennas, the ultra small connectors and loads
are desired for electrically small antennas. The dimensions
of the connectors and loads are required to be much smaller
than that of the antennas to avoid the extra scattering effects.
Several ultra small connectors and loads which are used in

Fig. 14. The measured reflection coefficient of the probe, when the AUT is
connected to a short, open, and 50 ohm load, respectively.
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Fig. 15. Comparison of the measured antenna input impedances versus
frequency.

Fig. 16. Comparison of the measured antenna gain versus frequency by
different techniques.

the measurements are illustrated in Fig. 13. The measured
reflection coefficients of the probe are shown in Fig. 14, when
the AUT is connected to a short, open, and 50 ohm load,
respectively. It is noted that although the differences among
these three curves are very small, the properties of the AUT
can still be extracted as presented below. In this measurement,
the distance between the probe and the AUT is 5.1 wavelengths
at 900 MHz.

The measured impedance for the small loop antenna is
shown in Fig. 15. A comparison of the results obtained from
the cable-free measurement, with and without smoothing, and
the direct VNA measurement are presented. In the direct VNA
measurement, a balun is used in front of the loop antenna to
avoid the leaking current on the cable. From Fig. 15 it is
seen that the frequency variation of the extracted impedance
is in good agreement with the reference impedance, but while
the level of the extracted resistance agrees well with the
reference resistance there is a maximum offset of 15 Ω for
the reactance. The measured gain of the small loop antenna
by using the proposed cable-free technique, the spherical
nearfield facility, and the Wheeler cap technique are presented
in Fig. 16, together with the simulated gain predicting by
HFSS. Comparisons of the measured antenna gain for the
small loop at the resonance frequency by different techniques
show that the maximum deviation is 1.05 dB. It is noted that
the spherical near-field measurement as well as the Wheeler



cap measurement are carried out with a feeding cable and
a balun connected to the AUT, and thus these measurement
results may be influenced by the scattering effects of the
cable and balun. The HFSS simulation accounts for both the
finite conductivity and dielectric losses. On the other hand, the
cable-free measurement may be influenced by the structural
scattering of the support structure and environment, since it
is only partial anechoic. These may be the reasons for the
observed differences in gain.

VI. CONCLUSION

In this paper, an electromagnetic model of a cable-free
impedance and gain measurement technique for ESAs is
proposed by using the SWE technique, which is valid for an
arbitrary AUT at arbitrary distances between the probe and
AUT. The probe and AUT are modeled by the SWE and
the measurement setup is modeled by the cascade of three
coupled multiple-port networks of the SWE. The structural
scattering and the multiple reflections between the probe and
AUT are included in the model. Disregarding the negligible
high-order multiple reflections as the measurement distance
becomes electrically large, a simplified model is established
that serve as the basis for the practical technique.

Two simulation examples of the proposed measurement
technique for a half wavelength dipole and an electrically small
loop antenna are presented. The noise in the measurement
environments is also taken into account in the simulations.
The simulated antenna impedance and gain by using the
cable-free technique compares well to the simulation results
obtained from a direct HFSS simulation in free space. These
results show that the proposed measurement technique works
well for the ESA measurements. Moreover, the experimental
measurement results for an electrically small loop antenna
are also obtained and compared to results from other exper-
imental techniques and from simulations. The comparison of
the antenna measurement techniques, with and without the
feeding cable, show that there is the scattering effects from the
cable in both the reflection coefficient measurement and gain
measurement. The leaking current and the scattering effects
due to the feeding cable constitutes a significant challenge for
ESA measurements. The cable-free measurement technique
proposed and implemented here overcome these challenges.
Future work will be focused on the cable-free measurement at
a near field distance between the probe and AUT.
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Abstract—Two novel self-resonant electrically small antennas
are proposed in this paper, which are designed for hearing-
aids applications. They are miniaturized by using the capacitive
and inductive coupling mechanism between two loops, and the
antenna impedance can be matched to a specific value without
using any additional matching network and lumped components.
The dimension of the proposed antenna is 0.10λ0×0.03λ0, and it
is designed to be resonant at 900 MHz. Both the analytical model
and numerical simulations are discussed and explained. The
antenna is also fabricated and measured in an anechoic chamber.
The measurement methods for electrically small antennas are
reported.

I. INTRODUCTION

Hearing-aids already constitute an advanced technology,
and wireless communication integrated in hearing-aids will
open for a range of completely new functionalities. For this
application, there are several requirements that should be
satisfied as follows. First, since the power that can be provided
by hearing-aids battery is in the µW range, low frequency
would be preferred, and thus in this paper the antenna is
designed at 900 MHz. Second, the communication distance
from hearing-aids to external devices is set to 10 meters and
the according link budget must be fulfilled. Third, the demand
for compact systems with stringent specifications makes the
antenna size reduction a significant challenge. Therefore an-
tenna miniaturization should be one of the key technologies in
designing successful wireless hearing-aids. Hence, the above
requirements lead us to the area of compact antenna designs
for ultra low power and short range wireless communications.
This paper aims at designing the miniaturized antennas for
hearing-aids application at 900 MHz, by designing the self-
resonant small loop antennas, in which the antennas are not
only geometrically small but also electrically small.

Electrically small loop antennas are popularly used in
short range wireless communications. However, the small loop
antenna itself is inefficient and badly matched, and additional
matching network is required to make the antenna resonant,
in which lumped components may be included. The tolerance
and aging of lumped components can result in the change
of antenna properties. Recently, a metamaterial-inspired small
loop antenna was proposed in [1], where a small loop is
covered by a simple mu-negative (MNG) shell.

In this paper, a differential-fed self-resonant electrically
small loop antenna is proposed and developed, and the geome-
try and design variables of this antenna are illustrated in Fig. 1.

The working mechanism is based on the coupling between
two loops. In this antenna, there are two loops, the small one
and the large one, which are connected together and shown in
Fig. 1 in different colors. The large loop is effectively closed
by the capacitive loading formed by two closely spaced wires.
The small loop is covered by the large loop and is excited
by a differential feed. The antenna impedance is matched
to 50 ohm without any additional matching network and
lumped components. The analytical model will be explained
in Section. II.

Moreover, if the dimension of two loops are comparable as
illustrated in Fig. 2, the antenna represents a single split ring
component. The same analytical model can still be applied by
considering the capacitive coupling together with the inductive
coupling between loops, and thus by proper tuning an ultra
small split ring itself can behave as a small resonant antenna,
the radiation efficiency of which can be improved.

Fig. 1. Geometry of design variables of the self-resonant electrically small
loop antenna. (Antenna design 1 for 900 MHz, the dimension is 35mm ×
10mm × 1.5mm)

Fig. 2. Geometry of design variables of the self-resonant electrically small
split ring antenna. (Antenna design 2 for 900 MHz, the dimension is
36.6mm × 11.6mm × 1.5mm)



II. ANTENNA DESIGN AND ANALYSIS

The antenna working mechanism and the physical model
will be explained in this section. For antenna design 1 which
is presented in Fig. 1, the antenna system is fed on the small
loop. The large loop is coupled to the small loop by the
magnetic flux linkage, and the magnetic flux due to the large
loop can be approximated by the flux due to two infinitely
long wires that carry currents with equal amplitudes and
opposite directions. The antenna impedance can be matched to
a specific value without using any additional matching network
and lumped components by tuning the antenna as follows.
First, the imaginary part of the antenna impedance can be
tuned to zero since the inductance is compensated by the
capacitance involved in the large loop. Second, the real part
of the antenna impedance, resistance, can be matched to 50
ohm by tuning the dimension of the small loop.

Fig. 3. Analytical Model of Self-Resonant Electrically Small Loop Antenna.

The two loops contained in the antenna can be located on
the same layer or opposite layers depending on the specific
designs. On the same layer, the small loop can also be placed
inside and outside of the large loop, as shown in Fig. 4-5.
The mutual inductance is quite different in these two cases,
which plays an import role in impedance matching, and the
analytical formulas will be derived to illustrate the design
rules. Additionally, the antenna shape also has its influence.
The hearing-aids application requires the shape of the large
loop to be rectangular. While for the small loop, the influence
of the shape on impedance matching will be analyzed in the
following subsections, which are the rectangular and circular
shape respectively .

The analytical model used to explain the working mech-
anism is illustrated in Fig. 3, and the details of the antenna
configuration are presented in Fig. 4-5. The dimension of small
loop is L1 and W1, and those of the large loop are L2 and
W2. The smallest distance between the two loops is d. The
antenna system is fed on the small loop. Rloop1 and Lloop1 are
the resistance and inductance of the small loop, and Rloop2

and Lloop2 are the resistance and inductance of the large loop
respectively. Rloop2 can be further expressed to be the sum of
antenna radiation resistance Rrad and ohmic loss resistance
Rloss, that is Rloop2 = Rrad + Rloss. C is the capacitive
loading existing in the large loop. Ccouple and M are the
mutual capacitance and mutual inductance between two loops.
Ccouple can be influenced by the relative size of two loops.
For the antenna design shown in Fig.1, the size of small loop
is much less than the large loop, and therefore Ccouple can
be approximated to be negligibly small and only the mutual

inductance M contributes to the working mechanism. While
for the antenna design 2, illustrated in Fig. 2, the size of the
small loop is comparable to the large loop, and both the mutual
capacitance Ccouple and mutual inductance M must be taken
into account.

In the circuit model illustrated in Fig. 3, the resistance and
reactance of the antenna input impedance Zant of the antenna
can be determined from

Rant = Rloop1 + (ωM)2
Rloop2

R2
loop2 + (ωLloop2 − 1

ωC )2
(1)

Xant = jωLloop1 − j
(ωM)2(ωLloop2 − 1

ωC )

R2
loop2 + (ωLloop2 − 1

ωC )2
. (2)

Near the resonance condition where ωLloop2 = 1
ωC , the

resistance and reactance becomes

Rant = Rloop1 + (ωM)2
1

Rloop2
(3)

Xant = jωLloop1 ≃ 0 (4)

A. Mutual Inductance and Antenna Resistance when the Small
Loop is Rectangular

Fig. 4. Rectangular Small Loop Feeding (Small Loop is Outside).

Fig. 5. Rectangular Small Loop Feeding (Small Loop is Inside).

The small rectangular loop can be placed inside or outside
the large loop. For the case where the small loop is located
outside the large one, as shown in Fig. 4, the magnetic flux
due to the big loop is approximated by that due to two
infinitely long wires that carry currents with equal amplitudes
and opposite directions. Hence the magnetic flux due to two
infinitely long wires are opposite, and the mutual inductance
M can be determined from



M =
µ0

2π
L1ln

(W2 + d)(W1 + d)

d(W1 + W2 + d)
, (5)

and the antenna input resistance Rant at resonance is

Rant =
1

Rloop2
{2πf

µ0

2π
L1ln

(W1 + d)(W2 + d)

d(W1 + W2 + d)
}2 (6)

When the small loop is placed inside the large one, as shown
in Fig. 5, again the magnetic flux due to the big loop can be
approximated by that due to two infinitely long wires that carry
currents with equal amplitudes and opposite directions. But the
small loop is in between these two wires, the magnetic flux
contributions from two infinitely long wires are the same, and
thus the mutual inductance is much stronger than that when
the small loop is placed outside. The mutual inductance can
be determined from

M =
µ0

2π
L1ln

(W1 + d)(W2 − d)

d(W2 − W1 − d)
, (7)

and the antenna input resistance at resonance is

Rant =
1

Rloop2
{2πf

µ0

2π
L1ln

(W1 + d)(W2 − d)

d(W2 − W1 − d)
}2 (8)

B. Mutual Inductance and Antenna Resistance when the Small
Loop is Circular

As shown in Fig. 6-7, the small circular loop can be placed
inside and outside the large loop. The dimension of the large
loop are L2 and W2, and the small loop radius is r. The
distance between the two loops is d. Again the magnetic flux
due to the big loop can be approximated by that due to two
infinitely long wires that carry currents with equal amplitudes
and opposite directions. When the small loop is outside the
large one, the mutual inductance can be determined from

M = µ0[
√

(W2 + d + 2r)(W2 + d)

−
√

(d + 2r)d − W2] (9)

and the antenna input resistance at resonance is

Rant =
1

Rloop2
{2πfµ0[

√
(W2 + d + 2r)(W2 + d) −

√
(d + 2r)d − W2]}2 (10)

When the small loop is inside the large one, the mutual
inductance can be determined from

M = µ0{W2 −
√

(d + 2r)d −√
(W2 − d)(W2 − 2r − d)}. (11)

and the antenna input resistance at resonance is

Rant =
1

Rloop2
{2πfµ0[W2 −

√
(d + 2r)d − (12)

√
(W2 − d)(W2 − 2r − d)]}2 (13)

Fig. 6. Circular Small Loop Feeding (Small Loop is Inside).

Fig. 7. Circular Small Loop Feeding (Small Loop is Outside).

C. Model Extension to Self-Resonant Split Ring Antennas

The split ring antenna has been recently used in antenna
miniaturizations, in which it behaves as the ultra electrically
small antenna. However, it has to be excited by an extra small
dipole or loop element that contributes to the loss mechanism.
In this paper, it was shown by applying this model and
tuning properly, a split ring itself can behave as the small
resonant antenna, as shown in Fig. 8-9. Therefore the radiation
efficiency can be improved.

Fig. 8. Self Resonant Split Ring Antenna.

Fig. 9. Self Resonant Split Ring Antenna at 900 MHz.

In our previous analysis, the capacitance between two loops
is viewed to be negligibly small, and only the magnetic
coupling is considered. While for this self resonance split
ring antenna design, both the capacitive and magnetic coupling
should be taken into account in the antenna tuning. A design
example will be shown in Section. III.



TABLE I
DIMENSION OF SELF RESONANT ELECTRICALLY SMALL ANTENNA DESIGNS (FREQUENCY: AROUND 900MHZ).

Antenna Dimension Resonance Bandwidth Bandwidth Efficiency Directivity Gain
Frequency @-10 dB @-15 dB % [dBi] [dBi]

Design1 Length = 35mm = 0.105λ0

Electrically Small Width = 10mm = 0.03λ0 906 3.3 MHz 1.75 MHz 17% 1.74 dBi -5.9
Loop Antenna LoopLength = 4.5mm, LoopWidth = 1.5mm MHz

W = 1mm, d = 1.8mm
Substrate: Rogers 5870 (thickness=1.5mm)

Design2 Lloop2 = 36.6mm = 0.109λ0

Electrically Small Wloop2 = 11.6mm = 0.03λ0 903.2 MHZ 4.5 MHz 2.5MHz 35 % 1.64 dBi -2.89dBi
Split Ring Antenna d1 = d2 = d3 = d4 = d5 = 0.2mm

L = 6.2mm, W = 0.6mm
L1 = 4.6mm,L2 = L3 = 0.6mm

Substrate: Rogers 6002 (thickness=1.5mm)

III. ANTENNA DESIGNS AND SIMULATIONS

Two electrically small antennas will be presented in this
section, based on the designs of Fig. 1-2.

A. Self Resonant Electrically Small Loop Antenna 1

For our application, we are aiming at designing antennas
around 900 MHz. The dimension of the big loop is fixed to
be 35mm × 10mm from which the resistance and inductance
of the large loop can be determined first, which are Rloop2 and
Lloop2. Then by using equation (8) in the circuit model, the
dimension of small loop can be calculated accordingly. Based
on this starting point, the antenna is designed and simulated
using the commercial software package HFSS [2]. The antenna
dimensions are illustrated in Tab. I. The simulated resonance
frequency is 906 MHz, and the bandwidth at -10 dB is 3.3
MHz. The radiation efficiency is found to be 17 %. The
antenna reflection coefficient and antenna input impedance are
given in Fig. 10-11.
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Fig. 10. Antenna Reflection Coeffi-
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Fig. 11. Antenna Input Impedance.

B. Self Resonant Electrically Small Loop Antenna 2

The geometry and design variables of the self-resonant
electrically small split ring antenna is illustrated in Fig. 12
and its dimension are given in Tab.1. The simulated resonance
frequency is 903.2 MHz, and the bandwidth at -10 dB is
4.5 MHz. The radiation efficiency is found to be 35 %. The
antenna reflection coefficient and antenna input impedance are
given in Fig. 13-14.

Fig. 12. Geometry of design variables of the self-resonant electrically small
split ring antenna.
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IV. MEASUREMENT RESULTS

The small loop antenna from design 1 was fabricated on a
piece of dielectric substrate, Rogers 5870, with the dielectric
constant 2.33 and loss tangent 0.0012. The overall antenna
dimension is 35mm × 10mm × 1.5mm, and the electrical
size of the antenna length is ka = 0.33, which is shown in
Fig. 15.

The S11 parameter was measured first by using the network
analyzer HP 8753 with an absorber placed in front of the
antenna, and a tunable quarter-wave sleeve balun is added



to avoid the leak current along the cable. The sleeve balun
used in our measurement is illustrated in Fig. 16, and since
an ordinary balun is a narrow band device, a tunable balun is
designed, which allows us to choose the optimal parameters
for the balun. First, in order to suppress the leaking current
efficiently, the diameter of the sleeve balun should be fairly
large compared to that of the coaxial cable [3]. Based on
HFSS simulation results, a diameter of 11 mm is chosen.
Second, due to the fringing field effect, a gap is suggested
between the antenna and the open end of balun. Moreover,
a conductive glue is necessary to provide a perfect shorting
wall. Then the simulated and measured S11 of this small
loop antenna are compared in Fig. 17. While the simulated
resonance frequency is 906 MHz, the measured resonance
frequency is 911 MHz, and the deviation is 5 MHz, that is
0.6 %. The simulated and measured -10dB bandwidth are 3.3
MHz and 4.9 MHz respectively, and the difference is thus
1.6 MHz. The difference in resonance frequency is due to the
sensitivity in the capacitance loading in the large loop as well
as the fabrication accuracy.

Fig. 15. The fabricated electrically
small loop antenna, operated at 906
MHz

Fig. 16. Illustration of the sleeve
balun and the conductive glue.
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Fig. 17. The simulated and measured S11 values for electrically small loop
antenna, which is designed to operate at 906 MHz.

The radiation efficiency measurement is of a great chal-
lenge. The small antenna is a balanced device, and using
unbalanced coaxial feed line to feed antenna can results in the
leak current along the cable, which gives significant change
in radiation efficiency. For this measurement, the antenna is
measured using two different methods, and in both of them
the quarter-wave balun should be added. First, the antenna
is measured by using the Wheeler’s Cap method, and the
radiation efficiency is found to be 21 %, which is reasonably

Fig. 18. The simulated and measured directivity versus theta for electrically
small loop antenna, which is designed to operate at 906 MHz.

close to the simulated efficiency 17 %. The gain is acceptable
for the antenna of such small dimension. The difference in
efficiency can be explained that the loss in dielectric material
may be not exactly the same as the value in simulations.
Second, the antenna was also measured in the DTU-ESA
Spherical Near Field Antenna Test Facility. The simulated
and measured directivity versus theta scan are compared, and
a good agreement can be found when the balun is used, as
shown in Fig. 18. The efficiency of the antenna was measured
by using the substitution method, and found to be 20 %, which
agrees very well with the measured result in the Wheeler’s cap.

V. CONCLUSIONS

In this paper, two differential-fed self-resonant electrically
small loop antennas are proposed. They are miniaturized by
using the coupling mechanism between two loops, without
using additional matching circuit and lumped components.
An analytical model is also proposed to explain the working
mechanism and illustrate the design rules. Moreover, one of
two antenna designs is simulated, fabricated, and measured.
The dimension of this antenna is ka = 0.33, and the measured
radiation efficiency is 21 %. The simulated and measured
radiation pattern are also compared and presented, and a good
agreement is found.

ACKNOWLEDGMENT

Dr. S. Pivnenko is acknowledged for doing the antenna
measurement in Anechoic Chamber.

REFERENCES

[1] Erentok, A. and R. W. Ziolkowski, ”Metamaterial-inspired efficient elec-
trically small antennas,” IEEE Trans. Antennas Propag., vol. 56, pp. 692-
706, March 2008.

[2] http://www.ansoft.com/
[3] C. Icheln, M. Popov, P. Vainikainen, and S. He, ”Optimal reduction Of

the influence of RF feed cables in small antenna measurements,” Microw
Opt. Technol. Lett., 2000, 25, (3), pp. 194-196.



150



Paper III
Characterization of Small Antennas for Hearing-Aids

by Several Measurement Techniques
S. Pivnenko, J. Zhang, A. Khatun, T. Laitinen and J. Carlsson

Proceedings of the Fourth European Conference on Antennas and
Propagation (EuCAP 2010)

Presented in Barcelona, Spain, April 2010.

151



152



Characterization of Small Antennas for Hearing
Aids by Several Measurement Techniques

S. Pivnenko∗, J. Zhang∗, A. Khatun†, T. Laitinen†, and J. Carlsson‡
∗Department of Electrical Engineering, Technical University of Denmark

Oersteds Plads, bldg. 348, DK-2800 Kgs. Lyngby, Denmark
jz@elektro.dtu.dk, sp@elektro.dtu.dk

†Aalto University School of Science and Technology, Department of Radio Science and Engineering, SMARAD
P. O. Box 13000, 00076 Aalto, Finland

‡Department of Signals and Systems, Chalmers University of Technology
Chalmersplatsen 1, Gothenburg, Sweden

Abstract—Characteristics of electrically small loop antennas
were measured by different techniques and the results were
compared in-between. The techniques employed were: a single-
probe spherical near-field technique, a multi-probe spherical
near-field technique, a reverberation chamber, and a Wheeler
cap technique. The results were compared with regard to the
measurement accuracy, measurement speed, and applicability
for characterization of small antennas in complex application
environment.

I. INTRODUCTION

Within the project ”Antenna miniaturization in complex
environments” carried out at the Technical University of
Denmark (DTU), several small antennas were developed for
the purpose of wireless communication with hearing aids [1],
[2]. Due to application constraints, the developed miniature
antennas are geometrically very small, with typical dimensions
of 1 × 1 cm2 or 1 × 4 cm2. At the operation frequency of
900 MHz or 400 MHz it implies that these antennas are also
electrically very small, from 1/10 to 1/30 of a wavelength. It
is also worth noting that in the case of small antennas the
influence of the complex environment, e.g. hearing aid and a
person’s head, on the antenna performance is very significant.

Accurate experimental characterization of small antennas,
either alone or in a complex environment, requires reviewing
the existing measurement techniques for their applicability
for the purpose. In some cases new measurement techniques
should be developed and the need for these is justified by
the following reasons. First, since the antennas are electrically
small, the measurement results will strongly be influenced by
the feed cable as well as the mechanical support equipment
used during the measurement. Second, since the antennas will
eventually operate in a complex environment, it is necessary
that a model of the environment is also included in the
measurements.

Through cooperation between three Nordic universities
within the project ”Efficient and accurate characterization tech-
niques for small antennas” [3], the measurements of typical
characteristics of different small antennas were carried out by
various techniques. In this paper, the characteristics of electri-
cally small loop antennas obtained by different measurement

techniques are presented and compared with regard to the
measurement speed, the accuracy of the obtained data and
overall applicability for measurement of miniaturized antennas
in a complex environment.

II. ANTENNA UNDER TEST

A. Miniature Loop Antenna

The miniature, self-resonant, capacitively loaded loop an-
tennas were designed to operate around 400 MHz and around
900 MHz [2]. The loop and the capacitor strips were printed
on 1.5 mm thick Rogers 5870 substrate with ε = 2.33 and
tan δ = 0.0012. The parameters of the capacitor and the feed
part were optimized with the HFSS software. An example of
the loop antenna for operation at 900 MHz is shown in Fig. 1.

Fig. 1. Capacitively loaded printed loop antenna for hearing aids application.

B. Tunable Balun

It was discovered soon after obtaining first measurement
results that simple feeding of this almost symmetric antenna
with a bare coaxial cable produced clearly wrong results. For
example, not only the measured radiation pattern was strongly
asymmetric, but also the measured radiation efficiency was
strongly overestimated, for some techniques by as much as
3 times, as it will be shown below. It was clear that due
to asymmetric feeding the leak currents on the feed cable
can be very strong and contribute significantly to the antenna
radiation.

Therefore, it was decided to apply a standard solution to
this problem that is use a sleeve balun. However, in order to
have the flexibility of adjusting the balun characteristics, it was



decided to manufacture a tunable balun with the possibility to
change and optimize its length and the gap between the open
end of the balun and the antenna. The details of the used
tunable balun are shown in Fig. 2.

Fig. 2. Details of the tunable balun for 900 MHz.

III. MEASUREMENT TECHNIQUES

A. Spherical Near-Field (SNF) Technique at DTU

The loop antenna radiation pattern and efficiency were mea-
sured by traditional spherical near-field technique at the DTU-
ESA Spherical Near-Field Antenna Test Facility located at
the Technical University of Denmark (DTU) [4]. The antenna
under test (AUT) was rotated by a roll-over azimuth positioner
and the full-sphere near-field signal was measured on a regular
grid by a dual-polarized probe. The measured signal was then
transformed to the far-field using the spherical wave expansion
and properly correcting for the probe characteristics. The loop
antenna attached to the antenna tower at the DTU-ESA Facility
is shown in Fig. 3.

Fig. 3. The loop antenna attached to the antenna tower at the DTU-ESA
Facility.

It should be noted that for electrically small antennas,
having dimensions less then 0.5 wavelength, a series of
simplifications of the spherical near-field technique can be
made.

First, since the far field region starts already some 1-2
wavelengths away from the AUT, probe pattern correction
can be omitted as the probe is typically located at a distance
of several meters from the AUT, e.g. at 6 m distance at the
DTU-ESA Facility. Also, probe polarization calibration can be
omitted, if the probes are good linearly polarized, e.g. at the
DTU-ESA Facility probes have typically better than 40 dB
polarization axial ratio. The only probe calibration to be done
is the probe channel balance measurement, which takes only
some 2 min.

Second, precise mechanical alignment of the measurement
setup, typically taking few hours, can be omitted, since in the
case of far-field measurement of small antennas located close
to the center of rotation small mechanical errors have truly
negligible effect.

Third, the angular sampling intervals can be chosen rather
large, up to 20◦ or 30◦, without degrading the measurement
uncertainty. This results in significant reduction of the scan-
ning time, for example, at the DTU-ESA Facility typical
scanning time for presented small antenna is about 15-20 min
per configuration. It should also be noted that the measurement
time can be further reduced to about 5-10 min, but with some
degradation of the accuracy.

The only time consuming part is the total power calibration
carried out as full-sphere measurement of a Standard Gain
Horn with known radiation efficiency, which takes some 30-
45 min. But since the thermal drift of the measurement system
is very low, less than 0.1 dB in several days, one total power
calibration can be used for many antenna measurements.

As a result, the measurement system can be prepared within
1 hour, including total power calibration, and then used for
accurate measurement of small antennas with typical measure-
ment time being some 20 min per antenna configuration.

B. Rapid Antenna Measurement System at Aalto University

The radiation pattern and efficiency of the loop antenna
were measured at the Aalto University School of Science
and Technology (AALTO) by a Rapid Antenna Measurement
System (RAMS), which uses 32 electronically-switched dual-
polarized probes located at the radius of 1 m on a spherical grid
around AUT [5]. The far field was then also obtained through
the spherical wave expansion, but avoiding the mechanical
rotation allows reducing the measurement time to about 4
min per antenna configuration. The AUT radiation efficiency
was determined by calibrating the measurement system with a
reference dipole and then comparing the total radiated power
for the AUT and for the dipole.

C. Reverberation Chamber at Chalmers

The impedance and efficiency of the loop antenna were
measured in a BlueTest Reverberation Chamber at Chalmers
University of Technology (CTH) [6]- [8]. The AUT radiation
efficiency is determined by calibrating the measurement sys-
tem with a reference discone antenna and then comparing the
total radiated power for the AUT and for the discone antenna.



Typical measurement time in the BlueTest reverberation cham-
ber is about 3-6 min per antenna configuration depending on
the chosen measurement uncertainty. The loop antenna during
the measurements in the reverberation chamber is shown in
Fig. 4.

Fig. 4. The loop antenna during measurement in the reverberation chamber.

D. Wheeler Cap at DTU

The impedance and efficiency of the antennas were also
measured with the Wheeler cap method at DTU. The cylindri-
cal Wheeler cap with inner diameter of 26 cm and the length of
35 cm was manufactured for measurements of small antennas
down to 400 MHz. The AUT radiation efficiency is measured
according to the generalized Wheeler cap method [9], which
allows effectively avoiding cavity resonances. The setup for
Wheeler cap measurements at DTU is shown in Fig. 5.

Fig. 5. The Wheeler cap measurement setup at DTU.

IV. MEASUREMENT RESULTS

A. Application of the Tunable Balun

The measured radiation pattern of the loop antenna with and
without the sleeve balun is shown in Figs. 6-7 together with the
simulated pattern from HFSS. It is clearly seen that improper
feeding leads to a significant distortion of the radiation pattern,
especially in the E-plane, where the error is +4/−9 dB. On the
other hand, application of the properly tuned balun provides
very good results with very small deviations up to angle θ =
140◦, after which the tower shadow gives pattern deviation
within a couple of dB. The tower shadow effect is minimized
by using a 1 m long dielectric tube as the mechanical support
interface, as seen in Fig. 3.

Fig. 6. The measured directivity in the E-plane (φ = 0◦) at DTU, with and
without the tunable balun.

Fig. 7. The measured directivity in the H-plane (φ = 90◦) at DTU, with
and without the tunable balun.

Another illustration of the importance of a balun in the
radiation efficiency measurements is shown in Fig. 8. The
radiation efficiency of the small loop antenna was measured



without the balun for different lengths of the feeding cable.
It is seen from Fig. 8 that the measured values can increase
more than 2 times, as compared to the expected value of about
20%, depending on the relative length of the cable. This effect
is found to be weaker for free-space measurements, where
the cable goes through the absorbers covering the support
structure, and stronger for the measurements in a reverberation
chamber, where the cable goes into the metallic wall. The
latter apparently increases the effect of the leaking current by
working as a reflecting surface and creating a standing wave.
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Fig. 8. Dependence of the simulated and measured radiation efficiency on
the feed cable length without using balun.

It should also be noted that careful tuning of the balun is
also very important, both for the radiation pattern and for the
efficiency measurement. Though it is called a quarter-wave
sleeve balun, it was found that the optimum length of the short-
circuited sleeve (air-filled) should be about 0.2 wavelength,
while the optimum gap between the open end of the sleeve
and the antenna should be between 0.06-0.1 wavelength. It was
noted from numerous experiments that even small deviation
from these optimum parameters, e.g. decreasing or increasing
the gap, results in strong overestimate of the radiation effi-
ciency, in our case up to twice as much. The found optimum
parameters of the balun generally agree with those found in the
literature, but the increased sensitivity to the balun parameter
deviations, to our knowledge, was not reported before.

B. Comparison Between the Techniques

The radiation pattern of the small loop antenna with the
balun measured by SNF technique at DTU and by RAMS at
AALTO are shown in Figs. 9-10. It is seen that the patterns
agree well, though deviation within few dB can be observed
in the E-plane for the RAMS results, which is explained by
the lower accuracy of the RAMS setup.

The measured radiation efficiency by using the Wheeler cap
method at DTU and by using reverberation chamber at CTH
are compared in Fig. 11. It is seen that the results agree quite
well, within the estimated measurement accuracy.

Fig. 9. The measured directivity in the E-plane (φ = 0◦), DTU and AALTO
results.

Fig. 10. The measured directivity in the H-plane (φ = 90◦), DTU and
AALTO results.

Comparison of the measured radiation efficiency of the
small loop antenna at the resonance frequency by different
techniques is shown in Table I. As it was mentioned in section
IV-A, without a balun the measured efficiency values vary a
lot depending on the feed cable length and can exceed the
expected value by a factor of 2 or even 3. With a properly
tuned balun, all techniques show excellent agreement of the
measured efficiency values within their uncertainties.

Regarding the measurement speed, the Wheeler cap method
is the fastest one, the RAMS and the BlueTest reverberation
chamber are a bit slower, but also provide the results within
few minutes, while the SNF technique is rather slow, despite
all the simplifications mentioned in section III-A.

On the other hand, the SNF technique provides high mea-
surement accuracy and allows measuring all the characteris-
tics, while the radiation pattern cannot be measured in the
Wheeler cap and in the reverberation chamber.



TABLE I
COMPARISON OF SMALL ANTENNA RADIATION EFFICIENCY MEASUREMENT BY DIFFERENT TECHNIQUES

Measurements Different techniques for small antenna measurements
Radiation DTU: DTU: AALTO: CTH:
Efficiency SNF Antenna Test Wheeler Cap Rapid Antenna Reverberation

(%) Facility Method Meas. System Chamber
Antenna without a 20% - 25% 21%-27% 20% - 43% 18% - 65%

tunable balun
Antenna with a 20% 20% 20% 24%
tunable balun

Measurement time 20 min 2 min 4 min 3-6 min
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Fig. 11. The measured radiation efficiency by using the Wheeler cap method
at DTU and by using the reverberation chamber at CTH.

The Wheeler cap method also provides good accuracy for
the measured radiation efficiency, but the dimensions of the
AUT are very limited: typically it should be less than about
0.25 wavelength. With this limitation, measurements of the
antenna in the presence of a head phantom cannot be made.
The other three techniques do not have strict limitations on
the size of the AUT and thus measurements of the antenna in
a complex environment is clearly possible, perhaps with some
increase of the measurement time for the SNF technique in
order to maintain high accuracy.

V. CONCLUSIONS

Comparison of the considered antenna measurement tech-
niques has shown that all results are quite close to what has
been obtained with the SNF technique, which is expected
to be the more accurate one. The Wheeler cap method is
very fast, but has limitations on the maximum dimensions
of the device under test. The latter, for example, does not
allow measurements of an antenna in the presence of a head
phantom. The reverberation chamber and the RAMS are both
quite fast, but the first (as well as the Wheeler cap) does not
allow measuring the radiation pattern.

It was also shown that measuring symmetric antennas like
loops or dipoles without proper balun not only results in a
distorted radiation pattern, but also lead to a strong overesti-
mate of the radiation efficiency, which gives very significant
error, for example, if the expected efficiency is less than 50%.
We believe that similar overestimate can happen also for non-
symmetric antennas attached to small communication device
mock-up and fed with a cable, since the leak currents can also
be strong in that case.
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Abstract—Measurement of radiation efficiency for ultra small
antennas represents a great challenge due to influence of the
feeding cable. The Wheeler cap method is often used to measure
the radiation efficiency of small antennas. However, it is well
applicable for antennas on a ground plane, but not for balanced
antennas like loops or dipoles. In this paper, a modified Wheeler
cap method is proposed for the radiation efficiency measurement
of balanced electrically small antennas and a three-port network
model of the Wheeler cap measurement is introduced. The
advantage of the modified method is that it is wideband, thus does
not require any balun, and both the antenna input impedance and
radiation efficiency can be obtained. An electrically small loop
antenna and a wideband dipole were simulated and measured
according to the proposed method and the results of mea-
surements and simulations are presented. The obtained results
are also compared with the results from a spherical near-field
measurements in an anechoic chamber and a good agreement is
observed.

I. INTRODUCTION

In recent years, there has been a strong interest for antenna
miniaturization, since highly miniaturized electrically small
antennas are now being more and more used in short range
wireless communication applications, such as in body sensors,
hearing-aids, and RFIDs. These miniaturized antennas are not
only geometrically small, but also electrically small, and they
can be used without or with ground plane, that is being bal-
anced or unbalanced, and also can be symmetric or asymmet-
ric. For small antennas, there are several important parameters
that characterize their performance: input impedance, radiation
efficiency, and radiation pattern. In particular, the radiation
efficiency, which is defined as the ratio of the radiated power
to the accepted power, is of great importance in the calculation
of the communication link budget.

The radiation efficiency measurement of electrically small
balanced antennas represents a great challenge for several
reasons. First, the feeding coaxial cable has a significant
influence on the measured radiation efficiency for balanced
antennas due to leak current and due to scattering from the
cable. Although a balun can be used to avoid the leak current,
it is typically a narrow-band device and thus several baluns
should normally be made to be applied at different frequencies.
Second, for electrically small antennas the radiation efficiency
can be rather low. Hence the measurement facility should be
accurate enough to provide a reasonable accuracy for low

efficiency antennas. Third, the antenna under test can be
symmetric or asymmetric, and thus the radiation efficiency
evaluated from measurement of half of the antenna over a
large ground plane is not always a valid approach. There is
thus a need for a measurement technique overcoming these
challenges.

For small antenna measurements, the Wheeler cap method
is a well known and widely used method for measurement
of radiation efficiency. However, it is only well applicable for
small antennas on a ground plane. In this paper, we propose
a modification of the Wheeler cap method aiming at radiation
efficiency measurements for balanced small antennas, which
can be symmetric or asymmetric. A new three-port network
model of the Wheeler cap measurement is proposed. In order
to confirm the validity of the proposed modified Wheeler cap
method, an electrically small loop antenna and a wideband
dipole were simulated and measured using this method and
the results compared in-between and to the measurements of
the antennas with a balun in an anechoic chamber.

II. THREE-PORT MODEL OF THE WHEELER CAP METHOD

The original Wheeler cap method [1] was further developed
in [2], [3], in which a two-port network model is proposed by
assuming that the antenna is operated in a single mode, and
the two ports are defined as the antenna input terminal and
the transition between the antenna and free space, respectively.
Two measurements are involved in this method, which are the
measurement of the antenna input reflection coefficients in free
space and in a Wheeler cap, respectively. The antenna radiation
efficiency can then be extracted. However, this method is well
applicable only for antennas on a ground plane, while for
balanced antennas influence of the feed cable represents a
severe problem.

In this paper, a three-port network model is proposed for the
Wheeler cap method for measuring the radiation efficiency of
small balanced antennas. As shown in Fig. 1, the three ports
are two excitation ports and one radiation port. A differential-
fed antenna can be viewed as a linear two port model, and a
virtual ground plane in the middle of the excitation terminal
can be assumed.

Determination of differential impedance by using S-
parameter based measurements has been studied previously



Fig. 1. An electrically small balanced antenna with the two-port excitation
in free space.

Fig. 2. The three-port network model for Wheeler cap measurement of the
balanced small antenna.

[4]- [6]. In the method reported in [4], two microstrip lines
mounted back to back are used as the test fixture. Then some
home-made non-standard calibration tools are used at the end
of two microstrip lines in the calibration. The accuracy is
found acceptable up to 1 GHz. Later, further development
of this method was proposed in [5] and it was suggested
doing the calibration at the end of VNA cables using standard
calibration tools. Instead of using microstrip lines, two pieces
of extra coaxial cables are used as the test fixture, whose outer
conductors are soldered together. The parameters of the test
fixture need to be extracted from the measurement data, and
then antenna impedance can be calculated. Recently, Qing et
al. suggested to use the the port extension function of VNA to
find the antenna impedance, instead of the above calculations
[6].

In this paper, we apply the S-parameter based method in
combination with the Wheeler cap method to determine the
antenna radiation efficiency for balanced small antennas. An
electrically small dipole antenna with the two-port excitation
in free space is illustrated in Fig. 1. Inside the Wheeler cap,
Fig. 2, the port 3 is loaded with the impedance of the Wheeler
cap, with the reflection coefficient ΓL, and we can obtain the
scattering equations for the two ports

[
Swc

11 Swc
12

Swc
21 Swc

22

]
=

[
S11 + S13S31ΓL

1−S33ΓL
S12 + S13S32ΓL

1−S33ΓL

S21 + S23S31ΓL

1−S33ΓL
S22 + S23S32ΓL

1−S33ΓL

]

(1)
where Swc

nm are the S-parameters of the model obtained in the

Wheeler cap. While in free space, ΓL = 0, and the scattering
equations can be further simplified to

[
Sfs

11 Sfs
12

Sfs
21 Sfs

22

]
=

[
S11 S12

S21 S22

]
. (2)

where Sfs
nm are the S-parameters of the model obtained in free

space, as shown in Fig. 2. For symmetric electrically small
antennas, the antenna input impedance Zant in free space and
in the Wheeler cap can be determined from

Zfs
ant = 2Z0

1 − (Sfs
11 )2 + (Sfs

21 )2 − 2Sfs
21

(1 − Sfs
11 )2 − (Sfs

21 )2

= 2Z0
(1 + Sfs

11 − Sfs
21 )

(1 − Sfs
11 + Sfs

21 )
(3)

Zwc
ant = 2Z0

1 − (Swc
11 )2 + (Swc

21 )2 − 2Swc
21

(1 − Swc
11 )2 − (Swc

21 )2

= 2Z0
(1 + Swc

11 − Swc
21 )

(1 − Swc
11 + Swc

21 )
(4)

Here, Z0 is the characteristic impedance of the feed cable. As
shown in equations (3) and (4), the simplified formulas are
used to avoid the singularity for the case 1 − Sfs

11 − Sfs
21 = 0

or 1 − Swc
11 − Swc

21 = 0. For asymmetric electrically small
antennas, the antenna input impedance Zant in free space and
in the Wheeler cap are

Zfs
ant =

2Z0(1 − Sfs
11 Sfs

22 + Sfs
12 Sfs

21 − Sfs
12 − Sfs

21 )

(1 − Sfs
11 )(1 − Sfs

22 ) − Sfs
21 Sfs

12

, (5)

Zwc
ant =

2Z0(1 − Swc
11 Swc

22 + Swc
12 Swc

21 − Swc
12 − Swc

21 )

(1 − Swc
11 )(1 − Swc

22 ) − Swc
21 Swc

12

.(6)

In order to determine antenna radiation efficiency, two
measurements are necessary, which are the full two-port S-
parameter measurement in free space and in the Wheeler cap.
Then the antenna input reflection coefficients in free space
Γfs

ant and in the Wheeler cap Γwc
ant can be extracted, and the

antenna radiation efficiency erad can be calculated from

erad =
1

1 − |Γfs
ant|2

× 2

(ΔSmax)−1 + (ΔSmin)−1
(7)

where ΔSmax and ΔSmin are maximum and minimum of
ΔS = |Γfs

ant − Γwc
ant| [3].

III. SIMULATIONS

A. Balanced Electrically Small Loop Antenna

An electrically small capacitively-loaded loop antenna was
designed to be operated around 900 MHz for hearing aid
applications. The loop is printed on the Rogers 5870 substrate
with the dielectric constant of 2.33 and loss tangent of 0.0012.
The overall dimensions of the antenna are 35×10×1.5 mm3.

First, the loop antenna itself is simulated with HFSS
software by using lumped port excitation in free space, as
shown in Fig. 3. For this configuration, the input impedance
and radiation efficiency are obtained directly and represent
reference results.



Second, according to the proposed modified Wheeler cap
method, the loop antenna with two extra cables is simulated
in free space and in the Wheeler cap, respectively. The outer
conductors of the test cables are connected in-between to
provide a common ground and these two cables are properly
taken into account in the simulation. The waveports are used as
the excitation ports, as illustrated in Fig. 4, which are located at
the end of each coaxial cable. In order to find the full two-port
scattering matrix at the antenna port, the port de-embedding is
applied on each waveport. It is noted that lossless cables are
used in the simulation.

Fig. 3. Lumped port excitation of the
small loop antenna: HFSS model.

Fig. 4. Two waveport exci-
tations and port de-embedding:
HFSS model.

An aluminum cylindrical cavity with the diameter of 26
cm and the height of 35 cm is used in the simulation as
the Wheeler cap. Then the simulated full two-port scattering
matrix of the loop antenna in free space and inside the Wheeler
cap, respectively, are obtained. From these results, the antenna
input impedance, the reflection coefficient, and the radiation
efficiency are calculated.
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The small loop antenna properties obtained from the full
two-port scattering matrix are then compared to the reference
simulation results with the lumped port excitation. The input
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impedance, reflection coefficient, and the radiation efficiency
of the loop antenna are illustrated in Figs. 5-8. It is seen that
the results are in a good agreement and the small difference
can be explained by finite simulation accuracy. All simulation
results show that the cable effects on the radiation efficiency
can be avoided by using the proposed method.
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B. Broadband Dipole

In order to prove that the proposed method is broadband,
a differential-fed wideband dipole is also simulated to show
the possibility of the radiation efficiency measurement over a
broad frequency band. Here we use a wideband dipole with
the arms made of thin metallic discs without any substrate,
as shown in Fig. 9 and Fig. 10. The radius of each disc is 3
cm and the gap between the discs is 2 mm. The radiation
efficiency of this wideband dipole is expected to be very
close to 100%, since the loss in this case is determined
only by the finite conductivity of the metal, which is set to
5.8×107 S/m to represent copper. Although this antenna is not
electrically small, we prefer to use, both in simulation and in
measurement, a broadband antenna with well known radiation
efficiency. The radiation efficiency of the dipole obtained using
the simulated scattering matrix is almost constant over the
band from 500 MHz to 2000 MHz and it is equal to 99.7%
This result shows that the radiation efficiency measurement by
using the three-port Wheeler cap method is valid over a wide
frequency bandwidth.

Fig. 9. Full two-port scatter-
ing matrix simulation in free space
(HFSS).

Fig. 10. Fabricated Broadband
Antenna.

IV. MEASUREMENT RESULTS

Several electrically small loop antennas were manufactured
according to the design parameters and measured using the
modified Wheeler cap technique. The Wheeler cap used in
the measurements was originally designed for measurements
of small antenna down to 400 MHz, but later it was found that
it also can be used at higher frequencies by the generalized
Wheeler cap method [3], which allows avoiding influence of
the cavity resonances.

The full two-port scattering matrix was measured for the
loop antenna in free space and in the Wheeler cap, by using
the network analyzer HP 8753D, as illustrated in Fig. 11. The
extracted antenna radiation efficiency is shown in Fig. 12. The
measured radiation efficiency is also compared with the result
from a spherical near-field antenna facility, where the antenna
was measured with a sleeve balun. It is seen from Fig. 12 that
very good agreement is observed between all the results that
confirms the validity of the proposed modified Wheeler cap
method.

The measured radiation efficiency for the broadband dipole
antenna in the frequency range 1-3 GHz is illustrated in
Fig. 13. It is seen that the measured efficiency is about 99%
in average and the ripples can be explained by the finite
calibration accuracy of the VNA. Again, this result clearly

shows that the proposed method works very well also in a wide
frequency band and can be well used for the input impedance
and radiation efficiency measurements of wideband antennas.

Fig. 11. The measurement setup for modified Wheeler cap technique.

Fig. 12. The simulated and measured radiation efficiency for the small loop
antenna.



Fig. 13. The measured radiation efficiency for the broadband dipole antenna.

V. CONCLUSIONS

A modified Wheeler cap method is proposed for accurate
measurements of input impedance and radiation efficiency
of small balanced antennas. The advantages of the proposed
method can be summarized as follows. First, no balun is
required during the measurement, thus the problems of balun
bandwidth and extra scattering effects are avoided. Second,
it is shown that the proposed method is broadband and the

cavity resonances do not have any significant effect of the
measurement results with the proper use of the circle fitting
for the measured S-parameters. This also means that the cavity
size should not necessarily be small as it was commonly
considered until now.

In summary, it was shown in this paper that by using the
Wheeler cap method in a proper way, most of its limitations
and disadvantages can be avoided. The method is, therefore,
suitable for input impedance and radiation efficiency mea-
surement for most types of antennas in a broad frequency
bandwidth. The antennas are not limited to be electrically
small and can be balanced or unbalanced, symmetric or
unsymmetric type.
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Abstract—A new folded patch antenna with multiple layers was
developed in this paper, by folding the patch in a proper way,
and a highly miniaturized antenna can be realized. The multiple
layer patch with 4-layer and 6-layer are designed and evaluated
at 2.4 GHz, 915 MHz, and 415 MHz respectively. Then a 4 layer
patch is fabricated and measured to validate the design method.
The theoretical analysis, design and simulations, fabrications, as
well as the measurements are presented in this paper. All the
results show that the folded patch antenna is a good candidate
in making a highly miniaturized compact antenna.

Index Terms—Small antennas.

I. INTRODUCTION

The antenna is an important component in wireless sys-
tems, and the demand for compact systems with stringent
specifications for bandwidth and gain makes antenna size
reduction a significant challenge. It is with no doubt that
the antenna miniaturization is one of the key technologies in
designing successful wireless networks, and a lot of antenna
miniaturization techniques have been developed [1]-[5]. In
this paper, the multiple layer folded patch antenna is studied
and compact antenna designs are developed. The conventional
rectangular patch antenna resonates when its length is half of
the wavelength. By adding a shorting wall at the center of
the patch, the antenna size can be reduced to a quarter of
the wavelength. Moreover, by folding the wall-shorted patch,
the overall size of the two layer patch antenna becomes one
eighth of the wavelength [6]-[8]. In this paper, the multiple
layer folded patch antenna is further developed by folding the
patch in a proper way, which results in a highly miniaturized
antenna. Multiple layer folded patch antennas with 4 and 6
layers are designed and evaluated at 2.4 GHz, 915 MHz, and
415 MHz respectively, using the commercial software package
HFSS [10]. Then a 4-layer patch for 415 MHz is fabricated
and measured to validate the design method. The theoretical
analysis, numerical simulations, manufacturing issues, as well
as measurements will be presented in this paper.

II. THEORETICAL ANALYSIS: TRANSMISSION LINE

MODEL

The transmission line model [8]-[9] is used to analyze the
multiple layer patch. For an N layer patch, each layer can be
viewed as a section of the transmission with length L and the
characteristic admittance Y0, as shown in Fig. 1 and Fig. 2,

Fig. 1. An example of the multiple-layer folded patch (4 layers).

Fig. 2. The transmission line model of the multiple-layer patch antenna.

where N is the numbers of layers, L1 is the feed position of
the antenna, and Y0 is characteristic admittance of each layer.
The input impedance at the feed point can be expressed as

Zin = jXf + ZA, (1)

where Xf is the reactance of the feed probe. Xf is given by

Xf =
ωμ0h

2π
[ln(

2

βr
) − 0.57721], (2)

where β = 2π/λ0, r is the radius of the probe, and ZA is
antenna impedance, ZA = 1/YA. The admittance YA can be
found from Y1 and Y2, YA = Y1 + Y2, which are
⎧
⎪⎨
⎪⎩

Y1 = Y0
Ys+jY0 tan β[(N−1)L+(L−L1)]
Y0+jYs tan β[(N−1)L+(L−L1)]

Y2 = Y0
1

j tan(βL1)

YA = Y0
Ys+jY0 tan β[(N−1)L+(L−L1)]
Y0+jYs tan β[(N−1)L+(L−L1)]

+ Y0

j tan(βL1)

, (3)

where N is the number of layers, L1 is the feed position of
the antenna, Y0 is characteristic impedance of each layer, and
Ys is the admittance of the equivalent radiation slot of the
patch. We assume that each layer of the folded patch is of
equal thickness h, and thus the characteristic impedance of
each layer are the same approximately. Ys can be determined
from Ys = Gs + jBs, and

Gs =

⎧
⎪⎨
⎪⎩

1
90 (W

λ0
)2, W ≤ 0.35λ0

1
120 (W

λ0
) − 1

60λ2
0
, 0.35λ0 ≤ W ≤ 2λ0

1
120 (W

λ0
), 2λ0 ≤ W

, (4)
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TABLE I
PROBE-FED MULTIPLE LAYER FOLDED PATCH ANTENNA (FREQUENCY= 2400MHZ).

Antenna Dimension Feed Position Ground Size Bandwidth Efficiency Directivity Gain
[mm] L1[mm] [mm] (BW@-10 dB) [%] [dBi] [dBi]

Design1 Lpatch = 15.5mm = 0.124λ0

(2-layer design) Wpatch = 17.5mm = 0.14λ0 2.3 mm 21.5 mm*21.5 mm 12 MHz 89.5% 2.07 dBi 1.59 dBi
Hpatch = 2h = 3mm

Lgap = 1mm, h = 1.5mm
Design2 Lpatch = 8.875mm = 0.071λ0

(4-layer design) Wpatch = 8.75mm = 0.07λ0 2 mm 13.8 mm*12.75 mm 12 MHz 87.5% 1.73 dBi 1.16 dBi
Hpatch = 4h = 6mm

Lgap = 1mm, h = 1.5mm
Design3 Lpatch = 5mm = 0.04λ0

(6-layer design) Wpatch = 6mm = 0.048λ0 0.9 mm 11 mm*10 mm 4 MHz 62% 1.56 dBi -0.52 dBi
Hpatch = 6h = 3mm

Lgap = 1.5mm, h = 0.5mm

TABLE II
PROBE-FED MULTIPLE LAYER FOLDED PATCH ANTENNA (FREQUENCY= 900MHZ).

Antenna Dimension Feed Position Ground Size Bandwidth Efficiency Directivity Gain
[mm] L1[mm] [mm] (BW@-10 dB) [%] [dBi] [dBi]

Design4 Lpatch = 39.12mm = 0.117λ0

(2-layer design) Wpatch = 41.625mm = 0.125λ0 6.5 mm 45.12 mm*45.625 mm 12 MHz 95.5% 2.2 dBi 2 dBi
Hpatch = 2h = 3mm

Lgap = 2mm, h = 1.5mm
Design5 Lpatch = 22.83mm = 0.069λ0

(4-layer design) Wpatch = 21.47mm = 0.065λ0 3.5 mm 27.4 mm*25.8 mm 1.2 MHz 58% 2 dBi -0.4 dBi
Hpatch = 4h = 6mm

Lgap = 1.5mm, h = 1.5mm
Design6 Lpatch = 13mm = 0.039λ0

(6-layer design) Wpatch = 14mm = 0.042λ0 1.9 mm 15.6 mm*16.8 mm 1.5 MHz 22.5% 1.9 dBi -4.6 dBi
Hpatch = 6h = 3mm

Lgap = 1.5mm, h = 0.5mm

where Gs and Bs are the conductance and susceptance respec-
tively, and W is the width of the patch. For the electrically
small antenna, Ys is much smaller than Y0, and the effect
of Ys is small. For simplicity, we assume that its influence
can be ignored, as well as the probe reactance. Hence, at the
resonance there is the condition that YA = 0, which leads to

Y0

tan(βL1)
= Y0 tanβ[(N − 1)L + (L − L1)] (5)

Using the relation that tan−1(βL1) = tan(π/2−βL1), the
approximate resonance length L of the N-layer folded patch
antenna is found to be

L =
λ0

4N
√

εr
, (6)

where λ0 is the wavelength in free space and εr is the
dielectric constant of the substrate. The Equation (6) is an
important result of this paper. For the 4-layer patch, the overall
length of the patch is L = λ0

16
√

εr
. For the 6-layer patch, the

resonance length becomes to L = λ0

24
√

εr
.

III. ANTENNA DESIGNS

Our purpose here is to design the highly miniaturized an-
tenna, and folded patch antennas are designed and evaluated at
2400 MHz, 900 MHz, and 415 MHz for different applications.
For each frequency, three different versions are designed,
which are 2-layer, 4-layer, and 6-layer folded antennas, and
the antenna performance is given for each case. The geometry

Fig. 3. Geometry of design variables for 4-layer folded patch (in HFSS).

and design variables of the folded patch are illustrated in Fig.
3.

Table I shows the folded patch antennas which are designed
to operate at the frequency of 2400 MHz, and also predicts
the performance provided by HFSS, including the bandwidth
and radiation efficiency. For the four layer case in design 2,
the antenna dimension is 8.875mm × 8.75mm × 6mm, and
the electrical size of the patch length is reduced to 0.071 λ0

(ka = 0.23), and at the same time the ground plane size is also
limited to be as small as possible. The bandwidth is found to be
12 MHz and the radiation efficiency is 87.5%. For the 6-layer
case, in design 3, the antenna is of the dimension 5mm ×
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TABLE III
PROBE-FED MULTIPLE LAYER FOLDED PATCH ANTENNA (FREQUENCY= 415MHZ).

Antenna Dimension Feed Position Ground Size Bandwidth Efficiency Efficiency
[mm] L1[mm] [mm] (BW@-10 dB) (for ground size 1) (for ground size 2)

Design7 Lpatch = 50.2mm = 0.069λ0 Ground size 1:
(2-layer design) Wpatch = 46.7mm = 0.065λ0 8.6 mm 60.25 mm*55.4 mm 1.2 MHz 52% 67%

Hpatch = 4h = 12mm Ground size 2:
Lgap = 2.5mm, h = 3mm 200 mm*200 mm

Fig. 4. The fabricated 4-layer patch antenna with a small ground plane, in
design 7, operated at 415 MHz

6mm × 6mm. The electrical length of the patch length is
0.04 λ0 (ka = 0.126), and the bandwidth is found to be 4
MHz and the radiation efficiency is 62%. The bandwidth is
small in design 3 and this is due to a smaller thickness is
used between each layer. The radiated power is reduced as
the antenna size decreases, and thus the radiation efficiency for
design 3 must be lower than that for design 2. Hence, the ultra
small antenna is possible to be realized by this folded patch,
and a high fabrication accuracy is required since the antenna
is both electrically and mechanically small at this frequency.

Table II gives the folded patch designs at 915 MHz , as
well as their bandwidth and radiation efficiency. Similarly,
the ground plane size is controlled as small as possible.
For the four layer case, design 5, the antenna dimension is
22.83mm × 21.47mm × 6mm, that is the electrical length
of the patch is reduced to about 0.068 λ0 (ka = 0.21).
The bandwidth is found to be 1.2 MHz and the radiation
efficiency is 58%. The maximum gain is -0.4 dBi. For the
6-layer case, in design 6, the antenna dimension is decreased
to 13mm×14mm×6mm, and the electrical size of the patch
length is 0.039 λ0 (ka = 0.12). The bandwidth is found to be
1.5 MHz and the radiation efficiency is 22.5%. The maximum
gain is -4.6 dBi. These results shows that the folded patch
antenna is a good candidate in making the highly miniaturized
compact antenna, while we should also keep in mind that
the mechanism of the miniaturization is the tradeoff among
antenna size and performance.

Table III illustrates the folded antenna designed to operate
at 415 MHz, which is a 4-layer patch antenna. This antenna
is of the dimension of 50.2mm × 46.7mm × 12mm, and the
electrical size of the patch length is 0.069 λ0 with ka is equal
to 0.22. The bandwidth is 1.2 MHz and the radiation efficiency
is 67%.

IV. ANTENNA FABRICATION

In order to validate the above performance predicted by the
numerical simulations, the antenna in design 7 which operates
at 415 MHz is fabricated at our workshop. As shown in Fig.
4, this antenna uses 1 mm thickness copper plate as its each
layer. Several practical issues are involved, which should be
solved carefully during the fabrication and steps can be given
as follows. First, each layer and the side wall are cut into
rectangular pieces accurately, and then these pieces can be
combined together by the soldering. In order to control the
thickness between each layer, we make several plastic screws
in our workshop with its thickness is accurately controlled,
and then we put two of them between the each layer. However,
its influence on the resonance frequency must be taken into
account. Second, another important step is the connection
between the antenna and the ground plane. In our design,
the antenna is attached to the ground by using the screws
rather than the soldering, and we did it in this way because
we can replace the ground plane easily, which provides us
the convenience to evaluate the size influence of different
ground plane. The same 4-layer folded patch antenna but with
a different ground is shown in Fig. 5, in which the ground
plane is much larger. Since the ground plane has an important
influence on the antenna impedance, the feeding point position
must be adjusted accordingly when different ground plane is
used. Later, the large ground plane is used in the measurement
in order to avoid the cable influence. Third, about the antenna
feeding, a specially smart SMA connecter is used as the feed
probe, whose inner conductor is possible to be taken away
from the SMA easily. We first solder the inner conductor to
the feed point on the patch, and then attach the antenna and
the ground. Then screw the SMA frame to the ground, and
combine the inner and the outer of the SMA at the same
time. The antenna assembling process is done by the above
steps during which the accuracy can be controlled as much as
possible.

V. ANTENNA MEASUREMENT

In order to compare the antenna performance with the
numerical simulation results, this 4-layer design at 415 MHz is
measured with respect to impedance and radiation properties.
The s parameter S11 was measured first by using the network
analyzer HP 8720D, with an absorber placed in front of the
antenna. The simulated and measured S11 for the 4-layer
patch antenna are presented and compared in Fig. 6. While
the simulated resonance frequency is 415 MHz, the measured
resonance frequency is 416.7 MHz, and the deviation is only
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Fig. 5. The fabricated 4-layer patch antenna with a large ground plane, in
design 7, operated at 415 MHz

0.4 %. The simulated and measured -10dB bandwidth are 1.12
MHz and 1.08 MHz respectively, and the difference is thus
only 0.04 MHz.

The radiation measurement is performed in the Radio Ane-
choic Chambers at DTU, which is called DTU-ESA Spherical
Near Field Antenna Test Facility. The measured directivity
versus θ (for φ = 0◦ and φ = 90◦) at 415 MHz are shown in
Fig. 7 and Fig. 8 respectively. The efficiency of the antenna
was measured by using the substitution method, and found to
be 59%, which is reasonably close to the simulated efficiency
67%. The gain is acceptable for the antenna of such small
dimension.

Fig. 6. The simulated and measured S11 for the 4-layer patch antenna, which
is designed to operate at 415 MHz.

VI. CONCLUSIONS

Multiply layer patch antennas are developed at three fre-
quencies, and the performance of these highly miniaturized
antennas are presented. A 4-layer folded patch operated at
415 MHz is fabricated and all practical issues are solved and
discussed. Then the antenna measurement is performed, and
measured results agree well with numerical simulations.

In this work, the folded patch antennas are designed in the
vacuum environment for simplicity, and further development
will be focused on the combination of using the high dielectric
constant substrate. Moreover, the low loss magneto-dielectric

Fig. 7. The measured directivity versus θ (for φ = 0◦), which is a 4-layer
folded patch antenna at 415 MHz.

Fig. 8. The measured directivity versus θ (for φ = 90◦), which is a 4-layer
folded patch antenna at 415 MHz.

material is also a good candidate to be evaluated as the patch
substrate, which should result in a bandwidth improvement.
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ABSTRACT 

Impedance and gain measurements for electrically 

small antennas represent a great challenge due to 

influences of the feeding cable. The leaking current 

along the cable and scattering effects are two main 

issues caused by the feed line. In this paper, a novel 

cable-free antenna impedance and gain measurement 

technique for electrically small antennas is proposed. 

The antenna properties are extracted by measuring 

the signal scattered by the antenna under test (AUT), 

when it is loaded with three known loads. The tech-

nique is based on a rigorous electromagnetic model 

where the probe and AUT are represented in terms of 

spherical wave expansions (SWEs), and the propaga-

tion is accounted for by a transmission formula. In 

this paper the measurement results by the proposed 

technique will be presented for several AUTs, includ-

ing a standard gain horn antenna, a monopole an-

tenna, and an electrically small loop antenna. A com-

parison of measurement results by using the proposed 

method and by using other methods will be presented. 

 

Keywords: Impedance Measurement, Gain Measurement, 

Electrically Small Antennas, Spherical Wave Expansions. 

1 Introduction 

In recent years, there has been a strong interest in antenna 

miniaturization for numerous applications. Several meas-

urement techniques are being used for electrically small 

antennas, but problems still exist. Measurements of the 

impedance and gain for electrically small antennas repre-

sent a great challenge due to the following reasons. First, 

the feeding cable may have a significant influence on the 

measured radiation pattern and radiation efficiency due to 

the leaking current which exists on the outer conductor of 

the cable. For instance, for electrically small antennas 

with low radiation efficiency, the measured efficiency can 

be strongly overestimated due to this effect [1]. Although 

a balun can be used to avoid the leaking current, it is 

typically a narrow-band device. Several baluns are thus 

required for different frequency bands. Also, the dimen-

sions of the balun need to be tuned carefully at the speci-

fied frequency. In addition, the balun may have a size 

comparable to or even larger than that of the small an-

tenna and thus it may give rise to the scattering.  Second, 

the feeding cable contributes a large scattering structure 

even if the leaking current can be avoided. Measurement 

of small antenna characteristics avoiding the use of the 

feeding cable is therefore highly desirable. 

In this paper, we propose a novel cable-free measurement 

technique to measure the input impedance and gain of 

electrically small antennas. It is formulated slightly dif-

ferently from the RCS method [2] - [5]. A complete elec-

tromagnetic model is established for the measurement 

system by using the spherical wave expansions for the 

AUT and probe and the transmission formula to account 

for the propagation between these. The measurement 

system is modeled by the cascade of three coupled multi-

ple-port network which represent the probe antenna, 

AUT, and the propagation in-between, respectively. The 

full theory and complete electromagnetic model of this 

measurement technique, together with the simulation 

results, are given in [7]. The present work emphasizes this 

with several measurement results. 

2 Electromagnetic Model of the Measurement System 

In this model the mono-static configuration is described 

where the probe antenna is both transmitting and receiv-

ing, while the AUT is located at a finite distance from the 

probe. The time convention 
i te 

is used in this model. 

2.1. Model of the Probe and AUT  

The electric field ( )E r  around an antenna, enclosed by 

the minimum sphere of radius 0r , can be expressed as a 

spherical wave expansion for 0r r  as [6] 

2
(4) (3)

1 1

( ) { ( ) ( )}

N n

smn smn smn smn

s n m n

k
E r a F r b F r


  

       
(1) 

where the superscript c=3, 4 denotes outward and inward 

propagating waves, respectively. smna  and smnb  are the 

expansion coefficients. ( )c
smnF  is the power-normalized 

spherical vector wave function. k  is the wave number,   

is the intrinsic admittance of the medium, and r  is the 

position vector for a point with ( , , )r    spherical coordi-

nates. For practical measurements only a finite number of 

spherical modes are needed to represent the fields, and 

truncation number N is for the n summation to make sure 

the fields are converged. 



An antenna can be modeled as a multi-port network with 

one excitation port that is connected to the generator and 

the radiation ports. Each radiation port represents one 

spherical wave outside the antenna minimum sphere 0r . 

The total scattering matrix expression for the antenna can 

be expressed as [6] 

[ ]

  

S

R

T aSb smn
s m n

s m n

smn s m nsmn

w v

  

  

  

    
     

    

            

(4) 

where v  and w  are the complex amplitudes of the in-

coming and outgoing waves on the excitation port of the 

antenna. a s m n    and bsmn  are column vectors that repre-

sent the complex amplitudes of the incoming and outgo-

ing spherical modes, respectively. R s m n    is a row vector 

with the antenna receiving coefficients. Tsmn  is a column 

vector with the antenna transmitting coefficients. S smn
s m n  

 is 

a matrix with the antenna structural scattering coeffi-

cients. [ ]S  is the antenna scattering matrix.  

 

2.2 Transmission Formula and Model of the Propagation 

 

We define the coordinate ( )x y z   with respect to the 

probe, and the primed coordinate ( )x y z     with respect 

to the AUT. In general the primed coordinate system of 

the probe is related to the unprimed coordinate system of 

the AUT by 3 rotations - through the angles  ,  ,   

and one translation of the distance A , see [6]. The trans-

mission formula describes the complex signal received by 

the AUT in terms of the transmission coefficients of the 

probe, the receiving coefficients of the AUT, the 3 rota-

tion angles, and the translation distance A  [6], which is 

    
(3)( ) ( ) ( ) (5)

2

Probe im i n sn AUT

smn m

smn

v
w A T e e d C kA R 

  



       

where smn  and   are the indices of the SWEs of the 

transmitting probe and receiving AUT, respectively. 
Probe

smnT  is transmitting coefficient of the probe, and 
AUTR  

is the receiving coefficient of the AUT. ime  , ie  , and 

( )n

md   are the rotation coefficients, and 
(3) ( )snC kA  is the 

translation coefficient. 

 

2.3 Model of the Entire Measurement System 

 

The measurement system of the proposed cable-free tech-

nique is presented in Fig. 1.  In this model, the entire 

measurement setup is analyzed by the cascade of three 

coupled multiple-port network which represent the probe, 

the free space propagation, and the AUT respectively. 

The scattering matrix equations for the AUT and probe 

can be formulated as  

( )

R

a ab T S I

AUT AUTAUT AUT

AUT AUT AUTAUT AUTAUT

w v

 


  

         

  

     

    
     

       
    

(6) 

and 

( )

R

a aTb S Is m n
smn

Probe ProbeProbe Probe
s m n

Probe ProbeProbeprobe Probe Probe
s m n s m nsmnsmn

w v

  

  

     

    
      

      

(7) 

where I
Probe

 and I
AUT

 denote the unit matrices of appro-

priate matrix sizes. The mode index smn  and s m n    
represent outgoing and incoming spherical waves in the 

coordinate system of the probe, respectively. The mode 

index   and       represent outgoing and incoming 

spherical waves in the coordinate system of the AUT, 

respectively.  

 

The scattering matrix modeling the free space propagation 

can be expressed as  

 
0

0

a bG

a bG

probeProbe
s m n smn

AUTAUT
   



  


  

    
      
     

                  

(8) 

where the element of the matrix G


 and G


 are obtained 

from the transmission formula (5). 

 

On the other hand, the entire system also can be modeled 

by a two-port network with a scattering matrix [ ]S
T

. It is 

established for reference planes at the input terminal of 

the probe antenna and AUT. The scattering matrix [ ]S
T

 is 

expressed as  

11 12

21 22

[ ] ,S

T T
T

T T

S S

S S

 
 
 
 
  


                           

(9) 

and the entire measurement system is given by  

11 12

21 22

TProbe ProbeT

TAUT AUTT

S Sw v

S Sw v

   
   
   
   
      

 
   
 

                    

(10) 

General expressions for 
11

TS , 
12

TS  , 
21

TS  , and 
22

TS  can be 

obtained by eliminating the parameters b
probe

smn , a
Probe
s m n   , 

b
AUT

 , and a
AUT
     . For increasing distance between the 

probe and the AUT the influence of the multiple scatter-

ing and reflection decreases because of the spatial at-

tenuation of the free space propagation. We assume that 

the multiple scattered terms are negligibly small, and only 

the first interaction is taken into account, the s-parameters 

11

TS , 
12

TS  , 
21

TS  , and 
22

TS   can then be simplified to  

  11 ( )R TI G S I G
AUTProbe AUTT Probe Probe ProbeS

 
    (11) 

 12 R TI G
ProbeT Probe AUTS




                                
(12) 
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ProbeAUT ProbeT AUT AUT AUTS
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The second term on the right side of (14) represents the 

influence of the structural scattering from the probe on the   

22

TS
 
of the AUT. This term can be assumed negligibly 

small compared to the first term for two reasons. First, if a 

minimum scattering probe is employed, and, second, due 

to the spatial attenuation in G


as well as G


. Thus (14) 

is approximated by  

22

T AUTS   
                              

(15) 

 

2.4 Determination of the Total Scattering Matrix [ ]S
T

 

from Measurements
 

 

The measurement setup is described as follows. There are 

two antennas involved in this cable-free measurement 

setup, as illustrated in Fig. 1, which are the transmitting 

and receiving probe and the AUT. Their scattering matri-

ces are [ ]S
Probe

 and [ ]S
AUT

, respectively.  

Figure 1 – Setup of cable-free technique for the im-

pedance and gain measurement of small antennas. 

 

When the AUT is loaded, the measured reflection coeffi-

cient at the input terminal of the probe antenna is denoted 

noted by 11

TS

, which is related to the two-port scattering 

parameter [ ]S
T

 as  

12 21
11 11

221

T T
T T L

T

L

S S
S S

S

 
 

                       
(16) 

where 
L  is the reflection coefficient of  the loads. 

 

In the measurement setup which is illustrated in Fig. 1, 

the AUT is loaded in turn by a short-circuit, an open cir-

cuit, and a known load, and the input reflection coeffi-

cients of the transmitting probe are measured. Then the 

scattering parameters 11

TS , 22

TS , and 12 21

T TS S  of the total 

scattering matrix can be extracted respectively, which are 

related to the input reflection coefficient and gain of the 

AUT. 11

TS  and 22

TS  are determined from   
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where (1) (2) (3)

L

   are the measured reflection coefficient of 

each load, and (1) (2) (3)

11

TS
    are the measured reflection 

coefficient of the transmitting probe antenna when the 

AUT is loaded in three cases. 
12 21

T TS S  can be extracted 

after 
11

TS  and 
22

TS  are determined, that is  

 
( ) ( ) ( )

12 21 11 11 22( )(1 )T T T i T T i i

L LS S S S S
      

    
(18)

 
where i=1, 2, 3. It is noted that there are three sets of data 

are available to be used in this equation, which are ob-

tained from three measurements, and they should lead to 

the same results of 12 21

T TS S . Taking an average of the re-

sults from different sets will result in an improvement in 

the accuracy.  

 

2.5. Antenna Impedance and Gain Determination 

 

The impedance of the AUT, AUTZ , can be determined 

from 22

TS using the formula (15), which is 

 0

1
,

1

AUT
AUT

AUT
Z Z

 


                          
(19)

 

where 0Z
 
is the characteristic impedance. The gain of the 

AUT can be determined by expressing the transmission 

formula in terms of the gain product of the probe and 

AUT, which are  
2 2

12

2 2

4( )

(1 )(1 )

T
Probe AUT

p Probe AUT

kA S
G G

 
 

            
(20)

 

Here, 
AUT

pG is the partial gain of the AUT which is paral-

lel to the polarization of the probe. The characteristics of 

the transmitting probe antenna are assumed known to us 

from a separate calibration, which are ProbeG and Probe . 

Hence, 
AUT

pG  can be extracted by using the equation (17), 

(18), and (20). (20) is the key relation that is used in this 

cable-free gain measurement technique. It must be men-

tioned that the probe is assumed to be linearly polarized 

while the polarization of AUT is arbitrary. The gain of the 

AUT is determined by two orthogonal partial gain meas-

urements.  

3. Measurement Results and Discussions 

Three measurement examples by the proposed method 

will be presented in this section. A standard gain horn 

antenna, a monopole antenna, and an electrically small 

loop antenna will be tested as the AUT, respectively. A 

commercial available standard gain horn antenna will be 

used as the probe for all these measurements.  



3.1. Measurements for the Standard Gain Horn 

In order to verify the proposed method, two identical 

commercial available horn antennas are measured first by 

the proposed method, which are tested as the probe and 

AUT, respectively, as shown in Fig. 2. First, the input 

reflection coefficient of the probe is measured by using 

the vector network analyzer (VNA) HP 8753D, when the 

AUT is connected to a short, open, and 50 ohm load, 

respectively. Second, the reflection coefficients of three 

loads are measured. Then the antenna input reflection 

coefficient and the gain product of two antennas can be 

extracted from the measurement data by using the equa-

tions (15), (17), (18), and (20). Since two identical horn 

antennas are used, the gain for each horn antenna can be 

determined by taking the square root of (20). 

  

In this measurement, the frequency range is set to 800 

MHz-1000 MHz. The following settings in the VNA are 

performed to ensure a sufficient dynamic range and accu-

racy. The number of points used in this frequency range is 

selected be to 1601 points. The power level is set to the 

maximum value of the VNA that is +10 dBm. A narrow 

IF bandwidth is desired which is set to 30 Hz in this 

measurement. 

  

 

Figure 2 –The setup of the cable-free measurement 

technique, for two identical horn antennas. 

As shown in Fig. 2, the measurement is performed in a 

partial anechoic environment. The absorbers are placed 

on the ground floor and around the antennas, but not on 

the ceiling and walls. The distance between the probe and 

AUT is 7 wavelengths at 1 GHz. The measured antenna 

gain versus frequency is shown in Fig. 3, and the result is 

also compared to the antenna gain given in the datasheet. 

The deviation in the gain is less than 0.5 dB. The com-

parison of antenna input reflection coefficient versus 

frequency by using the cable-free method and by using 

the direct VNA measurement is presented in Fig. 4. The 

small deviation in the reflection coefficient may be be-

cause the structural scattering of the probe is ignored. The 

noise in the measurement environment also has the influ-

ence.   

Figure 3 –Comparison of the antenna gain versus 

frequency, by the proposed method and datasheet. 

Figure 4 –Comparison of antenna input reflection 

coefficient versus frequency, by using the proposed 

method and by using direct VNA measurement. 

3.2. Measurement Results for the Monopole Antenna 

 
The measurement of the input reflection coefficient for a 

monopole antenna will be presented. The horn antenna 

will be used as the probe, while the monopole is treated as 

the AUT, as shown in Fig. 5. The length of the monopole 

is 80 mm and the wire diameter is 2 mm, which is made 

of copper and placed over an aluminum ground plane of 

the dimensions 40cm x 40cm. It is designed to be reso-

nant around 870 MHz. Two measurements are performed 

at the distances of 1.7 m and 2.1 m, respectively, which 

are 5.5 wavelengths and 7 wavelengths at 1 GHz. Several 

pieces of foam are used to support the monopole antenna. 
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Figure 5 –The setup of the cable-free measurement 

technique, for the probe versus monopole antenna. 

 

The reflection coefficients for the monopole antenna are 

presented in Fig. 6, compared to the direct VNA meas-

urement. It is noted that a smoothing function was per-

formed on the raw data to remove the noises. It is seen 

that the maximum deviation in the reflection coefficient is 

0.7 dB, which is at 930 MHz.  A good agreement can be 

observed at other frequencies. 

 

 Figure 6 –Antenna input reflection coefficient versus 

frequency.  

3.3. Measurement Results for the electrically small loop 

antenna 

The measurements for an electrically small loop antenna 

will be presented in this section.  As illustrated in Fig. 7 

and Fig. 8, an electrically small loop antenna that is reso-

nant at 910 MHz will be used as the AUT in this meas-

urement. It is a self-resonant balanced electrically small 

loop antenna by using a distributed capacitive loading 

element. The working mechanism is based on the induc-

tive coupling between two small loops.  It is printed on 

the Rogers 5870 substrate with the thickness of 1.524 mm. 

The dielectric constant of the substrate is 2.33 and the loss 

tangent is 0.0012. The overall dimensions of the antenna 

are 35 mm x 10 mm, and the electric size of the antenna is 

ka=0.33, where k is the wave number and a is the radius 

of the minimum sphere enclosing the antenna. 

 

Figure 7 –The AUT: an electrically small loop antenna 

at 910 MHz (not scaled). 

 

 

Figure 8 –The setup of the cable-free measurement 

technique, for the probe and the small loop antenna. 

 

 

  

Figure 9 –The ultra small connector and loads for the 

electrically loop small antenna. 
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Different from the normal size antennas such as horn 

antennas, the ultra small connectors and loads are desired 

for electrically small antennas. The dimensions of the 

connectors and loads are required to be much smaller than 

that of the antennas to avoid the extra scattering effects. 

Several ultra small connectors and loads which are used 

in the measurements are illustrated in Fig. 9.  

 

In this measurement, the distance between the probe and 

the AUT is 5.1 wavelengths at 900 MHz. The measured 

gain of the small loop antenna by using the proposed 

cable-free technique, the spherical near-field facility and 

the Wheeler cap are presented in Fig. 10, together with 

the simulated gain from HFSS. Comparisons of the meas-

ured antenna gain for the small loop antenna at the reso-

nance frequency by different techniques show that the 

maximum deviation is up to 1.05 dB. The deviation in the 

gain indicates there is the effect due to the feeding cable. 

However, further analysis is underway to reach a full 

conclusion on this.   

 
Figure 10 –Comparison of the antenna gain versus 

frequency by different techniques. 

The measured reflection coefficients for the small loop 

antenna are shown in Fig. 11.  A comparison of the raw 

data, the smoothing result of the cable-free measurement, 

and the direct VNA measurement are presented. In the 

direct VNA measurement, a balun is used in front of the 

loop antenna to avoid the leaking current on the cable. At 

the resonance frequency, the measured S11 from the direct 

VNA measurement is -24.5 dB, while the measured S11 

from the proposed cable-free method is -22.5 dB. Thus 

there is a deviation of 2 dB. This deviation indicates there 

is the scattering effect due to the feeding cable or the 

balun.  

6. Conclusions 

In this paper, the electromagnetic model of a cable-free 

impedance and gain measurement technique for electrica- 

 

Figure 11 –Comparison of the antenna input reflection 

coefficients versus frequency. 

lly small antennas is proposed by using the spherical 

wave expansion technique, which is valid for arbitrary 

AUT at arbitrary distances between the probe and AUT. 

The whole measurement setup is modeled by the cascade 

of three coupled multiple-port network. Three measure-

ments by the proposed methods are presented. Compari-

son of the antenna measurement techniques, with and 

without the feeding cable, has shown that the there is the 

scattering effect from the cable in both the reflection 

coefficient measurement and gain measurement.  
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ABSTRACT 

In this paper, application of a modified Wheeler cap 

method for the radiation efficiency measurement of 

balanced electrically small antennas is presented. It is 

shown that the limitations on the cavity dimension can 

be overcome and thus measurement in a large cavity is 

possible.  The cavity loss is investigated, and a modi-

fied radiation efficiency formula that includes the 

cavity loss is introduced.  Moreover, a modification of 

the technique is proposed that involves the antenna 

working complex environment inside the Wheeler Cap 

and thus makes possible measurement of an antenna 

close to a hand or head phantom. The measurement 

procedures are described and the key features of the 

technique are discussed. The results of simulations 

and measurements by the proposed method are pre-

sented and compared.  

 

Keywords: Radiation Efficiency Measurement, Wheeler 

Cap Method, Balanced Antennas, Electrically Small An-

tennas, Antenna-on-Body Measurements 

1 Introduction 

Balanced electrically small antennas, such as dipoles and 

loops, have many applications, especially in ultra small 

devices like sensors, hearing-aids, and RFIDs. Wide use 

of balanced antennas in these applications is caused by 

the fact that a ground plane required for proper operation 

of unbalanced antennas, such as monopoles or inverted F 

antennas, is not existing in the ultra small devices. The 

performance of unbalanced antennas is then very sensitive 

to the changes in working environment, while the bal-

anced antennas are less sensitive to these.  

For electrically small antennas, the antenna impedance 

and radiation efficiency are two important parameters that 

characterize their performance and are of particular inter-

est. However, proper measurement of these two parame-

ters represents great challenges. Unless a carefully ad-

justed balun is used, the feeding coaxial cable has a sig-

nificant influence on the measured performance due to 

leaking current on the outer conductor and the scattering 

effects. Accurate measurement methods for balanced 

small antennas need to be addressed, especially for meas-

urement of the radiation efficiency. 

The Wheeler cap method is widely used for the radiation 

efficiency measurement of electrically small antennas [1], 

[2]. However, this method possesses several limitations. 

First, it is only well applicable for small antennas with a 

ground plane, while for balanced small antennas a prop-

erly adjusted balun is required. Typically used sleeve 

balun is a narrowband device and its careful adjustment 

complicates the measurement. Second, presence of the 

cavity resonances and their influence on the measurement 

results imposes certain limitations on the dimensions of 

the cavity. Thus measurements of different small antennas 

working at different frequencies may require several 

cavities of different dimensions, since measurements in a 

wide frequency band represent great challenge. Moreover, 

limited dimensions of the cavity also impose limitations 

on measurement of antennas in complex environment, for 

instance, measurements in the presence of human hand or 

head phantoms or antenna-on-body measurements are not 

possible.  

A modified Wheeler cap method, proposed recently in [3] 

and applied in [4] for balanced antennas, gives significant 

improvements on this method and allows the radiation 

efficiency measurements for different kind of small an-

tennas, including balanced, unbalanced, symmetric, and 

asymmetric types. Measurements in a wide frequency 

band are also possible, which thus removes the limitation 

for the cavity size. Therefore, the method allows the 

measurement using a large cavity and thus it provides the 

potential to involve the complex environment. In this 

paper, this modified Wheeler cap method is applied for 

radiation efficiency measurement of balanced electrically 

small antennas, with particular focus on involvement of 

the complex environment: a human head phantom.  

2. Model of the Three-Port Wheeler Cap Method 

The original Wheeler cap method was first proposed in 

[1], by using an assumption that the antenna impedance 

can be modeled by the series of the radiation resistance 

and loss resistance. Then this method was further devel-

oped in [2] and [3], in which a two-port network model is 

proposed by assuming that the antenna is operated in a 

single radiation mode, and the two ports are defined as the 

antenna input terminal and the transition between the 

antenna and free space, respectively. Two measurements 



are involved in this method, which are the measurement 

of the antenna input reflection coefficient in free space 

and in a Wheeler cap, respectively. The antenna radiation 

efficiency can then be extracted. However, the method is 

still applied to measurements in a small cavity.  

In this paper, it is proposed to apply the Wheeler cap 

method for measurement in a large cavity. In addition, a 

three-port network model is proposed for the Wheeler cap 

method for measuring the radiation efficiency of small 

balanced antennas.  

As shown in Fig. 1, the three ports are two excitation 

ports and one radiation port. A balanced (differential-fed) 

antenna can be viewed as a linear two port model with a 

virtual ground plane assumed in the middle of the excita-

tion terminal. Determination of differential impedance by 

using the S-parameter based measurements has been 

studied previously [5]-[6]. In this paper, we apply the 

determination of the differential impedance based on the 

S-parameters measurements in combination with the 

Wheeler cap method to determine the radiation efficiency 

for balanced small antennas. 

 
Figure 1 - An electrically small balanced antenna with 

the two-port excitation in free space. 

 

 

Figure 2 - The three-port network model for Wheeler 

cap measurement of the balanced small antenna. 

 

An electrically small dipole antenna with the two-port 

excitation in free space is illustrated in Fig. 1. Inside the 

Wheeler cap, Fig. 2, the port 3 is loaded with the imped-

ance of the Wheeler cap, with the reflection coefficient

L , and we can obtain the scattering equations for the 

two ports 
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where wc
nmS   are the S-parameters of the model obtained in 

the Wheeler cap. While in free space,
 
Γ 0L  , and the 

scattering equations can be simplified to 
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where the fs
nmS  are the S-parameters of the model ob-

tained in free space, as shown in Fig. 2. In order to deter-

mine the antenna radiation efficiency, two measurements 

are required, which are the full two-port S-parameter 

measurement in free space and in the Wheeler cap. For 

symmetric electrically small antennas, the antenna input 

impedance antZ   in free space and in the Wheeler cap can 

be determined from 
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Here, 0Z  is the characteristic impedance of the feed cable. 

For geometrically asymmetric electrically small antennas, 

the antenna input impedance antZ  in free space and in the 

Wheeler cap are 
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The equations (3) and (5) give the input impedance of the 

balanced small antennas, for the symmetric and asymmet-

ric type, respectively. Then antenna radiation efficiency 

rade  can be calculated from 
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e
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where maxS  and minS  are maximum and minimum of 

. In (7), the cavity is assumed to be 

lossless. However, the cavity loss may need to be com-

pensated for frequencies that are higher than 2 GHz.  A 

modified radiation efficiency formula that includes the 

cavity loss is now introduced, 
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where the term cavitye  represents the cavity efficiency and

1cavitye  represents a lossless cavity. The cavity effi-

ciency can be obtained from a Wheeler cap measurement 

by using a reference antenna with known radiation effi-

ciency.  

3. Key Features of the Modified Wheeler Cap Method 

Proper treatment of several issues related to this method is 

critical for obtaining a good accuracy of the determined 

radiation efficiency. Several important features of the 

method are explained in this section. 

3.1. The Circle Fitting Technique 

The measured complex values 
s

ant
f

 
and 

wc
ant  versus 

frequency should represent a set of points located on a 

curve approximating a circle in a complex plane. Due to 

presence of the cavity resonances, some points of the 
wc
ant  are disturbed. In order to remove the disturbance, 

the measured reflection coefficient 
wc
ant  is replaced by a 

corresponding circle, which is reconstructed by the circle 

fitting technique using the least squares minimization 

algorithm. For a given set of measured points, the sum of 

the squares of the offsets of the points from the curve is 

minimized, from which the curve best-fitting to the meas-

urement data will be found. A clear advantage of this 

approach is the robustness with respect to the measure-

ment errors. By using the method in [3] and by using a 

proper circle fitting technique, the influence of the cavity 

resonances can be effectively suppressed. 

The coordinates of the extracted reflection coefficient 
wc
ant  inside the Wheeler cap are denoted by (

i
x ,

i
y ), 

where i represents the number of the point. At least three 

points are required for the circle fitting, but the optimum 

number of points depends on several parameters. The 

chosen set of points is then fitted to the circle
2 2 2( ) ( )i i

x ya b r     , where  is the radius of the 

circle and are the coordinates of the center of the 

circle. The error function that to be minimized is 
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Taking partial derivatives of the function  with respect 

to the variable r, a, and b, respectively, and setting these 

three derivatives to zero, the radius and the coordinates of 

the center of the circle can be determined from 
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where 0 0

1 1

1 1
 and  i

i
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m m
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    are used as the 

initial estimate to solve the above equations by using a 

sets of points iteratively.  

Using this approach the circle for 
wc
ant can be recon-

structed from the above equations and this new curve will 

be used in the determination of the antenna radiation 

efficiency.  Other circle reconstructing techniques will be 

investigated and compared in our future work.

 
3.2 The Port De-embedding Technique 

A test fixture has to be employed for the impedance and 

radiation efficiency measurements for the balanced small 

antennas. As shown in Fig. 3, the test fixture is formed by 

two identical coaxial cables, with the outer conductors of 

the cables soldered together to provide a common ground. 

For each coaxial cable, one end is connected to a standard 

SMA connector, while the other end is left open with a 

small tip of the inner conductor, which is used to connect 

to the AUT. The full two-port calibration of the VNA is 

performed as usual, at the end of its cables. 

 
Figure 3 – The configuration of the test fixture. 

 

In order to remove the effect of the test fixture, its de-

embedding should be performed. The port extension func-

tion of VNA is used to perform the de-embedding calcu-

lation automatically from a short circuit measurement. 

However, in the port extension function of the VNA, it is 

assumed that the coaxial cable of the test fixture is the 

lossless transmission line and thus only the phase changes 

are removed from the measured s-parameter. The losses 

in the cables of the test fixture and impedance disconti-

nuities in the SMA connectors are not compensated. 

Hence, the losses in the test fixture should be properly 

considered in the extraction of the radiation efficiency.  

3.3 Antennas Working in a Complex Environment and 

Calibration of the Cavity and Phantom Losses 

In the traditional application of the Wheeler cap method, 

the presence of the resonances in a large cavity enforces 

r

( , )a b

F



using small cavities that also prevents measurement of 

antennas in their working environment. This can be seen 

as a serious disadvantage of this method. In this paper, the 

determination for the AUT radiation efficiency in com-

plex environment with the Wheeler cap method is evalu-

ated. The measurements are performed in a large cavity 

and using the proper circle fitting technique to reconstruct 

the reflection coefficients disturbed by the cavity reso-

nances.  

The antenna radiation efficiency is defined as the ratio of 

the radiated power to the accepted power, and it also can 

be presented in terms of the radiation resistance ,rad antR

and ohmic loss resistance ,loss antR , which is  

                      (13) 

This expression is used to represent the radiation effi-

ciency of the antenna only when in free space. When the 

working environment is involved, and in this paper the 

presence of the head phantom is of particular interest, the 

radiation efficiency becomes 

'
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,rad antR

 
represents the radiation resistance in presence of 

the head, and ,loss headR  represents the loss in the head 

phantom, in free space.  

While the losses obtained from the measurement inside 

the Wheeler cap represent a sum of the terms ,loss antR ,

,loss cavityR  and , ( )loss head wcR . Here, is the loss in 

the cavity walls, and considering the high conductivity of 

the metal cavity this loss is typically very small. 

 represents the loss in the head phantom 

when it is inside the Wheeler cap.  Two effects are in-

volved in , ( )loss head wcR , which are the absorption losses 

due to the antenna and the cavity, respectively. Hence, the 

difference between the loss in the head phantom in free 

space and in Wheeler cap is the absorption loss inside the 

cavity. This difference and the cavity loss must be found 

out to determine the radiation efficiency.  A calibration of 

the cavity losses and phantom absorption due to the cavity 

will be performed using a reference antenna with the 

known radiation efficiency. The calibration is the key 

feature for the radiation efficiency measurement in com-

plex environments by using the Wheeler cap method.   

4. Simulation Results and Discussions 

An electrically small capacitive-loaded loop antenna was 

designed to be operated around 900 MHz. The loop is 

printed on the Rogers 5870 substrate with the dielectric 

constant of 2.33 and loss tangent of 0.0012. The overall 

dimensions of the antenna are 35×10×1.5 mm
3
. The 

simulation results for the radiation efficiency of this loop 

antenna by using an aluminum cylindrical cavity with the 

diameter of 26 cm and the height of 35 cm as the Wheeler 

cap have been presented in [4]. In this section, we focus 

on simulation results of the proposed method versus dif-

ferent cavity sizes, which will show the possibility of the 

Wheeler cap measurement in the large cavity. 

 
(a)                                             (b) 

Figure 4 - (a) Lumped port excitation of the small loop 

antenna (HFSS model).  (b) Two waveport excitations 

and port de-embedding (HFSS model). 

 

First, the loop antenna itself is simulated with HFSS 

software [7] by using lumped port excitation in free space, 

as shown in Fig. 4(a). For this configuration, the radiation 

efficiency is obtained directly and represents reference 

result. 

Second, according to the proposed modified Wheeler cap 

method, the loop antenna with two extra cables is simu-

lated in free space and in the Wheeler cap, respectively. 

The outer conductors of the test cables are connected in-

between to provide a common ground and these two ca-

bles are properly taken into account in the simulation. The 

waveports are used as the excitation ports, as illustrated in 

Fig. 4(b), which are located at the end of each coaxial 

cable. In order to find the full two-port scattering matrix 

at the antenna port, the port de-embedding is applied on 

each waveport. It is noted that lossless cables are used in 

the simulation.  

Several aluminum cavities are evaluated as the Wheeler 

cap, which are an aluminum cylindrical cavity with the 

diameter of 26 cm and the height of 35 cm and two rec-

tangular cavities with the dimensions 

and , respectively.  The first cavity was 

originally designed for measurements of small antenna 

down to 400 MHz, but later it was found that it also can 

be used at higher frequencies by the generalized Wheeler 

cap method and proper circle fitting techniques, which 

allows avoiding influence of the cavity resonances. The 

simulated full two-port scattering matrix of the loop an-
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tenna in free space and inside the Wheeler cap, respec-

tively, is obtained. From these results, the radiation effi-

ciency of the loop antenna is calculated. 

 
Figure 5 – Antenna radiation efficiency, obtained from 

a direct HFSS simulation and from full two-port scat-

tering matrix in different cavities.    

Fig.5 shows the radiation efficiency obtained from a di-

rect HFSS simulation and that obtained from the full two-

port scattering matrix in different cavities. At the reso-

nance frequency, 906.5 MHz, the direct HFSS simulation 

gives a radiation efficiency of 17.7%, while the radiation 

efficiency obtained by the proposed method are 17.2%, 

17.9%, and 17.8% for the cylindrical cavity, the 

40 40 40  cm
3
 rectangular cavity, and the 60 60 60   

cm
3

 cavity, respectively. The difference between the di-

rect free space simulation and the proposed method are 

therefore 0.5%, 0.2%, and 0.1%. Hence, a good agree-

ment is clearly observed. Decreasing the convergence 

parameter, which is the maximum delta for the S-

parameters in HFSS, can result in an improvement in the 

agreement, but at the expense of long simulation time.  

5. Measurement Results and Discussions 

Two measurement examples by the proposed method will 

be presented in this section. First, the radiation efficiency 

of an electrically small loop antenna, which is used in the 

previous simulations, will be presented and compared to 

the results from other methods. Second, the radiation 

efficiency for the small loop antenna, close to the head 

phantom, will be shown. An aluminum cavity of the di-

mension 40 40 40   cm
3
 was build and used as the 

Wheeler cap in the experiments. 

First, the full two-port scattering matrix was measured for 

the loop antenna in free space and in the Wheeler cap, by 

using the vector network analyzer HP 8753D. The ex-

tracted antenna radiation efficiency is shown in Fig. 6. 

The measured radiation efficiency is compared to the 

result obtained from a spherical near-field antenna facility, 

where the antenna was measured with a sleeve balun. It is 

seen from Fig. 6 that the measured radiation efficiency by 

using the anechoic chamber and by using the proposed 

method are 20% and 21%, respectively. The deviation by 

two different methods is only 1%. Hence a good agree-

ment is observed and thus it confirms the validity of the 

proposed modified Wheeler cap method.  

Figure 6 –The simulated and measured radiation effi-

ciency for the small loop antenna only. 

Second, the full two-port scattering matrix was measured 

for the loop antenna together with the head phantom, in 

free space and in the Wheeler cap, as illustrated in Fig. 7. 

The simulated and measured antenna radiation efficiency 

is presented in Fig. 8. Due to the presence of the head, the 

antenna resonance frequency is shifted from 910 MHz to 

901 MHz. At the resonance, the measured radiation effi-

ciency is 16%, while the simulated radiation efficiency is 

15.2%. The deviation is 0.8%. However, the deviation 

becomes as large as 4 % at 910 MHz, and this is due to 

the worse impedance matching at that frequency. 

 

Figure 7 – The setup used in the measurements. 
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Figure 8 –The simulated and measured radiation effi-

ciency for the small loop antenna, in presence of the 

head phantom. 

In summary, the steps for this measurement can be given 

as follows. 

 The calibration of the VNA is performed at the 

SMA connectors of the test fixture using the stan-

dard calibration kits.  

 The de-embedding calculation of the test fixture 

must be performed. The parameters of the coaxial 

cable are extracted from a short circuit measure-

ment.  

 The calibration of the cavity losses and head phan-

tom losses is performed by using a calibrated refer-

ence antenna with the known radiation efficiency. 

 The full two port S-parameters of the balanced small 

antenna, together with the head phantom, are meas-

ured in free space. 

 The full two port S-parameters of the balanced small 

antenna, together with the head phantom,  are meas-

ured inside the Wheeler cap. 

 The circle fitting technique is used to re-construct 

the antenna reflection coefficient inside the Wheeler 

cap.  

 The antenna impedance and radiation efficiency are 

extracted together with the compensation of the 

losses in the test fixture, cavity, and head phantom.   

 

6. Conclusions  

The main results are summarized as follows. A technique 

is proposed for the radiation efficiency measurement of 

balanced small antennas by using the modified Wheeler 

cap method.  It is shown that the limitation on the dimen-

sions of the cavity size can be overcome with this method 

and the influence of cavity resonances can be removed by 

a proper circle fitting technique. Hence, it is possible to 

perform the radiation efficiency measurement inside a 

large cavity. The proposed method can also be applied for 

broadband antennas. Finally, the measurement technique 

for small antennas in complex environments inside the 

Wheeler cap is proposed.  A calibration technique for the 

losses in the cavity and phantom is introduced. The de-

vice, in which the antenna is integrated, can be involved 

in the measurement, as well as the human body or human 

head phantom. Hence, the antenna on-body measurements 

become possible by using the proposed modified Wheeler 

cap method, which is inexpensive, fast, and able to pro-

vide accurate results.  

One of the planned improvements to be tested is a new 

test fixture with thin cables and ultra small connectors, 

which is expected to reduce the influence of test fixture. 

Future development is the investigation on the antenna-

on-body measurement in a cavity, which is larger than the 

one presented now. Different circle re-constructing tech-

niques can be compared, aiming at improvement of the 

accuracy. Another future development is the ultra wide-

band antenna measurements in complex environment.  
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Abstract—In this paper, a novel near-field cable-free impedance
and gain measurement technique for electrically small antennas is
proposed. In this technique, with the electrically small antenna
placed in the near-field region of the probe, the properties of
this antenna are extracted by measuring the signal scattered
by it when it is loaded in turn with three known loads. The
determination of the antenna impedance and gain is formulated
by using the spherical wave expansion technique. The advantages
of this measurement technique are summarized as follows.
First, the limited dynamic range problem is avoided by the
measurement close to the probe. As a result of this, the effect
of noise is reduced and the measurement accuracy is improved
significantly. Second, only a compact anechoic environment is
required, which is easy to build. The expense of this technique
is the increased complexity of the model.

I. INTRODUCTION

In recent years, due to the rapid development of antenna
miniaturization techniques, there is a strong demand for accu-
rate characterization techniques for electrically small antennas
(ESAs). Although several measurement techniques are being
used for ESAs, some problems remain unsolved. When a
small antenna is connected to a feeding cable, the electrical
size of which is comparable to that of the ESA, the leaking
current along the outer surface of the coaxial cable and
the scattering from the cable may cause unwanted radiation.
Although ferrite cores or quarter-wavelength baluns can be
added to avoid the leaking current, the scattering effect can
not be removed. Moreover, the size of balun is comparable
to that of ESAs, which causes additional scattering, and the
balun needs to be adjusted carefully. Thus, the measurement
techniques for ESAs without using the coaxial cable are highly
desirable. There exist such measurement techniques, the radar
cross section method and the far-field cable-free measurement
technique, which can provide antenna characteristics without
using the cable. These techniques have been applied to small
antennas [1-8]. However, the limited dynamic range and
the effect of noise may cause problems since the radiation
efficiency of small antennas can be low. For instance, the
cross-polarization gain may not be extracted accurately from
the measurement due to the limited dynamic range.

The purpose of this work is to derive a solution for a near-
field measurement problem for ESAs without using the coaxial
cable, by using which the limited dynamic range issue can be

avoided and thus the measurement accuracy is improved. In
this paper, an electromagnetic model of the near-field cable-
free impedance and gain measurement technique for ESAs
is proposed. It is noted that this technique is applicable for
such electrically small antennas that can be modeled by a
single Hertzian electric or magnetic dipole. It is also noted
that there are many antennas which do not resemble a single
dipole, and for those antennas the proposed technique may
not be directly applicable. The approximation by a single
dipole do not significantly limit the application range of this
technique, since many practically designed ESAs resemble
either small dipoles or small loops. For these antennas, the res-
onance frequency and the maximum gain are two parameters
of particular interest. However, the traditional measurement
techniques can not provide accurate measurement results for
these parameters because of the feed line. Here we assume
that most of the antenna characteristics are known from the
design phase and from simulations, but the manufactured
antennas may have different characteristics due to losses in
dielectrics, finite manufacturing precision, etc. The proposed
technique is then applied directly to validate the characteristics
of manufactured antennas.

In this measurement setup, an electrically small antenna
under test (AUT) is placed in the near-field region of the
transmitting and receiving probe, and the measurement is
performed at the input terminal of the probe by using a
vector network analyzer. The AUT parameters are extracted by
measuring the signal scattered by the AUT, when it is loaded
in turn with three different loads. We assume here that the
probe is an arbitrary electrically antenna. The advantages of
using an electrically large probe can be explained as follows.
First, the influence of the feed line on the electrically large
probe is negligible. Second, it is easy to find a commercial
available electrically large antenna with high gain and radi-
ation efficiency. Also, with a directive probe the scattering
effects from the room are suppressed.

In the proposed technique, the electromagnetic model of the
measurement setup is represented in terms of the spherical
wave expansion (SWE), which is used to model the probe,
the propagation in-between and the AUT, respectively. The
electrically small AUT is represented by a single spherical
mode corresponding to the Hertzian dipole mode for simplic-



ity, while the probe is modeled by an arbitrary antenna with all
necessary spherical modes taken into account. The propagation
in-between is accounted for by a transmission formula. Then
the measurement setup is modeled by the cascade of the above
three coupled multiple-port network. The distance between the
probe and AUT in this technique requires a special description.
The application of SWE requires that the minimum spheres
of the probe and AUT do not intersect, and moreover, there
are additional couple of wavelengths between the radii of the
minimum sphere. The further apart the probe and AUT are
placed, the smaller is the effect of multiple reflections, but
also the smaller is the signal received by the probe. Thus, a
certain compromise is required when choosing the distance.
Moreover, in order to reduce the multiple reflections, a probe
with a minimum structural scattering can be chosen.

II. ELECTROMAGNETIC MODEL OF THE MEASUREMENT
SYSTEM

In this section, the electromagnetic model of the mea-
surement system is outlined. In this model, the mono-static
configuration is described where the probe is both transmitting
and receiving, while the AUT is located at a near-field distance
from the probe. The models for the probe, the AUT, the
propagation in-between and the overall measurement system
are formulated. The time convention e−iwt is adopted in
the following derivations. The electric field E⃗(r⃗) around an
antenna, enclosed by the minimum sphere of radius r0, can
be expressed by using SWE for r > r0 [10], that is

E⃗(r⃗) =
k√
η

2∑

s=1

N∑

n=1

n∑

m=−n

{asmnF⃗ (4)
smn(r⃗) + bsmnF⃗ (3)

smn(r⃗)}

(1)
where the superscript c = 3, 4 denotes outward and inward
propagating waves, respectively. asmn and bsmn are the ex-
pansion coefficients. F⃗

(c)
smn are the power-normalized spherical

vector wave functions. k is the wave number, η is the intrinsic
admittance of the medium and r⃗ is the position vector for a
point with (r, θ, ϕ) spherical coordinate system. For practical
measurements only a finite number of spherical modes are
needed to represent the fields, and the truncation number N is
used for the n summation to ensure the convergence.

An antenna can be modeled as a multi-port network with
one excitation port that is connected to the generator/load and
the radiation ports. Each radiation port represents one spherical
mode outside the antenna minimum sphere r0. The equivalent
network can be illustrated as shown in Fig. 1 (a) and (b). The
total scattering matrix for the antenna can be written as [10]

[
w
b̄smn

]
=

[
Γ R̄s′m′n′

T̄smn
¯̄Ssmn

s′m′n′

]

︸ ︷︷ ︸
[¯̄S]

·
[

v
ās′m′n′

]
(2)

where v and w are the complex amplitudes of the incoming
and outgoing waves on the excitation port of the antenna.
ās′m′n′ and b̄smn are column vectors that represent the
complex amplitudes of the incoming and outgoing spheri-
cal modes, respectively. R̄s′m′n′ is a row vector containing

Fig. 1. The network representation for an antenna. (a) presents an antenna
with spherical wave modes in its minimum sphere. (b) presents the network
representation of the antenna modes. Reproduced from [10].

the antenna receiving coefficients. T̄smn is a column vector
containing the antenna transmitting coefficients. ¯̄Ssmn

s′m′n′ is a
square matrix that contains the antenna structural scattering
coefficients. [¯̄S] is the total scattering matrix. If there is no
incoming wave, ās′m′n′ = 0, eq. (2) leads to

w = Γv. (3)

b̄smn = vT̄smn, (4)

Both the probe and AUT can be modeled by a scattering matrix
[¯̄S] in the form (2), which are denoted as [¯̄SProbe] and [¯̄SAUT ],
respectively.

In this derivation, we define the un-primed coordinates
(x, y, z) with respect to the probe, and the primed coordinates
(x′, y′, z′) with respect to the AUT, as illustrated in Fig. 2.
The primed coordinate system of the AUT is related to the
unprimed coordinate system of the probe by 3 rotations -
through the so-called Euler angles ϕ, θ, χ and one translation
of the distance A, see [10]. The transmission formula describes
the complex signal received by the AUT in terms of the trans-
mission coefficients of the probe, the receiving coefficients of
the AUT, the 3 rotation angles and the translation distance A
[10]. The transmission formula for an arbitrary distance in-
between (but larger that the sum of the AUT and probe radii
of minimum spheres) is

w(A,χ, θ, ϕ) =
v

2

∑

smn
σ′µ′ν′

TProbe
smn eimϕeiµ′χdn

µ′m(θ)

·Csn(3)
σ′µ′ν′(kA)RAUT

σ′µ′ν′ , (5)

where

s = 1, 2;m = −n, −n + 1, ..., n; n = 1, 2...

σ′ = 1, 2;µ′ = −ν′,−ν′ + 1, ..., ν′; ν′ = 1, 2... (6)

where smn and σ′µ′ν′ are the indices of the SWEs of
the probe and AUT, respectively. TProbe

smn are transmitting
coefficients of the probe antenna and RAUT

σ′µ′ν′ are the receiv-
ing coefficients of the AUT. eimϕ, eiµ′χ and dn

µ′m(θ) are
the rotation coefficients and C

sn(3)
σ′µ′ν′(kA) are the translation

coefficients. This analysis is started from a situation that the
AUT is oriented along the x̂′-axis. The electrically small AUT



is modeled by the single spherical mode that is corresponding
to the electric Hertzian dipole mode. Hence, this leads to the
following spherical modes for the AUT, σ, µ, ν = 2, ±1, 1.
Then the transmission formula becomes

w(A,χ, θ, ϕ) =
v

2
RAUT

211

∑

smn

TProbe
smn eimϕ[dn

1m(θ)eiχ ·

C
sn(3)
211 (kA) − dn

−1m(θ)e−iχC
sn(3)
2−11 (kA)],

(7)

where the relation of AUT receiving coefficients RAUT
2−11 =

−RAUT
211 is used. For µ′ = ±1, the translation coefficients

C
sn(3)
211 (kA) and C

sn(3)
2−11 (kA) becomes

Fig. 2. Coordinates of the transmitting and receiving probe and AUT.
Redrawn from [10].

C
sn(3)
211 (kA) =

√
3

2

√
2n + 1[δs,2R

(3)
2n (kA) + δ3−s,2 ·

R
(3)
1n (kA)] (8)

C
sn(3)
2−11 (kA) =

√
3

2

√
2n + 1[δs,2R

(3)
2n (kA) − δ3−s,2 ·

R
(3)
1n (kA)]

(9)

where R
(3)
sn (kA) is the radial dependence of the spherical wave

function defined in [10; eq. (A1.6)]. Inserting (8) and (9) to
(7) gives

w(A,χ, θ, ϕ) =
v

2
RAUT

211

∑

smn

TProbe
smn eimϕ

√
3

2

√
2n + 1

{δ3−s,2[−(dn
1,m + dn

−1,m) cos χ − i ·
(dn

1,m − dn
−1,m) sinχ]iR

(3)
1n +

δs,2[−(dn
1,m − dn

−1,m) cos χ − i ·
(dn

1,m + dn
−1,m) sinχ]iR

(3)
2n } (10)

By application of equations (A2.18) and (A2.19) in [10], the
terms (dn

1,m + dn
−1,m) and (dn

1,m − dn
−1,m) in (10) are

dn
1,m + dn

−1,m = − 2√
n(n + 1)

mdn
0m(θ)

sin θ
, (11)

dn
1,m − dn

−1,m = − 2√
n(n + 1)

d

dθ
{dn

0m(θ)}, (12)

with dn
0m(θ) being

dn
0m(θ) =

(−m

|m|

)−1 √
2

2n + 1
P̄ |m|

n (cos θ). (13)

Inserting the relations given in (11), (12) and (13) to (10), the
transmission formula (10) becomes

w(A, χ, θ, ϕ) =
v

2
RAUT

211

∑

smn

TProbe
smn 2

√
3π ·

{[F̄ (3)
smn]θ cos χ + [F̄ (3)

smn]ϕ sinχ}.

(14)

In the direction χ = θ = 0o, (14) becomes

w(A, 0, 0, ϕ) = v
√

3πRAUT
211

∑

s,m,n

TProbe
smn [F̄ (3)

smn]θ.(15)

where the term
∑

s,m,n TProbe
smn [F̄

(3)
smn]θ is proportional to the

θ-component of probe electric field at the position of AUT. In
the case the AUT is arbitrary oriented, the received signal will
be expressed in terms of the probe field component along the
direction of AUT orientation. It can be shown that the gain of
AUT can be written as follows

GAUT
x =

3|RAUT
211 |2

1 − |ΓAUT |2 . (16)

Combining (15) with (16), and taking into account the
reflection coefficients of the probe and AUT, it can be derived

1
2 |w|2
1
2 |v|2 = (1 − |ΓAUT |2)(1 − |ΓProbe|2)πGAUT

x ·
∣∣∣∣∣
∑

s,m,n

TProbe
smn [F̄ (3)

smn]θ

∣∣∣∣∣

2

. (17)

For the total measurement setup, a two-port scattering
matrix can be established for reference planes at the input
terminal of the probe and AUT. The total scattering matrix
can be writhen as

[¯̄ST ] =

[
ST

11 ST
12

ST
21 ST

22
.

]
(18)

Equation (17) is related to ST
12 in the form

|ST
12|2 =

1
2 |w|2
1
2 |v|2 , (19)

and thus the gain of AUT is determined from

GAUT
x =

1

(1 − |ΓAUT |2)(1 − |ΓProbe|2) ·

|ST
12|2x

π
∣∣∣
∑

s,m,n TProbe
smn [F̄

(3)
smn]θ

∣∣∣
2 . (20)

where the probe parameters are obtained from a separate
calibration and |ST

12|2 is extracted from the measurement
results, as will be explained in Section III. The equation (20)
is one of key equations in this measurement technique. It
is noted that only the partial gain is determined from (20),
and one more gain measurement may be required in the



orthogonal orientation of the AUT. The cross-polarization gain
is determined from

GAUT
y =

1

(1 − |ΓAUT |2)(1 − |ΓProbe|2) ·

|ST
12|2y

π
∣∣∣
∑

s,m,n TProbe
smn [F̄

(3)
smn]ϕ

∣∣∣
2 . (21)

Then the total gain of AUT is determined from

GAUT = GAUT
x + GAUT

y . (22)

Similarly, for an x̂′-oriented electrically small AUT that
represents a single magnetic dipole, the gain of AUT can be
determined from

Gx,AUT
m =

1

(1 − |ΓAUT |2)(1 − |ΓProbe|2) · (23)

|ST
12|2x

π
∣∣∣
∑

s,m,n TProbe
smn [F̄

(3)
3−s,m,n]θ

∣∣∣
2 .

Again, only the partial gain is determined from (23), and one
more gain measurement may be required in the orthogonal
orientation of the AUT. The cross-polarization gain is

Gy,AUT
m =

1

(1 − |ΓAUT |2)(1 − |ΓProbe|2) · (24)

|ST
12|2y

π
∣∣∣
∑

s,m,n TProbe
smn [F̄

(3)
3−s,m,n]ϕ

∣∣∣
2 .

Then the total gain of AUT is determined from

GAUT
m = Gx,AUT

m + Gy,AUT
m . (25)

III. DETERMINATION OF THE TOTAL SCATTERING MATRIX

The measurement setup is illustrated in Fig. 3. When the
AUT is loaded, the measured scattering parameter at the input
terminal of the probe antenna is denoted by ST ′

11 , which is
related to the two-port scattering parameter [¯̄ST ] as

ST ′
11 = ST

11 +
ST

12S
T
21ΓL

1 − ST
22ΓL

(26)

where ΓL is the known reflection coefficient of the load of the
AUT.

In the measurement setup which is illustrated in Fig. 3,
the AUT is loaded in turn by a short-circuit, an open circuit
and a known load, and the input reflection coefficient of the
transmitting probe is measured. Then the scattering parameters
ST

11, ST
22 and ST

12S
T
21 of the total scattering matrix can be

extracted. ST
11 and ST

22 are determined from

[
ST

11

ST
22

]
=




( 1

Γ
(1)
L

− 1

Γ
(2)
L

) (S
T ′,(1)
11 − S

T ′,(2)
11 )

( 1

Γ
(1)
L

− 1

Γ
(3)
L

) (S
T ′,(1)
11 − S

T ′,(3)
11 )




−1

·




S
T ′,(1)
11

Γ
(1)
L

− S
T ′,(2)
11

Γ
(2)
L

S
T ′,(1)
11

Γ
(1)
L

− S
T ′,(3)
11

Γ
(3)
L


 (27)

where Γ
(1),(2),(3)
L are the measured reflection coefficient

Fig. 3. Setup of the monostatic measurement for the reflection coefficient
and gain of electrically small antennas.

of each load, and S
T ′,(1),(2),(3)
11 are the measured reflection

coefficient of the transmitting probe antenna when the AUT is
loaded in three cases. ST

12S
T
21 can be extracted after ST

11 and
ST

22 are determined, that is

ST
12S

T
21 = (S

T ′,(i)
11 − ST

11)(1 − ST
22Γ

(i)
L )/Γ

(i)
L , (28)

where i=1,2,3. It is noted that there are three sets of data
available for this equation, which are obtained from three
measurements, and they should lead to the same results of
ST

12S
T
21. Taking an average of the results from different sets

will result in an improvement of the accuracy.

IV. IMPEDANCE AND GAIN DETERMINATION

The relations between the total scattering matrix ¯̄ST and the
scattering matrix of the probe and AUT that are ¯̄SProbe and
¯̄SAUT are presented in [8]- [9], and these will not be repeated
here. The reflection coefficient of the AUT is related to ST

22

in the form

ST
22 = ΓAUT + R̄AUT [¯̄IAUT − ¯̄G+(¯̄SProbe − ¯̄IProbe)

· ¯̄G−(SAUT − IAUT )]−1 ¯̄G+(¯̄SProbe − ¯̄IProbe)

· ¯̄G−T̄AUT . (29)

The second term on the right side of (29) represents the
influence of the structural scattering from the probe on the
ST

22 of the AUT. This term can be assumed negligibly small
compared to the first term for two reasons. First, if a minimum
scattering probe is employed, and, second, due to the spatial
attenuation in ¯̄G+ and ¯̄G− that represent the propagation
between the probe and AUT, for details see expressions in [8]-
[9]. We assume that a minimum scattering probe is chosen for
this measurement. Thus (29) is approximated by

ST
22 ≃ ΓAUT . (30)

In some cases, multiple reflections may have noticeable effect.
Then the whole theory of the measurement can be repeated as
changing distances between antennas by a quarter wavelength.
Averaging the results from two distances suppress the multiple
reflections.



Then the impedance of the AUT, ZAUT , can be determined
from ST

22 by using the formula

ZAUT =
1 + ΓAUT

1 − ΓAUT
Z0, (31)

where Z0 is the reference impedance.
In summary, the steps of this near-field cable-free

impedance and gain measurement are given as follows.
• First, three measurement sets of the reflection coefficient

of the probe are performed, when the AUT is loaded in
turn by a short, open, and a known impedance.

• Second, the reflection coefficient of these three loads, the
short, open, and known impedance, are measured.

• Third, the parameters ST
22 and ST

12S
T
21 are extracted by

solving the equations (27) and (28).
• The AUT impedance is determined using (31). For an

electrically small AUT that resembles a single electric
dipole, the AUT partial gain, along x̂′-axis, is deter-
mined using (27), (28) and (20). It is noted that the
probe parameters are obtained from a separate calibration.
Moreover, since only the partial gain is determined from
(20), one more gain measurement , for instance with AUT
being loaded with a short, is required in the orthogonal
orientation of the AUT. The cross-polarization gain and
total gain are determined from (21) and (22), respectively.
For an electrically small AUT that is resembled by a
single magnetic dipole, the AUT gain is determined from
(23), (24) and (25).

V. CONCLUSIONS

In summary, a cable-free near-field impedance and gain
measurement technique for ESAs is proposed in this paper.
The electromagnetic model and the formulation of impedance
and gain measurements are presented. The idea of this mea-
surement is that with the electrically small AUT placed in
the near-field region of the probe, the properties of AUT are
extracted by measuring the signal scattered by it without using
the feed line, when it is loaded in turn with three known
loads. This technique is a further development of cable-free
measurement technique [8]- [9], with the distance between the
probe and AUT being reduced.

This technique has the following advantages. First, the
limited dynamic range problem is avoided by performing
the measurement in the near-field region of the probe. As a
result, the effect of noise is reduced and thus the measurement
accuracy is improved significantly.Second, only a compact
anechoic environment is required, which is easy to build.
The expense of this technique is increasing complexity of the
model. The future work will be focused on the analysis and
discussions on the simulation and measurement results.
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